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1. Introduction

This paper is motivated in large part by the recent surge of activity con-
cerning “method of rearrangement” estimators for nonparametric estimation
of monotone functions: see, for example, Fougeres (1997), Dette and Pilz (2006),
Dette et al. (2006), Chernozhukov et al. (2009) and Anevski and Fougeres (2007).
Most of these authors study continuous settings and often start with a kernel
type estimator of the density, which involves choices of a kernel and of a band-
width. Our goal here is to investigate method of rearrangement estimators and
compare them to natural alternatives (including the maximum likelihood esti-
mators with and without the assumption of monotonicity) in a setting in which
there is less ambiguity in the choice of an initial or “basic” estimator, namely
the setting of estimation of a monotone decreasing mass function on the non-
negative integers N = {0, 1,2,...}.

Suppose that p = {p.}zen is a probability mass function; i.e. p, > 0 for all
re€Nand ) _ype = 1. Our primary interest here is in the situation in which
p is monotone decreasing: p, > p,41 for all z € N. The three estimators of p we
study are:

(a). the (raw) empirical estimator,
(b). the method of rearrangement estimator,

(¢). the maximum likelihood estimator.

Notice that the empirical estimator is also the maximum likelihood estimator
when no shape assumption is made on the true probability mass function.

Much as in the continuous case our considerations here carry over to the
case of estimation of unimodal mass functions with a known (fixed) mode; see
e.g. Fougeres (1997), Birgé (1987), and Alamatsaz (1993). For two recent papers
discussing connections and trade-offs between discrete and continuous models in
a related problem involving nonparametric estimation of a monotone function,
see Banerjee et al. (2009) and Maathuis and Hudgens (2009).

Distributions from the monotone decreasing family satisfy Ap, = pyy1—pa <
0 for all z € N, and may be written as mixtures of uniform mass functions

1
Pa=2 J1 e (@) g (1.1)
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Here, the mixing distribution ¢ may be recovered via
4z = —(x +1)Apa, (1.2)

for any z € N.

Remark 1.1. From the form of the mass function, it follows that p, <1/(x+1)
for all x > 0.

Suppose then that we observe Xi, Xo,..., X,, i.i.d. random variables with
values in N and with a monotone decreasing mass function p. For z € N, let

ﬁn,m =n"t Z l{x}(Xi)
1=1

denote the (unconstrained) empirical estimator of the probabilities p,. Clearly,
there is no guarantee that this estimator will also be monotone decreasing,
especially for small sample size. We next consider two estimators which do
satisfy this property: the rearrangement estimator and the maximum likelihood
estimator (MLE).

For a vector w = {wy, ..., wx}, let rear(w) denote the reverse-ordered vector
such that w’ = rear(w) satisfies wj > w} > .-+ > wj},. The rearrangement
estimator is then simply defined as

Z/)\fz% = rear (Z/)\n)

We can also write pf . = sup{u : Qn(u) <z}, where Qn(u) = #{z: Pn.o > u}.

To define the MLE we again need some additional notation. For a vector
w = {wo, ..., wg}, let gren(w) be the operator which returns the vector of the
k + 1 slopes of the least concave majorant of the points

J
5y wi|ij=-1,0,.. .k
§=0

Here, we assume that Z;:lo w;j = 0. The MLE, also known as the Grenander
estimator, is then defined as

ﬁg = gren(ﬁn)'

Thus, p$ , is the left derivative at 2 of the least concave majorant (LCM) of the
empirical distribution function Fy,(z) = n=*>°1" | 119.2)(X;) (where we include
the point (—1, 0) to find the left derivative at 2 = 0). Therefore, by definition, the
MLE is a vector of local averages over a partition of {0, ..., max{Xy,..., X, }}.
This partition is chosen by the touchpoints of the LCM with F,,. It is easily
checked that p$ corresponds to the isotonic estimator for multinomial data as
described in Robertson et al. (1988), pages 7-8 and 38-39.

We begin our discussion with two examples: in the first, p is the uniform
distribution, and in the second p is strictly monotone decreasing. To compare
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Fic 1. Hlustration of MLE and monotone rearrangement estimators: empirical proportions
(black dots), monotone rearrangement estimator (dashed line), MLE (solid line), and the true
mass function (grey line). Left: the true distribution is the discrete uniform; and right: the
true distribution is the geometric distribution with 8 = 0.75. In both cases a sample size of
n = 100 was observed.

the three estimators, we consider several metrics: the ¢ norm for 1 < k < oo
and the Hellinger distance. Recall that the Hellinger distance between two mass
functions is given by

H0.) =27 [IVp— VAPl =2 Y 1E - VA
x>0
while the ¢} metrics are defined as

- 1/k
-l = {(me—pm)

SuprO |pac - ﬁx|

1<k < o0,

k = .

In the examples, we compare the Hellinger norm and the ¢; and ¢; metrics, as
the behavior of these differs the most.

ExXAMPLE 1. Suppose that p is the uniform distribution on {0,...,5}. For
n = 100 independent draws from this distribution we observe p,, = (0.20,0.14,
0.11,0.22,0.15,0.18). Then pZ = (0.22,0.20,0.18,0.15,0.14,0.11), and the MLE
may be calculated as p& = (0.20,0.16,0.16,0.16,0.16,0.16). The estimators are
illustrated in Figure 1 (left). The distances of the estimators from the true mass
function p are given in Table 1 (left). The maximum likelihood estimator p$
is superior in all three metrics shown. To explore this relationship further, we
repeated the estimation procedure for 1000 Monte Carlo samples of size n = 100
from the uniform distribution. Figure 2 (left) shows boxplots of the metrics
for the three estimators. The figure shows that here the rearrangement and
empirical estimators have the same behavior; a relationship which we establish
rigorously in Theorem 2.1.

EXAMPLE 2. Suppose that p is the geometric distribution with p, = (1 —6)6*
for x € N and with 6§ = 0.75. For n = 100 draws from this distribution we observe
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TABLE 1
Distances between true p and estimators

Example 1 Example 2

H(p,p) |lp—mpll2 lp—plh H®p) lp—pllz Ip—plh

0.08043  0.09129 0.2 0.1641 0.07425 0.2299
0.08043  0.09129 0.2 0.1290 0.06115 0.1821
0.03048  0.03651 0.06667  0.09553  0.06302 0.1887
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Fic 2. Monte Carlo comparison of the estimators: boxplots of m = 1000 distances of the
estimators pn (white), p&t (light grey) and pS (dark grey) from the truth for a sample size of
n = 100. Left: the true distribution is the discrete uniform; and right: the true distribution is
the geometric distribution with 6 = 0.75.

Dn, I and P& as shown in Figure 1 (right). The distances of the estimators from
the true mass function p are given in Table 1 (right). Here, p,, is outperformed
by p& and pZ in all the metrics, with p? performing better in the ¢; and /5
metrics, but not in the Hellinger distance. These relationships appear to hold
true in general, see Figure 2 (left) for boxplots of the metrics obtained through
Monte Carlo simulation.

The above examples illustrate our main conclusion: the MLE preforms bet-
ter when the true distribution p has intervals of constancy, while the MLE and
rearrangement estimators are competitive when p is strictly monotone. Asymp-
totically, it turns out that the MLE is superior if p has any periods of constancy,
while the empirical and rearrangement estimators are equivalent. However, if p is
strictly monotone, then all three estimators have the same asymptotic behavior.

Both the MLE and monotone rearrangement estimators have been considered
in the literature for the decreasing probability density function. The MLE, or
Grenander estimator, has been studied extensively, and much is known about
its behavior. In particular, if the true density is locally strictly decreasing, then
the estimator converges at a rate of n'/3, and if the true density is locally
flat, then the estimator converges at a rate of n'/2, cf. Prakasa Rao (1969);
Carolan and Dykstra (1999), and the references therein for a further history
of the problem. In both cases the limiting distribution is characterized via the
LCM of a Gaussian process.
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The monotone rearrangement estimator for the continuous density was in-
troduced by Fougeres (1997) (see also Dette and Pilz (2006)). It is found by
calculating the monotone rearrangement of a kernel density estimator (see e.g.
Lieb and Loss (1997)). Fougeres (1997) shows that this estimator also converges
at the n'/3 rate if the true density is locally strictly decreasing, and it is shown
through Monte Carlo simulations that it has better behavior than the MLE for
small sample size. The latter is done by comparing the L; metrics for different,
strictly decreasing, densities. Unlike our Example 2, the Hellinger distance is
not considered.

