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Abstract: We revisit the adaptive Lasso as well as the thresholded Lasso
with refitting, in a high-dimensional linear model, and study prediction
error, {q-error (¢ € {1,2}), and number of false positive selections. Our
theoretical results for the two methods are, at a rather fine scale, compa-
rable. The differences only show up in terms of the (minimal) restricted
and sparse eigenvalues, favoring thresholding over the adaptive Lasso. As
regards prediction and estimation, the difference is virtually negligible, but
our bound for the number of false positives is larger for the adaptive Lasso
than for thresholding. We also study the adaptive Lasso under beta-min
conditions, which are conditions on the size of the coefficients. We show
that for exact variable selection, the adaptive Lasso generally needs more
severe beta-min conditions than thresholding. Both the two-stage methods
add value to the one-stage Lasso in the sense that, under appropriate re-
stricted and sparse eigenvalue conditions, they have similar prediction and
estimation error as the one-stage Lasso but substantially less false positives.
Regarding the latter, we provide a lower bound for the Lasso with respect
to false positive selections.
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1. Introduction

Consider the linear model
Y = X3 +e,

where 8 € R? is a vector of coefficients, X is an (n x p)-design matrix, and Y
is an m-vector of noisy observations, € being the noise term. We examine the
case p > n, i.e., a high-dimensional situation. The design matrix X is treated
as fixed, and the Gram matrix is denoted by pHEES XTX /n. Throughout, we
assume the normalization f)jyj =1forallje{l,...,p}.

This paper presents a theoretical comparison between the thresholded Lasso
with refitting and the adaptive Lasso. Our analysis is motivated by the fact that
both methods are very popular in practical applications for reducing the number
of active variables. Our theoretical study shows that under suitable conditions
both methods reduce the number of false positives while maintaining a good
prediction error.

We emphasize here and describe later that we allow for model misspecification
where the true regression function may be non-linear in the covariates. For such
cases, we can consider the projection onto the linear span of the covariates. The
(projected or true) linear model does not need to be sparse nor do we assume
so-called beta-min conditions, requiring that the non-zero regression coeflicients
(from a sparse approximation) are “sufficiently large”. We will show in Lemma
3.3 how beta-min conditions can be invoked to improve the result. Furthermore,
we also do not require the stringent irrepresentable conditions or incoherence
assumptions on the design matrix X but only some weaker restricted or sparse
eigenvalue conditions.

Regularized estimation with the ¢;-norm penalty, also known as the Lasso
([25]), refers to the following convex optimization problem:

fi= argmin{ 1Y X53/n + Nl }. (1)

where A > 0 is a penalization parameter.

Regularization with ¢;-penalization in high-dimensional scenarios has become
extremely popular. The methods are easy to use, due to recent progress in
specifically tailored convex optimization ([21], [15]).

A two-stage version of the Lasso is the so-called adaptive Lasso

p .
B = axgmgn{ 1Y = XB13/n-+ ihuan Y- 2L 1)

j=1 |5j7init|

Here, Binit is the one-stage Lasso defined in (1.1), with initial tuning parameter
A = Ainit, and Aadap > 0 is the tuning parameter for the second stage. Note that
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when | Bj,init| = 0, we exclude variable j in the second stage. The adaptive Lasso
was originally proposed by [39].
Another possibility is the thresholded Lasso with refitting. Define

gthrcs = {] : |Bj,init| > )\thrcs}v (13)

which is the set of variables having estimated coefficients larger than some given
threshold A¢pres.- The refitting is then done by ordinary least squares:

behres = arg min ||Y — XBs,... I3/n,

Sthres

where, for a set S C {1,...,p}, Bs has coefficients different from zero at the
components in .S only.

We will present bounds for the prediction error, its ¢4-error (¢ € {1,2}), and
the number of false positives. The bounds for the two methods are qualitatively
the same. A difference is that our variable selection properties results for the
adaptive Lasso depend on its prediction error, whereas for the thresholded Lasso,
variable selection can be studied without reference to its prediction error. In our
analysis this leads to a bound for the number of false positives of the thresh-
olded Lasso that is smaller than the one for the adaptive Lasso, when restricted
or sparse minimal eigenvalues are small and/or sparse maximal eigenvalues are
large.

Of course, such comparisons depend on how the tuning parameters are chosen.
Choosing these by cross validation is in our view the most appropriate, but it
is beyond the scope of this paper to present a mathematically rigorous theory
for the cross validation scheme for the adaptive and/or thresholded Lasso (see
[1] for a recent survey on cross validation).

1.1. Related work

Consistency results for the prediction error of the Lasso can be found in [16]. The
prediction error is asymptotically oracle optimal under certain conditions on the
design matrix X, see e.g. [6-8], [26], [4], [18, 19], where also estimation in terms
of the £;- or £5-loss is considered. The “restricted eigenvalue condition” of [4] (see
also [18, 19]) plays a key role here. Restricted eigenvalue conditions are implied
by, but generally much weaker than, “incoherence” conditions, which exclude
high correlations between co-variables. Also [9] allow for a major relaxation of
incoherence conditions, using assumptions on the set of true coefficients.
There is however a bias problem with ¢;-penalization, due to the shrinking
of the estimates which correspond to true signal variables. A discussion can
be found in [39], and [22]. Moreover, for consistent variable selection with the
Lasso, it is known that the so-called “neighborhood stability condition” ([23])
for the design matrix, which has been re-formulated in a nicer form as the “irrep-
resentable condition” ([36]), is sufficient and essentially necessary. The papers
[30, 31] analyze the smallest sample size needed to recover a sparse signal under
certain incoherence conditions. Because irrepresentable or incoherence condi-
tions are restrictive and much stronger than restricted eigenvalue conditions
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(see [29] for a comparison), we conclude that the Lasso for exact variable se-
lection only works in a rather narrow range of problems, excluding for example
some cases where the design exhibits strong (empirical) correlations.

Regularization with the £,-“norm” with ¢ < 1 will mitigate some of the bias
problems, see [33]. Related are multi-step procedures where each of the steps in-
volves a convex optimization only. A prime example is the adaptive Lasso which
is a two-step algorithm and whose repeated application corresponds in some
“loose” sense to a non-convex penalization scheme ([40]). In [39], the adaptive
Lasso is analyzed in an asymptotic setup for the case where p is fixed. Further
progress in the high-dimensional scenario has been achieved by [17]. Under a
rather strong mutual incoherence condition between every pair of relevant and
irrelevant covariables, they prove that the adaptive Lasso recovers the correct
model and has an oracle property. As we will explain in Subsection 5.4, the
adaptive Lasso indeed essentially needs a - still quite restrictive - weighted ver-
sion of the irrepresentable condition in order to be able to correctly estimate
the support of the coefficients.

The paper [24] examines the thresholding procedure, assuming all non-zero
components are large enough, an assumption we will avoid. Thresholding and
multistage procedures are also considered in [12, 13]. In [37, 38], it is shown
that a multi-step thresholding procedure can accurately estimate a sparse vec-
tor 8 € RP under the restricted eigenvalue condition of [4]. The two-stage pro-
cedure in [35] applies “selective penalization” in the second stage. This proce-
dure is studied assuming incoherence conditions. A more general framework for
multi-stage variable selection was studied by [32]. Their approach controls the
probability of false positives (type I error) but pays a price in terms of false neg-
atives (type II error). The contribution of this paper is that we provide bounds
for the adaptive Lasso that are comparable to the bounds for the Lasso followed
by a thresholding procedure. Because the true regression itself, or its linear pro-
jection, is perhaps not sparse, we moreover consider a sparse approximation of
the truth, somewhat in the spirit of [34].

1.2. Organization of the paper

The next section introduces the sparse oracle approximation, with which we
compare the initial and adaptive Lasso. In Section 3, we present the main results.
Eigenvalues and their restricted and sparse counterparts are defined in Section
4. In Section 5 we give in an example the exact solution for the initial Lasso,
illustrating that it can have very many false positives. We also provide the
irrepresentable conditions for the initial, adaptive and more generally, weighted
Lasso. We show in Subsection 5.4 that even the adaptive Lasso needs beta-min
conditions and/or strong conditions on the design for exact variable selection.
This is linked to Corollary 3.2, where it is proved that the false positives of
the adaptive Lasso vanish under beta-min conditions. Some conclusions are
presented in Section 6.

The rest of the paper presents intermediate results and complements for
establishing the main results of Section 3. In Section 7, we consider the noiseless
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case, i.e., the case where ¢ = 0. The reason is that many of the theoretical issues
involved concern the approximation properties of the two stage procedure, and
not so much the fact that there is noise. By studying the noiseless case first, we
separate the approximation problem from the stochastic problem.

Both initial and adaptive Lasso are special cases of a weighted Lasso. We
discuss prediction error, £4-error (¢ € {1,2}) and variable selection with the
weighted Lasso in Subsection 7.1. Theorem 7.1 in this section is the core of
the present work as regards prediction and estimation, and Lemma 7.1 is the
main result as regards variable selection. The behavior of the noiseless initial
and adaptive Lasso are simple corollaries of Theorem 7.1 and Lemma 7.1. We
give in Subsection 7.2 the resulting bounds for the initial Lasso and discuss in
Section 7.3 its thresholded version. In Subsection 7.4 we derive results for the
adaptive Lasso by comparing it with a thresholded initial Lasso.

Section 8 studies the noisy case. It is an easy extension of the results of
Sections 7.1, 7.2, 7.3 and 7.4. We do however need to further specify the choice
of the tuning parameters Ainit, Athres a0d Aadap. After explaining the notation,
we present the bounds for the prediction error, estimation error and for the
number of false positives, of the weighted Lasso. This then provides us with the
tools to prove the main results.

All proofs are in Section 9. There, we also present explicit constants in the
bounds to highlight the non-asymptotic character of the results.

2. Model misspecification, weak variables and the oracle

Let
EY =,

where £ is the regression function. First, we note that without loss of generality,
we can assume that fO is linear. If fO is non-linear in the covariates, we consider
its projection XS ue onto the linear space {X8: f € RP}, i.e.,

Xﬁtrue = arg%l(iﬂn Hfo - Xﬁ”2

It is not difficult to see that all our results still hold if fO is replaced by its
projection X B ue. The statistical implication is very relevant. The mathematical
argument is the orthogonality

X7 (X Birue — £2) = 0.
For ease of notation, we therefore assume from now on that f° is indeed linear:
0 .= X Birue-
Nevertheless, Birue itself may not be sparse. Denote the active set of Siue by

Strue = {.7 : ﬁj,true 7é 0}7
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which has cardinality Styue := |Strue|- It may well be that sgue is quite large,
but that there are many weak variables, that is, many very small non-zero
coeflicients in Birye. Therefore, the sparse object we aim to recover may not be
the “true” unknown parameter Sine € RP of the linear regression, but rather
a sparse approximation. We believe that an extension to the case where f°
is only “approximately” sparse, better reflects the true state of nature. We
emphasize however that throughout the paper, it is allowed to replace the oracle
approximation b° given below by Biue. This would simplify the theory. However,
we have chosen not to follow this route because it generally leads to a large price
to pay in the bounds.

The sparse approximation of fO that we consider is defined as follows. For a
set of indices S C {1,...,p} and for 8 € RP, we let

Bis:=pB{jeS} j=1,...,p.
Given a set S, the best approximation of fO using only variables in S is

fg = Xb° := arg min — £9Y.
s gf:XﬁSHf ll2

Thus, fs is the projection of £ on the linear span of the variables in S. Our
target is now the projection fg,, where

So := arg _min {||f5 —£0)3/n + TAL| S|/ 8% (6, S)}.
SCStrue
Here, |S| denotes the size of S. Moreover, ¢?(6,5) is a “restricted eigenvalue”
(see Section 4 for its definition), which depends on the Gram matrix 3 and
on the set S. The constants are chosen in relation with the oracle result (see
Corollary 9.3). In other words, fg, is the optimal fy-penalized approximation,
albeit that it is discounted by the restricted eigenvalue ¢?(6,Sp). To facilitate
the interpretation, we require Sy to be a subset of Siye, SO that the oracle is
not allowed to trade irrelevant coefficients against restricted eigenvalues. With
So C Strue, any false positive selection with respect to Sty is also a false positive
for So.

We refer to fg, as the “oracle”. The set Sy is called the oracle active set, and
bY = b50 are the oracle coefficients, i.e.,

fg, = X1

We write sg = |Spl|, and assume throughout that s > 1.

Inferring the sparsity pattern, i.e. variable selection, refers to the task of
estimating the set of non-zero coefficients, that is, to have a limited number
of false positives (type I errors) and false negatives (type II errors). It can be
verified that under reasonable conditions with suitably chosen tuning parameter
A, the “ideal” estimator

Bidcal = argmﬁin{HY — Xﬂ||§/n—|— /\2|{j : ﬂj 75 0}|},
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has O(A?sg) prediction error and O(sg) false positives (see for instance [2] and
[28]). With this in mind, we generally aim at O(sg) false positives (see also [38]),
vet keeping the prediction error as small as possible (see Corollary 3.1).

As regards false negative selections, we refer to Subsection 3.5, where we
derive bounds based on the /4-error.

3. Main results
3.1. Conditions

The behavior of the thresholded Lasso and adaptive Lasso depends on the tun-
ing parameters, on the design, as well as on the true f°, and actually on the
interplay between these quantities. To keep the exposition clear, we will use
order symbols. Our expressions are functions of n, p, X, and f°, and also of the
tuning parameters Ainit, Athres; and Aadap. For positive functions g and h, we
say that ¢ = O(h) if ||g/hllc is bounded, and g < h if in addition ||h/gl|c is
bounded. Moreover, we say that g = Ogug(h) if ||g/h]lc is not larger than a
suitably chosen sufficiently small constant, and g <gug h if in addition [|h/g]/co
is bounded.

Our results depend on restricted eigenvalues ¢(L, S, N), minimal restricted
eigenvalues @min(L, S, N), and minimal sparse eigenvalues ¢gsparse(S, N) (which
we generally think of as being not too small), as well on maximal sparse eigen-
values Agparse(s) (which we generally think of being not too large). The exact
definition of these constants is given in Section 4.

When using order symbols, we simplify the expressions by assuming that that

Ifs, — £2113/n = O(Xyi50/6° (6, S0)) (3.1)
(where ¢(6,Sy) = &(6,S0,50)), which roughly says that the oracle “squared
bias” term is not substantially larger than the oracle “variance” term. For ex-
ample, in the case of orthogonal design, this condition holds if the small non-zero
coeflicients are small enough, or if there are not too many of them, i.e., if

Z |Bj,true|2 = O()‘i2nit80)'
|Bi.true |2 <TAZ,,
We stress that (3.1) is merely to write order bounds for the oracle, bounds
with which we compare the ones for the various Lasso versions. If actually
the “squared bias” term is the dominating term, this mathematically does not
alter the theory but makes the result more difficult to interpret. We refer to
Subsection 7.1 for some exact expressions, which do not rely on assumption (3.1).

We will furthermore discuss the results on the set

T = {4 max |¢! X, /n| < /\init}a
1<j<p
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where X is the j-th column of the matrix X. For an appropriate choice of Ajyit,
depending on the distribution of €, the set 7 has large probability. Typically,

Ainit can be taken of order
Vdogp/n.

The next lemma serves as an example, but the results can clearly be extended
to other distributions.

Lemma 3.1. Suppose that e ~ N(0,02I). Take for a given t > 0,

2t + 21
Ainit = 4oy /ﬂ.
n

P(T)>1—2exp[—t].

Then

The following conditions play an important role. Conditions A and AA for
thresholding are similar to those in [38] (Theorems 1.2, 1.3 and 1.4).

