n b
Electr® 8biljty

Electron. J. Probab. 25 (2020), article no. 130, 1-39.
ISSN: 1083-6489 https://doi.org/10.1214/20-EJP532

Level-set percolation of the Gaussian free field on
regular graphs II: finite expanders
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Abstract

We consider the zero-average Gaussian free field on a certain class of finite d-regular
graphs for fixed d > 3. This class includes d-regular expanders of large girth and
typical realisations of random d-regular graphs. We show that the level set of the
zero-average Gaussian free field above level h exhibits a phase transition at level h,,
which agrees with the critical value for level-set percolation of the Gaussian free field
on the infinite d-regular tree. More precisely, we show that, with probability tending
to one as the size of the finite graphs tends to infinity, the level set above level h
does not contain any connected component of larger than logarithmic size whenever
h > h,, and on the contrary, whenever h < h,, a linear fraction of the vertices is
contained in connected components of the level set above level h having a size of at
least a small fractional power of the total size of the graph. It remains open whether in
the supercritical phase h < h,, as the size of the graphs tends to infinity, one observes
the emergence of a (potentially unique) giant connected component of the level set
above level h. The proofs in this article make use of results from the accompanying
paper [2].
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1 Introduction

In this article we study level-set percolation of the zero-average Gaussian free field
on a class of large d-regular graphs with d > 3. This class contains d-regular expanders
of large girth and typical realisations of random d-regular graphs. Through suitable local
approximations of the zero-average Gaussian free field by the Gaussian free field on the
infinite d-regular tree we are able to establish a phase transition for level-set percolation
of the zero-average Gaussian free field which occurs at the critical value for level-set
percolation in the infinite model, that is, on the d-regular tree.
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Level-set percolation of the GFF on finite expanders

Level-set percolation and the local picture of the zero-average Gaussian free field
have been previously studied by the first author in [1] for the situation where the
underlying sequence of finite graphs is given by the discrete tori of growing side length
in dimension d > 3. The motivation for investigating the zero-average Gaussian free
field on the different class of finite graphs considered here (see (1.1)-(1.3) below) stems
from the insight that analysing probabilistic models on these types of finite graphs
has led to often very explicit and strong results over the years. Examples include
the emergence of a giant connected component for Bernoulli bond percolation (see
e.g. [4] and recently [15]), cutoff phenomena for random walks (see e.g. [17]) and the
appearance of a giant connected component in the vacant set of simple random walk
(see e.g. [8]). Actually, we will borrow the assumptions (1.1)-(1.3) on the finite graphs
from [8].

From a more general perspective, level-set percolation of the Gaussian free field
is a significant representative of a percolation model with long-range dependencies
and it has attracted attention for a long time, dating back to [19], [16] and [6]. More
recent developments can be found for instance in [21], [20], [23], [11] and [10]. For the
particular case of the Gaussian free field on regular trees we also refer to [24], [25]
and [2]; for more general transient trees to [3].

We now describe our results more precisely. We let d > 3 and assume that (G, )n>1 is
a sequence of graphs satisfying the following conditions.

Assumptions 1.1. There exist some «, 3 > 0 and an increasing sequence of positive
integers (N,,),>1 with N,, “=% oo such that for alln > 1

e G, is a simple, connected graph with N,, vertices which is d-regular (thatis, (1.1)
all its vertices have degree d),

e for all x € G, there is at most one cycle in the ball of radius |alogy_(N,)| (1.2)
around x (see (2.2) and above it for the precise meaning),

e the spectral gap of G,,, denoted by g, , satisfies g, > 5. (1.3)

Here by spectral gap we mean the smallest non-zero eigenvalue of I — P, where I is the
identity matrix and P is the transition matrix of the simple random walk on the graph
(see also [22], Definition 2.1.3 and beneath it).

These assumptions are satisfied for two important classes of graphs: (a) random
d-regular graphs, (b) d-regular expanders of large girth. Both classes are subject
of intensive research (see for example the monographs [26] for (a) and [14, 18] for
(b)). For an explanation of why assumptions (1.1)-(1.3) are satisfied by those two
classes of graphs we refer to [8], Section 2.2 and Remark 1.4. We also remark that
assumptions very similar to ours were used in recent studies of quantum ergodicity on
graphs [5].

On G,, we consider the zero-average Gaussian free field (see Section 2.2 for more
details about it) with law P9 on RY" and canonical coordinate process (Vg (z))scg, SO
that,

under P9, (Vg (x)).eq, is a centred Gaussian field on G,, with covariance
E9 [Wg, ()Wg, (y)] = Gg, (v,y) for all 2,y € G,, where Gg, (-, is the zero-  (1.4)
average Green function on G, (see (2.17)).

The zero-average Gaussian free field is a natural version of the Gaussian free field for
finite graphs. However, due to the zero-average property (see below (2.19)), it comes
with some peculiarities like the lack of an FKG-inequality and of the domain Markov
property.
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Our main interest lies in analysing the size (i.e. the number of contained vertices) of
the connected components of the level sets of Ug , i.e. of

Ei? ={z € G, |¥g, () > h} for h € R. (1.5)

In order to do so, it will be helpful to locally describe g, via the Gaussian free field
on the infinite d-regular tree T; with root denoted by o, that is, the centred Gaussian
field on T, with law PT¢ on R™“ and canonical coordinate process (¢, (z))zet, So that,

under PT4, (o1, (7))zeT, is a centred Gaussian field on T, with covariance
EY[op, (z)oT,(y)] = g1, (2, y) for all x,y € Ty, where gr, (-, ") is the Green  (1.6)
function of simple random walk on T (see (2.7)).

The Gaussian free field on T, has first been studied in [24]. Recently, more refined
results have been obtained by the authors in the accompanying paper [2]. These results
lay the groundwork for the present article and they will be central in our analysis of
the zero-average Gaussian free field on the graphs (G,,),>1. For now, we only recall the
critical value of level-set percolation of ¢,, that is,

b i=inf {h € R|PTe[|cT*"| = o] = 0}, (1.7)

where Cj *" is the connected component of the level set EZ! ={x € Tq|er,(x) > h} of
1, above level h containing the root o € T4. There is a crucdial spectral characterisation
of h, derived in [24], which leads to the proof of 0 < h, < co on T, for d > 3 (see [24],
Proposition 3.3 and Corollary 4.5). Actually, in the accompanying paper [2] we make
heavy use of this characterisation to obtain new results about ¢, on Tj.

Our main results concerning the size of the connected components of the level sets
of Ug, on the finite graphs (G, ),>1 satisfying (1.1)-(1.3) are the following: we show in
essence that (see Section 4, Theorem 4.1, for the precise statement)

in the subcritical phase h > h,, with high probability for large n, the
level set E\IZ,S of Ug, only contains microscopic connected components  (1.8)
(i.e. containing at most a logarithmic number of vertices of G,,);

and furthermore that (see Section 5, Theorem 5.1, for the precise statement)

in the supercritical phase h < h,, with high probability for large n, a linear
fraction of the vertices of G,, is contained in at least mesoscopic connected
components of the level set E\%Z of Ug (i.e. containing a fractional power

n

of the number of vertices of G,,).

(1.9)

Although giving a strong hint to, the result (1.9) leaves open whether in the super-
critical phase h < h,, with high probability for large n, there actually is a macroscopic
(giant) connected component in the level set above level h, i.e. containing a number of
vertices comparable to G,. Furthermore, in the affirmative, one could ask if this giant
component is unique, that is, if the second-largest connected component of the level set
above level h < h, only contains a negligible number of vertices compared to G, (see
also Remark 5.7).

As a comparison, the emergence of a unique giant connected component in the su-
percritical phase has been shown for Bernoulli bond percolation on d-regular expanders
of large girth in [4] (see also [15]) and for vacant-set percolation of simple random
walk on exactly the same graphs (G, ),>1 like here in [8]. In the latter, this result is
achieved by relating the model to vacant-set percolation of random interlacements on T.
Subsequently, more refined results have been obtained about the vacant set of simple
random walk on random regular graphs in [9] and [7].
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In the models mentioned above, the assertion of existence and uniqueness of a giant
component in the supercritical phase is achieved by a ‘sprinkling argument’ starting
from a statement like (1.9). In our situation, it would correspond to showing that
distinct mesoscopic connected components of E—g for a supercritical level h < h,
are going to be connected at a slightly smaller level 1/ < h with high probability, thus
forming large clusters. As [8] shows, it can be very involved to carry out sprinkling
arguments in the non-i.i.d. setting. The main obstacle to perform such an argument in
our context are the restrictions stemming from the defining zero-average property of
the field we are considering (see below (2.19)). This property prevents the zero-average
Gaussian free field from satisfying the FKG-inequality and the domain Markov property
(see also Remark 5.7). We point out that sprinkling techniques have been already
applied in the discussion of level-set percolation of the Gaussian free field in [12] to
construct an infinite connected component with the underlying graph being Z? for high
dimension d.

Let us briefly mention in what way the constants « and 3 from the assumptions (1.2)
and (1.3) influence the results. The first result (1.8) is essentially not affected by the
value of the constants but it relies strongly on their existence (see Remark 4.4 for more
details). In contrast, in (1.9) the size of the mesoscopic components depends on the
two constants (more precisely, « and [ appear as multiplicative factors in the fractional
power).

Let us now comment on the proofs of Theorem 4.1 and Theorem 5.1 (corresponding
to (1.8) and (1.9)). In both cases, the general philosophy is to locally approximate Ug
on the finite graphs by 1, on the d-regular tree and by that reduce the analysis to the
infinite model, which is easier to understand. A similar strategy has been successfully
carried out in [4] and [8] where the connected components in question are locally
approximated by Galton-Watson trees. In our setting the situation is considerably more
complicated since neither the connected components of the level sets of Vg nor the
connected components of the level sets of ¢, (used in the approximation) are locally
Galton-Watson trees, even if the connected components of E>h share some global
properties with them, as shown in [2]. The exact way how the “local approximation
by o1, is performed differs considerably between the subcritical and supercritical
phase.

In the supercritical phase h < h,, we use an approximation of ¥y, by ¢y, via
local charts around vertices of G,, with a tree-like neighbourhood (Theorem 3.1). Then
the proof of Theorem 5.1 (corresponding to (1.9)) is, roughly said, a second moment
computation based on this local approximation and involving a good control of the
supercritical level sets of o1, obtained in the accompanying paper [2].

More precisely, to show (1.9) we prove that the number of vertices contained in meso-
scopic connected components of the level set E—g concentrates around its expectation,
which we show to grow linearly in the total number of vertices. The concentration follows
by a variance computation and a second moment inequality. Actually, when estimating
the expectation and variance, it is enough to consider only vertices with a tree-like
neighbourhood since the assumption (1.2) (together with (1.1)) guarantees that the
number of vertices having a tree-like neighbourhood is comparable to the total number
of vertices in §,, (Remark 5.3). Thanks to the approximation of Vg by ¢, around such
vertices (Theorem 3.1 mentioned above), we are able to transfer the computations to
the regular tree. The linear lower bound on the expectation ((5.9) in Lemma 5.4) now
follows rather directly from this approximation and from [2], Theorem 5.3, showing that
connected components of the level sets of ¢, are mesoscopic with positive probabil-
ity in the supercritical phase. The control of the variance follows along similar lines
(Lemma 5.6). It requires the approximation of U, by ¢, on neighbourhoods of vertices
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with a tree-like and disjoint neighbourhood. This is provided by Theorem 3.1 as well.
Once we have reduced the computations to quantities for ¢, on T4, we can apply a
decoupling inequality ([20], Corollary 1.3) and deduce the bound on the variance again
from results on ¢, developed in the accompanying paper [2].

For the subcritical phase h > h, (Theorem 4.1 corresponding to (1.8)) the local
approximation of Ug_ by 1, around vertices with tree-like neighbourhood is not good
enough. On the one hand, the connected components of qu,gn may have a diameter that
is larger than the diameter of those neighbourhoods (at least if & is close to h,). On the
other hand, one expects that the connected components are typically ‘thin’. These two
points of ‘thinness’ and of ‘escaping the local charts’ suggest that the approximation of
Vg, by o1, should rather be carried out along the connected components of Eig We
achieve this by employing an exploration process uncovering the connected component
of the level set containing a given vertex (Algorithm 1 in Section 4). Roughly said, by
exploring ¥y, vertex by vertex we are able to couple it vertex by vertex to a number of
independent copies of ¢, on T4, hence bringing back the problem to the tree. Results
from [2] on ¢r, in the subcritical phase then conclude the proof.

More precisely, the exploration process aggregates the vertices found in the con-
nected component of E\%Z containing a fixed = € G, into a union of disjoint subtrees
of G,,. The decomposition into a union of disjoint subtrees is determined during the
exploration and it is dictated by the geometric properties of the graph G, and of the
evolving set of explored vertices. These geometric conditions guarantee that for each of
the disjoint subtrees we can approximate the zero-average Gaussian free field g on
the subtree by an independent copy of the Gaussian free field ¢, on Ty (Lemma 4.5). In
order to do so, it is crucial to have a good understanding of the conditional distribution
of the zero-average Gaussian free field (Propositions 2.1 and 3.6). As a consequence, the
size of each disjoint subtree of G,, constructed by the exploration process is dominated
by the size of the connected component containing the root o € T, of the level set of
T, above a slightly lower level h — ¢ (Corollary 4.6). The last two ingredients for the
proof of (1.8) are now a control on the number of disjoint subtrees (Lemma 4.3, already
proven in [8]) and a control on the exponential moments of the size of the connected
component of the level set of ¢, containing the root o € T, in the subcritical phase
(see [2], Theorem 6.1).

Incidentally, let us point out that exploration processes are frequently used in the
Bernoulli percolation literature and actually, a variant of such an algorithm was applied
in [8] to deal with the vacant set of simple random walk in the subcritical phase. However,
in our setting we cannot follow the ‘standard’ procedure. Usually, to show statements
like (1.8), a good control on the termination time of the exploration process is necessary,
i.e. on the time by which the connected component is completely uncovered. This is
typically done by comparing the number of yet unexplored vertices to a random walk
of negative drift. In our case this is not possible, essentially again because locally
the connected components of E%S are not approximated by Galton-Watson trees (as
mentioned earlier).

The structure of the article is as follows. In Section 2 we collect the notation and
some results on the Gaussian free fields on both the finite graphs and the infinite tree.
In particular, in Section 2.1 we recall results on ¢, from [24] and [2]. Then in Section 3
we investigate the local picture of the zero-average Gaussian free field on G,, and its
connection to the Gaussian free field on T;. The content of these first two sections will
be subsequently used to show Theorem 4.1 (corresponding to (1.8)) and Theorem 5.1
(corresponding to (1.9)). More precisely, in Section 4 we deal with the subcritical phase,
ultimately proving the non-existence of connected components of E\Iz,g for h > h, of
larger than logarithmic size (Theorem 4.1). Finally, in Section 5 we conclude with the
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proof of Theorem 5.1 showing that for h < h, most vertices of G, live in a connected
component of E%Z of at least mesoscopic size.

n

2 Notation and useful results

In this section we introduce our main notation and recall the essential material about
the Gaussian free field on the d-regular tree T, that will be needed in the study of the
zero-average Gaussian free field on the finite graphs (G,),>1 (Section 2.1). We then
continue with some results on the zero-average Gaussian free field (Section 2.2) and on
the zero-average Green function on G,, (Section 2.3).

