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Abstract: We study the Bernstein-von Mises (BvM) phenomenon, i.e.,
Bayesian credible sets and frequentist confidence regions for the estimation
error coincide asymptotically, for the infinite-dimensional Gaussian white
noise model governed by Gaussian prior with diagonal-covariance structure.
While in parametric statistics this fact is a consequence of (a particular
form of) the BvM Theorem, in the nonparametric setup, however, the BvM
Theorem is known to fail even in some, apparently, elementary cases. In
the present paper we show that BvM-like statements hold for this model,
provided that the parameter space is suitably embedded into the support
of the prior. The overall conclusion is that, unlike in the parametric setup,
positive results regarding frequentist probability coverage of credible sets
can only be obtained if the prior assigns null mass to the parameter space.
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Introduction

In parametric statistics, the celebrated Bernstein-von Mises (BvM) Theorem
states that in a statistical model with finite-dimensional parameter 8 € O, if
the observed variable X follows some known distribution Py := £(X10) and  is
a prior probability on the parameter space © then, under fairly general condi-
tions over the true parameter, the model and the prior, the centered Bayesian
posterior and the sampling distribution of any asymptotically efficient estimator
centered at truth will be close for a large number of observations, where “close”
means with respect to total variation norm; see, e.g., [13]. In fact, both distri-
butions will approach the normal distribution with null mean and covariation
matrix given by the inverse Fisher information. In particular, since the poste-
rior mean is known to achieve, under some regularity conditions, asymptotic
efficiency, cf. [9], one can conclude that the centered posterior distribution and
the sampling distribution of the posterior mean centered at truth are asymp-
totically the same. If 8 € © denotes the true parameter, ¥ denotes a generic
random variable on © distributed according to the prior 7 and 9 := E[¢|X]
denotes the posterior mean then the BvM statement can be re-phrased as

P
I£(AIX) — £(A[9)]lv — 0. (1)
In the above display, A := 90—, £(Al6) denotes the sampling distribution of
the estimation error A (under Pp) and || - ||y denotes the total variation norm.

The main importance of the BvM Theorem is that it allows one to use
Bayesian credible sets, i.e., sets which receive a fixed fraction of the total mass
under £(A|X), which are available via Markov-chain Monte Carlo techniques,
to derive confidence regions for # based on asymptotically efficient frequentist
estimators, e.g., MLE. A natural question is whether such a result can be also
established in a nonparametric framework, i.e., for infinite-dimensional param-
eter space ©. The first difficulty in answering this question is to formulate a
generalization of the parametric statement. For instance, one of the conditions
in the classical statement of the theorem is that the prior should be (Lebesgue)
absolutely continuous, but it is known that no infinite-dimensional counterpart
of the Lebesgue measure exists. Moreover, one of the key assumptions of the
BvM Theorem is that the model is smooth in the sense of Hellinger differen-
tiability but differentiability w.r.t. infinite-dimensional parameters is a rather
restrictive condition, hence a weaker concept of differentiability might be suit-
able. Finally, asymptotically efficient estimators are rarely available in infinite-
dimensional models; also a tractable concept of Fisher information (operator)
is lacking. Nevertheless, it makes sense to consider the simpler version, in which
the posterior mean plays the role of the estimator for 6; see (1).

In this paper we study the BvM phenomenon for the infinite-dimensional
Gaussian white noise model, described by the linear equation

X:9+0n57 (2)
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where 6 is a square-summable sequence, X is a noisy observation of 6, € denotes
a sequence of standard, i.i.d. Gaussian variables and o, | 0; typically, we have
02 = 1/n. For a Bayesian approach, one chooses a Gaussian prior 7 on R* with
diagonal covariance structure, i.e., m makes the coordinates independent non-
degenerate Gaussian variables. The posterior distribution £, (9|X) is Gaussian
and its centered version £, (9 — 9| X) = £,(—A|X) = £,(A|X) is non-random.
Moreover, £,(A]6) is also a Gaussian measure, not depending on the observa-
tion X but depending on € only through its mean, cf. [2, 3]. Hence, in this case,
one may disregard convergence in Pyg-probability in (1), which reduces to

10 (A[X) = £n(A]0)]| = 0. (3)

The validity of (3), which obviously depends on 6, has been extensively studied
in [3] in the m-a.s. sense; specifically, the prior is chosen such that ¢ is a square-
summable sequence a.s. and it is shown that (3) fails in this case, in the sense
that for almost all §’s drawn from 7 the expression in (3) does not converge
to 0. The main argument is that the r.v. >, o, A2 which is properly defined,
has different asymptotic behavior when regarded from Bayesian and frequentist
perspectives; this is explained in Section 3. A similar result has been obtained
in [2] in a slightly more general setup, where the parameter 6 belongs to some
abstract Hilbert space and the observations lie in a Banach space. Although
some positive results regarding the validity of BvM-like statements in semi- and
nonparametric models, see, e.g., [1, 11, 12] for semiparamatric and [5, 6] for
nonparametric, the results in [2] and [3] led to the widely accepted belief that
the BvM phenomenon does not occur in the nonparametric framework.

Nonetheless, some questions, of both theoretical and practical interest, are
left unanswered in [2] and [3] and we aim to elucidate these issues in this paper.
A first question is regarding the choice of the prior. Denoting by ¢2 the space
of square-summable sequences in R>, we have § € £2. Moreover, for the prior
considered in [3], it holds ¥ € ¢? a.s. Since £? coincides with the reproducing
Hilbert space (RHS) of the noise ¢, it follows that e, hence the observation X,
lies almost surely in some larger (Banach) space H in which ¢? appears as a
dense subspace. Furthermore, since in the Bayesian paradigm we have

X =9+ o0u¢,

by the Cameron-Martin Theorem, the distribution of the data X is equivalent
to that of the Gaussian noise o,¢, hence orthogonal w.r.t. the prior 7. In other
words, the randomness induced by the prior distribution in the model is rather
insignificant w.r.t. the distribution of the data, unlike in finite-dimensional
framework where the prior is required to be Lebesgue continuous; a quasi-similar
choice is made in [2]. This abnormality occurs only in the infinite-dimensional
framework; in finite-dimensional spaces the RHS of some Gaussian measure co-
incides with its support. Therefore, it may come as no surprise that the BvM
statement, as formulated in (3), for the models considered in [2] and [3] fails.
On the other hand, in Bayesian statistics, the statistician must choose the
prior distribution 7, based on some (apriori) subjective beliefs, so that one
may always question these beliefs. Therefore, a statement which is true 7-a.s.
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is not always satisfactory since sets of parameters of null prior probability are
actually ignored. For example, it is known that the classical Wiener measure
does not charge the space of differentiable paths, hence statements which are
true “Wiener almost surely” are, in fact, disregarding smooth paths; this issue
appears for any infinite-dimensional Gaussian distribution. In order to cope
with this problem, we shall consider analytic BvM statements; specifically, if
© is some given parameter set, we investigate pointwise convergence in (3),
w.r.t. 8 € O, rather than m-a.s. convergence. Probabilistic BvM statements can
be easily derived, provided that 7(©) = 1. The results in [3] show that, if the
prior 7 is supported by £2, no © C ¢? with 7(©) > 0 exists such that the BvM
statement in (3) holds for all # € © but no relevant conclusion can be drawn if
m(0) = 0. The interest in parameter sets © of null prior probability is raised by
the fact that, in this model, the Bayes estimator ¥ achieves optimal minimax rate
of convergence when the parameter  belongs to some linear subspace ©¢ C ¢2
(to be defined in Section 3) of null prior mass; see [14]. Therefore, it would be
of some interest to know whether (3) holds true for 6 € Q.

The present paper is aimed to perform a thorough investigation and to pro-
vide answers to the questions stated above. There will be three main conclusions:

e If the prior 7 makes the coordinates 9J;, centered Gaussian variables with
variance 77, for k > 1, then the BvM statement in (3) holds true, provided
that 7, — oo sufficiently fast. In fact, it turns out that both £, (A|X) and
£, (A]6), when re-scaled by 1/0,,, approach the Gaussian white noise (cen-
tered) distribution whose covariance operator can be formally regarded as
the inverse Fisher information of the linear model defined by (2).

e Unfortunately, when the prior 7 is supported by 2, having diagonal power-
covariance structure as in [3], there is no sensible subspace © (not even of
null prior mass) such that (3) holds for all parameters 6 € ©.

e The good news, however, is that if § € Oy, i.e., the Bayes estimator J
achieves optimal minimax rates, then the Bayesian credible ¢2-balls have
good frequentist probability coverage, for large n, so they may be used to
derive confidence regions for # based on the posterior mean 0.

The paper is organized as follows: Section 1 gives a brief overview of results
on Gaussian measures in Hilbert spaces which will be relevant for our analysis.
In Section 2 we formulate and prove some BvM-like statements and explain why
the £2-space is too small for dealing with BvM-related issues. Also, we provide
conditions over m and 6 such that (3) holds true. In Section 3 we zoom in to
the framework of [3], where the prior distribution is supported by ¢2, and show
that there is no reasonable parameter set © C ¢2 such that (3) holds true for
all # € ©; to this end, we consider a Hilbert scale (increasing family of Hilbert
spaces) {Os}s in £2 and prove that there is no O satisfying the requirement,
proving analytic BvM statements rather than probabilistic statements as in [3].
We also investigate in Section 3 the asymptotic frequentist probability coverage
of Bayesian credible £2-balls for various classes of parameters 6. Some technical
facts and results are detailed in Section 4 (Appendix) while the proofs of the
main results are deferred to Section 5.
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Notations and conventions

Throughout this paper, R> will denote the linear space of all real-valued se-
quences. For convenience, we identify the sequence with components {xj}r>1
with an element () € R*, when no confusion occurs. For sequences with dou-
ble (or multi-) index {@k}n k>1, we use the notation (z,x)r to emphasize that
we are referring to the sequence labeled w.r.t. k. We denote by (¢2, ||-||) the space
of square-summable sequences endowed with the usual Hilbert space structure.
For k > 1 we denote by ey, the k' unit vector (direction) in R*°, having the k"
entry equal to 1, the other elements being null. The family {ej : £ > 1} defines
an orthonormal basis (complete orthonormal system) in ¢2. Also, we shall de-
note by ¢! the space of (absolutely) summable sequences and by ¢°° the space
of bounded sequences endowed with the usual norms; recall that ¢! C ¢2 C ¢£°°.

