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Abstract: We introduce a general framework for estimation of inverse co-
variance, or precision, matrices from heterogeneous populations. The pro-
posed framework uses a Laplacian shrinkage penalty to encourage similarity
among estimates from disparate, but related, subpopulations, while allow-
ing for differences among matrices. We propose an efficient alternating di-
rection method of multipliers (ADMM) algorithm for parameter estimation,
as well as its extension for faster computation in high dimensions by thresh-
olding the empirical covariance matrix to identify the joint block diagonal
structure in the estimated precision matrices. We establish both variable
selection and norm consistency of the proposed estimator for distributions
with exponential or polynomial tails. Further, to extend the applicability of
the method to the settings with unknown populations structure, we propose
a Laplacian penalty based on hierarchical clustering, and discuss conditions
under which this data-driven choice results in consistent estimation of pre-
cision matrices in heterogenous populations. Extensive numerical studies
and applications to gene expression data from subtypes of cancer with dis-
tinct clinical outcomes indicate the potential advantages of the proposed
method over existing approaches.

Keywords and phrases: Graph Laplacian, graphical modeling, hetero-
geneous populations, hierarchical clustering, high-dimensional estimation,
precision matrix, sparsity.

Received January 2015.

Contents

1 Introduction. . . . . ... . . . .. ... .. 1342

2 Model and estimator . . . . . ... ..o oo 1345
2.1 Problemsetup . ... .. ... ... 1345
2.2 The Laplacian shrinkage estimator . . . . . .. ... ... ... 1345

*This work was partially supported by NSF grants DMS-1161565 & DMS-1561814 to AS.
1341


http://projecteuclid.org/ejs
http://dx.doi.org/10.1214/16-EJS1137
mailto:tsaegusa@math.umd.edu
mailto:ashojaie@uw.edu

1342 T. Saegusa and A. Shojaie

2.3 Connections to other estimators . . . . . . . ... ... .. ... 1348

3 Theoretical properties . . . . .. . ... Lo oL 1350
3.1 Consistency in spectral norm . . . . . ... ... ... ... 1351
3.2 Model selection consistency . . . . .. ... ... ... 1352
3.3 Additional results . . . . . . ... 1354

4 Laplacian shrinkage based on hierarchical clustering . . . . .. ... 1355
5 Algorithms . . . . . ... 1357
6 Numerical results . . . . . .. . ... o 1360
6.1 Simulation experiments . . . .. .. ... ... 0L 1360
6.1.1 Known subpopulation network G . . . . . ... ... .. 1360

6.1.2 Unknown subpopulation network G . . . . .. .. ... 1361

6.2 Genetic networks of cancer subtypes . . .. ... ... ... .. 1362

7 Discussion . . . . . ..o e 1363
8 Appendix: Proofs and technical detials . . . . . .. . ... ... ... 1365
8.1 Consistency in matrix norms . . . . . ... .. ... ... 1365
8.2 Model selection consistency . . . ... ... ... oL 1374
References . . . . . . . . . 1389

1. Introduction

Estimation of large inverse covariance, or precision, matrices has received con-
siderable attention in recent years. This interest is in part driven by the advent of
high-dimensional data in many scientific areas, including high throughput omics
measurements, functional magnetic resonance images (fMRI), and applications
in finance and industry. Applications of various statistical methods in such set-
tings require an estimate of the (inverse) covariance matrix. Examples include
dimension reduction using principal component analysis (PCA), classification
using linear or quadratic discriminant analysis (LDA/QDA), and discovering
conditional independence relations in Gaussian graphical models (GGM).

In high-dimensional settings, where the data dimension p is often comparable
or larger than the sample size n, regularized estimation procedures often result
in more reliable estimates. Of particular interest is the use of sparsity inducing
penalties, specifically the £; or lasso penalty [30], which encourages sparsity in
off-diagonal elements of the precision matrix [34, 7, 8, 33]. Theoretical properties
of /1-penalized precision matrix estimation have been studied under both multi-
variate normality, as well as some relaxations of this assumption [19, 26, 4, 25].

Sparse estimation is particularly relevant in the setting of GGMs, where
conditional independencies among variables correspond to zero off-diagonal el-
ements of the precision matrix [14]. The majority of existing approaches for
estimation of high-dimensional precision matrices, including those cited in the
previous paragraph, assume that the observations are identically distributed,
and correspond to a single population. However, data sets in many application
areas include observations from several distinct subpopulations. For instance,
gene expression measurements are often collected for both healthy subjects, as
well as patients diagnosed with different subtypes of cancer. Despite increasing
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evidence for differences among genetic networks of cancer and healthy subjects
[11, 27], the networks are also expected to share many common edges. Sepa-
rate estimation of graphical models for each of the subpopulations would ignore
the common structure of the precision matrices, and may thus be inefficient;
this inefficiency can be particularly significant in high-dimensional low sample
settings, where p > n.

To address the need for estimation of graphical models in related subpopula-
tions, few methods have been recently proposed for joint estimation of K pre-
cision matrices QF) = (wgc))f’j:l e RP*P k =1,...,K ]9, 6]. These methods
extend the penalized maximum likelihood approach by combining the Gaussian
likelihoods for the K subpopulations

:lKn oo det (AR — tr (S Q®)
0,(9) n; k(lgdt(Q ) —t (EnQ )) (1)

Here, n; and 25{“) are the number of observations and the sample covariance
matrix for the kth subpopulation, respectively, n = Zszl ny is the total sample
size and tr(-) and det(-) denote matrix trace and determinant.

To encourage similarity among estimated precision matrices, Guo et al. [9]
modeled the (i, j)-element of Q*) as product of a common factor 6;; and

group-specific parameters ”yi(f), ie. wg?) = 6”71»(]’? ). Identifiability of the esti-
mates is ensured by assuming d;; > 0. A zero common factor §;; = 0 in-
(k)

duces sparsity across all subpopulations, whereas Y =0 results in condition-

specific sparsity for wgf). This reparametrization results in a non-convex opti-
mization problem based on the Gaussian likelihood with ¢;-penalties ), £ 0ij

and >, Zszl |71(Jk)| Danaher et al. [6] proposed two alternative estimators
by adding an additional convex penalty to the graphical lasso objective func-

tion: either a fused lasso penalty >, > 4 4/ |wL(Jk) fwfj/ (FGL), or a group lasso

penalty 3, Zle ((,ui(j’?))2 (GGL). The fused lasso penalty has also been used
by Kolar et al. [13], for joint estimation of multiple graphical models in multiple

time points. The fused lasso penalty strongly encourages the values of wl{f) to be
similar across all subpopulations, both in values as well as sparsity patterns. On
the other hand, the group lasso penalty results in similar estimates by shrinking
all wg-c) across subpopulations to zero if Zszl(wgf))z is small.

Despite their differences, methods of Guo et al. [9] and Danaher et al. [6]
inherently assume that precision matrices in K subpopulations are equally sim-

Z(J].C) Ek/) and wg-f) and w(k”) to

ilar to each other, in that they encourage w;.” and w ij

be equally similar. However, when K > 2, some subpopulations are expected
to be more similar to each other than others. For instance, it is expected that
genetic networks of two subtypes of cancer be more similar to each other than
to the network of normal cells. Similarly, differences among genetic networks of
various strains of a virus or bacterium are expected to correspond to the evo-
lutionary lineages of their phylogenetic trees. Unfortunately, existing methods

for joint estimation of multiple graphical models ignore this heterogeneity in
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multiple subpopulations. Furthermore, existing methods assume subpopulation
memberships are known, which limits their applicability in settings with com-
plex but unknown population structures; an important example is estimation of
genetic networks of cancer cells with unknown subtypes.

In this paper, we propose a general framework for joint estimation of multiple
precision matrices by capturing the heterogeneity among subpopulations. In this
framework, similarities among disparate subpopulations are presented using a
subpopulation network G(V, E, W), a weighted graph whose node set V' is the set
of subpopulations. The edges in F and the weights Wy for (k, k') € F represent
the degree of similarity between any two subpopulations k, k¥’. In the special case
where Wy,» = 1 for all k, k’, the subpopulation similarities are only captured by
the structure of the graph G. An example of such a subpopulation network is
the line graph corresponding to observations over multiple time points, which
is used in estimation of time-varying graphical models [13]. As we will show in
Section 2.3, other existing methods for joint estimation of multiple graphical
models, e.g. proposals of Danaher et al. [6], can also be seen as special cases of
this general framework.

Our proposed estimator is the solution to a convex optimization problem
based on the Gaussian likelihood with both ¢; and graph Laplacian [15] penal-
ties. The graph Laplacian has been used in other applications for incorporating
a priori knowledge in classification [24], for principal component analysis on
network data [28], and for penalized linear regression with correlated covari-
ates [15, 10, 32, 18, 17, 37]. The Laplacian penalty encourages similarity among
estimated precision matrices according to the subpopulation network G. The
{1-penalty, on the other hand, encourages sparsity in the estimated precision
matrices. Together, these two penalties capture both unique patterns specific
to each subpopulation, as well as common patterns shared among different sub-
populations.

We first discuss the setting where G(V, E, W) is known from external informa-
tion, e.g. known phylogenetic trees (Section 2), and later discuss the estimation
of the subpopulation memberships and similarities using hierarchical clustering
(Section 4). We propose an alternating methods of multipliers (ADMM) algo-
rithm [3] for parameter estimation, as well as its extension for efficient compu-
tation in high dimensions by decomposing the problem into block-diagonal ma-
trices. Although we use the Gaussian likelihood, our theoretical results also hold
for non-Gaussian distributions. We establish model selection and norm consis-
tency of the proposed estimator under different model assumptions (Section 3),
with improved rates of convergence over existing methods based on penalized
likelihood. We also establish the consistency of the proposed algorithm for the
estimation of multiple precision matrices, in settings where the subpopulation
network G or subpopulation memberships are unknown. To achieve this, we
establish the consistency of hierarchical clustering in high dimensions, by gener-
alizing recent results of Borysov et al. [1] to the setting of arbitrary covariance
matrices, which is of independent interest.

The rest of the paper is organized as follows. In Section 2 we describe the
formal setup of the problem and present our estimator. Theoretical properties
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of the proposed estimator are studied in Section 3, and Section 4 discusses
the extension of the method to the setting where the subpopulation network
is unknown. The ADMM algorithm for parameter estimation and its extension
for efficient computation in high dimensions are presented in Section 5. Results
of the numerical studies, using both simulated and real data examples, are
presented in Section 6. Section 7 concludes the paper with a discussion. Technical
proofs are collected in the Appendix.

2. Model and estimator
2.1. Problem setup

Consider K subpopulations with distributions P*), k = 1,..., K. Let X®) =
(X(k)’l, . ,X(k)’p)T € RP be a random vector from the kth subpopulation
with mean p; and the covariance matrix E(()k) = (U,Ef))ij:l. Suppose that an
observation comes from the kth subpopulation with probability m; > 0.

Our goal is to estimate the precision matrices Q) = (S)~1 = (wx”'))f’j:l,
k=1,..., K. To this end, we use the Gaussian log-likelihood based on the corre-
lation matriz (see Rothman et al. [26]) as a working model for estimation of true
Q(()k), k=1,...,K. Let Xi(k),i =1,...,nk, be independent and identically dis-
tributed (i.i.d.) copies from PF) k=1,..., K. We denote the correlation matri-

. . k , k
ces and their inverse by (%) = (95j))f,j:1» and UK = (z/JZ(j ))f,j:v k=1,...,K,

respectively. The Gaussian log-likelihood based on the correlation matrix can
then be written as

K
~ 1
L(®) == (log det(@)) — tr (\pg“@(’“))), (2)
k=1
where \Ilng ), k=1,..., K is the sample correlation matrix for subpopulation k.

Examining the derivative of (2), which consists of \I/ék) — \I/%k), k=1,...,K,
justifies its use as a working model for non-Gaussian data: the stationary points
of (2) is \Ilsmk), which gives a consistent estimate of \I/(()k). Thus we do not, in
general, need to assume multivariate normality. However, in certain applications,
for instance LDA/QDA and GGM, the resulting estimate is useful only if the
data follows a multivariate normal distribution.

2.2. The Laplacian shrinkage estimator

Let © = (0, ... 0% )) and write 0 = (98), e ,HEJK))T eRX 45=1,....p
for a vector of (i, j)-elements across subpopulations. Our proposed estimator,
Laplacian Shrinkage for Inverse Covariance matrices from Heterogeneous popu-
lations (LASICH), first estimates the inverse of the correlation matrices for each
of the K subpopulations, and then transforms them into the estimator of in-

verse covariance matrices, as in Rothman et al. [26]. In particular, we first obtain
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the estimate © of the true inverse correlation matrix by solving the following
optimization problem

Oy, = argmin —£,(0) + pallOl1 + prp2(|©]
=0T, 0~0
K
. 5 k
= argmin ~0,(0) + pu > > |0W| 4 pupz Y041l (3)
©=67,0>0 k=1 i#j ij

where © = OT enforces the symmetry of individual inverse correlation matri-
ces, i.e. OF) = (O@F)T and © = 0 requires that ©®) is positive definite for
k=1,...,K. The f;-penalty O], = S>0 [[©®)]|; in (3) encourages sparsity
in estimated inverse correlation matrices. The graph Laplacian penalty, on the
other hand, exploits the information in the subpopulation network G to encour-
age similarity among values of 0%“ and 0%?/). The tuning parameters p, and
pnp2 control the size of each penalty term.

Fic 1. Illustration of similarities in the sparsity patterns of precision matrices QM) @
and Q). Nonzero and zero off-diagonal entries are colored in black and white, respectively,
while diagonal entires are colored in gray. The associated subpopulation network G reflects the
stmilarities between precision matrices of subpopulations 1 and 2 and 1 and 3. The simulation
experiments in Section 6.1 use a similar subpopulation network in a high-dimensional setting.

