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Analysis of an Adaptive Biasing Force method based
on self-interacting dynamics
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Abstract

This article fills a gap in the mathematical analysis of Adaptive Biasing algorithms,
which are extensively used in molecular dynamics computations. Given a reaction
coordinate, ideally, the biasing force in the overdamped Langevin dynamics would be
given by the gradient of the associated free energy function, which is unknown. We
consider an adaptive biased version of the overdamped dynamics, where the biasing
force depends on the past of the trajectory and is designed to approximate the free
energy.

The main result of this article is the consistency and efficiency of this approach.
More precisely we prove the almost sure convergence of the biasing force as time
goes to infinity, and that the limit is close to the ideal biasing force, as an auxiliary
parameter of the algorithm goes to 0.

The proof is based on interpreting the process as a self-interacting dynamics, and
on the study of a non-trivial fixed point problem for the limiting flow obtained using
the ODE method.
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1 Introduction

Let p, be a probability distribution on the d-dimensional flat torus T (with T = R/Z),

of the type:
e—BV(2)

Z(B)
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dp () = dr, Z(B) = fw e VW, (1.1)
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where dz is the normalized Lebesgue measure on T¢. For applications in physics
and chemistry (e.g. in molecular dynamics), p, is referred to as the Boltzmann-Gibbs
distribution associated with the potential energy function V' and the inverse temperature
parameter S > 0. For applications in statistics (e.g. in Bayesian statistics), —5V is
referred to as the log-likelihood. In this article, the function V : T¢ — R is assumed to
be smooth.

In order to estimate integrals of the type {odpu., with ¢ : T¢ — R, probabilistic
methods are used, especially when d is large. The Markov Chain Monte Carlo (MCMC)
method consists in interpreting the integral as the (almost sure) limit

1 (T
dp, = lim — XD)dt = 1i duf
Jsou TEE;CTJO p(X7) TgI;CJsD KT
where pf = 1 SOT dxodt is the random empirical distribution associated with an ergodic
Markov process (X),_, with unique invariant distribution x.. The choice of the Markov
dynamics is not unique, and in this work we consider the overdamped Langevin dynamics

dX) = —VV(XD)dt + /2B~ 1dW;

where (Wt) >0 is a d-dimensional Wiener process. In practice, discrete-time Markov
processes, defined for instance using the Metropolis-Hastings algorithm or an Euler-
Maruyama scheme applied to the overdamped Langevin process, are employed. The
question of discretisation errors for MCMC algorithms is a classical topic that will not
be addressed in this work.

The convergence to equilibrium requires that the Markov process explores the entire
energy landscape, which may be a very slow process. Indeed, in practical problems,
the dimension d, i.e. the number of degrees of freedom in the system, is very large,
and the probability distribution pu. is multimodal: the function V admits several local
minima (interpreted as potential energy wells) and § is large. In that situation, the
Markov process is metastable: when it reaches an energy well, it tends to stay there for
a long time (whose expectation goes to infinity when 5 goes to infinity) before hopping
to another energy well. Asymptotic results for the exit time from energy wells when
B — oo are given by Eyring-Kramers type formulas [18, 35]. The metastability of the
process substantially slows down the exploration of the energy landscape, hence the
convergence when 7' — o towards the target quantity { ¢d..

In the development of Monte Carlo methods in the last decades, many techniques
have been studied in order to efficiently sample multimodal distributions. The bottom-
line strategy to enhance sampling consists in biasing the dynamics and in reweighting
the averages: indeed, for any smooth function V : T¢ — R, one has

f . foeBYV (e BV=V) =BV y §o (X y)e PV X -VXD)) g
pdpie = = =

Sefﬁv - Se—B(V—V) e—BV t—o0 S‘éefﬁ(V(Xs)fV(Xs))ds

where the biased dynamics is given by dX, = —VV (X,)dt + /26~ 1dW,. This is noth-
ing but an Importance Sampling method, and choosing carefully the function V may
substantially reduce the computational cost. Indeed, if the distribution with density
proportional to e #V(#) is not multimodal, the biased process X, converges to equilibrium
and explores the state space faster than the unbiased process X;. In the sequel, we
explain how to choose V in order to benefit from the importance sampling strategy.

From now on, in order to simplify the notation, 8 = 1. In addition, without loss of
generality, assume that SW e V@ dy = 1.

Instead of treating the problem in an intractable full generality, we focus on the
typical situation when some additional a priori knowledge on the system is available.
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Precisely, let ¢ : T — T™ be a smooth function, which is referred to as the reaction
coordinate (following the terminology employed in the molecular dynamics community).
Let us stress that the identification of appropriate reaction coordinates is a delicate
question, which depends on the system at hand. The problem of automatic learning of
good reaction coordinates currently generates a lot of research, see for instance [17, 19]
and the recent review [28]. We do not consider this question in the sequel.

The biasing potential in the importance sampling schemes considered in this work
will be of the type V(z) = V(x) — A(é(z)), where A : T — R. In practice, the number
of macroscopic variables m is very small compared to the dimension d of the model
(which describes the full microscopic system). As will be explained below, without
loss of generality, we assume that £(z) = £(y,2) = z for all x = (y,2) € T9™ x T™,
This expression for the reaction coordinate simplifies the presentation of the method,
however considering more general reaction coordinates ¢ is possible up to adapting
some definitions below. To explain the construction of the method and to justify its
efficiency, we assume that the reaction coordinate is representative of the metastable
behavior of the system: roughly, this means that only the exploration in the z variable is
affected by the metastability, whereas the exploration in the y variable is much faster
(see the discussion at the end of Section 2.3).

