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Abstract: We study the rate of Bayesian consistency for hierarchical pri-
ors consisting of prior weights on a model index set and a prior on a density
model for each choice of model index. Ghosal, Lember and Van der Vaart
[2] have obtained general in-probability theorems on the rate of conver-
gence of the resulting posterior distributions. We extend their results to
almost sure assertions. As an application we study log spline densities with
a finite number of models and obtain that the Bayes procedure achieves
the optimal minimax rate n=7/(7+1) of convergence if the true density of
the observations belongs to the Holder space C7[0,1]. This strengthens a
result in [1; 2]. We also study consistency of posterior distributions of the
model index and give conditions ensuring that the posterior distributions
concentrate their masses near the index of the best model.
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1. Introduction

Selection of models plays a key role in theory of density estimation. Given
a collection of models, from the Bayesian point of view it is natural to put
a prior on model index and let the resulting posteriors determine a correct
model. A rate-adaptive posterior achieves the rate of convergence provided by
the best single model from the collection. This paper handles adaptation for
density estimation within the Bayesian framework. Suppose that we observe a
random sample X, Xo,..., X, generated from a probability distribution P
with a density function fp with respect to some dominated o-finite measure on
a measurable space X. Let I,, denote an at most countable index set for each
positive integer n. For v € I, P, stands for a subset of the density space
F equipped with a o-field such that the mapping (x, f) — f(z) is measurable
relative to the product o-field on X x P, . Let II,, 5 be a probability measure
on P, and let {\, : v € I,} be a discrete probability measure on I,,. One
can therefore define an overall prior II,, with support on Uyer, Ppn y C F by

M= Auqy Iy

veln
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The corresponding posterior distribution Hn(~ ’Xl,XQ, .. .,Xn) is a random
probability measure with the expression

T LICO™A) g Ry
I T rCe maap) RO

zvel wo S, au: Ro(f) T ()
e A o, Bn(D) ML (df)

IL (A| X1, Xo,..., Xp) =

for all measurable subsets A C F, where R, ( H {f(Xi)/fo(Xi)} denotes

the likelihood ratio. The posterior distribution II,, ( ’Xl,XQ, .. .,Xn) is said
to be consistent almost surely (or in probability) at a rate at least e, if there
exists a constant 7 > 0 such that Hn(f 2 d(f, fo) > ren ’Xl,XQ, .. .,Xn) —0
almost surely (or in probability) as n — oo. Throughout this paper we assume
that d is a distance bounded above by the Hellinger distance and d(f, f1)° is a
convex function of f for some positive constant s and any fixed f;. Almost sure
convergence and convergence in probability should be understood as to be with
respect to the infinite product distribution F5° of the true distribution Fy.

The purpose is to deal with the following problem: assume that for a given
density fy there exists a best model P,, g, equipped with a prior II,, g, such that
the optimal posterior rate is €, g,. Find conditions ensuring that the posterior
distributions of the hierarchical prior II,, achieve the same rate of convergence
as we only use the best single model II,, g, for this fy. Ghosal, Lember and
Van der Vaart [1; 2] have studied adaptation to general models and obtained
in-probability results on convergence rate. See also Huang [4] and Lember and
van der Vaart [5] for related work on Bayesian adaptation. When applying to log
spline density models, Theorem 2.1 of [2] leads to adaptation up to a logarithmic
factor and it was shown in [2] that the additional logarithmic factor in the
convergence rate can be removed by choosing special prior weights A, , when
I,, are finite sets or the priors II,, - are discrete. Our main goal in present paper
is to extend work of Ghosal et al. [2] and establish the corresponding almost
sure assertions. With an application of our theorems to log spline densities with
finitely many models, we successfully take away the logarithmic factor without
using the special prior weights A, , and hence for a true density in C'7[0, 1] the
posteriors attain the optimal rate of convergence in the minimax sense, which is
well known to be n~7/(27*1) This strengthens Theorem 5.2 in [2] and Theorem
2 in [1]. A related problem is model selection, for which we establish an almost
sure result on consistency of posterior distributions of the model index.

