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1. Introduction

Let X € R™™P be a data matrix with n observations and p features. We as-
sume for convenience that the rows of X are unique. The goal of clustering is to
partition the n observations into K clusters, D1,..., Dk, based on some sim-
ilarity measure. Traditional clustering methods such as hierarchical clustering,
k-means clustering, and spectral clustering take a greedy approach (see, e.g.,
Hastie, Tibshirani and Friedman, 2009).

In recent years, several authors have proposed formulations for conver clus-
tering (Pelckmans et al., 2005; Hocking et al., 2011; Lindsten, Ohlsson and
Ljung, 2011; Chi and Lange, 2014a). Chi and Lange (2014a) proposed efficient
algorithms for convex clustering. In addition, Radchenko and Mukherjee (2014)
studied the theoretical properties of a closely related problem to convex clus-
tering, and Zhu et al. (2014) studied the condition needed for convex clustering
to recover the correct clusters.

2324


http://projecteuclid.org/ejs
http://dx.doi.org/10.1214/15-EJS1074
mailto:keanming@uw.edu
mailto:dwitten@uw.edu

Convez clustering 2325

Convex clustering of the rows, X;,...,X,. , of a data matrix X involves
solving the convex optimization problem

N R
minimize ; 1. = UL I3 + AQq(U), (1)

where Qu(U) = > ., [[U;. — Uy ||q for ¢ € {1,2,00}. The penalty Qq(U)
generalizes the fused lasso penalty proposed in Tibshirani et al. (2005), and
encourages the rows of U, the solution to (1), to take on a small number of
unique values. On the basis of fJ, we define the estimated clusters as follows.

Definition 1. The ith and i’th observations are estimated by convex clustering
to belong to the same cluster if and only if U; = U, ..

The tuning parameter A controls the number of unique rows of I:T, i.e., the
number of estimated clusters. When \ = 0, U = X, and so each observation
belongs to its own cluster. As A increases, the number of unique rows of U
will decrease. For sufficiently large A, all rows of U will be identical, and so all
observations will be estimated to belong to a single cluster. Note that (1) is
strictly convex, and therefore the solution Uis unique.

To simplify our analysis of convex clustering, we rewrite (1). Let x = vec(X) €
R" and let u = vec(U) € R"?, where the vec(-) operator is such that z(;_1)p4; =
Xij and ug—1)p4; = Usj. Construct D € R[p'(g)]xnp7 and define the index set
C(i,1") such that the p x np submatrix De¢(; ;1) satisfies D¢(; syu = U, — Uy,

Furthermore, for a vector b € R? (3) , we define

Py(b) = llbegiinlq- (2)
i<’
Thus, we have Pg(Du) = 32,/ [[Deg,inully = 22,050 Ui — Ui llg = Qq(U).
Problem (1) can be rewritten as

V|
minimize §||x — u||3 + AP, (Du). (3)

When ¢ = 1, (3) is an instance of the generalized lasso problem studied in
Tibshirani and Taylor (2011). Let @ be the solution to (3). By Definition 1, the
ith and i"th observations belong to the same cluster if and only if D¢ iyt = 0.
In what follows, we work with (3) instead of (1) for convenience.

Let Dt € R"*[P(3)] be the Moore-Penrose pseudo-inverse of D. We state
some properties of D and D' that will prove useful in later sections.
Lemma 1. The matrices D and D' have the following properties.
(i) rank(D) = p(n —1).
(ii) DT = 1DT.
(iii) (DTD)'DT = Dt and (DD?)'D = (D7)'.
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(iv) D(DTD)'D? = L1DD? is a projection matriz onto the column space of
D.

(v) Define Apin(D) and Apax (D) as the minimum non-zero singular value and
mazximum singular value of the matriz D, respectively. Then, Ayin(D) =

Amax(D) = /1.

In this manuscript, we study the statistical properties of convex clustering. In
Section 2, we study the dual problem of (3) and use it to establish that convex
clustering is closely related to single linkage hierarchical clustering. In addition,
we establish a connection between k-means clustering and convex clustering. In
Section 3, we present some properties of convex clustering. More specifically,
we characterize the range of the tuning parameter A in (3) such that convex
clustering yields a non-trivial solution. We also provide a finite sample bound
for the prediction error, and an unbiased estimator of the degrees of freedom for
convex clustering. In Section 4, we conduct numerical studies to evaluate the
empirical performance of convex clustering relative to some existing proposals.
We close with a discussion in Section 5.

2. Convex clustering, single linkage hierarchical clustering, and
k-means clustering

In Section 2.1, we study the dual problem of convex clustering (3). Through
its dual problem, we establish a connection between convex clustering and sin-
gle linkage hierarchical clustering in Section 2.2. We then show that convex
clustering is closely related to k-means clustering in Section 2.3.

2.1. Dual problem of convex clustering

We analyze convex clustering (3) by studying its dual problem. Let s,q €
{1,2,00} satisfy 1 + % = 1. For a vector b € R”'(g), let Py(b) denote the
dual norm of P,(b), which takes the form

q

Py(b) = max [|be(,in 5. (4)
We refer the reader to Chapter 6 in Boyd and Vandenberghe (2004) for an
overview of the concept of duality.
Lemma 2. The dual problem of convex clustering (3) is
1
minimize §||x - DTy|2 subject to P} (v) < A, (5)
verl”(3)]

n

where v € R3] 18 the dual variable. Furthermore, let i and U be the solutions
to (8) and (5), respectively. Then,

Di = Dx — DD7o. (6)
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While (3) is strictly convex, its dual problem (5) is not strictly convex, since D
is not of full rank by Lemma 1(i). Therefore, the solution & to (5) is not unique.
Lemma 1(iv) indicates that %DDT is a projection matrix onto the column space
of D. Thus, the solution D1 in (6) can be interpreted as the difference between
Dx, the pairwise difference between rows of X, and the projection of a dual
variable onto the column space of D.

We now consider a modification to the convex clustering problem (3). Recall
from Definition 1 that the ith and i’th observations are in the same estimated
cluster if D¢(; ;)01 = 0. This motivates us to estimate v = Du directly by
solving

1
minimize §||Dx — )13 + AP, (7). (7)
~verl” (3

We establish a connection between (3) and (7) by studying the dual problem
of (7).

Lemma 3. The dual problem of (7) is

1
minimize §||Dx -3 subject to P (v') < A, (8)
v'eRlP\2
where V' € R3] is the dual variable. Furthermore, let 4 and ' be the solu-
tions to (7) and (8), respectively. Then,

4 =Dx -7 (9)

Comparing (6) and (9), we see that the solutions to convex clustering (3) and
the modified problem (7) are closely related. In particular, both D1 in (6) and
4 in (9) involve taking the difference between Dx and some function of a dual
variable that has P} (-) norm less than or equal to A. The main difference is that
in (6), the dual variable is projected into the column space of D.