As mentioned earlier, we consider for fixed d > 3 the d-regular graphs (G,)n>1,
satisfying the assumptions (1.1)-(1.3). For the constants « and 3 appearing in these
assumptions we assume without loss of generality that

a<l and B < 2. (2.1)

Indeed, for « this is trivial and for g it follows from the fact that the matrix P (see
below (1.3)) is a symmetric stochastic matrix and thus all its eigenvalues are contained
in the interval [—1, 1]. Consequently the eigenvalues of I — P are contained in [0, 2].

For the general graph notation introduced in the next two paragraphs, G stands
either for G,, or for T; with root o.

By z € G resp. U C G we mean a vertex resp. a subset of vertices of the graph G. We
let dg(-, ) denote the graph distance on G. For any U C G, |U| stands for its cardinality,
and 9gU = {y € G\ U |y has some neighbour z € U in G} denotes its (outer) boundary
in G. For any R > 0 and x € G we define the balls and spheres of radius R around x to be
Bg(z,R) ={y € G|dg(x,y) < R} and Sg(z, R) = {y € G|dg(x,y) = R}. The maximum
number of edges that can be deleted from the subgraph of G induced by some connected
subset U C G while keeping it connected is called tree excess of U and we denote it by
tx(U). (I.e., tx(U) = ‘number of edges of G with both vertices in U’ — |U| 4+ 1.) Note
that tx(U) = 0 if and only if (the subgraph induced by) U is a tree. In particular, the
assumption (1.2) can be rewritten as

tx(Bg, (z, |alogy_1(Ny)])) <1 foralln >1andx € G,. (2.2)
For z,z € G a path from z to z is a sequence of vertices x = yo,y1,...,ym = z in G for
some m > 0 such that y; and y;_; are neighbours forall: =1,...,m (if m > 1). Itis a

non-backtracking path from z to z if in addition y; # y;_o foralli =2,...,m (if m > 2);
note that we are not requiring y; # y;— for k > 2 here.

We write Pf for the canonical law of the simple random walk on G starting at z € G as
well as EY for the corresponding expectation. The canonical process for the discrete-time
walk is denoted by (X )r>0. For the continuous-time walk with i.i.d. mean-one exponen-
tial holding times we write (X;);>o. Given U C G we write Ty == inf{k > 0| X}, ¢ U} for
the exit time from U and Hy = inf{k > 0| X}, € U} for the entrance time in U of the
discrete-time walk (here we set inf () := 00). For the continuous-time simple random walk
Ty and Hy are defined accordingly. In the special case of U = {z} we use H, in place
of H{z} .

For G = T4; we need some extra notation. In this case, there is a unique non-
backtracking path of length dr,(z, z) between any two vertices z, z € T, (namely the
geodesic path). For x € T, \ {o} let T be the unique neighbour of z on the non-
backtracking path from = to 0. Moreover, let 0 € T, denote a fixed neighbour of the root
o € T,. For z € T; we define

U, = {z € T, | the geodesic path from z to z does not contain z}. (2.3)
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In particular T4 = {o} U U?=1 U, if St,(0,1) = {z1,...,24}. In the special case of z = o
we write T} = U,. We also set Bf (0,R) = {y € T |dr,(0,y) < R} and similarly
St,(0,R) == {y € T |dp,(0,y) = R} for R > 0.

Finally, some notation for the finite graphs (G,,),>1. Foralln > 1 and = € G,, we fix a
cover tree m, , of G, at z, that is, a surjective map =, , : Tq — G,, such that 7, (o) =z
and such that for all y € T, one has 7, ,(St,(y,1)) = Sg, (7n.+(y), 1), meaning that =, ,
preserves the neighbourhood of radius 1 of any y € T,. Note that:

if x € G,, with tx(Bg, (z, R)) = 0 for some R > 0, then the map =, , restricted

to Br, (0, R) induces a graph isomorphism from Br, (o, R) to Bg, (z, R); (2.4)

a sequence of vertices o0 = yo,y1,.-.,ym € Tgq, m > 0, is a non-backtracking
path in Ty starting at o if and only if 2 = 7, +(Y0), Tn,z (Y1), - - s Tnz(Ym) € Gn  (2.5)
is a non-backtracking path in G,, starting at x.

Furthermore, for the cover tree =, , of G, at z, the process (7, 5 (Xx))r>0 under ngd has
the same law as (Xj)x>o under PY~. Hence, for U C G,, and k > 0,

P Xy, € U] = Py [m,o(Xi) € U] = Py [X), € mp 5 (U)- (2.6)

A final word on the convention followed concerning constants: by ¢, c/, ... we denote
positive constants with values changing from place to place and which only depend on
the dimension d and the constants « and 8 from the assumptions (1.1)-(1.3). Numbered
constants cg, c1, ... are defined in the place of first occurrence and thereafter remain
fixed. The dependence of constants on additional parameters appears in the notation.

2.1 Some properties of the Gaussian free field on regular trees

In this section we recall basic facts related to the Green function and the Gaussian
free field on T,. We also restate a couple of results about ¢, that were derived by
the authors in the accompanying paper [2] and that will be used in several occasions
throughout the rest of this article.

The Green function g, (-, ) of simple random walk on T is (see [28], Lemma 1.24,
for the explicit computation)

d—1

= 1 dr (x’y)
gr,(z,y) = BT {Z 1{Xk:y}} _ ﬁ(ﬁ) 7 forz,y € Ty, 2.7)
k=0

For U C T, the Green function g%d (+,-) of simple random walk on T killed when exiting U
is gf (x,y) = ET [Zogk<TU 1{x,=y}]. The functions gr,(-,-) and 9%, (-,-) are related by
the identity

gm, (1’, y) = g'(]I]‘d (.’E, y) + E;Td [gTd (XTva)l{TU<OO}} for T,y € Td~ (28)

We continue by collecting known results and properties of ¢r,. Recall from (1.6)
that (pr,(x))zer, is the centred Gaussian field with covariance given by gr,(-,-). An
important feature of the Gaussian free field is the domain Markov property: for U C T,
let (% (7))zet, be a new field defined by

W%d(x) = QDTd(x) - E;Pd [@Td (XTU)]'{TU<OO}} for x € Ty.

Then,
under P"¢, (of (2))ser, is a centred Gaussian field on Tqy
which is independent from (o1, (2)),et,\v and has covariance (2.9)
EY[of, (2)¢F, ()] = 9§, (2, y) for all z,y € Ty.
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As a consequence of (2.9), the Gaussian free field on T; can be obtained by the fol-
lowing recursive construction (explained in detail in [2], Section 2.1). Let (Y,,).eT, be a
collection of independent centred Gaussian variables defined on some auxiliary probabil-
ity space (€2, A, P) such that Y, ~ N (0, gr,(0,0)) = N(0, 4=L) and Y, ~ N(O,g%: (z,2)) =
N(0, %) for z # o. Define recursively

p(0) =Y, and ¢(z):= %w( )+Y, forxzeTy)\ {o}. (2.10)
Then,

under P, the law of (3(z))zer, is P4, (2.11)

so that (2.10) can be used as an alternative description of (¢, (z))zer,. In particular, it
gives a representation of the conditional distribution of ¢, given ¢1,(0) = a € R,

Plrd I:(SOTd (y))yer ] = IPTd [(‘pTd (i‘/))yGTd S ‘ T, (0) = a]7 (2.12)

with corresponding expectation E'<,

We turn to known results about level-set percolation of the Gaussian free field on T¢
from [24] and [2]. First, there is a characterisation of the critical value h, through eigen-
values (A\,)ner of certain self-adjoint operators (L )ner (see [24], Section 3, summarised
in [2], Proposition 2.1). Important for us will be that (see [24], Proposition 3.3)

the map h — ), is a decreasing homeomorphism from R to (0,d — 1)

and h, is the unique value in R such that \;, = 1. (2.13)

To restate the other results we remind that Cy ©" denotes the connected component of

the level set E>h above level h containing the root o € T; (see below (1.7)). The second
result says that (see [2], Theorem 5.1)

the ‘forward percolation probability’ h — n™(h) given by n™(h) =
PTa Uc?fd’h N T;‘ = oo| is continuous and positive on (—oo, h,) and (2.14)
vanishes on (h,, 00).

The third result controls the subcritical behaviour (see [2], Theorem 6.1). It shows that
(with Y ~ N (0, 72 1) and EY the expectation with respect to Y)

for h > h, there exists §, > 0 such that the function g(a) =
ETe[(1+94 )|CTd)h”T+|] satisﬁes for all @ > h the equality gj,(a) =
(1+6)EY [gn(5% + Y)] . Moreover, there exist cp,, ¢} > 0 such
that g5 (a) < ¢y exp(c,a’/?) for all a > h.

(2.15)

Finally, the last result about ¢1, needed in the sequel in the supercritical regime is
the following fact in which the Ay, h € R, from (2.13) appear: by [2], Theorem 5.3,

)\k
lim T[T N S (0,k)| > T5] =0 (h) >0 forall h < h. (2.16)

k—o0

2.2 Some properties of the zero-average Gaussian free field

We now introduce the zero-average Green function associated to the simple random
walk on G,,. We then remind of a basic property of the zero-average Gaussian free field
Vg, of similar type as (2.9) (see (2.20) and (2.21)) and use it to compute conditional
distributions of ¥ (Proposition 2.1). Let us point out that the formulas for the condi-
tional distribution of the zero-average Gaussian free field are derived without using any
particular geometric property of the underlying graph. In other words, the formulas
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hold in general for the zero-average Gaussian free field on any (simple and connected)
finite graph.

The zero-average Green function Gg, (-, -) associated with the simple random walk on
G, is given by

L

Gg, (z,y) = / (Pf [(X: =y N ) dt forz,y € G,. (2.17)
0 n

It is symmetric, finite and positive-semidefinite, i.e. for any f : G, — R one has

>eyeq, [(@)Gg, (z,y)f(y) > 0 (see [1], Remark 1.2). For U C G, we define ¢ (-,-)

to be the Green function of simple random walk on G, killed when exiting U, that is, for

7,y € Gn,

o0

0§ (@)= B[ D0 Ay | = D PO X =y b < T, (2.18)
0<k<Ty k=0

As g% (-,-) it is symmetric, finite and vanishes for x ¢ U or y ¢ U. The functions Gg, (-, -)
and ggn(-, -) are related by a similar expression as the identity (2.8) for the Green
functions on T4. More precisely, for U C G, and z,y € G, it holds (see [1], Lemma 1.4)

Go, (29) = o, (v.) + B (G, (X, v)] — 5 B9 [T (2.19
(Lemma 1.4 in [1] is stated in the case of a discrete d-dimensional torus as underlying
graph. However, its proof applies as well to the graph G,,.)

Recall from (1.4) that (Ug, (z)).cg, is the centred Gaussian field with covariance
given by Gg, (-, -). We point out that the Green function Gg_(-,-) is called ‘zero-average’
since its average over G, in any of the two arguments is zero. This implies that the
average of Vg (z) over x € G, vanishes P9~-almost surely and explains the name
‘zero-average Gaussian free field’.

In the same way as the identity (2.8) allows for the property (2.9) of the Gaussian
free field o1, on T,4, the identity (2.19) implies a similar (but not equal) property of
the zero-average Gaussian free field ¥, on G,. It is given below and follows from [1],
Lemma 1.7. There it is stated and proved for the zero-average Gaussian free field on the
discrete d-dimensional torus but the proof applies, with the obvious adjustments, also to
our situation. For U C G,, set

¢d (z) = Vg, (z) — E$"[Vg, (X1,)] forz € G,. (2.20)

Then,
under P9, (97 ())zeg, is a centred Gaussian field on G,, with

covariance E9 (WY (2)¢Y ()] = 94 (x,y) for all z,y € G,. (2.21)

Note that (¢J ())zeg, cannot be independent from (¥g, (z)),eg,\v due to the zero-
average property of ¥; . However, there is still some independence present, and we
will actually take advantage of it in the derivation of conditional distributions of ¥¢_ in
Proposition 2.1 (see (2.28)). We would like to remark once more that property (2.21)
above and Proposition 2.1 below do not rely on the particular geometry of the graph G,,
but hold in general.

We will now compute the exact expression for the conditional distribution of ¥g_(z)
for z € G,, given ¥y, on some A C G,. For the remainder of this section let us introduce
the notation F4 with A C G,, non-empty to denote the o-algebra

Fa= a(\I/gn(y),y S A) (2.22)
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Proposition 2.1. Let A C G,, non-empty and = € G,,. Then P9~ -almost surely

E9H
E9" [Wg, (2)|Fa] = EZ"[Wg, (Xn,)] — ME% [Pg, (Xm.)] (2.23)
and
Varpg., (‘I’Qn (m)‘}—A)
G [H 4] (2.24)

E7
= ng (ij 1‘) - Exgn [ng, (XHAvx)] + TEEH [ng (XHAvx)]'

Ex" [H 4]
Here E9" is the expectation with respect to Ni >.cq, P9~, i.e. the canonical law of
simple random walk on G,, starting at a uniformly chosen vertex.

Proof. We will abbreviate U := G,, \ A C G,,. In particular Ty = H4. Note that by (2.20)
one can write Vg, (z) = of (z) + E9n[Vg (Xp,)], the second term actually being F4-
measurable. Hence E9" [Ug, ()| Fa] = EJ" Vg, (Xp,)] +E9 [¢f (x)|Fa] and moreover
also Varpe, (Vg, ()| Fa) = Varpe, (9§ (x)|Fa). For (2.23) it is therefore enough to show
that P9 -almost surely

E9 [T,

B9 [, (@) Fa] = — 2o U] g fug, (x, )] (2.25)

EZ[Ty]
On the other hand, for (2.24) it is enough to show (use (2.19) to manipulate the first two
terms on the right hand side of (2.24))

E9 [T, E.[T,
Varpe, (¢g (z)|Fa) = 95 (z,2) + Eé“m (Efr’" [Gg,, (X1,,2)] — %) (2.26)
T U n
Let us fix ¢y € A. We claim that
Fa=0(Loev 99, (2), ¥a, () — ¥, (20),y € A). (2.27)

To see (2.27) first note that F4 = o(¥g, (z0), Yg, (y) — ¥g, (z0),y € A). Moreover, by the
zero-average property of Ug (see below (2.19)), one PY9~-almost surely has

1

Vg, (x0) = N Z (Yg,(2) = Vg, (z0))
" zeG,
@20 1

= - > (@6, (2) + B9 [Wg, (Xr,)] — Pg, (20))
" 2€G,
1 1

= - D B9 [, (Xr) - Vo, (o))
" zeUu " 2€Gn

Since the latter sum is o(¥g, (y) — ¥g, (x0),y € A)-measurable, the two c-algebras
7(W, (x0), g, (y) — Vg, (x0),y € A) and o (3. .y @Y, (2), Vg, (4) — Vg, (o), y € A) coin-
cide, which shows (2.27).

Now note that

for = € G, and y € A the Gaussian random variables ¢J (z) and
. n (2.28)
Vg, (y) — ¥g, (z0) are independent.