We shall use the Hellinger distance H(f, g) = [|v/f — /gl|2 and its modifica-

tion H.(/,9) = [|(VT—v/@) (3 y/£+5)"*|| where || 11, = ( i |7 @)I? u(dz)) "
Observe that H.(f,g) # H.(g, f), see [9] for properties of H.(f, g). Denote
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Wan(€) ={f € Puy: Hi(fo, f) <e},

Anq(e) = {f € Puyy: d(fo, f) <€}

Throughout this paper the notation a < b means that a < Cb for some positive
constant C' which is universal or fixed in the proof. Write a ~ b if a < b and
b < a. For a measure P and an integrable function f on X, we let P f stand for
the integral of f on X with respect to P. The notation N (4, G, d) stands for the
minimal number of balls of radius ¢ relative to the distance d needed to cover a
subset G of F.

2. Adaptation and Model Selection

Denote by €, .~ the usual optimal convergence rate of posteriors by using the
single model P, ., with the prior II,, .. We shall use a partition I,, = I} U I2
with

I,ll ={vel,:ep,< \/ﬁsnﬁn} and Ifl ={yel,:eny> \/ﬁsnﬁn},

where H is a fixed constant > 1.

Theorem 2.1. Suppose that there exist positive constants H > 1, E., i, G,
J,L,C and 0 < a < 1 such that 1 —a > 18alL, ne;, 5 > (1 + &) logn,
Sup’yGI}L E’YE%,V < Ggiﬁn) SUpfyelﬁ E’Y < G and Zryeln /L?{,’y = O(eJnsi’B")' Let

r be a constant with r > 18(CJE{J;€J{§SZF2QC) + VvV H 4+ 1 such that

(1) N(5,Ap,(20),d) <ePnn forall yel, and e>ep,.,

(2) )‘n,'an,'v(An,'y(jEn,'y))
An, 6 a6y, (Wn,ﬁn (en.n)

) < Py eLj2nsi,v for all v E ]721 andj >,

(3) A~y Hn,v(An,v(j5n,Bn))

-2 2
< iy e for ally € I) and j > 7
An, 6 a6, (Wn,ﬁn (En,ﬁn)) " ’

o (3+2C)nsi,ﬁn
(4) Z Z )‘n,'an,'v(An,'v(TEn,'y))e

< 0.
n=1~eI2 An, By n, gy, (Wn,ﬁn (en,8n)

Then
IL,(f: d(f, fo) > renp, | X1, Xo,..., Xn) — 0

almost surely as n — oo.

Clearly, it is enough to assume that all inequalities in Theorem 2.1 hold for
all sufficiently large n. As a direct consequence of Theorem 2.1, we have
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Corollary 2.2. Suppose that there exist positive constants H > 1, E, tin , G,
J, L,C,F and 0 < o < 1 such that 1 — o > 18al, ”5721,[1" > 1+ é)logn,
Sup’yGI}L E’YE%,V < GE%,[}") Sup’yelﬁ E’Y <G and Zryeln /L?{,’y = O(eJnsi’B")' Let

r be a constant such that r > 18(CJE{J;€J{§SZF2QC) +vVH+1 and

(1) N(5,4n(2),d) <ePnn forall y € I, and & > &, -,

(2) 32 <y NG forall oy € L,

(3) 2;2 ;:;:L Hn,’y (An,’y(rsn,'y)) _ 0(67(3+3C+F)nsi,ﬁn ) ,
yE

n

(4) Mg, (Wnp,(eng,)) > e e

Then
IL,(f: d(f. fo) > renp, | X1, Xa,..., Xn) — 0

almost surely as n — oo.

Condition (3) of Theorem 2.1 leads adaptation up to a logarithmic factor for
log spline density models, see [2] for the corresponding in-probability assertion.
The following theorem is useful to remove the logarithmic factor in some cases.
Theorem 2.3. Theorem 2.1 holds for r > 18(C+Jltcit?’g§z2acm +VH+1if
the condition (3) of Theorem 2.1 is replaced by the condition that there exists a
constant K > 1 independent of n, v, j such that

(3/) Hn,'v(An,'v(jEn,Bn)
Hn, (an‘y(KET"xBTL)

) S un77 eLj2nEi,ﬁn for a,H ¥ (= Ifll and ] Z r.