Figure 1 illustrates the motivation for the graph Laplacian penalty ||©;;]z in
(3). The gray-scale images in the figure show the hypothetical sparsity patterns
of precision matrices ©(1), ©(), ©() for three related subpopulations. Here, ©(1)
consists of two blocks with one “hub” node in each block; in ©) and ©®) one
of the blocks is changed into a “banded” structure. It can be seen that one
of the two blocks in both ©® and ©®) have a similar sparsity pattern as
0. However, ©®) and ©®) are not similar. The subpopulation network G
in this figure captures the relationship among precision matrices of the three
subpopulations. Such complex relationships cannot be captured using the ex-
isting approaches, e.g. Guo et al. [9], Danaher et al. [6], which encourage all
precision matrices to be equally similar to each other. More generally, G can
be a weighted graph, G(V, E, W), whose nodes represent the subpopulations
1,..., K. The edge weights W : E — R represent the similarity among pairs
of subpopulations, with larger values of Wy = W (k, k") > 0 corresponding to
more similarity between precision matrices of subpopulations k and &'.
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In this section, we assume that the weighted graph G is externally avail-
able, and defer the discussion of data-driven choices of G, based on hierarchical
clustering, to Section 4. Given G, the (unnormalized) graph Laplacian penalty
1©:;|| is defined as

1/2

104z = ZWW(“ o) (4)

k,k'=1

where Wy = 0 if k and k" are not connected. The Laplacian shrinkage penalty
can be alternatively written as [|©;]z = ©];LO;;, where L = (lpr)fs k=1 €

RE*K is the Laplacian matrix [5] of the subpopulation network G defined as

dp — Wy, k=Fk,dp #0,
b = —Wiks k#K,
0, otherwise,

where d;, = Zk,?ﬁk Wik is the degree of node k in G with Wy = 0 if &
and k' are not connected. The Laplacian shrinkage penalty can also be de-
fined in terms of the normalized graph Laplacian, I — D~Y/2WD~1/2  where
D = diag(ds,...,dk) is the diagonal degree matrix. The normalized Laplacian

penalty,
1/2

Oille = § Wi | 2= — 2 :
|| J”L kk’ < dk \/d—k/>

k,k'=1

which we also denote as ||©;;||,, imposes smaller shrinkage on coefficients asso-
ciated with highly connected subpopulations. We henceforth primarily focus on
the normalized penalty.

Given estimates of the inverse correlation matrices O, ... @ ) from (3),
we obtain estimates of precision matrices Q%) by noting that Q(k) =zmekzk)
where Z(®) is the diagonal matrix of reciprocals of the standard deviations
2 = diag({o\M}1/2, .. {oF)}171/2). Our estimator Q,, = (O, ..., Q)
of precision matrices € is thus defined as

Ak — (R =18 (k) (& (k) -1 _
an) - {H( )} @(Pn){_‘( )} ’ k= 17"‘7K7

where 20) = diag(1/{6%}1/2,... 1/{658)}1/2) with sample variance % for
the ith element in the kth subpopulatlon

A number of alternative strategies can be used instead of the graph Laplacian
penalty in (3). First, similarity among coefficients of precision matrices can also
be imposed using a ridge-type penalty, ||©;;]|2. The main difference is that our
penalty ||©;;||. discourages the inclusion of edges 98-), e HEJK if they are very
different across the K subpopulations. Another option is to use the graph trend
filtering [31], which impose a fused lasso penalty over the subpopulation graph
G. Finally, ignoring the weights Wy in (4), the Laplacian shrinkage penalty
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resembles the Markov random field (MRF) prior used in Bayesian variable selec-
tion with structured covariates [16]. While our paper was under review, we be-
came aware of the recent work by Peterson et al. [23], who utilize an MRF prior
to develop a Bayesian framework for estimation of multiple Gaussian graphical
models. This method assumes that edges between pairs of random variable are
formed independently, and is hence more suited for Erdés-Rényi networks. Our
penalized estimation framework can be seen as an alternative to using an MRF
prior to estimate the precision matrices in a mixture of Gaussian distributions.

2.3. Connections to other estimators

To connect our proposed estimator to existing methods for joint estimation
of multiple graphical models, we first give an alternative interpretation of the

graph Laplacian penalty ||©;;||r = (@Z;L@ij)lp as a norm for a transformed

y )s. More specifically, consider the mapping go : RX — RX defined

version of 01(5
based on the Laplacian matrix for graph G
0, k=K,

0;;) = 0B g
6000 = W (e - i) kA,

if G has at least one edge. For a graph with no edges, define g¢(0;;) = Ix®06;; =
diag(©;;), where Ik is the K-identity matrix, and ® denotes the Kronecker
product. It can then be seen that the graph Laplacian penalty can be rewritten
as

19illz = l9c(©i;) |l F-

where ||-|| ¢ is the Frobenius norm.

Using the above interpretation, other methods for joint estimation of mul-
tiple graphical models can be seen as penalties on transformations ga(©;;)
corresponding to different graphs G. We illustrate this connection using the
hypothetical subpopulation network shown in Figure 2a.

Consider first the FGL penalty of Danaher et al. [6], applied to elements of

the inverse correlation matrix |97(f) - 9§f/)|. Let G¢ be a complete unweighted

graph (Wi = 1Vk # k'), in which all (12() node-pairs are connected to each
other (Figure 2b). It is then easy to see that

S8 — 60| = /2(K —1)lgee (©4)lh,

k£l

where the factor of \/2(K — 1) can be absorbed into the tuning parameter for
the FGL penalty. A similar argument can also be applied to the GGL penalty
of Danaher et al. [6], ||©;;]|, by considering instead an empty graph G. with
no edges between nodes (Figure 2c). In this case, the mapping g¢ would give a
(k)

diagonal matrix with elements §; i

and hence ||©;;]|= [lgc. (©:))| F-
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a b c d

©) ©) ®
® OO OO ® OO
® ® ®

Fic 2. Comparison of subpopulation networks used in the penalty for different methods for
joint estimation of multiple precision matrices: a) the true network, modeled by LASICH;
b) FGL; ¢) GGL & Guo et al; and d) estimation of time-varying networks (Kolar & Xing,
2009); see Section 2.3 for details.

Unlike proposals of Danaher et al. [6], the estimator of Guo et al. [9] is based
on a non-convex penalty, and does not naturally fit into the above framework.
However, Lemma 2 in Guo et al. [9] establishes a connection between the op-
timal solutions of the original optimization problem, with those obtained by

1/2
considering a single penalty of the form {Zszl |91(jk)|} =[|0;;||1,2- Similar
to GGL, the connection with the method of Guo et al. [9] can be build based
on the above alternative formulation, by considering again the empty graph G,

(Figure 2c), but instead the ||.||1,2 penalty, which is a member of the CAP family
of penalties [36]. More specifically,

K 1/2
{Z |w§;-“>|} = |lge.(©4))]
k=1

Using the above framework, it is also easy to see the connection between
our proposed estimator and the proposal of Kolar et al. [13]: the total variation
penalty in Kolar et al. [13] is closely related to FGL, with summation over
differences in consecutive time points. It is therefore clear that the penalty of
Kolar et al. [13] (up to constant multipliers) can be obtained by applying the
graph Laplacian penalty defined for a line graph connecting the time points
(Figure 2d).

The above discussion highlights the generality of the proposed estimator, and
its connection to existing methods. In particular, while FGL and GGL/Guo
et al. [9] consider extreme cases with isolated, or fully connected nodes, one can
obtain more flexibility in estimation of multiple precision matrices by defining
the penalty based on the known subpopulation network, e.g. based on phyloge-
netic trees or spatio-temporal similarities between fMRI samples. The clustering-
based approach of Section 4 further extends the applicability of the proposed
estimator to the settings where the subpopulation network in not known a pri-
ori. The simulation results in Section 6 show that the additional flexibility of
the proposed estimator can result in significant improvements in estimation of
multiple precision matrices, when K > 2. The above discussion also suggests
that other variants of the proposed estimator can be defined, by considering
other norms. We leave such extensions to future work.

1,2-
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3. Theoretical properties

In this section, we establish norm and model selection consistency of the LA-
SICH estimator. We consider a high-dimensional setting p > ng, k=1,..., K,
where both n and p go to infinity. As mentioned in the Introduction, the nor-
mality assumption is not required for establishing these results. We instead
require conditions on tails of random vectors X*) for each k = 1,..., K. We
consider two cases, exponential tails and polynomial tails, which both allow for
distributions other than multivariate normal.

Condition 1 (Exponential Tails). There exists a constant ¢; € (0,00) such that

E [oxp {t(XY = w0012} < 2 vt e R =1, K =1,
Condition 2 (Polynomial Tails). There exist constants cg,c3 > 0 and ¢4 such
that

4(ca+c3+1)
]El:{Xj(k)/(O'y;))l/Q} e }g% k=1,... K,j=1,....p.

Since we adopt the correlation-based Gaussian log-likelihood, we require the
boundedness of the true variances to control the error between true and sample
correlation matrices.

Condition 3 (Bounded variance). There exist constants cs > 0 and ¢g < 00
such that cs < ming, ; o(,l;)

)
j andmaxk’]a-j < cg.

J

Condition 4 (Sample size). Let Ao = maxk”@(()k)”g, Let

1
C) = {2c52 tes+ g 42655 e + (5t + 2c55c6)1/2} .

(i) (Exponential tails). It holds that

2
n> max{ ,21833CF (14 4¢3)?c2Ng (1 + ||L||é/2) s} log p,

mink Tk

and logp/n — 0.
(ii) (Polynomial tails). Let Cy = sup,{pn/n/logp} = O(1) where p, is

given in Lemma 1 in the Appendiz and ¢y > 0 be some constant. It holds that

P e 4 1/2)?
n > max /e ,23 ClC'QKmkmwk)\@ (1 + |1 L5 ) slogp ;.
7

Condition 4 determines the sufficient sample size n = ), for consistent es-
timation of precision matrices ©), ... O in relation to, among other quan-
tities, the number of variables p, the sparsity pattern s and the spectral norm
of the Laplacian matrix ||L||2 of the subpopulation network G. While a gen-
eral characterization of ||L||2 is difficult, investigating its value in special cases
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provides insight into the effect of the underlying population structure on the
required sample size. Consider, for instance, two extreme cases: for a fully con-
nected graph G associated with K subpopulations, ||L|2 = 1/(K — 1); for a
minimally connected “line” graph, corresponding to e.g. multiple time points,
IL]|2 = 2: with K = 5, 30% more samples are needed for the line graph, com-
pared to a fully connected network. The above calculations match our intuition
that fewer samples are needed to consistently estimate precision matrices of K
subpopulations that share greater similarities. This, of course, makes sense, as
information can be better shared when estimating parameters of similar sub-
populations. Note that, here L represents the Laplacian matrix of the true sub-
population network capturing the underlying population structure. The above
conditions thus do not provide any insight into the effect of misspecifying the
relationship between subpopulations, i.e., when an incorrect L is used. This is
indeed an important issue that garners additional investigation; see Zhao and
Shojaie [37] for some insight in the context of inference for high dimensional
regression. In Section 4, we will discuss a data-driven choice of L that results in
consistent estimation of precision matrices.

Before presenting the asymptotic results, we introduce some additional nota-
tions. For a matrix A = (a;;)7 ;—; € RP*?, we denote the spectral norm || A2 =
Maxgcpr,||z||=1||Az||, and the element-wise £o-norm || Ao = max; ; |a; ;| where
|z|| is the Euclidean norm for a vector z. We also write the induced ¢,,-norm
| Alloo /00 = SUP|j3 | =1]|AZ[loc Where ||z[|oc = max; [2;| for = (z1,..., ;). For
the ease of presentation, the results in this section are presented in asymptotic
form; non-asymptotic results and proofs are deferred to the Appendix.

3.1. Consistency in spectral norm

Let s = #{(i,5) : w\) # 0,i,j = 1,...,p,i # jk = 1,...,K}, and d =

maxy, ; #{(¢,7) : w(()’?J #0,j=1,...,p,i # j}. The following theorem estab-
lishes the rate of convergence of the LASICH estimator, in spectral norm, under
either exponential or polynomial tail conditions (Condition 1 or 2). Convergence
rates for LASICH in ¢..-and Frobenius norm are discussed in Section 3.3.

Theorem 1. Suppose Conditions & and 4 hold. Under Condition 1 or 2,

K
SR — oW, = 0p ( M+_1>lgp> |

n
k=1
as n,p — oo where p, is given in Lemma 1 in the Appendiz with vy = miny, 7 /2.

Theorem 1 is proved in the Appendix. The proof builds on tools from Negah-
ban et al. [20]. However, our estimation procedure does not match their general
framework: First, we do not penalize the diagonal elements of the inverse corre-
lation matrices; our penalty is thus not a norm. Second, the Laplacian matrix is
nonpositive definite. Thus, the Laplacian shrinkage penalty is not strictly con-
vex. The results from Negahban et al. [20] are thus not directly applicable to our
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problem. To establish the estimation consistency, we first show, in Lemma 3,
that the function 7(-) = || - |[1 + p2|| - ||z is a seminorm, and is, moreover, convex
and decomposable. We also characterize the subdifferential of this seminorm in
Lemma 6, based on the spectral decomposition of the graph Laplacian L. The
rest of the proof uses tools from Negahban et al. [20], Rothman et al. [26] and
Ravikumar et al. [25], as well as new inequalities and concentration bounds.
In particular, in Lemma 4 we establish a new ¢, bound for the empirical co-
variance matrix for random variables with polynomial tails, which is used to
established the consistency in the spectral norm under Condition 2.

