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1. Introduction

It is well known that the simple errors-in-variables (EV, for short) regression
model was proposed by Deaton [1] to correct for the effects of sampling error
and is somewhat more practical than the ordinary regression model. For more
details about the EV regression model, one can refer to Fuller [2], Fusek and
Fuskov4 [3], Carroll et al. [4], Hslao et al. [5], and so on.

In this article, we consider the following simple linear EV model:

n; = 0+ Bx; + &4, Si=xi+0;, 1<i<n, (1.1)
where 6,5 are unknown parameters, x1,xs, - ,x, are unknown constants,
(e1,01), (e2,02), --+, (€n,dy) are random vectors and §&;, n;, i = 1,2,--- ., n

are observable. From (1.1) we have
ni=0+pB&+vi, vi=e&—p0, 1<i<n. (1.2)

Consider formally (1.2) as a usual regression model of 7; on &;, we get the least
square (LS, for short) estimators of § and § as

B, = i (& - étn)(?i — 7n)
" S (&G—&)?

where &, =n~! ZZL:I &;, and other similar notations, such as 7,, 6, and Z,, are
defined in the same way.

The limiting behaviors for the LS estimators of § and 3 in the EV model have
been studied by many authors since the EV model was proposed by Deaton [1].
For the case that the errors are sequences of independent random variables, one
can refer to [6]-[13]. Under the case that the errors are sequences of dependent
random variables, Fazekas and Kukush [14] studied the asymptotic properties
of an estimator in nonlinear functional EV models with a-mixing error terms;
Miao et al. [15] studied the strong consistency of LS estimators in the EV
regression model with negatively associated (NA, for short) errors; Miao et al.
[16] established the consistency of LS estimators in the EV regression model
with martingale difference errors; Wang [17] studied the moderate deviation
principles for the least-square estimators of the unknown parameters in EV
regression models with a-mixing errors, and so on.

We are interested in the results of Liu and Chen [11]. For the case (g1, 1),
(e2,02), - -+ are independent and identically distributed random variables, Liu
and Chen [11] provided the sufficient and necessary conditions for B, being
strong and weak consistent estimator of 3, and the sufficient and necessary
conditions for 6, being a weak consistent estimator of 6.

én =1n — Bngna (13)
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Miao et al. [15] generalized the results of Liu and Chen [11] for independent
and identically distributed random variables to the case of NA setting, and
proved that for some 7 > 0,

VS

n‘l’

(Bn—B) =0 a.s. (1.4)

where S, = Y"1 | (z; — Z,)?. However, the following sufficient conditions are
needed:

(i) {es,i > 1} and {6;,7 > 1} are both strictly stationary sequences of NA
random variables and independent with each other such that Fe; = 0 and
Eél == O;
(ii) Ele1]? < oo and E|d1|? < oo for some ¢ > 2;
(iii) there exists some 7 > 0 such that

|x; — T n

X T r1/a o(1), e O(1); (1.5)
(iv) for the case ¢ = 2, assume that
VSn
Ay % for some «y > 0; (1.6)
for the case ¢ > 2, assume that
1—7
o (1.7)

VS

It is easily checked that (1.6) implies (1.7). So we want to ask that whether
condition (1.6) could be replaced by (1.7) for the case ¢ = 2. Furthermore,
the condition of strict stationarity seems too strong. Could it be replaced by
a weaker condition, such as identical distribution? The answers are positive.
Please see Theorem 2.1 in Section 2.

On the other hand, it is also very desirable to extend the result of Miao et al.
[15] for NA setting to a more general setting. The main purpose of the paper is to
investigate the strong consistency of LS estimators in the EV regression model
with negatively orthant dependent (NOD, for short) errors, which generalizes
and improves the corresponding one of Miao et al. [15]. In addition, we will
study the weak consistency and complete consistency of LS estimators in the
EV regression model with NOD errors, which were not considered in Miao et
al. [15].

The paper is organized as follows: main results of the paper are presented
in Section 2, including the strong consistency, weak consistency and complete
consistency of LS estimators in the EV regression model with NOD errors.
Some basic properties for NOD random variables are provided in Section 3. In
Section 4, we provide the proofs of the main results.

Throughout the paper, let C' be a positive constant not depending on n,
which may be different in various places. a,, = O(b,,) stands for |a,| < C|b,| for

all n > 1 and some C > 0, and « P 37 stands for convergence in probability.

Denote logz = Inmax(z, e), z+ = max(X,0) and = = max(—X,0).
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2. Main results

Before we state the main results, we introduce the concept of negatively orthant
dependence as follows.

Definition 2.1. A finite collection of random variables X1, Xo, -+ , X, is said
to be negatively orthant dependent (NOD, for short) if

P(Xl >x,Xo > 20,0, X, >-Tn) < HP(Xl >l‘i)
=1

and

IN
=

P(X) <x1,Xo <2, , X, <) P(X; < ;)

1
for all x1,z9, - , 2, € R. An infinite sequence {X,,,n > 1} is said to be NOD
if every finite subcollection is NOD.

An array of random variables {Xpn;, i > 1,n > 1} s called rowwise NOD if
for everyn > 1, {X,;,i > 1} is NOD.

-
Il

The concept of NOD random variables was introduced by Joag-Dev and
Proschan [18]. Obviously, independent random variables are NOD. Joag-Dev
and Proschan [18] pointed out that NA random variables are NOD. They also
presented an example in which X = (X1, X5, X3, X4) possesses NOD, but does
not possess NA. So we can see that NOD is weaker than NA. A number of limit
theorems for NOD random variables have been established by many authors.
We refer to [19]-[28] for instance.

Now, we present the main results of the paper.