Problem (7) is quite simple, and in fact it amounts to a thresholding operation
on Dx when ¢ = 1 or ¢ = 2, i.e., the solution 4 is obtained by performing
soft thresholding on Dx, or group soft thresholding on De¢(; x for all i <
i’, respectively (Bach et al., 2011). When ¢ = oo, an efficient algorithm was
proposed by Duchi and Singer (2009).

2.2. Convex clustering and single linkage hierarchical clustering

In this section, we establish a connection between convex clustering and single
linkage hierarchical clustering. Let 49 be the solution to (7) with Py(-) norm
and let s, ¢ € {1,2, 00} satisfy 1 + % = 1. Since (7) is separable in ¢ ; ;) for all
i < i’, by Lemma 2.1 in Haris, Witten and Simon (2015), it can be verified that

'Ayg(m,) =0 ifandonlyif |X; —X;|s <A (10)
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It might be tempting to conclude that a pair of observations (z,4') belong to the
same cluster if ‘yg(i " = 0. However, by inspection of (10), it could happen that
'Ayg(m,,) =0 and 'A)'g(i/,i”) =0, but 'Ayg(m.,,) £ 0.

To overcome this problem, we define the n x n adjacency matrix A?(\) as

1 ifi=1,
AT\ =31 if 48, =0, (11)
0 if 4%, ) #0.

Subject to a rearrangement of the rows and columns, A?()\) is a block-diagonal
matrix with some number of blocks, denoted as R. On the basis of A?()\), we
define R estimated clusters: the indices of the observations in the rth cluster
are the same as the indices of the observations in the rth block of A%(\).

We now present a lemma on the equivalence between single linkage hierarchi-
cal clustering and the clusters identified by (7) using (11). The lemma follows
directly from the definition of single linkage clustering (see, for instance, Chapter
3.2 of Jain and Dubes, 1988).

Lemma 4. Let E, ..., Eg index the blocks within the adjacency matriz Ay (V).
Let s satisfy %—I—% =1. Let D1, ..., Dy denote the clusters that result from per-
forming single linkage hierarchical clustering on the dissimilarity matriz defined
by the pairwise distance between the observations ||X; — Xy ||s, and cutting the
dendrogram at the height of A > 0. Then K = R, and there exists a permutation
m:{l,...,K} = {1,...,K} such that Dy = E . fork=1,...,K.

In other words, Lemma 4 implies that single linkage hierarchical clustering and
(7) yield the same estimated clusters. Recalling the connection between (3) and
(7) established in Section 2.1, this implies a close connection between convex
clustering and single linkage hierarchical clustering.

2.3. Convex clustering and k-means clustering

We now establish a connection between convex clustering and k-means cluster-
ing. k-means clustering seeks to partition the n observations into K clusters by
minimizing the within cluster sum of squares. That is, the clusters are given by
the partition Dy, ..., D of {1,...,n} that solves the optimization problem

K
L X; — 2 12
minimize . Z Z [1Xs. — gl (12)

My g €ERP, Dy k=1icDs

We consider convex clustering (1) with ¢ = 0,

NS R
minimize - ; IX;. — U3+ )‘;H(Ui. £ Uy, (13)



Convez clustering 2329

where I(U;. # Uy ) is an indicator function that equals one if U; # U,... Note
that (13) is no longer a convex optimization problem.

We now establish a connection between (12) and (13). For a given value of
A, (13) is equivalent to

. 1 o ) S

UER"XI’)K,L?T.I}{T;ZEGRP7E1y.‘.7EK 2 ;ZGZEk IXi. Mk”ﬁ‘)\; ;H(l € BT ¢ Bv),

(14)
subject to the constraint that {g,, ..., g} are the unique rows of U and Ej, =
{i:U;. = py. }. Note that I(i € Ey, ' ¢ E)) is an indicator function that equals
to one if ¢ € Ey and i’ ¢ Ej. Thus, we see from (12) and (14) that k-means
clustering is equivalent to convex clustering with ¢ = 0, up to a penalty term
A i S8 (i € By, i ¢ By).

To interpret the penalty term, we consider the case when there are two clus-
ters Fy and Ey. The penalty term reduces to A|E1]| - (n — |E1]), where |Eq| is
the cardinality of the set E;. The term A FEi|- (n — |F1|) is minimized when
|E1| is either 1 or n — 1, encouraging one cluster taking only one observation.
Thus, compared to k-means clustering, convex clustering with ¢ = 0 has the
undesirable behavior of producing clusters whose sizes are highly unbalanced.

3. Properties of convex clustering

We now study the properties of convex clustering (3) with ¢ € {1,2}. In Sec-
tion 3.1, we establish the range of the tuning parameter A in (3) such that
convex clustering yields a non-trivial solution with more than one cluster. We
provide finite sample bounds for the prediction error of convex clustering in
Section 3.2. Finally, we provide unbiased estimates of the degrees of freedom for
convex clustering in Section 3.3.

3.1. Range of A that yields non-trivial solution

In this section, we establish the range of the tuning parameter A such that
convex clustering (3) yields a solution with more than one cluster.

Lemma 5. Let

min H%Dx—&— (I— %DDT)wHOO forqg=1,
Aupper == 3
upper +— . 1 1 .
min {Izn<al,>l( {H(;DX—I— (I — ;DDT) w)C(i,i') ’2}} for g = 2.
(15)

Convez clustering (3) with g = 1 or ¢ = 2 yields a non-trivial solution of more
than one cluster if and only if X < Aupper-

By Lemma 5, we see that calculating Aypper boils down to solving a convex
optimization problem. This can be solved using a standard solver such as CVX in
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MATLAB. In the absence of such a solver, a loose upper bound on Aypper is given
by [|5Dxloo for ¢ =1, or max || De(,inx|l2 for g = 2.

Therefore, to obtain the entire solution path of convex clustering, we need
only consider values of A that satisfy A < Aypper-

3.2. Bounds on prediction error

In this section, we assume the model x = u + €, where € € R" is a vector of
independent sub-Gaussian noise terms with mean zero and variance o2, and u
is an arbitrary np-dimensional mean vector. We refer the reader to pages 24-25
in Boucheron, Lugosi and Massart (2013) for the properties of sub-Gaussian
random variables. We now provide finite sample bounds for the prediction error
of convex clustering (3). Let A be the tuning parameter in (3) and let \' = 2.