In this framework, the fundamental object is the free energy function A, defined as
follows: for all z € T™,

A(z) = 710g(LN, efv(y’z)dy). (1.2)

For general considerations on the free energy and related computational aspects, we
refer to [39, 40]. By construction, if X = (Y, Z) is a random variable with distribution .,
then the marginal distribution of Z is given by

dv,(z) = ez,

Introduce the notation (Y}, Z?) = X} for the solution of the overdamped Langevin
dynamics
AYQ = =V, V(YL, Z0)dt + /2dW ™),
{dzg = —V.V(YP, Z9)dt + /2dW, ™,

where W, = (W™ W™, 1f 1 = 1§00 zods denotes the empirical distribution for the
variable Z°, then almost surely
0
e

in the sense of weak convergence in the set P(T™) of probability distributions on T™.
Since the reaction coordinate is representative of the metastability of the system, this
convergence shares the same computational issues as when considering the full process
X0,

A much better performance can be attained considering the following biased dynam-
ics, where V() is replaced by V. (z) = V(z) — A.(&{(x)):

AYy = =V, V (Y7, ZF)dt + v2dW, ™), .3)
AZF = =N,V (Y7, ZH)dt + VA(ZF)dt + v/2dW ™. '
Define the associated empirical measures on T and T™ respectively:
1 t 1 t
py = ff Oxsds, vy = fj dz+ds,
t 0 s t 0 S
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where X} = (Y}, Z). As explained above, § pdp. can then be computed by the reweight-
ing procedure. Observe that by ergodicity for (Xt* ) />0 and the definition of A,, one
has

vy — dz,
t—0o0
i.e. at the limit the distribution of Z} is uniform on T™. This observation, which is
referred to as the flat histogram property in the literature devoted to applications,
means that the process X* does not suffer from slow convergence to equilibrium due to
energy barriers, compared to the process X° (see the end of Section 2.3 for more details
on this question).

In practice, the free energy function A, is not known, thus the ideal approach
described above is not applicable. In fact, in many applications, the real objective is the
computation of the free energy function. One of the important features of many free
energy computation algorithms, such as the one studied in this work, is to compute an
approximation of the free energy function on-the-fly, and to use this approximation to
enhance sampling. Checking that such adaptive algorithms are efficient and consistent
requires careful mathematical analysis.

In this article, we consider a class of adaptive biasing methods, where the dynamics
is of the form

{dYt — —V,V (Y, Zy)dt + /2dW,™), 1.4)

dZ, = =N,V (Yy, Z,)dt + VA(Z,)dt + /2dW, ™,

where the function A; depends on time ¢, approximates A, when ¢t — o0, and is defined
in terms of the empirical measure

1 t
L = ;f 0x.ds. (1.5)
0

The process (Xt)t>o = (v, Zt)t20 is not a Markov process, instead it is a self-interacting
diffusion process. The precise construction of the algorithm studied in this article is
provided below.

This article is organized as follows. The construction of the algorithm (2.5) studied
in this work is presented in Section 2 below. The main result, Theorem 2.3, is stated in
Section 2.3, and a comparison with the literature is given. Section 3 gives a proof of the
well-posedness of the self-interacting dynamics (2.5) (Proposition 2.2). Section 4 exhibits
the limiting flow (obtained by applying the ODE method) and establishes the asymptotic
pseudotrajectory property. Finally, Section 5 provides the final crucial ingredients for
the proof of the main result, Theorem 2.3: a PDE estimate which provides some uniform
bounds, and a global asymptotic stability property for the limiting flow.

2 The Adaptive Biasing Force algorithm

The objectives of this section are to define the Adaptive Biasing Force method [22]
studied in this article, and to state the main results.

Recall the definitions (1.1) and (1.2) of the target distribution u, and of the free
energy A, respectively. The potential energy function V is assumed to be of class C*.

The reaction coordinate ¢ : T¢ — T™ satisfies £(y,2) = 2 for all z = (y,z) € T9.
This expression substantially simplifies the presentation compared with a more general
choice of ¢ : T* — R™. In applications, this is not restrictive, and consists in considering
the so-called extended ABF algorithm [27]. Precisely, an auxiliary variable Z is added
to the state space, the extended potential energy function for X = (X, Z) is given by
V(X) = V(X)+ 52 |£(X) — Z|?, where o > 0 is a small parameter, and one sets {(X) = Z.
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2.1 Construction

The definition of the algorithm requires us to make precise how in the evolution
equation (1.4), the biasing potential function A;, or its gradient V A;, is determined in
terms of the empirical distribution u; given by (1.5). The algorithm is based on the
following identity: the gradient V A, of the free energy function A, defined by (1.2) is
given by

Spa—m V:V(y,2)e” " 0Pdy
S’]I‘ri—m, er(y Z)dy

VA.(2) = E,.[V.V(Y,Z)| Z = z]. (2.1)

More generally, let A : T™ — R be a smooth function, and let du? (z)oce**)dp, (y, z) be
the ergodic invariant distribution of

AYA = —V, V(YA ZA)dt + v2dW ™),
AZ{ = —V, V(YA ZM)dt + VA(ZEA)dt + /2dW,™ .