The model (1.1) to be studied can be exactly described as follows:

ni=0+pPx;+e, &=ai+06;, 1<i<n; (2.1)

Eei:E(Si:O, 1<1<n. ’
Here &;, n;, i = 1,2,--- ,n are observable, while 6, 5 are unknown parameters,
and x1,x3,- - ,x, are unknown constants. In what follows, we assume that the

two error sequences {e;,7 > 1} and {d;,7 > 1} are independent with each other,

where {e;,i > 1} and {d;,¢ > 1} are both mean zero NOD random variables

with identical distribution. Denote S, = Y i, (z; — T,)? for each n > 1.
Based on the notations above, we can get that

b= > i1 (85 — On)ei + 30y (wi — Fn) (&1 — BO:) — BI7 1 (0 — bn)?
D1 (& — &n)?

(2.2)
and

These relations above will play an important role to prove the main results of
this paper.
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2.1. Strong consistency

In this subsection, we will present the strong consistency of LS estimators Bn
and 6,,.

Theorem 2.1. Under the model (2.1), let E|e1|*? < oo and E|61]*P < oo for
some p > 1. Suppose that there exists some T > 0 such that

|2 — |

X e e o(1), (2.4)
nT
=0(1 2.5
5 (1) (2.5)
and
1—71
o0 (2.6)

Assume further that 7> 1/p—1/2 if 1 <p < 2. Then

VS

nT

(Bn—B) =0 as.. (2.7)

Remark 2.1. It is easily seen that (2.6) implies (2.5) when 0 < 7 < 1/2 and
(2.5) implies (2.6) when 7 > 1/2.

Remark 2.2. Combining Theorem 2.1 with the corresponding one of Miao et
al. [15], we have the following generalizations or improvements:

(i) NA errors are extended to NOD errors;

(ii) in Miao et al. [15], the two sequences {e;,4 > 1} and {d;,7 > 1} are as-
sumed to be strictly stationary. However, in Theorem 2.1, we only need
the assumption of identical distribution, which is weaker than strict sta-

tionarity;
(iii) for p =1 (¢ = 2 in Miao et al. [15]), the condition (1.6) is weakened by
(2.6).

Remark 2.3. The result of Theorem 2.1 generalizes the corresponding one of
Liu and Chen [11].

Theorem 2.2. Suppose that the conditions of Theorem 2.1 are satisfied. As-
sume further that there exist some 0 < v < min(1 —1/p,1/2) and p > 1 such
that

70| = O(1). (2.8)

Then

n’(0, —0) =0 a.s. (2.9)
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2.2. Weak consistency

In this subsection, we will provide the weak consistency of LS estimators ,, and
0,, under much weaker conditions than those in Theorem 2.1 and Theorem 2.2.

Theorem 2.3. Under the model (2.1), assume that Ele1|?? < oo and E|6;]?P <
oo for some p > 1. Let {b,,n > 1} be a sequence of positive real numbers such
that b, — oo as n — oo. If

V Snbn

bn . _
N o O(1), nh_}n;o = (2.10)

then

P

‘/E(Bn —B) ——0. (2.11)

bn

Theorem 2.4. Suppose that the conditions of Theorem 2.8 are satisfied. As-
sume further that

n3/2|i.n|
by Sy,

—0, asn— oo. (2.12)

Then

(6, — ) —2— 0. (2.13)
Remark 2.4. If we take b, = n” for some 7 > 0, then the conditions (2.10)
are equivalent to (2.5) and (2.6).

2.3. Complete consistency

Theorem 2.5. Under the model (2.1), let E|e1|*? < oo and E|6|*? < oo for
some p > 1. Suppose that there exists some T > 0 such that (2.4)—(2.6) hold.

Then for any € > 0,
Vf"(Bn —B)‘ > g> < 0,

(e

i.€e.

\{l—ifn(ﬁn —B) = 0 completely. (2.14)

Theorem 2.6. Suppose that the conditions of Theorem 2.5 are satisfied. As-
sume further that there exists some 0 < v < min(1l — 1/p,1/2) such that (2.8)
holds. Then

n’ (0, —0) = 0 completely. (2.15)
Remark 2.5. Comparing Theorem 2.1 with Theorem 2.5, and Theorem 2.2
with Theorem 2.6, respectively, the strong consistency is improved to complete
consistency.
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3. Properties for NOD random variables

In order to prove the main results of the paper, we will present some basic
properties for NOD random variables. The first one is well known and can be
found, for example, in Taylor et al. [20].

Lemma 3.1. Let random variables X1, Xa, -+ , X, be NOD.

(i) If f1,fa,---, fn are all nondecreasing (or all nonincreasing) functions,
then random variables f1(X1), f2(X2), -+, fn(Xn) are also NOD.
(i) If X1,Xs,--- , X, are nonnegative, then

E(X1 X5 X,) < EX, -EXs - EX,,.

Lemma 3.2. Let X1, Xo,---, X, andY1,Ys,---.,Y,, be both NOD random vari-
ables. If random wvariables X1, X2, -+, X,, and Y1,Ys,--- .Y, are independent,
then X1+ Y1, Xo+ Y5, -+, X, + Y, are also NOD random variables.