The convergence rate in Theorem 1 compares favorably to several other meth-
ods based on penalized likelihood. Few results are currently available for es-
timation of multiple precision matrices. An exception is Guo et al. [9], who
obtained a slower rate of convergence O,({(s + p)logp/n}'/?) under the nor-
mality assumption and based on a bound on the Frobenius norm. Our rates
of convergence are comparable to the results of Rothman et al. [26] for spec-
tral norm convergence of a single precision matrix, obtained under the normal-
ity assumption. Ravikumar et al. [25], on the other hand, assumed the irrep-
resentability condition to obtain the rate O,({min{s + p,d?}logp/n}'/?) and
Op({min{s + p,d?}p/(czFea+1) /p}1/2) ynder exponential and polynomial tail
conditions, respectively, where 7 > 2 is some scalar. The rate in Theorem 1 is
obtained without assuming the irrepresentability condition. In fact, our rates
of convergence are faster than those of Ravikumar et al. [25] given the irrepre-
sentability Condition 5 (see Corollary 1). Cai et al. [4] obtained improved rates
of convergence under both tail conditions for an estimator that is not found by
minimizing the penalized likelihood objective function, and may be nonpositive
definite. Finally, note that the results in [26, 25, 4] are for separate estimation of
precision matrices and hold for the minimum sample size across subpopulations,
miny, n, whereas our results hold for the total samples size ), ny.

3.2. Model selection consistency

Let S®) = {(4,7) : w(()kz)J # 0,4, =1,...,p} be the support of Qék), and denote

by d the maximum number of nonzero elements in any rows of Q(()k), k=1,...,K.
Define the event

M, Q) = {sign(@l(ji),ij) = sign(wi))ini = 1,...,p.k = 1,.. .,K} . (5)

where sign(a) is 1 if ¢ > 0, 0if a = 0 and —1 if @ < 0. We say that an estimator
Q,, of Qg is model-selection consistent if P{M(S,.,00)} — 1.

We begin by discussing an irrepresentability condition for estimation of mul-
tiple graphical models. This restrictive condition is commonly assumed to es-
tablish model selection consistency of lasso-type estimators, and is known to be
almost necessary [19, 35]. For the graphical lasso, Ravikumar et al. [25] showed
that the irrepresentability condition amounts to a constraint on the correlation
between entries of the Hessian matrix I' = Q~! ® Q! in the set S correspond-
ing to nonzero elements of {2, and those outside this set. Our irrepresentability
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condition is motivated by that in Ravikumar et al. [25], however, we adjust
the index set S to also account for covariances of “non-edge variables” that are
correlated with each other. More specifically, the description of irrepresentabil-
ity condition in Ravikumar et al. [25] involves I'sg consisting only of elements
0ijok with (¢,7) € S and (k,1) € S. However, o;; # 0 for (i,7) ¢ S is not taken
into account by this definition. We thus adjust the index set S so that I'gg also
includes elements 0,504 if (i,k) € S and (j,{) € S. This definition is based
on the crucial observations that I' = ¥ ® ¥ involves the covariance matrix X
instead of the precision matrix €, and that some variables are correlated (i.e.,
oi; # 0) even though they may be conditionally independent (i.e., w;; = 0).
Defining S*) for k = 1,..., K as above, we assume the following condition.

Condition 5 (Irrepresentability condition). The inverse @ék) of the correlation
matriz \I'(()k) satisfies the irrepresentability condition for S%) with parameter o:

(a) (@(()k) ® Gék))s(k)s(k) and (\Ilék) ® \I/(()k))5<k)s(k> are invertible, and (b) there
exists some a € (0,1] such that

(k) (k) -1
e MG s Tsmsw s -, (6)
fork=1,...,K where T®) = \If(()k) ® \Ifék).
In addition to the irrepresentability condition, we require bounds on the
magnitude of 0%?) # 0 and their normalized difference.

Condition 6 (Lower bounds for the inverse correlation matrices). There exists
a constant cg € R such that

Ornin = min |0(k) | > cs > 0.

k=1, K,ij 0%

Moreover, for Qg ;; # 0, L8 ;5 # 0 and there exists a constant cg > 0 such that

k k'
0(() z‘)‘ 6((”‘)
min M 2| > .
WB W Ve Vg | T
,ij 0,4
lkk/7507 M \/W?EO

The first lower bound in Condition 6 is the usual “min-beta” condition for
model selection consistency of lasso-type estimators. The second lower bound,
which is represented here for the normalized Laplacian penalty, is a mild con-
dition which ensures estimates based on inverse correlation matrices can be
mapped to precision matrices. For any pair of subpopulations k and &’ connected
in G it requires that if the difference in (normalized) entries of the entires of the
precision matrices are nonzero, the difference in (normalized) entries of inverse
correlation matrices are bounded away from zero. In other words, the bound
guarantees that O ;; is not in the null space of L, whenever §) ;; is outside of
the null space. This bound can be relaxed if we use a positive definite matrix
L. =L + el for e > 0 small.
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Our last condition for establishing the model selection consistency concerns
the minimum sample size and the tuning parameter for the graph Laplacian
penalty. This condition is necessary to control the ¢,,-bound of the error (:)pn —
0y, as in Ravikumar et al. [25]. Our minimum sample size requirement is re-
lated to the irrepresentability condition. Let xp be the maximum of the abso-
lute column sums of the matrices {(F(k))_l}s(k)s(k), k=1,...,K, and ky be
the maximum of the absolute column sums of the matrices \Il(()k), k=1,...K.
The minimum sample size in Ravikumar et al. [25] is also a function of the ir-

representability constant, in particular, their xr involves {(F(Sk(),c) S(k))}*l. There
is, therefore, a subtle difference between our definition and theirs: in our def-
inition, the matrix is first inverted and then partitioned, while in Ravikumar
et al. [25], the matrix is first partitioned and then inverted. Corollary 2 estab-
lishes the model selection consistency under a weaker sample size requirement,

by exploiting instead the control of the spectral norm in Theorem 1.

Condition 7 (Sample size and regularization parameters). Let

2634 2,2 2672 4 .2 36 2432
C’3_max{—, K‘I’Izrm {1,—2 {iq]ﬁg},—yﬁ : }
ming, j, o miny, T cg cgming dy,
(i) (Exponential tails). It holds
n > 12logp max {1,2°3*C7 (1 + ¢1)*c§Csd” }
mink Tk

(ii) (Polynomial tails). It holds n > max{p'/c 0;1/62, C2C3C3d? log p}.
(iii) It holds that py < o/{4||L|13/*(2 — a)}.

With these condition, we obtain

Theorem 2. Suppose that Conditions 3, 5, 6 and 7 hold. Under Condition 1
or 2, P(IM(Q,,,Q)) = 1 as n,p — oo where p, is given in Lemma 1 in the
Appendix with v = ming 7 /2.

3.3. Additional results

In this section, we establish norm and variable selection consistency of LASICH
under alternative assumptions. Our first result gives better rates of convergence
for consistency in the /.-, spectral and Frobenius norms, under the condition
for model selection consistency. Our rates in Corollary 1 improve the previous
results by Ravikumar et al. [25], and are comparable to that of Cai et al. [4] in
the /.- and spectral norms under both tail conditions.

Corollary 1. Suppose the conditions in Theorem 2 hold. Then, under Condi-
tion 1 or 2,

K .
ZHQ(k) —oP|p =0p <\/mm{>‘%p(5 +1),k¢(s +p)} logp> 7

Pn n
k=1
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K R

ZHQ(k) B Q((Jk)H2 —0p (\/mm{/\‘é(s+ 1),n%d2}logp>
Pn ’

k=1

n

K & k2 log p
SN0 — 0 = 0p [/ T2
k=1 n

Our next result in Corollary 2 establishes the model selection consistency
under a weaker version of the irrepresentability condition (Condition 6). Aside
from the difference in the index sets S*). the form of the Condition 6 and
the assumption of invertibility of (\Ilék) ® \Ilgk)) g g are similar to those in
Ravikumar et al. [25]. On the other hand, Ravikumar et al. [25] do not require
invertibility of (Gf)k) ®@(()k)) s gk . However, their proof is based on an applica-
tion of Brouwer’s fixed point theorem, which does not hold for the corresponding
function (Eq. (70) in page 973) since it involves a matrix inverse, and is hence
not continuous on its range. The additional inevitability assumption in Condi-
tion 6 is used to address this issue in Lemma 11. The condition can be relaxed if
we assume an alternative scaling of the sample size stated in Condition 8 below
instead of Condition 7.

Condition 8. Let Ay = maka\I!ék)H, Suppose pa < a2/{4||L||é/2(2 —a)} and
(i) (Ezponential tails)

2
n> 21933{mkin T} RO (144¢3)% g A (1 + P2||L||é/2) slog pmax{\y, 4 \ga '},

or
(i) (Polynomial tails)

2
n > 2123 {minm} 2K CECENG (1 + p2||L||;/2) slog pmax{\y, 4\4a~11.

Corollary 2. Suppose that Conditions 3, 6 and 8 hold. Suppose also that Con-
dition 5 holds without requiring the invertibility of (@ék) ® @ék))s(k)s(k). Then,
under Condition 1 or 2, P(M(Q,,,Q0)) — 1 as n,p — oo where p, is given in
Lemma 1 in the Appendiz with v = miny 7y /2.

4. Laplacian shrinkage based on hierarchical clustering

Our proposed LASICH approach utilizes the information in the subpopulation
network G. In practice, however, similarity between subpopulations may be dif-
ficult to ascertain or quantify. In this section, we present a modified LASICH
framework, called HC-LASICH, which utilizes hierarchical clustering to learn
the relationships among subpopulations. The information from hierarchical clus-
tering is then used to define the weighted subpopulation network. Importantly,
HC-LASICH can even be used in settings where the subpopulation member-
ship is unavailable, for instance, to learn the genetic network of cancer patients,
where cancer subtypes may be unknown.
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We use hierarchical clustering with a complete, single or average linkage to
estimate both the subpopulation memberships and the weighted subpopulation
network G. Specifically, the length of a path between two subpopulations in the
dendrogram is used as a measure of dissimilarity between two subpopulations;
the weights for the subpopulation networks are simply defined by taking the
inverse of these lengths. Throughout this section, we assume that the number
of subpopulations K is known. While a number of methods have been proposed
for estimating the number of subpopulations in hierarchical clustering (see e.g.
Borysov et al. [1] and the references therein), the problem is beyond the scope
of this paper.

Let 7 = (I(l), . ,I(K)) be the subpopulation membership indicator such

that Z follows the multinomial distribution Multg (1, (71, ..., 7x)) with param-
eter 1 and subpopulation membership probabilities (1, ..., 7x) € (0,1)%. Note
that Z is missing and is to be estimated. Let Z;,7 = 1,...,n be i.i.d. copies of

7 and Z; = (i’}, . ,ZK ) be an estimated subpopulation indicator for the ith
observation via hierarchical clustering. Based on the estimated subpopulation
membership and subpopulation network G, we apply our method to obtain the
estimator, HC-LASICH, Qpc,, = (Q(I},)C oo Qg{(g ). Interestingly, HC-
LASICH enjoys the same theoretical propert1es as LASICH under the normal-
ity assumption. To show this, we first establish the consistency of hierarchical
clustering in high dimensions, which is of independent interest. Our result is
motivated by the recent work of [1], who study the consistency of hierarchical
clustering for independent normal variables X *) ~ N(u(®) () T); we establish
similar results for multivariate normal distributions with arbitrary covariance
structures. We make the following assumption.

Condition 9. For k. k' =1,... K, let

p
X(k) —p! Z ARG
j=1

. 1/2 .l
k) — 1 ?@ka{zw)+§jkq {Mw>_uw)}

where \¥)7 s the eigenvalues of X®) with \*)1 < (k)2 < < XK)p gpnd

the spectral decomposition of B*) 4 £*) jg 5k 4 (k) — Qup A QF 4 1t
holds that

MM”>mm%Tme?—AW@—MW% AR kK =1, K
0<cio <A™ <oy <oo, P <enn, k=1, ,Kj=1,...,p

for constants m and M.

Under the normality assumption, the following results shows that the prob-
ability of successful clustering converges to 1, as p,n — co.
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Theorem 3. Suppose that that X®) k = 1,... K, is normally distributed.
Under Condition 9, R

as n,p — Q.

To proof of Theorem 3 generalizes recent results of Borysov et al. [1] to the
case of arbitrary covariance structures. A key component of the proof is a new
bound on the ¢ norm of a multivariate normal random variable with arbitrary
mean and covariance matrix established in Lemma 14. The proof of the lemma
uses new concentration inequalities for high-dimensional problems in [2], and
may be of independent interest.

Note that the consistent estimation of subpopulation memberships (7) implies
that the estimated hierarchy among clusters also matches the true hierarchy.
Thus, with successful clustering established in Theorem 3, theoretical properties
of Q HC,p, haturally follow.

Theorem 4. Suppose that X%k =1,..., K, is normally distributed and that
Condition 9 holds. (i) Under the conditions of Theorem 1,

K

R M(s+1Dlo
S0, o= 0p < M) .
k=1

n

Suppose, moreover, that the conditions of Theorem 2 holds. Then

K .
ZIIQW — 0| p = 0p <\/mln{k‘ép(8 +1),mb(s +p)} logp)
HC,pyp 0 - P

n

min{\g (s + 1), kAd?} logp
ZHQHC’ pn Q = ( L )

n

2
k ki logp
ZIIQHC,M =9 lloo = Op (\/%) |

(ii) Under the conditions of Theorem 2,

P(M(QHC,%,QO)) —1, asn,p— oo.

5. Algorithms

We develop an alternating directions method of multipliers (ADMM) to effi-
ciently solve the convex optimization problem (3).