If {un}n>1 and {v,}n>1 are sequences of positive numbers we write u,, = vy,
if lim,, (w,, /v,) = 1 and we write u,, ~ v, if there exist some positive constant ¢
such that lim,, (u, /v,) = c. If lim, (u, /v,) = 0 then we write u,, < vy,.

If X is ar.v. on some measure space X we denote by £(X) its distribution on
X and denote by £(X]-) a conditional distribution of X. Also, we shall denote
by E[X|-] and Var[X|-] the (conditional) expectation, resp. variance, of X. If X
is a Banach/Hilbert space we shall denote by N(b; S) the Gaussian measure on
X with mean b € X and covariation operator S : X* — X; in particular, N(b; 0?)
denotes the one-dimensional Gaussian measure with mean b and variance o2.

Let (X, d) be a metric space. On the space of signed measures on X we define
by || - lv and || - ||z the total variation and Hellinger! norms, respectively.
The metrics induced by these norms on the class of probability measures are
known to generate the same topology. If {P,},, and {Q,}, are two sequences
of probability measures, by P, ~ @Q,, we mean that P, — @),, converges to 0 in
this (common) topology. Both [|P = Ql|y and [|P — Q|| attain their maximum
whenever P and @) are orthogonal measures. In that sense, each distance can be
used to measure the degree of overlapping between P and (). The expression

AP.Q) =1 P- Q|3 = /X VaP\/iQ

is called the Hellinger affinity of P and Q. If P and ) are equivalent mea-
sures then A(P,Q) > 0; null affinity means orthogonality between P and Q.
Finally, we shall denote by — the weak convergence on the class of (proba-
bility) measures on X. Weak convergence is weaker than convergence in to-
tal variation/Hellinger distance, one of the main differences being that a se-
quence P, may converge weakly to P even if P, and P are orthogonal mea-
sures, for arbitrarily large n; this is not possible if convergence holds in total
variation/Hellinger distance. As a consequence, if P, — P then the property
P, (A) — P(A) is restricted to the class of those Borel measurable sets A C X
having P-negligible boundary, whereas convergence in total variation/Hellinger
distance implies P, (A) — P(A), for any Borel measurable A C X.

!The Hellinger norm is defined such that v/2||P||2 = 1 for any probability measure P.
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1. Preliminary results on Gaussian measures in Hilbert spaces

There is a rich literature treating Gaussian measures on separable Hilbert or,
more generally, Banach spaces. For a nice, comprehensive overview of Gaussian
measures on Banach spaces and related concepts we refer to [7, 8]. Here we
briefly present some facts which will be relevant for our analysis. To avoid a
rather technical exposition we restrict ourselves to the Hilbert space setting.
In the following H is a separable Hilbert space, b,d € H and S, T : H — H are
covariance operators? on H. The following theorems, which establish conditions
under which Gaussian measures are equivalent, will be useful in our analysis.

Cameron-Martin Theorem: N (b; S) and N(0; S) are equivalent if and only if
b € H, where H := +/SH denotes the RHS of A'(0;S) endowed with the usual
Hilbert space structure. In addition, the Radon-Nikodym derivative is given by

dN(b; S)

W(h) = exp [<b|h>4§ — %wa , N(0;8) — a.s.,

where b € H — (b]-)5; € L2(N(0;S)) denotes the extension of the linear isome-
try b€ H — (b]-)3¢; that is, (b|h)3; = £2 —Timy, (blhn)aq, for by — hy {h}a C H.

Feldman-Hajek Theorem: Assume that S and 7' commute; in this case there ex-
ists some orthonormal basis { ¢y, },>1 consisting of common eigenvectors of S and
T.If S has eigenvalues {\2},>1 and T has eigenvalues {2 },,>1 w.r.t. {¢n n>1
then NV(0;58) and NV (0;T) are equivalent if and only if

© sy2 a2
Otherwise, N'(0; S) and N(0;T) are orthogonal.
Equivalence Theorem: N(b; S) and N (d; T) are equivalent if and only if
N(b;S)=N(b;T)=N(d;T) = N(d; S).
Otherwise N (b; S) and N (d; T') are orthogonal.

Finally, the following theorem gives necessary and sufficient conditions for a
sequence of Gaussian measures to converge weakly on H; see, e.g., [10].

Convergence Theorem: Let {b,,},>1 C H and S, for n > 1, be a family of
covariation operators on H. Then the sequence N (by,;S,) converges weakly on
H if and only if there exist some b € H and some covariation operator S on H
such that b,, — b in H and S,, — S in trace-class norm, i.e., Tr(S,, —S) — 0. In
this case, we have N (by,;S,) — N (b; S).

2By covariance operator we mean a positive, self-adjoint, trace-class operator S : H — H.
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2. The Gaussian white noise model

In this section we consider the linear model, defined by the equation
X =0+ o0pe, (4)

where the equality holds in R>, 6 := (f) € ¢? is an unknown parameter,
e := () is a sequence of i.i.d. standard Gaussian variables (noise) and o, > 0
are chosen such that o,, | 0 as n — oo; typically one chooses 02 = 1/n. As
usual, the problem is to estimate 6 from the noisy observation X.

For a Bayesian approach, one considers a prior m on R* which makes the
coordinates centered independent (nondegenerate) Gaussian variables; that is,
one assumes that the parameter 0 is a realization of some centered Gaussian
r.v. ¥ = () such that Cov[dy, ;] = E[W9;] = 70k, for any k,l > 1. Hence,
£,(Xk) = N(0;02 + 72) and £, (Xi|Ur) = N(Jx;02) so that the posterior

distribution £, (95| X%) can be described, cf. [3], as follows:

e the posterior mean 9 = (J;) € R™ satisfies

Vk>1: 0 = E[9|X] = X

o2 + 17
e the Bayesian estimation error A := U — ¥ satisfies
2

),
0721—1-7',3 0721—1-7',3

0ut?

Vk>1: A =

e the centered posterior £, (A|X) is independent of £,,(X) and satisfies

2.2
OnTi

VE>1: Var[d|X] =E [(m - M“" X} - (5)

2 2"
on—i—Tk

In fact, £, (x| X) = £, (9%|X%) and the posterior £, (9] X) can be expressed as

£,091X) = R) La (011X5) = QN % x,, a7k
n = n\Vk k) — 07214‘7-]3 k’U?l‘i‘T]? .

k>1 k>1

Definition. Let © C R* and v be some functional. Then we say that:
e the BvM statement holds for the parameter set © if for all 8 € © we have
1£€n (A[X) = £, (AlO)]| r = 0; (o0 1 0); (6)

e the BvM statement holds for the functional 1) and parameter set © if for
all @ € © it holds that

1€ (V(A)1X) = £ (P(A)[0)][ 7 = 0; (o L 0); (7)

e the BvM statement holds (for the functional v¢) m-a.s. if (6), resp. (7),
holds for almost all #’s drawn from the prior 7.
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The support of a Gaussian measure in R* is, in general, a Banach space B;
see [4]. Note that, if the BvM statement holds true for the parameter set © then
the BvM statement holds true for any (norm-measurable) functional ¢ defined
on the support of A, for the same parameter set. Also, if the BvM statement
holds (for the functional ) for some parameter set © such that 7(0) = 1 then
the BvM statement holds (for the functional ) 7-a.s.

In the following we aim to investigate the validity, in general, of the above
statements for the model under discussion. We first consider linear functionals.
Recall that, from a frequentist perspective, we have

JnT,f . Jﬁ@k
2 2k T 3 2"
On + Tk On + T

Therefore, from (5) and (8) we deduce that (for all k& > 1)

Vk21ZAk:

(8)

o212 —026’1C o7t
L0 (AelX) N(7U%+T,3)= Ln (Alf) N(agw,g (aﬁ+n§>2>

Now we aim to prove that the BvM statement holds for any suitable linear
functional ¥. First, however, we need to make clear the kind of linear functionals
1) we are considering and this requires a slightly technical discussion. Assume
that B C R* is a Banach space which supports a Gaussian measure . Then
it makes sense to consider bounded linear functionals in the topological dual
B*; that is, if £(Y) = u then, for any ¥ € B*, ¢(Y) is a r.v. finite a.s. Note,
however, that the definition of the support of a measure is closely related to
the topology under consideration, so that the support is not unique. To avoid
this inconvenience, we need to consider a class of “universal” bounded linear
functionals related to the measure itself, rather than to its topological support.
Let P be a regular probability measure on R*> and recall that any linear
functional ¥ on R is identified with a sequence (¢) € R* such that

() =, (9)

k>1

the set of «’s for which the above series is convergent being a linear (sub)space.
We say that the linear functional ¢» € R* is defined P-a.s. if the series in (9)
converges for P-almost all x € R*. In addition, we say that the P-a.s. defined
linear functional v is bounded, or that v is a bounded linear functional de-
fined P-a.s., if the series in (9) converges absolutely for P-almost all 2’s. In the
following we will denote by v the probability distribution on R*> which makes
the coordinates standard i.i.d. Gaussian variables. By Kolmogorov’s three-series
Theorem it follows that a linear functional ¢ € R* is defined 7-a.s. if and only if
¥ € £? and ¢ is bounded if and only if ¢ € ¢1. Finally, if P = ®j>1N (vk;s7) then
1) € R*™ is a bounded linear functional defined P-a.s. if and only if () € £1
and (Yrsk) € £1. Indeed, if £(Y) = P then Yy = vg, + &k, with £(§) =, i.e.,

S Y= vk + Y rckés,

E>1 k>1 k>1

so the two series in the r.h.s. converge absolutely if (¥xvy) € €1 and (xsk) € £1.
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2.1. The BvM statement for linear functionals

The following result shows that the bounded linear functionals defined -a.s. are
also bounded linear functionals defined £,,(A|X) and £, (A]f)-a.s., for all n, for
almost all 8’s drawn from the prior 7. In addition, a m-a.s. BvM statement holds
for such linear functionals 1, i.e., for v = (¢y,) € £1.