Proof. Denote Z;, = Xj, + Yy, 1 < k <n. For any 2,22, - ,2, € R, we have

P(Zl >Zl,ZQ > 29, ,Zn >Zn)
:E{E[I(Zl > Zl,Z2 >z, 7Zn > Zn) | Xl,XQ,"'Xn]}
=E{BE[I(Yy >z —X1) - I(Ys > 25— Xa) -+ I(Yy > 20 — X)) | X1, Xo, - X}
(3.1)
Note that the indicator functions above are nondecreasing of Y7, Y3, - - - Y,,. Since
X1, Xo,---, X, and Yy, Ys, -+, Y, areindependent, and Y7, Y5, -+ ,Y,, are NOD
random variables, we have by Lemma 3.1 (i¢) that
E{E[I(Yl > 21 —Xl) I()/Q > 29 —XQ)I(Yn > Zn_Xn) | Xl,XQ,"'Xn]}
< E{E[I(Y1 >z —X1) | X4]
cE[I(Ya > 20— Xo) | Xo]- - E[I(Yy, >z, — X)) | X0} (3.2)
NOtil’lg that E[I(Yl >z — Xl) | Xl],E[I(YQ > zo — XQ) | XQL"' ,E[I(Yn >
zn — X,) | X,] are nondecreasing functions of X1, X, - -+ X, respectively, and
X1, X2, , X, are NOD random variables, we have by Lemma 3.1 (i) again
that
E{E[I(Y1 >z — X1) | X4]
E[I(YQ > 2Zo —Xz) | XQ]E[I(Yn > Zn—Xn) ‘ Xn}}
“E{E[1(Yy > 20 — Xo) | Xo|} - - E{E[I(Y,, > z, — X)) | Xi]}-
=P(X14+Y1>2) P(Xo+Ya>29) - P(Xp+Yn>z)
:P(Zl>Zl)~P(Z2>ZQ)-~-P(Zn>Zn)7 (33)

which together with (3.1) and (3.2) yields that

P(Zl>Zl,ZQ>ZQ,"‘,Zn>2n)SP(Zl>Zl)'P(ZQ>22)"'P(Zn>2n).
(3.4)
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Similarly, we have

P(Zi <z1,Zy <z, ,Zn<2p) < P(Z1 <21)P(Zy < 23)---P(Z, < zy,).
(3.5)

Hence, by the definition of NOD random variables and the inequalities (3.4)
and (3.5), we can see that Z1,Zs, -+, Z, are NOD random variables. That is
tosay, X1+ Y1, Xo+ Y5, -+, X,, + Y, are NOD random variables. The proof is
completed. O

Combining Lemma 3.1 and Lemma 3.2, we can get the following important
property for NOD random variables, which will be used to prove the main results
of the paper.

Corollary 3.1. Let X1, Xs, -+, X, and Y1,Y2,---,Y, be both NOD random
variables. If random variables X1, Xo, -+, X,, and Y1,Y2,--- .Y, are indepen-
dent, then for any 8 € R, Xy + Y1, Xo + 8Ys, -+, X, + BY,, are also NOD
random variables.

The next one is the Rosenthal type inequality for NOD random variables.
The first inequality can be found in Asadian et al. [21] and the second one can
be found in Wu [29].

Lemma 3.3. Letp > 2 and {X,,,n > 1} be a sequence of NOD random variables
with EX,, = 0 and E|X,|P < oo for every n > 1. Then there exists a positive
constant C,, depending only on p such that for every n > 1,

n P

n n p/2
EN"Xi| <G EIX P+ (Z Exf)
' i=1 i=1

and

j p n n p/2
E (113]32(” ZXi ) < Clogln 2E|X¢|p + (Z; EXf)

With the above lemmas accounted for, we can get the following strong conver-
gence and complete convergence for weighted sums of NOD random variables,
which will be applied to prove the main results of the paper. The proof is similar
to that of Jing and Liang [30]. For convenience of the reader, we will present
the proofs of Lemmas 3.4 and 3.5 in Appendix A.

Lemma 3.4. Let {X,,,n > 1} be a sequence of NOD random variables, which is
stochastically dominated by a random variable X, namely, there exists a positive
constant C' such that

P(|X,| >x) <CP(|X| > x)

forallz >0 and n > 1. Assume that E|X|P < oo for somep >0 and EX,, =0
if p> 1. Let {bni,t > 1,n > 1} be an array of constants satisfying

max [b,;| = O(n~"/7) (3.6)

1<i<n
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and
> |bnil? = O (n°) for some § >0, if0<p<2,
i=1
n (3.7
Ybii=o ((log”)fl) ) ifp> 2.
i=1
Then
Tp = bniX; >0 as. (3.8)
i=1

Lemma 3.5. Let {X,,n > 1} be a sequence of NOD random variables, which
is stochastically dominated by a random variable X such that E|X|*P < oo for
some p > 0. Assume further that EX,, = 0 if p > 1. Let {by;,i > 1,n > 1} be
an array of constants satisfying

| — -1/p
max [bni = O(n™") (3.9)
and
3 bnil? = O(n=%) for some § >0, if0<p<1,
i=1 (3.10)
> br; = o((logn)™), ifp>1.
i=1
Then
ZP(me—Xi >5> < oo forall € >0. (3.11)
n=1 i=1

The last one is the Marcinkiewicz-Zygmund type strong law of large numbers
for NOD random variables.

Lemma 3.6. Let 1/2 < a <1 and ap > 1. Let {X,,,n > 1} be a sequence of
mean zero NOD random variables which is stochastically dominated by a random
variable X with E|X|P < co. Then

oo J
ap—2 . «
nz;ln P (fgjagxn ZlXZ >en ) <oo forall e>0, (3.12)
and thus,
1 n
v X; =0 as. (3.13)
i=1

Proof. Similar to the proof of Theorem 1.1 of Zhang [31], one can get (3.12),
and (3.13) follows from (3.12) immediately. The proof is completed. |
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4. Proofs of the main results
Proof of Theorem 2.1

Proof. In view of (2.2), to prove the main result (2.7), it suffices to show that

n

1 _
n i=1

n

1 —
- g 52 - 5n i 0 $Oey 4.2
vV SnnT i:1( )6 -8 ( )

n

ﬁ Z(Jﬁi — ) (e; — B;) = 0 a.s. (4.3)

and
1 n

S 251 as. (4.4)

z:l
To prove (4.1), we first prove that

n

1

- 2 2 .
Jin = o ;:1 [621(6; > 0) — E67I(6; > 0)] =0 a.s. (4.5)
and
- 1 S 2 2
Jon = TS ?:1 [621(6; <0) — ESZI(6; <0)] =0 a.s.. (4.6)