Then one has the identity
VA (2) =E,a[V.V(Y,2) | Z = z]. (2.2)

The expressions for the gradient of the free energy function in equations (2.1) and (2.2)
are simpler than (for instance) the expressions (5) and (6) in [38] which hold for a general
reaction coordinate mapping ¢, whereas we consider only the case {(y, z) = z.

The occupation measures u; defined by (1.5) are in general singular with respect to
the Lebesgue measure on T™. In order to define the mapping u; — A;, we introduce a
regularization kernel K, depending on the parameter ¢ € (0, 1], such that

ALY ’)K (¢, 2)dps (y, 2')
VA ) = i e e )

Indeed, formally, the expression (2.1) for VA, is obtained with the kernel K .(z,2’)
replaced by a Dirac distribution §(z—2"). See Assumption 2.1 below for precise conditions
on the kernel function K..

For every € € (0,1] and p € P(T¢), define the mapping F¢[u] : T™ — R™ as follows:

SSVV(y,2)Ke(z,)duly, 2)
S Ke(z,)duly,z)

Due to the action of the regularization kernel K., in general F<[u] cannot be written as
a gradient. For instance if m = 1, a smooth function F': T — R is a gradient if and only
if its average value is zero { F(z)dz = 0; in general, { F¢[u](z)dz # 0.

The last ingredient in the construction is a projection operator P, such that one
defines VA¢[u] = P(F¢[u]). More precisely, for every ¢ € (0,1] and p € P(T?), define the
mapping A¢[u] as follows:

Felp)() = 2.3)

Au] = argmin J |Fe[p — VA(z )} (2.4)
AeH(T™),{ A(2)dz=0

where H!(T™) is the Sobolev space W12(T™) of real-valued square integrable functions
on T™, whose gradient belongs to L?(T™). As will be explained below, A¢[u] is solution
of an elliptic PDE. Note that F[u] and A¢[p] are functions depending only on z € T™,
with a dimension m much smaller than d the total number of degrees of freedom of the
system. Typically, one has m € {1, 2, 3}, which makes it possible to use the algorithm in
practice.
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We are now in position to define the process considered in this article: it is the
solution of the system

dY; = =V, V(Yy, Zy)dt + /2dW, ™)

dZ, = =N, V(Yy, Z,)dt + VA(Z,)dt + /2dW, ™,
A = A ],

fe =5 5 0v,,2,)ds.

(2.5)

Arbitrary (deterministic) initial conditions Yy = yo € Td-m, Zy = z9 € T™ (and thus
to = O(yy,zo) and Ag = A[uo]) are provided. This process belongs to the class of self-
interacting diffusions, see [13, 14, 15, 16] for standard references. Note that such
processes (also called reinforced dynamics) have been used and studied for other
stochastic algorithms, for instance for approximating quasi-stationary distributions of
killed Markov processes [41, 11]. In particular, although we stick in the present work to
continuous-time settings, we remark that arguments similar to ours can be applied to
discrete-time chains, as in [10].

2.2 Well-posedness of the system (2.5)

Recall that V : T¢ — R is assumed to be of class C*. Let us first state the assumptions
satisfied by the kernel function K..

Assumption 2.1. For any € € (0,1], the mapping K. : T™ x T™ — (0, o) is of class C*
and positive.
For all z € T™, one has

JKs(z,z’)dZ’ = JK€(Z’,z)dz’ = 1.

In addition, if 1 : T? — R is a continuous function, one has

e—0 Td—m

ﬂw(w’)&(z’, 2)dyds — by )y ¥ eT™,
Td

Finally, there exists ck € (0,0), such that

sup J |2 = 2P (Ke(2,2) + Ke(2,2'))d2’ < exce.

zeT™
Define m. = min K.(Z,z) and M* = max |[VEK (2, 2)| + max |VFK (¢, 2)],
z,z'eT™ z,z'eTm z z,z'eT™ Z

where k is a nonnegative integer and V* denotes the derivative of order k. Owing to
Assumption 2.1, one has m. > 0 and M™* < o forall e e (0,1]. However these estimates

are not uniform with respect to ¢, i.e. i(nf | me =0 and sup Me(k) = . Indeed, assume
e€(0,1 e(0,1]
that a uniform bound 0 < m < K(z,2') < M < o for all 2,2’ € T™ and all € > 0 holds,

with m = inf m.and M = sup m.. Using the bounds and passing to the limit ¢ — 0,
€€(0,1] ee(0,1]

then one obtains m < wﬂ% < M for every non-negative function ¢ and all z € T™.
Taking the infimum and supremum over all such functions ¥ gives m = 0 and M = co.

Note that to establish the well-posedness of the system (2.5), where ¢ € (0,1] is
fixed, upper bounds are allowed to depend on ¢. However, it will be crucial in Section 5
to derive some upper bounds which are uniform with respect to ¢ in order to prove
the convergence when ¢ goes to infinity of u; and A, (to a limit depending on ¢), see
Proposition 5.3.
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The exact form of the kernel function K, has no influence on the analysis below. Let

us give an example: let K. (2", 2%) = [[]L, ke (2] — 2} ), where for all z € T= R/Z,

_sin (7‘(‘2))

ke(z) = Z " exp( a5

is the so-called von-Mises kernel.
Owing to Assumption 2.1, it is straightforward to check that F<[u] is of class C*,
for any ;1 € P(T¢). Then the mapping A¢[u] is the solution of the elliptic linear partial
differential equation
AA[] = div(F[p])
and standard elliptic regularity theory implies that A¢[u] is also of class C*. See
Lemma 3.1 below for quantitative bounds (depending on ¢).