Now we consider the rate of convergence of posterior distributions of the index
parameter 7. Given a subset I of I,,, Ghosal et al.[2] introduced the posteriors

Ser M i, Bulf) oy (d)
S er Mo S Bu(H) T (d)

Clearly, the result of Theorem 2.1 implies that

IL, (1| X1, Xo,...,Xn) =

Hn(ﬁ)/ S In : d(fO;Pn,'y) Z Tgn,ﬁn ’X1;X2; .. ;Xn) — 0

almost surely as n — oo. Moreover, we have

Theorem 2.4. Under the same assumptions of Theorem 2.1, we have that

IL, (I} | X1, X2,..., Xn) — 0
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almost surely as n — oo. If furthermore for I3 = {v € I, : VHe, . < €n3,}
we have that

Mooy W (An i (705,)) €320 50
Z Z < 00,
An, B Hn o (Wap,(€np,))

n= lfyelg

then

IL,(y €1, : Lsnﬁn <eny <VHeng, | X1, Xo,..., Xp) — 1

VH

almost surely as n — oo.

Since H is an arbitrarily given constant bigger than 1, Theorem 2.4 states
that the posterior distributions of model index concentrate their masses on
the indices of those models which have approximately the same convergence
rate as the correct rate €, 3,. So Theorem 2.4 can be considered as a general
convergence theorem on posterior distributions of model index.

In the situation that there are only two models, one can use the Bayes factor
to describe behavior of the posterior of the model index, see [2]. Denote by BF),
the Bayes factor, that is,

M2 Jp, n(f)an(df) L2} X0 Xay L, X
At Jp,  Ba(H) Ma(df) T ({1} | X1, Xo, oo, X))

B, =

Corollary 2.5. Suppose that condition (1) of Theorem 2.1 holds and that €, 1 >
En2 > /(1 +1/C)(logn)/n for alln and some C > 0. Let r > 700(2C+G +2).

2
(1> If Hn,2(Wn,2(5n,2)) > e "en, )\n’l Hn I(An,l(rgn,l))
=0(e —(4430)ne?, 2) and AmL - < 6"5 , then BF,, — oo almost surely.
(ii) If Wyt (Wi 1 (en1)) > e*"%l, ;jH 2(Ana(ren,1))

= 0(67(4+30)n5i’1) and i" = < e, then BF,, — 0 almost surely.

Proof. Take H=J =F =1, L=2and a =1/38. Then 1 — a > 18«a/L.

(i) Let 8, = 2. Then I} = {2} and I? = {1}. It follows then from the first
assertion of Theorem 2.4 that the denominator of the Bayes factor BF,, tends
to zero almost surely as n — oo and hence BF,, — oo almost surely.

(ii) Let 8, = 1. Then I} = {1, 2}, I2 = () and I} = {2}. It follows then from
the second assertion of Theorem 2.4 that the numerator of the Bayes factor BF,,
tends to zero almost surely as n — oo and hence BF,, — 0 almost surely. The
proof of Corollary 2.5 is complete. O

3. Log Spline Density Models

Log spline density models were introduced by Stone [7] in his study of sieved
maximum likelihood estimators, and were developed by Ghosal, Ghosh and



Y. Xing/On adaptive Bayesian inference 853

Van der Vaart [3] to Bayesian estimators. Assume that [(k — 1)/K,, k/K),)
with £ = 1,2,..., K, is a given partition of the half open interval [0, 1). The
space of splines of order ¢ relative to this partition is the set of all functions
f :[0,1] — R such that f is ¢ — 2 times continuously differentiable on [0, 1)
and the restriction of f on each [(k —1)/K,,k/K,) is a polynomial of de-
gree strictly less then ¢. Given v > 0, denote J, , = ¢+ K,, — 1 where ¢ is a
fixed constant > 7. The space of splines is a J,, ,-dimensional vector space with
a basis Bi(x), B2(x), ..., By,  (x) of B-splines, which is a uniformly bounded
nonnegative function supported on some interval of length ¢/K,, see [3] for
the details of such a B-spline basis. Assume throughout that the true density
fo(x) == fo,(x) is bounded away from zero and infinity in [0, 1]. We consider
the J, ,-dimensional exponential subfamily of C7[0, 1] of the form

T
folw) =exp (3 6:8;(@) ~ c(6) ).

where § = (61,65, ...,0;, ) € O = {(61,02,...,05, ) € R™ - 377 6; = 0}
and the constant ¢(@) is chosen such that fy(x) is a density in [0, 1]. Each prior
ﬁnﬁ on O¢ induces naturally a prior II, 5 on the density set P, , = {fo(x) :
0 € ©}. Assume that J,, , = K, ~ nt/27+1) and assume that the prior 1I,, -, for
Oy is supported on [—M, M|’ for some M > 1 and has a density function with
respect to the Lebesgue measure, which is bounded on [—M, M]”’»~ below by
d’»~ and above by D7»~ for two fixed constants d and D with 0 < d < D < oo.