Condition A For the thresholded Lasso, the threshold level Ajnres 1S chosen
sufficiently large, in such a way that

1
|:¢2(65 S07 250)

Condition AA For the thresholded Lasso, the threshold level Agpres 1S chosen
sufficiently large, but such that

:| )\init = Osuff ()\thres)-

1

[M] Ainit Xsuff Athres-

Condition B For the adaptive Lasso, the tuning parameter Aaqap 5 chosen
sufficiently large, in such a way that

Asparsc(s())
¢3 (67 SOu 280)

min

:| /\init - OsuH(Aadap)-

Condition BB For the adaptive Lasso, the tuning parameter Xadap 15 chosen
sufficiently large, but such that

|: Asparsc(s()) :|/\ o A

¢?nin (6, SO, 280) init ~suff Nadap-

Remark 3.1. Note that our conditions on A¢hres and Aadap depend on the ¢’s
and A’s; which are unknown (since Sy is unknown). Indeed, our study is of
theoretical nature, revealing common features of thresholding and the adaptive
Lasso. Furthermore, it is possible to remove the dependence of the ¢’s and A’s,
when one imposes stronger sparse eigenvalue conditions, along the lines of [34].
In practice, the tuning parameters are generally chosen by cross validation.
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The above conditions can be considered with a zoomed-out look, neglecting
the expressions in the square brackets ([---]), and a zoomed-in look, taking
into account what is inside the square brackets. One may think of A\i,;; as the
noise level (see e.g. Lemma 3.1, with the logp-term the price for not knowing
the relevant coefficients a priori). Zooming out, Conditions A and B say that
the threshold level Aghres and the tuning parameter Aaqap are required to be at
least of the same order as Ajit, i.e., they should not drop below the noise level.
Assumption AA and BB put these parameters exactly at the noise level, i.e.,
at the smallest value we allow. The reason to do this is that one then can have
good prediction and estimation bounds. If we zoom in, we see in the square
brackets the role played by the various eigenvalues. As they are defined only
later in Section 4, it is at first reading perhaps easiest to remember that the ¢’s
can be small and the A’s can be large, but one hopes they behave well, in the
sense that the values in the square brackets are not too large.

3.2. The results

The next three theorems contain the main ingredients of the present work.
Theorem 3.1 is not new (see e.g. [6-8], [4], [18]), albeit that we replace the
perhaps non-sparse Biue by the sparser b° (see also [26]). Recall that the latter
replacement is done because it yields generally an improvement of the bounds.

Theorem 3.1. For the initial Lasso B = f3 defined in (1.1), we have on T,

X = 1/ = | o] OO,
and
| Binie — b°[11 = {m} O(Ainit50),
and
| Binit — 0°]l2 = {m} O(Ainit/50)-

We also present here a bound for the number of false positives of the initial
Lasso. In this section, we confine ourselves to the following lemma. Here, A2
is the largest eigenvalue of 3, which can generally be quite large.

Lemma 3.2. On T,

G Ar2nax
|S1n1t\SO| S |:¢2(6,SQ):|O(SO)

The bound of Lemma 3.2 can be quite large. Under further conditions as
given in Lemma 8.1, the bound can sometimes be improved. See Subsection 5.3
for a lower bound in a situation where these further conditions fail.

The next theorem discusses thresholding. The paper [38] contains a careful
analysis of thresholding. It presents the results of Theorem 3.2, albeit under
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different conditions. The role of Theorem 3.2 in the present paper (with a rel-
atively short proof) is to make a comparison possible with the adaptive Lasso,
that is, it is invoked to prove similar bounds for the adaptive Lasso, as presented
in Theorem 3.3.

Theorem 3.2. Suppose Condition A holds. Then on T,

. A2
X eres — £012/m = [A()} Adbees (2. 50),

init

and Asparse(s0) ] A
l; o — bO _ sparse (S0 :| tthO Aini
H th H ! |:¢sparse(507 250) Ainit ( t80)7
and A (s0) A
i) ros — bO _ sparse (S0 :| thresO Aini )
” th ”2 |:¢Sparsc(80’ 250) Ainit ( t\/%)
and A
A 1 ini
S . S _ init O sa).
[ Sthres'\ ol Lb‘*((s, So, 250)} Alires )

Theorem 3.3. Suppose Condition B holds. Then on T,

A Asparse(s Aada
HXﬁadap - fOH%/n - [ ( : 0) ] - po()"2nit50),

Gmin(6,50,250) | Aimie
and o
1 Badap — 0°ll1 = [ Bj\;parsc(so) } );\a.dz.xpO(AinitSO)v
Priin (6, S0, 250) init
and
1/2 1/2
O R 6 e

and

A2 pars ini
spdrse(so) Abparbe(SO) :| )\mlt O(SQ)

¢4 (67 SO) 250) ¢min(65 S07 250)
Theorem 3.2 and 3.3 show how the results depend on the choice of the tuning
parameters Athres and Aadap. The following corollary takes the choices of Condi-

tions AA and BB, as these choices give the smallest prediction and estimation
error.

|gadap\50| = [

Aadap

Corollary 3.1. Suppose we are on T . Then, under Condition AA,

e~ 3/ = [zl o052 ) (32)
thres 2/ M = ¢4(6,S0,250) initS0)5 .

and
Asparsc (SO)

¢sparse(507 280)¢2 (67 SOa 250)

lnres — 0711 = { ]O(AWO),
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and A (s0)
l; s — bo _ sparse (S0 i
e I |:¢sparse(s’07280)¢2(67507280) Ohnic/s0),
and K
|Sthrcs\SO| = O(SO) (33)
Similarly, under Condition BB,
A AZarse(50)
X dn — fO 2 _ sparse 2 ) 4
Xy 13 = | e [ 00850, (3.4
and A (s0)
Aa oy — b() _ sparse (S0 -
||/8 dap Hl |:¢§nin(67507280) O(A tSO)v
and A (s0)
Aa o — bO _ sparse S0 O(Ains
Hﬁ dep H2 |:¢I2nin(6780’380)¢min(67807250) ( t\/%),
and

|SA’ \S | _ ASparse(SO)(b?nin (6, So, 250)
adap \»0 @(6, So, 250)

}0(50). (3.5)

3.3. Comparison with the Lasso

At the zoomed-out level, where all ¢’s and A’s are neglected, we see that the
thresholded Lasso (under Condition AA) and the adaptive Lasso (under Con-
dition BB) achieve the same order of magnitude for the prediction error as the
initial, one-stage Lasso discussed in Theorem 3.1. The same is true for their
estimation errors. Zooming in on the ¢’s and the A’s, their error bounds are
generally larger than for the initial Lasso.

We will show in Subsection 5.3 that in certain examples the bound for
|S’init\50| of Lemma 3.2 cannot be improved, and also that the results of The-
orem 3.1 for the prediction and estimation error of the initial Lasso are sharp.
Therefore general message is that thresholding and the adaptive Lasso can have
similar prediction and estimation error as the initial Lasso, and are often far
better as regards variable selection. Of course, a careful comparison depends on
the restricted eigenvalues involved. We generally think of 1/¢min’s and Agparse’s
being O(1), i.e., we stay at the zoomed-out level. For the case of very large
Agparse, we refer to Lemma 3.3. If the minimal restricted eigenvalues are very
small, one actually enters a different regime, where the design is highly corre-
lated. This has its implications on the random part of the problem, leading for
example to a smaller order of magnitude for the tuning parameters. We refer to
[27] for some illustrations.

In the paper [34], one can find further conditions that ensure that also for
the initial Lasso, modulo ¢’s and A’s, the number of false positives is of order
sg. These conditions are rather involved and also improve the bounds for the
adaptive and thresholded Lasso. In Subsection 8.3 we briefly discuss a condition
of similar nature as the one used in [34].
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3.4. Comparison between adaptive and thresholded Lasso

When zooming-out, we see that the adaptive and thresholded Lasso have bounds
of the same order of magnitude, for prediction, estimation and variable selection.

At the zoomed-in level, the adaptive and thresholded Lasso also have very
similar bounds for the prediction error (compare (3.2) with (3.4)) in terms of
the ¢’s and A’s. A similar conclusion holds for their estimation error. We remark
that our choice of Conditions AA and BB for the tuning parameters is motivated
by the fact that according to our theory, these give the smallest prediction and
estimation errors. It then turns out that the “optimal” errors of the two methods
match at a quite detailed level. However, if we zoom-in even further and look at
the definition of @sparse; @, and Pmin in Section 4, it will show up that the bounds
for the adaptive Lasso prediction and estimation error are (slightly) larger.

Regarding variable selection, at zoomed-out level the results are also com-
parable (see (3.3) and (3.5)). Zooming-in on the the ¢’s and A’s, the adaptive
Lasso may have more false positives than the thresholded version.

A conclusion is that at the zoomed-in level, the adaptive Lasso has less fa-
vorable bounds as the refitted thresholded Lasso. However, these are still only
bounds, which are based on focussing on a direct comparison between the two
methods, and we may have lost the finer properties of the adaptive Lasso. In-
deed, the non-explicitness of the adaptive Lasso makes its analysis a non-trivial
task. The adaptive Lasso is a quite popular practical method, and we certainly
do not advocate that it should always be replaced by thresholding and refitting.

3.5. Bounds for the number of false negatives

The {4-error has immediate consequences for the number of false negatives: if
for some estimator §, some target b°, and some constant 0y PP one has

18 = 6llg < 6577

then the number of undetected yet large coefficients cannot be very large, in the

sense that
upper

. 0
G By = 0,81 > 6}[a < e
Therefore, on 7T, for example

RPN 1
H] t Bjinie = 0, [m] V50 Ainit = Osuﬂ(|b?|)}' =0.

Similar bounds hold for the thresholded and the adaptive Lasso (considering
now, in terms of the ¢’s and A’s, somewhat larger [b3]).

One may argue that one should not aim at detecting variables that the oracle
considers as irrelevant. Nevertheless, given an estimator B , it is straightforward
to bound |3 — Buuellq in terms of |3 — b°|,: apply the triangle inequality

HB - Btrue”q < ”B - bo”q + ”bo - Btrue”q'
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Moreover, for ¢ = 2, one has the inequality

fs, — £7113

B — Biruell2 < lIfs 2

H true”z nA?nin(Struc)

where A2 (S) is the smallest eigenvalue of the Gram matrix corresponding

to the variables in S. One may verify that ¢(6, Strue) < Amin(Strue)- In other
words, choosing Sirue as target instead of b does in our approach not lead to
an improvement in the bounds for ||5 — Biruel|2-

3.6. Assuming beta-min conditions

Let us have a closer look at what conditions on the size of the coeflicients
can bring us. We call such conditions beta-min conditions. We only discuss the
adaptive Lasso (for thresholding we refer to [38]).

We define

0 i 0
|67 min = main [bj].

Moreover, we let

1 1!
|b0 }21arm = (S_ Z W)
0 jes, "
be the harmonic mean of the squared coefficients.

In Chapter 7 of [5], sparse eigenvalues are avoided altogether and results are
given under a condition which replaces the quantities |b°|in and |0°|parm Wwe
consider here by a trimmed harmonic mean. This refinements require further
arguments. Therefore let us here only consider a simple version.

Condition C For the adaptive Lasso, take Aagap sufficiently large, such that

|b0|harm - Osuﬁ()\adap)-

Condition CC For the adaptive Lasso, take Aaqap sufficiently large, but such
that

0 -
a —n adan -
|b |h rm —suff )\dddp

Remark 3.2. In Condition CC the choice for A\yqap is larger than in Condition
BB. We will see in Lemma 3.3 that beta-min conditions allow for a larger tuning
parameter \,q4.p Without paying a price in prediction error, but with a possible
gain in variable selection properties. In some examples, one can show that the
prediction optimal choice for the tuning parameter will be of the right order. In
practice one may use cross validation, although we have as yet no theoretical
guarantee that cross validation will mimic the theoretical values we consider.

Lemma 3.3. Suppose that for some constant §3PP°*, on T,

|| Binit — 0°[| 0o < OUPPET.
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Assume in addition that
60| imin > 200PPCr, (3.6)

Then under Condition C,

A2 012 1 )‘idap 2
[XBidap — £ I2/n = O(Xinit50),

adap ¢2 (65 SO) |b0|}21arm '
and . \

A _ 10 _ adap o

||ﬂadap b ||1 |:¢2(6,S()):| |b0|harm0()\m1t50)a
and . \
Aa ap — bo = adap ini
||ﬂ dap ||2 |:¢2(6,SQ,280):| |b0|harmO(A t\/%)a

and

) A2, (s0) A2 . 80
Sa . g | — v sparse 10) init
| Sadap \So (‘90 [(;52(6,30)(;54(6,80,250)] (|b0|}21arm>

A 1 Jo( 2t
¢2 (67 SO)¢4 (67 So, 250) |b0|}21arm
It is clear that by Theorem 3.1,

5 g0 _ | V%0 1 N
e =& oe = Lﬁ?(& S0 " 76, 507280)} Olsmi/30)-

This can be improved under coherence conditions on the Gram matrix. To sim-
plify the exposition, we will not discuss such improvements in detail (see [20]).

Under Condition CC, the bound for the prediction error and estimation error
is again the smallest. We moreover have the following corollary.

Corollary 3.2. Assume the conditions of Lemma 3.3 and
1
$*(6, S0)$*(6, So, 250)

)\initSO - Osuﬂ(|b0|harm)' (37)

Then on T, R
|Sadap \So| = 0.

Asymptotics For the case of Gaussian errors € ~ N(0,021), with 02 < 1,
one typically takes Ajit < 4/logp/n (see Lemma 3.1). If we assume moreover
that the design is such that ¢(6, So,2s¢) =< 1 and all non-zero coefficients bg are

in the same range, the beta-min condition we impose in (3.7) is sgy/logp/n =
O(bg) for all j € Sp, that is, all non-zero coefficients should be not smaller than

so+/logp/n in order of magnitude.
We will see in Subsection 5.4 that in certain examples, the beta-min condition

(3.7), which roughly requires a separation of order /5o between |Bj,init|7 j €Sy
and |Bj,init|7 j ¢ Sp (with, according to Theorem 3.1, for j ¢ Sy, |Bj,init| being
of order Ainitv/S0/$?(6, So,2s0)) is necessary for variable selection. It is clear
that with thresholding, one does not need this large separation. Thus, in the
beta-min context, thresholding wins from the adaptive Lasso.
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4. Notation and definition of generalized eigenvalues

We reformulate the problem in Lo(Q), where @ is a generic probability measure
on some space X. (This is somewhat more natural in the noiseless case, which
we will consider in Section 7.) Let {¢;}_, C L2(Q) be a given dictionary. For
j =1,...,p, the function ¢; will play the role of the j-th co-variable. The Gram
matrix is

z::/w%d@, = @, ).

We assume that ¥ is normalized, i.e., that [ 1/)J2-dQ = 1 for all 5. In our final
results, we will actually take ¥ = 3, the (empirical) Gram matrix corresponding
to fixed design.

Write a linear function of the 1; with coefficients 8 € R? as

P
[ = Z%ﬂj-
j=1
The Lo(Q)-norm is denoted by || - ||, so that
I £5l* = BT E8.

Recall that for an arbitrary § € RP, and an arbitrary index set S, we use the
notation

Bjs = Bil{j € S}.

We now present our notation for eigenvalues. We also introduce restricted
eigenvalues and sparse eigenvalues.