Let A = (a Z(k))l _, e Rpxp Bk = (b(k))w— e Rrxr Ok = (c (k))i,i €

3 ’LJ ,]=
Rpxp, D) = (d(k))” LERPP k=1 K. Define A= (AD ..  AK)
B = (BW,...,B®), C = (CcW, ...,C<K>), D = (D<1>,...,D<K>), and cij =

(). T e R, d;; = (d(]l),...,dg()) € R¥, ecij = (€0,
e(CKZ)J) € RX where E(k) (e(Ck)”)” 1-
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To facilitate the computation, we consider instead a perturbed graph Lapla-
cian L. = L + el, where I is the identity matrix and ¢ > 0 is a small perturba-
tion. The difference between solutions to the original and modified optimization
problem is largely negligible for small €; however, the positive definiteness of L.
results in more efficient computation. A similar idea was used in Guo et al. [9]
and Rothman et al. [26] to avoid dividision by zero. The optimization problem
(3) with L replaced by L. can then be written as

K
minimize Z % (tr (\Ilg“)A(k)) log det(A®* ) + pn ZHB 2N
k=1

+ Pnp2 Z(cz;Lecij)l/Z (8)
i#£j
st. AR = p®) BW) — pW) [ cii = Ldij k=1,...,K,4,j=1,...,p

Using Lagrange multipliers E = (E4, Ep, Ec)T, with E4 = (Eg), . ,EI(L‘K))
with EY) e RP*? k= 1,..., K, Eg = (EY, ..., B with EW e Rr>? | =

LK, and Eg = (B, ..., EX)) with EX) e Rr? k= 1,..., K, the aug-
mented Lagrangian in scaled form is given by

L@(A,B,C,D,E)
K

K
=0 Yy (b (WP AD) —logdet(AD)) + p, >IIBHy

k=1 k=1

K
+pnpzz %L ¢ij) )2 gz HA(k) D +E(k)H
i#] k=1

K
Y (k) _ ®[* e 12, rij2 1P
35[0 -0 s £t - |

Here o > 0 is a regularization parameter and Li/ % is the square root of L. with
L= (L*)TL”.
The proposed ADMM algorithm is as follows.

e Step 0. Initialize A®) = AK)0 BF) — k.0 k) = ck)0 Dk =
D)0, Equ) = Eff)’o, Eg) = Eg)’o, Eg) = Eg)’o and choose o > 0.
Select a scalar ¢ > 0.

e Step m. Given the (m — 1)th estimates,

— Update A®) Find A™ minimizing —£,,(A) — (0/2) S0, [|A®) —
DR)m=1 _ Ej(f)’m_lﬂ (see pages 46-47 of Boyd et al. [3] for details).

k), k k
— (Update B®)) Compute Bl(j) = Spn/g(D( )m= 1fE](B, )”m 1), where
Sy(x)ise—yifz >y, is0if 2] <y, andlsx+y1fx< —y.
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— (Update C™®)) For (z), = max{z,0}, compute

PnpP2 m—1 1/2 m—1
o = (1 — ) (dn=t — L 2emh.
Q”L / dm 1 —el 1,]1” ,iJ

— (Update D)) Compute
d?} = (2I+ L ) 1{azj + eA k¥ + bm + eB KX + L C i+ (Ll/z)T glzjl}'

— (Update E4) Compute El(f)’m = E,(4k) + A®)m _ pk)m
— (Update Eg) Compute ESW™ = g 4 ptm _ p(k).m
k),m k k), k),
— (Update E¢) Compute e(C,)ij "= (C)” + LY?(c Ej) m_ dgj) ™).

e Repeat the iteration until the maximum of the errors rff) = A®) — D),
,,,g“),m _ B(k),m _ l)(k),m,7 ,rg‘?),m — C(k),m _ D(k),m’ S(k),m — Q(D(k),m
D®):m=1) in the Frobenius norm is less than a specified tolerance level.

The proposed ADMM algorithm facilitates the estimation of parameters of
moderately large problems. However, parameter estimation in high dimensions
can be computationally challenging. We next present a result that determines
whether the solution to the optimization problem (3), for given values of tuning
parameters py,, p2, is block diagonal. (Note that this result is an ezact statement
about the solution to (3), and does not assume block sparsity of the true pre-
cision matrices; see Theorems 1 and 2 of Danaher et al. [6] for similar results.)
More specifically, the condition in Proposition 1 provides a very fast check,
based on the entries of the empirical correlation matrices \Ilslk), k=1,...,K, to
identify the block sparsity pattern in Q(p]?, k=1,..., K after some permutation
of the features.

Let Up = [ug ... ur] € REXE where uy, ..., ux’s are eigenvectors of L corre-
sponding to 0, Az 2, ..., AL k. Define Azl/Q as the diagonal matrix with diagonal
elements 0, A, 12/2, e )\;’1[42.

Proposition 1. The solution ngl),k‘ = 1,..., K to the optimization prob-
lem (3) consists of the block diagonal matrices with the same block structure

diag(,...,Qp) among all groups if and only if for ¥, ;; = (¢n e ¢5LI‘2)T
. ~1/2 kg
o 5 () <

and for all i,j such that the (i,7) element is outside the blocks.

The proof of the Proposition is similar to Theorems 1 of Danaher et al. [6]
and is hence omitted. Condition 9 can be easily verified by applying quadratic
programming to the left hand side of the inequality. The solution to (3) can
then be equivalently found by solving the optimization problem separately for
each of the blocks; this can result in significant computational advantages for
moderate to large values of p,,ps.
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6. Numerical results
6.1. Simulation experiments

We compare our method with four existing methods, graphical lasso, the method
of Guo et al. [9], FGL and GGL of Danaher et al. [6]. For graphical lasso, esti-
mation was carried out separately for each group with the same regularization
parameter.

Our simulation setting is motivated by estimation of gene networks for healthy
subjects and patients with two similar diseases caused by inactivation of cer-
tain biological pathways. We consider K = 3 groups with sample sizes n =
(50,100, 50) and dimension p = 100. Data are generated from multivariate nor-
mal distributions N (p(*), (Q(()k))_l),k‘ = 1,2, 3; all precision matrices Q(()k) are
block diagonal with 4 blocks of equal size.

To create the precision matrices, we first generated a graph with 4 compo-
nents of equal size, each as either an Erdos-Rényi or scale free graphs with 95
total edges. We randomly assigned Unif((—.7, —.5) U (.5,.7)) values to nonzero
entries of the corresponding adjacency matrix A and obtained a matrix A. We
then added 0.1 to the diagonal of A to obtain a positive definite matrix Q(()l). For
each of subpopulations 2 and 3, we removed one of the components of the graph
by setting the off diagonal entries of A to zero, and added a perturbation from
Unif(—.2,.2) to nonzero entries in A. Positive definite matrices QéZ) and Q((JB)
were obtained by adding 0.1 to the diagonal elements. All partial correlations
ranges from .28 to .54 in the absolute values. A similar setting was considered
in in Danaher et al. [6], where the graph included more components, but no
perturbation was added. We consider two simulation settings, with known and
unknown subpopulation network G.

6.1.1. Known subpopulation network G

In this case, we set u*) = 0,k = 1,2,3 and use the graph in Figure 1 as the
subpopulation network.

Figures 3a,c show the average number of true positive edges versus the aver-
age number of detected edges over 50 simulated data sets. Results for multiple
choices of the second tuning parameter are presented for FGL, GGL and LA-
SICH. It can be seen that in both cases, LASICH outperforms other methods,
when using relatively large values of ps. Smaller values of po, on the other hand,
give similar results as other methods of joint estimation of multiple graphical
models. These results indicate that, when the available subpopulation network
is informative, the Laplacian shrinkage constraint can result in significant im-
provement in estimation of the underlying network.

Figures 3b,d show the estimation error, in Frobenius norm, versus the number
of detected edges. LASICH has larger errors when the estimated graphs have
very few edges, but, its error decreases as the number of detected edges increase,
eventually yielding smaller errors than other methods. The non-convex penalty
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Fic 3. Simulation results for joint estimation of multiple precision matrices with known sub-
population memberships. Results show the average number of true positive edges (a & ¢) and
estimation error, in Frobenius norm (b € d) over 50 data sets with n = 200 multivariate
normal observations generated from a graphical model with p = 100 features; results in top
row (a € b) are for an Erdds-Rényi graph and those in bottom row (¢ & d) are for a scale
free (power-law) graph.

of Guo et al. [9] performs well in terms of estimation error, although determining
the appropriate range of tuning parameter for this method may be difficult.

6.1.2. Unknown subpopulation network G

In this case, the subpopulation memberships and the subpopulation network G
are estimated based on hierarchical clustering. We randomly generated p(!) from
a multivariate normal distribution with a covariance matrix o2I. For subpopu-
lations 2 and 3, the elements of ;1) corresponding to the empty components of
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Fic 4. Simulation results for joint estimation of multiple precision matrices with unknown
subpopulation memberships. Results show the average number of true positive edges over
50 data sets with n = 200 multivariate normal observations generated from a graphical
model with over an Erdds-Rényi graph with p = 100 features. Results for HC-LASICH and
FGL/GGL correspond to the best choice of the second tuning parameter among those in
Figure 3a. The Rand indices for HC-LASICH are averages over 50 generated data sets.

the graph were set to zero to obtain p(?) and p(®). Hierarchical clustering with
complete linkage was applied to data to obtain the dendrogram; we took inverse
of distances in the dendrogram to obtain similarity weights used in the graph
Laplacian.

Figures 4 compares the performance of HC-LASICH, in terms of support
recovery, to competing methods, in the setting where the subpopulation mem-
berships and network are estimated from data (Section 4). Here the differences
in subpopulation means ,u(k’k/) are set up to evaluate the effect of clustering ac-
curacy. The four settings considered correspond to average Rand indices of .6 .7,
.8 and .9 across 50 data sets, respectively. Here the second tuning parameter for
HC-LASICH, GGL and FGL is chosen according to the best performing model
in Figure 3. As expected, changing the mean structure, and correspondingly
the Rand index, does not affect the performance of other methods. The results
indicate that, as long as features can be clustered in a meaningful way, HC-
LASICH can result in improved support recovery. Data-adaptive choices of the
tuning parameter corresponding to the Laplacian shrinkage penalty may result
in further improvements in the performance of the HC-LASICH. However, we
do not pursue such choices here.

6.2. Genetic networks of cancer subtypes

Breast cancer is heterogenous with multiple clinically verified subtypes [22].
Jonsson et al. [12] used copy number variation and gene expression measure-
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ments to identify new subtypes of breast cancer and showed that the identified
subtypes have distinct clinical outcomes. The genetic networks of these differ-
ent subtypes are expected to share similarities, but to also have unique features.
Moreover, the similarities among the networks are expected to corroborate with
the clustering of the subtypes based on their molecular profiles. We applied
network estimation methods of Section 6.1 to a subset of the microarray gene
expression data from Jonsson et al. [12], containing data for 218 patients classi-
fied into three previously known subtypes of breast cancer: 46 Luminal-simple,
105 Luminal-complex and 67 Basal-complex samples. For ease of presentation,
we focused on 50 genes with largest variances. The hierarchical clustering results
of Jonsson et al. [12], reproduced in Figure 5 for the above three subtypes, were
used to identify the subpopulation membership; reciprocals of distances in the
dendrogram were used to define similarities among subtypes used in the graph
Laplacian penalty.

To facilitate the comparison, tuning parameters were selected such that the
estimated networks of the three subtypes using each method contained a total of
150 edges. For methods with two tuning parameters, pairs of tuning parameters
were determined using the Bayesian information criterion (BIC), as described
in Guo et al. [9]. Estimated genetic networks of the three cancer subtypes are
shown in Figure 5. For each method, edges common in all three subtypes, those
common in Luminal subtypes and subtype specific edges are distinguished.

In this example, separate graphical lasso estimates and FGL/GGL estimates
are two extremes. Estimated network topologies from graphical lasso vary from
subtype to subtype, and common structures are obscured; this variability may
be because similarities among subtypes are not incorporated in the estimation.
In contrast, FGL and GGL give identical networks for all subtypes, perhaps
because both methods encourage the estimated networks of all subtypes to be
equally similar. Intermediate results are obtained using LASICH and the method
of Guo et al. [9]. The main difference between these two methods is that Guo
et al. [9] finds more edges common to all three subtypes, whereas LASICH
finds more edges common to the Luminal subtypes. This difference is likely
because LASICH prioritizes the similarity between the Luminal subtypes via
graph Laplacian while the method of Guo et al. [9] does not distinguish between
the three subtypes. The above example highlights the potential advantages of
LASICH in providing network estimates that better corroborate with the known
hierarchy of subpopulations.

7. Discussion

We introduced a flexible method for joint estimation of multiple precision matri-
ces, called LASICH, which is particularly suited for settings where observations
belong to three or more subpopulations. In the proposed method, the relation-
ships among heterogenous subpopulations is captured by a weighted network,
whose nodes correspond to subpopulations, and whose edges capture their sim-
ilarities. As a result, LASICH can model complex relationships among subpop-
ulations, defined, for example, based on hierarchical clustering of samples.
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Luminal-Simple Luminal-Complex Basal-Complex Common

*‘/"/ GlLasso

Fic 5. Dendrogram of hierarchical clustering of three subtypes of breast cancer from Jonsson
et al. (2010) along with estimated gene networks using graphical lasso (Glasso), method of
Guo et al., FGL and GGL of Daneher et al. (2014) and LASICH. Blue edges are common
to Luminal subtypes and black edges are shared by all three subtypes; condition specific edges
are drawn in gray.

We established asymptotic properties of the proposed estimator in the set-
ting where the relationship among subpopulations is externally defined. We
also extended the method to the setting of unknown relationships among sub-
populations, by showing that clusters estimated from the data can accurately
capture the true relationships. The proposed method generalizes existing con-
vex penalties for joint estimation of graphical models, and can be particularly
advantageous in settings with multiple subpopulations.

