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Abstract: Let X be a 1-dimensional diffusion process. We study a simple
class of estimators, which rely only on one sample data {X ;,0 < i < nt},

for the occupation time fg I4(Xs)ds of process X in some set A. The main
concern of this paper is the rates of convergence of the estimators. First,
we consider the case that A is a finite union of some intervals in R, then
we show that the estimator converges at rate n~3/4. Second, we consider
the so-called stochastic corridor in mathematical finance. More precisely,
we let A be a stochastic interval, say [X¢,,00) for some to € (0,t), then we
show that the estimator converges at rate n~!/2. Some discussions about
the exactness of the rates are also presented.

AMS 2000 subject classifications: Primary 60F55, 60J60; secondary
60J55.

Keywords and phrases: Diffusion, discrete approximation, occupation
time, local time, stable convergence, tightness.

Received April 2011.

1. Introduction

Let X be a 1-dimensional diffusion process defined on a filtered probability space
(Qv g:a (Stt)t207 ]P)) by

dX; = b(Xt)dt + O'(Xt)th, Xo=1x0 € R a.s, (11)

where W is a standard Brownian motion. Suppose that process X is observed at
each time t; =i/n,i = 0,1, ..., we consider an approximation of the occupation
time fot I4(Xs)ds of X in some set A by an average of the values IA(X%), 0<
1 < nt, as n — o0.
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The occupation time of a Brownian motion, and more generally of continu-
ous diffusion processes, has been playing an important role in pricing some type
of path dependent options like corridor option and eddoko option (see [3, 10]
and references therein). Generally speaking, price of such options depends on the
amount of time that the continuous time price process, say X, stays in some des-
ignated intervals. However, in real market, we can only get the values of process
X at a finite set of observation points. It thus naturally raises a question of how
to approximate the occupation time of X using the data {X.i,i=0,...,nt}.

Although the approximation of the local time of X by finite data of obser-
vation, discretized either in time or in space, has been well studied by many
authors (see [1, 6]), there is a few works on the approximation of occupation
time (see [9] and references therein). It is quite natural to use a Riemann sum
to approximate the occupation time, however the rate of convergence seems to
be unknown. The main aim of this paper is to find the rates of convergence by
showing the tightness of the estimators.

In this paper, we consider two cases which are of special importance in theory
as well as in application. Firstly, we study the deterministic corridor case where
A is a finite union of some intervals in R. Secondly, we study the stochastic
corridor case where A is a stochastic interval, say [X;,, c0) for some o € (0,1).
It is interesting to compare the rates of convergence of the estimators in the
former and latter cases, which are n=3/4 and n~'/2, respectively.

The present paper is organized in the following way. The framework and main
results will be stated in Section 2. Proofs and further comments of the results
are presented in Section 3.

2. Main results

For each set A € B(R), we introduce the following estimator for the occupation

time of X in A :
nt

]
" 1
DA = - 3" La(X,),
1=0

where [z] denotes the integer part of z. Let us denote by dA the boundary of A
and A\(A) the Lebesgue measure of A.

The following proposition shows the convergence of estimator I'(A)} to the
occupation time as n — oo.

Proposition 2.1. Assume that o(xg) # 0, and b and o satisfy the Lipschitz
condition. Let A be a Borel set satisfying N(OA) = 0, then

F(A),’ZE)/O I4(Xy)ds, (2.1)

as n — oo for any t > 0.

In order to study the rate of convergence, we recall the definition of C' —
tightness (see [8] for more details). First, we denote by D(R) the Polish space
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of all cadlag functions: Ry — R with Skorokhod topology. A sequence of D(R)-
valued random vectors (¢") defined on a probability space (2, F,P) is called
tight if

i%fsupP(fn ¢ K) =0,

where the infimum is taken over all compact sets K in D(R). The sequence (£™)
is called C-tight if it is tight and all cumulative points of the sequence {£(£™)}
are laws of continuous processes.

We introduce A, a collection of all sets A of the following form

A=DBU U(G2i7@2i+1),

i=1

where —oo < ap < a1 < -+ < agp41 < 400 and B is a Borel set satisfying
A(B) = 0. We need the following assumption:

AssSUMPTION (H): o is a continuously differentiable and strictly positive func-
tion with bounded derivative on R. Furthermore, b is a function of linear growth,

b(z)| < K(1+|z]), Vz€eR,

for some constant K > 0.