4.1. FEigenvalues

The largest eigenvalue of ¥ is denoted by A2, i.e.,

A% = max BTEB.

max
18ll2=1

We will also need the largest eigenvalue of a submatrix containing the inner
products of variables in S:

A2..(S):= max BL¥Bs.
l18sll2=1

Its minimal eigenvalue is

AZin(S) == min B§YBs.
[1Bsll2=1
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4.2. Restricted eigenvalues

A restricted eigenvalue is of similar nature as the minimal eigenvalue of ¥,
but with the coefficients S restricted to certain subsets of RP. The restricted
eigenvalue condition we impose corresponds to the so-called adaptive version as
introduced in [29]. It differs from the restricted eigenvalue condition in [4] or
[18, 19]. This is due to the fact that we want to mimic the oracle fg,, that is,
do not choose O as target, so that we have to deal with a bias term ||fs, — f°||.
For a given S, our restricted eigenvalue condition is stronger than the one in [4]
or [18, 19]. On the other hand, we apply it to the smaller set Sy instead of to
Struc-

Define for an index set S C {1,...,p}, and for a set N' O S and constant
L > 0, the sets of restrictions

RSN = {5 1wl < DIVl g 651 < min 1551},

Definition: Restricted eigenvalue. For N > |S|, we call

2

#*(L,S,N) := min{ 15l : NDS, NN, B¢ R(L,S,N)}
18Il

the (L, S, N)-restricted eigenvalue. The (L, S, N)-restricted eigenvalue condition

holds if (L, S, N) > 0.

For the case N = |S|, we write ¢(L,S) := ¢(L, S,|S]).

The minimal (L, S, N)-restricted eigenvalue is

2. (L,S,N):= i 2(L,N).
min ( )= o duin 65 (LN)

It is easy to see that ¢min(L, S, N) < ¢(L,S,N) < ¢(L,S) < Apin(S) for all
L > 0. It can moreover be shown that

¢*(L,S,N) = rnin{llfﬁlz t NOS, NI =N, |IBxell < L, [1Ball2 = 1}.

4.3. Sparse eigenvalues

We also invoke sparse eigenvalues, in line with the sparse Riesz condition occur-
ring in [34].

Definition: Sparse eigenvalues. For N € {1,...,p}, the maximal sparse
eigenvalue s

Agparse(N) = max  Apax(N).

N: [N|=N
For an index set S C {1,...,p} with |S| < N, the minimal sparse eigenvalue is
(bsparsc(sa N) = min Amin(N)-

NDS: |[N|=N
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One easily verifies that for any set N with |N| = ks, k € N,
Amax(NV) < VEAsparse(s)-
Moreover, for all L > 0,
Psparse (9, N) = ¢(0, 5, N) = ¢(L, S, N).

See [5] for some further relations.

5. Some lower bounds for the (weighted) Lasso, and the case of
random design

This section complements the upper bounds of Section 3 with some examples
where the bounds (for the initial Lasso) cannot be improved. We also consider
necessary conditions for exact variable selection. We first present the irrepre-
sentable condition. Subsection 5.2 treats the case of random design. We will
then consider in Subsection 5.3 an example where the irrepresentable condition
does not hold, and where the Lasso has many false positives. We first consider
in Subsection 5.3.1 a simple situation, where the correlation pattern follows a
worst case scenario. A more realistic correlation pattern, as given in Subsection
5.3.2, requires rather refined arguments. Subsection 5.4 presents an example
where the adaptive Lasso needs the beta-min conditions of Corollary 3.2 for
exact variable selection, i.e., the bounds in this corollary are sharp.

5.1. The irrepresentable condition

For a symmetric (p x p) -matrix X, we define
211(9) := (0k).kes,

¥2,1(8) == (0).k) j¢ S, kes-

Let 0 < 0 < 1. The 6-irrepresentable condition assumes

Hi32,1 (Struc)ii% (Struc)(Ttruc)Struc)Hoo S 9;

where Tipye is the sign-vector of Birue. It is known that under beta-min conditions
the f-irrepresentable condition with # = 1 is necessary for the initial Lasso to
have no false positives, and that with 6 sufficiently small it is also sufficient for
consistent variable selection in a proper asymptotic setting (see [23] and [36]).
The next lemma, from Chapter 7 in [5], presents a uniform 6-irrepresentable
condition giving a non-asymptotic result. See also Lemma 6.2 in [29] for the
noiseless case (where A\, = 0).
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Lemma 5.1. Let
T :=T. .= { max 2|/ X;| < A}
1<j<p

Suppose

3 S — Nivie — A\
SUp |82 (Strue) 11 (Strue) i Moo < T
7S e oo <1 it +)\E

Then on T,

Sinit C Struc-

In order to keep the prediction error small, one chooses A small while keeping
the probability of 7 = T¢ large, and Ajnjt of the same order as A.. In particular,
we throughout take Ajniy = 2A.. Then

)\init - )\e 1

)\init + )\E - 3
5.2. Random design

Let X; be the i-th row of X. The idea that follows is easiest understood when the
covariables X; are i.i.d. copies of some random row vector X € RP with mean
zero and covariance matrix ¥ :=EX7X. Let |2 — 2|00 := max; |54 — 0j.k]-
Under e.g. exponential moment conditions (and also under weaker moment con-
ditions) it holds that for Ax = O(y/logp/n), one has || — Xl < Ax on a
set Tx with large probability. Looking at the definition of restricted eigenval-
ues, we see that they depend on the Gram matrix under consideration. It is
shown in [29] that Y-restricted eigenvalue conditions imply S-restricted eigen-
value conditions when |2 — ¥4 is small enough, depending on the sparsity
s = |S|. For example, for ||£ — ¥||o < Ax, where 32\xs/¢3(L, S,2s) < 1, we
have (;%(L, S,2s) > ¢%4(L,S,2s)/2. Similar statements can be made for min-
imal restricted eigenvalues and sparse eigenvalues. Thus, we can handle spar-
sity s of order s = Ogur( Ay 93(L, S,25)). With Ax =< /logp/n, this becomes

s = Osut(\/n/logp) x ¢%4(L, S, 2s).

Our conclusion is that ¥ in a rather general setting inherits (up to constants)
its generalized eigenvalues from those of ¥ when the two matrices are close
enough. This can be applied to establish bounds for the prediction error.

As explained above, for variable selection the irrepresentable condition plays
a crucial role. Again, one may want to replace the empirical covariance matrix
) by a population version Y. Suppose that on the set 7. N Tx, we have for
some \y,

HXA] - E||oo||Binit - ﬂtruc”l S 5\X
Then the condition

_ Ainit — (Ae + Ax)
sup E2,1 S ru b ] S rue ) TSrue ) |loo < =
HTsmnmglll (Strue) 31 1 (Sirue) T )| AT
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suffices for the initial Lasso to have no false positives on T.NTx (see [5], Chapter
7). As we have seen (Theorem 3.1), on T¢, and with Ainiys = 2\, we have

| Binit — 0°[|1 = O(Ainits0) /6% (6, So)

(where ¢?(6, So) = ¢Z(6,.5))). Suppose now that the approximation error |[b° —
Biruell1 is also of this order. Then the Y-irrepresentable condition has slightly
larger noise term A, + 5\X (instead of \¢), but the additional :\X is of order
AinitAx /9%(6,.S0). So we can use the Y-irrepresentable condition when again
the sparsity s¢ is of order sy = Ogug (A% #2(6,S0)).

5.3. An example illustrating that the Lasso can select too many
false positives

We consider now the case of equal correlation. Subsection 5.3.1 treats an ide-
alized setting, with “worst case” correlation pattern. Here, the Lasso selects all
p variables. However, the considered correlation pattern is a-typical (e.g. for
Gaussian errors it occurs with probability zero). In that sense, this idealized
case mainly serves as a first step towards the more realistic setting of Subsec-
tion 5.3.2. There, we show that for Gaussian errors, the Lasso selects at least an
order of magnitude s elogn false positives (see Theorem 5.1). To show this is
quite involved and requires refined concentration inequalities. We furthermore
believe that the lower bound S¢ye logn is not sharp, i.e., that in fact the number
of false positives can be even larger.

Of course, one can get many false positives by choosing the tuning parameter
very small. We will however not do this, but allow for a value At of the order
maxi<;j<p |eL 1;|/n, meaning that for instance for Gaussian errors the prediction
error satisfies the oracle bound s¢e logp/n.

5.8.1. Worst case correlation

We do not provide any proofs of the results in this section: they follow from
straightforward calculations.

Let P be a probability measure on X x R with marginal distribution @ on
X (possibly P is the empirical distribution P, = ", d(x, v;)/n). We study
a function Y € Lo(P) satisfying Y = f° + ¢, where (as in Section 4) f¥ =
E?:l Biructj, and where 1, ...,1, are given functions in Ls(Q) (the latter
again playing the role of the covariables). The Gram matrix is ¥ := [ T dQ,
where 1) := (¢1,...,1p). The Ly(P) inner product is denoted by (-,-), and || - ||
is the Lo(P)-norm. We let

p
Binit := argmﬂin{|Y > wiBilIP + 2)\init||5|1}-

j=1
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Note we replaced Aipnit by 2Ainit- This will simplify the expressions. To make our
analysis more explicit, we throughout take Ainiy = 2\, where

Ae > max |(€,1;)].

T 1<5<p
Let ¢ be a p-vector of all 1’s, and let
Y= (1—p)I +pu”,
where 0 < p < 1. This corresponds to

1/)J: \/1_p1Z)J+\/ﬁza ]Zlavpa

where ||z]| = 1, (;,2) = 0 for all j, and [¢T4dQ = I. In other words, the
covariables have a variable z in common, but are otherwise uncorrelated.
The (minimal restricted) eigenvalues are as follows.

Lemma 5.2. Let S be a set with cardinality s. We have

A?nax(s) =1- p+ pPS-

Moreover for any L (and for s and p even),

r2nin(La Sa 25) = ¢2(L7 Sv 25) = A12111n(S) =1- p-
Thus, in this example, the maximal eigenvalue A2, _is equal to 1—p+pp > pp,
i.e., it can be vary large.
It is easy to see that

- PStrue
sup 22,1 (Serue) X1 1 (Strue) (T) s Ml oo = 77—
175 true loo <1 e ' - 1 —p+ pStrue

Therefore, to be able to construct an example with false positives, we assume
that

— PStrue _ )\init - )\e > 0.
1- 14 + PStrue )\init + )\E

Note that with the choice Ainix = 2, this holds for p sufficiently large:

PStrue 1 .
—— > —iff p> ———.
1- P + PStrue 3 r 2Struc + 1

Now, we will actually assume that p stays away from 1, that is, we exclude
the case

p=1-—o0(1).

The reason is that for p in a neighborhood of 1, the design is highly correlated.
For such designs, a smaller order for the tuning parameter can be appropriate
(see [27]).
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Therefore, let us consider the range

2
25truc + 1

_)\e | € S rue
(ead}j) = { / ' :

<p<

DN | =

We assume that

+)\e .7 ¢ Strue

The latter can be seen as the “worst case” correlation pattern. Some other and
perhaps more typical correlation patterns (that increase the penalty on the true
positives and decrease the penalty on the true negatives) will lead to similar
conclusions but more involved calculations.

We further simplify the situation by assuming that

ﬁj,true = 607 V] € Strue7

where Sy is some positive constant. It is easy to see that b = Bue When Sy is
sufficiently larger than A, i.e., when Ainit = Osust (Bo)-
It is not difficult to see that the Lasso is also constant on Sirye:

Bj,init = ﬁOu v j € Strueu
where fj is some non-negative constant. Moreover,
Bj,init = ’3/7 v j ¢ Strue7

where 4 is some other constant.
The next lemma presents the explicit solution for the initial Lasso. We also
give the order of magnitude of the terms.

Lemma 5.3. Suppose that

2 1
—  _<p<<,
25truc + 1 2
and that
ﬂo > ( )\init + )\E P(p - Struc)A(Ainit + )\E)>
(1= p+ pstrue) (1=p)A —p+pp)
We have
BO BO o ( )\init + )\e p(p - Strue)A()\init + )\6)) - s
- - = —~ T /Minit,
(1= p + pStrue) (L=p)(L=p+pp)
and

A(1 — p+ pstrue) Ainit + Ae) _ Ainit Strue
(1—p)l—p+pp)  ~1—p p
We also give the prediction, ¢1- and fs-error, and the number of false nega-
tives, and their order of magnitude.

’3/:
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Lemma 5.4. Suppose the conditions of Lemma 5.3. We have

A )\ini + /\e 23 U
| finie — £2I1? = Qinit + Ae)”Strue
(1 —p+ pStrue)
+ AQ [1 —p + pstruc] ()\init + /\5)2(1) - Struc)
(L=p)(1=p+pp)

2
- )\init Strue

=~

I—p
and
5 o ()\init + /\E)Strue p(p - Strue)strueA()\init + )\e)
||Binit - Btrue”l -
(1= p+ pStruc) (1 =p)(1—p+pp)
+A(1 —p+ pstruc)(p - Struc)(Ainit + )\e) - Ainitstruc
(1=p)(L—p+pp) L—p ~
HB 3 ” B ()\init + Ae)\/strue i p(p - Strue)\/ StrueA()\init + )\e)
init — Ptruel|2 —
(1= p+ pstrue) 21 =p)(X = p+pp)
A(l —p + pstrue) \/p - Strue()\init + )\6)
+
(L=p)(L=p+pp)
- )\init \/ Strue
= 71 p N
and

|Sinit\5true| = (p - Strue)-

Note that we kept 1/(1—p) in our order bounds, whereas admittedly, 1—p =< 1
in the range considered. Nevertheless, as 1 — p plays the role of the ¢?’s, we see
that the bounds we provide incorporate the ¢’s in a reasonable way.

It follows that when p < 1/8tyye, the result of Lemma 3.2 is sharp. Also for
p = 1/8true the maximal sparse eigenvalue is < 1. We can then apply Theorems
3.2 and 3.3. There, the thresholds Aihres and Aadgap appear to be too large, as
4 =< (Strue/P)Ainit /(1 — p). On the other hand, for p — Strue €.g. Theorem 3.2
gives a bound for Atpres Which is arbitrarily close to the bound needed.

When p is of larger order than 1/, the maximal sparse eigenvalue becomes
increasing in syye. Recall that Lemma 3.3 not necessarily needs sparse eigenvalue
conditions (but instead needs beta-min conditions).

5.8.2. A realistic example

The proofs for this subsection are in Section 9. We consider a situation where
p=mn—1.Theerrors €y, .. ., €, are assumed to be i.i.d. N'(0, 1)-distributed. The
design is constructed as in the previous subsection: we let {1&1, . ,z/;n_l, z} be
n orthogonal vectors in R™ with length 1/n, and

V=1 —p;+/pz, j=1,....,n—1,
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where 0 < p < 1/2. The Gram matrix is then
£ = (1= I+ pu,

where ¢ is an (n — 1)-vector of 1’s.
Again, to simplify the expressions, we replace Ainit by 2Ainit, i-€., we consider
the Lasso
Binit := argmin {IY = XB[3/n + 2Xinic || Bll1 } -

First, we present the form of the solution of this minimization problem.