A particularly appealing feature of the proposed extension of LASICH is that
it can also be applied in settings where the subpopulation memberships are un-
known. The latter setting is closely related to estimation of precision matrices for
mixture of Gaussian distributions. Both approaches have limitations and draw-
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backs: on the one hand, the extension of LASICH to unknown subpopulation
memberships requires certain assumptions on differences of population means
(Section 4). On the other hand, estimation of precision matrices for mixture of
Gaussians is computationally challenging, and known rates of convergence of
parameter estimation in mixture distributions (e.g. in Stddler et al. [29]) are
considerably slower.

Throughout this paper we assumed that the number of subpopulations is
known. Extensions of this method to estimation of graphical models in popula-
tions with an unknown number of subpopulations would be particularly inter-
esting for analysis of genetic networks associated with heterogeneity in cancer
samples, and are left for future research.

8. Appendix: Proofs and technical detials

We denote true inverse correlation matrices as ©g = (6(()1),...,@(()1()) and
true correlation matrices as ¥y = (\Ilél), .. .,\IléK)), where @ék) = (\Il(gk))_1 =
(Hé]fi)j)f) j=1, and o = ( g’?j)f j=1- The estimates of the population parameters
are dented as S{" = (6i);_y, W = ($n,i)0 1, and OF) = (00,17 ;. For
a vector z = (z1,...,7,)T and J C {1,...,p}, we denote z; = (x;,j € J)T.

For a matrix A, A\y(A) is the kth smallest eigenvalue and A is the vectorization
of A. For J C {(4,j) : 4,j = 1,...,p} and A € RP*P A is a vector in Rl
obtained by removing elements corresponding to (i,7) ¢ J from A. A zero-filled
matrix A; € RP*? is obtained from A by replacing a;; by 0 for (i, ) ¢ J.

8.1. Consistency in matriz norms

Theorem 1 is a direct consequence of the following result.

Lemma 1. (i) Suppose that Condition 1 holds. Let v € (0, miny 7y,) be arbitrary.
For

91533 (72 9
n> max{§ togp. 25 L (1 4 4¢3)? max{o 1208 (14 LI slogp}
v ¥ i

and p, = 23v/6C (1 + 4c2)y~1/? max;, ; Ul(ik)\/logp/n, we have with probability
(1 -2K/p)(1 — 2K exp(—2n(miny, m — v)?)) that

K
R 215/233/20 slo
: k 1 k 1/2 gp
el — 0y |lr < T(l +4C%)H]£8%X0i(i)/\2® (1 + pal| L1y ) —
k=1 ’

(i) Suppose that Condition 2 holds with p < ¢yn®?, ca,cs,c7 > 0. For p,, =
C1 K¢, satisfying

2'32C1p27 " ?s(1 + pal|LlIy/*)2NE < 1/4



1366 T. Saegusa and A. Shojaie

and T > (27 + 23\/1 4 2432¢, maxk,i{ogc)}Q)/(%z; maxk,i{agc)}g) we have with
probability (1 — 2K exp(—2n(miny 715, — 7)?))v,, that

le@é’? P < 23920102 K (14 po | LIY?) X326,

where

On

1
max{of) e (4 + 1)y 2ok
K n

; 1
+(1 4 2max u(k)’ll)\/%ax{off)}204(4 +r)y12h
5T 5T n

+2maxE\X(k)1X ’J|I<|X(’WX )i| > /W>
logp
n 2
+4{maxIEX(k)’|I(|X(k)Z|> [ )}
k logp

+2(1+ 2H11€ax|u(k)’i|)n11€ax]E|X(k)’i|l (|X(k)’i| > = )

logp
_ O( logp>7
n

and
. (k) 2 cotez+1 . (k) 2(02+Cg+1)
_ 3crea maxy, ;{o;; " }*(logp) n creamaxy, ; 0y, (logp)
n = yesncs ncztes+l
r8p?exp | - maxy, ; o ( e 1+(4+7)logp
2maxy ; ogg ¢y + \/maxm{aii }2c4(64 4 167)/3
=o(1).

Our proofs adopt several tools from Negahban et al. [20]. Note however that
our penalty does not penalize the diagonal elements, and is hence a seminorm;
thus, their results do not apply to our case. We first introduce several notations.
To treat multiple precision matrices in a unified way, our parameter space is
defined to be the set RPK)*PK) of (pK) x (pK) symmetric block diagonal
matrices, where the kth diagonal block is a p X p matrix corresponding to the
precision matrix of subpopulation k. We write A € RPE)*(PK) for 8 K -tuple
(AFRNK - of diagonal blocks A*) € RP*P. Note that for A, B € RPK)*(PK)
(A,B)pi = Z:k:l@ﬁl(’“)7 B®), where (-, -), is the trace inner product on RP*P.
In this parameter space, we evaluate the following map from RPE)*(PK) 15 R
given by

F(A) = ~0a(O0 + A) + £4(B0) + pu{r(B0 + A) — ()},
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where 7 : RPK)IX(PK) 5 R is given by 7(0) = ||©||1 +p2|©|| . This map provides
information on the behavior of our criterion function in the neighborhood of 0.
A similar map with a different penalty was studied in Rothman et al. [26]. A
key observation is that f(0) = 0 and f(A,) < 0 where A, = 0,, — 0.

The following lemma provides a non-asymptotic bound on the Frobenius
norm of A (see Lemma 4 in Negahban et al. [21] for a similar lemma in a different
context). Let § = UK S*) be the union of the supports of Q). Define a model
subspace M = {Q € RPK)I*x@K) . wg-c) =0,(i,j) ¢ S,k =1,...,K} and its
orthocomplement M+ = {Q € RPK)I*x@K) . wgf) =0,(,5) € S;k=1,...K}
under the trace inner product in RPK)*(®K) For 4 = (aij)ﬁ?zl € RPE)x(pK)
we write A = Ay + Apr where Apq and Ay are the projection of A into
M and M* in the Frobenius norm, respectively. In other words, the (i,5)-
element of Ay is a;; if (4,7) € S and zero otherwise, and the (4, j)-element of
Apqe s aq; if (4,7) ¢ S and zero otherwise. Note that ©y € M. Define the set
C ={A e RPFIX@K) . (A1) < 3r(An)}.

Lemma 2. Let € > 0 be arbitrary. Suppose p, > 2max1§k§KH\i/S,k) — \I/ék)Hoo.
If f(A) > 0 for all elements A € CN{A € RPE)X®K) . ||Al|p = €} then
[Anllr <.

Proof. We first show that A, € C. We have by the convexity of —,(0) that
—0,(00 + Ay) + 0,(00) > —|(=V1,(00), A)].

It follows from Lemma 3(iv) with our choice p, that the right hand side of
the inequality is further bounded below by —27'p, (r(AnM) +T(AH1ML)).
Applying Lemma 3(iii), we obtain

0 2 f(An) = ~La(O0 + An) + £a(©0) +7(O0 + An) = (O0)

. 3 .
%T(AH,ML) — %T(An,M),

v

or T(An7ML) < 3r(Anm). This verifies A,, € C. Note that f, as a function of
A is sum of two convex functions ¢, and r, and is hence convex. Thus, the rest
of the proof follows exactly as Lemma 4 in Negahban et al. [21]. O

Lemma 3. Let A QR(PK)X(PK).
(i) The gradient of £,(©¢) is a block diagonal matriz given by
Vi, (00) = n~ " diag{ni (T — FW) . ng (@) — $FENy, (10)

(ii) Let ¢ > 0 be a constant. For ||Allr < ¢ and ni/n >~ > 0 for all k and n,

i —
sIAlIF = ke,

—Ln(©0+ A) + £,(0g) + (VE,(Og), A) > m

A% (11)

(ii) The map r is a seminorm, convex, and decomposable with respect to

(M, ML) in the sense that (01 + ©3) = r(01) + r(03) for every ©; € M
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and Oy € M*. Moreover,
7’(@0 + A) - T(@O) > T(AML) — T(AM)
() For A € RWK)X(PK)

(V2 (00), A)] < r(A) max ¥ — 07| (12)

(v) For © € RPK)x(K),
r(Om) < (s + DY (14 ol LIY*) Ol

Proof. (i) The result follows by taking derivatives blockwise.
(ii) Rothman et al. [26] (page 500-502) showed that

~0a(00 + A) + £,(80) — (~V,(00), A)

S

K
3 ;’“ (— log det(0 + A®)) +1og det(O) + (W, A<k>>)
k=1

K
3 IA®][3

. (k) k :
k=1 2m1n0§vg1{H@0 HQ—FUHA( )HQ}

WV,
3|3

Since || A|]2 < ||A||lF, ni/n > v and ||A||F < ¢, this is further bounded below by

K

gl IA®]Z
2

- 5 2 e, Al
=i 2 {102 + A .}

(iii) Because the graph Laplacian L is a positive semidefinite matrix, the
triangle inequality r(©; + ©2) < r(01) 4+ 7(05) holds. To see this let L = LLT
be any Cholesky decomposition of L. Then

{(z+y) " La+y)}'/? = |ILT (x+y)ll < IL72 ]|+ Lyl = {=" La} 2+ {y" Ly}'/2.

It is clear that 7(c©) = ¢r(©) for any constant c¢. Thus, given that r does not
penalize the diagonal elements, it is a seminorm. The decomposability follows
from the definition of r. The convexity follows from the same argument for the
triangle inequality. Since ©g + A = ©g + Aprq + Apyqr, the triangle inequality
and the decomposability of r yield

7’(@0 + A) - 7’(@0) > T(@o + AML) - T(AM) — T’(@()) = T(AML) — T(AM)

(iv) We show that, for A, B € RPF)I*@PK) with diag(B) = 0, (4,B) <
r(A)||B|loo- If A is a diagonal matrix (or if A = 0), the inequality trivially
holds since (A, B) = 0. If not, r(A4) # 0 so that

(4, B) _ |Al1|Bllsc
W) = AL

= [1Bllco-
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Since the diagonal elements of V4, () are all zero, the result follows.
(v) For s # 0, we have

T
7T(®M) sup M + sup P2 Zi?éj eijLeij
[Omllr — ecm|[© —diag(®)r ~ ecrm 1©llr

VARICAIE
o sy sy i VIERTSTE
oM 1Ol r
<

s (14 pallLIIY?)

In the last inequality we used that 1/23.121 Zle az; > J—1/2 Z;jzl Zle az;,

which follows by the concavity of the square root function. For s = 0, we trivially

have 0 = r(O ) < 81/2{1+p2|\LHé/2}||@M||F. Combining these two cases yields
the desired result. O

Next, we obtain an upper bound for max1§k§K||¢l$Lk) - \I/ék) |0, which holds
with high-probability assuming the tail conditions of the random vectors.

Lemma 4. Suppose that ng/n >~ > 0 for all k and n.
(i) Suppose that Condition 1 holds. Then for n > 6y~ !logp we have

. 1
P <|En — Yolleo > 2°V6(1 + 4c3)2y71/2 H]iaxo’l(f)’ / %) <2K/p. (13)
K

(ii) Suppose that Condition 2 holds with ca,cs > 0 and p < c¢yn®?. Then we have
for T > maxy (27 + 23 \/1 + 2432¢y maxkyi{agf)}Q)/(chl maxkﬂ{a(k)}z)

%

K
P (nin ol zaw) < kv, m
k=1
where
8% = (1 + 2max [u®))(268] +68) + (82 + (602 + 2611,
with

Gy = maxE XX TX X > 2 logp) ),
2

003 = {eamax {7} (44 1) logp/ma }1 2,

57(2 = mlax]E |Xl(k)’i|l(\Xl(k)’i| > ni/Q(logp)_l/Q).

(ii) Suppose that Condition 3 holds and that P(|Z — Zollee = bn) = o(1) and
b, =0(1) as n — co. Then P(||V,, — Yglloo > C1b,) = o(1).
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Proof. (i) This was proved by Ravikumar et al. [25].
(ii) Note that

ng
o - k ~ (k)
Z%k) B Z(Xz( ))@2 _ E(X(k))®2 —-x™ - M(k))®2
=1
— (k) — (k)
—uB (X = )T — (X — ) ()T
We first evaluate the probability in (14) for n; ! Z?ﬁl(Xl(k))‘m —E(X*)®2 Tet

k),ij __ k),i k),j k),i k)7
Y}()J:Xl() Xl()J_EXl() Xl( J’

g0 xR x (B (| x (0 x| [T )

log p
_EX®x 0 <Xl(k)’in(k)’j| < [ >
logp
We have
Tk - ..
P (max Zyl(k),w > an(ﬁf%)
=
ng
(k)i 5 (k)7 (k)i 5 (k)3 Nk (k)

< > [ —= )| >
<P <nﬁx ;Xl X" <|Xl X, > 10gp)| > nk5n71>

< P (max(XO)? 2 nl/2(0gp) %) (o < maxla )

4(ca+cs+1) cotes+1
E Xy log )= - :

< pnjp—2 e +(c3 = ) (Markov’s inequality)

(k)2 cotcs+1
crca maxy i{0y; lo 27TC3

< ifoi; }; (log p) (0 < crn)
Ny
(k)

< creamaxy {0, }?(log p)2testt - (15)

,yc:; nc:g

where the first inequality follows from the triangle inequality. Note that

N2 ) ) ) ) 2 ) )
E (Y'l(k)ﬂ]> S E [Xl(k)xle(k)vJI (|Xl(k)ﬂXl(k)J S lnk >:| S E |Xl(k)ﬂXl(k)7J |2
\ logp

N 4 N 4 2
S 2—1(]E (Xl(k)v74> + E <Xl(k)’.7> ) S N H]}:ax {U(k)} .
K

%

It follows from Bernstein’s inequality that

Nk
P(ma,x R anfi(f%)
,J ’
=1
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k
<oexp | - 4 maxkyi{agi )}2(4 +7)logp -

2¢4 maxkyi{agf)P + 2\/04 maxkﬁi{agf)}z(fiél +167)/3

(16)

Now, for 7 > (27 —|—23\/1 + 2432¢4 man7i{O'§f)}2)/(9C4 maxk,i{agf)}Q), Upo — 0
as p — co. Note that for this to hold it suffices to have

3cy maxk’i{ol(f)}2(4 +7)
6y maxk’i{agf)}Q + 8\/04 maxk’i{ai(f)}%él +7)

so that the power in the exponent is negative. This inequality reduces to

> 2,

3eyq n}cax{agf)}QT > 16\/04 n}lcax{az(f)}Q (44 71).