Assumption (H) is sufficient for equation (1.1) to have a non-exploding,
unique strong solution (Proposition V.5.17 [5]).
Now we are in a position to state the first main result of this paper.

Theorem 2.2. Assume (H) and A € A. Then the sequence of processes

{n3/4 (P(A)g - /0 t IA(XS)ds> }20 (2.2)

1s C-tight.

The following simple proposition tells that the rate of convergence n=3/% is

exact in L%-sense when X is a standard Brownian motion.

Proposition 2.3. Let X be a standard Brownian motion. Then there exist
constants K1, Ko € (0,00) such that for all n,t satisfying nt > 1, we have

[nt]

1 ‘ 2
Kl\/ZSTLgﬂE(— E I{Xi>0} —/ I{XS>0}dS> SKQ\/Z
n w 0 -

i=1

Moreover, when X is a standard Brownian motion, we can modify I" to get an
unbiased estimator for the occupation time of X in some interval [K,o00), K €
R, and then establishing a central limit theorem for the new estimator (see
Corollary 3.4). Nevertheless, it is the bias of the general estimator T'} that
makes the problem of showing a central limit theorem become very hard.
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Next, we consider the case of so-called stochastic corridor in option pricing
theory (see [3, 10]). We fix the horizontal time, say t = 1, and for a fixed constant
to € (0,1), the stochastic corridor at time to is defined by

1
R(to) = / I{XuZXtO}du'
0

Since Xy, may not be observable, a natural estimator for R(ty) is

1 n
i=1 "

We state the second main result of this paper.

Theorem 2.4. Assume (H). Then the sequence of random variables n*/? (A, (to)—
R(ty)) is tight.

The rate of convergence drops from 73/ to n=1/2 due to the discreteness

of the estimator which compares X;,,, with X[}/, instead of the unobservable
Xi,- In fact, if we take to = 1, then we have the following result.

Proposition 2.5. Assume (H). Then for any t > 0, the sequence of random

variables
[nt]

1 t
7’L3/4(5 I{XL'ZXI} —/ I{Xule}du)
i=1 " 0

is tight.

The proofs of all above results and some further comments will be presented
in the next section.

3. Proofs
3.1. Preliminary

First we recall some facts about stable convergence. Let £ be a sequence of
random vectors with values in a Polish space X, all defined on the same proba-
bility space (Q, F,P) and let § be a sub-o-algebra of F. We say that £" converges
G-stably in law to &, if € is an X-valued random vector defined on an extension
(Q, F, ]f”) of the original probability space and if

mE(Uf(Ya)) = EUF(Y)),

for every bounded continuous functions f : X — R and all bounded §-measurable
random variables U. Stable convergence in law is obviously stronger than the
convergence in law.

We will make use of the following lemmas.
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Lemma 3.1. Let (§™) be a C-tight sequence of cadlag processes defined on
a probability space (Q,F, (Ft)r>0,P) and Q another probability measure which
is equivalent to P. Then the sequence (£") is also C-tight on probability space
(Q7 3', (?t)t207 Q)

Proof. The result follows easily from Proposition VI.3.26 [8]. O

Lemma 3.2 (Corollary V1.3.33 [8]). Let (£™) and (n™) be C-tight sequences of
cadlag processes. Then the sequence (§™ +n™) is also C-tight.

3.2. Proof of Proposition 2.1

It follows from Theorem 7.3 [11] that, under the given condition for coefficients b
and o, the law of X; is absolutely continuous with respect to the Lebesgue mea-
sure on R. We denote A° and A the interior and closed bound of A, respectively.
Since A\(0A) = 0, applying Fubini’s theorem, we get

t t t
/ I4(Xs)ds = / 1;(Xg)ds = / I40(Xs)ds a.s.
0 0 0

Applying Fatou’s lemma, we get

1 t
limsupEZIA(X%)zlimsup/ TA(X ey )ds
; 0

n—00

n—o0 n—oo n

t t
g/ limsupIA(X@)dsg/ lim sup I 5(X ns )ds
0 B 0

t t
S/ IA(XS)ds:/ I4(Xs)ds a.s.
0 0

On the other hand, a similar argument as above yields

[nt]

t
I%HLL%fE;IA(X%)Z/O Ix(Xs)ds a.s.

Hence we get (2.1).