. e 1 B 1
Waite (161, = (3727 16,7)"7 and [ fo(@)l], = ( ] fole)rde) /" for 1< p < oo.
Take constants C'1 > C; > 0 such that C [|0]| < |[log fo(z)[|cc < C1 [0

for all § € ©p, see Lemma 7.3 in [2] for existence of C; and C;. Hence e~ “1M <

fo(x) < M for all 6 € g with [|0]|oc < M. Ghosal et al.([3], Theorem 4.5)
proved that, if fo € C7[0,1] with ¢ > v > 1/2 and ||log fo(2)||cc < C M/2, the
posteriors are consistent in probability at the rate n~"/(27+1) This result has
been strengthened by Xing [9] to the almost sure consistency of the posteriors.

For given priors II, - on densities and a discrete prior {\, ,} on regularity
parameters 7y, we get an overall prior II,, on densities as before. Under mild
conditions, Ghosal et al. [2] obtained an in-probability theorem on adaptation
up to a logarithmic factor for the posteriors. They also showed in [1; 2] that the
logarithmic factor can be removed by choosing special prior weights A, - either
when I,, are finite sets or when all the priors II,, - are discrete. Now, for finite
index sets I, we can take away the logarithmic factor without using the special
prior weights A, - and our result moreover is an almost sure statement.

Following [2], we consider prior weights A,, , = Ay > 0 for all n and v € I,, :=
{y € Q" : v >}, where v, is a known positive constant strictly bigger than
1/2. Now we prove

Theorem 3.1. Let I, = {71,72,...,yn} and e, = n~ 7/ HD) for ally € I,.
If fo € CP[0,1] with some B € I, and ||log fo(z)||ec < Cy M, then for all large
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constants r,

Hn{f9 : ||f9 - f0||2 Z Tgn,ﬁ’Xla .. aXn} —0
almost surely as n — oo.

Proof. We shall apply Theorem 2.3 for the Hellinger distance to the proof.
Observe first that ne} 5 = n'/ A1) > (1 4 1/C)logn when n is large enough
and C = 1. Take p, , = Ay /Ag. Conditions (1) of Theorem 2.3 has been verified
in [2]. Denote

Oonr = {0 €60 : |0l < M},

C, ={fo: H(fo, fo) < and 6 € Ogar},
Wi, ={fo: Hi(fo, fo) < e and 6 € Og ar}.

Since fo/ fs are uniformly bounded above by e(C1+C1)M and below by e~ (C1+C)M
for all @ € ©g rr, we have

WJH,V(E/B) C C‘]n,,y(f) C WJH,V(BE)

for B = e(C1+C)M/2, Hence, applying Lemma 7.6 and Lemma 7.8 in [2], one
can find four positive constants A4,, A,, A1 and Ay such that for all large n and
all e > 0,

Hnﬁ(c‘]ﬂﬁ({f)) < ﬁn77(9 (S GO,M : ||9 — o‘jn,,y||2 < Al\/ Jnyry{:‘)
S (A2V Iy E)Jn’7
and
W, 5(Wy, ,(enp)) = ILg(0€Oon: [|0—0s, 012 <A1/ Tngeng)

> (Ao/Tnpens)™’,

where II,, ~ is the corresponding prior of Il, , and 6;, = minimizes the map
0 — H(fy, fo) over O . In fact, Lemma 7.6 of [2] y1elds the first inequality
for 0 < ¢ < 1/A,. However, since ||0||oc < M for § € Oy and J,, , — 00 as
n — o0, the inequality holds even for all € > 1/A4; and large n. It then follows
from /Ty~ en - ~ nt/2C7H =7/ 20 ) — p(1- 2)/2(27+1) for all v € I,, and
hence for v = 3 that

1—2~ J",‘Y
1L, (C Jn "r(jf':n 'y)) < (A2‘]n2(27+1))
W 5(Wi, 4 (en,6)) ~ (AQ NI )J"’ﬁ

(1-29)Jny  28-1)Jn
ean( 2o+ 1) T 2@i1)