Lemma 1. Let v = (¢5) € £* be a bounded linear functional defined v-a.s.
Then it holds that

(1) v is a bounded linear functional defined £,(A|X)-a.s., for any n > 1.
(ii) ¢ is a bounded linear functional defined £,,(A|6)-a.s., for anyn > 1, w-a.s.
(iii) If yo =1 denotes the pushforward measure® of v through 1 then (r-a.s.)

HEn (¢(051A)|X) —7o ¢‘1HH — 0, HEn (w(aglA)W) —~o w_lHH — 0.
(iv) The BuM statement holds true w-a.s. for 1, i.e.,
1€, (W(A)X) = L, (P(A)O)||y = 0, T — a.s.

Lemma 1 shows that the finite-dimensional projections of £, (o, 'A|X) and
£ (U; 1A|9) converge to those of . Indeed, it is straightforward that

Vk>1: £, (Y(o, ' AR)|X) 2 N (0;1) = £, ((0, ' Ag)|0) .

Consequently, if any of the sequences £, (U; TAIX ) or £, (U; 1A|9) converges
in some sense, e.g., either weakly or in total variation/Hellinger distance, then
the limit is necessarily . In particular, we see that if the distributions under
discussion are supported by ¢2, which is the case when (73) € ¢2, then the con-
vergence can not hold in total variation/Hellinger norm since + is not supported
by ¢2; in fact, we have v(¢2) = 0. In order to assess convergence to 7, it will
be useful to construct a Hilbert space H which supports all the measures under
consideration, i.e., v, £,(A]|X) and £, (Al0), for all n. Such a space is given by

H:= {x R laff =) Mai < oo} : (10)
k=1

for some sequence of positive numbers (\g) € ¢2. Indeed, if {ey}r>1 are the
canonical unit vectors in R*> then an orthonormal system in H is given by
{hy := A;lek}kzl. If S denotes the covariance operator of v in H then we have

(Shilhy ) = /H (¢ b iy ().

Now ¢ = (tx) € R and ), are i.i.d. A/(0;1) variables under ~. Therefore,

<t|hk>H = A\l = <Shk|hl>H = )‘iéklu

3Provided that v : R — R is measurable, v o »~1(B) := v{z : ¢(x) € B} always defines
a measure on the Borel sets of R, having total mass at most 1. If, in addition, v is defined
~-a.s. then y{x : 1(x) € R} = 1, hence v o)~ ! defines a probability measure on R.
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i.e., Shy = AZhy, for any k, hence S is a linear operator defined by the eigenval-
ues {A2}i>1 w.r.t. {hg}x>1. Therefore, the condition (\;) € £ guarantees that
the covariance operator of v in H is of trace class, hence v = N(0; S) in H. In the
same vein, one can easily check that the covariance operators of £,, (0; TAIX )
and £, (0, 'Alf) are defined by the eigenvalues

D
on+ 7 Jisr LOR +72)% s

respectively, and are of trace-class if (\;) € ¢2. Clearly, 2 C H, the inclusion
being proper, and both £, (A|X) and £,,(A|0) are supported by H, for any prior
7w and any n > 1. The space H has rather theoretical significance and will play
little role in what follows; one can take, for instance, A\, = 1/k, for k > 1.

Remark 1. Let H be defined by (10) for some positive sequence (A\g) € £2, i.e.,
H supports v, and let ¢ = (1)) denote some bounded linear functional on H.
Define = = (xy), with xp = sign(¢), for & > 1. Since |zj| = 1 for any k, it
follows that x € H, hence 9(x) = ||1||n < oo; that is, 1 € £1. Conversely, let
Y € 01 and set A\, = /[vx| + (1/k2), for all k > 1. It is easy to check that
these \y’s are positive, such that (\) € ¢% and ¢ defines a linear functional on
H (defined by these A;’s) with norm less than /||?||¢1. Indeed, for any 2 € H,

2
()] < 3 el = S B (e < |57 55 e < VT - ol

k>1 k>1 k>1

This justifies the terminology “bounded” used for linear functionals v € £1.

Let now H C R* be defined by (10), for some positive sequence (\) € £2,
i.e., H supports all the measures under discussion. For simplicity, we denote by
T,, and S,, the linear operators on H having eigenvalues given by (11) w.r.t. the
canonical unit vectors in R* and set

) :=E [0, 'Al0] = ( — 0 ) .
k

2 2
On +Tk

With these notations, £, (0, A|X) = N(0;T,) and £,(0, ' Al0) = N(b2; S,,).
The following result shows, in particular, that a weak version of the m-a.s. BvM
statement holds for Gaussian priors m having diagonal covariance structure.

Theorem 1. N(0;T,,) converges weakly to v in H and, for almost all 0’s drawn
from 7, N(b2;8S,) converges weakly to v in H, as well. In particular, for any
measurable set B C H satisfying v(0B) = 0 it holds that

lim P{A €0,B| X} -P{A€0,B|0} =0, 7 —a.s. (12)
n—oo

It is important to note that, even when N'(0; T},) and V(b ; S,,) are supported
by ¢2, the weak convergence in Theorem 1 does not hold in ¢2, but in the larger
space H which supports . In fact, although supported by ¢2, the two sequences
are not tight in ¢2. The above analysis shows, in particular, that any reasonable
BvM statement for this model can only be obtained beyond the £2-framework.
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2.2. The BvM statement

In this section, we seek necessary/sufficient conditions for 7 and 6 such that
€0 (AIX) = £n (AIO)| g = 0; (13)

in other words, given a prior m with diagonal covariance structure on R*>, we
aim to characterize/determine a (maximal) parameter set © for which the BvM
statement holds. For a m-a.s. statement, we check whether 7(©) = 1.

Since the Hellinger distance is invariant to re-scaling, (13) is equivalent to

IN(0;T,) = N(b%: Sl er — 0. (14)

A necessary condition for the convergence in the last display is that N(0;T,)
and NV'(b?; S,,) are equivalent measures, for n large; otherwise, if they are orthog-
onal along some subsequence of n’s then the limit along this subsequence will be
strictly larger than 0. By the Equivalence Theorem, Gaussian measures N'(0; T},)
and N (bY; S,,) are either equivalent or orthogonal and equivalence obtains if and
only if both of them are equivalent to A/(0;S,,). By the Cameron-Martin The-
orem, equivalence between N(b%;S,) and N(0;S,,) requires that b € /S, H.
Now recall that /S, H is also a Hilbert space and a complete orthonormal sys-
tem in this space can be obtained as follows:

2 2
AT = Ti;
2 2k = 75 2
On + Tk On + Tk

VE>1: £, :=+/S,hy =

€.

Hence, bY € /S, H iff b¢ = > k> Uk, for some sequence (ug) € £2. Since

2
—Unek UKTy,
b9 = 7919 = kak = ek
n : : 2 2 z : : : 2 2 ?
=1 On T T k>1 =1 %0 T Tk

one concludes, after identifying the coefficients, that uy, = —0,,05/77. Hence, by
Cameron-Martin Theorem, the equivalence N'(b2;S,,) = N(0; S,,) obtains iff

<%) e, (15)

On the other hand, by Feldman-Hajek Theorem, N'(0;T},,) = N(0;S,) requires

4 2
>2\iT)§2 - 2)\%7-,3 2 4
on+T, oL +T a,
Sn(ﬂ-) = E N2 " ( 2 :) = E B} n_2 5 < 00 (16)
= k Tk Tk = (Un + 2Tk)
21\ o757 + Gz >1

for the last inequality it suffices that (1/72) € (2. Therefore, (15) and (16)
provide necessary and sufficient conditions for the equivalence between N (0; T},)
and N (bY;S,,), for large n, which is a necessary condition for the validity of
(14). In particular, the conditions (6y/72) € ¢* and (1/72) € ¢* guarantee the
equivalence N(0;7},) = N'(b%;S,,). It turns out that these conditions are both
necessary and sufficient for the validity of (14). More specifically, we have:
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Lemma 2. Let 6 = (6;) € R™ be arbitrary and let 7 = @, N(0;72), for
some arbitrary T, > 0; k > 1. Then the following statements are equivalent:

(i) (1/77) € 2 and (0, /77) € (2.
(ii) [|NV(0;T) =yl — 0 and [N(b5;Sn) — vl — 0.
(iii) [IV(0; 7o) = N'(573 Sl — 0.

Lemma 2 shows that the condition (1/77) € ¢? is crucial for the validity of
the BvM statements, regardless of . Namely, if the condition holds then the
BvM statement holds true for the parameter set

©:={0cR>*: (6/7;) € *} (17)

In particular, we note that in this case 2 C O, hence if the true parameter ¢
belongs to ¢ then the BvM statement holds for any prior satisfying (1/77) € £2.
Comparing the result in Lemma 2 to that in Theorem 1 we see that the above
condition is needed to obtain convergence in total variation/Hellinger norm
instead of weak convergence. Both statements, however, show that whenever a
BvM statement holds, the two measures must necessarily converge to ~.

On the other hand, if the condition is not fulfilled, e.g., if the sequence {7y }x>1
is upper-bounded, as it is in [3], then the BvM statement does not hold, for
any (nonempty) parameter set ©. This, in particular, shows that there is no
parameter 6 € ¢? such that (13) holds; the results in [3] only show that for most
of the #’s in £2 (in both probabilistic and topological sense) the statement fails.