It is easily seen that {621(§; > 0) — E§21(5; > 0),i > 1} and {621(5; < 0) —
ES§21(), < 0),i > 1} are still NOD random variables by Lemma 3.1. Applying
Lemma 3.4 with X; = 621(§; > 0) — E621(5; > 0) and b,,; = ﬁ, we have by
E|61)?P < oo, (2.5) and (2.6) that:

(i) E|X.P < C’E|51|2P < oo;

(ll) 113?‘<Xn bni = \/7717' <z m : # = O(Tbil/p);

(iii) if p > 2, then

n n272‘l’ 1 3
> =g~ =o((logn)™");
i=1 n

if 1 <p<2, then

Z |bni | = W =nlP. <T\L/1‘;_T>p =0 (n_(P—l)) :
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if p=1, then

-
27 n

n nl-7
i=1 VS VS

where 7 > 1/2, since 7 > 1/p —1/2 if 1 < p < 2. That is to say, the
conditions of Lemma 3.4 are satisfied. Hence, (4.5) follows by Lemma 3.4
immediately. Similarly, we can also get (4.6).

Note that Eé7 < oo by E|61]* < oo for p > 1, we have

-0 <n—(2‘r—l)> ’

n

1 5 )2 1 2 2 1 - 2
R < « _ F§¢ FEo7
NN ; (6 —bn)” < T ; (67 — E&7) + T ; L5
1—-7
— Jin + Jon + %Eéf. (4.7)

Hence (4.1) follows by (4.5

)—(4.7) and (2.6) immediately.
Similar to the proof of (4.1)

, we can get that

n

(6 —En)* =0 a.s.. (4.8)

Note that

< % [ nl(ai R Zn:(gi - sn)Q] , (4.9)

which together with (4.1) and (4.8) yield (4.2).
It is easily checked that for any r > 0,

D fai = Zal -6 = 0n| < ,— 7, -JZ(&—M?

i=1 i=1

A
(7]
&8
8l
N

(V]

IN
I

which implies that

n

Z(fz - En)2 - Sn

i=1
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<2 fai = Tl [0 = On| + D (6i — 0n)
=1 =1

<S4 T Z(@‘ 5,2 (4.10)

i=1

Hence, we have by (4.10), (2.5) and (4.1) that

n n

1 . 1471 .
_ _ _1l < _ _
S ;Zl(fz &) =1 <r+ .S, i:1(6z On)

:T+1+r. o1 E (6; —0,)% =1 as.

r VS, VSpnT =

Since r > 0 is arbitrary, it follows by (4.11) that

SZ 2150 a.s.,

which implies (4.4).
Finally, we will prove (4.3). Denote

Ty — fn
VSn’

It follows by Corollary 3.1 that {X;,i > 1} is still a sequence of NOD random
variables. In addition, we have by Ele1|*? < oo, E|§1|*? < oo and (2.4) that:

(1) E|X1‘,’D = E‘El — 551‘17 < CE|€1|p +C’E|§1‘P < OQ;
(i) max |by;| = O (n=V/P);
1<i<n
(iii) if p > 2, then

bni X; =& — Bo;.

- 1
ben = =0 ((logn)™");
=1

if 1 <p <2, noting that 7 > 1/p — 1/2, we have

n
D bnil? = Sp/2 - Z |z; — TP
i=1

=1

p/2
< ( lezm)

_plp/2-pm _ (n—(p7'+p/2—1)) .

That is to say, the conditions of Lemma 3.4 are satisfied. Hence, (4.3) follows
by Lemma 3.4 immediately. This completes the proof of the theorem. O
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Proof of Theorem 2.2

Proof. According to the relation (2.3), to prove (2.9), it suffices to show that

n” (&, — B,) = 0 a.s., (4.12)
n’(B — Bn)Tn — 0 a.s. (4.13)

and
n’(B = Bn)0n = 0 a.s.. (4.14)

Firstly, we will prove (4.12). It is easily seen that

n

0 (En — ) = —— 3 (i — 55).

1=1

Applying Lemma 3.4 with b,; = nl%”’ X; =¢; — Bd;, and noting that 0 < v <
min(1l —1/p,1/2), p > 1, we can see that:

(i) E|X1|P = Eley — 861P < CEley|P + CE|61[P < o0;
(ii) max |brs| = =) = O (n=1/P);
)

(iii 1fp > 2, then
> bni= =5, =o((logn)™");
i=1

if 1 < p <2, noting that p — 1 — pr > 0, we have

3 = iy =0 (170,

That is to say, the conditions of Lemma 3.4 are satisfied. Hence, (4.12) follows
by Lemma 3.4 immediately.
Next, we will prove (4.13). It can be checked that

Y8 — f) _W R

Hence (4.13) follows by (4.15), (2.8) and Theorem 2.1 immediately.
Finally, we will prove (4.14). Similar to the proof of (4.12), we can get that

(4.15)

n

1
i=1
Note that
v A\§S \/S_n pa n’ 1 7l
n(B = Bn)on = == (B—ﬁn).ﬁ.wgaz, (4.17)

It follows by (4.17), (2.5), Theorem 2.1 and (4.16) that (4.14) holds. This com-
pletes the proof of the theorem. O



On consistency of least square estimators 1447

Proof of Theorem 2.3

Proof. The proof is similar to that of Theorem 2.1. In view of (2.2), to prove
the main result (2.11), it suffices to show that