We can solve this by changing a quadratic equation for 7, since 7 of our interest
is positive. Combining (15) and (16) yields

1 &
P ( n_kDX}’“))@Q—E(X““’)@Z 226n’fi+6n’f%> < Vpr+vp2 (17)
=1 o

Let
2" = X (X <ny P log ) T2) —EXIOUI(X D <% (log p) 1),
Zl(k)vl = Ul(k)’l _ Zl(k)vi.

Proceeding as for Yl(k)’ij’

nk
P <max ZZl(k)ﬂ
Cli=

and
P (max

s, we have

creamaxy {0y} (log p)(e2+es )

ycz +est+lpeates+l

= VUn,3,

> 2nk5$]i2,> <

i 70

k=1

> mﬁf&) < ppo.

Thus, we have

< Un,2 + Vn3, (18)
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and
P (I = ) ()T [ > a4 (260 + 60
<P (m?x XM k| > 260 5““)) < Up1 + Vno. (19)
Combining (17)—(19) yields
P (IS0 = 2®log = (1+ 2max|u® ) (268 + 0% + (603) + (20)?)

< 31/71,1 + 41/71,2 + Un,3 = Un.

Note that 5(k{,5,(zk%,6flk%,un 1,Vn2,Vn3 — 0 as n,p — oo if logp/n — 0. Note

also that 55;61, 5nk2 nd (6(“) are O (y/logp/n) on the set where ng/n > 7.
For example, we have by Jensen’s inequality that

n n i i -
(B2 = [ ma(B X O (X ) > )/ (10g p) /22

log p

n Nk (k),i|2 (k)i 1/2 —1/2
< E—,/—|X IH{|X > 1
= max ng logp‘ I |2 logp) J
< 7 maxE[XEPIIX D > 0 (logp) 712}
< 1

cqy” mlax{az(f)}z.

(iil) Given that [a5;| < \/os o8,

~ (k) (k)
W (k) | = On.ij B 00,ij
mii ~ Y04 5 () - (8) \/U( ) ()
n,ii9n,5j 0,i70,57
(k) (k) &) (k) k) (k) (k) (k) ~ (k)
‘ CTO ii90 ]] n,z] —0p )4 + Jé K¥ <\/UO ugé Ji \/Un i ’fl,_]]) ‘

k) ~(k) (k) (k)
\/ ’flu n]]UOllUO]]

(k) (k)
< 00,4170, gB ol \/ o! \/ (k) 5(k)
\/ (k) A(k) (k) (k) n,z] Ozg 012 O]j nu n,jj ’
n,it n]_] On O]]

wherein

k k A ~(k
N )

(k) ~ (k)
Vb ) sk ) Tnii (0 _ 50 )

00,ii — Inii + 90,55 On,jj)-
ol o) + &)
O n n,n 0,57 n,jj

Since b, — 0, b, < ¢5/2 for n sufficiently large by Condition 3. On the event
150 — Zolloo < by, with n large, 0 < ¢5/2 < 0671)1 —c5/2< a(kl) < a(k)z +c5/2 <
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¢¢ + ¢5/2. Thus,
(k) (k)

90,ii90,5; < 2(e5 + 2¢6)
(k) ~(k) (k) (k) 2
00,ii9n,5590,ii90,55 >

o)
0,57 < \/@
\ U(()],ci)i + \/ &7(1kz)z 2Ves
NG

\/ Tn,ii Vs + 2c6

< YO TG
(k) ~ (k) - 2./cs
\V 90,55 TV Tnjj Ve

It follows that
k k
|¢7(1,2j - ¢((Jz)g| <
(k) (k) .

{205_2 +c5 + 66_3/2 + 2055/206 + (65_4 + 2c5_506)1/2} Igl?;( \&n,ij — 00,1
Thus, we have
P (I = ol > C1b)
< P (I = Wolloe = Cibu, 50 = Solloo < b0 ) + P (IS0 = Solloe = ba)
§2P(\|2n—20||002bn> 0. 0

So far we have assumed ny/n > + in lemmas. We evaluate the probability of
this event noting that nj ~ Binom(n, 7).

Lemma 5. Let € > 0 such that v = ming 7, — € > 0. Then
P (mkin ng/n < mkin T — e) < 2K exp(—2ne?). (20)
Proof. We have by Hoeffding’s inequality that
P <mkmnk/n < mkinwk - 6) <P <3k:,nk/n < 1rnkin71';c — e>
< P(3k,ng/n <7 —e) < P(3k,|ng/n—m| >¢)

K
<Y P(lnk/n—m| > €) < 2K exp(—2ne?). O
k=1

Proof of Lemma 1. We apply Lemma 2 to obtain the non-asymptotic error
bounds.

We first compute a lower bound for f(A). Suppose ¢ < c¢. For A e CN{A €
RPK)*(@K) ;| Al|p = €}, we have by Lemma 3(ii) and (iii) that

FA) = —(0a(©0), A) + kg, cllAlIT + pu{r(A s ) = r(Apa)}.
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The assumption on p, and Lemma 3(iii) and (iv) then yield

[(70(00), )] < B {r(Ap) + (A p)}.
From this inequality and Lemma 3(v) we have

3pn
Al — = T(Am)

3pn 1/2
Al = (s +1)12 (14 pa2]5") 1]l

f(A) Z R, ,c

2 Kty e

Viewing the right hand side of the above inequality as a quadratic equation
in ||Al|p, we have f(A) > 0 if

3pn,
1A > 22 (s + Y2 (14 po| L]5%) = e > 0.

Ln,C

Thus, if we show that there exists a ¢g > 0 such that €., < cp, Lemma 2 yields
that ||épn — @OHF S €co-

Consider the inequality (z + y) < y where x,y,z > 0. This inequality
holds for (x,y, z) such that 2 = y and z2'/? = 1/4. We apply the inequality
above with = = \eg,y = ¢,z = 2*32p2 v 25(1 + /)2||L||é/2)2 and solve zz < 1/4
for n. (i) For p, = 23v/6C, (1 +4¢2)%y~ /2 maxy, ; agf)\/logp/n, xz < 1/4 yields

2,1/2

6logp 21°33CE(1 + 4c3)?

n>max{ 3
Y Y

2
max{o( 1208 (1+ pal LIly*) slogp} :
and (z + y)?z becomes

2 1
2 1593 242 (k)y2 1/2 —3,4 5108D
o 1y < 278 D) max(e ) (14 pal[LIY) 0N
(ii) For p, = C1Ké,, there is no closed form solution for n. Note that 6, —
0 if logp/n — 0 so that xz < 1/4 holds for n sufficiently large, given that
K 6 < K,

Computing appropriate probabilities using Lemmas 4 and 5 completes the
proof. O

Proof of Theorem 1. The estimation error HQ;’? — QO||52) in the spectral norm
can be bounded and evaluated in the same way as in the proof of Theorem 2 of
Rothman et al. [26] together with Lemma 1. O

8.2. Model selection consistency

Our proof is based on the primal-dual witness approach of Ravikumar et al. [25],
with some modifications to overcome a difficulty in their proof when applying
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the fixed point theorem to a discontinuous function. First, we define the oracle
estimator O, = ((L)(pi), cey (L)gf)) by

K

0,, = arg min n1 Z N (tr <\I/£Lk)@(k)) —log det(@(k)))
@<k>>o,e(k):(@<k>)T,®<(’“S>(k))C:0 k=1

K
+ o0 Y _IOWly + pnp2 Y \/OLLOs;, (21)
k=1 ,J

where 6((];)““))6 = 0 indicates that @Ef)j) =0 for (i,5) ¢ S™.

Lemma 6. (i) Let A € RP*P be a positive semidefinite matriz with eigenvalues
0 <A < A £ < Xy and corresponding eigenvectors u; satisfying u; L

uj, i # j and ||u;|| = 1. The subdifferential OV zT Az of f(x) = VaT Az is

TA = ? )
Ve { {UAPy: |yl <1}, Az =o0.

where U € RP*P has u; as the ith columns and A'/? is the diagonal matriz

with )\;/272' =1,...,p, as diagonal elements. Furthermore, the subgradients are
bounded above, i.e.

IVFf(x)|leo < ||AH;/2, for all Vf(z) € OVaT Ax.

(i) Let A € RP*P be a positive semidefinite matriz and S = {S;} C {1,...,p}.
Suppose Ass has eigenvalues 0 < A1 s < Ag 5 < -+ < \jg|,5 and corresponding
eigenvectors u; g satisfying u; s L w;g,i # j and ||u; || = 1. Let gg : RISl — RP
be a map defined by gs(x) =y wherey; = x5, fori = S; for andy; =0 fori ¢ S.
The subdifferential ha s(z) = \/gs(z)T Ags(x) equals to the subdifferential of

VzT Assz given by
VT Agse = { Assaf v e Asst, Assz # 0,

UsAd*{y: llyll <1}, Agsz =0.

where Ug € RISIXISI has u; 5 as the ith columns and A;/Q 1s the diagonal matrix

with /\i/sz,i =1,...,|S|, as diagonal elements. For x with Agsx # 0, there is a
relationship between O\/xT Agsx and O\/yT Ay at y = gs(x) given by

Ay _ Agssz
VT Ay s \/xTASSx’
Ay _ Ascs.’li
ViTAy | o V/aTAgsz
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Subgradients are bounded above:

[Vha,s(@)oo < |Assly’® < 1AIY?, ¥V fas(z) € 9v/2T Agsa.

Proof. (i) For x with Az # 0, f(z) is differentiable and the subgradient of f
at z is simply the matrix derivative. By definition, for z with Ax = 0, the
subgradient v of f at x satisfies the following inequality

VyT Ay > (y — z,v), (22)

for all y. Choosing y = 2z and y = 0 yield 0 > (z,v) and 0 > —(z, v), implying
(x,v) = 0. The inequality (22) reduces to /yT Ay > (y,v), for any y. If Ay =0,
a similar argument implies that (y,v) = 0. Hence v L y for every y with Ay = 0.

Let jo be the smallest index such that A;; > 0. Because u;’s form an orthonor-
mal basis, any arbitrary vector y can be written as y = Z‘;’:l Bjuj. Moreover,
the null space of A is the span of ui,...,u;,—1. Thus, the subgradient v can
be written as v = Zé-):jo ajju;. Thus, using the spectral decomposition of A as
A=3T" Ajujuj , we can write f(y) = 25, )\Jﬂ?}l/Q. On the other hand,
(y,v) = >2F_; @;B;. Thus, the inequality (22) further reduces to

1/2

p P
SNonBs =3 a8, VB ER.

J=Jjo J=jo

It follows from the Cauchy-Schwartz inequality that the left hand side of the
inequality is bounded from above;

1/2 1/2
p p o 1/2 P 12 P )
_ J
D=2 s Z " > Aif
Jj=Jo Jj=jo 7j J=J J=Jjo

Thus,

P2
Of(x) =< v: U—Zajv],ZA—Jg ;€eR

J=jo J=jo

It is easy to see that this set is the image of the map UA'/2 on the closed ball
of radius 1.

Given that |||l < ||z, to establish the bound in the {o-norm, we compute
the bound in the Euclidean norm. We use the same notation as in (i). For x
with Az # 0,

||UA1/2A1/2UT$H

1/2
jaigTe < IUA

H\/xTAx
But [[UAY2|y = supj, =i [UAY22]| = sup,cpx [UAY2(UT2)|/|UT]| =
IA]I3%, because |UTz|| = |lz||. For « with Az = 0, [[AY2y/|ly]|| < ||A]l}/* for
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every y. Because of the form of the subdifferential and the fact that |Uz|| = ||z||,
the result follows.

(ii) Let Bg be a product of elementary matrices for row and column exchange
such that Bggs(x) = (x,0). Notice that Bg = B§1 and that Bg = BY since
Bg only rearranges elements of vectors and exchanges rows by multiplication
from the left. Note also that ||Bs|ls < [[Bslloc/cc = 1, since [|Clla < [|C]oo /00
for C = CT and each row of Bg has only one element with value 1. Because

{has(x)}® = gs(z)" Ags(z) = (Bsgs(x))" (BsABs)(Bsgs(x)) = 2" Agsz,

the subdifferential of ha g(x) follows from (ii). For z with Aggr # = and y =
gs(x), Ay = BsABgs(z,0)T = Bg(Assz, AL.qz)T # 0 because of invertibility
of Bg. The relationship holds since

(Ay/\/yT Ay) 1 { Agsx }
(Ay//yT Ay)se /TA [aT Aggz | Ases

An /.-bound follows from (i) and the fact that || Ass|2 < || Bsl|3]|All2 = || A4]|2-
O

Lemma 7. For sample correlation matrices \iln = (\TJS), .. .,\iJ%K)) and any
pn > 0, the convex problem (3) has a unique solution ©,, = ((:)(p}l)7 . ,(:)E,In{))
with @fjfl) >0,k=1,..., K, characterized by

n k(% — HOWY ) + o1 + pupaUs3; = 0, (23)
with U1 i € 8|6‘p 1J| and (UQ(ll)]7 . U2( ZJ) € 81/95 ”L@p ij for every i #j

and k=1,..., K. Moreover,

_ k A _ k k
(080 = {0} i) + puULY) + pupaUsl; = 0, (24)
wzthUlU Ué%—Oforeveryizl coop,andk=1,..., K.