Proposition 2.2. Under Assumption 2.1, for any initial conditions zo = (yo, 29) € T¢, the
system (2.5) admits a unique solution, which is defined for all times t > 0.

The proof of Proposition 2.2 is postponed to Section 3

2.3 Main result and discussion

The free energy is in fact defined up to an additive constant. Above, A, has been
normalized so that {,, e #*dz = 1, while A, is such that {,, A;dz = 0. Denote A, =
A, — §pm As(2)dz. The standard norm on the Sobolev space W' (T™), for p € [2, ), is
denoted by | - |wiz-

Theorem 2.3. Under Assumption 2.1, there exists ¢ > 0 and, for all p € [1,+®),
there exists C, € [0, +00) such that, for all € € (0, ¢y], there exists a unique probability
distribution u¢, € P(T¢) which satisfies

dus,(z) = dufs[“;](x)oceAe[“go](z)du*(y,z).
In addition, one has the error estimate
| Ac = A[p& ] lwrr < Cpv/e,
and, for any initial conditions xo = (yo, z0) € T%, almost surely, one has the convergence
|A: — A[ps ) [wrw 2 0
e

the latter in the sense of weak convergence in the set P(T?).

The first identity in Theorem 2.3 means that the limit p, of yu; is the fixed point of
the mapping p — uf [ ], see Section 4. Equivalently, the limit A[uS,] of A; is the fixed
point of the mapping A — A¢[u2}], where we recall that du? (z) = eA® du. (y, 2).

The almost sure convergence results of Theorem 2.3 may be loosely rephrased as
follows

. . o . . A,
g gy Ae = Ao i g e = g
and implies that the empirical distribution v; = % Sé d¢(x,)ds satisfies the approximate
asymptotic flat-histogram property
lim lim v = dz.
e—0 t—w
We stress that pf, is not close (when € — 0) to the multimodal target distribution p,:
with the notation above one has p, = 1 # u2+. However, the algorithm gives a way to
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approximate §odpu. by reweighting: using the Cesaro Lemma, it is straightforward to
check that one has
C fp(X e A Eds fo(X)em A )2 s
lim 7 = lim ;
tmo [ emA(Ze)ds o e Ade](Zds
 Jly, e TG (v, 2)
(e A T1C dprs (), 2)

= f@dﬂ*a

for any smooth ¢ : T¢ — R. Indeed, by the Sobolev embedding W?(T™) < C°(T™) if
p > m, A; converges to A°[uS,] uniformly on T™.

Up to an error depending only on the width ¢ > 0 of the kernel function K., the
adaptive algorithm (2.5) is thus a consistent way to approximately compute § dpu., as
well as the free energy function A,. The approximate asymptotic flat-histogram property
stated above shows that the sampling in the slow, macroscopic variable z is enhanced,
hence the efficiency of the approach. Such results are a mathematical justification for
the use of the ABF method based on self-interating dynamics in practical computations.

Remark 2.4. From Theorem 2.3, we expect the following Central Limit Theorem to hold:
for all bounded ¢ on T?,

Vit (f pdpy — f@duio> tlfg N(0,02)

where O'i is the asymptotic variance obtained by considering the process with a constant
biasing force VA¢[1, ]. Nevertheless, the proof of such a result, extending [25, Theorem
4.111.5] at the cost of technical considerations, exceeds the scope of the present article.

Remark 2.5. The convergence of A; to A¢[u¢,] when ¢ — o0 in fact holds for C* norms,
for all integers k. However, the convergence of A, — A¢[uS, ] when € — 0 can be obtained
only in WP, for all p € [2,) (hence in C° due to a Sobolev embedding, for p > m).
In fact, higher-order derivatives of F¢[u] (and of A¢[u]) are expected to blow up when
e — 0.

The ABF has originally been introduced in [23] in the molecular dynamics community,
where it is widely used, see [29, 24, 22]. An example of application in statistics is
developed in [21]. Another popular related biasing algorithm is the metadynamics
algorithm [33], [5], [31], [9].

From a theoretical point of view, several variants of the ABF algorithm have been
considered in various works. In a series of papers [38, 1, 37, 36], Leliévre and his
co-authors considered a process similar to (2.5) except that u; is replaced by the law
of X;. This corresponds to the mean-field limit of a system of N interacting particles
as N goes to infinity [30]. The law of X; then solves a non-linear PDE, and long-time
convergence is established through entropy techniques. In practice in fact, the biasing
potential A, is obtained both from interacting particles and from interaction with the
past trajectories, so that y; is the empirical distribution of a system of NV replicas of the
system (X;,Y;) that contributes all to the same biasing potential A,.

The case of adaptive biasing algorithm with a self-interacting process is addressed in
[26] for the ABF algorithm and in [7, 8] for the related adaptive biasing potential (ABP)
algorithm. We emphasize on the fact that in these works, y; is replaced by a weighted
empirical measure ji; given, in the spirit of an importance sampling scheme, by

t
‘at — <J eAs(Zs)dS>
0
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Contrary to u; in Theorem 2.3, this weighted empirical measure converges toward
. This makes the theoretical study simpler than in the present case. However, in
practice, there should be no reason to use this weighting procedure for ABF due to
the identity (2.2). Indeed, provided that A; converges to some A, in the idealized
case where K. is a Dirac mass, then (2.2) implies that necessarily A,, = A.. This is no
longer true as soon as € > 0 (which is necessary for the well-posedness of the algorithm),
and one of the main motivation of the present work was to determine whether the
convergence of the natural (non re-weighted) version of ABF, which is the one used in
practice, was robust with respect to the regularization step. Our results shows that this
is true, provided ¢ is small enough.