Remark. By looking again at the above proof, we see that the conclusion of
Proposition 2.1 holds for any process X which is continuous and has continuous
marginal distribution. We refer to [4] and references therein for other classes of
conditions on b and o, which guarantee the continuity of sample path as well as
of marginal distribution of X.

3.3. Proof of Theorem 2.2

It is enough to prove Theorem 2.2 with an additional assumption that b and
1/0 are bounded functions. Then the proof for general case can be obtained



Discrete approxzimation of occupation time 1379

via a well-known localization procedure (see [6, 7] for instance). Furthermore,
by applying the argument in Section 2 of [6], it is sufficient to prove Theorem
2.2 when (,J) is the canonical space (C[0,0), B(C[0,00))) with W is the
coordinate mapping process and P is the Wiener measure. Hence, from now on,
we suppose that b and 1/0 are bounded and our probability space is canonical.

We denote S(x) = f;o ﬁdu, Y: = S(Xy). It follows from It6’s formula that

dY; = g(X;)dt + dW, (3.1)

where g(x) = g((?) — 20’'(x). Since o is strictly positive, S is strictly increasing

and continuous, hence the inverse S~! of S is well-defined. We denote h(z) =
g(S7%(z)), then equation (3.1) becomes

dY (t) = h(Yz)dt + dW;.
Denote

Zy = exp(— /Ot h(Ys)dWs — %/Ot h(YS)st).

Since g is bounded, h is also bounded and therefore Z is a martingale. Applying
Girsanov’s theorem (Corollary I11.5.2 [5]), there is a unique probability measure
P which is absolutely continuous with respect to P, and under P,

¢
By =W, +/ h(Ys)ds
0

is a Brownian motion. Denote by (G;) the filtration generated by the process
B, and § = \/ G;. Denote G = G:,B!" = B: and E is the expectation with
respect to P.

For some K € R, we set

3=

1 n
Zi,n = n3/4(gI[K,OO)(Bi71) — ‘/;71 I[K,oo)(Bs)dS>7

n

Zi n E(Zi,n|9?,1), 1= 1, 2, ce

)

Y;n:

and

[nt] [nt] [nt]

7 = Z} Zim, Y= Z;Yn T = Z;INE(ZZ-,”|911).

Now, the proof is divided into a series of lemmas.

Lemma 3.3. The sequence Y™ converges G-stably to a continuous process de-
fined on an extension of the original probability space. In particular, the sequence
(Y™ is C-tight under probability measure P.
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Proof. Denote by ® the standard normal distribution function. The proof will
proceed in several steps.
1) We have

i

nl I{BSzK}d8|9§11))~

= n 1~ " -
E(Zin|Si-1) = ”3/4(5E(I{B{L12K}|91‘71) - E(/

n

By Markov property,

E(ZinlSi1)

1
1 L B K
= 3/4(—I n —/ @(71_1 )d )
n n {BiLi2K} 0 Vu u

_ 1 n_1/4/ (1 _ n(Blilz— K)Q)
ver VA(BE —K) t
n1/4/\/ﬁ(3?1—1<)(1 (Bl — K)?
t2

€_t2/2dtl{31ﬁ712[{}

2
Je Pty <.

5 -
3

o0

We denote

2

> x 2 v x? .2 2
gl(.f) = (/ (1 — t—2>6 t /2dt1{120} —/_ (1 — t—2>6 t /2dt1{1<0}> .
2

and

A= /Rgl(fv)dw - 2/000 (/:o (1- f—j)e*fz/th)de.

For any x # 0, one has
o 2 %)
0< / (1 _ ‘T_)e’tQ/th < / e 24t = z,
and,
- 2\ 2 T e Iy —1_—z2/2
(1——)6 124t < e U2t < —e V24t = |z e /2.
|| t2 | 2 |2l

Therefore
: T —2 —a?
gl(x)gmln{g,:zr e }

Furthermore, one has

o) o) 2 0 2
A = 2/ / (1- x—2>e_t2/2dt/ (15 ) /dsdz.
0 T t T s
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Since the integrand is non-negative, it follows from Fubini theorem that