Lemma 5.5. Consider for some A, the set
= T <
7= { g € lin < 3|

and assume Ainit > C1Ae and ﬂ? > CAinit for all j € Sirue, with Cp > 1 and
C a sufficiently large positive constant depending only on Cy. Then on T the

following holds. Firstly, Sinit O Strue. Moreover, all B;nit are non-negative, and

Ainit | Sinit| — Z e"j/n

JESinit
s non-negative. Finally, when S’init\Sth #+0, for all j € ginit\Stmc,

Bjinit = €195 /1 — Aini (5.2)

P (Ainit|5'init|— Z €T¢j/”>-

=
1-— P+ P|Sinit| € Sinis

We use concentration results for €71, j € S ., to establish the following

true>
lower bound for the number of false positives:

Theorem 5.1. For some positive constants Cys, Cgs, C7, Cs and C', and constant
0 < o < 1 not depending on n, with Ainis = Cs4/logn/n, minjeg,,.. ﬁ]Q > C'Ainit,
Strue > Cs, and
pstruc 1
S il N
1- P + PStrue C?

it holds that with probability at least «,

Strue logn

g. . >
|Sln1t\Struc | - 08

5.4. The weighted irrepresentable condition

This subsection will show that, even in the noiseless case, exact variable selection
with the adaptive Lasso needs rather strong conditions. Let, as in Subsection
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5.3, @ be a probability measure on X, 91, ..., be a fixed dictionary in Ls(Q)
and || - || be the Lo(Q)-norm. The Gram matrix is ¥ := [ 97 ¢dQ. We write

p
f,@ = Zﬁjwju B S RP,
j=1
and denote the truth by
fO = fﬂtrue'

The weighted Lasso is
ﬂwcight = al"gmﬁin{ ||f6 - fo”2 + Ainit)\wcight|VVﬂ”l};

where W := diag(w) with w := (w1, ..., w,) a vector of positive weights. We let
chight = {] : ﬂj,wcight ?A 0}

As stated in Subsection 5.1, the initial Lasso essentially needs the irrepre-
sentable condition in order to have no false positives. Similar statements can
be made for the weighted Lasso. We let Wg := diag({w;} es), and Tipe =
sign(Sirue). We say that the weighted 6-irrepresentable condition holds if

| W:Crluc 221 (Strue)zlj% (Strue) Wsirue (Torue) Sirue lloo < 0.
The reparametrization 8 — v := W14 leads to the following lemma, which
is the weighted variant of the third part of Lemma 6.2 in [29].

Lemma 5.6. Assume the beta-min condition

|ﬂtruc|min > )\wcight /\init sup ||Ei]i(8truc)WStruc TStrue Hoo/2

7S true lloo <1

Suppose Sweight C Strue- Then the weighted 0-irrepresentable condition holds
with 6 = 1.

We now consider conditions for the weighted irrepresentable condition to
hold. Let

min

Wwee = minw;.
5 gs
Lemma 5.7. Suppose that
wsll2 < 0Amin(S)wiin. (5.3)

Then
sup HW;CIEQJ(S)Ei%(S>WST5HOO < 0.
Imslloc <1

The next example shows that the result of Lemma 5.7 cannot be improved
without assuming further conditions. As a consequence, for exact variable selec-
tion, the adaptive Lasso needs a rather large lower bound on |Strue|harm, Where

—1
1 1

2 -
|ﬂtrue|harm T S 62—
true JEStrue Jytrue
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is the harmonic mean of the squared coefficients. The corresponding upper
bound occurs in Corollary 3.2.

Example 5.1. Let Siyue = {1, ..., s}, with cardinality s := |Struel, be the active
set, and write
Y11 X1
Y= ’ “).
(22,1 E2,2)

We now will take a special (idealized) choice for ¥. We suppose that 3q 1 := T
is the (s x s)-identity matrix, and

Yo = pleac]),

with 0 < p < 1, and with ¢; an s-vector and co a (p — s)-vector, satisfying
llei]l2 = [lezll2 = 1. Moreover, we suppose s 2 is the ((p — s) X (p — s))-identity
matrix. Then Apin (Strue) = 1 and the smallest eigenvalue of X is 1—p. Its largest
eigenvalue is 1+p. Take ¢; = wg,,./||ws,,.. |2, and cz = (0,...,1,0,...)T, where
the 1 is placed at argminjese —w;. Then, for 75, . being a vector of all 1’s,

WSiue TStne = WSirne s

and
S2157 1 Wi = pe2|[ws,,, |2,

and hence the bound of Lemma 5.7 is, up to constants, sharp:
—1 —1 . min
[Wae 32151 1Weie TSue lloo = pllwsi,e l2/wse”

We now first present some heuristics concerning the consequences for the adap-
tive Lasso, and then provide a detailed exact example. The adaptive Lasso aims
at weights

w; = ———, J € Strue-
J |Bj,true| y J true
Then
\/ Strue
sttrue ||2

B |ﬂtruc|harm '

The #-irrepresentable condition with = 1 then requires

|ﬂtruc|harm Z P/ 5tru05oo;
where )
500 :@ = Hl/wstcrueHoo'

Therefore for exact variable selection, one needs |Btrue|harm t0 be an order of
magnitude |/s¢ye larger than do,. This condition also shows up in Corollary 3.2.

Let us consider in more detail the special case with p = s+ 1, p = 1/2
and B true = Po for all j € Sirye, where [y is a positive constant. Then ¢; =
(1,...,1)/4/s, and ¢ = 1. Straightforward calculations show that when p >
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1/4/5, and Ainit = Osui(Bo), the initial Lasso Sini (for the noiseless case, see
(7.2) for its definition) will select variable (s + 1), and

s—1
Bs+1,init = pl\/:in/\init = /8 Ainit.-

Furthermore,
1—p/\/s .
ﬂj,init = ﬂjo - 1_7/p\2/_/\init, WS Strue-
Hence, with
1
Wy = 77—, v ju

! |Bj,init|
we have

500 = \/g)\initv

and for By > 2\init,
||wStrueH2 x \/g//BO'

It follows from the weighted irrepresentable condition (Lemma 5.6) that under
the beta-min condition AinitAadap = O(ﬁg), we need the lower bound

SAinit - Osuff (ﬂO)

for exact variable selection with the adaptive Lasso. This corresponds to the
upper bound of Corollary 3.2, so that the bounds are sharp.

6. Conclusions

We present some comparable bounds for the adaptive Lasso and the thresholded
Lasso with refitting and we also compare them to the ordinary Lasso. The
framework of our analysis allows for misspecified linear models whose best linear
projection is not necessarily sparse and with possibly small non-zero regression
coefficients, i.e., many weak variables. This setting is much more realistic than
the usual high-dimensional framework where the model is true with only a few
but strong variables.

Estimating the support Sy of the non-zero coefficients is a hard statistical
problem. The irrepresentable condition, which is essentially a necessary condi-
tion for exact recovery of the non-zero coefficients by the one-step Lasso, is much
too restrictive in many cases. In this paper, our main focus is on having O(sg)
false positives while achieving good prediction and estimation. This is inspired
by the behavior of the “ideal” fy-penalized estimator.

We have examined thresholding the Lasso with least squares refitting and the
adaptive Lasso. Our main conclusion is that both methods can have about the
same prediction and estimation error as the one-stage ordinary Lasso, and that
both gain over the one-stage Lasso in the sense of having less false positives. We
provide additional support of this point by also proving a lower bound for the
one-stage Lasso with respect to false positive selections. Moreover, according to
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our theory (and not exploiting the fact that the adaptive Lasso mimics thresh-
olding and refitting using an “oracle” threshold), thresholding with least squares
refitting and the adaptive Lasso perform equally well, even when considered at
a rather fine scale. Our bounds for the adaptive Lasso are more sensitive to
small (minimal) restricted eigenvalues or small minimal sparse eigenvalues, or
large sparse maximal eigenvalues. Both thresholded and adaptive Lasso benefit
from a situation with large non-zero coefficients of the oracle, i.e., from beta-min
conditions. For exact variable selection, the adaptive Lasso however needs more
severe beta-min conditions than thresholding.

We do not give a full account of the tightness of our bounds for both two-step
methods. One can however construct (idealized) examples where the bounds are
sharp in order of magnitude (as a function of Ain; and sg). Moreover, the thresh-
olded Lasso allows a rather direct analysis, and we believe there is little room for
improvement of the bounds for this method. The analysis of the adaptive Lasso
is more involved. Our comparison to thresholding might not do justice to the
adaptive Lasso. Indeed, we have not fully exploited the finer oracle properties
of the adaptive Lasso.

In practice the tuning parameters are often chosen by cross validation, which
may correspond to a choice giving the smallest prediction error. It is not within
the scope of this paper to prove that with cross validation, thresholding and
the adaptive Lasso again have comparable theoretical performance, although
we do believe this to be typically the case. As for the computational aspect,
we observe the following. For the solution path for all Ayqap, the adaptive Lasso
needs O(n|Sinie| min(n, |Sinie|)) essential operation counts. The same order of op-
eration counts is needed when computing the thresholded Lasso for the whole
solution path over all Athres. Therefore, the two methods are also computation-
ally comparable.

7. The noiseless case

Consider a fixed target f© = fg,... € L2(Q). Let S C {1,...,p} and let fg :=
argming—y, || fs5 — £°|| be the projection of f” on the |S|-dimensional linear
space spanned by the variables {¢;};es. We denote the coefficients of fg by b°,
ie.,
fs = Z%‘bgs = Jos-
j€S

The oracle set Sy is defined by trading off dimension against fit, namely

true

3L LS|
= i _ £0)2 4o Zlinit 1
Sp = arg min {|f5 217 + (2, 9) }, (7.1)

where the constants are now from Theorem 7.1 (or its Corollary 9.1). We call
fs, the oracle, and we let b° := 0% i.e., fg, = fyo. Also, we let so := |Sp| and
assume sg > 1.
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For simplicity, we assume throughout that

I£s, — £211* = O(Nyies0/ 9% (2, S0),

init
which roughly says that the approximation error does not overrule the penalty

term.
The initial Lasso is

e = angmin] 155 = 1P + X111 72)

We assume that the tuning parameter Aij; is set at some fixed value. Of course,
in the noiseless case, the optimal - in terms of prediction error - value for Aipit
is Ainit = 0. However, in the noisy case, a strictly positive lower bound for Aipit
is dictated by the noise level. Write

finit := [Binses Simit = {7 ¢ Bjmit # 0}, Finie := | finic — £°|. (7.3)
Let for 6 > 0,
Stie = {7+ |Bjimie| > 6}

Then fgs = 45t 1S the refitted Lasso after thresholding at ¢. Note that we
express explicitly the dependence of the thresholded estimator on the threshold
level, which we now call ¢ (instead of Apres as we did in the introduction).
The reason for this is that the analysis of the adaptive Lasso will go via the
thresholded Lasso with a choice of the threshold § that trades off prediction

error against estimation error (see (9.8) in the proof of Theorem 7.4).
The adaptive Lasso is

1851
|ﬂj,init|

p
Badap = arg Ingn HfB - fOH2 + )\init)\adap Z
—

The second stage tuning parameter Aaqap is again assumed to be strictly positive.
We denote the resulting adaptive variants of (7.3) by

fadap = fﬁadapv Sadap = {J : Bjadap # 0}, dadap = || fadap — fo”-

As the initial and adaptive Lasso are special cases of the weighted Lasso,
many of the results in Subsections 7.2, 7.3 and 7.4 are consequences of those
for the weighted Lasso as studied in Subsection 7.1. As in Subsection 5.4, the
weighted Lasso is defined as

p
Bweight = arg Hlén ”f,@ - fOH2 + )\init)\weight Z w; |BJ| 5
j=1

where the {w;, }le are non-negative weights. We set fueight = f8,eines Sweight :=
{j: Bjweignt # 0}. Moreover, we define

lws |3 := wa-, W = min w;.
jes igs
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By the reparametrization § — v := W3, where W = diag(w1,...,w,), one
sees that the weighted Lasso is a standard Lasso with Gram matrix

Sweight (= WIS L
We emphasize however that Myeight is generally not normalized, i.e., generally

diag(Ewcight) 75 1.

7.1. The weighted Lasso

We first present a bound for the prediction and estimation error and then con-
sider variable selection.

Theorem 7.1. Let S be an index set with cardinality s := |S|, satisfying for
some constants M > 0 and L > 0,

w§ > M/L, |[wsll2/v/s < M.
Then for all B, we have

6M2. 02 . M2s
wei — fO 2 <92 _ fO 2 init 'weight
e = E1= 23 = 0+ =1 )

Moreover, for all B, we have

< 3||f35 — f0||2 + 3)‘init)\weightM3

V|| (Bweight)s — Bsll2 + || (Bweignt)se|l1/L < Nt e M $2(2L, 9)

Finally, it holds for all B, that

G(L V 1)Hf35 — fOH2 6L)\init)\weightM(S + 80)

wei - <
[Bueigte = Bl AinitAweight M /50 $*(2L, S, s+ 50)/59

We will apply the above theorem with S the set of the smaller weights.

Corollary 7.1. Fiz some arbitrary 6 > 0, and let
S\f/cight 2 {] C Wy < 1/5}5 (Sgrcight)c ) {j C Wy > 1/5}

The indices j with w; = 1/8 can be put in either Sgrcight or in its complement.
Suppose that for some a > 0,

|Sg/cight\50| < wsp.

Taking S = ngeight’ L=1and M =1/§ in Theorem 7.1, we get that for all B,

oot — P2 < 25— £0)2 + i a1+ )50
weig — 55§,C;ght 52¢r2nin(2750’ (1 + a)So) .
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Moreover,
395 — £02
| Bweight — Bgs |1 < Hfﬁsé‘veigm | 3Ainit Aweight (1 + a)so
weight Sweight 11 = )\init/\wcight 5¢2(2, So, (1 ¥ O‘)SO) )
and
_ 0|12
||B . _ B 5 H < 66||fﬂsgzeighc f || + 6)‘init)\weight(2 + Oé)\/%
weight chight 2 = \/%)\initAinght 6¢r2nin(27 807 (2 + O[)So) .

In the case a = 0, one may replace in the last bound, ¢2. (2,50, (2 + a)sg) =

min

¢1’ni1’1(27 507 280) by ¢(27 SOu 280)'

Our next theme is variable selection. The Karush-Kuhn-Tucker (KKT) con-
ditions (see [3]) can be invoked to derive Lemma 7.1 below, where we use the

notation

1
(1 w)sl3 =Y =
: wy
jes I
Lemma 7.1. It holds that

”fweight - fOH2 ||(1/w)sweight\SOH%
A2 A2 ’

weight init

|chight \SO | 2 S 4A12nax(8wcight \SO)

If | Sweignt \So| > so, we have

| fveigne = FOII2 (1/W) 5, 0ig\S0 113
\2 \2 '

weightso init

|Sweight\50| < 8A2 (80)

sparse

7.2. The initial Lasso
Recall that

Sinit = || finic — £2|.
For ¢ > 1, we define

0q = || Binit — bo”q-

Theorem 7.2. The prediction error of the initial Lasso has

52, = _
init ¢2(2, SO)

and its estimation error has

:| O()‘iznit 80)7

! 1
01 = [m} O(MinitSo), 02 = [m] O(Ainit\/%).
The initial estimator has number of false positives

(7.4)
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Considering the variable selection result, it is clear that A2 (Sinit\So) <
A2, . Without further conditions, this cannot be refined, and the eigenvalue
A2, can be quite large (yet having the minimal eigenvalue of ¥ bounded away
from zero). Therefore, the result of Theorem 7.2 needs further conditions for

good variable selection properties of the initial Lasso.

7.3. Thresholding the initial estimator

Variable selection results by thresholding are not difficult to obtain:

wﬁwwmﬁ%

init
Hence, for § > 01/s0 A d2/+/50, we get for ¢ € {1,2},
|90 \S0| < so. (7.5)

If the coeflicients of the oracle are sufficiently large, thresholding will improve
the prediction and estimation error. Here, we do not impose such minimal size
conditions. The estimation error of the thresholded Lasso is then still easy to
assess. Our bound for the prediction error, however, now depends on maximal
sparse eigenvalues.

At this stage, we invoke the noiseless counterparts of Conditions A and AA.

Condition a We have Ainit/¢%(2,50) = Osut (0).