The outline of this paper is as follows. In Section 2 we show that all three
estimators are consistent. We also establish some small sample size relationships
between the estimators. Section 3 is dedicated to the limiting distributions of
the estimators, where we show that the rate of convergence is n'/? for all three
estimators. Unlike the continuous case, the local behavior of the MLE is equiv-
alent to that of the empirical estimator when the true mass function is strictly
decreasing. In Section 4 we consider the limiting behavior of the ¢, and Hellinger
distances of the estimators. In Section 5, we consider the estimation of the mix-
ing distribution ¢. Proofs and some technical results are given in Section 6. R
code to calculate the maximum likelihood estimator (i.e. gren(p%)) is available
from the website of the first author: www.math.yorku.ca/"hkj/Software/.

2. Some inequalities and consistency results
We begin by establishing several relationships between the three different esti-
mators.

Theorem 2.1.  (i). Suppose that p is monotone decreasing. Then

max{H (p;;, p), H(p,,p)} H(pn, ), (2.1)

<
max { |57 —pllk, |57 = lle} < |IPa—plley 1<k <0 (2:2)

(ii). If p is the uniform distribution on {0, ... ,y} for some integer y, then

H(pn,p) = H@L,p),
PE—pll = |[Pn—plls 1<k <.

(iii). If P, is monotone then pS = p& = p,. Under the discrete uniform
distribution on {0, ..., y}, this occurs with probability

1
PD,o>Dp1> >, —_ as n — oo.
(pn,O = pn,l = = pn,y) (y T 1)|
If p is strictly monotone with the support of p equal to {0,...,y} where
y € N, then
P(ﬁn,o > i)\n,l > > ﬁn,y) — 1,

as n — Q0.
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Let P denote the collection of all decreasing mass functions on N. For any
estimator p, of p € P and k > 1 let the loss function Lj be defined by
Ly, (pafﬁn) = ZmZO |§n,m - pm|ka with Lo (paﬁn) = SUP;>g |§n,x _pm|- The risk of
Dn at p is then defined as

Rk(paﬁn) = E;D

Z |§n,x - pm|k] . (23)

x>0

Corollary 2.2. When k = 2, and for any sample size n, it holds that
sup s (p, ) < sup Ra(p, Pn) = sup Ra(p: Pn)-

Based on these results, we now make the following remarks.

1. It is always better to use a monotone estimator (either p* or p$) to
estimate a monotone mass function.

2. If the true distribution is uniform, then clearly the MLE is the better
choice.

3. If the true mass function is strictly monotone, then the estimators p7* and
pS should be asymptotically equivalent. We make this statement more
precise in Sections 3 and 4. Figure 2 (right) shows that in this case pZ and
p% have about the same performance for n = 100.

4. When only the monotonicity constraint is known about the true p, then,
by Corollary 2.2, p$ is a better choice of estimator than pZ.

Remark 2.3. In continuous density estimation one of the most popular mea-
sures of distance is the L; norm, which corresponds to the /1 norm on mass
functions. However, for discrete mass functions, it is more natural to consider
the ¢3 norm. One of the reasons is made clear in the following sections (cf. The-
orem 3.8, Corollaries 4.1 and 4.2, and Remark 4.4). The ¢ space is the smallest
space in which we obtain convergence results, without additional assumptions
on the true distribution p.

To examine more closely the case when the true distribution p is neither
uniform nor strictly monotone we turn to Monte Carlo simulations. Let pU®)
denote the uniform mass function on {0,...,y}. Figure 3 shows boxplots of
m = 1000 samples of the estimators for three distributions:

(a). (top) p = 0.2pV®) +0.8pV("

(b). (center) p = 0.15pY®) 4+ 0.1pY (M 4 0.75pY (11

(¢). (bottom) p = 0.25pY M) +0.2pV3) +0.15pV ) 4 0.4pv (")
On the left we have a small sample size of n = 20, while on the right n =
100. For each distribution and sample size, we calculate the three estimators
(the estimators D, p% and p$ are shown in white, light grey and dark grey,

respectively) and compute their distance functions from the truth (Hellinger,
{1, and {3). Note that the MLE outperforms the other estimators in all three
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FiG 3. Comparison of the estimators pn (white), p& (light grey) and pS (dark grey).

metrics, even for small sample sizes. It appears also that the more regions of
constancy the true mass function has, the better the relative performance of
the MLE, even for small sample size (see also Figure 2). By considering the
asymptotic behavior of the estimators, we are able to make this statement more
precise in Section 4.

All three estimators are consistent estimators of the true distribution, regard-
less of their relative performance.

Theorem 2.4. Suppose that p is monotone decreasing. Then all three estimators
P, DS and pIt are consistent estimators of p in the sense that

p(Pn,p) — 0

almost surely as n — oo for pp = Pn, DS and pE, whenever p(p,p) = H(p,p) or
p(B,p) = [1p = pllr, 1 < k < o0.
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As a corollary, we obtain the following Glivenko-Cantelli type result.
Corollary 2.5. Let F2(z) = >0 Dry and Fex) =", P, with F(z) =
ZZZO py. Then

sup |Ff(x) = F(z)| = 0 and  sup|Ff(z) — F(x)| — 0,
x>0 x>0

almost surely.
3. Limiting distributions

Next, we consider the large sample behavior of p,,, p&* and pG. To do this, define
the fluctuation processes Y,,, Y%, and Y,¢ as

Yn,m = \/ﬁ(ﬁn,m - pm)a
Ynl?m = \/ﬁ(ﬁfim - pm),

Regardless of the shape of p, the limiting distribution of Y,, is well-known. In
what follows we use the notation Y, , —4 Y}, » to denote weak convergence of
random variables in R (we also use this notation for R?), and Y,, = Y to denote
that the process Y;, converges weakly to the process Y. Let Y = {Y, }.en be a
Gaussian process on the Hilbert space /5 with mean zero and covariance operator
S such that (S e(,), €(2)) = P0z,ar — PzPar, Where e(,) denotes a sequence which
is one at location x, and zero everywhere else. The process is well-defined, since

traceS = F [||Y||§] = me(l — pa) < 00.
x>0

For background on Gaussian processes on Hilbert spaces we refer to Parthasarathy
(1967).

Theorem 3.1. For any mass function p, the process Y, satisfies Y, =Y in {s.

Remark 3.2. We assume that Y is defined only on the support of the mass
function p. That is, let £ = sup{z : p, > 0}. If Kk < oo then YV = {Y, }:_,.

3.1. Local behavior

At a fixed point x there are only two possibilities for the true mass function p:
either = belongs to a flat region for p (i.e. p. = -+ = p, = -+ = p, for some
r < x < s), or p is strictly decreasing at x: py—1 > Pz > prt1. In the first
case the three estimators exhibit different limiting behavior, while in the latter
all three have the same limiting distribution. In some sense, this result is not
surprising. Suppose that x is such that p,—1 > p; > pz4+1. Then asymptotically
this will hold also for p,, : Pn.e—k > Pn,e > Dn,atk for k> 1 and for sufficiently
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large n. Therefore, in the rearrangement of p,, the values at x will always stay
the same, i.e. ﬁffm = Pn,z- Similarly, the empirical distribution function F,, will
also be locally concave at x, and therefore both x, x — 1 will be touchpoints of
F,, with its LCM. This implies that p$ , = Dn.a-

On the other hand, suppose that z is such that p,—1 = p, = py+1. Then
asymptotically the empirical density will have random order near =, and there-
fore both re-orderings (either via rearrangement or via the LCM) will be neces-
sary to obtain pf . and p .

3.1.1. When p is flat at x

We begin with some notation. Let ¢ = {¢. }zen be a sequence, and let » < s be
positive integers. We define ¢("*) = {¢,, ¢y41,-..,qs—1,¢s} to be the r through
s elements of q.

Proposition 3.3. Suppose that for some r,s € N with s —r > 1 the probability
mass function p satisfies pr—1 > pr =+ =ps > ps+1. Then

(V) =g rear(Y"?),
(V)" —q gren(Y ).

The last statement of the above theorem is the discrete version of the same
result in the continuous case due to Carolan and Dykstra (1999) for a density
with locally flat regions. Thus, both the discrete and continuous settings have
similar behavior in this situation. Figure 4 shows the exact and limiting cumu-
lative distribution functions when p = 0.2pV®) 4 0.8p? (") (same as in Figure 3,
top) at locations x = 4 and x = 7. Note the significantly “more discrete” behav-
ior of the empirical and rearrangement estimators in comparison with the MLE.
Also note the lack of accuracy in the approximation at x = 4 when n = 100 (top
left), which is more prominent for the rearrangement estimator. This occurs be-
cause x = 4 is a boundary point, in the sense that ps > p4, and is therefore least
resilient to any global changes in p,,. Lastly, note that the distribution functions
satisfy Fy, > Fye > Fyr at x =4 while at x =7, Fyr > Fyc > Fy,. It is not
difficult to see that the relationships Y4R > Y4G > Y, and Y7R < Y7G < Y7 must
hold from the definition of (Y #)(*7) = rear(y 7)) and (Y ¢)*7) = gren(y 7).