/\1_2/ du/ dv 1—— ( )/ a:%xp(—wwx
i

_\/_/ du/ v (1_U—12)(u +o?)32,

And then after a change of variables,

u = .1
rine 0 <r<1,0<a
v = 1

w|>\

T Ccos

one gets A\ = 7‘/§ . According to Theorem 4.1 [6], we have
[nt] _
P TV2T
W~ K)o T (K), (32)
where L;(K) is the local time of B defined by
¢
LK) = |Be ~ K|~ K| ~ [ sgn(B. - K)dB.. (3.3)
0
Hence
] o
E(Z;n|S7 )? — Li(K). 3.4

2) Next, we have

- m 2 B L 9
IE(([ﬁ1 I{BSZK}dS) 9;11) = E(([,l I{Bs*BllZK*BZZl}d‘S) 9;11)
L[ 2
N E(/;l I{BS_B?*IZ_T}dS) r=Bp | —K’
the Markov property yields
= 1
E((/;l Iis >K}d5) 91—1) = E(/o Iig,> r}ds) S (3.5)
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and if r > 0,
= 2
]E(/ I{B >—’r}d5)
0
1 1 1 2 1 2 2
:—2(1 — exp(—r—)dv) + exp(—r—)dv
" 0 m/u(L—w) 2 0 m/u(t—v) 2v
1 ! 1 r? 1 Lo z3/2 nr?
(- (5 )0) ok [ ()
n2( - Z(l_z)exp By v+ 3 . 1_ZeXp 5 ¥4
(3.7)
We write
(72 n 1 1/2 o g n
E(Z;,19i1) = ﬁf{BﬁlzK} —2n I{BﬁlzK}E( - B.zxyds 91-_1)
- " 2
+TL3/2E((/1L71 I{BSZK}dS) 9;7;1),

then it follows from (3.5)-(3.7) and an elementary calculation that

5,50~ | (g

+ 2/01 (1 - @(%(Bfl - K)))duf{B;:lzm

n
eXP(——(B?A - K)2) dzIipr >k}

eXp(——(Bf 1= )2)d21{3;1121<}}-

Using the fact that e < 1/u for all u > 0, once can show that
l92(2)| < Kmin{1, 2] '™ /2 4272}, VzeR,

for some positive constant K. Furthermore, by applying Fubini theorem, one

gets
+o0 2\/_
/_oo e =5
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Apply Theorem 4.1 [6] again, we have

[nt] [nt] -
ZE 292 - K)) — gngK)- (3:8)

3) It follows from (3.4) and (3.8) that

[nt] ~
9
E(Y2 |57 ,) — L(K). 3.9
Z 1n|9 20 /—271_ t( ) ( )
4) Next, we have
[nt] [nt]
S E(Yia(BP - Bl)IS) ZE in (B — B1)I971)
i=1
[nt] i
3/42 ( an 1)/7 I{B >[(}dS|9Z 1)
nt]

- 3/42/ Bf—l)I{BszK}|9?_1)dS

The Markov property yields

[nt]
> E(Yin(By = By)IG7)
i=1 -
3/42/ 1)I{BS—BZLIZT})dS KB
[nt]
_ 3/42/ B I{BSZT})dS R

’ﬂt] n 2
B — K)
_3/4 E ( i—1
" \/% / \/Eexp 2z )dz.
Hence,

[nt

]
B| Y E(¥in(BY - BLISL)|
i=1

[nt]

<”3/4Z 277/ \/_Eexp( W)dz
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Since e™" < 1 if u > 0, we have

[nt]

E\ZE (Vi (B = BL,)IG1)|
[nt]

teo g (r — K)?
= 3/42 _ o R
: 3/4+ \/_/ dz/_oo zﬁi-l\/zexp( )

[nt]

3/4
= 3/4 +n Z

<on~V4(1 + \f).

Therefore,

[nt] -
E(Y;n(BP = BP1)|G1) — 0. (3.10)

=1
5) We have

[nt] [nt]

ZE Yi9,) < sz Zil 9t
Because of Markov property, we get
[nt] [nt]

1 o 4
ZIE ) < 16n° ZE(—I{T>O} / I{BSZ_T}ds)
0

|~

r=B | —K
[nt]
16n32E(/ Iip, >r}d8)
0

[nt] 1

162/" 1-® %))d&

IN

r=|B_, —K]|

IN

Hence

o] o]
E‘ZE(}Q )| = 162/ \1[ Kl))ds

[nt]

+o0 —+o0
<167’L71+1GZ/ dS/ dfﬂ/ \/’LT {t>\m K\} 7t2/2dt
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Applying Fubini theorem, one gets