~ np
Lemma 6. Suppose that x = u + €, where € € R™ and the elements of € are

independent sub-Gaussian random variables with mean zero and variance o>.

n

Let G be the estimate obtained from (3) with g =1. If N > 4o w, then

1. , 3N )
— Ja-uZ< D -
2npllu ull; < Z-[Dull + 07 | =+ n2p

1 log(np) ]

holds with probability at least 1— ﬁ —exp {7 min (cl log(np), ca\/p log(np)) },

2
where c¢1 and co are positive constants appearing in Lemma 10.

We see from Lemma 6 that the average prediction error is bounded by the oracle
quantity [|Dul|; and a second term that decays to zero as n,p — oo. Convex
clustering with ¢ = 1 is prediction consistent only if A'[|Du|; = o(1). We now
provide a scenario for which X ||Dul|; = o (1) holds.

Suppose that we are in the high-dimensional setting in which p > n and the
true underlying clusters differ only with respect to a fixed number of features
(Witten and Tibshirani, 2010). Also, suppose that each element of Du — that
is, U;;—Uy; — is of order O(1). Therefore, |[Dull; = O(n?), since by assumption
only a fixed number of features have different means across clusters. Assume that

n log(p-(3))

e
prediction consistent.

Next, we present a finite sample bound on the prediction error for convex
clustering with ¢ = 2.

= 0(1). Under these assumptions, convex clustering with ¢ = 1 is

Lemma 7. Suppose that x = u + €, where € € R™ and the elements of € are

independent sub-Gaussian random variables with mean zero and variance o?.

Let @ be the estimate obtained from (3) with ¢ = 2. If X' > 404/ %, then

1. 3N 1 log(np)
e —ul3 < == [IDegaull2 + o

2np 2 =

n + n2p




Convez clustering 2331

holds with probability at least 1— ﬁ —exp {— min (01 log(np), car/D log(np)) },

2
where ¢1 and co are positive constants appearing in Lemma 10.

Under the scenario described above, |[Dc¢(;iyull2 = O(1), and therefore
>icir IDeiinullz = O(n?). Convex clustering with ¢ = 2 is prediction con-

sistent if 4/ w =o(1).

3.3. Degrees of freedom

Convex clustering recasts the clustering problem as a penalized regression prob-
lem, for which the notion of degrees of freedom is established (Efron, 1986).
Under this framework, we provide an unbiased estimator of the degrees of free-
dom for clustering. Recall that 1 is the solution to convex clustering (3). Suppose
that Var(x) = o?I. Then, the degrees of freedom for convex clustering is de-
fined as 25 ngl Cov(u;,x;) (see, e.g., Efron, 1986). An unbiased estimator of
the degrees of freedom for convex clustering with ¢ = 1 follows directly from
Theorem 3 in Tibshirani and Taylor (2012).

Lemma 8. Assume that x ~ MVN(u, 021), and let G be the solution to (3)
with ¢ = 1. Furthermore, let By = {j : (D); # 0}. We define the matriz D_g

by removing the rows of D that correspond to Bi. Then
7 T T
dfy = tr (I -D7, (D_BlDiél)TD_&) (16)

is an unbiased estimator of the degrees of freedom of convex clustering with
q=1.

The following corollary follows directly from Corollary 1 in Tibshirani and Tay-
lor (2011).

Corollary 1. Assume that x ~ MVN(u,0?I), and let @i be the solution to (3)
with ¢ = 1. The fit . has degrees of freedom

dfy (@) = E [number of unique elements in 1] .

There is an interesting interpretation of the degrees of freedom estimator for
convex clustering with ¢ = 1. Suppose that there are K estimated clusters, and
all elements of the estimated means corresponding to the K estimated clusters
are unique. Then the degrees of freedom is Kp, the product of the number of
estimated clusters and the number of features.

Next, we provide an unbiased estimator of the degrees of freedom for convex
clustering with ¢ = 2.

Lemma 9. Assume that x ~ MVN(u,0?I), and let @ be the solution to (3) with
q = 2. Furthermore, let Bo = {(i,7') : ||D¢(,all2 # 0}. We define the matriz
D _z, by removing rows of D that correspond to By, Let P =
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(I — DTB (D—BZDTB )TD_32> be the projection matriz onto the complement
P2 —P2
of the space spanned by the rows of D_p . Then

dfg = tr

T
I4\P Z DC(i,i’)DC(i»i/)
e~ \ [[Deginall2
(i,i')EB2

-1

P| (17

B Dg(z‘,i')DC(iyi/)ﬁﬁTDg(i,z'/)DC(i-,i’)
IDei,inall3

is an unbiased estimator of the degrees of freedom of convex clustering with
q=2.

When A = 0, ||D¢( 2 # 0 for all @ < ¢'. Therefore, P = I € R"*"? and
the degrees of freedom estimate is equal to tr(I) = np. When A is sufficiently
large that By is an empty set, one can verify that P = I — D7(DD7T)'D is
a projection matrix of rank p, using the fact that rank(D) = p(n — 1) from
Lemma 1(i). Therefore dfy = tr(P) = p.

We now assess the accuracy of the proposed unbiased estimators of the de-
grees of freedom. We simulate Gaussian clusters with K = 2 as described in
Section 4.1 with n = p = 20 and ¢ = 0.5. We perform convex clustering with
g = 1 and ¢ = 2 across a fine grid of tuning parameters A. For each A\, we
compare the quantities (16) and (17) to

np

3 (5~ ) — ), (15)

which is an unbiased estimator of the true degrees of freedom,
# Z?ﬁl Cov(u;,x;), averaged over 500 data sets. In addition, we plot the point-
wise intervals of the estimated degrees of freedom (mean + 2 x standard devia-
tion). Note that (18) cannot be computed in practice, since it requires knowledge
of the unknown quantity u. Results are displayed in Figure 1. We see that the

estimated degrees of freedom are quite close to the true degrees of freedom.

4. Simulation studies

We compare convex clustering with ¢ = 1 and ¢ = 2 to the following proposals:

1. Single linkage hierarchical clustering with the dissimilarity matrix defined
by the Euclidean distance between two observations.

2. The k-means clustering algorithm (Lloyd, 1982).

3. Average linkage hierarchical clustering with the dissimilarity matrix de-
fined by the Euclidean distance between two observations.