1 & - P
(0; = 0n)> — 0, (4.18)
- - P
(05 — dn)ei —— 0, (4.19)
- - P
(xi — Zn)(e;i — BSi) —— 0 (4.20)
and
SL (€& =€) — 1. (4.21)

n

__r I 2706, > 0) — ES2I(5:
= 7 n;[(sif((slzo) E§I(5; > 0)]

n

n 1 n
it 821(8; < 0)— E&%1(6; <0
Sb, n;[ ( ) i1 )] + b,

It is easily seen that {621(§; > 0) — E§21(§; > 0),i > 1} and {621(5; < 0) —
ES§21(5), < 0),i > 1} are both sequences of NOD random variables by Remark
3.1. Applying Lemma 3.6 with o = 1, we have by E|d;|*? < oo and (2.10) that

E§?. (4.22)

+

n P

1 n
=3 [671(8; = 0) = ESFI(8; > 0)] —— 0, (4.23)
VSpb, n pt
n 1 & P
—— =) [071(5; < 0) = ES?I(6; < 0)] —— 0 (4.24)
Snbn 0 i=1
and
" E§?50, as n— oo (4.25)
VSab, b ' '

Hence, (4.18) follows by (4.22)—(4.25) immediately.
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Next, we will prove (4.19). Similar to the proof of (4.18), one has
1 _ . P

By (4.9), (4.18) and (4.26), we can get (4.19) immediately.
In the following, we will prove (4.20). It follows by Lemma 3.1, Lemma 3.3,
Eé? < 0o and Ee? < oo that

n

n

2
1 _
mE ;(3«“1 - ﬂfn)(Ez - 551‘)]
2 " ’ 2 " ’

< 7 V(e — BS: - 7 VY (g5 — BS:

— Snb%E Lz_;(xl xn) (51 ﬁfsz) + Snb%E ;($l Jin) (61 661)
< ¢ Zn:(m—ac V2E(g; — B6;)? < ¢ [Ee? + B*E67 ]

= Snb% o (3 n K3 2 = b% 1 1

— 0, asn— oo,

which yields (4.20).
Finally, we will prove (4.21). It follows by (4.10) that

n

Z(& —&,)? = S

<2 Jwi— Tl [0 = 0n] + ) (65— 0n)?
=1 =1

<2 D (i = E)? (0= 8)2 + 3 (6~ 8

which implies that

=1 =1 =1
Note that
1 & - b 1 - -
a 61 - 671 2 < - 52 — Un 27
Sh ;( ) s VS, AV Snbn . 1< )

which together with (2.10) and (4.18) yields that
ii(a-—s J—— (4.28)
Sn i=1 Z ! . .

Combining (4.27) and (4.28), we can get (4.21) immediately. This completes the
proof of the theorem. O
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Proof of Theorem 2.4

Proof. According to the relation (2.3), to prove (2.13), it suffices to show that

\b/—f(s‘n — B5,) —2— 0, (4.29)
\b/_f(ﬁ — Bo)Tn —2 0 (4.30)

and
£(5 B)bn —— 0. (4.31)

By Markov’s inequality, Lemma 3.3 and Es? < oo, we have for any & > 0
that

(-

)gWE<Zsz> <—%O as n — 00,

which implies that

?én SN (4.32)
Similarly, we have
g&n LN (4.33)

Combining (4.32) and (4.33), we can get (4.29).
It follows by (2.10) and (2.11) that

B~ Bn — 0, (4.34)
which together with (4.33) yields (4.31).

Finally, we will prove (4.30). From the equality (2.2) and the fact (4.21), to
prove (4.30), it suffices to show

Vn|Zn| Xn:(tsz — 0p)ei + zn:(lfz — &) (e; — B6i) — ﬁzn:(éi —0n)? ——0.

b, S,
n=n i=1 i=1 i=1

Similar to the proofs of (4.18) and (4.19), one has

— n

VI S5~ 87 < f'”fn'z 2_7‘1‘"' IS0 (436)
=1

i=1
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and

V| Zn:(ai —bn)e —2— 0. (4.37)

It follows by Lemma 3.1, Lemma 3.3, E4? < co and Ee? < oo again that

2
nz |\ )
b2 52 E [Z(xl —Zn)(ei — B(Sz)‘|
non i=1
2 72 n 2 ) =2 n 2
’I'Ll‘n — \+ ’I’LJ?n o
< 1252 E ;(Jﬁz —Tn) " (ei — BO)| + 252 E ;(xz — Zn) " (ei — BS;)
Cna? < N 2 Cnz? 9 9
— 0, asn— oo,
which yields that
n|Ty, - B p
\an | D (@i = Tn)(ei — B0) —— 0. (4.38)
i=1

By (4.36)—(4.38), we can get (4.35) immediately. The proof is completed. O

Proof of Theorem 2.5

Proof. The proof is similar to that of Theorem 2.1. In view of (2.2), to prove
the main result (2.14), it suffices to show that

n

1 _
8 —0,)2 =0 letely, 4.39
T 2030 40 completely (4.39)
1 " _
e N (6= b)) =0 letely, 4.40
Toon ;( Je; — 0 completely (4.40)
1 n
s i — Zn)(es — Bo;) =0 letel 4.41
N ;(96 T,) (e — BO;) completely (4.41)
and
1 & -
g2 G —&) =1 as. (4.42)

i=1

To prove (4.39), we firstly prove that

n

Jin = S ; (621(6; > 0) — ES71(6; > 0)) — 0 completely  (4.43)
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and

n

1
T > (671(6; < 0) — ES7I(5; < 0)) — 0 completely.  (4.44)
nn’ i=1

It is easily seen that {621(5; > 0) — E621(6; > 0),i > 1} and {621(5; < 0) —
EG621(6; < 0),i > 1} are still NOD random variables by Lemma 3.1. Applying
Lemma 3.5 with X; = §21(§; > 0) — E621(6; > 0) and b,,; = ﬁ7 we have by
E|61]* < oo and (2.6) that:

(i) E|X,|% < OE|51|4P < o0;