Condition aa We have Ainit/$*(2, S0,250) <suft 0.

Theorem 7.3. Assume Condition a. Then

52
s, = £ = Bpmel0)| 37— | O30

init .
init

As arsc(So) |: ) :|
bSi&nit - bo - . (0] )\ini )
|| ||2 (bspa.rse(so, 280) )‘init ( t5\/%)

and

5 o 1 )\i2ni
|Sinit\SO| a |:¢4(27‘S’05250):| |: 52t:|0(80)'

The expressions for the prediction and estimation error lead to favoring the
choice Ainit/$?(2, S0, 250) =sust 0 of Condition aa, which yields

A2
_£0)2 _ sparse 2
||fsiénit f || |:¢4(27 SO; 280) :| O(A1n1t80)7
As arsc(SO)
bSi&r‘“ — bo = [ P O(Mnit\/s N
” ”2 (bsparse(SOa 230)¢2(27 SOa 230) ( ‘ 0)

and

152,::\So| = O(s0).

n
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7.4. The adaptive Lasso

Observe that the adaptive Lasso is somewhat more reluctant than thresholding
and refitting: the latter ruthlessly disregards all coefficients with |5 init| < 0
(i.e., these coefficients get penalty oo), and puts zero penalty on coefficients
with |5;.init| > 6. The adaptive Lasso gives the coefficients with |5} init| < ¢ a
penalty of at least Ainit (Aadap/9) and those with |3, init| > ¢ a penalty of at most
Ainit (Aadap/0). (Looking ahead, we will actually need to choose Aadap > ¢ in the
noisy case, see Theorem 3.3.)
Recall

5adap = ||fadap - fo”

The noiseless versions of Conditions B and BB are:
Condition b We have

®min (27 So, 250)Asparse(30)
¢4(27 SO; 250)

)\init |: :| = Osuﬂ'()\adap)-

Condition bb We have

¢min(2; S07 250)Asparsc(50)
¢4(27 SO) 250)

)\init|: :| =suff )\adap-

Note the slight discrepancy with the noisy versions: the noiseless versions are
somewhat better. This is due to the fact that we also will need to choose Ayqap
large enough to handle the noise.

Theorem 7.4. Assume Condition b. Then

G = [ ozeelio) | b 37,
and AL/2 (50) B\
Phar =l = Lﬁfes@ls@ﬂ o O inits0)
and
- (S ) e
and

|Sadap\So| =

A2 .
sparsc(so) |: Asparsc(SO) :| /\1n1t O(So)

¢*(2, S0, 250) [ Pmin(2, So, 250)
Considering the bounds for the prediction and estimation error leads to favoring
the choice of Condition bb, giving

52— [ Adparse(s0)
adap | g4(2, So, 250)

)\adap

]0<A?m50>,
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Asparse(SO)
Pmin(2, So, 250)9*(2, So, 250)

As arsc(50)¢min(2 SO 250)
— 0 — p ? ? P /
Hﬁadap b ”2 |: 2 (27 SOa 3SO)¢2 (27 SOa 250) O()\mlt 80)7

min

||Badap - b0||1 =

:|O()\init30)7

and

AZjarse(50)
Sa . S| — sparse
| d p\ Ol 2 (27805250)

min

O(SQ)

8. Adding noise

After introducing the notation (Subsection 8.1), we will give the extension of
the results for the weighted Lasso to the noisy case! (see Theorem 8.1). Once
this is done, results for the initial Lasso, its thresholded version, and for the
adaptive Lasso, follow in the same way as in Subsections 7.2, 7.3 and 7.4. The
new point is to take care that the tuning parameters are chosen in such a way
that the noisy part due to variables in S§ are overruled by the penalty term. In
our situation, this can be done by taking Ainit, as well as Aadap > Ainit sufficiently
large.

We provide the result for the noisy weighted Lasso in Subsection 8.2. The-
orems 3.1, 3.2 and 3.3 follow from this and from some further results for the
noisy case (their proofs are in Subsection 9.5). In Section 8.3, we look at more
restrictive sparse eigenvalue conditions in the spirit of [34].

8.1. Notation for the noisy case

Consider an n-dimensional vector of observations
Y =f"+e¢

where 9 := (f°(Xy),...,f°(X,,))?, with Xi,..., X,, co-variables in some space
X. Let {¢;}/_, be a given dictionary.

The regression £, the dictionary {1}, and f3 := > ;3; are now considered
as vectors in R™. The norm we use is the normalized Euclidean norm

L= £l = [ fll2/vn e f € R,
induced by the inner product

(. == S fifir . Femn

i=1

1Of separate interest is a direct comparison of the noisy initial Lasso with the noisy £o-
penalized estimator. Replacing fO by Y in Corollary 9.1 in Subsection 9.3 (and dropping the
requirement S C Strue) gives

3>\i2nit|s‘ }

Y — finitll2 < 2min{ Y — fg|?
I¥ = ol < 2min { ¥ — 2 + 22
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In other words, the probability measure @ is now @ = @Q,, = Z?:l dx,/n, the
empirical measure of the co-variables X1, ..., X,. With some abuse of notation,
we also write

Y = fI5 =Y = fl3/n,

and
n

(€)= 5 D el (X0)

=1

The design matrix X is

= (¢17"'7¢p)'

We write the eigenvalues involved as before, e.g., Amax is the largest eigenvalue
of the empirical Gram matrix 3 := X"X/n, and ¢*(L, S, N) is the (L, S, N)-
restricted eigenvalue of 3. The projections in L2 (Q,,) are also written as before,
ie.

fg := Xb° := arg min —£9,,.

s 5 min ||~ 1]

The £o-sparse projection fg, = 3. g bg-) is now defined with a larger constant

(7 instead of 3) in front of the penalty term, and a larger constant (L = 6 instead
of L = 2) in the restrictions of the restricted eigenvalue condition:

_ £0q12 1n1t|S|
So ‘= arg ng%trjue{HfS f ||n ¢2(6 S)}

(compare with formula (7.1)).
The weighted Lasso is

Bwelght = arg mln{ ||Y f,@||2 + )\m]t)\welght Z Wy |B] } (81)

Jj=1

Let R . .
fwcight = fﬁweighc’ chight = {.] : ﬂj,wcight ?A 0}

The initial and adaptive Lasso are defined as in Section 1. We write fmlt =
fﬂlmt and fadap fBad with active sets Sinit 1= {j: BJ init 7 0} and Sadap =

{j: ﬂg,adap # 0}, respectively. Let
012
mlt = ||f61n1t f ||n7
be the prediction error of the initial Lasso, and and, for ¢ > 1,
Sq = HBinit - bO“q
be its {4-error. Denote the prediction error of the adaptive Lasso by

By = 5, — £
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The least squares estimator using only variables in S is also written with a
“hat”: R
fs = fjs :=arg min ||Y — fgsln-
f=rfsg

A threshold level will be denoted by J, instead of Athres as we do in Section
1. The reason is again that we need to explicitly express dependence on the
threshold level. We define, for any threshold § > 0,

S0 =15 |Bjmit| > 0}

The refitted version after thresholding, based on the data Y, is fg_g

init

To handle the (random) noise, we define the set

T = {1rgj‘@§p4|(fﬂ/fj)n| < Ainit}-

This is the set where the (empirical) correlations between noise and design is
“small”.
Here Ajnit is chosen in such a way that

P(T)>1-«

where (1 — «) is the confidence we want to achieve.

8.2. The noisy weighted Lasso

Theorem 8.1. Suppose we are on T. Let S be a set with cardinality s = |5,
which satisfies for some positive L and M

)\wcight (w?cm A\ M) Z 17

and

W > ML, |lwsll2/v5 < M.
Then for all j3,
1402, 22

f 2 it eeigne M2 s
wei — 92 <2 — £02 init\weight 7
e = Bl = 210 =+ a1, s)

and

< 5”st B fOqul + 7)\init)\weightMS

Awei - Awei ¢ L )
\/EH(B ght)s BSHQ + ||(B ght)S ||1/ — )\initchightM ¢2(6L,S)

and A
||ﬂwcight - [35H2
10L|| fgs — 2 14L/\12nit)\2ncigth(5 + 0)
- M)\init)\wcight\/% ¢2 (6L7 Sv s+ SO)Ainit chight\/% '
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Moreover, under the condition Ayeightw® > 1,
3 2
| (Sweigne N :5%)\Sol

i 2
Q c HfWCi ht — f0H12z H(l/w)éweig t 50H2
< 16Tl (Sweigne 1.5%)\S0) =5 TR

weight init

When |(Sweight N S°)\So| > so, this implies

”fweight - fOH?z ||(1/w)*§weight\SOH%
A2 A2 ’

weight S0 init

|(Sweight N S)\So| < 32A2,,....(s0)

sparse

8.3. Another look at the number of false positives

Here, we discuss a refinement, assuming a condition corresponding to the one
used in [34].
Condition D It holds for some s, > sqg, that

Agparse (S*)SO

Dsrr 00) = {W

} = Ogugr(1).

Lemma 8.1. Suppose we are on T . Then under Condition D,

sl =[] (- o)

Moreover, under Condition B,

)_10@0).

O(s0)

Asparse(SO) 1/2 Ainit
)

Saa Sol = Asparse (5«
[Saaap \Sol parse(5 )|:¢min(6aS07250)¢4(6;S07250

Aadap
i |: Asparse(30)¢2 (67 SO)
d)min (67 SOa 250)¢4 (67 SO; 250)
Under Condition BB, this becomes

Asparse(5:) ] [ @21a(6, S0, 250)62(6, S0) ]/
¢(6, 50) H $2(6, So, 250) } O(s0)  (82)

+ |:¢12nin(65 SOv 250)¢2(25 SO)
¢4(6, So, 280)

Under Condition D, the first term in the right hand side of (8.2) is generally
the leading term. We thus see the adaptive Lasso replaces the potentially very

large constant
(1 D(s., so)) -
Osuﬁ"(l)

}D(s,s*) Ainit O(so).

Aadap

|Sadap\50| = {

}D(s*,SO)O(SO).
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in the bound for the number of false positives of the initial Lasso by

2 1n(6, 50, 250)¢%(6, 50) 1 /*
¢4(65S05250) ’

a constant which is close to 1 if the ¢’s do not differ too much.

Admittedly, Condition D is difficult to interpret. On the one hand, it wants
s« to be large, but on the other hand, a large s, also can render Agparse(s«)
large. We refer to [34] for examples where Condition D is met.

9. Proofs

We present five subsections, containing respectively the proofs for Subsection
5.3.2, for Subsection 5.4, Section 7, Section 8, and finally Section 3.

9.1. Proofs for Subsection 5.3.2 with the realistic example giving a
lower bound for the Lasso

Proof of Lemma 5.5. By the Karush-Kuhn-Tucker (KKT) conditions (see [3]),
for ¥ = (Y1,...,¢p),

S (Binit — °) = —AinitTimie + ¥ e/,

where ||Tinit|lco < 1 and for j € Sinits Tjinit = sign(Bj)init). It follows that
(1= p)(Binit — B°) = (1 — p)=~" (—)\initﬂnit + ¢T6/”>

= —Ainit Tinit + ¥ €/n + ac,
with

a = ﬁ <)\initLT7°inic - LT‘/)TG/TL)-
Because [3? is positive and sufficiently large, we know that all Bj,init with
J € Sirue are strictly positive.
We now show that when a > 0, then all ﬁ}init with j € S'init\S’tme are positive.
Fix some j € S’init\Struc. We then have |7 init| = 1. If Bj,init < 0, we must have
Tjinit = —1. So we get

0> (1= p)Bjinit = Ainit + w;‘-ré/n +a>a.

When a > 0 this is a contradiction.

Similarly, suppose that 7; it = 1 for some j € S Then

c
true-

0< (1= p)Bjinit = =Ainit + ¥ e/n+a < a.
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So then a > 0. It follows that a can only be negative if all Bj,init with j € Sirue
are negative.
Let us consider the case a < 0 further, and show it cannot be. Write

wj = Anit + € 1 /n.
Because |eT1/)j|/n < Apnit for all 7, it holds that w; > 0. Furthermore,
L T we ¥ w
€ Strue JGS'\S“UC

For ] S S’init\Struc
0> (1—p)Bj it = w; +a,

so that
0> E wj + P8 = Sue) { E wj — E wj]
—p+ps 5
JES\Strue JE€Strue JES\Strue
Z#A (8 — Strue) E w; + (1 —p+ ps) E wj| > 0.
1—p+ps ) £
JGS““C jes\strue

This is a contradiction, and hence a > 0. The result now follows from writing
down the KKT solution given that the 3;’s are all strictly positive for j € Sinit

(and zero outside S'init). O

We now consider more precisely to what extent false positives contribute to
a better fit to the data.

Lemma 9.1. Assume the conditions of Lemma 5.5. Define for all j,

wj = mlt € %/n

and for all index sets S,

wg = Zw]/|5’|

jes
Then on T, S’mlt\Snue mazximizes over all N C S

> (w; —wn)’

JEN

frues the expression

(1 - p)Struew%nuc + (1 - p)Nu?i; + pNStrue(wStme - w./\f)2
1_P+P(5truc+N)

under the restriction that for all j € N,

+

)

pstruewsm,e - (1 —p + pstrue)w}\f > (1 —p + p(strue + N))(w] - "I}N) (91)
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Here N := |N]. X
Alternatively, on T, Sinit\Strue mazimizes over all N C Siue the expression
1- P + PStrue 1- 14 + PStrue _
+ 1 - ws rue - + - w'/\/
4 L — p+ p(Strue + N) (s, Z

JEN
(9.2)
(= p)(N = suue)w§,,,, — 2(1 — p) N, x
1_P+P(5truc+N)

under the restriction (9.1) for all j € N.

We note that restriction (9.1) is needed to ensure that the solution (5.2) for
Bj,init is indeed strictly positive.

Proof of Lemma 9.1. Let us use the short-hand notation S := Siye, § = Strues
S = Smit, N = S\S and N = |N| and write A 1= Ainit, and B = Binit.
Moreover, let

By definition, B has

1Y = XB15/n + 2181l = 21811 = |lell3/n

at its minimum value. We consider this expression now in detail. First note that
on T, it is equal to

(Bs — B S11(9)(Bs — B2) — 27X (B — )

+2M|8] — 2A[|8°1,

since by Lemma 5.5, S O S. Here, we use the notation BS = {Bj}jES‘ and

ﬂg‘ = {ﬂ?}jeé'
Also by Lemma 5.5, on T,

Bg — Bg = 211 (S)wg,
So

where wg = {w;}; g

and therefore
(Bs — B)T$11(5) (B — B%) = wESTH(S)wg.
We further see that on T,

2eTX (B — 8% = 23 (i /m) (—uw + ).

jes
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Since Bj >0,
1Bl = 5.
jes
Similarly
18% = 82,
jes

where we again used S O S. Therefore

—2¢"X(8 — %) + 21811 — 2I18°1x

:—22 Tapj/n) (B ﬂ?)+2/\Z(BJ_

jes jes

:2ij([§j— ?):21” (ﬁ 50) 2wTE1 1(§)

We thus derived that

1Y = XB3/n+2X[8] = 2M\8°]11 — llell3/n = —wEST1(S)ws
b sz $(sw1+Nw2) . (9.3)
1—p r T 1—p+ps
je

Write

wa—zz j — 1) +Z j — Wa) —i—su?f—i—Nu?%.

jes Jjes JEN

The expression in the square brackets in (9.3) then becomes

2 72 P
- - 7 S — N
Z w1) +Z W2)? + sw? + Nwis — 1—p+ps(8wl+ )?
Jjes jeEN
SRS SR
JjeSs jeEN

(1—p+p(s+ N))sw? + (1—p+p(s+ N))Nw3 — p(s20? + N2w2 + 25N )
1—p+p(s+N)

ZZ( j — W1) +Z i — W2)?