We apply convex clustering (3) with ¢ = {1, 2} using the R package cvxclustr
(Chi and Lange, 2014b). In order to obtain the entire solution path for convex
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(a) q=1 (b) g=2

Estimated Degrees of Freedom
200 300 400
| | |
Estimated Degrees of Freedom
200 300 400
| | |

100
|
100
|

T T T T T T T T
100 200 300 400 100 200 300 400
True Degrees of Freedom True Degrees of Freedom

Fic 1. We compare the true degrees of freedom of convex clustering (z-axis), given in (18),
to the proposed unbiased estimators of the degrees of freedom (y-axzis), given in Lemmas 8
and 9. Panels (a) and (b) contain the results for convez clustering with ¢ = 1 and g = 2,
respectively. The red line is the mean of the estimated degrees of freedom for convex clustering
over 500 data sets, obtained by varying the tuning parameter A. The shaded bands indicate
the point-wise intervals of the estimated degrees of freedom (mean + 2 x standard deviation,),
over 500 data sets. The black line indicates y = x.

clustering, we use a fine grid of A values for (3), in a range guided by Lemma 5.
We apply the other methods by allowing the number of clusters to vary over
a range from 1 to n clusters. To evaluate and quantify the performance of the
different clustering methods, we use the Rand index (Rand, 1971). A high value
of the Rand index indicates good agreement between the true and estimated
clusters.

We consider two different types of clusters in our simulation studies: Gaussian
clusters and non-convex clusters.

4.1. Gausstan clusters

We generate Gaussian clusters with K = 2 and K = 3 by randomly assigning
each observation to a cluster with equal probability. For K = 2, we create the
mean vectors u, = 1, and pu, = —1,. For K = 3, we create the mean vectors
puy =—-3-1,, py =0,, and py = 3-1,. We then generate the n x p data matrix
X according to X; ~ MVN(uy,0?I) for i € Dj. We consider n = p = 30 and
o = {1,2}. The Rand indices for K = 2 and K = 3, averaged over 200 data
sets, are summarized in Figures 2 and 3, respectively.

Recall from Section 2.2 that there is a connection between convex clustering
and single linkage clustering. However, we note that the two clustering methods
are not equivalent. From Figure 2(a), we see that single linkage hierarchical
clustering performs very similarly to convex clustering with ¢ = 2 when the
signal-to-noise ratio is high. However, from Figure 2(b), we see that single linkage
hierarchical clustering outperforms convex clustering with ¢ = 2 when the signal-
to-noise ratio is low.
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(a) Gaussian:K=2,0=1 (b) Gaussian:K=2,0=2
e oy
. | \\\i\ m i
s o A -8 - é o A
el - = el .
£ A g = £ N
- N 4. - N A
% °© . - A % e i - -
lid - A— o - . o A—a
0 | 0 | o« - N . - -
°© T T T T T ° \= T T T T
2 4 6 8 10 2 4 6 8 10
Number of Estimated Clusters Number of Estimated Clusters
Fic 2. Simulation results for Gaussian clusters with K = 2, n = p = 30, averaged over
200 data sets, for two noise levels o = {1,2}. Colored lines correspond to single linkage
hierarchical -clustering (-—s—-), average linkage hierarchical clustering ( ), k-means
clustering (1074i03), convez clustering with g =1 ( ), and convez clustering with ¢ = 2
(oeer).
(a) Gaussian:K=3,0=1 (b) Gaussian:K=3,0=2
e 4  — 4 S
T ——t— o | — e o .
609:/ Toa——t—e| S ——
2 ° 2~ 7
= = o
T © | o i
g © g 0 |
lid R T o
< | i
© @ |
T T T T T o T T T T T
2 4 6 8 10 2 4 6 8 10
Number of Estimated Clusters Number of Estimated Clusters

Fic 3. Simulation results for Gaussian clusters with K = 3, n = p = 30, averaged over 200
data sets, for two noise levels o = {1,2}. Line types are as described in Figure 2.

We also established a connection between convex clustering and k-means
clustering in Section 2.3. From Figure 2(a), we see that k-means clustering and
convex clustering with ¢ = 2 perform similarly when two clusters are estimated
and the signal-to-noise ratio is high. In this case, the first term in (14) can
be made extremely small if the clusters are correctly estimated, and so both
k-means and convex clustering yield the same (correct) cluster estimates. In
contrast, when the signal-to-noise ratio is low, the first term in (14) is relatively
large regardless of whether or not the clusters are correctly estimated, and so
convex clustering focuses on minimizing the penalty term in (14). Therefore,
when convex clustering with ¢ = 2 estimates two clusters, one cluster is of
size one and the other is of size n — 1, as discussed in Section 2.3. Figure 2(b)
illustrates this phenomenon when both methods estimate two clusters: convex
clustering with ¢ = 2 has a Rand index of approximately 0.5 while k-means
clustering has a Rand index of one.

All methods outperform convex clustering with ¢ = 1. Moreover, k-means
clustering and average linkage hierarchical clustering outperform single linkage
hierarchical clustering and convex clustering when the signal-to-noise ratio is
low. This suggests that the minimum signal needed for convex clustering to
identify the correct clusters may be larger than that of average linkage hier-
archical clustering and k-means clustering. We see similar results for the case
when K = 3 in Figure 3.
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Fic 4. Illustrations of two circles clusters and two half-moons clusters with n = 100.

(a) Two Circles

(b) Two Half-Moons
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Fic 5. Simulation results for the two circles and two half-moons clusters with n = 100,

averaged over 200 data sets. Line types are as described in Figure 2.

4.2. Non-convex clusters

We consider two types of non-convex clusters: two circles clusters (Ng, Jordan
and Weiss, 2002) and two half-moon clusters (Hocking et al., 2011; Chi and
Lange, 2014a). For two circles clusters, we generate 50 data points from each of
the two circles that are centered at (0,0) with radiuses two and 10, respectively.
We then add Gaussian random noise with mean zero and standard deviation 0.1
to each data point. For two half-moon clusters, we generate 50 data points from
each of the two half-circles that are centered at (0,0) and (30, 3) with radius 30,
respectively. We then add Gaussian random noise with mean zero and standard
deviation one to each data point. Illustrations of both types of clusters are given
in Figure 4. The Rand indices for both types of clusters, averaged over 200 data
sets, are summarized in Figure 5.

We see from Figure 5 that convex clustering with ¢ = 2 and single linkage
hierarchical clustering have similar performance, and that they outperform all of
the other methods. Single linkage hierarchical clustering is able to identify non-
convex clusters since it is an agglomerative algorithm that merges the closest
pair of observations not yet belonging to the same cluster into one cluster.
In contrast, average linkage hierarchical clustering and k-means clustering are
known to perform poorly on identifying non-convex clusters (Ng, Jordan and
Weiss, 2002; Hocking et al., 2011). Again, convex clustering with ¢ = 1 has the
worst performance.
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TABLE 1
Simulation study to evaluate the performance of the extended BIC for tuning parameter
selection for convex clustering with q = 2. Results are reported over 100 simulated data sets.
We report the proportion of data sets for which the correct number of clusters was
identified, and the average Rand indez.

eBIC2,, | Correct number of clusters Rand index
Gaussian clusters, K =2 | v=0 0.94 0.9896
v=0.5 0.98 0.9991
v=0.75 0.99 0.9995
y=1 0.99 0.9995
Gaussian clusters, K =3 | v=0 0.06 0.7616
v=0.5 0.59 0.9681
v=0.75 0.70 0.9768
y=1 0.84 0.9873

4.3. Selection of the tuning parameter \

Convex clustering (3) involves a tuning parameter A, which determines the es-
timated number of clusters. Some authors have suggested a hold-out validation
approach to select tuning parameters for clustering problems (see, for instance,
Tan and Witten, 2014; Chi, Allen and Baraniuk, 2014). In this section, we
present an alternative approach for selecting A using the unbiased estimators of
the degrees of freedom derived in Section 3.3.