Indeed, E [of (2)(¥g,(y) — Y, (20))] = Gg,(2,9) — EZ"[Gg, (X1,,y)] — G, (2, 20) +
E9[Gg, (X1,,70)] by (2.20) and (1.4). This by (2.19) and (2.18) is equal to ggUn(z,y) —
9§ (z,20) = 0 (since y, zo ¢ U).
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Recall that for random variables U, Y, Z such that U is integrable and Z is independent
of 0(U,Y) one has E[U|o(Y, Z)] = E[U|o(Y)] almost surely (see e.g. [27], 9.7(k)). Hence
E9 [0 (2)|Fa] =E9[¢Y (2)|o(>.cp ¢5. (2))] P9-almost surely by (2.27) and (2.28).
Since, in general, Var(X|o(Y)) = E[X?|o(Y)] — E[X|o(Y)]?, the same observation shows
that one also has Varpe, (¢F (#)|Fa) = Varpe, (95 (2)|o(3,ci ¥5. (2))). Therefore, the
conditional expectation and variance to be considered in (2.25) and (2.26) are actually
only with respect to the sigma-algebra generated by the single Gaussian random variable
> .cu ¢4, (2). So by the formula for conditional expectation/variance of the bivariate
centred Gaussian distribution we have

\ _ B [0g, (2) ¥ev 96, (2)]
B ) = G (] 27
B [0, (1) S 08, ()]
9 [(L.cv ¢4, (2)]

Forevery u € G, one has Y, ., B9 [ol (u)od (2)] =3, 95 (u,2) = EJ*[Ty] by (2.21)
and (2.18). By applying this and (2.9) inside (2.29) we obtain

Gn
B[, @17 = = ot s 3 #6,()
z€ Z zeU

En [Ty)?
ZZEU Ezgn [TU]

We are almost done. Observe that by (2.21), (2.20) and the zero-average property of ¥g
it P9 -almost surely holds

v (2) =D ¢6.(2) =Y (Vg,(2) — ES" (g, (Xn,)]) = = Y E9"[¥g, (Xr,)].
zeU z€Gn 2€Gn 2€Gn

This combined with (2.30) shows (2.25). On the other hand, by the formula above (2.30),
(2.19) and the zero-average property of Gg, (-, -) (see below (2.19)) one has

(2.29)

Varpo. (95, ()| Fa) = E9 [¢f (2)?]

(2.30)

Varpe, (¢g, ()| Fa) = 95, (z,2) —

Eg”[TU] 1 U 1 U
L W AR P A

" zeU " 2€Gn

1 1
= > (B9(Gg, (Xn,), 2] = 5~ B9 [Tv] = G, (2,2))
" 2€Gn n

E.[Ty]
NTL .

This combined with (2.30) proves (2.26) and concludes the proof of Proposition 2.1. O

= Egn [ng (XTU ) 'T)} -

2.3 An upper bound on the zero-average Green function on G,

We conclude Section 2 with an upper bound on Gg,(+,-) which is going to be of
particular use in the proof of Proposition 3.5 needed for the supercritical phase. Note
that the obtained bound (2.33) relies on the assumptions (1.1)-(1.3) on the geometry of
Gy, and resembles the expression for the Green function g, (-, ) on Ty (see (2.7)). We

first define the new constant 5
(2.1)
co = % € (0,1). (2.31)

Proposition 2.2. For alln > 1 and z,y € G, it holds that

1

m. (2.32)

16d—-1 1 \deon(2:y)
(7=7)

_ %
< — B
Gg,(v.y) < ——— +2In(N,)N,, 7 +
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In particular, for all n large enough and x,y € G, satisfying dg, (,y) < % log,_(N,) it
holds that

d—1 1 \don(zy)
G < _ . 2.
g"(x’y)_gde(dfl) (2.33)

(2.1)
Proof. For this proof we set u, = @ In(Nn) = % In(N,) < In(N,) and wy, =
|lalogy_1(N,)|. By [22], Corollary 2.1.5, one then has (the stationary distribution of
(X¢)t>0 is the uniform distribution on G,, due to (1.1))
On the other hand, by switching to the discrete-time walk (X} )>0 and with M; ~ Poi(¢)

for t > 0 describing the number of jumps of the continuous-time simple random walk up
to time t we have

0o —AgnpUn (1.3) 1
—ldt < “Aont gy — & < _ 2.34
- /un ‘ X, T BNy (234

n

" pon(x, = P[M, = k|P9" X, = y] dt + -2
| leze / Z A =uldtt
Wn g [e'e) tk . Un Up (235)

=1
Note that for 0 < ¢ < u,,, by Markov’s inequality, P[M; > w,] = P[(d — 1)M: > N¢] <
Nn—(xE[eln(d—l)]Wt] _ Nn—aet(d—Q) < Nn—aeun(d—Q) _ Nn—aealn(Nn)—un — e Un — anco/ﬂ'
Therefore (2.35) implies

/ Py [X: = Pg" Y+ unlNy ©
0 Nn
w, (2.36)
(2.6) = _ <o
< N PlXy € mt({yh)] +2In(N,)N,, 7
(2.31) 5—0

for the cover tree 7, , of G, at z. To bound the sum appearing on the right hand side
of (2.36) we consider different cases for m,, .. ({y}) N Br, (0, wy,).

If |7, L ({y}) N By, (0, w,)| = 0, then the sum on the last line of (2.36) vanishes and
together w1th (2.34) this shows (2.32).

If |7 L ({y}) N Br,(0o,wn)| = 1, say the intersection is {u} (this is in particular the
case if y € Bg, (z,w,) and tx(Bg, (z,w,)) = 0), then the sum appearing on the right
hand side of (2.36) can be rewritten as

Wn Wn (2.7)
S PRXemL({yh)] = > PM[Xi=u] < gr,(0,u)
k=0 k=0

(Zj)d—l( 1 )de(O»“)_d—l( 1 )dgn(z,y)
T d—2\d-1 T d-2\d-1

and together with (2.34) this shows (2.32).

It remains to consider the last case, that is, |7, %({y}) N Br,(0o,w,)| > 2. Then
Bg, (x,w,) contains a (unique by (1.2)) cycle of some length ¢. Let us abbreviate B :=
Br,(0,w,,) and define for m > 0 the disjoint intervals I,,, := [dg, (x,y) + m{,dg, (z,y) +
(m + 1)¢) of length ¢. We claim that one has the disjoint union

m B = {zemt({yh) N Bldr,(0,2) € I} 2.37)

with |{z € 7, .({y}) N B|dr,(0,2) € I, }| <2 form > 0.
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This fact is a direct consequence of Lemma 2.3 stated and proved below. We first
conclude the proof of Proposition 2.2 assuming (2.37). The sum on the last line of (2.36)
can be bounded, in case |7, L ({y}) N Br, (0, w,)| > 2, by

Wy,

S PXpem iyl < > > Pl Xy =1

k=0 k=0 zer, m({yHnB

(.7 d—1 ( 1 )de(O»Z) 230 d—1 <& ( 1 )dgn (z,y)+me
lz: d—2\d—-1 - d-2 Z d—1
z€mn = ({y}H)NB m=0

= ij_;(l)dgn(xvy)l(ldil)z < L;S%( 1 )dgn(ﬂfyy)

d—1

)

d—1

where in the last step we use that d > 3 and ¢ > 3, too, since / is the length of a cycle.
This, combined with (2.34) and (2.36), concludes the proof of (2.32) also in this case,
once (2.37) is asserted. To derive (2.33) from (2.32) it is enough to recall that ¢y < 1 and
8 < 2 (see (2.31) and (2.1)). Hence one has %0 < min{cp, %0} and therefore for n large
enough also

-2 1 1 1 C:TOIOgd_l(Nn)
2In(N,)) Ny <L -(5)
n(Nn) JrBNﬁO_NfO T-1
< 5d—1 ( 1 )dgn(lvy) (2.38)
—7d—-2\d-1 ’
——
>1

assuming z,y € G, are such that dg, (v,y) < % log; ;(N,). We can combine (2.32)
with (2.38) to obtain (2.33).

To conclude the proof of Proposition 2.2 it only remains to show (2.37), which follows
directly from the next lemma.

Lemma 2.3. Let x € G,,, R > 0 and assume Bg, (x, R) contains a unique cycle of length /.
Recall that m, , is the fixed cover tree of G, at x and assume y € Bg, (z,R). Then

|{z € 7L ({y}) N Bru(0, B) | dr,(0,2) € [0,dg, (z,))}| = 0. (2.39)
Moreover, for all k > 0 one has
‘{z € 772 ({y}) N Br, (0, R) | du, (0, 2) € [k ki + 5)}‘ <2. (2.40)

Proof. For any vertex z € m, . ({y}) N By, (0, R) there is a unique non-backtracking path
of length dr, (0, z) from o to z in B, (0, R). Therefore, by the one-to-one correspondence
from (2.5), every such z uniquely determines a non-backtracking path of length dr, (o, 2)
connecting z to y in Bg, (¢, R). Thus (2.39) is clear and for (2.40) it is enough to show
that for all £ > 0 one has

Hnon-backtracking paths from z to y in}’ <9

Bg, (z, R) of length in [k, k + ¢) (2.41)

Let us denote by C = {c1,...,¢;} C G, the unique cycle of length ¢ in Bg, (z, R)
and by z = zy,...,z; for some i > 0 the unique non-backtracking path in Bg, (z, R)
from z to C such that z; € C and zy,...,2z;—1 ¢ C (if ¢ > 1). This path is unique for if
x = Zo,...,T; was another such path, then one could find a cycle different from C in
{zo,...,2:,%0,...,Zj,¢1,...,c0} € Bg, (z, R). Analogously, we let y = yo, ..., y; for some
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j > 0 be the unique non-backtracking path in Bg, (z, R) from y to C such that y; € C' and
Yo,---,Yyj—1 ¢ C (if j > 1). We distinguish two cases: either {zo,...,z;} N {yo,...,y;} =0
or the intersection is not empty.

In the first case any non-backtracking path from z to y in Bg, (z, R) starts with the
segment o, ..., z; from z to C and ends with the segment y;, ...,y from C to y because
a non-backtracking path vy, ...,vs from = to y in Bg  (x, R) with (vo,...,v;) # (xo, ..., x;)
or (Vs—j,...,vs) # (Yj,...,y0) would imply the existence of a cycle different from C
in {vo,...,vs} U{ecr,... e} U{zo,..., 2} U{yo,...,y;} € Bg,(z,R). In between the
segments xg,...,x; and y;,...,yo any of those non-backtracking paths can only visit
vertices in C (else there would be another cycle in Bg, (z, R)) and they can only do so in
clockwise or anti-clockwise direction (because they are non-backtracking). To wrap up:
any non-backtracking path from z to y in Bg, (x, R) starts with the segment zy,...,z;,
then goes M times (for some M > 0 and some direction) around the cycle C from z; to
x;, then continues (in the same direction) along the cycle from z; to y; (note that x; # y;
by assumption) and then ends with the segment y;, ..., yo.

In the second case, that is if {zg,...,2;} N {yo,...,y;} # 0, let m € {0,...,i} and
m’ € {0,...,5} be such that z,, = ym and {xo,...,Zm-1} N {Y0,- -, Ym—1} = 0. In

other words, x,, = yn is the first common vertex of the paths xg,...,z; and ¥, ..., ;.
Any non-backtracking path from z to y in Bg, (z, R) starts with the segment zy, ..., 2,
and ends with the segment y.,,,/, ..., yo because a non-backtracking path vy, ...,vs from
x to y in Bg, (z, R) with (vo,...,vm) # (Zo,...,Zm) OF (Vs—m/y.-.,Us) # (Ymss---5%0)
would imply the existence of a cycle different from C in {vg,...,vs} U {c1,...,ce} U
{zo,.. .,z }U{yo,...,y;} C Bg, (x, R). In between the segments zy, . .., T, and ¥, - . ., Yo
any of those non-backtracking paths either does not do anything (possible since z,,, =
Ym by definition, i.e. the full path is zq,...,Zm,Ym —1,...,y0) Or it has to form a non-

backtracking path from z,, to itself of non-zero length. Note that in any graph a non-
backtracking path (of non-zero length) from a vertex to itself necessarily contains vertices
of a cycle. In our situation C is the only cycle in Bg, (z, R) and so any non-backtracking
path (of non-zero length) from z,, to x,, necessarily touches C. Therefore, it has to start
with the segment z,,, ..., z; from z,, to C and end with the segment z,, ..., z,, from C
to x,, (else there would be a cycle different from C' in Bg, (z, R)). Between the segments
Tm, ..., T; and x;, ..., T, it can only visit vertices in C' (else there would be another cycle
in Bg, (z, R)) and it has to do at least one full turn around the cycle in clockwise or
anti-clockwise direction (because non-backtracking). To wrap up: any non-backtracking
path from z to y in Bg, (z, R) is either of the form zg,...,Zm, Ym/—1,--.., Yo Or between
the initial segment x,...,x,, and the final segment y,,’, ...,y it continues with the
segment x,,,...,x;, then goes M times (for some M > 1 and some direction) around the
cycle C from z; to z; and then goes back to y,,» through z;, ..., z,,.

In any of the two cases, different non-backtracking paths from z to y in Bg, (z, R)
differ by at least £ in length (the length of the cycle) except if they go around the full cycle
both M times but in different directions (clockwise or anti-clockwise). This shows (2.41)
and concludes the proof of Lemma 2.3 and hence also of Proposition 2.2. O

3 The local picture of the zero-average Gaussian free field

In this section we investigate the local behaviour of the zero-average Gaussian free
field and we derive key results and estimates that will be used in Section 4 and Section 5
for proving the main theorems of this article (Theorem 4.1 and Theorem 5.1 correspond-
ing to (1.8) and (1.9)). The results in this section support the intuition that the local
picture of the zero-average Gaussian free field Ug, on G, is given by the Gaussian free
field ¢, on T4. We will see two instances here: first we show in Section 3.1 that one
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can locally approximate g, around vertices of G,, with a tree-like neighbourhood (Theo-
rem 3.1). This will be the type of approximation of ¥y by ¢, needed to deal with the
supercritical phase in Section 5 and to prove Theorem 5.1 (corresponding to (1.9)). Then
in Section 3.2 we derive that in certain situations the conditional distributions of ¥g_
(given in Proposition 2.1) resemble conditional distributions of ¢, (Proposition 3.6, see
also (3.14)). This will be the crucial ingredient for approximating ¥g,_ by ¢, along
the connected components of subcritical level sets and ultimately proving Theorem 4.1
(corresponding to (1.8)) in Section 4.

3.1 Alocal approximation of V; by ¢1, on tree-like neighbourhoods

The goal of this section is to prove Theorem 3.1 below, stating the approximation of
the zero-average Gaussian free field ¥5, on neighbourhoods of vertices with tree-like
surroundings by the Gaussian free field ¢, on T,4. This supports the intuition that the
local picture of Wg,_ on G, is given by ¢, on T;. The approximation derived here will be
used in Section 5 to prove the main result (1.9), i.e. that a linear fraction of the vertices
of G,, is contained in mesoscopic connected components of the level set above level h
if h < h,. Theorem 3.1 will allow us to reduce the required computations on ¥g,_ to
computations on ¢T,,.

For the remainder of Section 3.1 we introduce some notation. Recall (2.4). If n > 1,
z € G, and R > 1 with tx(Bg, (z, R)) = 0, then we use p, r : Bg, (¢, R) = Br,(0, R) to

denote the graph isomorphism given by (7Tn,w| Br (o0 R))‘l, Furthermore, for all n > 1
4 (0,

and pairs z,2’ € G, we fix z, ,» € W;}L({a:’}) CTy Ifn>1, 2,2 € G,, R>1with
tx(Bg, (z,R)) = tx(Bg, (2, R)) = 0 and Bg, (z,R) N Bg, (¢/,R) = 0, then let p, . g :
Bg, (z,R)U Bg, (', R) — Br,(0, R) U By, (24, R) denote the graph isomorphism given
71 . .

by (W"v’c|B1-d(o,R)uBm~d(zm,m/,R)) . Finally, recall the constant ¢y from (2.31). The main
result of this section is the following

Theorem 3.1. For all n large enough, z,2' € G,, 1 < r < R < €log,; (N,) with
tx(Bg, (z,2R)) = tx(Bg, (¢/,2R)) = 0 and Bg, (z,2R) N Bg, (z',2R) = (), there exists a
coupling Q,, of ¥g, and opr, such that for alle > 0

Q. wp [ Ten(y) — ory (e an())] > }
y€Bg,, (x,r)UBg,, (z',r) (31)
e2(d—1)(d—-2)

< 8d(d —1)"exp ( - YPE

(d o 1)R72r> .