Now, for vy € I? we have that &, , > VHe, 3 > &, 3 which implies v < 3 and

In 2 H Jp g. Therefore, using 4(12;?1) < 4(1223111) < 0fory >y >1/2, we

)10gn—|—Jn,YlogA nglogAQ—FJn,ylog])
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get that for large n the exponent in the right hand side of the last equality does
not exceed a constant multiple of the following sum

1— 2y 28—1 1
12v+1) " 28+ D H
1-2y 1

< dntogn( 272 LY 4
< Jp 4 logn 4(2”Y+1)+H + Jn,ylogj

Jn~y 1ogn( ) + Jn 4 logj

1—-2m
527 +1)

where L is any given positive constant, the second inequality holds for a large

constant [ depending only on 7;, and the last inequality follows from J,, , ~
ney ., and j > 7 with a large r. Hence we have verified condition (2). Similarly,

since ns%y,y/H > nsiﬁ for v € I2, we have that for some M; > 0 and large
H, My >0,

< Jpylogn +Jn710g]<Jn710g]<L] ne?

Z Z )\n'yHn’y CJ (Tfn )) (3+2)"5i,ﬁ

n=Ms yEI2 Ang I, ﬁ(WJnﬁ(En ﬁ))

1—-2 log r
E E 'Y J"Vlog"()(271111)+1o§n)+H"5

n= Mg’y€I2
j : j : ’y ns lognM1F(271+l)+Hn5
n= M2'y€I2
1-2
j : j : ’y ns 10gnM17(27—1111)
As
n=Msy~veI?
o
<3y demes Ll
Ag n?
n=Ms vEIl, n=>M>

which yields condition (4) for C' = 1. Finally, observe that ¢, < VHe, s,
for all v € I}. Since I} contains at most finitely many indices and &, -, is the
convergence rate of the model P, ,, for fy, there exists a constant K; > 1 such
that I, ,(Cy,  (Kien,g)) > 0 for all v € I} and all large n. It then follows
from Wy, (¢/B) C Cy, _(e) C Wy, (Be) and Lemma 7.6 in [2] that for a large
K > Ky, AB and Zg,

Hn,’y(CJn,v(jE"ﬁ)) < ( 3j \/n—'yfn,ﬁ)‘]"w - eJn .~ log AX: < eLJani,-,
I, (WJH,V(Ksn,g)) (A3 K \/Jnén, ﬁ)Jnﬁ -

for all large j and any given L > 0 which yields condition (3’), and therefore by
Theorem 2.3 we obtain the required convergence with respect to the Hellinger
metric, which in our case is stronger than the convergence with respect to the
metric || - ||2, since densities fp are uniformly bounded for all § € ©¢ 5. The
proof of Theorem 3.1 is complete. O
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For general countable index sets I,,, Theorem 2.1 yields adaptation up to a
logarithmic factor.

Theorem 3.2. Assume that nyeln )\S‘Y‘ < oo for some 0 < o < 1. Let €, 4 =

n~V @0 flogn for all v € I,. If fo € CP0,1] with some 3 € I, and
[|1og fo(2)||eo < Cy M, then for all large constants r,

I {fo: [|fo— foll2 = reng|X1,..., Xn} — 0

almost surely as n — oo.

Proof. Completely repeating the proof of Theorem 3.1, we obtain the condi-

tions (1), (2) and (4) of Theorem 2.1. To see condition (3), note that &, ., <

VHe, s fo; 7 € I, and hence J,, ylogn S nel |, < Hnsiﬁ. Since \/Jp.~ Enp &
1

n2@F0 ~ 28+T for all 7, the proof of Theorem 3.1 yields that for some sufficiently

large H and all large n,

Iy

H"v’Y(CJn,v(jE"vﬁ)) < (AQ] ']"7’)’ E"ﬁ)
H"ﬁ(WJn,ﬁ(Enﬁ)) ~ (ZQ \/Jnﬁ{:‘nﬁ)‘]n’ﬁ

) . 2 2
< (] n)Jn,.y”Jn,g _ eJnﬁlogJJr(Jn,.erJn,g)logn < eL] ne;, g

< () )

for all large j and any given L > 0 which yields condition (3), and hence by
Theorem 2.1 we conclude the proof of Theorem 3.2. O

4. Appendix

Let L, be the space of all nonnegative integrable functions with the norm || f|]1.
Write log0 = —oco and 0/0 = 0. We shall adopt the Hausdorfl a-entropy intro-
duced by Xing and Ranneby in [10].