The Bayesian Information Criterion (BIC) developed in Schwarz (1978) has
been used extensively for model selection. However, it is known that the BIC
does not perform well unless the number of observations is far larger than the
number of parameters (Chen and Chen, 2008, 2012). For convex clustering (3),
the number of observations is equal to the number of parameters. Thus, we
consider the extended BIC (Chen and Chen, 2008, 2012), defined as

eBIC, , = np - log (R:§q> + df, - log(np) + 2v - df, - log(np), (19)

where RSS, = ||x — 0,||3, 4, is the convex clustering estimate for a given value
of g and A, vy € [0,1], and dqu is given in Section 3.3. Note that we suppress the
dependence of 1, and cffq on A for notational convenience. We see that when
v =0, the extended BIC reduces to the classical BIC.

To evaluate the performance of the extended BIC in selecting the number of
clusters, we generate Gaussian clusters with K = 2 and K = 3 as described in
Section 4.1, with n = p = 20, and ¢ = 0.5. We perform convex clustering with
q = 2 over a fine grid of A, and select the value of A for which the quantity
eBIC, - is minimized. We consider v € {0,0.5,0.75,1}. Table 1 reports the
proportion of datasets for which the correct number of clusters was identified,
as well as the average Rand index.

From Table 1, we see that the extended BIC is able to select the true number
of clusters accurately for K = 2. When K = 3, the classical BIC (y = 0) fails
to select the true number of clusters. In contrast, the extended BIC with v =1
has the best performance.
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5. Discussion

Convex clustering recasts the clustering problem into a penalized regression
problem. By studying its dual problem, we show that there is a connection
between convex clustering and single linkage hierarchical clustering. In addition,
we establish a connection between convex clustering and k-means clustering. We
also establish several statistical properties of convex clustering. Through some
numerical studies, we illustrate that the performance of convex clustering may
not be appealing relative to traditional clustering methods, especially when the
signal-to-noise ratio is low.
Many authors have proposed a modification to the convex clustering prob-

lem (1),

minimize lzn: |X:. — Us |3 + AQq(W, U) (20)

UeRnxr 2 & v 12 LA
where W is an n X n symmetric matrix of positive weights, and Q,(W,U) =
Y ici Wier|[Ui. = Uy |4 (Pelckmans et al., 2005; Hocking et al., 2011; Lindsten,
Ohlsson and Ljung, 2011; Chi and Lange, 2014a). For instance, the weights
can be defined as W;;; = exp (f¢||Xi_ — Xz/Hg) for some constant ¢ > 0. This
yields better empirical performance than (1) (Hocking et al., 2011; Chi and
Lange, 2014a). We leave an investigation of the properties of (20) to future
work.

Appendix A: Proof of Lemmas 2—3

Proof of Lemma 2. We rewrite problem (3) as

1
minimize §||x —ul|5+ AP,(n;)  subject to ; = Du,
ueR"?,n, eR” 2

with the Lagrangian function

1
L(u,my,v) = gllx = ul5 + APy (m,) +v7 (Du —ny), (A-1)
where v € RIP(3)] is the Lagrangian dual variable. In order to derive the dual
problem, we need to minimize the Lagrangian function over the primal variables
u and 7;. Recall from (4) that P} () is the dual norm of P,(-). It can be shown
that

Lilx — ull2 D £ pr <3\
inf ﬁ(u,nl,y):{znx ull3+v"Du if Py(v) <A,

n erl(3)] —00 otherwise,
1
and
nf Clumgw) = { 2R DIVIE+SIxIE PG <A
s U1 - }
m erl” (3)] werns —0 otherwise.
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Therefore, the dual problem for (3) is

1
minimize §||x - D™v|2 subject to Py (v) < A. (A-2)

P2

veR

We now establish an explicit relationship between the solution to convex
clustering and its dual problem. Differentiating the Lagrangian function (A-1)
with respect to u and setting it equal to zero, we obtain

a=x—-DTp,
where © is the solution to the dual problem, which satisfies P} (2) < A by (A-2).
Multiplying both sides by D, we obtain the relationship (6). O
Proof of Lemma 3. We rewrite (7) as
1
minimize §||Dx — 15+ AP, () subject to ny =7,
’YGR[pl(Z)],TIQGR P g ]

with the Lagrangian function
1
L(v,m2,v") = 5[Dx =[5 + APy (n2) + ()" (v = ma), (A-3)

where V' € R (2)] is the Lagrangian dual variable. In order to derive the dual
problem, we minimize the Lagrangian function over the primal variables v and
M5. It can be shown that

il L(v.m, uq:{%”val%Hv')Tv it P() <

nze]R[p'(2) —0o0 otherwise,
and
1 2 1 2 : *
it L) — {—gnnx =V +3IDxIE i P <A
7]2€R[p'(g)],'y€]1§[p'(;)] —0o0 otherwise.
Therefore, the dual problem for (7) is
1
minimize §||Dx -3 subject to P (v') < A. (A-4)

v'erlP\2

We now establish an explicit relationship between the solution to (7) and its
dual problem. Differentiating the Lagrangian function (A-3) with respect to
and setting it equal to zero, we obtain

4 =Dx -1/,

where &' is the solution to the dual problem, which we know from (A-4) satisfies
Py (') < A O
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Appendix B: Proof of Lemma 5

Proof of Lemma 5. Since D is not of full rank by Lemma 1(i), the solution to
(5) in the absence of constraint is not unique, and takes the form

v =DD")Dx+ (I-DMDM D)D" )w
= (D")x+ (I-DD"w (B-1)

1 1
= —Dx+ (I- —DDT)w,
n n

for w € RP(3)]. The second equality follows from Lemma 1(iii) and the last
equality follows from Lemma 1(ii).
Let 0 be the solution to (3). Substituting & given in (B-1) into (6), we obtain

Da = Dx - DD™»
1 1
=Dx—- -DD'Dx - DD’w + —DD'DD”w
n n

=Dx — Dx —DD%"w + DD%w
=0.

Recall from Definition 1 that all observations are estimated to belong to the
same cluster if D@t = 0. For any & in (B-1), picking A = P} (&) guarantees that
the constraint on the dual problem (5) is inactive, and therefore that convex
clustering has a trivial solution of Du = 0.