In particular, for all largen, v € G,,, 1 <r < R < ¢ log,_,(N,) with tx(Bg, (z,2R)) =0,
there exists a coupling Q,, of Vg, and pr, such that for all ¢ > 0 the same bound as
in (3.1) applies t0 Qu [$pe g, (2,1 [ Y6, (4) = 1, (pe2r())] > €]

We now proceed with some preparations for the proof of Theorem 3.1. The first
goal is an easy preliminary coupling of ¥, and o1, around vertices of G,, with tree-like
neighbourhood (Lemma 3.3). In its proof we use the following observation.

Remark 3.2. Let 2,2’ € G, and R > 1 satisfy tx(Bg, (z,R)) = 0, tx(Bg,(z',R)) = 0
and Bg, (z,R) N Bg, (¢',R) = (. Assume that U C Bg, (z,R—1)U Bg, (¢/,R — 1), so
that 9g,U C Bg, (x,R) U Bg,_ (2, R). Then for any y € Bg_(x,R) U Bg, (2, R) C G, the
image under m,,, of the law of the simple random walk on Ty started at p, ./ r(y) €
Br, (0, R)UBr,(24,,, R) C T4 and stopped when exiting p, ,+ r(U) is the same as the law
of the simple random walk on G,, started at y and stopped when exiting U. In particular,
the hitting distribution of the boundary dg, U of the walk on G, is the image under =, ,
of the hitting distribution of dr,p, ./ r(U) of the walk on T, that is, for all y € U and
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z € 0g, U we have

P Xny = A= Py l¥n, o = pear ()] (3.2)

Similarly, for any = € G,, with tx(Bg, (x,R)) =0, U C Bg, (z,R—1),and y € Bg, (z,R) C
G, the image under 7, , of the law of the simple random walk on T started at p, r(y) €
Br, (0, R) C T4 and stopped when exiting p, r(U) is the same as the law of the simple
random walk on G, started at y and stopped when exiting U. So (3.2) holds for p, ,»/ r
replaced by p,. r. O

As a direct implication of the above Remark 3.2 we obtain a straightforward way to
couple Vg, on Bg, (z, R) U Bg, (', R) with o1, on By, (0, R) U By, (24,07, R).
Lemma 3.3. Assume that z,2’ € G,, with tx(Bg, (z, R)) = tx(Bg, (¢/,R)) = 0 satisfy
Bg, (z,R)N Bg, (z',R) = 0 for some R > 1. LetU C Bg, (v, R— 1)U Bg, (z', R — 1). Then
there exists a coupling of Vg and ¢, such that for ally € Bg, (z, R) U Bg, (', R) one
has

Vg, (y) — By Vg, (X1,)] = ¢v,(prar.r(W) — By plor(X, )] (3.3)

Similarly, if we only have = € G, with tx(Bg, (z,R)) = 0 for some R > 1 and U C
Bg, (x,R — 1), then (3.3) holds for all y € Bg, (x, R) with p, ,» r replaced by p, g.

Proof. The proof is analogous to the proof of Lemma 1.10 in [1]. Since both sides of (3.3)
describe centred Gaussian fields, it is enough to check that the covariance is the same.
By (2.21) resp. by (2.9) the covariance of the field for y,z € Bg, (z, R) U Bg, (z, R) is

ggn (y, z) on the left resp. g%”;'z"R(U)(pw@/,R(y), Pz’ k(%)) on the right hand side. These
two covariances are equal by Remark 3.2 and hence the proof is complete. O

We can now lay out the strategy for proving Theorem 3.1. The idea is to combine the
coupling of ¥y and ¢, from Lemma 3.3 (for some suitable choice of U) with uniform
bounds on the variance of the expectations appearing in (3.3). These uniform bounds
are shown in Proposition 3.5 and will ultimately lead to the proof of Theorem 3.1. Before
that, we show a simple estimate of the hitting distribution of a sphere by the simple
random walk on T; (Lemma 3.4). This estimate is needed for the proof of the bounds in
Proposition 3.5.

Lemma 3.4. Let R > 0. Then for ally € By,(o, R) and z € St,(0, R) one has

(3.4)

P:Lr/]rd[XHSTd(o,R) = Z] S (d* 1

Proof. Note that the statement we need to prove only depends on the distance of
the vertex y to the centre of By, (o, R). We denote by o = yo,¥1,...,yr a fixed non-
backtracking path from o to Sy, (o, R) =: S, so that dr,(yx,0) = k for k =0,..., R. First,
we argue that P ¢[Xpy, = 2] < P)*[Xp, = yg] forall z € Sand k = 0,..., R. Indeed, fix
ze Sandk € {0,...,R} and let

1 )R*d']rd (y,o)

ip == max{i € {0, ..., R} |y; is on the non-backtracking path from o to z},

so that y;, is the last common vertex of the two non-backtracking paths from o to z
resp. to yr. Note that any path from y, to z in T, has to pass through y;, and also
that ng;l (X, = 2] = P;Eg [Xm, = yr|] because z,yr € S and dr, (yi,, 2) = dr,(Yi,, yr) bY
definition of y;,. As claimed, one obtains

PZ;H’;d[XHS = Z] = PZ;]I];d[XHS = Z’Hyio S HS}

) HT
= Pykd [H'lhg
(%)

= Pli[Xu, =yr, Hy, < Hs] < Pr'[Xp, = yrl,

< Hs|P,[Xny = 2] = P, [H

vio < HsPy [ Xmg = yr]
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where in both (%) we use the strong Markov property.

It remains to show Pl[Xp, = yg] < (d—1)~F=% for k = 0,..., R. To this end, let
Ay, = St,(0,R) N Uy, (see (2.3)). By definition we have yp € A;, and |4;| = (d — 1)B*.
Moreover, by symmetry it holds P, ¢[Xp, = z] = P, ¢[Xp, = yg] for all z € A;. Hence

Yk

1> Pl [Xpe € Al = Y Ppi[Xus = 2] = (d—1)"*Pj[Xp, = yg),
z€AL

from which the required claim follows directly. O

Proposition 3.5. For all R > 1 and y € Br, (o, R) one has

(3.5)

d? ( 1 )szde@,o)
y )

Varer (B3 oK o)) < o= (77

Also, for all n large enough, » € G, and 1 < R < ¥ log,_,(N,) with tx(Bg, (z,2R)) = 0
and y € Bg, (¢, R) one has

(3.6)

3d? ( 1 )R*2dgn (y,x).
d

Varpo., (Eyg” [Yg, (XHsgn<z,R))]) = (d=1)(d-2)\d—1

Proof. We start with (3.5). Let us abbreviate S := S, (0, R). We first expand the variance
to obtain

Varﬂﬂrd (Egrd [@Td(XHS)]) = Z PEd[XHS = Zl]Pg;Ed[XHS = ZQ]QTd(ZI;Z2)
21,22€S8
BH d—1¢ 1 \2R-dr, o) > ( 1 Ndny(azm) BT
(ﬁ)d—2(d—1) d—l) ‘
21,22€8

Fix z; € S. Note that all vertices of S are at even distance from z; and more precisely
that in S there is/there are

one vertex at distance 0 from z; (namely z; itself),
(d—2)(d — 1)~ vertices at distance 2j from z;, 1 < j < R—1, (3.8)

(d — 1) vertices at distance 2R from z;.

This implies that for fixed z; € S it holds

=

-1

5 () e 8 ) ) e

22€S 1

.
I

Since |S| = d(d — 1)#~1, we can combine (3.7) and (3.9) to obtain

o, d
d(d—1)E 1ﬂ,

d—1 1 \2(R—dr,(y,0))
(7=1)
d—1

Varpr, (E;r‘l [@Td(XHs)]) S35
which is equal to the right hand side of (3.5) and concludes the proof of the first part.

For the proof of (3.6) we proceed similarly. Let us abbreviate S’ = Sg, (z, R)
and note that Pyg"-almost surely Hs: = Tp, (z,r—1)- Since by assumption we have
tx(Bg, (z,2R)) = 0, Remark 3.2 implies that for every z € S’ we have

Pygn (X, =2 = P, (y)[Xsz‘R(sw = pz,r(2)]

pz,R

(3.4) 1\ R—dr,(pz,r(y),0)
< (7=)
d—1

(L)R*dgn (v,2)
d—1 '
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Furthermore, for n large enough, the inequality (2.33) in Proposition 2.2 applies to
Gg, (21, 22) with 21,20 € S’ since dg, (21,22) < 2R < % log, ,(N,,) by assumption on R.
Therefore, by expanding the variance we obtain similarly to (3.7) the inequality

Varpg, (Egﬂ Vg, (XHS’ )])

< 3d -1 ( 1 )2(R*dgn(y7w)) Z ( 1 )dgn(zlsz), (3.10)
d—2\d-1 d—1
z1,22€85’
assuming n is large enough. We now argue that for fixed z; € S’ the vertices in S’ can
be again characterised by (3.8). Indeed, the assumption tx(Bg, (x,2R)) = 0 implies that
any shortest path from z; to some z; € S’ necessarily remains in Bg, (z, R) for which
tx(Bg, (x, R)) = 0 holds. Therefore, dg, (21, 22) can be computed by only considering the

shortest connection in Bg, (z, R) between z; and z; and so we are in the tree-like situation

of (3.8). Thus, the same computation as in (3.9) leads to ), . (ﬁ)dg"(zl’”) =4
This combined with (3.10) concludes the proof of (3.6) since |S'| = d(d — 1)#~! as

tx(Bg, (z, R)) = 0. O

We now have all the ingredients for the proof of Theorem 3.1, by which we conclude
Section 3.1.

Proof of Theorem 3.1. Let us abbreviate V := Bg, (z,r) U Bg, (¢/,r) and also p = p, 4 g.
Under the assumptions of the theorem we can apply Lemma 3.3 with U := Bg, (z, R — 1)U
Bg, (¢/, R — 1) D V. Thus we obtain a coupling Q,, of ¥g, and o1, such that for alle > 0

Qu [sup |6, (1) — 2, (o(0))] > <]
ye i . (3.11)
<Q, [228 |Ep(°;/) [‘PTd(XT,Jw))H > %} + Q. {2161‘1/) |Ey"[‘11gn (XTU)H > %:|a

where p(U) = By, (0,R — 1) U By, (23,4, R — 1) C By,(0,2R) U By, (23,4,2R). We now
consider the two terms on the right hand side of (3.11) separately. For the first term a
union bound leads to, abbreviating S := Sy, (0, R) and S’ := Sy, (25,2, R),

Q, [ 51618 |E:Qdy) [@Td (XTp(U) )] | > %:|
Y

< Y PN[IENer,Ka)] > 5]

y€Br, (o,r)

+ Y PN B (Xl > 5]

yGqud (Za;,w’ )

(3.12)

The expectations appearing inside the probabilities on the right hand side of (3.12) are
centred Gaussian variables with respect to PT<. By (3.5) their variance is bounded by

m(ﬁ)lﬁzr, Hence the exponential Markov inequality implies that the probabili-

ties on the right hand side of (3.12) are bounded by 2exp ( — %(d — 1)),
For the second term on the right hand si(}e of (3.11) we similarly have by a union
bound that, abbreviating S := Sg,_ (7, R) and S = Sg, (z', R),

Qn [225 B [Wg, (X1,)]| > %}

< Y PO[|E v, (Xu))| > 5] 3.13)
y€Bg,, (z,r) '
Y PO, (Xuy )| > 5],
y€EBg,, (z',r)
EJP 25 (2020), paper 130. https://www.imstat.org/ejp
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The expectations appearing inside the probabilities on the right hand side of (3.13) are

centred Gaussian variables with respect to PY». So by the exponential Markov inequality

2 — —
£ (in()igd 2) (d— 1)R72r).

The above computations prove Theorem 3.1 since one has |Bg, (x,r)| = |Bg, (z',r)] =
|Br,(0,7)| = |Br,(22.4,7)] < d(d—1)" as tx(Bg, (z,r)) = tx(Bg, (¢/,r)) = 0 by assump-
tion. O

and (3.5) the probabilities are bounded by 2exp ( —

3.2 The conditional distribution of ¥;_ on G,

We continue the investigation of the conditional distributions of the zero-average
Gaussian free field started in Proposition 2.1, now for the specific graphs G,, n > 1.
The detailed understanding of conditional distributions will be needed in Section 4 to
control the behaviour of the exploration process used in the proof of the main subcritical
result (1.8). Under certain geometric conditions (see (3.17)-(3.19)), the conditional
distributions of V¢ on G, will show strong similarities with the conditional distribution
of the Gaussian free field ¢1, on T, (Proposition 3.6, see also (3.14)). This feature
reflects the general philosophy that the local picture of ¥, on G, is given by ¢, on Tj.

Results about the conditional distribution of the Gaussian free field ¢, on T, follow
directly from (2.9). In particular, if 2’ € Ty and A’ .= Ty \ U, (recall definition (2.3)),
then by (2.10) and (2.11) one has

E" [or, (@) |o(er,(y),y € A)] = 1o, (@),

, , (3.14)
Varpr, (pr,(2')|o (o1, (y),y € A)) = 7%.

In contrast, by Proposition 2.1 we have that for any = € G,, ¥g, (z) conditionally on
(g, (y))yeca for A C G, non-empty is a Gaussian random variable with mean and variance
given by the right hand sides of (2.23) and (2.24). However, we show in Proposition 3.6
below that in specific (geometric) situations these expressions resemble (3.14). We now
introduce the requirements needed on x € G,, and A C G,,.

We set Bg, (A,r) = {z € G, |z € Bg, (w,r) for some w € A} for A C G, non-empty
and r > 1. Moreover, for z € Jg, A we define

Fa(z,r) ={z € Bg,(A,r)\ A|zis connected to z in Bg, (A,r)\ A}. (3.15)
In particular x € Fy(z, 7). We set
sp = max{1, |8logy_;(logy_1(Ny))]} forn > 1. (3.16)

and say that = € Jg, A is a good vertex at the boundary of A if the following three
properties hold:

|Bg, (x,1) N A] = 1, write T € A for the unique vertex in this intersection (3.17)
(note that for 2’ € T, the notation ¥’ has been defined above (2.3)); ’
tx(Fa(x, spn)) = 0; (3.18)

forally € 0g, A\ {«} every path in G,, \ A from y to x leaves Bg, (A, s,). (3.19)

Equivalently, F4(x, s,,) is proper in the notation of [8] (see Figure 1 for an illustration of
the conditions (3.17)-(3.19)).
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Figure 1: (adapted from [8]) The point x € Jg, A is a good vertex at the boundary of A,
the points in F4(z, s, ) are marked grey.

For A C G,, non-empty we set
G 4 = {good vertices at the boundary of A}. (3.20)

We are now ready to state Proposition 3.6. Observe the analogies between its statement
and (3.14).