# 0}. The convex problem (21)

For each (i,j) € S, let Si; = {k : @(()kz)g
1)

has a unique solution ©,,, (éﬁ, .,@E,f)) with (:)gi) >0,k =1,...,K,
characterized by
_ k = (k) — k k)
(00— HOWY i) + puUL) + pupeUslyy =0, (25)

with Ul(fc) € 3|9(k) | and U2 € 3\/{@pml]}T LSijSij{épnvij}Sij for every

ij PnytJ

iZjandk=1,... K. Moreover

_ k
() = {OWY i) + puULY) + pupaUsty; =0, (26)
wlthUl(z)J Uéﬁézoforeveryizl,...,p, andk=1,... K.
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Proof. A proof for the uniqueness of the solution is similar to the proof of Lemma
3 of Ravikumar et al. [25]. The rest is the KKT condition using Lemma 6. O

We choose a pair U = (Uy, Us) of the subgradients of the first and second
regularization terms evaluated at ©,,. For each (¢,4) with ©g;; = 0 or with
LOe =0, set

Pnytj

08 = o (o), + O 1,y), O =0, k=1,...,K.

For (i, 7) with wi'; # 0, for all k = 1,..., K, set

~(k k k - (k
o =0, ot =0, k=1, K
For (i,5) with LO,, ;; # 0, Qg ,; # 0 but wékz/]) = 0 for some k', set
7 l é) 1%l
035 = o™ (v + O ) — pa— e
®p,L,1] @Pn»ij
and 7
- 1. Oy, ij
Ué’?ﬂ S L
62;713 el)mij
if wékl)j = 0. Otherwise, let
~ k k 176, i
R
eT 16

Pnst] Pnsid

Here, I, is the kth row of L.

The main idea of the proof is to show that (©,, ,U) satisfies the optimality
conditions of the original problem with probablhty tendmg to 1. In particular,
we show the following equation, which holds by construction of U; and Us, is in
fact the KKT condition of the original problem (3):

n g (B {00 + 9O + pupU = 0. (27)

To this end, we show that U; and U, are both subgradients of the original
problem. We can then conclude that the oracle estimator in the restricted prob-
lem (21) is the solution to the original problem (3). Then it follows from the
uniqueness of the solution that @pn = é) on -

Let 20 = ¢ — o RO(AK) = (6F1 1 — v + oV ABW | and
A = ) _ o),
Lemma 8. Suppose that max{||Z®)| ., |R® (A ||} < ap,/8, and py <
2/{4HLH1/2(2 — a)}. Suppose moreover that LO, ; # 0 for (i,j) € S. Then
U1 <1 for (i,5) € (SW)e.
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Proof. We rewrite (27) to obtain
Dk g (oY A g (F) %E(’“) - %R(k)(A(’“)) + pnU® 4 pp U = 0.
We further rewrite the above equation via vectorization;
%mﬁkm&m&“+%§w_%ﬁmmﬂh+%ﬁ“+%m@“:o
We separate this equation into two equations depending on S®*);
F(kms(k)A(k(k) + (skgw o E(Sk&) (AW) 4+ Pnﬁl(,k;(k) + panUg( s)w) =0,
e, oK, + TR R, (30) 1
pnﬁf,k()swnc + pnp?Uz( ()S(k))c =0. (28)

where ((jl)J Uk 7,0 = 1,2. Here we used AES)W)C = 0. Since F(Sk(l)s(k) is

invertible, we solve the first equation to obtain

k k _ Nk = X = (k
Afg(l) = (ng(l)s(k)) 1{ (S&)'i‘ R( ) (A(k))_an]F’S)’(k)_panUz( S)<(k)}

Substituting this expression into (28) yields

@® (TZc 2(k) kﬁ(sk(l)(A(k)))

71 (k)
r Sk Sk Sg) T

1,(stk)e = (S(k))e5(k)
k k .
* FES{’“))CS(’“) (Fggﬂs(’“)) 1U( s)(k> + szES)(k)) gk (Fg&)sm) 1U2( s)me)
1 (Mk=2(k k) k 2k
- pnl (WZES)(M)C Rgs(k))c(A( ))) - P2U2(7()S(k))c.

Taking the f,-norm yields

k — =(k X
< ISy (Cgthr i) ™ oo (IE <(i>||oo+||R<<k><A“f>>||oo>

k) k
+ ||FEs<k>) e S (k) (F(S<3c>5<k>) 1||<>o/<><>(||U1 ,5 (k) lloo + p2” S<’“> loo)

_ = k
0 UEEh oo + 1B S (A®) o) + p2l| T . 1o
o =2(k k) A

(12 oo + 1B &R . (AM)]loo)

F1—a+(2—a)p|L|Y>

Here we used that || A]oe < | Alloe/oo o0 and [IT51e) e 500 (iky 500) ™ lloo/ow <

1—a, and apphed Lemma 6 to bound ||U2 (s lloo and ||U2 s |[oe by ||LH1/2.

We also used ||U1 S(k)Hoo = ||U1 S<k)||oo < 1 by construction of U; and the as-
sumption that (;)E,IZ) # 0 for (i,7) € S*®). It follows by the assumption of the
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lemma that

(k
1T & llse L+ (1—a) + 2= a)pe| L3

5())e

IN

<

- 2 4 4
Lemma 9 (Lemma 5 of Ravikumar et al. [25]). Suppose that [|A]le < 1/(3kwd)
with

(AM)) (stou((iiyimt,....plp)e = O-
Then [|H®|| /oo < 3/2 where H® = Y7 (-1)7(WIAM) k= 1,... K,
and R®)(A®) has representation R¥)(AR)) = \Il(gk)A(k)\IloAH(k)\Ilék) with
IR (A®)]loe < (3/2)d| AP |12, (k)?.

Lemma 10. Suppose |Al2 < 1/(2 maxk”\I/(()k)Hg) with AE];)(MU{(Z_J_)P:J})C = 0.
Then |H®)||yjne < 2 where H® = Y (~1)HWFPAW) |k = 1, K,
and R®(A®)) has representation R (AR)) = \Ilgk)A(k)\I'OAH(k)\I/ék) with
IRM (AW oo < 20E[|AR)]3.

Proof. Note that the Neumann series for a matrix (I — A)~! converges if the
operator norm of A is strictly less than 1, and that the ¢,,-norm is bounded by
the operator norm. A proof is similar to that of Lemma 5 of Ravikumar et al.
[25] with the induced infinity norm |[|-||» /o replaced by the operator norm in
appropriate inequalities. O

The following lemma is similar to the statement of Lemma 6 of Ravikumar
et al. [25].

Lemma 11. Suppose that
4

mink Tk

=(k) 1/2 1
gl EW o+ s | LIY) < g

r=

fork=1,..., K. Suppose moreover that (@(()k) ® @(()k))5<k)s(k> are invertible for
k=1,...,K. Then with probability 1 — 2K exp(—n ming, 71 /2),

max||60) — O < (3/2)r.

Proof. We apply Shauder’s fixed point theorem on the event miny 7 /2 < ny/n,
which holds with probability 1 — 2K exp(—nminy 73/2) by Lemma 5 with € =
ming 7 /2. We first define the function f; and its domain Dy, to which the fixed

point theorem applies. Let g(k) = S® U {(i,i):1<i<p}, and define

Dy ={A €SP 2T (A+6")x >0, Yz € R?, Az |l <7, Ay, =0},

where SP*P is the space of symmetric p X p matrices. Then Dy is a convex,
compact subset of the set of SP*P,
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Let 0l(k) € RP*P | = 1,2, be zero-filled matrices whose (i, j)-element is Ul(]fj)

in Lemma 7 if (i,7) € S® and zero otherwise. Define the map g, on the set of

invertible matrices in RP*? by g, (B) = (ny/n)(B~! —‘i/%k)) —pn(V]l(k) —pnpgljz(k).

Note that {gx (é;;’:;))}s(k) = 0 is the KKT condition for the restricted problem

(21). Let § > 0 be a constant such that 6 < min{1/2,1/{10(4dr + 1)}}r and
§ +r < 1/{6dmax{ky, £y kr}. Define a continuous function fy : Dy + Dy as

Aij i =7,
(Fe(A)iy =4 {m@ePga+6f +anef + a} i+ (i) es®
ij
0, otherwise,

where

2= min{\; (A + ), 271} 4 21

hk(A) = .
max{|\ ({05 gx (A + 6§ + 610§} g0 — I)],1}

Let fi(A) = hi(A)0F" gx(A + 67 + 610" Then fi(A) = (fi(A))sm + A
for A € Dy,.

We now verify the conditions of Shauder’s fixed point theorem below. Once
these conditions are established, the theorem yields that f;(A) = A. Since
(fx (A))(guc))c = A for any A € Dy, and hi(A) > 0, the solution A to fi(A) = A
is determined by (G(Sk)gk(A + @ék) + 5[)6(()k))s(k) = 0. Vectorizing this equation
to obtain (@(()k) ® @ék))s(msuc) {gr(A + @(()k) +0I)} g = 0, it follows from the
invertibility of (@ék) ® @ék))s(k)s(k) that {gx(A + @ék) +0I)} gy = 0. By the
uniqueness of the KKT condition, the solution is A = (;)(pﬁ) — @gk) — 01. Since
A € Dy, and § < /2, we conclude [0 — 0|, < (3/2)r.

In the following, we write A = vec(A) for a matrix A for notational con-
venience. For J C {(4,7) : 4,j = 1,...,p}, vec(A); should be understood as
Ayj.

The function fy is continuous on Dy. To see this, note first that A+ @ék) +46I
is positive definite for every A € Dy so that the inversion is continuous. Note
also that all elements in the matrices involved with eigenvalues in hy(A) are
uniformly bounded in Dy, and hence the eigenvalues are also uniformly bounded.

To show that fi(A) € Dy, first we show that fi(A) +G)(()k) is positive semidef-
inite. This follows because for any = € RP

2T (fi(A) +6§)z
= 2T{(fu(A)sw — Da + 2T (A+ 0z + T
> hi(A)M ({0 g (A + 6 + 610} sy — I)[|z|?
+ M (A+ 0 ]| + ||=]* > 0.

To see this, note that if A4 = Al({G(()k)gk (A—l—@(()k) +5I)@(()k)}s(k) —1I) is positive,
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then the inequality easily follows. On the other hand, if Ay < —1, we have

h(AAalz]> > —27 min{A (A +67), 27 ] — 27|«
> —(M(A+0)/2+1/2)|z)2

Lastly, if —1 < A4 < 0, we have

hi(AAallz]> > —xal27  min{A (A +057),27 1) + 1/2] |l

> —Pal(M(A+087)/2+1/2)|z)2

suffices to show || fx(A4) g [|o < 7. Since 6 +r < 1/{6d max{ry, K3 K1},

Next, we show that || fi(A)gm [l < 7. Because diag(fyx(A)) = diag(4), it

1O (A + 61|00 o0 < Rwd||A + 010 < ryd(r + ) < 1/3.

It then follows from Lemma 9 that

-1
R(A+o1) = (A+sr+6{")  —w® + w4+ orwf

= {P(A+s0)PH® TP,
Thus, adding and subtracting \I/ék) yields

Fe(A) + A = (D)0 (ne/m){ ¥ (A + 612 HP WS — (ny/m)=® — p, U
— pup2U3)0F + (1 = (na/n)ha(A)) A — (nge/n)Shi(A)1.

Vectorization and restriction on S*) gives

[vec(fi(A)) s lloo = IIvec(fi(A) + A) s [l
< (me/m) (AT ) ™ g0 s vee (26 (A + 8D P HO UG g [
+ (1 = (ng/n)hi(A))[[vec(A) s [loo + (n1/n)d
+ b (A) [{T*) ™Y g00 500 { vee((nr/n)EX)) s
+ puvec(U1) g + pupavec(US") s Hloo: (29)
where {(T* )"} guy g = (OF) @ (_)gk))s(k)s(k). Here we used hi(A4) < (1/4 +
1/2)/1 = 3/4. For the first term of the upper bound in (29), it follows by the

inequality [|A7|c < [[Alloc/ool|Z]lcc for A € RP*P and z € RP, Lemma 9 and
the choice of § satisfying & +r < 1/{6d max{ry, k3 rr} that

{(T®) 1} g0 g0 vee (U5 (A + 6D PZHP ) g0 ||
3 3
< kr RO (A+ 0D oo < wrSdll A+ 01|25 < rrSdll A+ 0T oo(r + 0)r%
< (r+4)/4.
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For the second term, it follows by the assumption, the inequality that || Az || <
| Alloo /oo l|Z]|cc for A € RP*P and x € RP, and Lemma 6 that

_ n _ . .
I{@®) "} g0 g0 {fVGC(:(k))yw + pavec(U) g0 + pnp2veC(U2(k))s<k>}||oo

< wr(IE® + o + pupsl|Zll5"%) = (min 7y )r/4 < (ng/n)r/2.

Thus, we can further bound ||vec((fx(A) + A) gt )|los by

L %hk 1——hk )H@(sz
n n
Nk hk(A) N hi(A)
7'{1 el R SR ) (30)

Since
105 g1(A+ 68 +1)087) g0 |
< | Ag oo + 1057 gk(A + 0§ + 6105 + A) 5000 | o

and ¢ < r/2, a similar reasoning shows that

e lloo

2
ec ({\Ilg’“)(AJraI)} ng@) lloo

S(k)

1(08gx (a+ 0" +061) 6f)

< (u/m)I{@ Y
(2~ (i /n)) [vee(A) gn lloo + (nie/n)d
+I{a@®)tt {w/mveeEF) s + pavee(@iF) o)
+ pnpavec ((Uz(k))sm) }Hoo

5
grz +g+2r+5§4r.

S(k) S (k)

Thus, the inequality || Bl|z < ||Blloo/o0 for B = BT implies that

MO gr(A+ 6% + 6068} g0 — 1)
< MO gr(A+ 65 + 810 gw)ll2 + 1
< MO g (A + 65 + 60057} g1 )| so oo + 1
< 4dr + 1.