Definition 4.1. Let « > 0 and G C F. For § > 0, the Hausdorff a-entropy
J(6,G,a, 11, d) of the set G relative to the prior distribution IT and the distance
d s defined as

N
J(5,G, o, T0,d) = log inf »_ TI(B;)*,
j=1
where the infimum is taken over all coverings {By, Ba, ..., By} of G, where N

may take the walue oo, such that each Bj s contained in some ball

{f:d(f, f;) <0} of radius 6 and center at f; € L,,.
Note that it was proved in [10] that for any 0 < o < 1 and G C T,

/GO <TG N(8,G.d)' =" < N(5,G,d).

We begin with a lemma which is essentially given in the proof of Theorem 1
of [9].
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Lemma 4.2. Let 0 < « <1, G CF and D,. = {f € G: d(f, fo) > re} with
r > 2 and e > 0. Then we have

b (/ Ru(f) H(df))a < eI (e Drealld)+ 235 (r=2)ne?,
Dy

Proof of Lemma 4.2. Since E [, Ry(f)IL(df) = II(D,c) < 1, it suffices to
prove the lemma for 0 < a < 1. Given a constant ¢ > 1, by the defini-
tion of J(e, Dye, a, I, d) there exist functions fi, fa,..., fy in L, such that

N N o

Dye C Uj=; Bj, where Bj = D.. N {f : d(f;, f) < e} and 37, II(B;)* <
¢ e’ (& Presalld) By shrinking Bj if necessary, we may assume that all the sets
B, are disjoint and nonempty. Taking some g; € B; we get that d(f;, fo) >

d(gj, fo) — d(g;, f;) = (r — 1) e. Write

S, (Xiy1)
/Bj R (f) 1L (df H S
where fup,(¢) = [ f(2) Ri(f) I (df)/ [, Ri(f) I (df) and Ro(f) = 1. The

function frp, was mtroduced by Walker [8] and can be considered as the pre-
dictive density of f with a normalized posterior distribution, restricted on the
set B;. So we have

([, mnm)” < S e (] L)

Te

< el @D atld) oy (H JeB; (Xig1)* (Xkt1) >

1<j<N fo Xk+1

Since d(f, f;)° is a convex function of f and d(f, f;) < e, Jensen’s inequal-
ity implies that d(frp,, f;) < € for all k and hence d(fxB,, fo) > d(f;, fo) —
d(f;, feB;) > (r —2)e. Using d(frB,, fo) < H(frB,, fo) and following the same
lines as the proof of Theorem 1 in [9], one can get that

([ Ran)man)” < ge/epmnmaegtooains,

which by the arbitrariness of ¢ > 1 concludes the proof of Lemma 4.2. O
Proof of Theorem 2.1. Denote D(e) = {f : d(f, fo) > €}. Write

‘/D(Tsn,ﬁn)Rn(f) Hn(df) = Z )\n,’y / Rn(f) Hn,’y(df)

~el, Pr,~ND(ren. s, )

Sy Ro(f) I ()

PrnAND(ren,p,)
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+ Y | R T ()
el PuyND(Fzen,)
3 hs / Ry (f) T (df).
'YGIEL n 'ym{j TEn,Bn Sd(f f0)< 5n ‘Y}

Since 0 < a < 1, it follows from the inequalities z < z® for 0 < z < 1 and
(x +y)® < 2%+ y* for z,y > 0 that

Rn d
M, (D(renp,) | X1, Xo, ..., X,) = Ipge, "’ (f) ()

Je B (f) T (df )
)\"77 an ﬂD(rs g ) R (f) H"y’)’ (df) )(1
< e
(X =
)‘n,'y fp va(\/r_En 7) Rn(f) Hn,’y(df) @
( Py Je Beu(F) 1L () )

Ay o, atfiven ﬁn<d(f fo)< ey () Tl o (df)
+
'YGIEL f]F f)

< Z )\zv’Y (an,—yﬁD(rsn,gn) R"(f) H"v’)’ (di))
s A, (S, Bal) T, (@)

s Xy (Jp.oicp e BnlF) H"ﬁ(df))a
s N, (fp, Balf) Mo, (dF))

I Z n Y an —yﬁ{j TEn, gn<d(j j0)< 5n ‘Y} R (f) Hny’)’(df)
~ET? An. g, an,gn n(f) n.6, (df)