Proposition 3.6. For every b,b’ > 0 there exists ¢,y > 0 such that forn > 1, A C G,
non-empty with |A] < bIn(N,,), € G4 and on the event { sup,¢ 4 |¥g, (2)] < V'+/In(N,,)}
it holds (recall F4 from (2.22))

1
\Eg" [¥g, (z) | Fa] = 7= Ya. (f)\ < cpp (In(N)) 72, (3.21)

d
[Varps. (g, (z)| Fa) - ﬁ‘ < ey (In(N,)) 2. (3.22)

Recall that T € A denotes the unique neighbour of x in A (see (3.17)).

To show Proposition 3.6 and conclude this section we will manipulate the explicit
expressions for the conditional expectation and variance obtained in Proposition 2.1. In
these expressions one considers the hitting time of A for the simple random walk on
G, and in the proof of Proposition 3.6 we will look at different situations for when the
hitting happens (see the beginning of the proof of Proposition 3.6 below). Since z € G4
in the statement, the simple random walk started at x has to leave F4(z, s,,) to hit A and
so PYn-almost surely either H, = Tr,(z,50) OF Ha > Tr,(2,s,). We will further split the
latter case into whether H 4 happens before or after an additional time

1 2
t, = —(In(N,))*, (3.23)
AG,,

by which the distribution of the simple random walk is very close to the stationary distri-
bution (here the uniform distribution on G, ). This follows from e.g. [22], Corollary 2.1.5.
So in the proof of Proposition 3.6 we will consider the three situations Hy = Tr, (z,s,.),
Tr,(wsn) < Ha < Tp,(z,s,) ttnand Ha > Tr,(zs,) + tn separately. Before that, we
collect in Lemma 3.7 some preliminary observations about the simple random walk on
G, and subsequently start with the proof of Proposition 3.6. For the rest of this section
we will abbreviate Fy := F4(z,s,). It is also convenient to consider the continuous-time
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simple random walk (Yt)tzo- We remind that for the exit time from U C G,, (resp. for the
entrance time in U C G,,) of this walk we use the same notation Ty (resp. Hy) as for the
discrete-time simple random walk.

Lemma 3.7. Forn > 1, A C G,, non-empty and x € G 4 one has

41— c(n(N,) T < PIM[Hy = Tr,] < 725, (3.24)
ES"[Tr,] < cln(Ny), (3.25)
Pin[Ha>Tr)= Y PI[Xr, =2 Ha>Tg,l (3.26)

2€Bg,, (A,sn)"

Moreover, for every b > 0 there exists ¢, > 0 such that forn > 1, A C G,, non-empty with
|A] < bIn(N,,) and z € G4 one has

P9 [Tp, < Ha < Tr, +t,] < cp(In(N,,)) 2, (3.27)
S|P X, =w,Ha > ty] — 3| < oy(In(N,)) ™%, forz € Gy, (3.28)
weGn

Efn[Ha]

2 L P9 Hy > Tr,]| < ep(In(N,)) 72, (3.29)

oy A > T < ()

Proof. Due to (3.18), the probability PI»[H, = Tr,] is equal to the probability that a
(discrete-time) random walk on Z started at 1 and jumping with probability d1 to the
right and 1 to the left hits 0 before hitting s,, + 1. Similarly, E9"[Tx,] is equal to the
expected time until this random walk hits 0 or s, + 1. Thus (see e.g. [13], (2.4) and (3.4)
in Chapter 14) it holds

Pgn [HA _ TFA} _ %(1 _ (%I)Sn-’rl)—l <1-— d%f _ ﬁ’
sp1)(d—2 (3.16)
B Tr,] = di( T T 1) < (st 1) < cIn(Ny).
Since (1 — (F17)*» ™)~ < (logy_1(N,))™®)~t < 1+ ¢(In(N,,))~7, one also has

(1 -
PorHy=Tp,|>1— d—f(l +c(In(N,))™7) > dfll — ¢(In(N,,))~". Thus (3.24) and (3.25)
are shown.

To see (3.26) observe that on the event {H4 > Tr,}, at the moment the simple
random walk started at = leaves Fjy, it is in some z € Jg, F4a N Bg, (A4, s,)¢ (note that
indeed z ¢ Bg, (A, s,) since else there would exist a path like those excluded by (3.19)).
In other words,

under P9 and on {H > Tr, }, X1, €09g,Fan Bg, (A, s5,)°. (3.30)

This shows (3.26). To derive (3.27) we apply the strong Markov property of simple
random walk for time T, and obtain forn > 1
g (3.30) G
P/"Tp, <Hg <Tp, +t,] < sup P [Hy < ty). (3.31)
z€Bg,, (A,sn)°
Roughly speaking, the right hand side of (3.31) is small since it is difficult for the simple
random walk to hit A within time ¢,, because it starts at distance larger than s, from
A and the environment is nearly treelike (see (1.2)). More precisely, we can apply [8],
Lemma 3.4 (for T = t,, r .= 0, s .= s, and using (1.2)) to find ¢,¢’ > 0 such that for
z € Bg, (A, sy) one has forn > 1
., | (3.16) .
PI"[Ha < tn] <Y PI"[H, < tn] < |Al(ctn(d —1)""" e tn) < (In(Ny)) 72,
yeEA
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where the last inequality also uses the assumption on A, (3.23) and (1.3). This combined
with (3.31) gives (3.27).

For (3.28) the idea is that on the event {H4 > t,,} the simple random walk started
at z has, roughly speaking, reached the stationary distribution by time ¢,, without having
hit A. We observe that for z, w € G,, one has

| P9 (X1, = w,Ha > tn) — 5|

< Pzgn[ytn =w,Hyp < tn] + |Pzg"[ytn _ w} . NLH‘
(%)

< P9 (X, =w,Hy < t,] +exp(—Ag, tn)
G2 ponX, =w, Hy < to] + exp(—(In(N,))?),

n

where in (%) we apply [22], Corollary 2.1.5. Hence forn > 1, z € G, one has

D [P [Xe, = w, Ha > ta] = 5| < PV HA < ] + Nye (20,

wEGy

which together with the above estimate on PZQ" [Hy < t,] gives (3.28). It remains to
show (3.29). We start by computing (using also (3.20) of [8] in the second inequality)

Ezg-n [HAIHA=TFA] < Eg" [TFA] (3.25

41A cn(In Nn 2
ESHY B9 [HN cn(N,) 24 ¢ )"

N, = N,

(3.32)

Now by (3.30) and the strong Markov property for time 7%, one has E,f.” [Halg A>TFA] =
> eeBo, (Asnye PP [(X1p, = 2, Ha > Tr,]EZ"[H 4). This combined with (3.26) shows

Ezgn [HAlHA>TFA]
E7"[Ha]

EY[H 4
Efr[Ha4]

—Pf"[HA>TFA] < sup

2€Bg,, (A,sn)°

— 1‘. (3.33)

By [8], Proposition 3.5, we can bound the absolute value on the right hand side of (3.33)
by c|A|(d — 1)~ (In(N,,))* < ep(In(N,,)) 3. Since PY~-almost surely either H4 = T, or
H 4 > TF,, the combination of (3.32) and (3.33) concludes the proof. O

Proof of Proposition 3.6. We start with the basic observation that by (2.23) one has
|E9" [Wg, (2) | Fa] — 75 ¥e, (@)] < UZ, + Vi, + Wi, where

ugn, = ‘Ef” (U6, (X ) (ma=10,}) — 727 V6. (T)],
Vin = EZ (Yo, (X )l i1y, <aa<te, +1.1] ]

<~ E9n[H <~
Win, = ‘Eg” (Vo Xu )W Ha>Te, +t.3] — T %HﬂEf (g, (Xn,)) ’

Hence the proof of (3.21) follows once we show that

there exists ¢,y > 0 such that for n > 1, A C §,, non-empty with

|A| < bIn(N,), z € G4 and on the event { sup,c 4 |¥g, (2)| < b'\/In(N,,)} (3.34)
one has U§", + Vin + Wi < ey (In(N,,)) 2
Similarly we have |Varpe. (g, (z) | Fa) — 74| < Uiﬁm + Vi’j’x + Wi} by (2.24), where

+Gn

0%, = |G, (e.2) — B [Ga, (Xata o)L sar ] — 2|
—Gn

VA,ac = Ea;gn [ng (XHm m)l{TFA<HA<TFA+tn}])

w79n ESn [H
Wy, = |Eg" [GQH(XHAyx)l{HAzTFAHn}] - Eign{HﬂEg [Gg, (Xu,,2)]|
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Thus the proof of (3.22) follows once we show that

there exists ¢, > 0 such that forn > 1, A C G,, non-empty with |A| < bIn(N,,)

and x € G4 one has Uf{fm + fom + Winz < ¢p(In(Ny,)) 3. (3.35)

It remains to show (3.34) and (3.35). For (3.34) we bound the three terms Uij‘m, fo;
and ngi separately. On { H4 = Tr, } one has PY»-almost surely Vg, (Xp,) = Vg, (T) due
tox € Ga. SoUS, = [Wg, ()| |PI[Ha = Tr,]— 75| < V' /In(N,)e(In(N,,)) =7 by (3.24),
where in the last inequality we also use that T € A. This shows Ug:*m < ey (In(N,))~S.

We turn to V§",. By (3.27) one has V", < P9" [T, < Ha < T, +tn]sup,ca [Vg, (y)| <
b /In(N,,)ep (In(N;,)) ~5. Hence V{7 < ¢y (In(V;,)) 74

Finally, we consider Wﬁ’;’;. Let us define

no. |EZMH n
YAng = ‘Eg"{Hi} — ng [HA > TFA]

)

_ B (3.36)
Z5, = ‘Ewg (o, X)o7, +1,1] — PP [Ha > Try ) EZ" [Vg, (X n,)] ‘

1 EIn [Ha)
We add and subtract POTHASTry] EV7 (Hal

pression for W4, and obtain

E9 Vg, (YHA)l{HAZTFA +t,}] inside the ex-

|Eg" [\Pgn(YHA)]‘{HAZTFAJFtn}” g 1 Eg” [HA] 7Gn

Wgnz < n o
4 P9 [Hy > Tr,] P9 [Hy > Tp,] B9 [Ha] ™

Az

To the first term on the right hand side we apply Pzg" [Ha > Tp,] > % (by (3.24)) as
well as (3.29) and the assumption on the supremum of ¥y on A. For the second term
we first observe (3.29) and then again use that P9 [Hs > Tp,] > %=2. In this way we
obtain

Wi < cpp(In(N,) "% + (1+ ep(In(N,,) =) Z5,. (3.37)

We proceed to bound ng'x. By (3.30) and the strong Markov property for time Tr, it
holds

E:(vj" [\I]gn (YHA)]‘{HAZTFA“Ftn}}

= > PIXp., =2Ha>TpE Vg, (Xu ) (,se,)]-
2€Bg,, (A,sn)°

This combined with (3.26) implies

Z9 < sup B9 Wg, (Xpa)liaase,y) — B9 (Y, (Xm,)]|-
2€Bg,, (A,sn)¢

Now for z € Bg, (4, s,,)¢, by the Markov property at time ¢,, and the definition of E9~,

|E9" Vg, (X, )1 {mase,y) — BES Vg, (Xn, )|
(3.28)

< Z |E5;n [\Ijgn(YHA)H . |Pzgﬂ [ytn = ’LU,HA > tn] - ]\%‘ < C;)’(,/(IH(N”))74,
weGy

where in the last inequality we also use the assumption on the supremum of Vg
on A. All in all we have shown ngw < ¢ (In(N,,))~%. Thus by (3.37) we deduce

Wgzﬂ < ¢ (In(N,,)) ™2 and the proof of (3.34) is complete.
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We come to the proof of (3.35) for which we bound the three terms Ui”fx, Vif’z and

Wim separately. For Ui’fx we first note that one has

E (G, (Xpas @)V ma=1p,y] = B [Go, (X1, ®) Vs =1, ]
= ETgn [ng (XTFA y I)} - Egn [ng (XTFA y I)]‘{HA>TFA}} .
By (3.30), on the event { H4 > Tr, } the simple random walk started at x is at distance s,
from z when it leaves F'4. Therefore
(2.33)
<

Ezgn I:ng(XTFA7x)1{HA>TFA}] < sup ng(z7x)Pzgn [Ha > Tr,]
2€5g,, (2,5n) (10

c(In(N,,)) 8.

Thus we have

779n : _

Ure < |Goulw,0) = B9 [Go, (Xay, )] = 3| + clln(N,)) ™8
219 L In(N..) (3.38)
(3§25) 9g, (z, ) — ﬁ’ + =N, T e(In(N,,)) 7

Note that by assumption tx(F4) = 0. So if we set B == Bq‘r*d(o, sn) \ {o} C T, and take
1 € Sf (0,1), then by definition we have g/* (z,z) = g€ (z1,21). From (2.8) we see that

91, (21, 21) = gr, (21, 21) — B Hgr, (X150, 71)]
=91, (1’1,!51) - gTd(oawl)P:};d [HO = TB] —gr, (Za xl)P;{d [HO > TB]
for any fixed z € S{{d(o, Sn + 1). By (2.7) this shows that

d—1 1 d—1 1
- —P [HA—TFA]*EW

i Gn
d—9 d_o' @ Pm [HA>TFA]-

gq?d(:nl,xl) =

So we have obtained

IS

|96 (x,0) — 3%5| < |9 — 2P [Ha = Try] — 35| + 955 (25) " P9 [Ha > T,
P20 1 (n(N)T + c(n(N,))
O () (V)

This, together with (3.38) shows Uifw < c(In(N,))~".
We turn to Vi’:’z. By (2.32) there is ¢ > 0 with sup, ,.g Gg,(y,2) < c
V3, < ¢PI[Tr, < Ha < T, +t,] and so (3.27) implies V", < ¢,(In(N,,)) 7.

Finally, we consider Wi"w Let us define

Therefore

—Gn
ZA,z = ‘Eg" [ng (XHA7‘T)1{HAZTFA+tn}:| - P{I(,’jn [HA > TFA]E'/C:H [ng (XHAVCE)}

and recall the definition of Y,ff; from (3.36). Inside Wi”z we add and subtract the term
1 ESn [Ha]
Pyn[Ha>Trp,] B [Ha

. Eg” [Gg" (XHA’w)l{HAZTFA+tn}] to obtain

1 Egn [HA]

X

Pén[Hy > Tr,] ES"[Ha]

Wgn < E:Bgn [ng (XHA3x)1{HAZTFA+tn}]
A =
’ PY"[Ha > Tr,]

Gn —9n
YA,I + ZA,:n .