(11) 1rgla<xn bm - \/771’ < nﬁ ’ nll/P = O(n—l/p);

see 2 27 p—
(iif) 7 b5 = g & = o((logn) ™).
That is to say, the conditions of Lemma 3.5 are satisfied. Hence, (4.43) follows
by Lemma 3.5 immediately. Similarly, we can also get (4.44).
Note that E§? < oo by E|61|* < oo for p > 1, we have

J2n =

n

]. = \2 ]. 2 2
- <
T ; (0= 6n)" < =z ; (67 — E67)

1—7

= Jin + Jon + nﬁEéf. (4.45)
It follows by (2.6) again that for any € > 0,
nt=T £
\/S_nEéf < 3 for all n large enough. (4.46)

By (4.43)—(4.46), we can get that for any € > 0,

Z (V—mfj(a—an)%a) < oo,

which implies (4.39).
Similar to the proof of (4.39), we can get that

n

1
N Z(El — én)2 — 0 completely. (4.47)
=1
Note that
n B 1 n ~ n )
D (6 = dn)ei| < 3 [Z(& —0,) ) (i —&n)?]
1=1 =1 i=1

which together with (4.39) and (4.47) yield (4.40).
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It is easily checked that for any r > 0,

i=1

1=

,_.

<.
Il

—

which implies that

1 = .
<rS,+ *r 2(51 - 6n)2- (448)

1 5 2
Vo 2 Z(& —6,)2 =0 as. (4.49)
Hence, we have by (2.5), (4.48) and (4.49) that
1 o l+r n” 1O .
— n < e —— 8 — 6n)? 8.
S ;(5 3 ) r+ . ch S ;( ) =7 as

Since r > 0 is arbitrary, we can get (4.42) immediately by (4.50).
Finally, we will prove (4.41). Denote

T — ffn
VS,nm’

It follows by Corollary 3.1 that {X;,7 > 1} is still a sequence of NOD random
variables. In addition, we have by Ele1|* < oo, E|§;[*? < oo and (2.4) that

bpi = €; — B;.

E|X1|*? = Ele1—B6|* < CE|e1]*’ + CE|6|* < 0,
1
_ -1 _ _ —1
max |bni] = ( /p) E v, = = o((logn)™").

That is to say, the conditions of Lemma 3.5 are satisfied. Hence, (4.41) follows by
Theorem Lemma 3.5 immediately. This completes the proof of the theorem. [

Proof of Theorem 2.6

Proof. According to the relation (2.3), to prove (2.15), it suffices to show that
n" (8, — Bd,) — 0 completely, (4.51)
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n" (8 — Bn)i‘n — 0 completely (4.52)

and
n’ (8 — Bn)dn — 0 completely. (4.53)

Firstly, we will prove (4.51). It is easily seen that

n

n (e~ 55, = s S (e - 560,

i=1

Applying Lemma 3.5 with b,; = ﬁ, X; = ¢; — Bd;, and noting that 0 <
v < min(l — 1/p,1/2), p > 1, we can see that the conditions of Lemma 3.5 are
satisfied. Hence, (4.51) follows by Lemma 3.5 immediately.

Next, we will prove (4.52). It can be checked that

~ N T4V
ny(ﬁ - 6n)53n = \{,L—f_n(ﬂ - Bn) ' %jn (454)

We have by (4.54), (2.8) and Theorem 2.5 that for any € > 0,

i_o: (V‘B Bn$n|>5) ZP( >c>

which implies (4.52).
Finally, we will prove (4.53). Similar to the proof of (4.51), we can get that

1

oy 215 — 0 completely. (4.55)
Notinge that
y 5ax _ VOn A n’” -
n (5 - Bn)(sn - F(ﬁ - Bn) ’ \/—S_n : F ;527 (4'56)

we have by (4.56), (2.5), Theorem 2.5 and (4.55) that for any € > 0,
Z (1108 = Bu)Bal > <) < Z (|26 - > ©)
+ ZP <’_n11—” > 6| > C>

n=1 i=1

< 00,
which implies (4.53). This completes the proof of the theorem. O
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Appendix A: Appendix section

To prove Lemmas 3.4 and 3.5, we need the following Kolmogorov-type expo-
nential inequality for NOD random variables, which can be found in Shen [26]
for instance.

Lemma A.1. Let {X,,n > 1} be a sequence of NOD random variables with zero
means and finite second moments. Denote S, = > i | X; and B2 =" | EX?
for each m > 1. Then for all x >0 and y > 0,

P(|Sn] = )

< 2P| max |X;| >y |+ 2ex o 1—&-210 1+
- [oigy il =Y P 2(zy + B2) 3 % B2 ’

By the integration by parts, we can get the following property for stochastic
domination. For the proof, one can refer to Wu [32], or Shen et al. [33].

Lemma A.2. Let {X,,n > 1} be a sequence of random variables which is
stochastically dominated by a random variable X. For any o > 0 and b > 0, the
following two statements hold:

E[Xa[*I (|Xn] <b) < CL[EIX[YT(|X] < 0) + 0P (|X] > 0)],
E|X,|*T (|1X,| > b) < CoB|X|*I (| X| > b),

where Cy and Cy are positive constants. Consequently, F|X,|* < CE|X|%,
where C' is a positive constant.

Now we turn to prove Lemmas 3.4 and 3.5.

Proof of Lemmas 3.

Proof. Without loss of generality, we may assume that b,; > 0 (note that b,,; =
bt —b,.). For any € > 0, we choose small > 0 and large N > 1 (to be
specialized later).