Fromne? 5 > (1+&)logn it turns out that 3~ e O, < 30 1/t tC <
oo. Hence, by Lemma 1 of [9] and the first Borel-Cantelli Lemma, we have that

_ n 2
/P Ro(f) T, (df) > T, (W g, (6n.5,)) € BF20M00
n,Bn

almost surely for all large n. Thus, we obtain that

IL,(D(renp,) | X1, Xa, ..., X5)

an 2 «
X B2 ([ ey Bl ) Ty (1))
X 5 M, (Wap, (en6,))"

~ell

n
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an 2 :
)‘av e@+2Oanenn (fm,mD(\/—%Enw) Ru(f) H"’V(df))

n,y
+ &
gﬁ A% 5 g, (Wa g, (€n,6,))
34+2C)ne?
+ Ay 0T Jp i siven g <, fo)<Fen} Tin (f) W (df)
oy An,, g, (W, (Emﬁn))
= ap + by + oy

almost surely for all large n. Given § > 0, we have

Pg*{ILu(D(ren,p,) | X1, X2, ..., Xn) 2 0} < P5{an +bn + ¢y > 8}
< Pg*{an > 6/3}+ P {bn > 0/3} +P5{cn > 6/3} < %Eaﬁ%f?bﬁg&n-

It turns out from Fubini’s theorem and condition (4) that

i Fe,
n=1

2
Ay €320 T, (P O {f 2 renp, < d(f, fo) < \/Lﬁsnﬁ})
)\nvﬁn anﬁn (anﬁn (Enyﬁn ))

o0
n=1 o

~
3w

(3+2C)n€n on 1L, - (An,»y(Tfn:y))

< .
Z Z An Bn Hn,ﬁn (Wn,ﬁn (En,ﬁn)) -

n=l~yel2

On the other hand, let [r] be the largest integer less than or equal to r and let
Dy j ={f € Pur: jenp, <d(f, fo) < 2jen,p, }- Then for any v € I! we have

oo
’Pnﬁ n D(T{:‘nﬁn) C ’Pnﬁ n D {:‘n gn Dny,yyj

J=I[r]

and hence

o N\ B3+20)anel 5 p (fDn,'y,j R.(f) Hn,»y(df))

EQ"SZZ = A

«
o % . Mg, (W, (€n,,))

Since r > vH + 1, we have that Jen.B, > [T]En,y/\/ﬁ > e, forall y € I} and
j > [r]. It then follows from Lemma 4.2, Lemma 1 of [10] and condition (1) that

je . —1 .
néﬁn 7A",‘Y(2J5",ﬁn)70‘7H",‘Y7d)+a1_81‘72n53b,ﬁn

v (/D Bn(f) Hmczf))“ <ol

g

<y (Ans (2560,8,))" N(g, Ap~(22),d) el
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2 a—1 .2 2
< Hn,’y (Any’y(ZjEmﬁn))a eE”’nE"wJFTJ N B
Thus, by the assumption that E,e2 4 < Ge2 g, for v e 1!, we have

@ (Bat2aC+G+Hj%)ne), 5,

EG"SZ Z n’y o "7(2j5n,ﬁn))

’)’ell [ Aa,ﬁn anﬁn (anﬁn (Envﬁn))a

3

which by condition (3) does not exceed

E E ,U (3a+2aC+G+aLj2+O‘l—;lj2)nsiﬁn
~ell j

S
_ O( E e(J+G+3a+2aC+aLj2+O‘l—;lj2)nsi,ﬁn)
j=lr]
S
_ O(e(J+G+3a+2aC)nsi,Bn E e(aL+a1_;1)j"5i,Bn)
j=lrl

e(aLJrO‘l—;l)[r]ns

~-0 (e(J+G+3a+2aC)nsiﬁn ’ )
1 — elolt minel 5,

1
_ O( (J+G+3a+2aC+aLr]+ 25t [r])ne? ﬁn) _ O(eansi,ﬁn) _ O(nuc)’
ver, Pny = Ofe Jnel, 6n ), the third one

18(C+J+G+3a+2aC)
T T80l + 1 and the

last one from nsiﬁn > (14 &) logn. Therefore, we have that Y ", Fa, < cc.