[nt] [nt] 400
E‘Z (v 150, ‘<16n +16Z/ ds/ 27:\/ /24
i=1

nt]
1
—16n1 + 2
P

Y-
<SG+ m)
Therefore

[nt]

ZE —>0 (3.11)

6) We have that Y = (V;,,,G?) is a martingale. Further, under P, any mar-
tingale with respect to (G;) orthogonal to B is constant. Hence it follows from
(3.9)-(3.11) and Theorem IX.7.28 [8] that Y™ converges G-stably to a continuous
process defined on an extension of the original probability space. In particular,
the sequence (Y") is C-tight under probability measure P. Il

It should be noted here that although the Riemann estimator I'(.) of the
occupation time is consistent, it is biased in general. However, Lemma 3.3 tells us
that we can construct an unbiased and consistent estimator for the occupation
time of Brownian motion. More precisely, we have the following central limit
theorem in which we refer to [8] for notions we have not defined so far.

Corollary 3.4. Suppose that B is a Brownian motion defined on a filtered
probability space B = (,G,(9):,P). For eachn > 1, t > 0 and K € R, we
denote

K = B(i-1)/n b /K — Bpi/n
t_Z/ — )ds+/w¢(7s_w)ds.

Then f‘(K)? is an unbiased estimator for the occupation time f‘(K)t =
fot Iy, >Kyds. Moreover, there is a very good extension B of B and a continu-
ous B-biased G-progressive conditional martingale with independent increment
X' on this extension with

9
20v2m

such that n3/* (f‘(K)" —I'(K)) converges G-stably to X', where Ly(K) is defined

Proof. T(K)? is an unbiased estimator for I'(K); because

<XI7XI>75 = Lt(K)7 <XluB> =0,

[nt] t

K)} = ZE(/ Ik 00 ( s)d5|B%) +E(/m Ik 00)(Bs)ds| B

[nt] ) .
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Furthermore, we have

t K- B
n3/4/ @(wyisgn*l“.

[nt] [nt]

ey —

n

Then by following the same argument as in the proof of Lemma 3.3 we get the
desired result. O

We continue the proof of Theorem 2.2.

Lemma 3.5. The sequence (T™) is C-tight under probability measure P.
Proof. We write

[nt [nt]

] 1 no_
E(Zin|9i1) =n3/42(%~’w::12m —%/ ¢(W)du)
i=1 i=1 0

[nt]

="'y g (Va(BE, — K)),
i=1
where
1 1
93(2) = I{p>0) —/ ®(zu?)du = sgn(x)/ (1- ¢(|x|u71/2))du.
0 0

Since fjof gs(z)dz = 0 and |gs(z)| < min{1,|z|~'e~*"/2}, applying Theorem
1.2 [6], we have T™ converges G-stably to a continuous process defined on an
extension of the original probability space. In particular, the sequence (7") is
C-tight under probability measure P. O

We are now in a position to finish the proof of Theorem 2.2. Indeed, according
to Lemmas 3.3, 3.5 and Lemma 3.2, the sequence of processes

{n3/4 (F([K,oo))? — /Ot I[K)Oo)(Xs)ds)}

t>0

is C-tight under P. Moreover, for each ¢ > 0, we define a signed measure p; on
(R, B(R)) by

p(A) = T(A) - / La(X.)ds.

It follows from Fubini theorem that u.(A) = 0 for any Borel set A satisfying
A(A) = 0. Furthermore, for any a < b, w([a,b)) = wi([a, 00)) — p([b, 00)), hence
it follows from Lemma 3.2 that the sequence of process {n*/*p,([a,b))} is C-
tight under P. Bytrepeating the same argument, one can show that the sequence
{n3/4(T(A)y — Jo 1a(Xs)ds) }tzo is C-tight under P for any A € A. Applying
Lemma 3.1, we get the desired result.
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3.4. Proof of Proposition 2.3

Suppose that X is a standard Brownian motion. We need the following equality,
which is more or less known but simple to prove.