Denote for 1 < ¢ <n and n > 1 that
Xm(l) = —br_”‘ n~ "I (bm'Xi < —’I’Lin) + X;1 (|mez| < nfn)

+ b;il’l’l,_nl (b,”)(z > n_”) s

Xni(2) = (Xi — b;iln_") 1 (n_” < b X; < 6/N) ,
Xni(3) = (X; + bin ") I (—n~" > by X; > —€¢/N),
Xni(4) = (X; = bpin ™) I (byiX; > €/N) + (Xi + b/~ ") I (bni Xi < —€¢/N),

Su(l) = bniXni(l), 1=1,2,3,4.
i=1

For fixed n > 1, it is easily seen that T, = Y i b X; = Sp(1) + Sn(2) +
Sn(3) + S, (4) and {b,; Xni(1) — Ebpi X1i(1),1 <4 < n} are still NOD random
variables by the definition of X,;(1) and Lemma 3.1.

We consider two cases.
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Case 1. p>2

In order to prove T,, = o(1) a.s., we only need to show S, (I) = o(1) a.s. for
1=1,2,3,4.

To prove S,(1) = o(1) a.s., it suffices to show ES,(1) — 0 and S,(1) —
ES,(1) = 0 a.s. as n — o0.

Take 7 > 0 small enough such that 0 < 7 < 1;_2{” , which implies that
(p—1)n—14+2/p < 0. Hence, by EX,, = 0, Markov’s inequality and Lemma
A.2, we can get that

i=1

|ES,(1)] <™ " P (|bniXi| > n7") +

=1

> b EXGI (|bni Xs| > n")

i=1

=n""Y P (X >n7") +
=1

<@ " Blbni XofP 4+ 0PN " by X[PT (b Xa| > n77)

i=1 i=1

p—2 n
< On®= 7 [ max |by; b2,
— 1§i§n| TH| Zl ni
i

< CpP=H1=142/P(logn) ™ - 0, as n — oo, (A1)

which implies that ES, (1) — 0 as n — oo.
To prove S, (1) — ES,(1) — 0 a.s., we only need to show that for any € > 0,

> P(ISn(1) = ESu(1)] > €) < 0. (A.2)
n=1
By the definition of X,,;(1), we can see that

and

B} = ZE [bni X i (1) = Ebpi Xpi (1))
=1

2 2
<Y E by Xn(D < > E[buiXi
i=1

=1
<CEX®Y b2, = o(logn)™"). (A.4)
i=1

Applying Lemma A.1 with z = € and y = 2n~", we have by (A.3), (A.4) and
Lemma A.1 that

> P (ISu(1) = ESu(1)] > ¢)
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<2y P ( max [byi (Xni(1) — EXni(1))] > 2n’7>

+ Ci exp {2(2571—77 T Zz((log n)=1)) }

< CZexp{—?logn} < 00, (A.5)
n=1
which implies (A.2). This completes the proof of S, (1) = o(1) a.s..
Next, we will estimate S, (2). From the definition of X,,;(2), we can see that
0 < bpiXni(2) < €¢/N. Hence, |S,(2)| = > 1, bniXni(2) > € implies that there
are at least IV ¢’s such that mem(2) # 0. Therefore, by Markov’s inequality
and Lemma A.2, we can get that

P (]S,(2)] > €) < P (there are at least N i’s such that b,; X,,:(2) # 0)
< Z P(banm'l(Q) #0,- ,bniy mN( ) # O)

1<i1<i2<---<in<n

< > P (bn1 Xy, >0 by Xiy >n7")
1<ii<ia<---<in<n
< > P (by1Xi, >n7") - P (bpiy Xiy >n7")

1<i1<ia< - <in<n

n N
< DO P(bniXi >n”)]
i=1
n N
i=1
S [

N
””ZE|me| ]
p—2 n
pn
C’[n (lrgixn|bm|> Zb ]

< On~=2/P=PN (og )~ N. (A.6)

IN

Taking 7 small enough and N > 1 large enough such that 1 —2/p —pn > 0 and
(1—-2/p—pn)N > 1, we can see that

o0
Z 2)| > €) < oo,

which implies that S, (2) = o(1) a.s..

Note that —e/N < b,,; X,,;(3) < 0, hence, |S,(3)] = — > 1, bpiXni(3) > €
implies that there are at least N 4’s such that b,;X,;(3) # 0. Similar to the
proof of S, (2) = o(1) a.s., we can get S,(3) = o(1) a.s. immediately.
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Finally, we will show that S, (4) = o(1) a.s.. Note that F|X|P < oo is equiv-
alent to

ZP (\X1| > cil/p) < oo forany c¢>0.
i=1
Hence, by Borel-Cantelli Lemma, we have for any ¢ > 0 that
P (|Xi\ > cil/’),i.o.) =0 & P (|Xi| < ¢i'/?, for i large enough) =

which implies that for any ¢ > 0,

SN > eit/?) < o as.

=1
Noting that
[ Xni(4)] = (1X:] = by 0™ ") I (|bniXs| > e/N)
< X (1) = citf)

we have

S0 (4)] < max |bm|Z|Xm

< CnTVPY CIXGI(IXG| > CitP) = 0 as., (A7)

i=1
which yields that S,,(4) = o(1) a.s..
Case 2. 0<p<2

Firstly, we will show that ES,(1) = o(1). If p > 1, similar to the process of
(A.1), we can get ES, (1) = o(1) immediately. If 0 < p < 1, then for any n > 0,
we have by Lemma A.2 that

[ES,()] <0 P (|bniXi >n™) + > Elbpi Xl I (|bni X <n77)
1=1 1=1

n n
< plp=1n ZE|bm‘Xi|p + pe—n ZE|bniXi|pI (s Xi) <)
i=1 i=1
< CnP=m=% 50 asn — oco.

Thus, for all 0 < p < 2, we have ES,, (1) = o(1). Note that |b,; X,,;(1)] < n™"
and

B2 = B [bui Xni(1) = Bbui X (1))
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n
= ZE |bpi X i (1)]? < Cn~pIn=9

— o((logn) ™).