Proposition 3.4. Let 0 = p, = --- = ps, and let Y (™) denote a multivariate

normal vector with mean zero and variance matriz {o; ;}; ;_, where

2
0ij = adij —a’,

fora™t =s—r+1. Let Z be a standard normal random variable independent

of }N/(T’S), and let T = s —1r + 1. Then

0 ~
gren(Y (™)) =, \/j (\/1 —O0r Z+T1 gren(Y(T’S))) .
T
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FiG 4. The limiting distributions at © = 4 (left) and at © = 7 (right) when p = 0.2pV(3) 4
0.8pV (M the limiting distributions are shown (dashed) along with the exact distributions
(solid) of Yy, V;EY,E for n =100 (top) and n = 1000 (bottom,).

Note that the behavior of gren(Y (")) and gren(Y ("*)) will be quite different
since >0 _ v, = 0 almost surely, but the same is not true for Y ("),

Remark 3.5. To match the notation of Carolan and Dykstra (1999), note that
7 gren(Y (") is equivalent to the left slopes at the points {1,...,7}/7 of the
least concave majorant of standard Brownian bridge at the points {0, 1,...,7}/7.
This random vector most closely matches the left derivative of the least concave
majorant of the Brownian bridge on [0, 1], which is the process that shows up
in the limit for the continuous case.

3.1.2. When p is strictly monotone at

In this situation, the three estimators p,, 4, ﬁfm and ﬁfm have the same asymp-
totic behavior. This is considerably different than what happens for continuous
densities, and occurs because of the inherent discreteness of the problem for
probability mass functions.

Proposition 3.6. Suppose that for some r,s € N with s —r > 0 the probability
mass function p satisfies pr—1 > pr > -+ > ps > psy1. Then
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(YHR)(T,S) —q Y(r,s) in RsfrJrl,
(YnG)(T,S) —q Y(r,s) in RS~

Remark 3.7. We note that the convergence results of Propositions 3.3
and 3.6 also hold jointly. That is, convergence of the three processes

W) (V)9 (Y, 9)(9)) may also be proved jointly in R3(=r+1),

3.2. Convergence of the process

We now strengthen these results to obtain convergence of the processes Y,* and
YnG in /5. Note that the limit of Y,, has already been stated in Theorem 3.1.

Theorem 3.8. LetY be the Gaussian process defined in Theorem 3.1, with p a
monotone decreasing distribution. Define Y and Y as the processes obtained
by the following transforms of Y: for all periods of constancy of p, i.e. for all

s>r withs —r > 1 such that p,—1 >p, =+ =py =+ = Pps > psy1 let
(YE)Y™s) = rear(y (™)
(YO = gren(Y(™*).

Then Y= YE and Y. = Y in (5.

The two extreme cases, p strictly monotone decreasing and p equal to the uni-
form distribution, may now be considered as corollaries. By studying the uniform
case, we also study the behavior of Y& (via Proposition 3.4), and therefore we
consider this case in detail.

Corollary 3.9. Suppose that p is strictly monotone decreasing. That is, suppose
that py > pyy1 for all x > 0. Then YnR =Y and YnG =Y in/ts.

3.2.1. The uniform distribution

Here, the limiting distribution Y is a vector of length y+1 having a multivariate
normal distribution with E[Y,] = 0 and cov(Y,,Y,) = (y+1) 16, . — (y+1)72.

Corollary 3.10. Suppose that p is the uniform probability mass function on
{0,...,y}, where y € N. Then Y,E — rear(Y) and Y,¢ —, gren(Y).

The limiting process gren(Y’) may also be described as follows. Let U(+) denote
the standard Brownian bridge process on [0, 1], and write U, = Z?:O}/j for
k= —1,...,y. Then we have equality in distribution of

d k+1
={U_ _ = — ) k=—-1,... .
U {U laUOa aUy 1;U’y} {U(y+1> 3 ay}

In particular we have that U_; = U, = Z}“—':on = 0. Thus, the process U is
a discrete analogue of the Brownian bridge, and gren(Y") is the vector of (left)
derivatives of the least concave majorant of {(j,U;): j = —1,...,y}. Figure 5
illustrates two different realizations of the processes Y and gren(Y).
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F1G 5. The relationship between the limiting process Y and the least concave majorant of its
partial sums for the uniform distribution on {0,...,5}. Left: the slopes of the lines L1, La and
L3 give the values gren(Y)o, gren(Y); = -+ = gren(Y)s and gren(Y)s, respectively. Right:
the discrete Browntan bridge lies entirely below zero. Therefore, its LCM is zero, and also
gren(Y') = 0. This event occurs with positive probability (see also Figure 6).
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F1G 6. Limiting distribution of the MLE for the uniform case with y = 9: marginal cumulative
distribution functions at x = 0,4,9 (left). The probability that gren(Y) = 0 is plotted for
different values of y (right). For y =9, it is equal to 0.0999.

Remark 3.11. Note that if the discrete Brownian Bridge is itself convex, then
the limits Y, rear(Y") and gren(Y") will be equivalent. This occurs with probability

1

The result matches that in part (iii) of Theorem 2.1.

P (Y =rear(Y) = gren(Y)) =

Figure 6 examines the behavior of the limiting distribution of the MLE for
several values of x. Since this is found via the LCM of the discrete Brownian
bridge, it maintains the monotonicity property in the limit: that is, gren(Y’), >
gren(Y),41. This can easily be seen by examining the marginal distributions of
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gren(Y") for different values of x (Figure 6, left). For each z, there is a positive
probability that gren(Y'), = 0. This occurs if the discrete Brownian bridge lies
entirely below zero and then the least concave majorant is identically zero, in
which case gren(Y), =0 for all z =0, ...,y (as in Figure 5, right). The proba-
bility of this event may be calculated exactly using the distribution function of
the multivariate normal. Figure 6 (right), shows several values for different y.

4. Limiting distributions for the metrics

In the previous section we obtained asymptotic distribution results for the three
estimators. To compare the estimators, we need to also consider convergence of
the Hellinger and £;, metrics. Our results show that p? and p, are asymptoti-
cally equivalent (in the sense that the metrics have the same limit). The MLE
is also asymptotically equivalent, but if and only if p is strictly monotone. If p
has any periods of constancy, then the MLE has better asymptotic behavior.
Heuristically, this happens because, by definition, Y is a sequence of local av-
erages of Y, and averages have smaller variability. Furthermore, the more and
larger the periods of constancy, the better the MLE performs, see, in partic-
ular, Proposition 4.5 below. These results quantify, for large sample size, the
observations of Figure 3.

The rate of convergence of the fo metric is an immediate consequence of
Theorem 3.8. Below, the notation Z; <g Z; denotes stochastic ordering: i.e.
P(Zy > x) < P(Zy > x) for all x € R (the ordering is strict if both inequalities
are replaced with strict inequalities).

Corollary 4.1. Suppose that p is a monotone decreasing distribution. Then,
for any 2 <k < oo,

Vallpn —plle = Yalle  —a Y]]k,

Vallpy = plle = 10k —a (Y 1lks

Vallpy = plle = 171k —a 1Y€k <s Y]]k
If p is not strictly monotone, then <g may be replaced with <g. The above

convergence also holds in expectation (that is, E[||Y,||k] — E[||Y||¥] and so
forth). Furthermore,

EIVEI) < B[IYIE] = 3 pa(l - o),
x>0
with equality if and only if p is strictly monotone.

Convergence of the other two metrics is not as immediate, and depends on
the tail behavior of the distribution p.

Corollary 4.2. Suppose that p is such that ) -, +/Pz < 00. Then
Villpn —plli = [IYalli —a Y],

Vallpy = pll =11Vl —=a Y]l
Vallpy —pll =Y 7 0l —a Y <s [IY]]1
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If p is not strictly monotone, then <g may be replaced with <g. The above
convergence also holds in expectation, and

E[|Y¥|h) < E[|Y|h] = \/gz Pe(1 = pa),

x>0

with equality if and only if p is strictly monotone.

Convergence of the Hellinger distance requires an even more stringent condi-
tion.