Note that in the basic versions of the ABF algorithms, the biasing force is directly
F<[p], without the projection to a gradient. This is not so important for one-dimensional
reaction coordinates, but otherwise without projecting it is not possible to use the im-
portance sampling reweighting procedure. Moreover, as studied in [2], the projection
reduces the variance of the estimation. Finally, from a theoretical point of view, consider-
ing an overdamped Langevin diffusion with non-gradient drift of the form —VV + F¢[u]
(say for a fixed u) leads to additional difficulties with respect to the gradient case. In
particular, the invariant measure has no explicit form, which in our work is used several
times, for instance for proving the crucial quantitative estimate of Proposition 5.7. It
may be possible that the proof of Theorem 2.3 can be adapted to some extent to this
non-gradient case, with explicit expressions replaced by general estimates on invariant
measures of diffusions in terms of their drift, but at any rate this is not straightforward.

While the compact periodic case is rather standard in practical cases for molecular
dynamics, applications in Bayesian stastistics like in [21] are more naturally set in R¢.
The general strategy of the proof of Theorem 2.3 has already been applied to some
self-interacting processes, see [32]. There are two possible ways to give sense to the
ABF algorithm in a non-compact state: either the process is defined in the whole space
but the biasing force is restricted to a compact subset (see [21, Section 3.4]), in which
case adapting most of our proofs (under some suitable growth conditions on V' at infinity)
should not raise any particular difficulties; or alternatively the process and the adaptive
force are both defined in the whole space, in which case an additional biasing confining
potential is required (since the Lebesgue measure on a non-compact set has infinite mass,
see the discussion in [38]). This second theoretical solution is not really practicable as
it would require to keep in memory a function over a non-compact set. The case of a
non-compact space with a biasing force defined in a compact subset is addressed for the
ABP algorithm in [8].

Theorem 2.3 is only a qualitative result on the consistency of the algorithm, and
as such it is not sufficient for comparing the efficiency of the algorithm with respect
to classical non-adaptive MCMC. Quantitative results (like explicit convergence rates),
which are classical for Markov processes, are much more difficult to establish for self-
interacting processes. In view of Remark 2.4, as far as the asymptotic quadratic risk of
the estimator of § pdu. is concerned, the question of efficiency is expected to boil down
to the question of efficiency of the ideal importance sampling scheme where the biasing
force is constant equal to VA,, namely the solution of (1.3). The answer may depend
on the observable ¢ but, for reversible processes such as the overdamped Langevin
diffusion, bounds on the asymptotic variance are classically obtained from the spectral
gap of the process. As the algorithm is meant to tackle metastability issues, a natural
frame to discuss its efficiency is the low temperature regime. The question is thus to
compare the Poincaré constant of the probability measures with respective log-density
BV and B(V — A,) as 8 — +oo. In the first case (the classical process) it is well-known
to scale (up to a sub-exponential factor) as exp(—/Sc,) where ¢, is the so-called critical
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depth of the potential. On the other hand, applying the results of [34], we see that
the spectral gap of (1.3) can be obtained from the Poincaré inequality satisfied by the
marginal law of the reaction coordinates on the one hand and by the conditional laws
for fixed values of the reaction coordinates. The marginal law being uniform on the
torus for all 3, the scaling in 3 of the spectral gap of (1.3) is given by the scaling of
the Poincaré inequality of the conditional laws, i.e. only the “orthogonal” metastability
intervenes. The spectral gap of (1.3) then scales as exp(—/3 sup,cya ¢x(z)) where c,(2)
is the critical depth of y — V(y, z). For a good choice of reaction coordinate, this can
drastically improve the sampling rate. As a matter of fact, the ABF algorithm has been
proving its efficiency for nearly 20 years in a large number of empirical studies, see e.g.
[23, 29, 24, 22].

Finally, let us discuss the parameter €. The proof of Theorem 2.3 furnishes an explicit
expression for €3. Nevertheless, it is not completely clear that this provides a useful
insight for a practical choice of the parameters. First, the explicit expressions of ¢,
and C), obtained from the proof have no reasons to be sharp, and moreover it is not
clear whether our restriction on sufficiently small ¢ is a real limitation or simply an
avatar of our particular theoretical proof. Second, the practical issue of the choice of the
regularization kernel is closely related to the question of space discretisation, which is
not addressed in Theorem 2.3 (see the discussion in [26, Section 4]). In order to design
an asymptotically unbiased estimator of the free energy A,, at least at the theoretical
level, one could consider a process similar to (2.5) but with the constant parameter ¢
replaced by a vanishing function ¢ — ¢(t). Provided that the decay of this function is
sufficiently slow, and at the cost of additional technical arguments, it should be possible
to extend the proof of Theorem 2.3 to this case. Again, the practical consequence
that can be drawn from such a consideration are not straightforward. This may be
investigated in future works.

2.4 Notation
Let N = {1,...} and Ny = N U {0}, and let &k € IN; be a nonnegative integer. Let
CF(T™,R"2) be the space of functions of class C* on T™ with values on R"2. The

derivative of order k is denoted by V*. The space C*(T™!,R"?) is equipped with the
norm || - |¢x, defined by

k
I8t = D 1V @llco,
=0

with |¢[lco = max [¢(x)]|. To simplify, the dimensions n; and n, are omitted in the
zZE nq

notation for the norm || - |¢x.