Lemma 3.6. For anyt > s >0,

1 1
P(X;>0,X;>0)=-+ 7 arctan

. .12
4 T t—s (3.12)

Proof. Since X is a Brownian motion, one has

P(X, > 0,X; 2 0) = E(E(I{Xt,s>,x}1{z>o})|Xq:m)
—12/2 \/_:I:
/ \/_ q)(wt—s) !
(] _
[ =G s ) o s )

An elementary calculation by using change of variables formula yields the desired
result. O

We also make use of the following estimate for the error due to the Riemann
approximation of function f(x) = v& — 22 defined on [0, 1]. The difficulty comes
from the fact that the derivative of f is not bounded on (0, 1).

Lemma 3.7. There exist positive constants ki, ks such that for any positive

mteger m,
kim 3% < z——z “——1</§2m . (3.13)

Proof. On the Cartesian plane Oxy, let (€) be a semicircle with equation

T
y > 0.

We denote I1(1/2,0) the central point of the circle. Set M; = (L, f(L)) €

m’ m

(@), i=0,...,m,and a; = ZM;IM; 1, i =0,...,m — 1. It is clear that

m—
i /
E ZO i —sina;) > 0.

since sina < « for all o > 0. Hence it is sufficient to verify inequality (3.13) for
m large enough.
Since hma_m a—sine _ é, there exists 4 > 0 such that for all a < 6§, o —

OOI)—l

1
m

il
8

HMS

sina > 95. Hence, for m large enough, we have

T l~i [m 1 , 1,
g—E;E 7-125(0[0—51110[0)2%0[0.
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Since cosag = 1 — =, one has,

2
sinag =4/1-(1-—=)2>
m
Tl fmo -
8 gm

=1

3l

Therefore

1
m
for all m large enough.

Next we show the upper bound of (3.13). For each j < (m — 1)/2, we denote
B = leo a;. We have cos(f;) =1 — (JH) , hence, for 1 <i < (m —1)/2,

sinoy—1 = sin(B; — Bi—1)

- (- 1—%

(-5 21) (1_%

m

\/1—(1— 20t +\/1

IA
NIEHTS
+

| 0o

and this implies

sina; < (3.14)

6
vmi
On the other hand, since a — sina < a?/6 for all a > 0, one has
m 1< i [m 1
S TmamyT S mE
=1 i=0
For m large enough, we have «; < 2sina;, hence,
T 1 <~i [m 1
SN 1= Y sinda
8 m;m i et

Because of the symmetry, a; = -1 for all ¢ = 0,...,m — 1. This fact
together with inequality (3.14) yields

l~~i [m " 1 1
—— ) —/=-1<C <

for some positive constants C and C”. O

ol =
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Next, we denote X7 = X, and

[nt] [nt]

S :—ZI{X">0} / Iix,>0ds.

We write
ES2 =10 + Ty + T3, (3.15)

where
[nt]

(Z I{X">O}) ;

[nt] [nt]

T;:__ZE(I{Xn>O} I{sto}ds),
=1
b 2
0
It follows from (3.12) that
[nt]
WT =Y E(lxp>0) +2 Y. E(Ixpsolixr>0))
i=1 1<i<j<[nt]

=% +2 Z (4 + or arctan )
1<i<j<[nt]
t|(nt] +1 1
RIS ER S A i)
4 2 >1
Y

z+g<[nt
[nt](3[nt] + 1)
8 )

here, and in the following, we use the fact that arctan(z) + arctan(1/x) = 7 /2.
Moreover,

[nt] [nt]

—gTQ" = Z E(I{xp>01l{x,>0y)ds
i=170
[nt]
_Z/ ——|——arctan / )ds

[nt]

+ Z/ —i— — arctan n 7 )ds.

s — =
n
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An elementary calculation shows that

[nt] . ; . .
t 1 t t
D It Z(£+Marctan i [n__J_l_Z_ﬂ)
n n

2 4 " om —\dn [nt]—i nV 1 2n
It (e + 1) 1 ™ ] .
Cdn 16n 2r =V '
By arcsin law, we have
. 3[nt]?
5= 8n?
Therefore,
[nt] X
1?2 [nt] i [[nt]
gsz = It~ @ Jnf] 1
Sn 8n?2  nim Zl [nt] V4 (3.16)

Applying Lemma 3.7, there exist positive constants k1, ko such that

[nt] .
P« NN ~3/2
K1[nt] < s Tl Z gV 1 < kao[nt] .
i=1

Hence
ﬂn—3/2t1/2 < ]ES,% < @n_3/2t1/2.
Vs Vs

This relation together with the fact that

t 2
]E(/[nt] I{sto}ds) < TL_2

n

yield the desired result.