Jjes JEN

+

N (1 —p)sw? + (1 — p)Nw3 + psN () — w2)?
1—p+ps '
This proves the first result.
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For the second result, we introduce

Then R R
(1 — p)sw? + (1 — p)Nw3 + psN (wy — w3)?
1—p+ps
_ (1= p)sw} —2(1 - p)Niywo + (1 — p + ps)Nuj
1—p+ps
(1—p)éw? —2(1 — p)Nwywy = 1—p+ps 1—p+ps]
= n + 1- = | Wo-
1—p+ps P 1—p+ps

O

From Lemma 5.5, in particular the restriction (9.1) for all j € A, it can be
seen that if there are false positives j, the corresponding error terms e’4;/n
cannot vary much, i.e., they have to be concentrated around their average. We
will consider two types of concentration.

Definition 1. Let vq,..., v, be real-valued random variables. We say that a
probability concentration inequality holds for wvq,...,v,, if for some constant
b, and constants v and 0 < # < 1 not depending on m, one has

]P( max vj € [by, —u,bm—l—u]) > 0.
1<j<m

The value v = wu,, can also be taken dependent on m, with u,, — 0 as
m — oo. Then possibly 6 = 0,, will also tend to zero. This leads to the following.

Definition 2. Let vq,..., v, be real-valued random variables. We say that a
density concentration inequality holds for vy, ..., v, if for some constant b,,,
U > 0 and 6,,, one has
P( max v; € [by — Um, b + Um]) > Oy
<jsm
Lemma 9.2. For m < n — 1 sufficiently large, and 0 < 6 < 1 and t > 0 not
depending on m, the following concentration inequality holds for vy, ..., vy, with

vj = eTP;/Vn,

log1 log (4
by, = \/2logm — o8logm + og( W)7

2¢/2logm
and U, = t/+/2logm.

Proof of Lemma 9.2. We note that v, ..., vy, are i.i.d. N(0,1)-distributed. The
lemma follows from a result from extreme value theory, which says that for
V1, .-ty Um, ... asequence of i.i.d. N(0,1)-distributed random variables,

log log m + log(4m)
\/2logm(1r<1}zgilvj —v/2logm + 52 Togm

converges weakly to a Gumbel distribution, see for example [14]. Il
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We get more refined results if in fact u,, decreases faster than t/y/2logm,
when 6 = 0,,, does not decrease fast. We do not elaborate on this.

By repeated application of the concentration result, one can show that with
positive probability, there are many v; := 6T1;j /v, j € 8., which are almost
as large as maxjecge ~vj. We call this an applied concentration result. The idea
is to divide the set S§.,. into 2N sets Sy, ..., San of size < n/N. Within each
set Si, we apply Lemma 9.2 to the random variables v;, j € Si. We then get 2NV
random variables max;cg, v;. With positive probability, at least half of them
are in the set [by, — Um, by + U], where m < n/N and b, and u,, are as in
Lemma 9.2.

Applied Concentration Result Define ng :=n — 1 — Sypye. Let N < ng/2
be an integer with

log|no/(2N)] > %logn.
Let vj := eTz/;j/\/ﬁ, j=1,....,n—1, and v, := €' z/\/n. Define
(1 — p)(loglog|no/(2N)] + log(4))

2\ /2 log [0/ @) e

There exist constants Cy > 0 and 0 < ag < 1 not depending on n, such that
for t, = Ca/\/Togn, there is with probability at least g as set N C SE,, with
cardinality N, such that for all j € N,

Ccp —tn < eij/\/ﬁ < e, +tn. (9.4)

¢n = /2(1 = p)log[no/(2N)] —

We are now ready to show that there are sets A/ that satisfy the restriction
(9.1) for all j € NV.

Lemma 9.3. Let \c = A¢ ,, be a positive constant depending onn, and Cy,Cs, Cy
be positive constants such that with probability at least 1 — oy, where a; < v,
with ag given in the Applied Concentration Result,

Z T /n

jeStrue

T
; <
232, Ul < X

< L A
71~ AinitStrue-
= 2(1 1 Cy) it

Take
Ainit > C1Ae.

Define ng :=n — 1 — Sipue. Let N < mng/2 be an integer with
1
log|ng/(2N)] > 3 logn.

and

StrueV 1 1Og n/\init
41+Cy)Cy

Assume moreover that for t, and c, given in the Applied Concentration Result
with such a value for N, with probability at least 1 — ao, where as < g — aq,

Cn — tn 2 \/ﬁ)\init/c&

N <
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PStrue > (1+01)(03—1)
1— P + PStrue Cl 03 '

Assume finally that ﬂ? > CAipit for all j € Sirue with C a sufficiently large
positive constant depending only on Cy. Then with probability at least ayg — ay —
ag, there is a set N D Styue with size N satisfying the restriction (9.1) of Lemma
9.1 for all j € N.

Proof of Lemma 9.3. We have to show that for all j € N,

and that

€T /n — Ninit

P ()\init (N + Strue) - Z 5T¢j/”>

+
1— p+ p(Struc + N) FENUStrue

is strictly positive. That is, we have to show that for all such j,

Bj = eij/n - )\init

p ) ()\initstruc - Z ETd}j/n + /\initN - Z €T¢j/n>

+
1—p+ p(N + Strue JEStrue JEN

is strictly positive. Inserting the assumed bounds and the Applied Concentration
Result gives

Bj 2 [Cn/\/ﬁ - tn/\/ﬁ - )\init]
p()\initstrue - m/\initstrue + N[)‘init - Cn/\/ﬁ + tn/\/ﬁ])
1- P + p(N + Strue)

_ 2pNtn/Vn
1-— P + p(N + Struc) '

+

This can be reorganized to

(1 —p + p(N+ Strue)> Bj Z )\initpstrue - (1 - p+ pStrue)[)\init - Cn/\/ﬁ'f' tn/\/ﬁ]

p
_7)\ini rue 2 tnN
201+ Cy) mitst piuN/Vn
= )‘initpstrue - (I + 17+ III),
where
I'=(1—=p+ pstrue) [Ainit — cn/ V1 + o /1],
and
IT = L)\initstruea
2(1 + 04)
and

IIT = 2pt,N/+/n.
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Clearly,
Ainit pStrue — (I + IT + I1T) > AinigpStrue — (1 + Ca) max{I/Cy, [T + 111},
Now we verify that
Ainit PStrue > (1 + Cy) max{I/Cy,IT + I11}.

Since IT+ 111 <2ITif I'T > III and else IT+ 111 < 2I11, it is enough to show
that

1+C4I_1+C4

(1 —p + pStrue)[)‘init - c’ﬂ/\/ﬁ + tn/\/ﬁ]7
04 04

)\initpstrue >
and
)\initpstruc Z 2(1 + C4)II - )\initpstrum

and
)\initpstrue > 2(1 + 04)III = 4(1 + C4)ptnN/\/ﬁ

The first follows from ¢, /v/n — t,/\/N > Ainit/C3, and our condition

PStrue > <1+O4)<03—1)
1-— P+ PStrue C4 03 '

The second is immediate. For the last one, we use

VN \init
4(1+ Ca)ty,

N < Strue

O
Finally, we have all ingredients to prove the main result of Subsection 5.3.2.

Proof of Theorem 5.1. Let N = S'init\Stme. We write (9.2) with general N' C
Strue With cardinality N, as I+ II + II1. So N is a maximizer of I + IT + II1.
The first term is

I_l_P+P5truc[1_ 1 —p+ psirue

_ N2
WSirye — W, :
P 1_p+p(8true+N):|( s N)

We argue as follows. It holds that ws,,,, — Ainit = O(1/+/n). Moreover, in view
of the concentration results, war — Ajpiy can be as large as < \/(log n —log N)/n.
With such a war, we get

_ _ logn — log N
— o= ).
(wStruc ’LU_/\/) < n )

The expression

1- 14 + PStrue logn B IOgN
1—p+ p(Strue + N) n
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is maximized as a function of N for N < siyelogn. The first term with this
maximizing value is < sge logn/n.
The second term 11 =37, \(w; — wpr)? will generally be small when A is

small. Note that >\ (w; — wpr)%/(1—p) is a x3-random variable with N —1
degrees of freedom. Therefore, it is not difficult to show that

Y (wj—wn)? < W+OP<@>

JEN

3

uniformly over all N C S¢,... Hence, if N is small, it will also be small (and if
N is large there is chance that it will be large). We see that with values of N =
|NV] substantially smaller than simelogn the second term will be substantially
smaller than s¢uelogn/n. Therefore, there is no gain in the second term by
choosing a smaller value than < sy.ye logn for N.

As for the third term

(1= p)(N = sirue)05,,,, — 2(1 = p)Ns,,.,, Wy

111 = —
1_P+P(5truc+N)

3

this is of order
O(w%true + |wstrue ’Uj_/\/|).

But both |ws,,..| as well as |war| are with large probability at most Ay <
v/logn/n. Hence, when syue is large enough, this will not be the dominant
term.

Thus, one sees that the overall maximizer N will choose N large, whenever
feasible. As shown in Lemma 9.3, for an appropriate Cg, values

StruelOg n
N=——
Cs
are with positive probability indeed feasible. O

9.2. Proofs for Subsection 5.4 on the weighted irrepresentable
condition

Proof of Lemma 5.6. This is the weighted variant of the first part of Lemma 6.2
in [29]. O

Proof of Lemma 5.7. We define, as in [29], the adaptive restricted regression

|(F8se, f85)]
an aptive S = oy 575'
dapt () BER(L,S,|S]) HfﬁsHQ

Here, (f, f) denotes the inner product between f and f as elements of Ly(Q).
We will show that

_ _ w
sup (Wl Saa(S) ST () Wsrsloo < 2812 g o elS).  (9.5)

I7s 1o <1 VISlwgi
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It is moreover not difficult to see that Yadaptive(S) < v/|S|/Amin(S), so then
the proof of Lemma 5.7 is done.

Define
Bs = Ei%(S)WsTs.
Then
W5 22,1 (9) 571 (S)WsTsleo = ” su”p<1 7§ W £2,1(S)E11(S)Wss|
Ysellix>
= sSup |B§E271(S)BS| = sup |(fﬁscvfﬂs)|
[[WseBse|l1<1 [[WseBsell1<1

< sup  |(fges f85)]
[[Bsell1 <1/wgin

_ sup |(fﬁscvfﬂs)|
18sell1 <llwsll> 85|z /win [0S [12]|Bs]l2

|(fpses fos)l Ilfasll?

18selh<llws 2| Bsllz/wmn  1f8sl? lwsll2llBsll2
But
-1
I fsl® 75 WsE11(S)WsTs WsTsllz _
[wsll2|Bs|l2 \/TgWETS\/TgWsEJ?(S)WSTS Jwsll2 —
We conclude that
W5 5.1(S) ST H(S) Wts | < sup U Tl
IBse Il <llwsllalBslz/wzi | Fasll

w
= M'&adaptive (S) .

VS |wgin

9.3. Proofs for Section 7: the noiseless case
9.3.1. Proofs for Subsection 7.1: the noiseless weighted Lasso

Proof of Theorem 7.1. Take
wg™ > M/L, |wsl2/vs < M.

‘We have
p
| fweight — 2112 + Ainit Aweight Z w;| B weight |

j=1
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< (1f5s = £211% + Aimit Aweigne Y w5181,
JjES
and hence
||fwcight - f0||2 + Ainitchightwglcm” (chight)sc ||1

< ||fﬁs - f0||2 + Ainitchight Z wj|ﬁj,wcight - ﬂj|
JES

< fss — £211* + Ninit Aweight M /3| (Bweignt ) s — Bs||2.
Let N O S, [N| = N. Then

” (chight)./\/C ||1 < || (ﬂwcight)sc ||17

and

||(ﬂwcight)5 - BSHQ < ”(ﬁwcight)]\f - 65”2, \/g < \/N

Therefore,
”fwcight - fo ||2 + /\init>\wcightwglcm|| (ﬂwcight )NC ” 1

<|fss — £°0° + )\init)\weightM\/N”(Bweight)/\/ — Bs|l2-
Case i). If

||f,6’s - f0||2 < )\init)\weightM\/N”(Bweight)/\/ - BSH%

we get
”fwcight - fo”2 + /\init>\wcightwglcm|| (ﬂwcight)]\fc ||1 (96)

< 2initAweight M VN || (Bweight )A7 — Bs||2-
It follows that

[(Bweignt)wvell1 < 2LVN || (Bueignt) v — (B)sl2-

But then, by the definition of restricted eigenvalue, and invoking the triangle
inequality,

[|(Bweignt )& = Bsll2 < |l fweight — fps 1/ (2L, N)
< | fweighe — £21l /2L, N) + || fo5 — £211/@(2L, N).
This gives
|| fueight — £21I% + Ainit Aweight wge™ || (Bweight)ae [l1
< 2init Aweight M VN | fueigne — £2]1/$(2L, N)
+2/\init/\wcightM\/N||fﬁs —£9)/¢(2L, N)

BAZ A2 i N M2
|| fweight — f0||2 + || fas — f0||2 | PinitAweight

= $(2L, )

N | =
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Hence,

”fwcight - f0||2 + 2>\init/\wcightwf9ncin” (ﬂwcight)./\/C Hl
6A2. N2 . NM?

< 2||fﬁs _ f0||2 + init *weight

¢?(2L, N)

Case ii) If

||st - f0||2 > )\init)\weightM\/NH(ﬁweight)/\/ - BSH%

we get
”fwcight - fo”2 + /\init>\V\roightwglcin||(ﬂweight)./\fC ||1 S 2||f65 - f0||2-

The first result of the theorem now follows from taking N' = S.
For the second result, we add in Case i), )\init)\weightM\/NH (Bweight )/ — Bs]|2
to the left and right hand side of (9.6):

||fweight - f0||2 + )\init)\weightM\/N” (Bweight)/\/ - BS||2

FAinit Aweight Wae || (Bweight ) A |1
< 3Ainit Aweight M VN || (Bweight )7 — Bs||2-
The same arguments now give
Ainit Aweight M VN || (Bueight)v — Bs |2 + Ainit Aweight R || (Buweight)ae |1 <
3A2 . A2 NM?

i _fO 2 3 _fO 2 init*weight
||f eght || + ||fBS || + ¢2(2L,N)

In Case ii), we have

Ainit>\V\/cight'wg1cin||(ﬂwcight)./\fc||1 S 2||f65 - f0||2;

and also
)\init)\weightM\/NH(ﬁweight)/\/ - BS||2 < ||st - f0||2'

So then
Ainit Aweight M VN || (Bueight)v — Bs |2 + Ainit Aweight WS || (Bweight )ae |1

< 3|1 s — £°I1%.

Taking A/ = S gives the second result.