On the other hand, observe that €, , > VHep g, > €3, for v € 1721. So, using
the same argument as the above, one can get that

where the first equality follows from )

from 1 — « > 18aL, the next last one from r >

Eb < E E ,U (3a+2Ca+G)n5i,Bn+(aLj2+O‘l—glj2)nsiﬁ
Nel2 j

_ .- (J+G+3a+2Ca+aLj?+2Z j2)ne? _ 1
_O( Z[]e J 18 J E,ﬁn)—O(nlJrC y
J=Ir
which yields that Y7, Eb, < co. Thus, we have proved that

o0

ZP(;)O{Hn(f d(fafO) ZTEn,ﬁn Xl;X2a"'aXn) 25} < 00,

n=1

and then by the first Borel-Cantelli Lemma we get that
IL,(f : d(f, fo) > reng, | X1, Xo, ..., Xn) <6

almost surely for all large n. The proof of Theorem 2.1 is complete. O
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Proof of Theorem 2.3. The proof of Theorem 2.3 is in fact a slight modification
of the proof of Theorem 2.1. We only need to repeat the proof of Theorem 2.1
except that we shall apply the following inequalities

( Z Any an,mD(rsn,gn) Ry, (f) I (df ) ) “

Jo R TL, ()
<y (fpn,m<rsn,gn> Ro(f) T (df) ) o
S U T, Rl s (d)
and
— n 2
/7> Ro(f) My (df) > 1Ly o (Wi (Keng,)) € (38+2C)Kne, 5,
The details of the proof of Theorem 2.3 are therefore omitted. O

Proof of Theorem 2.4. The first assertion of Theorem 2.4 follows from the proof
of Theorem 2.1. The second assertion follows similarly by applying the partition

Pov= |J PurU J{fEPuy: dlf fo) <renp,}

YELINL el
r
U U AT €Pusysdlfifo) 2 rens }U U LS € Pasy U fo) < ens}
vEL} ~yel2
r
U € Pn.~: d(f, > ——¢ep~ b

Uz{f oA fo) 2 —=ena)

vely
So we omit the details of the proof of Theorem 2.4. O
Acknowledgements

It is a great pleasure for me to thank Bo Ranneby for many helpful discussions.
I would also like to thank the editor and the associate editor for their helpful
comments.

References

[1] GHOSAL, S., LEMBER, J. and VAN DER VAART, A. W. (2003). On
Bayesian adaptation. Acta Applicandae Mathematicae, 79, 165-175.
MR2021886

[2] GHOSAL, S., LEMBER, J. and VAN DER VAART, A. W. (2008). Nonpara-
metric Bayesian model selection and averaging. Electronic J. Statist. 2,
63-89. MR2386086

[3] GHOsAL, S., GuosH, J. K. and VAN DER VAART, A. W. (2000).
Convergence rates of posterior distributions. Ann. Statist. 28, 500-531.
MR1790007


http://www.ams.org/mathscinet-getitem?mr=2021886
http://www.ams.org/mathscinet-getitem?mr=2386086
http://www.ams.org/mathscinet-getitem?mr=1790007

Y. Xing/On adaptive Bayesian inference 862

Huang, T. M. (2004). Convergence rates for posterior distributions and
adaptive estimation. Ann. Statist. 32, 1556-1593. MR2089134

LEMBER, J. and VAN DER VAART, A. W. (2007). On universal Bayesian
adaptation. Statistics and Decisions. 25, 127-152. MR 2388859

SHEN, X. and WASSERMAN, L. (2001). Rates of convergence of posterior
distributions. Ann. Statist. 29, 687-714. MR 1865337

STONE, C. J. (1990). Lerge-sample inference for log-spline models. Ann.
Statist. 18, 717-741. MR1056333

WALKER, S. G. (2004). New approaches to Bayesian consistency. Ann.
Statist. 32, 2028-2043. MR2102501

XING, Y. (2008). Convergence rates of nonparametric posterior distribu-
tions. available at www.arxiv.org: 0804.2733.

XING, Y. and RANNEBY, B. (2008). Sufficient conditions for Bayesian
consistency. (Preprint).


http://www.ams.org/mathscinet-getitem?mr=2089134
http://www.ams.org/mathscinet-getitem?mr=2388859
http://www.ams.org/mathscinet-getitem?mr=1865337
http://www.ams.org/mathscinet-getitem?mr=1056333
http://www.ams.org/mathscinet-getitem?mr=2102501

	Introduction
	Adaptation and Model Selection
	Log Spline Density Models
	Appendix
	Acknowledgements
	References