If : T™ — R™ is a Lipschitz continuous function, its Lipschitz constant is denoted
by Lip(¢).

The space P(T?) of probability distributions on T¢ (equipped with the Borel o-field)
is equipped with the total variation distance drv and with the Wasserstein distance dyy, .
Recall that one has the following characterizations:

1
drv(pa, p2) = sup 5} J¢d112 - f¢dﬂl‘>
PSR, [
dw, (p1, p2) = sup | fibduz - J¢du1|
$:T4R, Lip(y) <1

where for the total variation distance the supremum is taken over bounded measurable
functions .
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The space P(T?) is also equipped with the following distance, which generates the
topology of weak convergence:

”d - nd
dw(ﬂbﬂz):Zi | § fadpz = § fadp]

nelN 2n 1 + H‘fnd,uZ —and/l1|’

where the sequence S = {f, } cn is dense in C°(T¢, R), and, for all n € IN, one has f,, € C*
and anHCU <1

3 Proof of the well-posedness result Proposition 2.2

The objective of this section is to prove Proposition 2.2, which states that the sys-
tem (2.5) is well-posed. Some auxiliary estimates are provided, where the upper bounds
are allowed to depend on the parameter e. Lemma 3.1 provides estimates for F¢[u]| and
A¢[p], in C*, uniformly with respect to . Lemma 3.2 provides some Lipschitz continuity
estimates with respect to y, in total variation and Wasserstein distances.

3.1 Auxiliary estimates

Lemma 3.1. For all ¢ € (0,1] and k € INy, there exists C, ;, € (0, ) such that one has

sup  (IF [l lex v om) + [ ATl lex ey ) < Con:
HEP(T?)

Proof of Lemma 3.1. Observe that

Faux [,Uf7 vz V]

Flu] = Pl 1]

where Faeuux Sgw Y,z ( 2, )d:u(yv Z)
Owing to Assumptlon 2. 1 one has

Fafuxl: ] mEJdM:mE>Oa

forall pe P('IFd). In addition, for all k£ € INy, one has

VA Eilin 0] = [ 000,209 K . 2),
thus, one obtains
Pler < [eoMP) < oo,

H aux[

owing to Assumption 2.1.
Using the estimate above with v = V.,V and ¢ = 1, it is then straightforward to

deduce that
Foux[p, V.V]

Faux[p, 1]
This concludes the proof of the estimates for F¢[u]. To prove the estimates for A¢[y],
observe that A€ [11] solves the Euler-Lagrange equation associated with the minimization
problem in (2.4),

[ELuallex = | lex < Ce k-

AA[p] = div (F<[p]).

Using the result proved above, and standard elliptic regularity theory and Sobolev
embeddings (see for instance [20]), one obtains the required estimates for A¢[u]: for all
€€ (0,1] and k € Ny, there exists C, j € (0,00) such that for all u € P(T?),

| A€ [u] lex (rm 1y < Ce k-
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Since A¢[u] and A¢[x] only differ by an additive constant, it only remains to prove that
[A“[i]llco(xm 1) < Cepo-

This is a straightforward consequence of the estimate | A¢[x] leo¢rm 1y < Ce0 and of (2.4).
This concludes the proof of Lemma 3.1. O

Lemma 3.2. For all ¢ € (0,1] and k € Ny, there exists L. € (0,00) such that, for all
1, g2 € P(T?), one has

|F (2] = Flpaller pm mmy + | A Tu2] = A[pa]lerrm my < Lek (dov (1, p2) A dw, (11, p2))-
Proof of Lemma 3.2. First, observe that

V.V(y, d(pe — 2
e [ ] Fe[,ul] SS (y,2) K. ( )d(p2 — p1)(y, 2)
§§ Ke(z,)dpa(y, 2)
o SSVZV Y,z ) ( dul Y,z SSK ,ul)(yVZ)
SSK dy’l Y,z SSK d,LLQ Y,z )
Using the characterizations of total variation and Wasserstein distances and the

regularity properties of V and K. (Assumption 2.1), proceeding as in the proof of
Lemma 3.1 then yields

1F[p2] = F[pa]ller om mmy < Le kd(pa, p2),

for all yi1, g € P(T4), with L, ;. € (0,00), with d = dy, and d = drv .
It remains to apply the same arguments as in the proof of Lemma 3.1 to obtain

HAE[M] - AE[Ml]Hck(Tm,T) + A [p2] — AE[Ml]Hck(Tm,T) < Lerd(pa, p2),

which concludes the proof of Lemma 3.2. O

3.2 Well-posedness
Let T € (0,00) be an arbitrary positive real number. Introduce the Banach spaces

C([OaT]de) ) E= L2(ch([07T]7Td))7
equipped with the norms defined by
%
2o = sup e o], [IX]la = (B[IXIZ])",
0<t<T

depending on the auxiliary parameter a € (0,00). Let ® : E — E be defined as follows:
for all © = (yi,21) ., let puf = 106, ds and AF = A°[uf], forall ¢ > 0. Then X = () is
the solution X = (Y(t), Z(t))¢0 of

dY (t) = =V, V (ys, 2 )dt + /2dW =™ (t),
dZ(t) = =V.V (ys, 2z)dt + VAF (z)dt + 2dW (D (¢),

with initial condition (Y (0), Z(0)) = zo € T¢, which is fixed.
If « is sufficiently large, then the mapping ® is a contraction, due to Lemma 3.3
stated below.