Finally, the parameter set © defined in (17) satisfies 7(©) = 1 if and only if
(1/7x) € £2; otherwise, we have m(0) = 0. Indeed, recall that, under the prior
m, we have ¥ = 73,&, with {&,}r>1 1.1.d. standard Gaussian variables. Hence,
by Kolmogorov’s three-series Theorem, one concludes that the random series
S (02/7) = 32, (&k/Tk)? either converges or diverges with probability 1 and
convergence obtains if and only if (1/7;) € £2. One can synthesize this analysis
into the following statement which gives a complete overview of the validity of
the BvM statements; the proof follows by Lemma 2 and by previous remarks.

Theorem 2. If the prior m in Lemma 2 satisfies (1/7;) € € then the BoM
statement holds true m-a.s. If (1/77) € €2 but (1/7) & ¢ the BoM statement
holds for the parameter set © in (17), having null prior probability. Finally, if
(1/72) & €% the BuM statement fails for any nonempty parameter set ©.

Let us consider 7 := {(z1) € R®: (2x/7) € £*} and © defined by (17).
Note that the linear spaces 7 and © become Hilbert spaces when endowed with
the norms [|(zg) |7 := || (@x/7%)|| and ||(z)|le := ||(zk/77)]|, respectively, and T
is the RHS of 7. If 7, — oo then ¢ C T C O, the embeddings being continuous.
The condition (1/72) € ¢? is equivalent to the fact that the covariation operator
of v in © is of trace-class, hence v is supported by ©. Under the stronger
condition (1/7;) € £2, the covariation operator of v in 7~ (the RHS of 7) becomes
of trace-class; that is, the noise ¢ is supported by the RHS of 7 or, yet, the prior
7 is equivalent to the distribution of the data X (Cameron-Martin Theorem),
~v-a.s. By virtue of Theorem 2, this condition seems both necessary and sufficient
for the validity of the m-a.s. BvM statement for the model under discussion.
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2.3. Conclusions and remarks

Typically, the prior 7 is supported by ¢2; see, e.g., [2, 3]. Although the BvM
statement holds for bounded linear functionals and in a weak sense, it does not
hold in the sense of (13), for any 6. In fact, in this case many irregularities occur
due to infinite-dimensional nature of the problem. For instance, the probability
measures £, (0, 'A|X) and £,(0, ' Alf) are always, orthogonal and this is the
most evident reason why the BvM Theorem does not hold in this case. More-
over, although the two corresponding sequences of measures are supported also
by £2, they are not tight in £? since their finite-dimensional projections converge
to those of «y, which is not supported by ¢2. Intuitively, this means that compact
credible sets/confidence regions, for arbitrarily large n, do not exist in £2. One
may then think of embedding ¢? into some larger Hilbert space H, which sup-
ports the limiting measure -, and use the weak version in Theorem 1. Although
such a result holds for m-almost all 8, this is of no avail in terms of ¢£?-confidence
regions since one can only apply it for (credible) sets whose boundary is not
charged by « and this is not the case for “most of” the subsets of £2; recall that
7(£?) = 0, so that 7 is concentrated on the boundary of £2 in H. Nevertheless,
by virtue of Lemma 1, one can still use credible sets of H with ~-negligible
boundary, e.g., open balls in H, as confidence regions, cf. (12). The open balls
in H, however, are much wider than their ¢2-counterparts. In fact, the centered
H-ball of radius § appears intuitively as a huge ellipsoid in ¢2, with semi-axes
{6/ Ak }k>1 tending to infinity and this might be inconvenient in applications as
it yields very slow convergence rates for many functionals of interest.

Finally, we note that if Py denotes the true distribution of the data X then
Py = N(0;021), where I denotes the identity operator on R>, and the statistical
model {Py : 6 € £%} is dominated by Pg, by the Cameron-Martin Theorem. The
log-likelihood w.r.t. Py is given by (below (-|-)~ is relative to (-|-) in £?)

@x)~ el

lo(X) = p 202
The above expression is differentiable w.r.t. 6, in the Malliavin sense (hence
in quadratic mean) and we have fy(X) = (X — #)/02. Since under Py each
(X — 0)y is a N(0; 02 )-variable, it readily follows that the covariance operator
of the score £4(X) is formally given by 07,21, so that 62 appears, in some sense,
as the inverse Fisher information. Provided that (1/72) € ¢?, Lemma 2 implies
£,(90 = 0| X) ~ N(0;021), or £,(9X) ~ N (; 62I) which, for 02 = 1/n, looks
quasi-similar to the standard parametric statement in which the posterior mean
plays the role of the asymptotically efficient estimator. Although formal, the
above reasoning may suggest the lines along which the BvM Theorem can be
generalized to this nonparametric model. Also, statement (iii) in Lemma 1 shows
that for any ¢!-functional 1 the frequentist distribution £, (1(A)|#) is asymp-
totically normal with variance o2 ||s||?. This suggests that, for well-behaved
functionals, the projected posterior mean 1/)(19) is an asymptotically efficient esti-
mator for ¥(6). Going further on this track, one may establish a semi-parametric
BvM Theorem for such functionals, obtaining results similar to those in [1, 11].
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3. The BvM statement for the squared-norm functional

Throughout this section we shall assume that the prior 7 satisfies 772 ~ k=120
for some a > 0, and we shall investigate the validity of the BvM statement for
the functional (A) = ||A|?, for a certain class of parameter subsets in ¢2.
The corresponding 7-a.s. statement was treated in detail in [3] and it has been
proved to be invalid, as shall be explained below.

To proceed to our analysis, we set A, := limg k' T2*77; by assumption, we
have 0 < A, < oo. Moreover, for notational convenience, we define the family
of constants K, for A\ > 0, @ > 0 and n > 1 satisfying 14+ \ < wn, as follows:

w,n’
oo t)\

KA, = / S—

Ty T

For later reference we note that for suitable A\, w,n we have Kgm > 0 and for
any integer p satisfying 1 < p < n and w(n — p) > 1 it holds that

P
p 1w 0

Z <i>Kw,77 - Kw,n—p’ (18)

i=0

The results obtained in [3] can be aggregated into the following statement.

Theorem 3. (Freedman 99) Let 77 =~ k~(F20) A for some a > 0 and A, > 0
and consider the following representation:

IAI* = My + Qn(6) + Za(6,2); (19)
analytic expressions for M, Qn, and Z, are provided in the Appendiz. Then:

71 [e3
(i) M, are real numbers satisfying My ~ Az">* K9 5, n~ Ti5a
(ii) Under m, Qn(0) are random variables with null mean satisfying

1 o
Var[Qn (0)] ~ 2455 2o ot

Furthermore, Q,(0) = N (0; Var|Q,,(V)]), m-a.s., and it holds that

Qn(6) Qn(0)
/Var[Q,, (9)] V/ Var[Qy (9)]

(iii) For each 0, Z,(0,¢) are random variables with null mean satisfying

lim inf = —0o0, limsup =00, T — a.S.

—1 13
Var[Z,(0,¢)] = 2477 (K} 904 + 2K11122§74) n T , T — a.s.

In addition, it holds that Z,(0,¢) =~ N (0; Var[Z,(0,¢)]), 7-a.s.
(iv) Underm, Z,(0,¢) are random variables uncorrelated with Q,(0), such that
Qn(V) + Z,(9,¢)
vV Var[Qn (0)] + Var[Z,, (9, £)]

~ N(0;1).
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By Theorem 3, the Bayesian expectation and variance of ||A||? are given by
En [||A1P1X] = My, Var, [[|A|I*1X] = Var[Qn(9)] + Var[Z, (9, )],
whereas their frequentist counterparts are readily given by
En [[IA]216] = M + Qn(6), Var,, [ A[*10] = Var[Z,,(0, ¢)].
Moreover, (iv) shows that the asymptotic behavior of £, (|| A]|?|X) satisfies
La(|AP1X) = N (My; Var[Qn (9)] + Var[Z, (9, €)]) , (20)
while, according to (iii), the asymptotic behavior of £, (||A[|?|6) is described by
£.(1A1710) =~ N (M, + Q. (0); Var[Z,,(0,¢)]), ™ — a.s. (21)
Defining now for any n > 1

_ ValZu(0.2) o Q2.(0)

) —
DO = e lapxy T T D2 @) var [IATPIRT

one can approximate the Hellinger affinity of £, (||A[|?|X) and £,(||Al|?|6) by
the corresponding affinity of their Gaussian approximations given by (20) and
(21), respectively; more specifically, we have

An(m0) =177 D2(6)

(22)

To see now that A, (m,0) - 1, m-a.s., note first that

1+4a

Var[Z,(¢,¢)] = /Var[Zn(H,a)]w(dH) ~2AFT (K?+2a,4 + 2K111223‘74) n- T,

Therefore, taking @ = 1+ 2a, n =4 and p = 2 in (18) one obtains the estimate

1+4a

1
Var [[|A|]?|X] = Var[Q,(9)] + Var[Z, (9,e)] ~ 247777 K7 9, o n~ T35,

hence, according to (iii), we obtain lim,, D2 (6) = D?(#), 7-a.s., with

K 4+ 2K 13 Kt
D2(0) = 142 .,40 1204 _ 4 # e (0,1).
K1+2a,2 K1+2a,2

In particular, we have D2(0) ~ 1 and Var [||A||?|X] ~ Var[Q,(9)], hence one
concludes by (ii) that lim sup C2(6) = oo, m-a.s. This leads to

0 = liminf A, (7, 0) < limsup A, (7, 60) < 2D(6)

=20 s (2
S\ixpr@ ~bToes @9
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We also note that, provided that the Gaussian approximation (21) holds true for
0, lim,, A,,(m,0) = 1 if and only if C2(#) — 0 and D2(0) — 1, or, equivalently,
Q2(0) < Var[||A]]?|6] ~ Var[||A]|?|6]. Unfortunately, this is not the case m-a.s.
We conclude that, for almost all 8’s drawn from the prior 7, the Hellinger affinity
Ap(m,0) converges to 0 along some subsequence of n’s; that is, £,(||A[|?|X) and
£,(]|AJ12|6) will be almost orthogonal for arbitrarily large n, m-a.s. Moreover,
even for “nice” subsequences, the limiting affinity between the two measures is
strictly below 1. Intuitively, the degree of overlapping between the two measures
may not exceed a certain threshold D?(#) < 1. Although formal, this argument
can be made precise. The conclusion is that for m-almost all #’s the asymp-
totic behavior of the frequentist distribution £,(||Al|?|0) is essentially different
from that of the Bayesian distribution £,(||A[|?|X), in the sense that the two
distributions concentrate their mass on disjoint intervals.