To the first term on the right hand side we apply P9"[Ha > Tr,] > 42 (by (3.24))

as well as (3.29) and sup,, ¢, Gg, (y,2) < ¢ (by (2.32)). For the second term we first
observe (3.29) and then use P9"[H4 > Tr,] > 9=2. In this way we obtain

W5, < ap(In(N,) ™ + (1+ e (In(N,.) ") Z5,. (3.39)
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We proceed to bound 7%}1,. By (3.30) and the strong Markov property it holds

Egcgn [ng (XHA ) x)]-{HAZTFAthn}]

= Z P:vgn [YTFA =z, Ha > TFA]Ezgn [ng(XHA7x)1{HAZtn}]'
ZEBgn (A‘V‘Sn)c

This combined with (3.26) gives

—Gn
ZA,x < Sup ‘Ezgn [ng(XHA7x)1{HA2tn}] - Eg" [ng<XHA7x)]|'
2€Bg,, (A,sn)°

Now for z € Bg, (A, s,), by the Markov property at time ¢, and the definition of E9~,

‘Ezg" [ng (XHA7 x)l{HAZtn}} - Egn [ng (XHA ’ l.)H

< Z Eg"[ng(XHA,(K)] : Pzg"[yt
wegn

(3.28) =
=w,Hy >t,| — Niﬂ‘ < ep(In(N,)) 77,

n

where in the last inequality we again use sup, ,cg, Gg, (y,w) < ¢ by (2.32). All in all

we have shown 7%& < ¢(In(N,,))~°. Thus by (3.39) we deduce Wi"m < ¢p(In(Ny,)) =3
and (3.35) is shown. This concludes the proof of Proposition 3.6 and Section 3.2. O

4 Microscopic components in the subcritical phase

We start the analysis of level-set percolation of the zero-average Gaussian free field
Vg on G,. The goal of this section is to show (1.8) in the form of Theorem 4.1 below,
i.e. the existence of a subcritical phase in which, with high probability for large n, level
sets of ¥g  only have connected components of cardinality at most logarithmic in the size
of the graph. To precisely state the result, we recall from the introduction the critical
value h, for level-set percolation of the Gaussian free field ¢, on T, (see (1.7)) and
also the notation E\IZ,Z for the level set of ¥y, above level h € R (see (1.5)). For h € R

n

we further denote by Cg{g;(h an arbitrary connected component of E\IZ,;’ with maximal

number of vertices. We will only be interested in its cardinality. Moregver, forz € G,
and h € R we define CJ"" to be the connected component of E§Z containing . The
main result of this section is

Theorem 4.1. Let h > h,. Then for all kK > 0 there exist ¢, ,, > 0 and K}, > 0 such that
foralln >1

IPgn [|an,h| > I(h’,,€ ln(Nn)] < Cha”N;K'

max

In particular lim,, ., P9 [\ng;ﬁ < K, ln(N,L)] =1 for some Kj, > 0.

Before explaining the details of the proof of Theorem 4.1, let us make the basic
observation that a union bound reduces the problem to show that for A > h, and for all
k > 0 there exist ¢;, ,, > 0 and K}, > O such thatforalln > 1and z € G,

P9 [|CI™"| > K . In(Ny,)] < en N, 10 (4.1)

So it remains to show (4.1). We will make use of a certain exploration process exploring
Cgn" for a fixed x € G,. This will enable us to control P9 [|CS""| > K}, . In(N,)].
A similar approach has for example been followed in [8] to prove a result analogous to
the above Theorem 4.1 but for the vacant set of simple random walk on G,, in place of
the level set of the zero-average Gaussian free field.
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We now give the idea of the proof of (4.1). The details of the exploration process itself
are given afterwards. A crucial ingredient is the precise understanding of the conditional
distribution of the zero-average Gaussian free field on non-explored vertices given its
value on already explored vertices. As we have seen in Proposition 3.6 in Section 3.2,
under certain geometric conditions the conditional distribution of Vg shows strong
similarities with the conditional distribution of the Gaussian free field 1, on T4. While
exploring C9»", the exploration process will separate the vertices found in C9-" into a
union of rooted disjoint subtrees of G,, in which all vertices except for the root satisfy the
aforementioned geometric conditions. In this way we reduce the proof of (4.1) to a control
of the number of vertices contained in these union of subtrees (Proposition 4.2). As a
result from [8] shows (see also Lemma 4.3), the number of steps the exploration process
encounters a situation in which the geometric assumptions fail to be satisfied is not too
large. This controls the number of distinct subtrees created by the exploration process
because in each subtree there is exactly one vertex which does not satisfy the conditions
(its root). Since the other vertices of a subtree satisfy the geometric conditions, we can
employ the similarity between the conditional distribution of ¥ and ¢, to couple the
zero-average Gaussian free field on each distinct subtree separately with an independent
copy of the Gaussian free field ¢, on T; (Lemma 4.5). This translates the question about
the number of vertices contained in the disjoint subtrees into the number of vertices
contained in connected components of the level set of ¢, (Corollary 4.6). A result
from [2] (recalled in (2.15)) about exponential moments of the size of these connected
components then ultimately leads to the proof of Proposition 4.2 and hence of (4.1).

We now describe the exploration process exploring C9»" for a fixed = € G,, and to
facilitate the discussion we include a concrete algorithm implementing it (Algorithm 1).
The exploration process is a modified breadth-first-search that discovers the field ¥g
on the graph step by step. It employs two queues (a primary and a secondary one)
that work in the usual first-in-first-out manner and store the vertices to be explored.
The exploration process starts by revealing ¥g_(z). The vertices where ¥y has been
revealed are called explored and they can be either part of Cg"’h or not. If a vertex
is explored and is revealed to be part of C9»", then its neighbours which are neither
already explored nor already in one of the two queues are added to the primary queue.
To avoid ambiguity, we suppose that the vertices of G,, are equipped with some ordering
and that they are added to the queue following this ordering. Vertices taken out of the
primary queue are first checked to be good vertices at the boundary of the so far explored
vertices (recall (3.20) and above it for the definition): if they are, the exploration process
proceeds with their exploration; if they are not, they are transferred to the secondary
queue and their exploration is postponed. The first vertex in the secondary queue is only
taken out to be explored if the primary queue is empty.

To formalise this exploration process we now give an algorithm implementing it
(see Algorithm 1 below). The algorithm constructs on some auxiliary probability space
(Q, A,P) a family of random variables (¢(z)).cp such that (¢(z)).cp under P has the
same distribution as (Vg, (2)).cp under P9». Here B C G, is some (random) connected
set of vertices containing z. We use PQ, SQ and E to denote the evolving sets of vertices
in the primary queue, vertices in the secondary queue and explored vertices during
the run of the algorithm. Furthermore, we also keep track of the explored vertices
z € E for which ¢(z) > h using the set C C E. Additionally to the exploration, the
algorithm aggregates the vertices discovered to be in C into disjoint subtrees (TY), of G,
indexed by bad vertices y € G,, (meaning they were in SQ at some point of the algorithm).
Moreover, the algorithm stops for one of two reasons: either because both the primary
and secondary queue are empty, or because it already discovered that C has at least size
K}, . In(N,,) for some K}, ,, to be specified later (below (4.21)).
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We need some more notation for the algorithm. Let (£,).cg, be i.i.d. standard normal
random variables on the auxiliary probability space (2,.4,P). For A C G,, non-empty
and u € G, we abbreviate by a(u, v, A) the right hand side of (2.23) where z and Ug,_
are replaced by u and . In particular, a(u,, A) is a random variable measurable with
respect to o(¢¥(w), w € A). By b(u, A) we abbreviate the right hand side of (2.24) where
z is replaced by u. For A = () and u € G,, we define a(u,,0) == 0 and b(u, ) = Gg, (u,u).
By Proposition 2.1 and the fact that ¢ is a Gaussian field, we have that

for A C G,, and u € G,, the random variable a(u, 1, A) + &, - b(u, A)% under
P has the same distribution as ¥g, (u) conditional on o(¥g, (w),w € A) (4.2)
under P9,

The algorithm is as follows:

Algorithm 1
1: set PQ:=0,5Q:={z},E:=0, C:=0 and also T¥ := ) for all w € G,
2: while secondary queue SQ is not empty do
3: take vertex y out of SQ

4:  generate the random variable ¢)(y) = a(y, ¥, E) + &, - b(y, E)2
5: add y to the set E of explored vertices
6: if¢(y) > h then
7: add y to the subtree TY and to the set C
8: if |C| > K} ,; In(N,,) then stop the algorithm
9: end if
10: add all neighbours of y which are neither already explored nor
in any of the two queues to the primary queue PQ
11: while primary queue PQ is not empty do
12: take vertex z out of PQ
13: if z is not a good vertex at the boundary of E, that is, z ¢ Gg, then
14: add z to the secondary queue SQ
15: else
16: generate the random variable (z) = a(z, ¢, E) + &, - b(z, E)
17: add z to the set E of explored vertices
18: if ¢(z) > h then
19: add z to the subtree TY and to the set C
20: if |C| > K}, In(N,,) then stop the algorithm
21: end if
22: add all neighbours of z which are neither already explored nor
in any of the two queues to the primary queue PQ
23: end if
24: end if
25: end while

26: end if
27: end while

Let E¢ng, Ceng and TY. , w € G,,, denote the sets E, Cand T%, w € G,,, at the end of the

end’
algorithm. By that moment we have constructed (¢(z)).cg,,, and (see (4.2))

(¢)(2))-cE,,, under P has the same distribution as (¥g, (2)).ck,,, under P9».  (4.3)
By construction of the algorithm one has |Ceng| < K}, In(V,,) + 1 and so by (1.1) also

|Eena| < d(Kp . In(Ny,) + 1). (4.4)
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This is due to E C Bg, (C, 1) with Bg,_ (0,1) := {2} holding at any moment of the algorithm
since a vertex can only get explored (except for z) if at some point it was added to a
queue, meaning it was a neighbour of a vertex added to C.

Note that, whenever some y € G, is taken out of SQ on line 3 of the algorithm (a bad
vertex), one has PQ = () at that moment by construction. Until the next bad vertex is
taken out of SQ, all vertices z € G,, considered by the algorithm and which are found to
be good and in C will be part of TY ;. So if y1,. .., Yk, denote the successive vertices
that were taken out of SQ during the algorithm, then Cepg = U o TY 4 In particular,
y1 = x and kenq is the total number of bad vertices encountered by the algorithm.

Furthermore, on the event that the algorithm terminates because both queues become
empty (and not because at some point |Cena| > Kp, . In(N,,)), note that |Ceng| has the
same distribution as [CJ»"| under PY" by (4.3). Therefore P[|Cenq| < Kp . In(N,)] =
P9 [|CIn"| < K, o In(Ny,)].

We want to distinguish the situation in which the field i) produced by the algorithm
has anomalous values, meaning [¢(z)| > M,, for some z € Egnq and M,, > 0. We are going
to specify this value now. Note that for any « > 0 there is ¢, > 0 such that

P9~ [ sup |75, ()] 2 ln(Nn)} <ON-1"% foralln > 1. 4.5)

2€Gn

This can be shown by the same computations as in [21], equations (2.35)-(2.38), replacing
(0) therein with sup..; Gg, (2, 2), which is bounded by 34=L (see (2.33)). We set

M, = cx\/In(Ny,).

So one has
P9 [|CI""| > K . In(Ny,)] = P[|Cona| > Kp, s In(N,)]

< P[|Cend| = Kn,w In(Ny,), sup |1(2)] < M,] + P[[¢(2)| > M, for some z € Egnd]

ZEEend
(4.3) end y L
(4§5) ]P[Z |Tenal = K, In(Ny) sup [¥(z)] < M,,L} + 2N
' z€Eend

Thus in order to show (4.1) and ultimately Theorem 4.1 we need to show

Proposition 4.2. Let h > h,. Then for all k > 0 there exist ¢j, ,, > 0 and K}, ,, > 0 such
that for alln > 1 and x € G,, one has for the Algorithm 1 above

kend

]P[Z |Tgr71d| 2 Kh,r@ ln(Nn) ) b;lzp |¢(2)| < Mn:| S C}L,&Nrjli’{' (46)
Z&Eend

The proof of Proposition 4.2 relies on the following two lemmas. The first one
(Lemma 4.3, already proven in [8]) bounds the number of bad vertices keng encountered
by Algorithm 1, that is, the number of vertices of G,, that at some point during the run of
the algorithm were in the secondary queue SQ. The second one (Lemma 4.5) constructs
for each i = 1,..., kena @ coupling of ¢ on T , with an independent copy of ¢r,, showing
that ¢ on Ty, can be approximated by ¢r,. This makes use of Proposition 3.6. Via

Corollary 4.6 of Lemma 4.5 we then prove Proposition 4.2.

Lemma 4.3. There exists ¢; > 0 such that for alln > 1 and x € G,, one has for the above
Algorithm 1 that kepg < clemsn =: kmax (recall that s,, is given in (3.16)).

Proof. This follows from [8], Proposition 5.4. Although the algorithm employed there
does not exactly match our algorithm, the proof does not rely on a specific algorithm (as
explained in the proof of Proposition 5.4 in [8]). It is purely deterministic and only uses
the properties (1.1) and (1.2) of G,,. The assumption (1.3) is not needed. O
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Remark 4.4. Lemma 4.3 relies on the assumption (1.2) which we borrowed from [8].
This assumption could be weakened slightly, for instance by requiring that there is at
most one cycle in every ball of radius (In(N,,))! ~¢ for a very small ¢ > 0. However, this
would require an extension of combinatorial arguments of [8] which we try to avoid
here. To understand the role of the assumption (1.2), note that by Lemma 5.5 of [8]
this assumption implies that every connected subset U of G, of size at most 6In NV,
with 6 > 0 satisfies tx(U) < c6? (with ¢ depending on « and d as usual), i.e. U only
contains a uniformly bounded (in n) number of cycles. Heuristically, Lemma 4.3 then
follows from the fact that when a bad vertex z is encountered during the run of the
algorithm (that is, z is not a good vertex at the boundary of the so far explored vertices E,
cf. line 13 of the algorithm), then, due to (3.17)-(3.19), there is a cycle in E U Fg(z, s,,)
(see (3.15)). Since EU Fg(z, s,) contains at most d(Kj, . In(N,,) + 1) + (d — 1)*» < §1In(N,,)
vertices by (4.4) and (3.15), encountering more that c; Kﬁﬁsn bad vertices would then
lead to a contradiction with the above mentioned Lemma 5.5 of [8], for details see [8],
Lemmas 5.6-5.8.

Lemma 4.5. Let h € R and ¢ > 0. Consider Algorithm 1 and recall k. from Lemma 4.3.
Then on the same auxiliary space (€0, A,P) as ¢ one can define centred Gaussian fields
@',...,¢"= on Ty such that, conditionally on {(y1), . .., (Y., ), the following properties
hold (see (2.12) for notation):

for all n large enough and all i = 1,...,kena there exists a set BZ_' with
TV, € B" C Bg,(TY%,,1) and an injection 7 : B* — Ty such that 7/(TY,) “.7)

is a connected subset of T, containjng th_e root o € Ty and on the event
{sup,cg,, [¥(2)| < M,} one has |i(z) — ¢'(7%(2))| < e for all z € B;

foralli=1,..., ken the field ¢' has the same distribution as yp, under IP?Z?%),

and for all i = kepa + 1,. .., kmax the field ¢' has the same distribution as py, (4.8)
under IP}\F/;”;

#', ..., ¢" are independent. (4.9)

Proof. Let Y, for z € Ty \ {0} and 1 < i < kpyax be a sequence of i.i.d. random variables
of distribution N(0, %) defined on the auxiliary probability space (2, A,P). Let i €
{1,...,kena}. As explained below (4.4), the subtree Tg;’ld of G,, is constructed between
line 3 (when y; is taken out of SQ) and line 26 of the algorithm (after which the next
bad vertex y; 1 is taken out of SQ or the algorithm terminates because i = kepg). The
injection 7¢ and the random field ¢’ will be defined according to the behaviour of the
algorithm during this time.