Since ¥ is not unique, P} (%) is not unique. In order to obtain the smallest
tuning parameter A such that D4 = 0, we take

1 1

Aupper = min P} (—Dx+ (I — —DDT> w) .
werl”(B)] T\ n

Any tuning parameter A > Aypper results in an estimate for which all observa-

tions belong to a single cluster. The proof is completed by recalling the definition

of the dual norm P}(-) in (4). O

Appendix C: Proof of Lemmas 6-7

To prove Lemmas 6 and 7, we need a lemma on the tail bound for quadratic
forms of independent sub-Gaussian random variables.

Lemma 10. (Hanson and Wright, 1971) Let z be a vector of independent sub-
Gaussian random variables with mean zero and variance o2. Let M be a sym-
metric matriz. Then, there exists some constants c1,co > 0 such that for any
t>0,

t2 cot
Pr (z" Mz > t + o*tr(M)) < exp {— min ( Cl , ) } ,
( ) A o2 M],

where || - ||r and || - ||sp are the Frobenius norm and spectral norm, respectively.
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In order to simplify our analysis, we start by reformulating (3) as in Liu,
Yuan and Ye (2013). Let D = AAV% be the singular value decomposition of

D, where A € RPFG)xp(n=) A ¢ Rp(-1xp(n=1) and v, e Rwxp(n-1),
Construct V, € R"*P such that V = [V, Vg] € R"*" is an orthogonal
matrix, that is, VIV = VVT = I. Note that VIvVg=0.

Let 3= Viue RP("~1) and o = VZu € RP. Also, let \' = nip. Optimization
problem (3) then becomes

1
minimize —||x — Voo — V3B||> + NP, (Z3), C-1
pciinimize 5 | a8 «(Z3) (C-1)

where Z = AA € RIPF(3)]P("=1) Note that rank(Z) = p(n — 1) and therefore,

there exists a pseudo-inverse Z € RP(=1x[P ()] such that ZTZ = I. Recall
from Section 1 that the set C(i,i’) contains the row indices of D such that
De¢i,inyu=U; — Uy . Let the submatrices Z¢(; /) and Zj:(i,i/) denote the rows
of Z and the columns of Z', respectively, corresponding to the indices in the set
C(i,i"). By Lemma 1(v),

Ain(Z) = Apin(D) = ﬁ(m _h
1 (C-2)
Arnax(Z) = Arnax(D) = m — \/ﬁ

Let & and 3 denote the solution to (C-1).

Proof of Lemma 6. We establish a finite sample bound for the prediction error
of convex clustering with ¢ = 1 by analyzing (C-1). First, note that 4 = V& +
VB and u = V,a+ V0. Thus, 7= |[[a—ul? = 22| Va(@—a)+Vs(B-8)|%

? 2np 2np

Recall from (2) that P1(Z3) = || Z3||;. By the definition of & and 3, we have

b

. . 1
—(Va&a+V 24 \||Z < —|x— (V. \% 24 \||Z
2npllx (Val + VpB)|I” + N ﬁlllf%pﬂx (Vo + VB)|I” + N(|Z3]|1,

implying

1 . R 1 .
%HVa(d —a)+Vg(B-8)*+N|Z8|: < n—pG(d,B) + N2, (C-3)

where G(&, 8) = €7 [Va(d — Q)+ Vs(B— ,6)] Recall that VIV, = I and
VIVj; = 0. By the optimality condition of (C-1),
&= VI(x—Vih)
— VI (Vaa+ ViB+e—Vyp)
=a+Vie
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Therefore, substituting & — o = VT e into G(é, 8), we obtain

1. 1 ) X
o G@.B)| = e [Vala—a)+ Va3 - 8)]|
1 .
= — eV, Viet+ V(B - ,6')‘
np
1 1 .
< —€'V,Viet+ — ‘eTVﬂ(ﬂ - ,@)‘
np np
1 1 .
= IV Vietr — ‘eTVﬂZTZ(B - ﬂ)(
np np
1 1 .
< —€e'V,Vie+ —[le" VZ | |Z(B - B)|1-
np np

We now establish bounds for #eTVQVge and nlpHevangHoo that hold with
high probability.

Bound for nipeTVaVZZe:

First, note that V, V. is a projection matrix of rank p, and therefore
[VaVi|sy = 1 and ||[VoVE|r = p. By Lemma 10 and taking z = € and
M = V, VI we have that

T T 2 . [ct? cot
Pr(e V., Voe>t+o p) <exp4q—min | —, == ,

where ¢1 and ¢y are constants in Lemma 10. Picking t = 021/plog(np), we have

)
< exp {— min (Cl log(np), @Vplog(np)) } . (C-4)

Bound for anHeTVBZTHOO:

Let e; be a vector of length p- (Z) with a one in the jth entry and zeroes in the
remaining entries. Let v; = ejT(ZT)TVge. Using the fact that Apax(Vg) = 1 and
Amax(Z1) = ﬁ (C-2), we know that each v; is a sub-Gaussian random variable

1
Pr (—ETVQVZG > g2
np

. . 2 .
with zero mean and variance at most 2-. Therefore, by the union bound,

2
Pr <mjax lv;| > z> <p- (Z) “Pr(lvj| > 2) <2p- (Z) exp (—%) .

Picking z = 20 M’ we obtain

Pr | ||eT V32| > 20

log(p - (3)) 2
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Combining the two upper bounds: Setting N > 40 w and com-
bining the results from (C-4) and (C-5), we obtain

LG(ap) < o® [1+ P s -pl ()

np n n2p

with probability at least 1 — p.(Z—n) — exp {— min (c1 log(np), czw/plog(np)> }

2

Substituting (C-6) into (C-3), we obtain

1 R P 2 iz 7
%Hva(a —a)+ V(B -P)|" + NIzl

+ 2123 - B)ls + X128

<o [1 4 [ log(np)
n n?p

We get Lemma 6 by an application of the triangle inequality and by rearranging
the terms. O

Proof of Lemma 7. We establish a finite sample bound for the prediction error of
convex clustering with ¢ = 2 by analyzing (C-1). Recall from (2) that Py(Z3) =

> ici | Zc(iinBll2- By the definition of & and 3, we have

1

np Ix = (Vaé + VsB)|° + X Z ||Zc(i,i')B||2

1<’

1
< o % = (Vaa + VB)|> + XY 1 Zei.inBll2,
1<’

implying
1 R . .
s [Va(@—a) + V(B =B)I1° + N Y 1 Ze.inBlla

2np i<

1 .
< —G(&B) + XY |ZciinBla (C-7)

n
p <3’

where G(&,3) = €T [Va(d —a)+ VB(B - 6)} Again, by the optimality con-

dition of (C-1), we have that & — a = VLe. Substituting this into nipG(d,,[:}),
we obtain