3.1. Parameters with given level of smoothness

A typical assumption made by statisticians is that the true parameter 6 has some
pre-specified level of smoothness; see, e.g., [14], so that would be interesting to
investigate whether the BvM statement for the squared £2-norm holds for sets
of parameters having certain smoothness properties. Throughout this section
we consider the Hilbert scale {(Os,] - ||l5) : § < a} C ¢? defined by

05 = {9 = (0 1013 = SR8 < oo} ,

k=1

and check if the BvM statement holds for the squared ¢?>-norm for some Os.
Note that, for § = o we have ©, = ¢? while the choice § = —1/2 corresponds
to the RHS of the prior 7. In addition, 7(0s) = 0, for § <0 and 7(©s) = 1, for
0 < § < a; hence O appears as the largest ©4 of null prior probability. In what
follows, we investigate the validity of the BvM statement for the squared ¢2-
norm, for the parameter set O, for § < . Since the family {Os}s is increasing,
if the BvM statement holds for some O, then it holds for any ©4 , with ¢’ < 4.

Remark 2. By Theorem 3, there exists some (unknown) set Q C ¢2, such that
m(©2) = 1 and (23) holds true for § € Q. Since m(©5) = 1, for § > 0, it follows
that Q N ©s has w-probability 1, hence it is certainly a non-empty set. This
shows that the BvM statement for the squared ¢?>-norm fails, for any parameter
set ©s, with & > 0; that is, there exists parameters 6 € O; for which (23) holds
true.

In the light of the above remark, one could only hope that the BvM statement
holds true for a parameter set ©s, with § < 0. In the reminder of this section
we shall prove that the BvM statement for the squared ¢2-norm does not hold
for any ©g, with § < 0, either. To this end, we consider the sets

Boi={0=(0n): 6 ~ K2},
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for w > 0. Note that B, C ¢? are mutually disjoint sets with m(B,,) = 0. The
connection between O and B, is established by the following statement.

Lemma 3. Let 6 < . If w > a— § then B, is a dense subset of (Os,] - ||s)-
Otherwise, if w < a — 68, for some § < «, it holds that B, N Os = (.

The main reason for considering these sets is that for # € B,, one can obtain
exact asymptotics for E,[||A[|?|6] and Var,[||A]?0], via Lemma 8 (Appendix).
Namely, assume that 6 € B,, and let Ly := limy k'2“62. Using the expres-
sions in (31) and (32) (Appendix), for 62 = 1/n and 77 = Ak~ (1+2%) we
obtain*

A2 j2 g2

M, +Q,(0) = Z m + Z m =Tn(m) + Up(m,0),
k>1 k>1

respectively,

7 = Va(m) + Wy (r,0).

2 Atn? +i A2 k22
)t (Ann + E120)

Var[Z,(0,¢)] = Z o Ty
k>1 0T

For the choices w = 1+ 2a, n = 2 and A = 0, respectively A = 1 4 4a — 2w, we
obtain by Lemma 8 the following estimates:

1 o 2w w
To(m) ~ AT Ky 0”735, Uy(m,0) & LoAr 720 Ki {3052 n™ s,
while for w = 1 + 2a, = 4 and A = 0, respectively A = 1 + 4a — 2w, we
obtain
_ 142042w

_1 1+4a _ 2w
~ T+2a 70 — e ~ 1+2a 1+4a—2w .~
Vi () = 24772 Ky g g~ T2, Wy (7,0) ~ 4LgAx Kijon, 7 n” 1

Therefore, one has to distinguish between the following three situations which
arise naturally when comparing T, (m) vs. Up(m,0) and V,(7) vs. W, (7, 0):

(i) the over-smoothing case corresponds to the situation 0 < w < a. In this
case, cf. Lemma 8, it holds that U, (w,0) > T,,(7) and W, (7, 0) > V,,(7),
hence the sampling mean satisfies

2w

2w
En [[AI216] & Lo A ™2 K1 {p05™ n™ w5, (24)

whereas the sampling variance satisfies
2w
Var, [[|A]%10] & 4Lo Ay 727 K102 n= i (25)

(ii) the under-smoothing case corresponds to the situation w > «. In this case,
cf. Lemma 8, it holds that U, (, 0) < T,,(7) and W, (r,0) < V,, (), hence
the sampling mean satisfies

1 o
E. [|A]%6] ~ AF** KO, 5 o0 THw, (26)

4By Lemma 8, if 77 ~ A-k~(1+2%) then we have My + Qn(0) ~ Tn(r) + Un(m,0) and
Var[Z, (0,¢)] = V(7)) + Wi (m, 6), so the estimates in (24)—(29) extend easily to this case.
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whereas the sampling variance satisfies

1+4a

Var, [||A]]?]0] ~ 2A1“‘* KY {gqan THe. (27)

(iii) the correct smoothing case corresponds to the situation w = «. In this
case, cf. Lemma 8, it holds that U, (7, 8) ~ T, (7) and W, (7, 0) ~ V,(7),
hence the sampling mean satisfies

Lo
A

1 1
o [I1A]1210] = AT [K&M,ﬁ K%iiz:z nTTHEE (28)

and the sampling variance satisfies

L T .
Var, [||A]%/6] N AT [K1+2a4+2A9 Ko, noTm. (29)

The above results suggest that the asymptotic behavior of the frequentist
distribution £,(||A|?|0), for 6 € By, is invariant w.r.t. both § and w as long as
w > « (under-smoothing). Now recall the definition of the space ©5 and note
that 6 < 0 entails « — § > «a. Since B,, C Oy if and only if w > a — ¢ it follows
that for 6 < 0 the inclusion B,, C ©j is true only if w > « and there is no w < «
such that B, N Os # 0; see Lemma 3. In other words, if § < 0 then ©5 may
only contain B,’s with w > «a. Moreover, since on these B,’s, which are dense
subsets of Oz, the asymptotic behavior of £, (|[A[|?|0) does not depend neither
on 6 nor on w, but on the smoothness of the prior only, one would expect the
same behavior on the whole space ©;5. Our next statement uses a continuity
argument to establish this fact.

Lemma 4. Let § < 0. Then for any 0 € Og it holds that

1+4a

E, [|1A]%16] ~ A1+MK1+2a2” 55, Vary [||A[[6] ”2A1+2QK1+2a4n I,

In particular, it holds that Wy (w,0) < V, () ~ Var, [||A]?[6].

To conclude our analysis, we need to prove that the Gaussian approximation
in (21) holds true for 6 € Oj, for 6 < 0. The following result provides sufficient
conditions over # for such an approximation, based on Lindeberg-Lévy CLT.

Lemma 5. If 0 € (% is such that

nk2+4a02
lim MAXp>1 7,y kTF2a)T
wne  Var, [[|A]2[0

=0,

then the Gaussian approzimation in (21) holds true.
An immediate consequence of Lemma 5 is the following corollary.

Corollary 1. Let w > 0. Then for any 6 € B,, the Gaussian approximation in
(21) holds true. Moreover, if 6 < 0, then the Gaussian approximation in (21)
holds true for any 0 € Os.
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Now recall the definitions of A, (m,6) and D2(6). The following statement
shows that, for § € ©s, with § < 0, the frequentist variance of ||A[|? is asymp-
totically smaller than the Bayesian variance. Moreover, the asymptotic variance
ratio D?(6), for such 6, is even worse (smaller) than the 7-a.s. one.

Theorem 4. Let 6 < 0. Then for any 6 € ©s it holds that

Var,, [|A|210]  KPi9n4
lim D2(6) = lim = g0 <L
o 8 n=roo Var, [[AIR[X] — K9 .,

In particular, it holds that limsup A, (r,0) < \/2D()/[1 + D?(9)] < 1.

Theorem 4, complemented by Remark 2, shows that a BvM statement for
the squared /?-norm, with parameter set ©5, may not hold, for any é < a.

3.2. Asymptotic frequentist probability coverage of credible balls

As pointed out at the beginning of this paper, one of the main features of
the BvM Theorem in the parametric framework is that it allows one to use any
Bayesian credible set as a frequentist confidence region. Specifically, let p € (0, 1)
be some number close to 1. A measurable set B,, C ¢2 is called a credible set
if P,{A € B,|X} > p and is called a confidence region if P,,{A € B,|0} > p.
The classical BvM Theorem asserts that, for n large enough, credible sets are
also confidence regions and viceversa, provided that the true parameter § and
the prior 7 satisfies some regularity conditions. In applications, however, one is
happy if (certain) credible sets can be employed as confidence regions, for large
n. In the following we investigate whether centered ¢2-balls, which are credible
sets in the sense of the above definition, can be employed as confidence regions.
In other words, we investigate whether Bayesian credible (centered) ¢2-balls have
good frequentist probability coverage, for large n, i.e., if

Vp e (0,1): limP,{A € B,|X} >p=liminf P, {A € B,|0} > p.