3.5. Proof of Theorem 2.4

We first state an auxiliary lemma.

Lemma 3.8. Let B be a standard Brownian motion. For each ty € (0,1], there
exist positive constants K1, Ko, k3 such that for all n > 0,

1 - ' —3/4
E‘E§I{B%>B%J—]}_‘/O I{BHZB%L]}CZU‘SKITL / s (317)
and if tg < 1,
[nto] [nto]

1 1
K2 to—— SE’/ I{BuZBtO}du_/ I{BuZB[nto]}du‘ Slig to——.
n 0 0 = n
(3.18)
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Proof. Let denote t,, = ["ZD] ,n=1,2,... for simplicity. We write

1 < 1
= Iis,>5.) —/ Iig,>B,, ydu
n =1 n 0

nto|

[ t
1 n
“n Z Iip, ~B,, >0} _/ Iip, B, >0ydu
"= " 0

1 n
+- > I{B%thnZO}_/ Iip,-B,,>0}du.

1
y — t'Vl
i=[nto]+1

It is well-known that for each n, processes B = {B;y;, — By, };>0 and B =
{Bt, -+ — Bi, }o<t<t, are Brownian motions. By applying Proposition 2.3, we
get (3.17).

Now we consider inequality (3.18). Since the case to = t,, is trivial, we suppose
t, < to. Moreover, it is sufficient to verify (3.18) when n is big enough, say, n

satisfies nty > 1 and tg < "T_l
Because of the symmetry of Brownian motion, we get

1 1 1
]E‘/ I{BuZBtO}dU_/ I{BuZB[nto]}du‘ :2E(/ I{BthBuZBto}du)'
0 0 n 0
(3.19)

We decompose the right hand side of (3.19) in a sum of three terms:
1
E(/ I{BthBuZBtD}d’u) :J1+J2+J3,
0

where Jl = E(fgn I{BthButhg}du)7 J2 = E(f:: I{BthButhg}dU’)’ and

1
J3 = E( ﬁso I{BthBHZBtO}du).
For the first term J;, we write

tn
le/ E(I{B,,<B.<B,})du
0

tn
= / ]E(I{OSBu—BtnSBtO_Btn})du
0

tn +oo +oo 1 .’II2 y2
= du/ dx/ d exp( — _
1 [t

tO - tn
arctan

- L du.
27T0 u v

It is elementary to show that for any = € (0, 1),

x
5 < arctan(z) < .
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Moreover, the upper bound also holds for arbitrary positive x. Hence, for all
to >0,
128
J1 < £\/t0 — tn, (3.20)
™
and if nty > 1,

T — Vo — T
Ji > \/_Tos/to — (3.21)

Using a similar argument, we have, for all ¢y > 0,
V91—t
Js < Y0 i =t (3.22)
™

and if ¢, < =L,
n

5> YITho ;ﬂ‘/to — o= (3.23)

Furthermore, it is trivial that
0< Jy < to—tn. (3.24)
Putting together inequalities (3.20)-(3.24) we get (3.18). O

Before proving Theorem 2.4, we state a corollary of Lemma 3.8, which has
interest on its own.

Corollary 3.9. Let B be a standard Brownian motion. The sequence of random

variables 1
1 n
1/2
n/ (EZI{B%ZBM} _/0 I{BuzBm}dU)
i=1 n

is bounded in L'. Furthermore, for any § > 0, the sequence of random variables

1 & !
1/246

is not bounded in L'.

Corollary 3.9 shows that in the case of Brownian motion, the discrete esti-
mators of stochastic corridor converge at the rate n~'/2 and this rate is exact
in L'-sense.

We now return to the proof of Theorem 2.4. Using the same notations as in
Section 3.3, we write

1 — 1 — !
\/ﬁ(g ZI{X%zXM}—R(fo)) = \/ﬁ(g ZI{YA»ZYM}—/O I{Yuzyto}du)a
i=1 " i=1 " "

o (3.25)
where Y is a standard Brownian motion under probability measure P which is
equivalent to . Corollary 3.9 tells that the sequence of random variables in the
right hand side of (3.25) is bounded in L!(P), which yields the desired result.
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3.6. Proof of Proposition 2.5

By using the similar argument as above, we can show that Proposition 2.5 is
followed from inequality (3.17).
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