For the third result, we let A" be the set S, complemented with the so largest
- in absolute value - coefficients of (Bweignt)se. Then ¢p(2L,N) < ¢(2L, S, s+ s¢).
Moreover, N > sg. Thus, from the second result, we get

Ainit Aweight M /50| (Bweight )V — Bs |2 + Ainit Aweight M || (Bweight )are || 1/ L
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N2 A2 (50 + s)M?
S 3||f,85 o fOH2 + init wmght( 0 )
¢2(2L, S, s+ So)
Moreover, as is shown in Lemma 2.2 in [29] (with original reference [10], and

[11]),

| (Bueignt ) 12 < 1| Bueigne)s 1 /v/50
_ 3LIfse — £1 + 3L Mg (5 + 50)M?/¢*(2L, 5 + s0)

init*weight

Ainit Aweight M /S0

So then
| Bweight — Bsll2 < || (Bweight )& — Bs|l2 + || (Bweight )are ||2
_ OV D)5 = £+ 6LXE Mg (5 + 50)M2 /62 (2L, S, 5 + s0)

init “weight

- M\/ SO)\init chight

O
We now turn to the proof of Lemma 7.1. An important characterization of the
solution Byeight can be derived from the Karush-Kuhn-Tucker (KK T) conditions
(see [3]).
Weighted KKT-conditions We have
22(chight - ﬂtruc) = _/\wcightAinitWTwcight-
Here, ||Tweight||oo < 1, and moreover
Tj,weight1{ B, weight 7 0} = sign (5 weight)s J =1,...,p.
Proof of Lemma 7.1. By the weighted KKT conditions, for all j
2(1h7, fueight — £) = —Ninit Aweight W; Tj,weight -
Hence,

Z 4|(¢j7 fWCight - f0)|2 2 Aizl’lit)\\%veightHwacight\SUH%
JESweight \So

> )‘i2nit/\3veight |chight\SO|2/|| (1/w>chight\S0 ||§
On the other hand
ST 1, fueignt — £O)7 < A2 (Sweight \So) || fueigne — £°%.
jesweight\sﬂ
Thus, we arrive at inequality (7.4):

||fwcight - f0||2 ||1/wswcight\SOH2
A2 A2 ’

weight init

|chight\SO|2 S 4A?nax(8wcight\so)
Clearly,

A?nax(swcight\so) < A1211ax AN (M + 1) A2 (50)-

P sparse
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9.3.2. Proofs for Subsection 7.2: the noiseless initial Lasso

We first present the corollaries of Theorem 7.1 and Lemma 7.1 when we apply
them to the case where all the weights are equal to one.

Corollary 9.1. For the initial Lasso, w; = 1 for all j, so we can apply Corollary

7.1 with § =1 and ngeight = Sy. Let
3% /S0l
52 — |If _fO 2 init )
oracle || So H + ¢2(2750)
We have
6Ai2nit|80|

= 262 acle-
(252(27 S()) oracle

The estimation error can be bounded as follows:

3\smit| So|
0112 init |0 2
01 < 3|lfs, — £7117/ Ainie + (2, 5) < 305racte/ Ainit

Oinie < 2[5, — £217 +

init —

and

2 2
52 < |: (b (2780) :| 650raclc

$%(2, 50,250) | Ainity/S0

Moreover, application of Lemma 7.1 bounds the number of false positives:
5i2nit

22

init

|Sinit\So| < 4A2,.(Sinit\So)

max

Proof of Theorem 7.2. This is now a direct consequence of Corollary 9.1. O

9.8.8. Proofs for Subsection 7.3: the noiseless thresholded Lasso

We first provide some explicit bounds.
Lemma 9.4. We have

H(ﬁinit)siénit — b1 < 261 + 850,
and

[(Binit) 53, — 0°ll2 < 282 + 8v/50,
and

Ifss

init

- fo” < ”f(ﬁinic)s_a N - fOH
52
< ||f50 — fOH + ’762—20 + 1—‘ Asparsc(so)(252 + 5\/%),
and, for § > 62/+/s0,
L P

¢sparse (507 250) '

fgs
Hbsiénit _ b0||2 S || S¢
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Proof of Lemma 9.4. To obtain the first result, we use

[(Binie)ss . = 0Ol = 11 = Bnie)ss N1+ [1(6%) 52 [1-

Now,
”( Bmlt) ”1 < 51
Moreover
1) sg\s8 11 < N0 = Binit) sovss, M1+ [l (Binit) so\s3.., 11
< ||(v° — Binit)so\s8. ll1 + 50 < 61 + ds0.
Hence

||(5imit)5§nit — 0|1 <261 + 8s0.

The l2-error of the second result follows by the same arguments.

The first inequality of the third result follows from the definition of fgs ., as
projection, and the second follows from the triangle inequality, where we invoke
that

6
|Sln1t\SO| <
so that 5
|S1n1t| < 52 + S0,
and thus

52
Afnax(slémt) ’752— + 1-‘ Agparsc( )
The final result follows from

Amin(Silsnit U SO) Z ¢sparsc(807 |S15nit\SO| + SO) Z ¢sparsc(S07 250)
Il

Proof of Theorem 7.3. Inserting the bound ds = O(Ainity/S0/9¢%(2, S0, 250)) (see
Theorem 7.2), and ||fs, —£°|| = O(Ainicy/350/$*(2, So)), we get for Ainie/$?(2, So) =
0(6), 6 > 62/+/50,

1 52
_ fO 2 0 )\2 .
||fSS ” bparbe( )|:¢4(2,So,280) + )\iznit:| ( mltSO)a
||bSi6nit _ bOH2 _ Asparse(so)

¢sparsc (S07 250)

1 1)
O(Aini ;
[052(27507250) * >\init:| (Ainie v/50)

and v
init ] O(So) .

|S1n1t\S0| = [m
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9.3.4. Proofs for Subsection 7.4: the noiseless adaptive Lasso

We use that when & > d2/4/50, then SJ;,\So < so. Application of Corollary 7.1
then gives

Corollary 9.2. We have, for all 6 > 62/+/50, and all 3

init'a

12)\2 )\2dap50

5§dap < 2||f55_5 “ - fOH2 +

62(25121111](27 SOu 280) 7
and 012
13 Bgs |h < 3 oy, —Fl 4+ Dt Aadap o
adap Siénit L= /\init)\adap 5¢r2nin(2’ SO’ 250) ,
and

60 — £9)2 .
||ﬂadap - ﬂS.‘s . H2 S ”fﬁsiénn H + 182)‘1H1t)‘adap\/% )
init /50 Ainit Aadap 007102, S0, 3s0)

and, from Lemma 9.4,
||f(5init)s.5 " - fOH2 < 2Hf50 - f0H2 + 36A§parsc(80)5280'

Furthermore, from Lemma 7.1 ,

52 2
Snaap\Sol? < 402, (Satap\ So) —tee 02

2 2
e )\adap )‘init
]f |Sadap\80| > S0, we have
6'2d' 63 0. dz 62
|Sadap\So| < 8AZ, e (50) 55— A 2Amax b .
adap sparse /\idapso /\ignit max )\adap )\init

Remark 9.1. We note that in the above corollary, the use of the fs-error o
is invoked for the variable selection result: with the weights w; = 1/|; init|, we
have

[Sadap\Sol” < (105,180 1311 (1/10) 8,00\ 50 12 < (115140, 302

The theory can also be developed using only the /i-error §;, by applying an
alternative version of Lemma 7.1 based on the inequality

|Sadap \S0|* < [[w5s, 40,780 1131 (Binit) Saaup\So 1T < 105,005\ 86 137 -

This alternative route yields qualitatively the same results under e.g. sparse
eigenvalue conditions. To avoid too many cases, we do not elaborate this.

Remark 9.2. A further observation is that the above corollary is an obstructed
oracle inequality, where the oracle is restricted to choose the index set as a
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thresholded set of the initial Lasso. Concentrating on prediction error, it leads
to defining the “oracle” threshold as

12)\2 : )\2 S0
f - . £ _f() 2 init‘adap ) 9.7
0 arg52?21>r\l/% { || Si&nit || * 62¢12nin (27 SOu 280) ( )

This oracle has active set S, with size |S,| = O(sq). Our following con-
siderations however will not be based on this optimal threshold, but rather on
thresholds that allow a comparison with the results for the thresholded initial
Lasso. This means that we might loose here some further favorable properties

of the adaptive Lasso.
Proof of Theorem 7.4. Corollary 9.2 combined with Lemma 9.4 gives that for

all § > 62/+/50,

1202, 02, s
52 <4 f — fO 2 72A2 . 62 init‘adap '
adap — ” So H + sparse(so) So + 52¢r2nin(2’ S(), 280)

Using moreover that ||Badap — b°llq < [|Badap — Bss_ llq + 18ss . —°[lq and the
bound of Lemma 9.4, we get for 6 > d2/,/50,

66||f50 - fO”2 + 108A§parsc(50)5350 6)\init)\adap50

adap — D°|[1 < 3050 + + ,
[Badar I 0 Ainit Aadap Ainit Aadap 00210 (2, S0,250)
e 6llfs, — £
1265, —
adan — D02 < 30y/s0 4+ —=20 — I
1Baasp =712 < 80v50 4 = e
+ 216Agparsc(50)53 \/% + 18Ainit Aadap \/%
Ainit Aadap 892 .:.(2,50,3s0)
Finally, again for § > d2/,/50,
|Sadap\SO| S
8A2 50)02 [ 4]|fs. — £02 12X 52
Sgarscg O) : || S H + 72A§Parsc(80)62 + 2 42 odep .
Ainit)\adap 50 5 ¢min(27 SOa 250)

By Corollary 9.1,

02 O( Ainit )
V50 ?2(2,50,2s0) )
Taking
/\init)\ada
6% = P , 9.8
¢min(2; SOv 2S())Asparsc(so) ( )
the requirement that 6 > d5/,/5¢ is fulfilled if take

¢min(27 So, 230)A5parse(30)
¢4(27 SO; 250)

/\init |: :| - Osuﬁ"()\adap)v



742 S. van de Geer et al.

that is, if Condition b holds. We then obtain

52 {M

b = |Gl i) O o).

A;/grsc S0
Hﬁadap - bOHl = [WSEQ)SO)} O(\/ )\init)\adapSO)a

A2 (s0)o2 (2, S0, 250)
™ — 0, — sparse (S0 )P in (45 00, 2450 m
e e )

and

O(SQ)

|Sadap \So| = Alparse(50) [ Asparse(50) :|)\init
aaap -

¢4(27 SOa 250) ¢min(2; S07 250) Aadap

9.4. Proofs for Section 8: the noisy case

Theorem 8.1 gives bounds for prediction error, estimation error and the number
of false positives of the noisy weighted Lasso.

Proof of Theorem 8.1. We can derive the prediction and estimation results in
the same way as in Theorem 7.1, adding now the noise term:

p
weight — n init \weight Wj|Pj,weight
I1f £115 + Ainit A 8 |

j=1

< 2(€, fueignt = fs)n + | fos = £2112 + Ninit Aweigne D w81
JES

< Ainit || Bweight — Bsl11/2 + | fss — 112 + Ainit Aweight Z wj|Bj]
jes

and hence, using chightwgci“ >1,
(| fweight — F2112 4 Ainit Aweight WELR|| Bse |1 /2
<|fss — U2 + |:/\int/2 + )\init/\wcight||ws||2/\/§] V5| Bueight — Bs|l2-
Now insert wi™ > M/L, 1 < Ageight M and ||ws||2/+/s < M:
| fuveignt — £°112 + Ainie Aweigne M| Bs< 11/ (2L)

<|Ifss — £2)12 + [)\init/Q + )\init)\wcightM:| V5| Bueight — Bs|2

<155 = £211% 4 3Nint Aweight M /5| Bueight — Bs2/2-
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The rest of the proof for the prediction and estimation error can therefore carried
out in the same way is the proof of Theorem 7.1.

As for variable selection, we use as in Lemma 7.1 the weighted KKT condi-
tions: for all j

2(¢j7 fwcight - fo)n - 2(¢j; E)n = _/\init)\wcightwj%j,wcight;

where ||7A_WCighf1||Oo S 1 and 7A-j,wcight1{Bj,wcight 7£ 0} = sign([%—,wcight). Invok-
ing Aweigntwge" > 1, we know that for all j € S¢ Ayeigntw; > 1. Moreover,
2|(€,%5)n < Ainit/2 by the definition of 7. Therefore,

Z 2|(¢j7 fweight - fo)n|2 2 )‘i2nit)‘3veightHwé'weightﬁSc\So ||§/4-
JESweightNS\So

One can now proceed as in Lemma 7.1. O

9.4.1. Proof of Lemma 8.1 with the more involved conditions

To prove this lemma, we actually need some results from Section 3 and an
intermediate result in their proof. One may skip the present proof at first reading
and first consult the next subsection (Subsection 9.5).

The bound for the number of false positives of the initial lasso follows from
the inequality X
Afnax(sinit\so)

»%(6,.50)
This follows from Theorem 8.1, and from inserting the bound of Theorem 3.1
for dinit. One can then proceed by applying the inequality

| Sinit \So| < O(s0).

A2, (Smie\S0) < (M n 1)A§parse<s*>. (9.9)

s
The result for the adaptive Lasso can be derived from
A?nax(s’adap\SO) |: Asparse(SO) :| )\init
¢4(67805 280) ¢min(67807250)

This follows from (9.11) (which can be found at the end of the proof of Theorem
3.3), invoking Condition B, and applying the bound of Theorem 3.3 for dadap.

|Sadap\50|2 < O(So).

)\adap

and the bound of Theorem 3.1 for d5. Insert again (9.9) to complete the proof.
O

9.5. Proofs for Section 3
9.5.1. Proof of the probability inequality of Lemma 3.1

This follows easily from the probability bound P(|Z| > v/2t) < 2exp|—t] for a
standard normal random variable Z. (]
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9.5.2. Proof of Theorem 3.1 and Lemma 3.2: the noisy initial Lasso

Theorem 3.1 and Lemma 3.2 are simplified formulation of Corollary 9.3 below.
This corollary follows from Theorem 8.1 by taking L =1 and S = Sj.

Corollary 9.3. Let

TARic Sol
52 ) = ||fe — fO 2 init .
oracle ” So Hn + ¢2 (6, So, 250)
We have on T, X
6i2nit < 26gracle'

Moreover, on T,

51 < 56graclc//\init7

and
03 < 1062010/ (Ainit/50)-
Also, on T,
S A 62,
[Sinit \So| < 16A12nax(sinit\50))\l.2—m.z.

9.5.8. Proof of Theorem 3.2: the noisy thresholded Lasso

The least squares estimator fgs using only variables in S¢ .. (i.e., the projection
init
of Y = f% + € on the linear space spanned by {1, }jeann) has similar predic-
tion properties as fgs  (the projection of 0 on the same linear space). This is
init

because, as is shown in the next lemma, their difference is small.

Lemma 9.5. Let § > 52/\/%. Then on T,

2
s —fss 1% < #52)
Proof of Lemma 9.5. This follows from
Igs —fos 12 <2(eBgs —f35 I,
and
2erfgs g5 I < del|BSioe — bShe /2
< Niniev/Zsgl[bFne — b5 12/2 < Aniev/2s0lfgs. —fgs  lln/ (2sparse(So, 250))-

O

Proof of Theorem 3.2. The bound for ||(Binit)§.§. -0z < 255 + 04/50 can be
derived in the same way as in Lemma 9.4. The same is true for the bound
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||f§i6nit - fO”n < ||f(,éinn)§(s - fO”n
init

62 .
<|Ifs, — £l + {52— + 1}A5parse(so)(2ég +64/50)-

Assumption A together with Lemma 9.5 complete the proof for the bounds for
prediction and estimation error, with the ¢;-bound being a simple consequence
of the thus derived f3-bound. Also, the variable selection result follows from

and Assumption A. O

9.5.4. Proof of Theorem 3.3: the noisy adaptive Lasso

We first apply Theorem 8.1 to the adaptive Lasso.