Corollary 4.3. Suppose that k = sup{z : p, > 0} < co. Then

N 1N Y2
nH?(Dp,p) —a =y =
8 Da
x=0
1. V2
TLH2(Z/)\§,p) —d = =
8 £ Pa
1 < (Y,5)? 1 Y2
H?(pS - T <g =) =
nH*(p, ,p) —a 82_: o _SSIZOPI

If p is not strictly monotone, then <g may be replaced with <g. The distribution
of Yor_ Y2 /py is chi-squared with k degrees of freedom. The above convergence
also holds in expectation, and

K YacGQ
Z( )

x=0 Pz

E <FE

x=0 Pz

with equality if and only if p is strictly monotone.

Remark 4.4. We note that if Y~ -, ./pz = 0o, then > ., |Y:| = co almost
surely, and if K = oo, then > . Y?/p, is also infinite almost surely. This
implies that for the empirical and rearrangement estimators, the conditions in
Corollaries 4.2 and 4.3 are also necessary for convergence. The same is true for
the Grenander estimator, when the true distribution is strictly decreasing.

Proposition 4.5. Let p be a decreasing distribution, and write it in terms of
its intervals of constancy. That is, let

pe = b;ifxeCy
where where 0; > 0,11 for alli =1,2,..., and where {C;};>1 forms a partition
of N. Then
|Cil

E|Y (V)

x>0
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Also, if k = sup{z : p, > 0} < o0, then

K YacGQ
Z( )

»—0 Pz

|Cil

- ZZG-@)

i>1 =1

E

This result allows us to explicitly calculate exactly how much “better” the
performance of the MLE is, in comparison to Y and Y. With R-valued random
variables, it is standard to compare the asymptotic variance to evaluate the
relative efficiency of two estimators. We, on the other hand, are dealing with
RN-valued processes. Consider some process W € RN, and let Xy denote its
covariance matrix (of size N x N). Then the trace norm of Xy is equal to the
expected squared f5 norm of W,

E[HWH%] = ||ZW||tracc = Z)\’ia

i>1

where {);}i>1 denotes the eigenvalues of Xy . Therefore, Corollary 4.1 tells us
that, asymptotically, Y& is more efficient than Y and Y, in the sense that

||ZYG||tracc S ||ZYR||tracc = ||ZY||tracc;

with equality if and only if p is strictly decreasing. Furthermore, Proposition
4.5 allows us to calculate exactly how much more efficient Y'¢ is for any given
mass function p.

Suppose that p has exactly one period of constancy on r < z < s, and let
7 =5 —r -+ 1> 2. Further, suppose that p, = 6* for r <z <s. Then

E[YHE -EIYEE] = E[IYIE] - E[VCE]

_ g (zl)

In particular, if p is the uniform distribution on {0, ...,y}, then we find that
E[|IYE||3] = y/(y +1), whereas E [||Y“||3] behaves like logy/(y + 1), and is
much smaller.

Note that if p is strictly monotone, then we obtain

EDY (Y =>0:01-0)=E Y v2|,
x>0 i>1 x>0

as required. Also, if p is the uniform probability mass function on {0, ..., y}, we
conclude that

E

Sgren(Y)2 | &1
; Dx N ; i+1

where logy — 0.5 < > Y_ (i + 1) <log(y + 1).
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Lastly, consider a distribution with bounded support, and fix r < s where p
is strictly monotone on {r, ..., s}. That is, we have that p,_1 > p, > -+ > ps >
Ps+1- Next define p by p, = py forz <randz > s, and p, = >0 po/(s—r+1)
for x € {r,...,s}. Then the difference in the expected Hellinger metrics under
the two distributions is

—~ (Y1)
20

K YacGQ
Z( )

x=0 x

Ep D

"1
= T — -

where 7 = s — r + 1. Therefore, the longer the intervals of constancy in a
distribution, the better the performance of the MLE.

Remark 4.6. From Theorem 1.6.2 of Robertson et al. (1988) it follows that
for any z >0

E((Y7)?] < BN =ps(1l—pa).

This result may also be proved using the method used to show Proposition 4.5.
Note that this pointwise inequality does not hold in general for Y& replaced
with Y&,

Corollaries 4.1 and 4.2 then translate into statements concerning the limiting
risks of the three estimators p,, pZ, and p$ as follows, where the risk was
defined in (2.3). In particular, we see that, asymptotically, both pZ and p,, are
inadmissible, and are dominated by the maximum likelihood estimator p<.

Corollary 4.7. For any 2 < k < oo, and any p € P, the class of decreasing
probability mass functions on N,

n*2Ryu(p, pn) — El|Y[I§],

n*?Ryu(p, b)) — E[|IY|I§],

n*2Ry.(p, ) — ElIY 5] < BIIYIE]-

The inequality in the last line is strict if p is not strictly monotone. The state-
ments also hold for k =1 under the additional hypothesis that ) - /D, < 0o.

5. Estimating the mixing distribution

Here, we consider the problem of estimating the mixing distribution ¢ in (1.1).
This may be done directly via the estimators of p and the formula (1.2). Define
the estimators of the mixing distribution as follows

Z]\n,x - —(.I + I)Aﬁn,xa

Each of these estimators sums to one by definition, however g, is not guaranteed
to be positive. The main results of this section are consistency and y/n-rate of
convergence of these estimators.
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Theorem 5.1. Suppose that p is monotone decreasing and satisfies Y <o TPz <

0o. Then all three estimators G, qS and @& are consistent estimators of q in the
sense that

P(Gn,q) — 0
almost surely as n — oo for G, = Gn, S and @5, whenever p(q,q) = H(G,q) or
p(G:q) =11d—qllk, 1 < k < oo.

To study the rates of convergence we define the fluctuation processes Z,,, Z%,
and Z$ as

Zn,m = \/ﬁ(fl\n,m - Qm),
Zg,m = \/ﬁ(ag,m - Qm>,

with limiting processes defined as

Zy = —(v+1)(Yon1 — Ya),

Theorem 5.2. Suppose that p is such that k = sup{x > 0 : p, > 0} < oo.
Then Z, = Z,ZE = Z® and ZS = ZC. Furthermore, ||Zu|lx —a |Z]k,
ZE||k —a 128k and || ZS| |k —a ||Z€]||k for any k > 1. These convergences
also hold in expectation. Also, nH*(qn,q) —a Zﬁ:o Z2/qs, nH*(Gn,q) —a
Zizo(Zf)Q/qm and nH?(qn, q) —a 2220(25)2/%’ and these again also hold
i expectation.

As before, we have asymptotic equivalence of all three estimators if p is
strictly decreasing (cf. Corollary 3.9). To determine the relative behavior of the
estimators g% and g¢ we turn to simulations. Since g, is not guaranteed to be a
probability mass function (unlike the other two estimators), we exclude it from
further consideration.

In Figure 7, we show boxplots of m = 1000 samples of the distances ¢1(q, q),
l5(q,q) and H(q, q) for § = g (light grey) and ¢ = ¢5 (dark grey) with n = 20
(left), n = 100 (center) and n = 1000 (right). From top to bottom the true
distributions are

(a) p=p"0,

() p=0.2pV3) +0.8p7 ("),

(¢) p=0.25p" M 4+ 0.2pY ) 4+ 0.15pY ) 4+ 0.4pY (") and
(d) p is geometric with § = 0.75.

We can see that g has better performance in all metrics, except for the case of
the strictly decreasing distribution. As before, the flatter the true distribution
is, the better the relative performance of <. Notice that by Corollary 3.9 and
Theorem 5.2 the asymptotic behavior (i.e. rate of convergence and limiting
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FiG 7. Monte Carlo comparison of the estimators q& (light grey) and qC (dark grey).

distributions) of the I norm of ¢ and ¢ should be the same if p is strictly
decreasing.

Remark 5.3. For k = oo, the process {zY,, : * € N} is known to con-
verge weakly in f5 if and only if Y .,2%p, < oo, while the convergence is
know to hold in ¢; if and only if > - z\/ps < 00; see e.g. Araujo and Giné
(1980, Exercise 3.8.14, page 205). We therefore conjecture that ZZ and Z¢
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converge weakly to Z® and Z© in {5 (resp. £;) if and only if Y w50 2%p, <00

(resp. szo T\/Pr < oo).

6. Proofs

Proof of Remark 1.1. This bound follows directly from the definition of p, since

O

In the next lemma, we prove several useful properties of both the rearrange-
ment and Grenander operators.

Lemma 6.1. Consider two sequences p and q with support S, and let ©(-) denote
either the Grenander or rearrangement operator. That is, p(p) = gren(p) or

¢(p) = rear(p).

1. For any increasing function f:S— R,
€S €S

2. Suppose that ¥ : R — Ry is a non—negative convex function such that
U (0) =0, and that q is decreasing. Then,

qu(¢(p)x —¢z) < Z V(ps — qa).- (6.2)
€S €S
3. Suppose that |S| is finite. Then o(p) is a continuous function of p.
Proof. 1. Suppose that S = {s1,...,s2}, where it is possible that sy = oo.