Therefore, (A.5) remains true, which implies that S, (1) — ES,(1) — 0 a.s. and
hence S, (1) — 0 a.s..

Similar to the proofs of (A.6) and (A.7), we can get that S, (I) = 0 a.s. for
[ = 2,3,4 immediately. This completes the proof of the lemma. O

Proof of Lemmas 3.5

Proof. The proof is similar to that of Lemma 3.4. Without loss of generality, we
may assume that b,; > 0. For any € > 0, we choose positive integer N (to be

specified later) and small positive constant g such that ¢ < # if p>1 and

g<d/pif0<p<1.
Denote for 1 < ¢ <n and n > 1 that

Xi(1) = XiI(|bpi Xs| <n79) — b n 9T (b X; < —n™9)
+ b, T (b X > )

X,i(2) = (X = b, n D I(n™? < by X; < e/N),

X,i(3) = (X +b'n N I(—e/N < by X; < —n™9),

(-
Xpi(4) = (X + 0, n D (i Xi < —€/N) + (Xi — b, n~ DI (bi Xi > /N).
(1) + X5i(2) + X5i(3) + Xpi(4) = X5, which implies

> 45) < ( - )

( > bniXni(2)| > 5)

P ( > bniXni(3)| > s>
i=1

P ( zn: b X i (4)| > z—:)

=1L +1s+ I3+ 14

It is easy to check that X,;
that

n

Z boi Xni

1=1

ZP ( > bniX;

n=1

27

Hence, to prove (3.11), it suffices to show that Iy < oo, Is < 0o, I3 < 0o and
Iy < oo.

Noting that maxi<i<p [bni(Xni(1) — EXpi(1))] < 2n77 for every n > 1, we
have

P <lr£1ax [bni(Xni(1) — EXpi(1))] < an) =1 foreveryn>1. (A.8)
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If 0 < p < 1, we have by Markov’s inequality, Lemma A.2 and (3.10) that

n

B2 =" Blbni(Xni(1) = EXpi(1)] <> E(bniXpi(1))

i=1 i=1

< Cn 7PN by [PEIX P < Cnm P90 = o((logn) 7). (A.9)
i=1

If p > 1, note that | X,;(1)] < |X;|, we have by Lemma A.2 and (3.10) again
that

ZE ni(Xni(1) = EXpi(1)))?
< CZb2 EX? = o((logn)™"). (A.10)

Note that for fixed n > 1, {bn;(Xni(1) — EXpi(1)),1 < i < n} are still NOD
by Lemma 3.1. Applying Lemma A.1 with = € and y = 2n™9, we have by
(A.8)—(A.10) that

[eS) E2
+C Z exp {_2(26n_q + 0((]0g7’b)_1)) }

n=1
)

< CZeXp{—Qlogn} < 00. (A.11)

n=1

To show that I; < oo, it remains to show

> bniEXpi(1)

i=1

If 0 < p < 1, we have by Markov’s inequality, Lemma A.2 and (3.10) that
> b EXni(1)
i=1

<~ PN Blby X P+ Y By Xl |bs Xa| P ([bni X < 079

i=1 i=1

—0 asn— 0. (A.12)

< O~ (PN b PEIX] < Onm 070970 50 as oo, (A1)

i=1
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If p > 1, noting that FX; = 0 and ¢ < # < 22;i/f7 we have by Markov’s
inequality, Lemma A.2 and (3.9)—(3.10) that

zn: bni EXni(1)
i=1

< n(2=1q ZE|me"|2p + np—1)a ZE|mei|2p
i=1 i=1

2p—2 n
< (2p—1)q 2
<Cn <1I£1ax |bm> Z: by,

< Cp#P=Da=(2=2/P)(Jog )™t - 0 as n — oco. (A.14)

From (A.12)—(A.14), we have proved that I; < oco.
Next, we will prove that Is < co. Since 0 < b,; X,,:(2) < /N, we can see

that
Z bi X i (2

implies that there are at least N mtegers such that b,; Xn:(2) # 0. Hence, by
conditions (3.9)—(3.10), we can see that

()

n7,

< Z P (bn,ian7i1 (2) #0, br,is Xn,iz (2> #0,..., br,in Xn 1N( ) # O)
1<ii<i2<...<in<n
< > P(bpi, Xiy > 1 P (bpiyXiy > 1Y) - P(bpiny Xiy >n"9)

1<i1<i2<...<in<n

(Z P(bpi X; > nq)> < (CZP(bm-X| > nq)>

i=1 i=1

IN

n N
C (W S E|me|p) . ifo<p<l,
=1

" N
C <n2p‘1 > E|me|2”) , ifp>1,
i=1

Cn_(g_pq)N’ lf O < p S la
2p—2 N
< C [n?4 [ max |by] ibz- ifp>1
1<i<n' =M ’
Cn 5qu lf0<p§]-;
Cn—20-1/p— pq)N(log n)~ N, ifp>1.

Noting that g < 1%/1’ if p>1and g <d/pif 0<p <1, we choose some large
integer N such that (6 —pg)N > 1 and 2(1 — 1/p — pg) N > 1. Hence, Iy < oc.
Since —e/N < b,,; X,,:(3) < 0, we can see that

— i banfm (3) > €
i=1

ni(3)| =




On consistency of least square estimators 1461

implies that there are at least NV integers such that b,,; X,,;(3) # 0. Hence, similar
to the proof of Iy < 0o, we can get I3 < oc.
Finally, we will prove that I; < co. By Lemma A.2 and E|X|?? < oo, we

have
L < ) Y P(buXi| >¢/N)<C> nP(X| > Cn'/?)
n=1 i=1 n=1
oo
< C) KPCEV? < |X| < C(k+1)M/P)
k=1
< CE|X|* < .
This completes the proof of the lemma. O
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