On line 4 of the algorithm we generate ¥ (y;). If ¥(y;) < h, then the algorithm
continues back on line 2 and TY,; = (. In this case define recursively ¢(0) = v (y;)
and ¢'(z) = ;755¢'(z) + Y, for z € Tq \ {o}. Then (4.8) holds for ¢’ by (2.10)-(2.12).
Moreover (4.7) is trivially satisfied since TY; = 0 (set B® := )). Otherwise we have
Y(y;) > h and y; is added to T¥:. If the algorithm terminates on line 8, then T, = {v;}.
In this case set B® := {y;} and 7'(y;) := o € T, and again recursively define ¢*(0) = ¥ (y;)
and ¢(z) = 725¢'(z) + Y{ for z € T4\ {o}. Then (4.8) holds for ¢’ by (2.10)~(2.12) and
also (4.7) is satisfied since W(yi) - ¢i(7i(yi))\ = 0. If the algorithm does not terminate on
line 8, then on line 10 we now add all neither explored nor already queuing neighbours
of y; to PQ (which before that was empty). Consider the while-loop on line 11. During
this while-loop, if z is taken out of PQ and z ¢ Gg, then it is transferred to SQ and it
will not be part of T/ ;. Let z1,..., z,, be the successive vertices taken out of PQ during
the while-loop which are in Gg at the moment they are checked (on line 13). Possibly
there are no such vertices, so we might have {z1,...,2,} =0 and T, = {y;}. In any

case, T = {vitU{z1,...,2m |¥(z) > h} C{yi, 21, ..., 2m} C Bg, (TYi4,1). The injection
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7' we are going to construct now, will map B® := {y;,z1,...,2n} to T4. By definition
one has z; = y; whereas for j = 2,...,m one has z; = z for some z € {y;,21,...,%j-1}.
More precisely, Z; is the unique neighbour of z; in E at the moment z; was added to
PQ (which happened on line 10 or line 22). There cannot be more than one since at a
later point z; € G and the set of explored vertices only grows. Since there are at most
d — 1 not explored neighbours that can be added on line 10 or 22 (except if i = 1 when
y1 = = and on line 10 there are added exactly d neighbours), this shows that for z € B’
there are at most d — 1 elements w € {z1,..., 2, } such that w = 2 (exactly d elements if
i =1 and z = y;). Therefore, we can define 7 : B — T, inductively by 7¢(y;) := o and
such that ¢ restricted to {w € {z1,..., 2, } | W = 2} is an injective map to St,(0,1) for
z = y; and an injective map to St,(7%(2), 1)\ {7%(2z)} for z € {z1,..., 21, }. Note that 7¢(B")
is a connected subset of T, containing the root o € T4. By construction also 7%(TY.,)
is a connected subset of T; containing o € T, because y; € T”‘d with 7 (yz) = 0 and
B' C Bg, (T%,,1). We now define ¢’ on 7°(B?) C T4 and check the remaining properties
in (4.7) and (4.8) for this case.

Set ¢'(0) = ¢'(7%(y;)) = ¥(y;) and for j = 1,...,m define inductively ¢*(7%(z;)) =
A-0(11(Z))) + &, - (3%7)7. Recall that here ¢, for j = 1,...,m are the i.i.d. standard
Gaussian random variables used to define ¢ (z),...,%(z,,) at the respective moments on
line 16 of the algorithm. Note that conditionally on 9 (y;), the field (¢(7%(2))).cp: has the
same distribution as (¢1,(7%(2))).cp: under IPw( .- This follows by (2.10)~(2.12) since 7’
is defined in such a way that 7¢(Z) (in the notation of (3.17)) for z € {21,..., 2, } is equal
to 7i(z) (in the notation above (2.3)). We extend ¢’ to all w € U := T, \ B? by recursively
defining ¢’ (w) := 75 ¢'(w) + Y,. Then (4.8) holds for ¢’ by (2 10)—(2.12). We proceed
to show the remalmng claim of (4.7). Note that |4 (y;) — ¢ (7%(y:))| = | (v:) (o) =
|¥(yi) — ¥(y:)| = 0 by definition. For j = 1,...,m one has

[9(2;) — ¢'(7'(2))]
= Ja(z, . E) + &, b5, E)F = g50'(7'(%) — &, - (%)%
< |a(zj7'l/]a E) - ﬁiﬂ(fj | + ‘fz]' ' |b 25, E)% - (dgl)%| + ﬁwj(zj) - ¢1(TZ(EJ))|‘

To the first two differences on the right hand side we can apply (3.21) and (3.22) (on
the event {sup_ g, |¢(2)] < M,}) since at any moment of the algorithm |E| < |Eena| <

ch.x In(N,,) by (4.4). We also use the inequality |/s — V| = \/|f+f|/ \/|s —t|. So by
Proposition 3.6 (for b := ¢}, , and b’ := ¢,;) we find c;w > (O suchthat forall j =1,...,m

[(z) = &'(7 ()] < (14185, 1)eh o« (In(Na)) 72 + 5 [0(F5) — &' (7 (7))

Now note that on the event {sup_ g . [¥(2)| < M,} one has, again by using Proposi-
tion 3.6 for the same b := ¢, and V/ :=c¢,, thatforj=1,...,m

M, > [(z)| = |a(z, ¢, E) + &, - bz, E)?|

> &, |- |b(25,E) 2| — |a(zj, 4, E)

(3.21) a1
2 6 (= e (N ™) = (F3(z5) + ¢ (n(N2) )
Z |§z] | - M,

where the last inequality holds if n is large enough. Combine this with the pre-
vious inequality to obtain that for n large enough, j = 1,...,m and on the event
{sup.cg,, [V(2)] < My}

[9(z5) = ¢'(7"(2)))] < (L +2My)ch,  (In(Nn)) 72 + 5 [0(Z)) — ¢'(7'(%;))|. (4.10)
EJP 25 (2020), paper 130. https://www.imstat.org/ejp
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This is the main ingredient to show the remainder of (4.7). By induction we will now
show that for n large enough and on {sup_.g_, [¥(z)| < M,} one has

[9(z;) — &' (7'(2)))| < J(1+2My)c), .(In(N,)) ™2 forj=1,...,m. (4.11)

For 7 = 1 one has z; = y; and the last summand on the right hand side of (4.10)
vanishes by definition of ¢*(7%(y;)). Assume the statement holds for 1 < j < m. Then
either Z,;1 = y; and therefore the last summand on the right hand side of (4.10)
vanishes again, or Z;11 = z; for some k € {1, ..., j} and the induction hypothesis implies
[0(Zj01) = 6 (7 (Z141)] < k(1L + 2My)¢,  (0(N,)) ™2 < j(1+ 2M,)é), . (I0(N,,)) . In any
case, using (4.10),

[ (zj41) = &' (7' (2541))|
< (14 2M)ch (n(N,)) 2 =1+ 2M)ch (V) 2
< (4 1)1+ 2My)d, (In(N)) 2

This concludes the induction.

Let ¢ > 0. Since {z1,...,%m} C Eend, one has m < |Eena| < ¢, In(V,,) by (4.4).
Moreover, M,, = c¢.+/In(N,). So by (4.11) we obtain that for n large enough and
on the event {sup,cg_, [¢(2)| < M.}, it hold that [¢(z;) — ¢'(7%(2;))| < cn.x In(No)(1 +
2¢\/In(Ny,)) ), (In(N,,)) 7% < e for j = 1,...,m. We deduce (4.7).

It remains to show (4.8) for ¢ = kepa + 1, . . ., kmax and (4.9). For ¢ = kena + 1, . . ., kmax
define recursively ¢'(0) := M, and ¢'(z) := 715 ¢'(z) + Y for z € Ty \ {0}, so that (4.8)
holds for ¢* by (2.10)—(2.12). Finally, note that for each ¢ = 1,..., knax the field ¢* is
constructed using (Yaf)xequ\{o} and possibly the i.i.d. random variables (£.).cp: and
U(y;). Since for j = 1,..., kmax With j # i one has that (Y;),er,\{0} iS independent of
(Y{)zer,\{o} and BN B = (), this shows (4.9) conditionally on ¥ (y1),..., ¥(ys,,,) (all
random variables are Gaussian). The proof is complete. O

Corollary 4.6. Let h € R and ¢ > 0. Consider Algorithm 1 and recall kyna.x from
Lemma 4.3. Then on the same auxiliary space ({2, A, P) as ¢ one can define random vari-
ables Z', ..., Z*= such that, conditionally on v (y), ..., (Y., ), the following properties
hold (see (2.12) and below (1.7) for notation):

for all n large enough and all i = 1,. .., kena one has Z* > [T% | on (4.12)
the event {sup.cg. |¢(2)| < M,}; '

1 2 . . ’]I‘d,hfs Td y —
Z" is distributed as |C, | under P, foralli=1,... kena and as 4.13)
Co " ~¢| under P}} foralli = kena +1,. .., kmax;
ZY, ..., ZF= are independent. (4.14)

Proof. We consider Lemma 4.5 and define Z° as the size of the connected component
of {w € Ty|¢*(w) > h — ¢} containing the root o € Ty. Then (4.13) and (4.14) follow
from (4.8) and (4.9). We turn to (4.12). Note that fori = 1,...,kenq and z € Tgfld one
has [1(z) — ¢'(7%(2))| < € by (4.7) under the assumptions of (4.12). This shows that
@' (1%(2)) > h — ¢ since ¢(z) > h due to z € T ;. Hence 7/(T¥ ) C {w € Tq|¢*(w) >
h —e}. As 7¢(TY,) is also a connected subset of T, containing o € T4, we conclude
|7{(T¥% )| < Z' by definition of Z*. The proof of (4.12) follows since 7' is an injection and
hence |7/(T% ) = |T%,4l. O

end

We are now ready to show Proposition 4.2, which as explained above its statement
implies Theorem 4.1 and thereby concludes Section 4.
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Proof of Proposition 4.2. Let h > h, and x > 0. Choose ¢ > 0 small enough such that
h — e > h,. Moreover, let §,_. > 0 be such that g;,_. defined in (2.15) has the properties
explained therein. Let K = K}, > 0 to be fixed later (below (4.21)). By conditioning on
Fend :=0(¥(y1),-..,¥(yk.,.)) and then applying (4.12), one has for n large enough

kena
P[> T,
1=1

Kmax

< E[]P[Zzi > K1n(N,), sup [(2)] < M,
=1

2E€Eend

> KIn(Ny), sup [9(2)] < M, ]

2€Eend

fendH (4.15)

Fond] ] .

Since {1 Zi > KIn(N,)} = {T1"5 (1 4 65_c)? > (1 + 6,_.)K (M)} the conditional
Markov inequality leads to P-almost surely

<K |:1{w(yi)|<Mn foralli =1,..., kend}P[Z Z' > KIn(N,,)

kmax kmax X
e[ 2 im0 7] < 40 T+ |7
=1 i=1
(4.14) (N.) Fena cFarh=e|
-1 K In(Nn Ty cla:
4.13) (L+0n—) 1:[1 Ew(yi) [(1 +0h—) } (4.16)
kmax T h
d:h—¢
[T Ei|a+onos ]
i1=Kena+1

T, ,h—e T, ,h—e .
By (2.10)~(2.12) one has Ej{ [(1 4 6,-.)/%"" 1] < B [(1 4 6,-)/%"" 1] for i =

1,...,kenq on the event {sup,.g_, [¢(2)| < M,}. This combined with (4.15) and (4.16)
shows that for n large enough

kend
P Y [Tlhal = KIn(Ny), sup [6:(2)] < M|
i=1 #€Bena (4.17)

Kmax

Tg,h—e
< (14 §p_e) KONOET: [(1 Yol I}

Let us write St,(0,1) = {x1,...,24} so that Ty = {o} U U?Zl U,, (see (2.3)). Note that
for n large enough one has M,, > h. Therefore [2], equation (2.11), implies that

d
T4, h—e T, ,h—e
qu\r;n [(1 + ) q =(1+dp—c) ]EqAr/ﬁl { I | (1+ Opc)IC” ”Unq
i=1 4 (4.18)
= (146, )EY |ET2 [(1 n 5,1_5)\63”“501?;@ ,
T4 +Y

where Y ~ N(0, 74;) and the expectation EY is taken with respect to Y. The inner
expectation on the right hand side of (4.18) is gh_g(% +Y) by definition (see (2.15)).
Thus (4.18) shows that for n large enough

d
d—1

R [ +8 )" 1] < (04 00 ) BY g (2 +Y)}(H)7- (4.19)

For n large enough (so M,, > h) one has that (1+0,_.) EY [g5—. (%= +Y)]d_1 = gn_c(M,,)
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by (2.15). Hence (4.19) and (4.17) imply that for n large enough

Kend

P[> Tl
i=1

> KIn(N,,), sup |[¢(2)| < Mn}

2€Eend (4.20)

_d
< (L Gme) TN (g (M) T

By (2.15) we know that there exist ¢, > 0 and ¢}, > 0 such that for n large enough one

has gn—(M,) < ¢ exp(c;LMSm) = cpexp (c’h(cﬁ, 1n(N7,))3/2) < ¢ exp(chﬁ(ln(Nn))B/‘L)

for some ¢, > 0. Now recall that kypax = c1K?2s,,. Therefore, by (3.16), we can find
_d

Ch,Ch > 0 for which (gj,—(My,)) a=tkme exp(cn. . K?(In(N,,))"/#). So for some ¢;, > 0

_d L
and cy,,. > 0 we obtain that (14+6, )~ ") (g, (M,)) 7™ < cp exp (—epuK In(N,))
for all n large enough. Hence by (4.20), forn > 1,

kend ,
P[Z|T§;d > KIn(N,), sup |[(2)] < M,L} < cp Ny K. (4.21)
i=1 2€Eend
Take K = K} , > 0 large enough such that ch,,iNn_c’“‘Kh'” < N,jl*“. Then by (4.21)
we can find ¢, > 0 large enough such that (4.6) holds for all n > 1. The proof of
Proposition 4.2 and ultimately of Theorem 4.1 is complete. O

5 Mesoscopic components in the supercritical phase

The last section of this article concerns the proof of (1.9) in the form of Theorem 5.1
below, that is, the existence of a supercritical phase (complementary to the subcritical
situation in Section 4) in which the connected components of the levels sets of ¥g
of at least mesoscopic size contain a non-negligible fraction of the vertices of G,,. By
mesoscopic size we mean that the number of vertices contained is a fractional power of
the total number of vertices of G,,. To be more specific, we recall the critical value h,
(see (1.7)) and the notation CI"" for the connected component of the level set of ¥g
above level h € R containing « € G,, (see beginning of Section 4). Similarly, we denote
by Crh for z € Ty and h € R the connected component of the level set of ¢, above
level h containing 2. We also remind of the function 5™ given in (2.14). The main result
of this section is the following

Theorem 5.1. Let h < h,. Then there exist ¢, > 0 (see beginning of the proof of
Lemma 5.4) such that
+
B n*(h) B
lim P { 3y Uegnmonn} =g Na] =1 (5.1)

n—oo
z€G,

As explained in the introduction below (1.9), it remains open whether in the super-
critical phase h < h,, as the size of the graphs tends to infinity, one actually observes
the emergence of a (unique) giant connected component of the level set above level h
(see also Remark 5.7).