Then it is clear from the properties of the rearrangement and Grenander
operators that

So Ss1 Yy )
d ee=> p. and > @p)e>= Y pa
r=s1 =82 r=s81 r=S1

for y € S. These inequalities immediately imply (6.1), since, by summation
by parts,

S0 sy x—1 S2
Yo fere = Y D (i — )Pt fa ) pe
r=s1 Tr=S81 Yy=Ss1 r=s1
So S2 S2
= Z(nyrl_fy) Z P+ sy pra
Yy=s1 rx=y+1 r=s1

and f is an increasing function.
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2. For the Grenander estimator this is simply Theorem 1.6.1 in Robertson,
Wright and Dykstra (1988). For the rearrangement estimator, we adapt the
proof from Theorem 3.5 in Lieb and Loss (1997). We first write ¥ = ¥, +
U_, where ¥ (2) = ¥(z) forz > 0 and ¥_(z) = ¥(z) for < 0. Now, since
U, is convex, there exists an increasing function ¥/, such that ¥ (z) =
Jy ', (t)dt. Now,

Pz [e's)
V(e —q) — / V', (p, — s)ds = / V', (s — )iy, <o) ds.
0

x

Applying Fubini’s theorem, we have that

Z UV, (pr —qz) = AOO {Z \Ijgr(px - S)H[qz<5]} ds.

rES rES

Now, the function I}, <4 is an increasing function of x, and for ¢(p) =
rear(p), for each fixed s we have that (V' (p —5)), = V' (¢(p). — s), since
VU’ is an increasing function. Therefore, applying (6.1), we find that the last
display above is bounded below by

/Ooo {Z V', (e(p)a — S)H[qx<s}} ds = Y Ui (o(p)e — ).

rES rES

The proof for W_ is the same, except that here we use the identity

V_(py—qz) = / U (pr — 8) { —Tjg, >4 } ds-
0

3. Since |S] is finite, we know that p is a finite vector, and therefore it is enough
to prove continuity at any point x € S. For ¢ = rear this is a well-known
fact. Next, note that if p, — p, then the partial sums of p, also converge
to the partial sums of p. From Lemma 2.2 of Durot and Tocquet (2003), it
follows that the least concave majorant of p,, converges to the least concave
majorant of p, and hence, so do their differences. Thus ¢(pn). — ©(p)z-

O

6.1. Some inequalities and consistency results: Proofs

Proof of Theorem 2.1.  (i). Choosing ¥(t) = [¢|* in (6.2) of Lemma 6.1 proves
(2.2). To prove (2.1) recall that

H2(}3,p) = 1_2\/13901790-
x>0

By Hardy et al. (1952), Theorem 368, page 261, (or Theorem 3.4 in Lieb and
Loss (1997)) it follows that

> Vonape <Y \/PEpa,

x>0 x>0
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which proves the result for the rearrangement estimator. It remains to prove
the same for the MLE. Let {B;};>1 denote a partition of N. By definition,

Z Z/)\n,ma HAS B’L
for some partition. Jensen’s inequality now implies that

S Ve > D /PG

reB; rEB;

7, = =
" Bl

which completes the proof.
(ii). is obvious.

(iii). The second statement is obvious in light of (2.2) with k = oco. To see that
the probability of monotonicity of the p,, ,,’s converges to 1/(y+1)! under the
uniform distribution, note that the event in question is that same as the event
that the components of the vector (v/n(pn. — (y +1)71) : 2 € {0,...,y}}
are ordered in the same way. This vector converges in distribution to Z ~
Ny+1(0,%) where ¥ = diag(1/(y + 1)) — (y + 1)72117, and the probability
P(Zy > Zy > -+ > Zy11) = 1/(y + 1)! since the components of Z are
exchangeable.

O

Proof of Corollary 2.2. For any p € P, we have that
nRy(p,pY) < nRa(p,pn) =1-» p2 < L

x>0

Plugging in the discrete uniform distribution on {0, ..., s}, and applying part
(ii) of Theorem 2.1, we find that

nRa(p,py) = nRa(p,pn) =1 — (k+1)7".
Thus, for any € > 0, there exists a p € P, such that
nRQ(paﬁf) = nRQ(pai)\n) Z 1—e

Since the upper bound on both risks is one, the result follows. O

Proof of Theorem 2.4. The results of this theorem are quite standard, and we
provide a proof only for completeness. Let I,, denote the empirical distribution
function and F' the cumulative distribution function of the true distribution p.
For any K (large), we have that for any x > K,

ﬁn,m + Dz
(1-F,(K))+(1-F(K))
[Fn(K) — F(K)[ +2(1 = F(K)).

|Z/)\n,m - px|

IAIACIA
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Fix € > 0, and choose K large enough so that (1 — F(K)) < €/6. Next, there
exists an ng sufficiently large so that supg<,<x [P,z — Pz| < €/3 and |F,,(K) —
F(K)| < ¢/3 for all n > ng almost surely. Therefore, for n > ng

Sup|§n,m_pm| < sup |§n,m_pm|+|FH(K)_F(K)|+2(1_F(K))
>0 0<2<K
< €.

This shows that ||p, — p||x — 0 almost surely for k& = co. A similar approach
proves the result for any 1 < k < oo. Convergence of H(p,,p) follows since

for mass functions H(p,q) < +/|lp—q||l1 (see e.g. Le Cam (1969), page 35).
Consistency of the other estimators, p¥ and p& now follows from the inequalities

of Theorem 2.1. O

Proof of Corollary 2.5. Note that by virtue of the estimators, we have that
F\f/(x) > F,(x) and ﬁf(x) > F,(x) for all z > 0. Now, fix ¢ > 0. Then
there exists a K such that ) _ . p, < ¢/4. By the Glivenko-Cantelli lemma,
there exists an ng such that for all n > ng

sup |F,,(z) — F(z)| < €/4,
x>0

almost surely. Furthermore, by Theorem 2.4, ng can be chosen large enough so
that for all n > ng

sup ]ﬁfjm —pm’ <e/4(K+1),
x>0

almost surely. Therefore, for all n > ng, we have that

K
sup |FE(x) = F(2)| < D |55, —pal + D05, + D po
>0 =0 >K >K

< /44 ) Puate/d

>K
< ¢/4+ Z pet+€/d+e/4<e
>K
The proof for the rearrangement estimator is identical. O

6.2. Limiting distributions: Proofs
Lemma 6.2. Let W,, be a sequence of processes in £y, with 1 < k < oco. Suppose
that
1. sup, EllIWallf] < oo,
2. 1iMy, o0 SUP, Y sy, El[Wn 2|*] = 0.
Then W, is tight in (.
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Proof. Note that for k < oo, compact sets K are subsets of £, such that there
exists a sequence of real numbers A, for z € N and a sequence A,, — 0 such
that

1. Jwg| < A, for all x € N,
2. ZkZm |w|F < A\, for all m,

for all elements w € K. Clearly, if the conditions of the lemma are satisfied,
then for each € > 0, we have that

P [Wyul <Ay forallz>0, and > [W,|" <Ay forallm | >1—¢

x>m

for all n. Thus, W, is tight in /. O

Proof of Theorem 3.1. Convergence of the finite dimensional distributions is
standard. It remains to prove tightness in f». By Lemma 6.2 this is straightfor-
ward, since

E[HYan] = me(l —pz) and Z E [Yn2,m] = Z Pa(1 = pz).
x>0 r>m x>m

O

Throughout the remainder of this section we make extensive use of a set
equality for the least concave majorant known as the “switching relation”. Let

Sp(a) = inf{k>-1: F,(k) —a(k+1) =sup{F.(y) —aly +1)}}
= argmax)>_{F, (k) —a(k+ 1)} (6.3)

denote the first time that the process F,(y) — a(y + 1) reaches its maximum.
Then the following holds

{5n(a) <x} = {su(a) <z—1/2}
— {55, <a}. (6.4)

For more background (as well as a proof) of this fact see, for example, Balab-
daoui et al. (2009).

Proof of Proposition 3.3. Let F' denote the cumulative distribution function for
the function p. For fixed ¢ € R it follows from (6.4) that

P(Yncfm <t) = P(Eu(p:+ n71/2t) <x-1/2)
= P(argmax,s {Z,(y)} <z —1/2) (6.5)

where Z,(y) = n*/?F,(y) — (n'/?p, 4+ t)(y + 1). Note that for any constant c,
argmax”(Z,(y)) = argmax’(Z,(y) + ¢), and therefore we instead take
Zuly) = n'P(Faly) = Fulr —1)) = (0"?pe +t)(y —r +1)
= Vay) + Waly) —tly —r+1),
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where

Valy) = Vn((Fa(y) —Fu(r —1)) = (F(y) — F(r - 1)),
nPWa(y) = (F(y) = F(r—1) —pa(y—r+1)
- {—O for r—1<y<s,
< 0 otherwise.