Lemma 3.3. There exists C € (0,0) such that for all a € (0,0), and for all v, 2% € E,

C
1®(z2) = 2(@21)lla < - N2z = 1]l
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Proof of Lemma 3.3. Let z! = (y',z') and 22 = (32, 2?) be two elements of E, and set
X! = ®(z1), X% = ®(2?). Then

%(Yz(t) - Yl(t)) = VyV(ytl, Ztl) - VyV(th, th)

and
d
%(ZQ(U - Zl(t)) = vzv(yi}»zg) - VzV(y?,Zt?) + VA?(th) - VA%(Ztl)v

where A} = A°[ui] and i = 1 ] 8y ds.
First, since V is of class C?, for all t > 0, one has the almost sure estimate
t
e Y2(t) — V(1)) < ce—atj (92 — ] + |22 — 21))ds
0
t
< Cefatf e®Sds||z? — 214
0

C
< —[2® = z'[a-
o

Second, similarly one has, forall ¢t > 0,
C t
22 0) ~ 2'(0)] < e - oo+ e [ VAR - VAL lds
0
t
< oot ot e [ [VARED) - VAR
0
t
+ e_“tj VA2(L) — VAL (21)|ds
0
g 2 1 —at ' A2 o Al d
< —f2° —2'flate A — Aglcrds,
& 0

owing to Lemma 3.1. In addition, owing to Lemma 3.2, one has
|42 = Affler = [A[1Z] = Ag]flen
1 S
< Loadyw (ub ) < Leas | Ja20) = 1)
0

1 S
< Leq- J e dr||z? — zt||q
s,

L 1_ — QS
< e°® 671( ase )HxQ _$1||a-

Finally, one obtains the almost sure estimate,

Y c
|@(2?) — ®(2") [0 = sup e **|X3(t) — X' (1)] < Ellﬂc2 — 2 a,

=0
then taking expectation concludes the proof of Lemma 3.3. O
The proof of Proposition 2.2 is then straightforward.
Proof of Proposition 2.2. Observe that the following claims are satisfied.

* Owing to Lemma 3.1, for all z € E, one has the almost sure estimate sup |VA?|co <
=0

C¢,0, and owing to Lemma 3.2, the mapping ¢ — A} is Lipschitz continuous. Thus
the mapping ¢ is well-defined.
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* The process (Y (t), Z(t), A, ju),., solves (2.5) if and only if X = (V,Z) is a fixed
point of ®.

e The mapping ¢ : ' — FE is a contraction if « is sufficiently large, and admits a
unique fixed point X, owing to Lemma 3.3.

Since the initial conditions z and i, and the time 7" € (0,%0) are arbitrary, these
arguments imply that the global well-posedness of (2.5) and this concludes the proof. O

4 The limiting flow
Define the mapping I1¢ : 4 € P(T¢) — ¢[u] € P(T?), for € € (0,1], as follows:
HE[M] — 7 [’u]—1e—V(y,z)-4-A5[/L](z)dydz7

with Z¢[u] = {§e=V 5 +A° ) dydz. The notation Vi (y, 2) = V(y, 2) — A°[u](2) is used in
the sequel. The probability measure I1¢[u] is the unique invariant distribution for the
system

AYA = —V,V(YA, ZM)dt + v2dw ™),

AZ{ = —V, V(YA ZNdt + VA(ZL)dt + v2dw™

with A = A¢[u]. With notations used above, II¢[u] = ,uff[“ I,
The objectives of this section are twofold. First, one proves that, for every = € P(T9),

there exists a unique solution (<I>€(t, 7r)) >0 of the equation

t
O(t, 1) = et + f e*TIE[ @ (s, )] ds.
0
In addition, n§ = ®<(¢,7) solves, in a weak sense, the following ordinary differential
equation
7y =[nf]| — 7y, w5=m.

Second, one relates the properties of the empirical measure (,ut) 50 I the regime t — 0,
with the behavior of the limit flow, using the notion of Asymptotic Pseudo-Trajectories
introduced in [12].

4.1 Well-posedness of the limiting flow

Let M€ = sup \|AE[M]||CO(Tm7R), and M, = |A.|lcocrm ). Note that M€ < oo due to
peP (T
Lemma 3.1. Recall that Lo, is defined in Lemma 3.2.

Lemma 4.1. Let L(e) = 2L ge* M +M-)  Then for all u*, u? € P(T?), one has
dry (0[u'], TI[p?]) < L(€)drv (u', 1?).

Proof of Lemma 4.1.

Do (TT€ | V(g AE[/tl](Z) A In?1(2) dnd
L) = [N = Sl

Td
A[u*)(2) [1°1(=)
[emm i iy,
Ze[pt] Ze[p?]