Throughout this section ® : [—o00,00] — [0, 1] will denote the c.d.f. of the
standard normal distribution N'(0;1). Based on Theorem 3 one can construct a
credible ¢2-ball B? as follows: take some p € (0, 1), close to 1 and let x, > 0 be
such that ®(k,) > p; that is, x, must be larger than the p-quantile ®~!(p) of
the standard Gaussian distribution. One can see now that the sets

BY = {w €+ ||o|2 < By [IAIPIX] + rpy/Var, [JAIPIX]}

satisfy lim,, P, {A € BP|X} = ®(k,) > p; in particular, P,{A € BE|X} > p,
for large n. Consequently, for large n, B? is a credible set which will be called a
Bayesian credible ¢2-ball. It is interesting to note that the asymptotic behavior
of the radius p,, of the Bayesian credible ¢?-balls B? is given by

1/2 X
Pn = (En [”AH2|X] + Kkpy/ Var, [HA||2|X]) ~ (En [HA”2|XD1/2 ~n TR

where the above estimates follow from Theorem 3.
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To investigate the asymptotic frequentist probability of the sets BE, note that

A2~ EL[IAJ0) _ syy/VaraTAIXT - @ (6) 9} |
v/ Var, [[| Al|?6] v/ Var, [[| A[|?16]

that is, we normalize |A[|? under its conditional law w.r.t. # and recall that we

have E,[||A]|20] — E,[||A[]?|X] = Qn(0). Provided that £, (||A[|?|6) satisfies the

Gaussian approximation in (21), the normalized variables appearing in the last
display converge in distribution to N'(0; 1), conditionally on 6. Let us define

o (0) o oy TATPIX] — @u(6) 0

Var, [[| A[|?6]

P, {A € B?|0} =P, {

Our next result links the asymptotic behavior of P,{A € B?|0} to that of ¢,,(0).

Lemma 6. Let {I'),},>1 be a sequence of r.v. such that £(T'y,) - N(0;1) and
{tn}n>1 CR. If t:=liminf ¢, and t := limsupt,, then it holds that

liminf P{T,, < t,,} = ®(2), limsupP{T,, < t,,} = P(¢);

In particular, if lim, t, =t € [—o0, 00| then lim, P{T,, < t,} = ®(t).

By Lemma 6, the asymptotic behavior of ¢, (6) leads to relevant conclusions
on the asymptotic frequentist probability coverage of the credible £2-balls BE.
In the reminder of this section we analyze the asymptotic behavior of ¢, (6) in
(30) for various levels of smoothness of 6, as well as the m-a.s. behavior.

The case § <0
If § <0, then for any § € ©4 the Gaussian approximation in (21) holds true,
cf. Corollary 1. In addition, by Lemma 4 and Theorem 3, for such 6§ we have

Var,[||A||%0] ~ Var,[|A]|?| X] ~ n-Tiza Also, since Q,(0) = E [HA||2|6‘} - M,,

lim nT2Q,(0) = Ax"? (K?JFQ%2 — K?Jrzaﬂl) .

n—roo

Cf. (18), for p =1, K9 5, 5 — K9y, = —K{{35, < 0, hence £, (f) — oo, for
any 0 € Os. Consequently, lim,, P,{A € BP|#} =1 > p, by Lemma 6, i.e., the
Bayesian credible /2-balls B? have good frequentist probability coverage.

The m-a.s. behavior i
In this case Var,[|A]|?|0] ~ Var,[||A||?|X] ~ Var[@,(9)] ~ n~ 2« for almost
all @’s drawn from 7, cf. Theorem 3 (ii) and (iii). It follows that
liminf ¢, () = —oo, lim supt, () = oo,
for almost all #’s drawn from 7, hence, cf. Lemma 6 we conclude that

liminf P, {A € BP|0} =0, limsupP,,{A € BP|0} =1, 7 — a.s.

A similar result is obtained in [2], in a slightly more general framework.
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The case § >0

As § grows larger than 0, ©5 accommodates more B,,’s with o — § < w < «; see
Lemma 3, and for any 6 € B, the Gaussian approximation in (21) holds true,
by virtue of Corollary 1. For w € (a — 0, @), based on the estimates in (24),

. 2w — T8 p144a—2
lim n+2eQ,(0) = LAx Kiloan @ >0,

n—oo

for all € B,,, provided that 02 ~ Lok~ (1129 Also, for § € B,, it holds that

1/24a4w
T

VVarg [ A2IX] < v/ Vara [[|A]2[0] ~ ™7 552 < Qu(0).

Therefore, if § € B,,, for some w € (a—4, ), then ¢,,(8) defined in (30) converges
to —oo and one concludes by Lemma 6 that lim,, P,,{A € B?|0} = 0. In words,
if 6 > 0 then there exist many 6’s in ©s (in fact, a dense subset) such that
the Bayesian credible ¢2-balls B? have asymptotically null frequentist coverage
probability. On the other hand, if w = «, taking in (18) @w = 1+ 2, n = 4 and
p =1, we obtain from (28) and (29)

n—00 A

o _ 2w [T
lim 1T Q,(0) = A, e [—9 — 1} K{f3e,

Since in this case we have
2 2 _1tda
Var, [||A[|216] ~ Var,[||A[|2|X] ~ n~ 2,

it follows that for Ly > A, we have ¢,,(§) — —o0, hence the same phenomenon
as for w < a occurs. If Ly < Ay, on the other hand, then ¢,(0) — oo, hence
by Lemma 6 lim,, P,{A € BP|0} = 1, so the Bayesian credible ¢?-balls BE have
good frequentist probability coverage. Finally, if Ly = A, then the limit

L@
im —
n=roe \/Vary, [| A[[216]
can take any value in [—o00, 00], depending on how fast the sequence (6 /7%)>

converges to 1; in the special case 67 = 77 for all but finitely-many k’s, the limit
is null, hence, using (18) for p = 2 and the estimates in (29), we obtain

. N N INEDS K202
lim ¢,(0) =kp lm 4| ————— =k ’ — > kyp.
n— 00 P s Varn [”AH2|9] P K?+2a,4+2K11122a,4 P

Therefore, by Lemma 6, lim,, P, {A € B?|0} > p in this case, hence the Bayesian
credible £2-balls BE have again good frequentist probability coverage, provided
that the prior m approximates well enough the true parameter 6. One concludes
that, by considering parameter sets ©5 with § > 0, virtually anything is possible
in terms of asymptotic frequentist probability coverage of the credible sets B2.
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3.3. Conclusions and remarks

In [3] a probabilistic analysis of the BvM statement for ||A||? w.r.t. the prior 7
was performed and the answer was negative, the main reason being that the vari-
ance of the frequentist distribution is asymptotically smaller than the variance
of the Bayesian one, m-a.s. Here we have performed a rather analytic investi-
gation, assuming that the true parameter belongs to some Sobolev subspaces
©s C 2, for § < a, hoping that such a BvM statement would hold for some
of these parameter sets. While the choice § > 0, which in this context coincide
with 7(05) > 0, is already ruled out by the results in [3], the choice 6 < 0, which
corresponds to m(0;s) = 0, does not lead to a positive answer, either. Essentially,
a quasi-similar behavior (to the m-a.s. one) for the ratio of the two variances
was observed, for all 8 € Oy, for § < 0, which led to the conclusion that neither
analytic nor probabilistic BvM statements for ||A]|? hold for this model.
Nevertheless, the good news is that if 6 is assumed to belong to ©s, with
d < 0, then the Bayesian credible ¢2-balls have good frequentist probability
coverage, hence one can use them to derive frequentist confidence regions for the
true parameter 6. Of particular interest is the space ©g which appears to be the
largest space on the Hilbert scale {©}5<o having null prior probability and also
the largest ©s on which the positive result stated above remains valid. Another
interesting property of the space ©g is that the Bayes estimator 9 computed
according to the prior 7, achieves the optimal minimax rate if 6 € Oq; see [14].
We complement this result by showing that, in this setup, the Bayesian credible
(centered) £2-balls can be employed as frequentist confidence regions for 6.
When 0 < § < a, the asymptotic behavior of £,(||Al|?|0) seems to be rather
irregular for # € Os. In fact, as § grows larger than 0, more and more B,’s
with w < a (over-smoothing) will lie inside O, contributing with slower and
slower rates. More specifically, there will be 6’s in 5 for which |A|| converges
to 0 at rate n~1#2a, for any w € (o — 4, @), each set of such @’s (which includes
B,,) being dense in both ©s and (2. In particular, if § = «, i.e., ©5 = 2, then
the Bayes estimator ] may converge to 6 at arbitrarily slow rates since any B,,
with w > 0, lies in ¢2. This shows that a result such as Lemma 4, establishing a
constant convergence rate for v, provided that 6 € ©4, may not hold for 6 > 0.
However, one can establish without much effort that for any @ € ¢2 it holds that

1
liminf n ™5 E [A|2]6] > AT K, 00,

thus obtaining an upper-bound for the convergence rates. We conclude that,
although consistent for any 6 € ¢2, the Bayes estimator ] may converge to 6
at arbitrarily slow rates when 6 € (2 \ ©¢ whereas for # € O the convergence
rates are the fastest possible. Regarding the frequentist probability coverage of
Bayesian credible balls BE, for most of the aforementioned 6’s (in a topological
sense) it holds that lim,, P,{A € B2|0} = 0. In addition, for any p € [0, 1] one
can find a § € O such that lim, P,{A € BP|#} = p. Finally, for most of the
0’s in O5 (in a probabilistic sense) it holds that liminf P,,{A € B2|#} = 0 and
limsupP,{A € B?|0} = 1. This completes the picture of the irregularity of the
asymptotic behavior of £,,(||A[|?|6) on parameter sets of prior probability 1.
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4. Appendix

The expressions of M,,, Q,(0) and Z,(0,¢) appearing in (19) are:

St 0,2 2 0 0,4 2
M, ::Z:o,%ni—:kr,f’ Qn(0) ZZZﬁ(@g( )—1),

where &;,(0) := 0 /7, 1.i.d. N(0;1) variables relative to . Furthermore, we have

> 2.4

OLT
Zn(0,¢) = Tk ( )+ O)ey.
6.9=3 Gz iap Z e
Since ej, and €7 — 1 are uncorrelated variables and Var[e? — 1] = 2, we obtain
> 2078 = 40878
Var[Z,(0,¢)] = k4 7h§ (0).
,; (o7 +72)* ; (0% +7)t™
The sampling distribution of ||A]|? has mean and variance given by
x 2.4 00 402
En [[|Al%6] = My + Qu(6) = s+ 7 (31)
I Liaear P
> 2078 2 4087107
Var [[|A|?|0] = Var[Z,(0,¢)] = > ——h 4y —nkk 32
o [1A16] = Varl 20,91 = 3 2T + 3 R @

k=1

respectively. The next results can be used to investigate the asymptotic behavior
of the above expressions. Lemma 7 shows convergence to 0 when (73), (6) € (2
while Lemma 8 gives convergence rates for given asymptotics of (74) and (6y).