L e8] = LJer [Va(a )+ v,(5- 8]
— VLV V(B - )

IN

1 1 .
— TV, Ve — ’eTVg(,B _ ﬁ)’
np np
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| 1 .
— "V Vet — ‘eTvﬁzTZ(g - B)
p

np

I vy yr, L Ty .7t :
=t VaVoaet — ;(6 VsZe; i) Zegiin (B —B))

1 1 N
<~ "V, VTiet+ — ‘ TV LZh N Zeion (B — ’
=< npe ae"'np; (" Vg c(m))( c(ii)(B—B))

1 1 .
< —€e'VoViet - D NEVZE ol Zegiiny (B = B)ll

p i<i!
L vy yro L Ty 7t :
< op€ VeVaet o max e ViaZiganllz Y 1 Zeiin(B = B)]l2.

i<i!
where the second inequality follows from an application of the triangle inequality

and the third inequality from an application of the Cauchy-Schwarz inequality.

We now establish bounds for nipeTVane and an - max ||€TVBZZ(¢,Z'/)H2 that

hold with large probability.

Bound for €'V, V]e:
This is established in the proof of Lemma 6 in (C-4), i.e.,

Pr <1ETVan6 > o2 [1 + k)g;(npﬁ]) i
np ‘ n

n2p ~np’

1 T T .
Bound for - - max |le VgZC(m.,)HQ.

First, note that there are p indices in each set C(4,4"). Therefore,
||€TVBZ£(M')”2 < \/15 ”eTVBZE(i,i')Hoo'

Note that

1 Tv .7t /1 Ty 7t _ |l vzt
n—pr}lﬁx le VBZC(i,y)HZ < nTpI?f?( lle Vﬁzc(¢,¢/)||oo = T%'||€ V52|
(C-8)

Therefore, using (C-8),

1 log (p- (3))
Pr n—p rzn<al},( ||6TV5ZZ(M/)H2 > 20 Tp?
< Pr [ €7V52Z o > 20 M o
< 2
e (3)

where the last inequality follows from (C-5) in the proof of Lemma 6.
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Therefore, for X' > 4o w, we have &~ < s - max ||€TVBZE(i,i/)\|2
with probability at most ﬁ. Combining the results from (C-4) and (C-9), we

2
have that

N R
+ b Z 1Zci,in (B — B)ll2 (C-10)

<1’

La@p) <o

1 lo
[ g(np)
np

n n2p

with probability at least 1 — p(Z—n) — exp {— min (c1 log(np), czw/plog(np)> }

2

Substituting (C-10) into (C-7), we obtain

1 . . , X

%HVQ(a —a)+VsB-B)*+ XY 1Zeii.inBll2
i<i/

1, [log(np)

<o’ -
n np

N -
+5 > N ZeiinB =Bz + N 1Zegi.inBllz.

i<’ i<’

We get Lemma 7 by an application of the triangle inequality and by rearranging
the terms. O

Appendix D: Proof of Lemma 9

Proof of Lemma 9. Directly from the dual problem (5), D”¥ is the projection
of x onto the convex set K = {DTV Pi(v) < )\}. Using the primal-dual rela-
tionship @t = x — D7D, we see that 1 is the residual from projecting x onto the
convex set K. By Lemma 1 of Tibshirani and Taylor (2012), @ is continuous
and almost differentiable with respect to x. Therefore, by Stein’s formula, the
degrees of freedom can be characterized as E [tr (g—i)]

Recall that De(; ;) denotes the rows of D corresponding to the indices in the
set C(i,7'). Let By = {(i,') : [Dei,iytll2 # 0}. By the optimality condition of
(3) with ¢ = 2, we obtain

(x—1)=A Z DC;.in9c (i) (D-1)
i<i’
where
Deint_ if (i,i') € B.
gc(i,i’) = {lDC(i,i’)u|2 ' ,7 ' R
e{l: |12 <1} if (4,7) ¢ Bs.

We define the matrix D_j, by removing the rows of D that correspond to ele-
ments in By. Let P = (I — DT[;,Z (D—BQD?BZ,)TD—BQ) be the projection matrix

onto the complement of the space spanned by the rows of D _ By
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By the definition of D_4 , we obtain D_pz u = 0. Therefore, Pu = u. Mul-
tiplying P onto both sides of (D-1), we obtain

Px—-u=)\P Z DCT(i,i/)gc(i,i’)

i<’
D-2
ey DeanPeuot (b-2)
B ||DC(Z’L u||2
(i,i")€Ba

where the second equality follows from the fact that PDC(“) = 0 for any

(i,7') ¢ Bs.

Vaiter et al. (2014) showed that there exists a neighborhood around almost
every x such that the set By is locally constant with respect to x. Therefore,
the derivative of (D-2) with respect to x is

ona —\P Z (IT (zz/)DC(zz) D e, Z/)DC(”)U.U DC(zz)D ”,)> o

T 9x De¢g;int D¢ int %’
e\ PecBllz Deginall3
(D-3)
using the fact that for any matrix A with [[Av|lz # 0, 55 ﬁ;\ﬁl\; — Iﬁiﬁz _
ATAvWTATA
TAv]3 )
Solving (D-3) for %, we have
aﬁ D (’L Z’)DC(z 7/)
= I+ AP _ter) mrd
Ox ,ZA ( ”DC z,l’)u”Z
(i,i)EB2
S —1
_Dg(i,i/)Dc(i,i/)uuTDg(iyi,)Dc(m,) P, (D)
Degiinall3

Therefore, an unbiased estimator of the degrees of freedom is of the form

ou (i, DC(’Ll)
tr = I+)\P _—
<6X) < Z < |DC(Z’L uHQ
-1
p>.

(i,i")€Ba
O

D¢ (i,inDeiin @ DG i Degii)
[De i,i’)u”Q

Acknowledgments

We thank Ashley Petersen, Ali Shojaie, and Noah Simon for helpful conversa-
tions on earlier drafts of this manuscript. We thank the editor and two reviewers
for helpful comments that improved the quality of this manuscript. D. W. was
partially supported by a Sloan Research Fellowship, NTH Grant DP50D009145,
and NSF CAREER DMS-1252624.



2346 K.M. Tan and D. Witten

References

Bach, F., JENATTON, R., MAIRAL, J. and OBOZzINSKI, G. (2011). Convex op-
timization with sparsity-inducing norms. Optimization for Machine Learning
19-53.

BOUCHERON, S., Lucosl, G. and MASSART, P. (2013). Concentration Inequal-
ities: a Nonasymptotic Theory of Independence. OUP Oxford.