Corollary 9.4. Suppose we are on T. Take Aaqap > 6 > 52/\/_ Apply The-
orem 8.1, with S := 89 =6 and L = 1, and invoke that |Sm1t| < 2sg

init’
and that ¢2(6 55 |Sn1t|) > 6 507280) and ¢2(6 Smlt’SO + |Sln1t|)

init? i = mm(

2 ..(6,80,3s0). This then gives, for all § > 52/\/_07 and all B
2822 \2
5 < 9 fo 2 init adap
adap ”f'@sé " I + 622 ..(6,50,2s0)’
and 012
R o 5(Y5||f5§i5nit —f H" 14/\initAadap50
||ﬂadap B BS;SH“ ”1 B )\init)\adap * 5¢1211in (67 SO’ 280) ,
and 012
. _ 105Hf6315mt —f ||n 42/\1nitAadap\/%
Hﬁadap a ﬁsi(snit ”2 - \/%/\init)\adap + 5¢?nm (67 SO, 350) '
Moreover
R 52 82 Sadap O
Sa a; m ini S < S + 32As arse (S dddp /\ 4Amax L 2 °
| (Sadap (S5:0))\Sol 0 parse( 0))‘2dap 50 A2 Aadap Ainit

Proof of Theorem 5.3. By the same arguments as used in Lemma 9.4, for § >

d2/+/50;

”f(Binit)g_é foH" < HfSO - fo”2 + 3\/_Abparbe(80)62807

and || (Binit) $ = b0l < 38/50. The prediction and estimation results now
follow from Corollary 9.4 combined with Condition B.
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We apply Corollary 9.4 with

Ainit A

2 init Nadap

= . 1
6 ¢min(67507250)Asparse (9 O)

Condition B requires that

|: Asparsc (SO>
(b?nin (67 SOu 280)

This ensures that § > d/./5o on the set 7. Moreover, equation (9.10) gives that
Aadap > 0 as soon as

:| /\init - OsuH(Aadap)-

A 1
adap (bmm (6 SOa 230)A5parse(30)

which is also ensured by Condition B. R
The variable selection result follows from: for 6 > d2/,/50,

} Ainit s

|gadap\SO| < |(S’adap ( mlt) \S0| + |Sln1t\S0| < |( adap ( mlt) \S0| =+ 50.
(9.11)
O

9.5.5. Proof of Lemma 3.3, where coefficients are assumed to be large
On T, for j € So, |Bj,init| > o0, and |Bj,init| > |b]Q|/2, since |b]Q| > 260 Moreover,
for j € S§, |Bjimit] < boo. Let

Z|0|2

JES

So
lws, [13/50 < M*.
Note that M < 1/5 Since wm‘“ > 1/5007 the condition AagapM > 1 implies
/\adapwsc > 1.
Apply Theorem 8.1 to the adaptive Lasso with S = S, and 3 = b:

2 2 2
5 2||fS fOH 14)‘1n1t)‘adapM S0 -0 )\lnlt)\dd&pM 50
adap — 0 n (;52(6,5' ) ¢2(6, SO) ’
and
5 5lfs, — £2112  TAinitAadap M so ()\init/\ada M80>
o — bO < 0 n P =0 P ,
WPadga =80 = 3 Noaen M 6206, 50,) #(6.%0)
and
0 10”st - fO ”2 28)\init)‘adapM\/% )‘init)\adapM\/%
| Badap — 12 < + 2 = 2
M\/_Alnlt)\adap (b (67 SO; 250) d) (65 SOa 250)
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Also, when |S’adap\S0| > 50, it holds that

| fadap — P2 1/ w) g, s, I3
/\2 S0 /\2

adap init

|Sadap\50| S 32A2 (80)

sparse

¢ _ f0H2 52
< 32A2, (0 ||fadap n Y2
sparse( ) )\zdapso )‘i2nit

)\iznitM2SO )
¢2(67 SO)¢4(67 507 280) '

Alternatively, for any size of gadap\So,

= Agparsc (SO ) 0 <

R . Aa an — 02 $2
[Snp\Sol? < 164 (g 5o) 12— Tl 02

adap init

N A2 M?s?
_ |Sadap\50|0( init 0 ) .

¢2 (67 SO)¢4 (65 SO? 250)

Acknowledgement

We are extremely grateful to the associate editor and referee, for their careful
reading and pointing out the weak spots in earlier versions of the paper.

References

[1] S. ARLOT AND A. CELISSE. A survey of cross-validation procedures for
model selection. Statistics Surveys, 4:40-79, 2010. MR2602303

[2] A. BARRON, L. BIRGE, AND P. MASSART. Risk bounds for model selection
via penalization. Probability Theory and Related Fields, 113:301-413, 1999.
MR1679028

[3] D. BERTSIMAS AND J. TSITSIKLIS. Introduction to linear optimization.
Athena Scientific Belmont, MA, 1997.

[4] P. BICKEL, Y. RITOV, AND A. TSYBAKOV. Simultaneous analysis of Lasso
and Dantzig selector. Annals of Statistics, 37:1705-1732, 2009. MR2533469

[5] P. BUHLMANN AND S. VAN DE GEER. Statistics for High-Dimensional
Data: Methods, Theory and Applications. Springer, 2011.

[6] F. BunEA, A.B. TsyBAKOV, AND M.H. WECGKAMP. Aggregation and
sparsity via ¢1-penalized least squares. In Proceedings of 19th Annual Con-
ference on Learning Theory, COLT 2006. Lecture Notes in Artificial Intelli-
gence 4005, pages 379-391, Heidelberg, 2006. Springer Verlag. MR2280619

[7] F. BuNEA, A.B. TsYBAKOV, AND M.H. WEGKAMP. Aggregation for
Gaussian regression. Annals of Statistics, 35:1674-1697,2007a. MR2351101


http://www.ams.org/mathscinet-getitem?mr=2602303
http://www.ams.org/mathscinet-getitem?mr=1679028
http://www.ams.org/mathscinet-getitem?mr=2533469
http://www.ams.org/mathscinet-getitem?mr=2280619
http://www.ams.org/mathscinet-getitem?mr=2351101

748

8]

[13]
[14]

[15]

[16]

[18]

[19]

[20]

[21]

S. van de Geer et al.

F. BuneEA, A. TsyBAkOvV, AND M.H. WEGKAMP. Sparsity oracle in-
equalities for the Lasso. Electronic Journal of Statistics, 1:169-194, 2007Db.
MR2312149

E. CANDES AND Y. PLAN. Near-ideal model selection by #; minimization.
Annals of Statistics, 37:2145-2177, 2009. MR2543688

E. CaNDES AND T. TAO. Decoding by linear programming. IEFE Trans-
actions on Information Theory, 51:4203-4215, 2005. MR2243152

E. CANDES AND T. TAo. The Dantzig selector: statistical estimation
when p is much larger than n. Annals of Statistics, 35:2313-2351, 2007.
MR2382644

E.J. CanDpES, J. K. ROMBERG, AND T. TA0. Stable signal recovery from
incomplete and inaccurate measurements. Communications on Pure and
Applied Mathematics, 59:1207-1223, 2006. MR2230846

EJ CANDES, M. WAKIN, AND S. BoyD. Enhancing sparsity by reweighted
11 minimization. J. Fourier Anal. Appl, 14:877-905, 2008. MR2461611

L. DE HAAN AND A. FERREIRA. Extreme Value theory: an Introduction.
Springer Verlag, 2006. ISBN 0387239464. MR2234156

J. FRIEDMAN, T. HASTIE, AND R. TIBSHIRANI. Regularized paths for
generalized linear models via coordinate descent. Journal of Statistical
Software, 33, 2010.

E. GREENSHTEIN AND Y. RiTOV. Persistency in high dimensional lin-
ear predictor-selection and the virtue of over-parametrization. Bernoulli,
10:971-988, 2004. MR2108039

J. HuanGg, S. MA, AND C.-H. ZHANG. Adaptive Lasso for sparse
high-dimensional regression models. Statistica Sinica, 18:1603-1618, 2008.
MR2469326

V. KOLTCHINSKII. Sparsity in penalized empirical risk minimization. An-
nales de UInstitut Henri Poincaré, Probabilités et Statistiques, 45:7-57,
2009a. MR2500227

V. KorrcHinNsKIl. The Dantzig selector and sparsity oracle inequalities.
Bernoulli, 15:799-828, 2009b. MR2555200

K. LouNICI. Sup-norm convergence rate and sign concentration property
of Lasso and Dantzig estimators. Electronic Journal of Statistics, 2:90-102,
2008. MR2386087

L. MEIER, S. VAN DE GEER, AND P. BUHLMANN. The group Lasso for
logistic regression. Journal of the Royal Statistical Society Series B, 70:53—
71, 2008. MR2412631

N. MEINSHAUSEN. Relaxed Lasso. Computational Statistics and Data
Analysis, 52:374-393, 2007. MR2409990

N. MEINSHAUSEN AND P. BUHLMANN. High dimensional graphs and vari-
able selection with the Lasso. Annals of Statistics, 34:1436-1462, 2006.
MR2278363

N. MEINSHAUSEN AND B. Yu. Lasso-type recovery of sparse represen-
tations for high-dimensional data. Annals of Statistics, 37:246-270, 2009.
MR2488351


http://www.ams.org/mathscinet-getitem?mr=2312149
http://www.ams.org/mathscinet-getitem?mr=2543688
http://www.ams.org/mathscinet-getitem?mr=2243152
http://www.ams.org/mathscinet-getitem?mr=2382644
http://www.ams.org/mathscinet-getitem?mr=2230846
http://www.ams.org/mathscinet-getitem?mr=2461611
http://www.ams.org/mathscinet-getitem?mr=2234156
http://www.ams.org/mathscinet-getitem?mr=2108039
http://www.ams.org/mathscinet-getitem?mr=2469326
http://www.ams.org/mathscinet-getitem?mr=2500227
http://www.ams.org/mathscinet-getitem?mr=2555200
http://www.ams.org/mathscinet-getitem?mr=2386087
http://www.ams.org/mathscinet-getitem?mr=2412631
http://www.ams.org/mathscinet-getitem?mr=2409990
http://www.ams.org/mathscinet-getitem?mr=2278363
http://www.ams.org/mathscinet-getitem?mr=2488351

[25]
[26]

27]

Adaptive and thresholded Lasso 749

R. TiBSHIRANI. Regression shrinkage and selection via the Lasso. Journal
of the Royal Statistical Society Series B, 58:267-288, 1996. MR 1379242

S. VAN DE GEER. High-dimensional generalized linear models and the
Lasso. Annals of Statistics, 36:614—645, 2008. MR2396809

S. VAN DE GEER. On non-asymptotic bounds for estimation in generalized
linear models with highly correlated design. In Asymptotics: Particles,
Processes and Inverse Problems (E.A. Cator, G. Jongbloed, C. Kraaikamp,
H.P. Lopuhad, J.A. Wellner eds.), volume 55, pages 121-134. IMS Lecture
Notes Monograph Series, 2007. MR2459935

S. VAN DE GEER. Least squares estimation with complexity penalties.
Mathematical Methods of Statistics, pages 355-374, 2001. MR1867165

S. VAN DE GEER AND P. BUHLMANN. On the conditions used to prove
oracle results for the Lasso. Flectronic Journal of Statistics, pages 1360—
1392, 2009. MR2576316

M. WAINWRIGHT. Information-theoretic limitations on sparsity recovery in
the high-dimensional and noisy setting. IEEE Transactions on Information
Theory, 55:5728-5741, 2007. MR2597190

M. WAINWRIGHT. Sharp thresholds for high-dimensional and noisy spar-
sity recovery using ¢;-constrained quadratic programming (Lasso). IEEE
Transactions on Information Theory, 55:2183-2202, 2009. MR2729873

L. WASSERMAN AND K. ROEDER. High dimensional variable selection.
Annals of Statistics, 37:2178-2201, 2009. MR2543689

C.H. ZHANG. Nearly unbiased variable selection under minimax concave
penalty. Annals of Statistics, 38(2):894-942, 2010. MR2604701

C.H. ZHANG AND J. HUANG. The sparsity and bias of the Lasso selection
in high-dimensional linear regression. Annals of Statistics, 36(4):1567-1594,
2008. MR2435448

T. ZHANG. Some sharp performance bounds for least squares regres-
sion with ¢; regularization. Annals of Statistics, 37:2109-2144, 2009.
MR2543687

P. ZHAO AND B. YU. On model selection consistency of Lasso. Journal
of Machine Learning Research, 7:2541-2567, 2006. MR2274449

S. Zuou. Thresholding procedures for high dimensional variable selection
and statistical estimation. In Advances in Neural Information Processing
Systems 22. MIT Press, 2009.

S. ZHou. Thresholded lasso for high dimensional variable selection and
statistical estimation, 2010. arXiv:1002.1583v2, shorter version in Advances
in Neural Information Processing Systems 22(NIPS 2009).

H. Zou. The adaptive Lasso and its oracle properties. Journal of the
American Statistical Association, 101:1418-1429, 2006. MR2279469

H. Zou AND R. Li. One-step sparse estimates in nonconcave penalized
likelihood models (with discussion). Annals of Statistics, 36:1509-1566,
2008. MR2435443


http://www.ams.org/mathscinet-getitem?mr=1379242
http://www.ams.org/mathscinet-getitem?mr=2396809
http://www.ams.org/mathscinet-getitem?mr=2459935
http://www.ams.org/mathscinet-getitem?mr=1867165
http://www.ams.org/mathscinet-getitem?mr=2576316
http://www.ams.org/mathscinet-getitem?mr=2597190
http://www.ams.org/mathscinet-getitem?mr=2729873
http://www.ams.org/mathscinet-getitem?mr=2543689
http://www.ams.org/mathscinet-getitem?mr=2604701
http://www.ams.org/mathscinet-getitem?mr=2435448
http://www.ams.org/mathscinet-getitem?mr=2543687
http://www.ams.org/mathscinet-getitem?mr=2274449
http://arxiv.org/abs/1002.1583
http://www.ams.org/mathscinet-getitem?mr=2279469
http://www.ams.org/mathscinet-getitem?mr=2435443

	Introduction
	Related work
	Organization of the paper

	Model misspecification, weak variables and the oracle
	Main results
	Conditions
	The results
	Comparison with the Lasso
	Comparison between adaptive and thresholded Lasso
	Bounds for the number of false negatives
	Assuming beta-min conditions

	Notation and definition of generalized eigenvalues
	Eigenvalues
	Restricted eigenvalues
	Sparse eigenvalues

	Some lower bounds for the (weighted) Lasso, and the case of random design
	The irrepresentable condition
	Random design
	An example illustrating that the Lasso can select too many false positives
	Worst case correlation
	A realistic example

	The weighted irrepresentable condition

	Conclusions
	The noiseless case
	The weighted Lasso
	The initial Lasso
	Thresholding the initial estimator
	The adaptive Lasso

	Adding noise
	Notation for the noisy case
	The noisy weighted Lasso
	Another look at the number of false positives

	Proofs
	Proofs for Subsection 5.3.2 with the realistic example giving a lower bound for the Lasso
	Proofs for Subsection 5.4 on the weighted irrepresentable condition
	Proofs for Section 7: the noiseless case
	Proofs for Subsection 7.1: the noiseless weighted Lasso
	Proofs for Subsection 7.2: the noiseless initial Lasso
	Proofs for Subsection 7.3: the noiseless thresholded Lasso
	Proofs for Subsection 7.4: the noiseless adaptive Lasso

	Proofs for Section 8: the noisy case 
	Proof of Lemma 8.1 with the more involved conditions

	Proofs for Section 3
	Proof of the probability inequality of Lemma 3.1
	Proof of Theorem 3.1 and Lemma 3.2: the noisy initial Lasso
	Proof of Theorem 3.2: the noisy thresholded Lasso
	Proof of Theorem 3.3: the noisy adaptive Lasso
	Proof of Lemma 3.3, where coefficients are assumed to be large


	Acknowledgement
	References