Lemma 7. Let {0y, }n>1, {Tk }k>1 be positive numbers s.t. o, — 0 and let n > 0.
Then for any w := (wy) € €* it holds that

2n
0, Wk

lim g v — 0.
n—o0 a —+ Tk

Lemma 8. Let w,n > 1 and A > 0 be s.t. 1+ X < wn and f(t) := (1+t7)"",
fort > 0. Then, it holds that

lim ];h Fkh) = /0 F(t)dt. (33)

In addition, if ¢, — 00, up ~ k> and vy ~ k™ it follows that
(i) For any positive integer kg > 1 we have

JoA
n—(14)) /@ _ n—(1+X) /< L
Jim G Z Cr oy~ A Z Gy~ e

(ii) In addition, there exist some positive constant | > 0 s.t.

lim ¢~ (A=) max Uk

S
n— 00 k>1 (Cn —+ ’Uk)n
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5. Proofs of the results

Proof of Lemma 1. Let 1 € R*. For the ease of writing, we define

Tk Pk Tk oty

o2 T T G Tk T a2

and ¢, = (Pnk)ks Pn = (Pnr)r and BY := (8%, ). Then it is easy to see that
our hypothesis is equivalent to 1 € ¢!, (i) is equivalent to ¢, € £*, for all n,
while (ii) is equivalent to ¢, € £ and 39 € ¢!, for all n, for almost all 6’s drawn
from . Since |pnk| < |dnk| < |, for all n, k, entails [|@n |l < |[dnller < |[20]|e,
for all n, hence ¢,, € ¢! and ¢,, € ¢*, for all n. This proves (i) and the variance
condition in (ii). Moreover, under the prior w, ¥ = 1€k, for any k > 1, with
{&k: }>1 being i.i.d. standard Gaussian variables. Therefore, we obtain

Vn,k>1: ¢pi =

58]0 = 3 222t < 5 Tl Il G

E>1 ™ k E>1

The last expression in the above display is a random variable with finite mean,
hence finite almost surely. That is, (1,&x) € ¢! almost surely; in particular, (34)
shows that 39 € ¢!, for all n, for m-almost all #’s, which concludes the proof of
(ii). To prove (iii), we assume that ¢ # 0 (otherwise the statement is trivial)
and note that by re-scaling the distributions under consideration, we have

L0 (¢ (0,1A) 1X) = N (O 9al®), La (¢ (0,1 2)10) =N | =D Bogs lewl®

k>1

and 50 41 = AF(0; []%). Therefore, since | Sy ] < 1871, it suffces to
show that ||82||;1 < ||¢nll = llnll = ||¥0||, m-a.s. First we prove the ~ relations.
Indeed, applying Lemma 7 for n = 1 and wy, = |1)|, we obtain

01211/)
o — vl = S22,

2 2
o T
i1 %n + 75

Therefore, ¢, — 1 in ¢! (hence also in ¢?) and it follows that |¢n.| — [|¢]-
Moreover, |on|l < lénll < |90 proves that ||¢,|| — [|%]], which proves the
claim (recall that [|¢|| > 0). Finally, to prove that ||37]|,» — 0 a.s., we use again
Lemma 7, with n = 1/2 and wy, = |¢x&x| (vecall that (¢&x) € €' a.s.) to prove
that the first majorant in (34) converges to 0 almost surely; this proves (iii).
Finally, v being linear, we have

1€ (07, 9 (A)[X) = Lo, (D)) 1 = [[€n (0 A)X) = La((oy  A)]0)]| -

Since the Hellinger distance is invariant to re-scaling, and the r.h.s. in the last
display converges to 0, 7-a.s., this concludes the proof of (iv). O
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Proof of Theorem 1. Recall that a sequence of Gaussian measures N (b,; Sy),
for n > 1, converges weakly on a Hilbert space if b,, converges to some b € H
and S, converges in trace-class norm to some (trace-class) operator S on H, in
which case the limit is V'(b; S). For wy, = A7 and n = 1 in Lemma 7, we obtain

170~ 81 =3

k>1

2.2
AeTh
o2+ 17

_)\i:

In the same vein, we obtain ||S,, — S|j1 — 0 as follows:

022 (02 +272) o2 \2
S, — S| = =) nokom Lokl <9 k0.

)‘leil . i
(02 + 77)?

This proves that A/(0;T;,) converges weakly to v and S,, converges in trace-class
norm to S. To conclude now that A'(b2;.S,,) converges weakly to ~ for m-almost
all #’s, we need to show that ||b7||g — 0, almost surely. Again, since under 7 we
have ¥, = k&K, with {&x}x>1 standard i.i.d. Gaussian variables, taking n = 1
and w = (A\2&7) (note that w € ¢! with probability 1) in Lemma 7 yields

OINTEE < oR(RED)
o2l = 3 2 < 3 o)

2 2
o
=1 T T

For the last statement, note that both probabilities in (12) approach v(B). O

Proof of Lemma 2. (i)—(ii) Let A,, denote the Hellinger affinity of £(A|f) and
~. The statement is now equivalent to A, — 1 or log(1/A4,,) — 0. Using the
fact that both measures are independent products of independent Gaussian
distributions and the multiplicative property of the Hellinger affinity, we obtain

272 (02 + 72) o202
I I exp | — .
i of +20277 + 271} P 4(of +2027% +273))

Now note that A,, <1, hence log(1/A,) > 0. Therefore, we have

1 0\ |°
G ()
we used the fact that log(1 + z) < z, for all z > 0. Letting n — oo proves that
1£(o,, Al0) — || — 0. A similar argument leads to ||£(o, 'A|X) — | g — 0.
(ii)—(iii) Follows by the scaling invariance property of the Hellinger distance.
(iii)—(i) As already noted, the statement in (iii) implies conditions (15) and
(16). To prove now that (16) implies (1/77) € EQ, note first that S, (7) < oo
entails 72 — oo; in particular, the sequence 1/7¢ is bounded by some constant
M > 0. Next use the inequality ||(1/72)]|? < (M +2/02)?- S, () to deduce that
(1/7%) € £2. This concludes the proof. O

2

+
8

3

oh
log(1/A,) < Zn
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Proof of Lemma 3. Let w > a — 0. The inclusion B, C ©s is immediate. Let
now 0 € O and choose some arbitrary € > 0. Define 5 := (8x) as follows

L ok; k < Me
Bk T k7(1/2+w)7 k> Ne,
with n, chosen such that Y, k@962 < cand ), k-l <o
this is possible since § € Os and w + J — « > 0, hence both expressions are
remainder terms from convergent series. Obviously, 8 € B,, and we have

15—6]2 = Z JRICED) [k—(1/2+w) _ 91@}2 <2 Z PRICED) [k—(1+2w) —1—9,%} < de.

k>n. k>ne

Finally, if w < o — & then 0 € B, yields k2992 ~ f~1+2wH=)] the last
sequence defining a divergent series. Therefore, one concludes that B, N©s = 0,
in this case. This concludes the proof. O

Proof of Lemma 4. Recall first that E,[||A|%|0] = T,(7) + U,(m,0). For the
choices A =0, w = 1 + 2a and = 2 in Lemma 8 (Appendix), one obtains

nlgr;onlwa T, (m) = Ax"? K?JFQOL’Q.
Letting E,,(0) := nTia U, (7,0), the first statement is equivalent to E,, () — 0,
for any 6§ € ©5. To prove the last claim, note that for any w > o — § > a we
have B, C O4 and the statement holds true for any 6 € B,,. Fix now w > a — §
and note that for arbitrary 6, 8 € O; it holds that

nTise p2+ia

D G ey Ok = D vk 0|8 Ocl |-+,
k=17 k=1

|En(B)—En(0)]

IN

where, for simplicity, for n, k > 1 we denote

niiss p2(1+a+9)

Unk ‘= —(Aﬂ_n T k1+20¢)2 .
Set now v} := ||(Vnk)k||¢. Using Holder Inequality twice, according to the
scheme ||z -y - zllo < [lzfleely - 2l < [|@llel[ylle2]|2]le2, yields
[En(B) = En(0)] <7118+ 0lls115 — Olls, (35)

where (take A =2(1 +a +4), @ =1+ 2a, n =2 in Lemma 8 (ii))

< k2(1+a+6) )
(Aﬂ—n-i- kl+2a)2 X

By hypothesis, § < 0, hence

2

% 2a 2(1+a+4d) _9 25
V’ﬂ = nl+2a 1+2a

~nitza . n — nIt2a, (36)
ZOO

Vn > 1: [En(B) = En(0) < Cl8 4058 —0lls, (37)
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for some constant C' > 0, independent of n. Fix now some 6 € ©s and let € > 0
be arbitrary. Choose nn > 0 s.t. (2]|0]|s+1)Cn < ¢/2 and let 8 € B, be such that
|8 —0|ls <n. For such $, the inequality || + 6||s < 2||0]|5 + ||3 — 6]|s implies

|En(B) — En(0)] < Cl|B +0ll5]18 — 0lls < €/2.
Finally, take ng > 1 large enough to guarantee that E,,(8) < €/2, n > ng. Then,
Vn>mng: 0<EL(0) <E.(B)+ |En(B) — En(9)] <e.