Let U denote the standard Brownian bridge on [0, 1]. It is well-known that
Vo(y) = U(F(y)) — U(F(r —1)). Also, W,,(y) — oo fory ¢ {r —1,...,s}, and
it is identically zero otherwise. It follows that the limit of (6.5) is
P (argmax_, ., {U(F(y)) — U(F(r — 1)) —t(y —r + 1)} < — 1/2)
= P (argmax;_; <, < {U(F(y)) ~U(F(r—1)) =ty —r + 1)} < z),

for any x € {r,...,s}. Note that the process

{U(F(z)) —UFr—-1),c=r—1,...,s} =4 ZYj,x:T—l,...,S :

and therefore the probability above is equal to
P (gren(Y(T’S))x < t)

for x € {r,..., s}. Since the half-open intervals [a, ) are convergence determin-
ing, this proves pointwise convergence of Yncfm to gren(Y),.

To show convergence of the rearrangement estimator fluctuation process, note
that for sufficiently large n we have that p,,—x > Pno > Dn,st+k for all x €
{r,...,s} and k > 1. Therefore, (p)"*) = rear((p,)"*)) and furthermore,
since p, is constant here, (V;)("%) = rear(Yn(T’S)). The result now follows from
the continuous mapping theorem. O

Proof of Proposition 3.4. To simplify notation, let W,, = U(F(m —r + 1)) —

U(F(r—1)) for m =0,...,s —r+ 1. Also, let § = p, = --- = ps and then
Gpm=F(m-—r+1)—F(r—1)=60m. Write
Gm G, ~m m
W = & WS+{Wm—G—SWS}_ W+ (W — TW, ]

where 5 = s —r + 1. Let Wm =W,, — mW/s. Then WO = Wg = 0 and some
calculation shows that E[W,,] = 0 and

Also, cov(wm, W) = 0. Let Z be a standard normal random variable indepen-
dent of the standard Brownian bridge U. We have shown that

W =d m\/MZ+\/%U(%).

s
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Next, let Yy, = U(Z)-U(22) form=1,...,5 The vector Y =(Y,...,Ys)
is multivariate normal with mean zero and cov(Ym, Ym/) = S /5—1/(5)%. To
finish the proof, note that gren(c + Y) = ¢+ gren(Y) for any constant c. O

Proof of Proposition 3.6. The claim for the rearrangement estimator follows di-
rectly from Theorem 2.4 for k = co. To prove the second claim, we will show
that Y,%, — Y, . = vn(pS . — Pn.z) 20. To do this, we again use the switching
relation (6.4).

Fix € > 0. Then

P(Yncfm - Yn@ Z 6) = P(ﬁﬁm Z Am +n 1/2 )
= PGEu(Pne+n"Y2%) >0 —-1/2)
= P(argmaszflzl(y —x)>x—1/2)
= P(argmaxﬁzfmflzn(h’) Z _1/2)5 (66)

where Z,(h) = n*/?F, (z+h) — (n Y25, »+1)(x+h+1). Since for any constant
¢, argmax”(Z, (y)) = argmax”(Z, (y) + ¢), we instead take

Zu(h) = n'P(Fu(e+h) —Fo(z —1)) = (0" *Pop + €)(h+1)
= Uy(h)+ Vu(h) + Wy(h) —e(h+ 1),
where
Un(h) = Vn((Fn(z+h)—Fn(z—1)) = (F(z+h) - Fz—1))),
(h+1)7'Wou(h) = Va((Fa(z) =Fo(z - 1)) = (F(z) - F(z - 1)),
nYV2W,(h) = (F(z4+h)—F(z—1)) —p(h+1)

[ =0 for h=—1,0,
o <0 otherwise.

Let U denote the standard Brownian bridge on [0, 1]. It is well-known that
Un(h) = U(F(z+h))-U(F(x—1)) and V,,(h) = (h+1)(U(F(z))-U(F(z—1))).
Also, Wy, (y) =0at y = —1,0 and W,,(y) — oo for y ¢ {—1,0}. Define
Z(h) =U(F(z + h)) = U(F(z = 1)) + (b + )(U(F (z)) = U(F (z - 1)),
and notice that Z(0) = Z(—1) = 0. It follows that the limit of (6.6) is
P (argmax,__; o{Z(h) —e(h+1)} > —-1/2) = 0,

since argmax _101Z(h) — e(h+ 1)} = —1. A similar argument proves that

lim P(Y,C, — Y, . <€) =0,

n—oo

showing that Y,¢, — Yy, » = 0,(1) and completing the proof. O
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Proof of Theorem 3.8. Let ¢ denote an operator on sequences in ly. Specifically,
we take ¢ = gren or ¢ = rear. Also, for a fixed mass function p let 7, =
{z >0 : py —pet1 > 0} = {7i}i>1. Next, define ¢, to be the local version
of the ¢ operator. That is, for each i > 1, ¢,(q). = (pm i), for all
i +1<x<Ti41.

Fix € > 0, and suppose that ¢, — ¢ in f5. Then there exists a K € 7, and
an ng such that sup,,>, > g7, < €/6. By Lemma 6.1, ¢, is continuous on
finite blocks, and therefore it is continuous on {0, ..., K'}. Hence, there exists a
ng, such that for all n > nj

K

Z(‘P;D(Qn)m - <PP(Q)I>2 S 6/3

x=0

Applying (6.2), we find that for all n > max{ng,n{}

K
lop(an) = ep@I3 < D (plan) = ep(@)* +2 ) 0p(an)2 +2 Y p()2
x=0 x>K x>K
< €¢3+2) @ 2 ¢ <e

z>K z>K

which shows that ¢, is continuous on £3. Since Y;, = Y in /3, it follows, by the
continuous mapping theorem, that ¢,(Y;,) = ¢,(Y). However, both V,¢ and Y,?
are of the form /n(¢(pn) —p) # ¢p(Yn). To complete the proof of the theorem
it is enough to show that

En = [|vn(p(Bn) — 1) — ¢p(Ya)l3,

converges to zero in Ly; that is, we will show that E[E,] — 0.

By Skorokhod’s theorem, there exists a probability triple and random pro-
cesses Y and Y,, = v/n(p, —p), such that Y,, — Y almost surely in ¢5. Fix e > 0
and find K € 7, such that > __ ;. p. < €/4.

Next, let 7) = {0 <2 < K : z € T,}, and let § = mingezx (P — Pat1)-
Then, there exists an ng such that for all n > ng

sup |Z/7\n,m - pm| < 5/35 (6'7)
x>0

sup| D @(Da)y — F(x)] < /6, (6.8)

220 g<y<a

almost surely (see Corollary 2.5).

Now, consider any m € ’Z;K . It follows that any such m is also a touchpoint
of the operator ¢ on p,. Here, by touchpoint we mean that > /", ¢(Dn)z =
> o Pn- From (6.7), it follows that

inf pp.z > SUP Dnes
z<m xr>m
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which implies that m is a touchpoint for the rearrangement estimator. For the
Grenander estimator, we require (6.8). Here,

ES(m) —FS(m—1) > F(m)—F(m—1)—6/3

= pm_5/3

> pm+1—|—5/3

= F(m+1)—F(m)+6/3
> F%m+1)—FS(m).

Therefore, the slope of ﬁf changes from m to m + 1, which implies that m is

a touchpoint almost surely. Let ﬁls’r) = {Dn.s)Dn,s+1s - - - » Dn,r}- An important

property of the ¢ operator is if m < m’ are two touchpoints of ¢ applied to p,,
then for allm+1 < 2 <m’, o(Dn)s = w(ﬁ%mﬂ’m/))m. Now, since p takes constant
values between the touchpoints 7, it follows that \/n(¢(Pn) — )z = ©p(Yn)a:
for all z < K.

Therefore, for all n > ng

E, = Z ’\/ﬁ@?(ﬁn) —D)e — <P;D(Yn)m’2

x>0

K
< 3 (ValelBn) — P — wp(Va)”

=0

+2 3 (Vale(dn) —p)* +2 Y (pp(¥a)a)?
2>K z>K
< 4) (Vo)
z>K

almost surely. It follows that

ImE, <4 ) (V;),
z>K

and hence

E[ImE,] < 4F

> ()

z>K

:4me(1—pm)<e.

z>K

Since E,, < 2||Y,||3, with E[||Y,||3] < 1, we may apply Fatou’s lemma so that
0 <limE[E,] < E [ImE,| <e.