Bovyp, S. and VANDENBERGHE, L. (2004). Convex Optimization. Cambridge
university press. MR2061575

CHEN, J. and CHEN, Z. (2008). Extended Bayesian information criteria for
model selection with large model spaces. Biometrika 95 759-771. MR2443189

CHEN, J. and CHEN, Z. (2012). Extended BIC for small-n-large- P sparse GLM.
Statistica Sinica 22 555. MR2954352

CHi, E. C., ALLEN, G. I. and BARANIUK, R. G. (2014). Convex biclustering.
arXiww preprint arXiv:1408.0856.

CHI, E. and LANGE, K. (2014a). Splitting methods for convex clustering. Jour-
nal of Computational and Graphical Statistics. in press.

CHi, E. and LANGE, K. (2014b). cvxclustr: Splitting methods for con-
vex clustering, http://cran.r-project.org/web/packages/cvxclustr. R
package version 1.1.1.

DucHi, J. and SINGER, Y. (2009). Efficient online and batch learning using
forward backward splitting. The Journal of Machine Learning Research 10
2899-2934. MR2579916

EFRrRON, B. (1986). How biased is the apparent error rate of a prediction rule?
Journal of the American Statistical Association 81 461-470. MR0845884

HaNsON, D. L. and WRIGHT, F. T. (1971). A bound on tail probabilities for
quadratic forms in independent random variables. The Annals of Mathemat-
ical Statistics 42 1079-1083. MR0279864

Haris, A., WITTEN, D. and SIMON, N. (2015). Convex modeling of interactions
with strong heredity. Journal of Computational and Graphical Statistics. in
press.

HasTIE, T., TIBSHIRANI, R. and FRIEDMAN, J. (2009). The Elements of Statis-
tical Learning; Data Mining, Inference and Prediction. Springer Verlag, New
York. MR2722294

Hocking, T. D., JouLiN, A., BacH, F., VErT, J.-P. et al. (2011). Clus-
terpath: an algorithm for clustering using convex fusion penalties. In 28th
International Conference on Machine Learning.

JaiN, A. K. and DuBgs, R. C. (1988). Algorithms for Clustering Data.
Prentice-Hall. MR0999135

LINDSTEN, F., OHLssON, H. and LjuNg, L. (2011). Clustering using sum-of-
norms regularization: with application to particle filter output computation.
In Statistical Signal Processing Workshop (SSP) 201-204. IEEE.

Liu, J., Yuan, L. and YE, J. (2013). Guaranteed sparse recovery under lin-
ear transformation. In Proceedings of the 30th International Conference on
Machine Learning (ICML-13) 91-99.


http://www.ams.org/mathscinet-getitem?mr=2061575
http://www.ams.org/mathscinet-getitem?mr=2443189
http://www.ams.org/mathscinet-getitem?mr=2954352
http://cran.r-project.org/web/packages/cvxclustr.
http://www.ams.org/mathscinet-getitem?mr=2579916
http://www.ams.org/mathscinet-getitem?mr=0845884
http://www.ams.org/mathscinet-getitem?mr=0279864
http://www.ams.org/mathscinet-getitem?mr=2722294
http://www.ams.org/mathscinet-getitem?mr=0999135

Convez clustering 2347

LroyDp, S. (1982). Least squares quantization in PCM. IEEFE Transactions on
Information Theory 28 129-137. MR0651807

Na, A. Y., JorDpaN, M. I. and WEISs, Y. (2002). On spectral clustering: anal-
ysis and an algorithm. Advances in Neural Information Processing Systems.

PELCKMANS, K., DE BRABANTER, J., SUYKENS, J. and DE MOOR, B. (2005).
Convex clustering shrinkage. In PASCAL Workshop on Statistics and Opti-
mization of Clustering Workshop.

RADCHENKO, P. and MUKHERJEE, G. (2014). Consistent clustering using ¢;
fusion penalty. arXiv preprint arXiv:1412.0753.

RAND, W. M. (1971). Objective criteria for the evaluation of clustering meth-
ods. Journal of the American Statistical association 66 846-850.

ScHWARZ, G. (1978). Estimating the dimension of a model. The Annals of
Statistics 6 461-464. MR0468014

Tan, K. M. and WiTTEN, D. M. (2014). Sparse biclustering of transpos-
able data. Journal of Computational and Graphical Statistics 23 985—1008.
MR3270707

TIiBSHIRANI, R. J. and TAYLOR, J. (2011). The solution path of the generalized
lasso. The Annals of Statistics 39 1335-1371. MR2850205

TiBSHIRANI, R. J. and TAYLOR, J. (2012). Degrees of freedom in lasso prob-
lems. The Annals of Statistics 40 1198-1232. MR2985948

TIBSHIRANI, R., SAUNDERS, M., ROSSET, S., ZHU, J. and KNIGHT, K. (2005).
Sparsity and smoothness via the fused lasso. Journal of the Royal Statistical
Society: Series B (Statistical Methodology) 67 91-108. MR2136641

VAITER, S., DELEDALLE, C.-A., PEYRE, G., FADILI, J. M. and DossaL, C.
(2014). The degrees of freedom of partly smooth regularizers. arXiv preprint
arXiw:1404.5557. MR3281282

WITTEN, D. M. and TiBSHIRANI, R. (2010). A framework for feature selection
in clustering. Journal of the American Statistical Association 105 713-726.
MR2724855

Zuu, C., Xu, H., LENG, C. and YAN, S. (2014). Convex optimization pro-
cedure for clustering: theoretical revisit. In Advances in Neural Information
Processing Systems.


http://www.ams.org/mathscinet-getitem?mr=0651807
http://www.ams.org/mathscinet-getitem?mr=0468014
http://www.ams.org/mathscinet-getitem?mr=3270707
http://www.ams.org/mathscinet-getitem?mr=2850205
http://www.ams.org/mathscinet-getitem?mr=2985948
http://www.ams.org/mathscinet-getitem?mr=2136641
http://www.ams.org/mathscinet-getitem?mr=3281282
http://www.ams.org/mathscinet-getitem?mr=2724855

	Introduction
	Convex clustering, single linkage hierarchical clustering, and k-means clustering
	Dual problem of convex clustering
	Convex clustering and single linkage hierarchical clustering
	Convex clustering and k-means clustering

	Properties of convex clustering
	Range of  that yields non-trivial solution
	Bounds on prediction error
	Degrees of freedom

	Simulation studies
	Gaussian clusters
	Non-convex clusters
	Selection of the tuning parameter 

	Discussion
	Appendix A: Proof of Lemmas 2–3
	Appendix B: Proof of Lemma 5
	Appendix C: Proof of Lemmas 6–7
	Appendix D: Proof of Lemma 9
	Acknowledgments
	References