Since € > 0 was arbitrary, letting n — co proves the claim.
1+4a
For the second statement, let F,,(0) := nTize W (m,0), note that

1+4a

1
Var,[[| A[I26] = Vi () + Wa(,0), Va(m) = 24777 K 5, 4 523,

and prove that F,,(0) — 0, for all § € O, using a similar reasoning. Now

. 1+4a 4A727nk2(1+°‘+5) 1+4a 2(1+a+6) 4 25
1% — n1+2o< e —— ~ n1+2o< n 142a — n1+2o< s
n (Aﬂ_n + k1+2a)2 il poo
instead of (36), however. The last statement is straightforward. O

Proof of Lemma 5. We check the Lindeberg condition. For simplicity, let

A2n 2 A /mkI 200,

B R M Pt

Then we have Z,(0,¢) = Ek21 Ak(er — 1) + Ek21 lnkEk, for n > 1, hence

S2 = Var(Z,(0,e)] =2 A2+ ping = Valm) + Wa(m,0).  (38)
E>1 k>1

Letting A% = ||(Ank )k lleses 12 := || (ftnk )k || ¢, the Lindeberg condition becomes

Vt>0: lim

— X2, dP =0, (39)
n—oo S2 k>1 ~/{|Xnk>2tSn}

where X,x = Api(e7 — 1) + pnkeg. The inequality (u + v)? < 2(u? + v?) shows
that the expression under the limit in (39) is bounded by

)\2 /L2
2 L’C/ (e3 — 1)%dP + 2 L’“/ e2dP.  (40)
kz;l Sh J{1X 0kl >265,) ;21 SE S (Xl >2t5,)

By (38) we conclude that for each n > 1 it holds that

A o
o<max{2k§2 s Tl
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hence for the Lindeberg condition in (39) to be verified it suffices that the
integrals in (40) to converge to 0, uniformly in k. Now note that |u + v| > 2a
entails (at least) one of the conditions |u| > a or |v| > a. Consequently, we have

tS, tSp
{|Xne| > 2tS,} C {|ai —1| > —} U {|5k| > —}
|)\nk| |/14nk|

tS. tS.
C 62—1>—n}U{8k>—n}.
flet - 11> B o {leu > &

Hence, a sufficient condition for the integrals in (40) to converge to 0, uniformly
in k, is that A% /S,, — 0 and p} /S, — 0. Indeed, this follows from the fact that,
for a NM(0;1) variable Z, if ¢, — oo then, denoting C(Z,t) := {|Z] > ¢} and
D(Z,t) :={|Z* — 1] > t}, for t > 0, it holds that

lim Z2dP = lim Z2dP =0
n— o0 C(Z,tn) n— o0 D(Z,tn)
and
lim (Z? —1)%dP = lim (Z? —1)%dP =0,
n=o0 JO(Ztn) n=o0 JD(Z,ty)

all the integrals depending only on the distribution A(0; 1), but not on Z itself.
Finally, we note that A /S, — 0. Indeed, by taking A = 0, w = 1 + 2« and
n =4 in Lemma 8 we have the following estimates (as n — o0) and implication

* 2 *\2
()\;‘1)2,\/71*27 Z)\ikwni% — )\_" < % N’niﬁ —)O,
k>1 S" 2Zk21 )‘nk

hence the Lindeberg condition is fulfilled for any 6 satisfying u /S, — 0; recall
that (unlike A¥) ¥ depends on 6. Now the fact that

nk2+4a 92
max =

k214(A”n+k1+2_a)4 _ 1 @ 2
Var, [||A]|2]6] 442\ S, )’

proves the Lindeberg condition, hence the claim, for the desired 6’s. |

Proof of Corollary 1. For 8 € B, with w < a, taking A = 1+4a—2w, w = 142«
and n =4 in Lemma 8 yields

— 14+2a

nk2+40¢9£ N n—ﬁ Z w _ n_# Wn(Tr, 9)
) (Apn + k1+20)4 4A2 7

maxX ———————5
k>1 (Azn + kiH2a =

while by the estimates in (25) and (29) we have Var, [[|A[?|X] ~ W, (,6).
This proves that the conditions in Lemma 5 are satisfied for such 6’s.

If € O, for § < 0, the statement follows from W, (7, 6) < Var,[|A]|?| X];
see Lemma 4. Finally, for 6 € B,,, for w > «, note the inclusion B, C Oy. O
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Proof of Lemma 6. Let ®,(t) := P{I',, < t}. Since £(I';,) - N(0;1) and the
limit has continuous distribution function ®, it follows that |®, () — ®(¢)| — 0,
uniformly in ¢ € R; see [13]. The proof follows using the monotony of ®,, and ¢
and continuity of ®, i.e., liminf ®(¢,) = ®(¢) and limsup ®(¢,,) = (7). O

Proof of Lemma 7. Let € > 0 and choose k. > 1 such that Ek>ke |wk| < ¢€; that
is, k. only depends on the given sequence w. Therefore, we obtain

w ol w
>l <oyl
(02 + 1) (02 + 12)n
Now each term in the finite sum in the r.h.s. converges to 0, for n — oo, hence

! 2"|wic|
1msupz <e.
k>1 nt Tk

Finally, since € was arbitrary, this concludes the proof. Alternatively, note that
the statement is equivalent with v, — 0 in the weak-* topology of £°°, where
the sequence 1, = (Ynk )k, defined by ¥,k := 027(02 + 72) 7", is norm-bounded
by 1 in £*° = (¢})*. The Banach-Alaoglu Theorem can be used to conclude. O

Proof of Lemma 8. Let T' > 0 be some arbitrarily large number. Then,

[T'/h]

hmthkh / f(®) (41)

On the other hand, integrability of f entails fT t)dt — 0 for T — co. Let
~ := wn — A; by hypothesis, we have v > 1. Since f( ) < t77, it follows that

11" 1 \"! 1\” 1
— pl—v ) < =
E h f(kh) <h E (k:h) T (h) E (k:) < KT,
k>[T/h) k>[T/h) k>[T/h]

where K > 0 is some constant depending only on v such that, for large x > 0,
271y, o k7Y < K. Therefore, for large enough (T7'/h) one concludes that

oo (T/h] (T/h]
Shfkh)=> " hfkh)+ > hf(kh) < Y hf(kh)+ KT,
k=1

k=1 k>[T'/h] k=1

Letting h — 0 in the above inequality and taking (41) into account leads to
T oo oo T
/ F(t)dt < Tminf S h f(kh) < limsup 3 & f(kh) < KT + / Ft)dt.
0 k=1 k=1 0

Finally, letting 7' — oo in the above display concludes (33).
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(14N) /=

To prove now statement (i), let z,, := (1 and note that (,, — oo

implies that for any fixed & > 1 we have

T TpUk i Tk 0
m ——= 1M —)— = U.
n— 00 (Cn —+ vk)n n— 00 (Cn + kw)ﬁ

Therefore, for any kg > 1, it holds that

[e'S) o0
. Uk . TnUk
lim E ———— = lim E D ——

n— 00 Pl (Cﬂ —+ vk)n n— 00 P (Cﬂ —+ vk)ﬁ

i.e., if any of the above limits exists the other one exists as well and they are
necessary equal. In particular, this shows that the asymptotic behavior of the
infinite sum is dictated by the asymptotic behavior of the sequences uj and vy.

Now let h := (n /™ = 0, i.e., 2ok (o + k%)~ = h f(kh). By the first part,

lim x, — =K

and the same limit holds if summation starts from any fixed kg, which proves
the second equality in (i). To conclude, choose some arbitrary (small) ¢ > 0 and
take some large enough ko > 1 to ensure that

VEk > ko kMg, kmFup € (1 — 6,14 ¢). (42)

Then, for all n > 1, it holds the following double inequality

- (1—e) - = 1+ e)k?
43
Zk 1+ekw Z Cn—l—vk :Zk + (1 —e)k=)n’ (43)
We claim now that
> (14 €)k? B (1+¢) N

(44)

lim = .
rimo kzk (Cn+ (1 = €)k=)n (1 — ) A+N)/w =1
=Fro

1/w
Indeed, if we take h := (%) then some elementary algebra shows that

(1= 7R SR = e g

and the claim in (44) follows by the first step. In the same vein, we obtain

. = (1—e)k* (1—e¢) \
lim z, _ ,
ningox kzk (Cn —+ (1 -+ e)kw)ﬁ (1 + 6)(1+)\)/w w,n
=ko
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Going back to (43) we see that letting n — oo yields

(1 — E) )\ . - Uk
— K < 1 fx, _—
I+ o0/ i g,; (G + vp)"
= 1
< limsupz, Z ( Uk < (L+e) K2

k—=ko Cn F )" = (1 —e)+N/= =

_ TpUuk

Finally, recall that lim,, Zk | Gy = = 0, hence one can replace in the last
display ko by 1, to obtain a similar inequality for the sum started at k& = 1
(which, unlike ko, is independent of ¢); since € > 0 was arbitrary it follows that

o0
. Uk A
lim z —— =KZ ;
) ey~ K
again, the summation may start with any kyp > 1 with no changes in the limit.

For (ii) note that f : (0,00) — R has a unique maximum ¢* which satisfies

A—1 w\n _ w\n—14A+w—1 1/w
ey = A (14 t®)" — wn(1 4 =)~ 1t o (A '
(14t=)2n wn — A

Therefore, the maximal value of f on (0, c0) is given by

AN (g — A=)

f= 1) = @y

First, let u, = k* and v, = k¥ and note that in this case we have

Uk - k>‘
(Cn + vg)" B (Cn + k=)n

Since f is increasing for ¢ < ¢t* and is decreasing for ¢ > t*, it follows that

= (PG R,

N /w) n l/w
and the maximum in the r.h.s. above is attained for either %, := [C,ll/wt*] or

kyn + 1. Now the fact that (,, — oo and continuity of f leads to

lim Y%k, =t = maxf(g Yoy = 1= f(t"),

n—oo
which concludes the proof in this case. Finally, for generic sequences (uy) and
(vk) satisfying the asymptotic conditions in the hypothesis one can use a similar
reasoning as in (i). This is possible because k, — oo for n — co. Hence, if one
chooses any small € > 0 and k¢ to satisfy (42) then for large n, such that k,, > ko,
the maximum is not affected if we ignore the first kg — 1 terms of the sequence.
The proof is now complete. [l
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