Letting € — 0 completes the proof. O

Corollaries 3.9 and 3.10 are obvious consequences of Theorem 3.8. Remark
3.11 is proved in the following section.
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6.3. Limiting distributions for metrics: Proofs

Proof of Corollary 4.1. We provide the details only in the k£ = 2 setting. The
cases when k > 2 follow in a similar manner, since here ||z||; < ||z||2 for z € ls.

Convergence of ||Y,, ||z, ||Y,f*||2 and ||Y,¥||2 follows from Theorems 3.1 and 3.8
by the continuous mapping theorem. That ||Y]]2 = ||[Y || is obvious from the
definition of Y. That ||Y ||z < ||Y]|2 follows from Jensen’s inequality and the
definition of the gren(-) operator, since for any r < s, gren(Y("*)), is equal to
the average of Y} over some subset of {r,..., s} containing the point x. If p is
not strictly decreasing, then there exists a region, which we denote again by
{r,..., s}, where it is constant. Then there is positive probability that (Y'¢)(*)
is different from Y (%), In this case, we have that

1Y) < Y3,

which finishes the proof of the stochastic ordering in the third statement. Con-
vergence in expectation is immediate since

E[HYnHS] = pr(l_px)a

x>0

and the same results for Y, Y,¢ follow by the dominated convergence theorem
and the bounds in Theorem 2.1 (i). Lastly, the bound EI[||Y“||3] < E[||Y]3]
with equality if and only if p is strictly monotone follows from the stochastic
ordering. O

Proof of Corollary 4.2. The result of the corollary for the empirical estimator is
essentially the Borisov-Durst theorem (see e.g. Dudley (1999), Theorem 7.3.1,
page 244), which states that

> Yo

zeC

D Y.

zeC

sup
ce2N

= sup
Ce2N

if 3. \/Pz < 0o. To complete the argument note that supceon | Y, co el =
[lw|[1/2 for any sequence w such that > w, = 0 (note that the condition
>+ +/Pz < 00 means that the sequences Y, and Y are absolutely summable
almost surely). However, the result may also be proved by noting that the se-
quence Y,, is tight in ¢; using Lemma 6.2, since

E[HYnHl] < Z px(l_px)a

x>0
Z El|Yool] < Z VPz(1—pz) — 0,
r>m r>m

as m — oo under the assumption ) ., /pz < 0o. The proof that Y¢ = v¢
and Y, = Y2 in /; is identical to the proof of Theorem 3.8, and we omit the
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details. Convergence of expectations follows since ||Y},|]1 is uniformly integrable,
as

E[]|Yal[7]
ElllYalhlyyaisay) £ ——— ZEIYMIIYMI]

(%

2

S e

x>0

by the Cauchy-Schwarz inequality. All other details follow as in the proof of
Corollary 4.1. O

Proof of Corollary 4.3. If k < oo, then we have that

87’LH (pn, ) = 4”2[\/ Z/)\n,ac - \/p_x]2

— M
; 42 (v/Pr,z +/Pz)?

which converges to

K Y2 K Y2

4 T = T .
G 2 (6.9)
by Theorem 3.1 and Theorem 2.4 for & = oo. That this has a chi-squared
distribution with x degrees of freedom is standard, and is shown for example, in
Ferguson (1996), Theorem 9. Convergence of means follows by the dominated
convergence theorem from the bound H(p,q) < +/||p—q||1 (see e.g. Le Cam
(1969), page 35) and Corollary 4.2. All other details follow as in the proof of
Corollary 4.1. O

Proof of Remark 4.4. Suppose first that > -, \/Pz = 00. Define P to be the
probability measure P(A) = > 4 Pz, and let W be the mean zero Gaussian
field on ¢2 such that E[W,W,/| = pg0.;.. Then we may write Y =4 {W, —
meN}xzo, where WN = ZxZO Wm

Now, since > -, P(|Wz| > /pz) = 00, by the Borel-Cantelli lemma we have
that >~ - |[W.| = co almost surely. Since

Z |Y96| = Z |Wx _prN|

x>0 x>0

> > [Wa| — | Wal,

x>0

and Wy is finite almost surely, it follows that ) -, |Yz| = oo almost surely as
well. That is, if > -, +/Pz = 00, then the random variable ||Y||; simply does
not exist. -
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A similar argument works for the Hellinger norm. Assume that x = co. Then

2 2
I Do B

2>0 2>0 Pz

and the Borel-Cantelli lemma shows that Y. -, W_2/p, is infinite almost surely.
B O

Lemma 6.3. Let Zy,..., 7y be i.i.d. N(0,1) random variables, and let Z&,i =
1,...,k denote the left slopes of the least concave majorant of the graph of
the cumulative sums Y 1_, Z; with j = 0,..., k. Let T denote the number of
times that the LCM touches the cumulative sums (excluding the point zero, but
including the point k). Then

k

> (zf)?

=1

E = E[T).

Proof. Since the submission of this paper, it has come to our attention that
this result follows from the Bohnenblust-Spitzer lemma as exposited by Steele
(2002); taking f(k,y) = v*/k in the development on pages 240-241 of Steele
(2002) gives the result. We give a direct argument below.

It is instructive to first consider some of the simple cases. When k = 1, the
result is obvious. Suppose then that £k = 2. We have

T Yi(ZE) if

2 212 + 222 VAR
2

1 (Z1\;r§Z2) 7y < Z1+Z>

2

Note that we ignore all equalities, since these occur with probability zero. It

follows that

Zi+Z\°

T 1 Zy< Z1tZ2
where, by exchangeability it follows that

B((Z} + Z3)1z,>2,] = El(Z} + Zi)1z,<z)]
= El(Zi + Z3)|P(Z > Z2)

2P(T = 2).
On the other hand, we also have that

Zy + Zs 21 I 2+ 2\
NG Zy<BtZ2 | = V2

= 1P(T=1),

2

> o(zf)?

=1

E = E((Z}+Z)1g52,)+F

71+ Z
E P(ng)

2
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since the random variables Z = (Z; + Z3)/2 and Z; — Z are independent. The
result follows.
Next, suppose that £ = 3. Then we have the following.

T Y (28)? if
(a) (b)
3 Z12+ZQQ+Z§ VAR A

2
9 (Z1\;r§Z2) 72 Lt g Ltz s 7,
2
2 212 4 (%) 7y > ARYA ZatZs Z
2 2 2
2

Zy+Zy+Z: ARILRIA. Z1+Z

1 (%) 1 32 3 >Z1, 12 2

The choice of splitting the conditions between columns (a) and (b) is key to our
argument. Note that the LCM creates a partition of the space {1, ..., k}, where
within each subset the slope of the LCM is constant. The number of partitions is
equal to T. Here, column (a) describes the necessary conditions on the order of
the slopes on the partitions, while column (b) describes the necessary conditions
that must hold within each partition.

In the first row of the table, we find by permuting across all orderings of
(123) that

E((Z} 4+ 72+ Z2) 12,5 2052,) = E[(Z} + 22+ Z2)P(Z1 > Zy > Z3)
= 3P(T =3).

Next consider T' = 2. Here, by permuting (123) to (312), we find that

Z2+Z3 2
CRET S —

71+ 7o\ 2
() ]t

Note that the permutation (123) to (312) may be re-written as ({12}{3}) to
({3}{12}) which is really a permutation on the partitions formed by the LCM.

E

= I

Now,
Zy+ Z5\°
E[TlT:Q] = F {(T) +Z32}121;ZQ>Z31214522>Z1‘|
o ([ Za+Zs\?
+ F Zl+ 7\/5 1Z1>%1%>Z2
= F

Zy+ 75\’
() 1o
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{(%>2+Z§} P (M >Zl>

2
= 2P(T =2),

where in the penultimate line we use the fact that Zs, (Z1 + Z2)/2 and Z; —
(Z1 + Z3)/2 are independent.
Lastly,

= I

E

Zi+ Zo+ Z3\° 1 1
\/g Zl+232+23 >7 Zl+Z:§2+ZS>ZlJ2rZ2

E

i+ 72+ 7\ )
V3 utiotls s g, gy 2200

(Zl+22+23>2

= F \/g

FE\lz42y12 12,4254z Z1+2
1+32+ 357, 1+32+ 3> 142r 2

= 1P(T=1)

as the variables Z = (Z; + Zy + Z3)/3 and {Zy — Z, 2o — Z,Z3 — Z} are
independent.
The key to the general proof is the combination of two actions:

1. Permutations of subgroups (column (a)), and
2. independence of column (b) from the random variables Zle(ZiG )2 and
the indicator functions in column (a). Note that for any k > j > 1, letting

Z=(Z1+Zo+---+Zy)/k
L4t tZ (Zy—2)+ (Zo—2Z)+ -+ (Z; - 2)
J J
which is independent of Z for any choice of j < k.