Hence hy(A) > 1/(8dr + 2) for every A € Dy,.
Now (30) is further bounded by 7:

1o mhd) w0y,
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Sr{lvthA)}+ﬁE{ hMA)} r

n 4 4 [ 10(4dr +1)
nk hk(A) ng hk(A) hk( )T‘
< _ &
=" {1 n 4 i n 4 5
_ h2
oo mehed) R
n 20

Here we used the fact that § < r/{10(4dr + 1)} and 1/(8dr + 2) < hi(A4) < 1.

Thus, [[(fx(A) st llee <7
Since (fx(A))s)e = 0 by definition, all the conditions for the fixed point

theorem are established. This completes the proof. O
We are now ready to prove Theorem 2. Note that Condition 7 implies that

ming 7 . 1 1 minyg, 7 cg Coming /dy
min ap,————————— 5.

72dkr ko Ky Rr 56K Kr 6’ 12

pn < min{

Proof of Theorem 2. We prove that the oracle estimator ©, satisfies (I) the
model selection consistency and (IT) the KKT conditions of the or1g1na1 prob-

lem (3) with (©,,,0;,Us). The model selection consistency of ©, = O,
then follows by the uniqueness of the solution to the original problem. The
following discussion is on the event that ming /2 < ng/n,k =1,..., K, and

maxy||Z2")||, < a/8. Note that this event has probability approaching 1 by
Lemmas 4 and 5.

First we obtain an /,.-bound of the error of the oracle estimator. Note that
by Condition 7 and the fact that « € [0,1)

2

o «
<S4l+-— <3
<Sgtltimoa <

S+ 1+ pallLls?

Thus, it follows from Condition 7 that

1/2 12k ming 7 . 1 1
Kr (H“(k)Hoo + pn + pnp2|| L5 / ) mm{— }

mink Tk 72d/€r Ry ’ K,:\BI, K1
1
= - )
6 d max{ky, K§,Kr}

Il’lin;C Tk

Because (@(k)®@(()k))s(k)s(k) is invertible by Condition 5, we can apply Lemma 11
to obtain [|OF) — 6§ |e < (6/ming 74 )r (IE® oo + pn + pnpal| Lll5'*) with
probability approaching 1.

As a consequence of the {o-bound, ©, ;; # 0 for (i,5) € S, because ||é£,’i) -
@ék)Hoo < 3pn < cs/2 < ming—1,. Kizj |9(()kl)J| by Conditions 6 and 7. This
establishes the model selection consistency of the oracle estimator.

Next, we show that the Oracle estimator satisfies the KKT condition of the
original problem (3). As the first step, we prove Ul(kZ)J € 862’? for every i, 7,k
with probability approaching 1. Since épn,ij # 0 for (i,7) € S with probability
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a hing 1, U%) = %) § Sk 1, ion. For (i, 7) € (5®)e
pproaching 1, U7 1.4 for (4,5) € y construction. For (i, ) € (S%))e,
we need to prove |U1(m\ < 1 for every i,j,k. To this end, it suffices to verify
that ||R<k>(é§)’f} - @gk))Hoo < a/8 and apply Lemma 8. Applying Lemma 9 with
1652 = 66" loe < (6/ miny, m)r (|E® oo + pr + pupol|L]ly"?) and Condition 7
gives
324K%

k) (& (K (k) 3 ok & ’
1RO} =657l < 5dry 1657 — €075 < Sdnl 2=

< 486dK3 K2 {min;C T, ming, }pn < %a.

- o
miny, 77 72dkr 56K3, K

Next, we prove that Uz ;; € 94/©,, i;1.0,, ;; for every (i, ). For (i,5) with
Wl £ 0forall k = 1,..., K, Usyj = U,, € 81/0,,.;L0,, ;. For (i, ) with
Qoij =0, Ugij =0 € a,/epmijLépm by Lemma 6. For (i,5) with Qg ;; # 0

and wékg = 0 for some £,

Us,ij = Lépmij/\/@pmz‘jL@pmij € 3\/@pmijL@pmz‘j

if L@p 45 7 0. To see L@p 45 7 0 holds with probability approaching 1, let

(k,k") € S with k # k' such that @O ”/\/_ - @0 ”/\/dk/ # 0. This pair (k, k')
exists by Condition 6 and the assumptlon LOg;; # 0. We assume without

loss of generality 90 z]/\/— 00 m/\/dk/ > 0. Since 0% — 0| < 3pn <
co ming v/dy, /12, it follows from Condition 7 that

5 (k (k' k k
Opii  Opu < & z)a % za) _3 (L n L)
Vdy Vd T W/d vd vd Vd

Y

1 1
—3pn
p (Wk ,ﬂéo N \/ )
Hence, ©7 L@pn i = Wiweg/4>0or L@pn ij 7 0.

prsij
Finally, we show that Equation (27) for the KKT condition holds. For the

(4,7)-element of the equation with g ;; = 0, this equation hold by construc-

tion for every k = 1,..., K. For the (i,j)-element with w(()k;)] # 0 for every
k = 1,...,K, the equation holds for every k = 1,..., K, because it is the
equation for the KKT condition of the corresponding element in a restricted

problem (21). For (,j)-element with Qy;; # 0 and w(()];/]? = 0 for some ¥/,
note that (L)pmij # 0 with probability approaching 1 and that the rearrange-
ment in ©;; and corresponding exchange of rows and columns of L for each ¢, j
does not change the original and restricted optimization problems (3) and (21).
Thus, with the approprlate rearrangement of elements and exchange of rows

and columns, U. (k)

2,i; With Wo i 7& 0 is in fact U2 . Thus for such k the equation



1386 T. Saegusa and A. Shojaie

holds because of the corresponding KKT condition in the restricted problem
(21). For other k, the equation holds by construction. We thus conclude the
oracle estimator satisfies the KKT condition of the original problem (3). This
completes the proof. O

Proof of Corollary 1. In the proof of Theorem 2, the £,,-bound of the error
yields
165 = 6§ loc = O (krpn) -

Note that if one of two matrices A and B is diagonal, ||AB|lcc < || A|lool|Bllco-
Thus, we can proceed in the same way as in the proof of Theorem 2 of Rothman
et al. [26] to conclude that

105 — Q| = Op (rrpn).

The result follows from a similar argument to the proof of Corollary 3 in Raviku-
mar et al. [25]. d

Proof of Corollary 2. Tt follows from Condition 8 and Lemma 1 applied to @pn
that HéE,’j} - @6k)||2 < 1/(2Xg). Then we can apply Lemma 10 instead of

Lemma 9. The rest is similar to the proof of Theorem 2. O

Hierarchical clustering

For simplicity, we prove Theorem 3 for the case of K = 2; the proof can
be easily generalized to K > 2. Let X and Y be the random variable from
the first and subpopulation, respectively. Suppose that X = (Xq,... ,XP)T ~
N(px,Yx) with ux = (p1,x,- .., ttp,x) and the spectral decomposition ¥x =
QXAXQ%; of ¥x where Ay x,...,\, x are the eigenvalues of ¥x and that
Y ~ N(uy,Zy) with py = (t1,y,...,ip,y) and the spectral decomposition
Yy = QyAng; of ¥y where A1 y,..., A,y are the eigenvalues of ¥y . De-
fine Z = (X — Y) = (Zl,...,Zp)T ~ N(uz,ZZ) with Hz = (,u,lvz,...,,upvz)
and the spectral decomposition X, = QZAZQE of ¥z where A1 z,..., 0,z
are the eigenvalues of Xz. Let X = (Xi,...,X)T = A¥2Q§E}l/2X, Yy =
(Vi,.... V)T = AY?QTSY?Y and Z = (Zy,...,2)T = AJ?QLx;"/*Z. Then
X ~ N(ﬂx,/\x), Y/ ~ N(ﬂy,Ay) and Z ~ N(ﬂz,Az), where

~ ~ ~ 1/2 —1/2
fx = (fix, o ipx)” = A2QEE P ux,
~ ~ ~ 1/2 —1/2
fy = (... fipy) = Ay/ Qv Sy Py,
_ N LT A 1/2 4T 1/2
Pz = (1,2, fipz) =N QzE, "z

Let also

w = ixl/e, w3 =lasll/p, ng = lizl/p,

P P P
TR STV VI NV A Ev
k=1 k=1 k=1
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Lemma 12 (Lemma 1 of Borysov et al. [1]). Let W1,..., W, be independent
non-negative random variables with finite second moments. Let S = Z§:1(Wj —

EW;) and v = 320_ | EW}. Then for any t >0 P(S < —t) < exp(—t*/(2v)).
The following lemma is an extension of Lemma 2 in Borysov et al. [1].

Lemma 13. Let 0 < a < ,u?( + Ax. Then

P (p% +Ax —a)?
f 1(% xt 6/1%,)()‘]‘7?( + 3)‘?7)() '

P(|X]* < ap) < exp (—

Proof. Note that elements of X are independent and that Xj ~ N(fijx,Aj,x)-
Thus, we have

EX? =[5 x +XNx, Var(X7) =2(\] x + 271 x Ay x),
E X} = [ij x + 605 xNjx +3X] x

Applying Lemma 12 with W; = X2
we get

7

since P (|| X|? < ap) = P (HXHQ < ap),

p
P(IX|* <ap) = P | > (X7 = i x = Xix) < —pluk +Ax —a)

j=1

<exp|— p2(,u§~( Ay a)2
N 2 Z?d(ﬂix + 6/1?,)()‘3’,)( + 3)‘?,)()

The following is an extension of Lemma 3 in Borysov et al. [1].

Lemma 14. Let a > Ax + ”?f(' Then

1 p a p
P(|X|? < S
(X1 > ap) < exp | =3 p+;% ;/

Proof. By Markov’s inequality, for ¢ > Z§:1 Ajx + ﬁ?y x, we get

p p
Z?z = Z?z

p p
=P lexp | Y AX7 —\ix —viigx | Zexp (vt =7 (Ao + i x)
j=1 j=1

p
<exp [ =y [t =D (@ x +Nx) | | [TEexn((vAx)X7/Aja)

j=1 j=1
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p p
) 1
—exp | =y | t=> x| | [[ex (—W,X — 5 log(1- 2%;)()) x
j=1 j=1

Since for all u € (0, 1), —log(1—u)—u < u?/{2(1—u)} (see page 28 of Boucheron
et al. [2]), the above display is bounded above by

S 2\ Vi x
— t— 02 _Twr ).
o (o (=5 Mo (235 ) (245)
Using the following result from Boucheron et al. [2]
2
. vy v ct
f ———ty=—=h|—]).

WG(I(I)l,l/c) 2(1 —¢y) K c? < v >

wherein A(u) = 14+ u — /1 + 2u,u > 0, we further obtain the upper bound

» P
i 1 t 2t Vi x
2 1 _ :
exp (’Y;Mz,x> Z1;[16)(10 ( D) ( NxD + Ai,XP)) ex <71 -

Taking v | 0, the upper bound becomes

(3t ,i o))

Choosing t = ap, we have
P 1 »
P X? > < —= L+25
Note that f(u) = (1 + 2u)'/? < u for u > 0 because f/(0) = 1 and f’ is
decreasing for v > 0. Thus, P (Zle )N(f > ap) — 0 as p — 0. O

Proof of Theorem 3. For simplicity, we present the proof for the case of K = 2;
the proof can be easily generalized to K > 2. Let ny and ny be the sample sizes
for the first and second subpopulations, respectively. Define

B = {max| X, = X0 <l = ¥il B = {max X - X1 <.
1,7 2 2,7

B = {max|¥; = Y31 < pinl X < Wil . Bx = {max¥; - 5P < an}.
2,] ) Y

Es; = {HIICZ‘)ZXHX]C - Y| > ap} ,

for a fixed a > 0 satisfying the assumption. The intersection F4NEj5 is contained
in the event that the clustering performs in the way that two subpopulations
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are joined in the last step. The intersection E3 N E4 N F5 is also contained in
E1 N Es, or in other words, P((E1 N E2)¢) < P(ES) + P(E§) + P(E%). Thus, it
suffices to show that P(ES) + P(ES) + P(ES) — 0 as n,p — oo.

For E5 and Ef we have by Lemma 14 that

nl(nl — 1)

P(ES) < Y P(IXi = X|° > ap) = =

(]

P(| X1 — Xa2|* > ap)

. Mexp<_1<p+f: a _i /HL))
2 2 — 2),x — AL x
1 p P
< exp<—2 <p 2 9hx Z,/ >+210gn1>
P

and that

p p
p 1 a 1 1ogn2
P(ES) < S (1+=) —=> 1+ .
(Ef) < exp( 2( +pl:1 Dy p 2=

for a satisfying a > 2max{\x, Ay }.

Note that logng/p — 0,k = 1,2 as ny, na, p — 0o. Moreover z —+/1 + 2z > 0
for x > 0. Thus, P(ES) — 0 and P(E§) — 0 as ny,ng, p — oo. For Ef, we have
by Lemma 13 that

P(ES) < Y P(IX; = Y;|? < ap) < mnaP(| X1 - Y1|* < ap)
,J
- P21 + Az — a)?
<p | —
=P 2 Zf:l(ﬂiz + 6[%2,2)‘172 + 3>‘l2,Z)

for a < p2 + Az. Given the assumption ¢jp < Aix <, ci0 £ Ay < e,
max{|u;, 7 v} < ein,j =1,2,.... Thus, we get P(E§) — 0 as ny,n2,p —
00.

Since 2XX - )\p,X - )\pyy Z EXX_— Xz, and QXY - >\p,X —)\p’y 2 QXY —Xz, the
assumption that 42 > 2min{Ax, Ay} — A, x — Ap,y implies that there exists a
such that a < fi; + Az and a > 2max{\x, Ay }. This completes the proof. O

+ log n1n2>
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