We now give the idea of the proof of Theorem 5.1. Roughly, the strategy is to
control the expectation and variance of the sum in (5.1) and then to deduce Theorem 5.1
via a second moment inequality. Now recall that by (1.2) all vertices of G,, have an
almost tree-like neighbourhood. One can also show that only a negligible fraction
does not have an exactly tree-like neighbourhood of smaller size (Remark 5.3). So
essentially we can consider only vertices with a tree-like neighbourhood in the sum
in (5.1). Moreover, instead of counting the vertices z € G,, with |C§mh] > N for some
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fixed v > 0 (i.e. contained in a mesoscopic connected component of E\IZ,;‘ ), it will be

easier to only consider the vertices z € G,, for which the connected component C9-" is
already mesoscopic when intersected with the tree-like neighbourhood of x (see (5.3)).
We show that the expected number of such vertices grows linearly in the total number of
vertices of the graph G,, as n tends to infinity (Lemma 5.4). A variance computation then
implies that the number of vertices contained in mesoscopic components concentrates
around its expectation as n goes to infinity (Lemma 5.6). The computations concerning
the expectation and variance rely on the local approximation of ¥g by o1, around
vertices with tree-like neighbourhood that we developed in Section 3.1, which allows us
to reduce the computations about Vg, to computations about ¢, and apply results from
Section 2.1 on ¢1,. With a second moment inequality Theorem 5.1 promptly follows.
The section ends with open questions in the supercritical regime h < h, (Remark 5.7).

It will be convenient to introduce some additional notation. For x € G,,, n > 1 and
R > 0 we set Sgn (,R) = Tp (S{{d(o, R)) (see below (2.3) for the notation). We also
define

rp = max{l, |{Slog, ;(N,)|} and R, = max{l, | ¥ log,; 1(Nn)]}. (5.2)
Forn > 1, h € R and 7 > 0 we define the events

AGrhy = {|cgm N SE (a,

Ayt ={lcret n Sy («,

)| > N} forx € Gy,
(5.3)
)| > N/} forz € Tq.

Note that the dependency on n in the definition of AT¢"7 in (5.3) does not appear in the
notation. Finally, we define (with ¢y as in (2.31))

Y = % logy_1(An) forh e R. (5.4)

By (2.13) note that ~; is decreasing in h and v, > 0 for h < h,.

In the remainder of this section we will apply several times Theorem 3.1 for r = r,
and R = R,, given in (5.2). Note that, for n large enough, 1 <r, < R, < ¢ log,;_1(Ny)
as required by Theorem 3.1 and furthermore r, < {%log, ;(N,) and R, — 2r, >

(% logy_1(Nn) —1) — 258 logy_ 1 (N,) = Colog‘ﬁiy(m — 1. Therefore Theorem 3.1 directly

implies (with the notation from the beginning of Section 3.1)

Lemma 5.2 (Corollary of Theorem 3.1). There exist c¢,¢’ > 0 such that for all n > 1
and z,2' € G, with tx(Bg,(z,2R,)) = 0, tx(Bg,(2',2R,)) = 0 and Bg, (z,2R,) N
Bg, (¢/,2R,,) = 0, there exists a coupling Q,, of ¥ and ¢r, satisfying for alle > 0

co
Qu| sup |Wg, (1) = o1, (prar 2r, (1)] > €] < coxp (= e2NF), (5.5)
YEVn

where V,, := Bg, (x,r,) U Bg, («',ry,). In particular, there exist c,¢ > 0 such that for all
n > 1, x € G, with tx(Bg, (x,2R,)) = 0, there is a coupling Q,, of Vg, and ¢, such
that for all ¢ > 0 the same bound as in (5.5) applies to Q,[sup,cp, ( Vg (y) —
o1 (pa2r, (v))| > €]

As the following remark explains, the assumptions on the vertices in the statement of
Lemma 5.2 are typical.

@,7n)

Remark 5.3. Recall R, from (5.2). For n large enough the number of vertices = € G,
that do not satisfy tx(Bg, (r,2R,)) = 0 is negligible when compared to the total number
of vertices of G,,. Indeed, for n large enough one has 2R, < |alog, ,(N,)| by (2.31)
and (2.1) and thus tx(Bg, (z,2R,)) < 1 for all z € G,, by assumption (1.2). Now by [8],
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Lemma 6.1, we have for n large enough

[{z € Gn | tx(Bg, (z,2R,)) = 1}| < —(ladogg 1 (Nn)]=2Rn) pp 5.6)

—
—
M

* 2a

< (d- 1)N}L £

where in (x) we use that |alog, ;(N,)| — 2R, > alogy {(N,) —1 — @ log; 1(Ny,) >
%‘1 log,_1(N,) — 1 (because ¢y < «a by (2.31) and (2.1)). Moreover, for n large enough,
also the number of pairs of vertices z, 2z’ € G,, for which Bg, (z,2R,) N Bg, (',2R,,) # 0
is negligible when compared to the total number N? of pairs of vertices of G,,. Indeed,

for n large enough and for such z,z’ € G,, one has 2’ € Bg, (x,4R,,) and hence

[{z,2' € G| Bg, (¢,2Rn) N Bg, (+',2R,) # 0} < > |Bg, (¢, 4Ry)]

T€Gn
"2 NolBr, (0,47, = v, L 22 _dl)j? - &7
2 Ny d(d — 1) oras (V) < g,
where the last inequality follows because ¢y < 1 (see (2.31)). O

We are now ready to proceed with the expectation and variance computation an-
nounced after the statement of Theorem 5.1.

Lemma 5.4. Let h < h,. There exists ¢, > 0 such that for all 0 < ¢ < % and ¢ > 0
one has for n large enough

P9 [AJmher] > nT(h+e) — ¢ forzx € G, with tx(Bg, (z,2R,)) = 0. (5.8)

As a consequence, one has

Gn
lim inf N—E [ Z 1 AGn P Lh] >nt(h) > 0. (5.9)

n—oo
n
€6,

Proof. Let h < h, and take ¢ := % > 0sothat h+9 < h,. Lete < . Setalso ¢; == p45-
For z € G, as in the statement of (5.8) we can apply Lemma 5.2 and obtain that forn > 1
one has (recall that p, 2, is a graph isomorphism from Bg_(x,2R,) to Br,(0,2R,), see
beginning of Section 3.1)

2 [Agmh,ch} > Q, |:Agn,h7'7h+67 sup ‘\I/Qn (y) % (pLan (y))‘ < 5}
yEBg,, (x,rr)

(5:3) Ty hternss
5 Qu[AdMTEH L sup (W, () — pra(pran, ()| < €] (5-10)
y€Bg,, (I’rn)
co
> P4 [A;J)TdthrE,’Ythé] — cexp ( _ C/€2Nn18 )
Note that since 0 < € < § one has y,4+5 < Yn+e and hence

lim inf P [Agfd,h+e,’vh+5] > lim inf P [AgTd,h+s,fy;L+E]

n—roo n—oo
(5.3) Ty [ Ty, h+te + 29 log,_ 1(Nn)}
o lgggfIP ‘C NSt (o, rn)} /\h+5 (5.11)

) ATn
> lim inf P74 [|chvh+€ NSt (0,m)] > L;] @10t (h + ),
T

n—oo
n

where in (%) we use that \,1. > 1 (see (2.13)) and the definition of r, (see (5.2)).
By combining (5.10) and (5.11) we find (5.8). For (5.9) we only need to notice that,

EJP 25 (2020), paper 130. https://www.imstat.org/ejp
Page 35/39


https://doi.org/10.1214/20-EJP532
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Level-set percolation of the GFF on finite expanders

_2a
3

for n large enough, |{z € G, |tx(Bg, (z,2R,)) = O}‘ > N, —(d- I)N,IL by (5.6).
So (5.9) follows from (5.8) by summing only over z € G,, with tx(Bg, (z,2R,,)) = 0 and
applying (2.14). O

As a next step we want to show that Zzegn 1 AT e for h < h, and the ¢; > 0 from
Lemma 5.4 concentrates around its expectation. A variance computation will be enough.
The main ingredient is contained in the next lemma.

Lemma 5.5. Let h < h,. There exist ¢,c’ > 0 such that for alln > 1, z,2’ € G, with
tx(Bg, (z,2R,,)) = tx(Bg, (¢',2R,,)) = 0 and Bg, (x,2R,) N Bg, (z',2R,,) = 0 one has for
ally>0ande >0

P [Ag"’h’7 , Ag,’“h”y] < PTe [Agrd’hfa’v]z + cexp ( - 0'52N,§%). (5.12)

Proof. Let us abbreviate V,, .= Bg, (z,r,) U Bg, (', ry,). For z,2’ € G, as in the assump-
tions we can apply Lemma 5.2 and obtain that for alln > 1, v > 0 and € > 0 one has
(recall the notation p, ;- 2r, and z, ,- from the beginning of Section 3.1)

P [Ar | AT

(5.5) n €
< Qn [Ag”’h”, AZ Y sup [g, (y) — o1, (Powr 2r, ()| < 5]
vetn (5.13)
+ cexp ( — C/EZNnTS)
< PTe [A?,Mhi%ﬁ , Alr;;;}ff%’q + cexp ( — c’ezNﬁ).

To further bound the probability on the right hand side of (5.13) we apply the decoupling
inequality [20], Corollary 1.3, with § = 5, K, := Br,(0,r,), K2 = Br,(2z,0/,7) and
f1, f2 : RT4 — [0, 1] such that

S1((or, (2)zer,) = 1,ron-5, and fo((ory(2))ser,) = 1A1rd,h/—%w

x,x

(the decoupling inequality [20], Corollary 1.3, is stated for the Gaussian free field on Z¢
but its proof directly applies also for the Gaussian free field ¢, on T;). We obtain that
foralln>1,y>0ande >0

PTa [Agrd’h_%’77A£ff:f_%’7] < PTa [Agfdvh—%ﬁﬁpm[ %;}3_8’7]

g] (5.14)

E,? [<PTd(XHK1)1{HK1<oo}]‘ > .

2P |
+ sup 1

yEK>2

Note that, since we are on a tree and K; and K5 are two disjoint connected sets, there is
a unique pair of vertices z; € K1, 22 € Ko with dy, (K1, K3) =inf,ck, ek, dr,(2,2') =
dr, (21, 22). Moreover, on the event {Hg, < co} one P,/“-almost surely has o1, (X, ) =
o1, (1) for y € K. Therefore,

3
IPTd |: sup E;/Ed [gﬁTd (XHK1)1{HK1<OO}]‘ > Z:|
yeK2
= IPTd[ sup Pde [Hzl < oo]gpqu(zl)’ > E}
yeKo 4
3 —1
< ph [de(21)| > ZPQE" [H., < ] } (5.15)
() 4)2
R (— )
2P.," [H., < oo gr,(0,0)
(%)
< 2exp ( —ce?(d - 1)2%(21122)),
(2.7)
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where in (x) we use the exponential Markov inequality for the centred Gaussian random
variable ¢, (21) and in (xx) we use that PL¢[H,, < o] = (27)%(1%2) (see e.g. [28],
proof of Lemma 1.24). Since K; C By,(0,2R,,), K2 C By, (#2447, 2R,) and By, (0,2R,) N
Br, (24,2, 2R,) = 0 by assumption, one has the estimate dr,(z1, 22) = dr, (K1, K3) >
22R, — 1) > 20 logd_l(Nn) — 4 for n large enough. Hence exp ( —ce?(d—1)24ra(1:22)) <
cexp(—c 52]\7 g ) Therefore we can combine (5.13), (5.14) and (5.15) to obtain that
foralln > 1, v > 0 and € > 0 (using also the symmetry of Ty)

Pg" [A_»Lg-n7h,’y 5 Ag,"'vhv’q S ]PTd I:Agrdgh*%f‘/]]PTd I:Agrd,hfe,'y} + cexp ( o C/EQN?E%).

This concludes the proof of (5.12) since by (5.3) it holds ATd 1 - A".Fd»h—m. O

We are now ready to for the variance computation. This is the last ingredient for the
proof of Theorem 5.1.

Lemma 5.6. Let h < h,. Then for the ¢;, > 0 from Lemma 5.4 one has

1
lim N—Var]pgn< 3 1o ch) —0. (5.16)

n—oo
€0,

Proof. By expanding the variance one finds that for all v > 0

2
Varpgn( Z 1Agn,h,w> = Z PIn A, ATp ] — Egn[ Z 1Agn,h,7] . (5.17)

z€G, z,2'€Gn €6,

We define W C G,, x G, to be the set of pairs (z,2') € G, x G, with tx(Bg,(z,2R,)) =
tx(Bg, (¢/,2R,)) = 0 and Bg, (¢,2R,) N Bg, (¢',2R,) = 0. For z,z’ € G, such that
(x,2") ¢ W we can bound the probability on the right hand side of (5.17) by one. This will
—2a 5
be good enough since for n large enough |(G,, x G,) \ W| < 2N,, - (d — 1)N,11 5 +dNg <
_2a 2
dN,, (2Nﬁ 3 4 Nﬁ’) by (5.6) and (5.7). For z, 2’ € G,, such that (z,2') € W we use (5.12)
instead. There are at most N2 such pairs. Thus we obtain foralln > 1,y > 0 and € > 0

J& Varpo, ( Z Lagnn ”) <Pl [Agrmh_w]Q + cexp ( — 0’52N,E%)
€6,
(5.18)

2
+d(2N, S + N, %) - —Eg" { DR rs } :
z€Gn

Now we apply (5.18) to v := ¢;, > 0 for the ¢;, from Lemma 5.4 and deduce that for all
0<e< h*_h

) 1
lim sup N—%Varlpgn ( Z 1A5“,h,c,t)

n—eo rEGy

2
(5.18)
< limsup PTe [ATd’h & C’L] — liminf N—Eg” [ Z 1 AGnhs Lh]

n—00 n—0o0
n z€G,

(2.14)

< 0 (h—e)* —nt(h)*
(5.9)
The statement follows by letting ¢ tend to zero and applying (2.14). O

Proof of Theorem 5.1. We will show that the probability of the complementary event
tends to zero. For n > 1 define Wz" == 37 o 1 0.1, with ¢, > 0 as in Lemma 5.4.
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Then we can estimate

Pgn{ b S n+2(h) N”} < P [anh ST N”}

z€G,

+
Wt > gzt - T

1 1
—po [ e - Lz s L

Np Np

and therefore
+
oG n(h) ]
lin s P [ 3210y < e
z€G,
(5.9) 1
< Jim sup P9 [NiEgn Wz —

n—oo

1
Np

n*(h)

wzh > 5

(%) 4 1 (5.16)
< limsup ——— Varps, (-~ W") 270,
< 1:Lrisotip T (h)? arpe N, n

where in (%) we use Chebyshev’s inequality. This concludes the proof of Theorem 5.1. O

Remark 5.7. It remains open whether in the supercritical phase h < h,, with high
probability for large n, there actually is a macroscopic (giant) connected component
of the level set above level h (i.e. containing a number of vertices comparable to G,,),
and whether this giant component is unique (meaning the size of the second-largest
connected component is negligible compared to G, ). For other probabilistic models on
essentially the same class of graphs this has been shown. One example is the emergence
of a unique giant connected component for Bernoulli bond percolation on d-regular
expanders of large girth (see [4] and also [15]). A second example is the emergence of a
unique giant connected component in the vacant set of simple random walk on the same
graphs (gn)nzl as considered here (see [8]). As briefly mentioned in the introduction
below (1.9), such results are typically obtained by a sprinkling argument out of an inter-
mediary result like Theorem 5.1. In our setting, the zero-average property of ¥ (see
below (2.19)) prevents us from easily implementing such a strategy. In particular, due
to the zero-average property, the field Uy neither satisfies an FKG-inequality nor does
it possess the domain Markov property of the Gaussian free field 1, (compare (2.21)
with (2.9)). In contrast, the sprinkling argument in [12] for constructing an infinite
connected component for the Gaussian free field on Z for high-dimension d crucially
relies on the domain Markov property of the Gaussian free field on Z¢ for d > 3. O
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