3

To write down the proof for any k£ we must first introduce some notation.

e Forany 1 <m < k, we may create a collection P of partitions of {1,...,k}
such that the total number of elements in each partition is m. For exam-
ple, when k£ = 4 and m = 2, then the elements of P are the partitions
({1}{234}), ({12}{34}) and ({123}{4}). Furthermore, for each partition,
we may write down the number of elements in each subset of the partition.
Here the sizes of the partitions are 1, 3 then 2,2 and 3, 1. These partitions
my be grouped further by placing together all partitions such that their
sizes are unique up to order. Thus, in the above example we would put
together 1,3 and 3,1 as one group, and the second group would be made
up of 2, 2. From each subgroup we wish to choose a representative mem-
ber, and the collection of these representatives will be denoted as 7(m).
We assume that the representative 7 is chosen in such a way that the sizes
of the partitions are given in increasing order. Let r; denote the number
of subgroups with size 1, and so on. Thus, for 7 = ({1}{234}), we have
r1=1,1r9=0,r3=1,...,7, =0.
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Next, from 7(m) we wish to re—create the entire collection P. To do this,
it is sufficient to take each 7 and re—create all of the partitions which had
the same sizes. Let 0,7 denote the resulting collection for a fixed partition
7. Thus, P is equal to the union of 0,7 over all 7 € 7(m). Note that the
number of elements in 0,7 is given by

m
Ty ... TE)

We also use the notation R; = Zle r;, with Ry = 0. Note that R = m
For each partition o, we write o1, ..., 0., to denote the individual subsets
of the partition. Thus, for o = ({1}{234}), we would have o1 = {1} and
oo = {2,3,4}.

For each o, as defined above, we let

AV, 7 = (zi@j zl-) /|o;l, and AV, 'Z = (z@m Zi ) /1o,

where a§-l) denotes o; with its last | elements removed.

We are now ready to calculate £ [Zle(ZiG )217—]. By considering all pos-

sible

terms

partitions, this is equal to the sum over all 7 € 7(m) of the following

> E

ocomT

{Z loj] (AVUJ. Z)2 }lAvalz>...>AVUmZ
Jj=1

X 1 —(loi— .
II AV, Z>max{AV. 1 Z,....Av, 177! 1)Z}]
j=1 i J i

By permuting each o € 0,7, and appealing to the exchangeability of the Z;’s,
this is equal to

E

Z|UJ| (v, 2)* {HlAVUR . 1Z>--->AVURiZ}

Jj=1

m
H 1 —(loj1-1)
AV, Z>max{AV Yz, AV Z}

=1

J
{Z|UJ| AV"JZ {HlAVaR +1Z>"'>AV”R1'Z}

Jj=1

xFE

1 -
H AV, Z>max{ AV 7,4V, 1V gy (1

Jj=1

by independence of each AV, Z and each Z; — AV, Z for i € o;. Notice that
the permutations of ¢ € 0,7 do not account for permutations across all groups
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with equal “size”. By considering furthermore all permutations between groups
of equal size, we further obtain that the last display above is equal to

k
H Lav,, . Z>>Av,, z
1=1

E Y ol (AVs,2)* | E

i=1
m
<E|[¢]]1 e
AV, Z>max{AV; 1 Z,....av, 17170 7
J:1 J J J
k
= mkE HlAvURFlHZ>...>AVURiZ
=1
m
<E[¢]]1 e
AV, Z>max{AV, ' Z,..Av, 1717 73

j=1

Lastly, we collect terms to find that £ [Zle(ZiG )217—pm] is equal to m times

k
Z E {HlAVaRi1+1Z>"'>AVL’R1-Z}]
TeT(m) i=1
m
H Liv -1 ~(lo;1-1)
o >max{AVaj Z,..., AVU], Z}

Jj=1

x B

- Xy

TET(M) O€ETHT

m
X Hl _1 —(loil—1)
AVU].Z>maX{AVU], Z,...,AV, J Z}
j=1

73

lav, z>.>av,, z

= P(T=m),

which concludes the proof. O

Proof of Proposition 4.5. In light of Proposition 3.4 and the definition of Y&
(along with some simple calculations), it is sufficient to prove that

S . sS—T 1
Zgren(Y“S’)i] = 2T (6.10)

T=r 1=1

(s—r+1)E

using the notation of the Proposition 3.4. Without loss of generality we may
assume that 7 = 0, and for simplicity we write Y for Y (%)

Let k =s+ 1, and let Z1, ..., Z), denote k i.i.d. N(0,1) random variables, let
Z denote their average, and let Z; = Z; — Z (which is independent of Z). We
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then have that

E ggren(Z)i = E-ggren(g—l-Z)i
_ E:xil{gremﬁzy
_ E-g{gren(Z)x}2+gZ2
_ E-xil{gren(Z)x}2 +1
_ (y-|-1)E xio{gren(f/)x}2 +1

Therefore, by Lemma 6.3, to prove (6.10), it is sufficient to show that

=B =Y

=1

k

> gren(2);

x=1

E

where T' denotes the number of touchpoints of the LCM with the cumulative
sums of the Z/s.

To do this, we use the results of Sparre Andersen (1954). He considers ex-
changeable random variables X7, X5,... and their partial sums Sy = 0,57,
So, ..., Sy =51 X;, and shows that the number H,, of valuesi € {1,...,n—1}
for which S; coincides with the least concave majorant (equivalently the greatest

convex minorant) of the sequence Sy, ..., S, has mean given by
1
Bl = ; i+ 1
as long as the random variables X7,..., X, are symmetrically dependent and

P(S;)i=5;/j)=0, 1<i<j<n.

The vector X1, ..., X, is symmetrically dependent if its joint cumulative distri-
bution function P(X; < x;,i = 1,...,n) is a symmetric function of z1, ..., x,.
This result is Theorem 5 in Sparre Andersen (1954). Clearly, we have that
E[T — 1] = E[Hy], for X1 = Z;1,...,X,, = Zj, which are exchangeable, and
satisfy the required conditions. The result follows. O

Proof of Remark 3.11. To prove this result we continue with the notation of
the previous proof. Equality of gren(Y) with Y holds if and only if the above
partition 7" = {0, ...,y}. By Theorem 5 of Sparre Andersen (1954), this occurs
with probability 1/(y + 1)!. O
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Proof of Remark 4.6. By Proposition 3.4 (and using the notation defined there),
it is enough to prove that

Elgren(7)2] < 1- -2

27

N

T

where for simplicity we write ¥ = Y 7). Let {W,}:_, be i.i.d. normal random
variables with mean zero and variance 1/7, and let W = (}.°_ W, )/7. Then
g 17— Z. and also gren(Z), = gren(Z — Z), + Z. Notice also that Z — Z and
7 are independent. We therefore find that

Elgren(Z)?]
< E[Z3]=1/r,

Elgren(Y)2] + 1/72

the latter inequality following directly from Theorem 1.6.2 of Robertson, Wright
and Dykstra (1988), since the elements of Z are independent. O

6.4. Estimating the mixing distribution: Proofs

Proof of Theorem 5.1. Since ||¢n—q|lx < ||gn—¢||1 and H(qn, q) < \/||Gn — qll1,
it is sufficient to only consider convergence in the ¢; norm. Note that

|‘jn,m - qx| < (x + 1) {|Z3n,m+1 - px+1| + |Z3n,m _px|}a

and therefore we may further reduce the problem to showing that Zx> 0 2| Pre—
pa| converges to zero.
For p,, = Dn.z, we have that for any large K

Zxﬁ)\n,m _px| < Ksup |Z/7\n,x _px| =+ Z TPy + Z ‘Tﬁn,xa
>0 z<K 2>K 2>K

and since E,[X] exists by assumption, it follows from the law of large numbers
that for any K,

Z xﬁn,m - Z T Pz,

x> K > K

almost surely. The proof now proceeds as in the proof of Theorem 2.4.

For the rearrangement estimator and the MLE, we may use the same ap-
proach. The key is to note that > o - Pno < Y.< ©Pn,a, for any K and for
both p, = ﬁf,ﬁg. This holds since f, = zl,>x is an increasing function and
therefore (6.1) of Lemma 6.1 applies. O

Proof of Theorem 5.2. Since k < oo by assumption, the theorem follows directly
from the results of Sections 3 and 4, as well as Theorem 5.1. O
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