’]I‘m
—Au(z
< ( )| AW _ ANy
’]I"/n Ze[
Al ](z) Au(2)
+J ———dz|Z[u'] - Z°[1?]].
A I VAT 20 b
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Using the lower bound

m

Zp] = ffe—‘/(w)JrAE[u](z)dydz :J e~ A @DFATE) gy 5 o= MamME
Td

and the upper bound

2] - 20 < M [ A (e) - A,

m

one obtains

dpy (T[], T[] < 2200 +010) f A () — AT?)(2)|dz

m

< 2¢O A ] = A[po] oo

< 2LE7084(M6+M*)dTV (.u17 u2)7

where the last inequality follows from Lemma 3.2. This concludes the proof of Lemma 4.1.
O

Proposition 4.2. Let w € P(T*). Then there exists a unique solution (®(t,)),. ., with

values in C([0, ), P(T%)) (where P(T?) is equipped with the total variation distance
drv ), of the equation

t
O(t, ) = e 1+ J ST I [@¢ (s, )] ds.
0
Proof. Uniqueness is a straightforward consequence of Lemma 4.1 and of Gronwall
Lemma.
Existence is obtained using a Picard iteration argument. Precisely, introduce the
mapping ¥ : C([0, ), P(T9)) — C([0, ), P(T*)), be defined by

U(m)(t) =e'r+ Jo eS¢, ds,

for m = (Trt>t20'

Let d,(m!,7?) = sup e~*dpy (7}, m?), where a > 0 is chosen below. Then, using
>0
Lemma 4.1, one has

Choose a = 2L(e), and define

0 0

= (= a" T = w(a™), n =0,

)tBO ’
using the Picard iteration method. Let T € (0, c0) be an arbitrary positive real number.
Since C([0,T7], P(T?)) is a complete metric space (equipped with the distance d,), then

"), converges when n — o0, and the limit 7#® solves the fixed point equation
7®° = U(7x™), which proves the existence of a solution, and concludes the proof. O

(m

By construction, the flow ®¢ : R* x P(T¢) — P(T¢) is continuous, when P(T?) is
equipped with the total variation distance drv. Adapting the proof of [13, Lemma 3.3],
one checks that it is also a continuous mapping when P(T4) is equipped with the distance
dy.
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4.2 The asymptotic pseudotrajectory property

Recall that a continuous function ¢ : R* — P(T%) is an asymptotic pseudotrajectory
for @€, if one has

sup dy (C(t + 5), (s, (1)) — 0,
s€[0,T] t—0
for all T €e R™. See for instance [6] for details.
The following result is the rigorous formulation of the link between the dynamics of
the empirical measures p; in the ABF algorithm, and of the limit flow.

Theorem 4.3. The process (/,Let) is almost surely an asymptotic pseudotrajectory for

Pc.

The proof requires auxiliary notations and results. For every ¢ > 0 and u € P(T%), let

t=0

and define the infinitesimal generator
L, =A-VV.V.

Introduce the projection operator defined by K, f = f — Sdef [1] and let (Pte’#)tzo be
the reversible semi-group generated by L',; on L?(T9) (see e.g. [4, Chapter 3]). Finally,
let
o]
Q;, :L POYKdt.

Then one has the following result.

Lemma 4.4. For every € > 0, there exists C. € (0,0), such that

HQZfHCl < CerHCO ) (4.1)

for all f € C°(T% R) and all € P(T%). Moreover, L{,Q¢, = —K,.

We refer to [13, Lemma 5.1] for a similar statement. A detailed proof is provided
below since the structure of the self-interaction is different. Note that several references
to [4] are made in the proof.

Proof. Remark that, from Lemma 3.1, V} € C*(T9), from which it is classical to see that
Pt f e (TY) for all f € C*(T?). In particular, C**(T*) is a core for L, see [4, Section
3.2] and thus it is enough to prove the result for f € C*(T4).

As a first step, for all € € (0, 1] there exists R, > 0 such that for all p € P(T%), TI¢[y]
satisfies a log-Sobolev inequality and a Sobolev inequality both with constant R,, in the
sense that for all positive f € C*(T?),

€ _ € n € ‘Vf‘Q €
| g = | gacpam | gacpg <om | Sarp

1f13e ey < Relf e »

where p = dQsz- Indeed, from Lemma 3.1, the density of II¢[u] with respect to the
Lebesgue measure is bounded above and below away from zero uniformly in p € P(T9).
The inequalities are then obtained by a perturbative argument from those satisfied by

the Lebesgue measure, see [4, Proposition 5.1.6]).
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As a second step, these inequalities imply the following estimates: for all € € (0, 1]
there exists R, > 0 such that for all P(T9), f € C*(T¢) and ¢ > 0,

|PEFES flrzmerey < e 2K Fll e e

c Ry,
1P Fle < ey M)
R/
VP < € .
VP Sl < ol

Indeed, the first estimate is a usual consequence of the Poincaré inequality, implied
by the log-Sobolev one (see [4, Theorem 4.2.5 and Proposition 5.1.3]). The second
one, namely the ultracontractivity of the semi-group, is a consequence of the Sobolev
inequality (see [4, Theorem 6.3.1]). The last one can be established thanks to the Bakry-
Emery calculus (see [4, Section 1.16] for an introduction), by showing that E; satisfies a
curvature estimate. More precisely, denote

Tk (£, g) (L.(fg) — fL59 — 9L, f)

A0 = ST =T £L0),

=N =

with T'S#(f) := T'%#(f, f). Straightforward computations yield

Per(f) = |VfP
() = —IVPVEIIVEP = —el"(f)

for some c. > 0 which does not depend on y € P(T¢) thanks to Lemma 3.1. According to
[4, Theorem 4.7.2], this implies that

-1 -1
. . ] —ect . ] —eCt
Pes(PES) < <) P p < <> 1112

€ €

which concludes the proof of the third estimate.
As a third step, we bound (using that | P" f|o < || f]« for all ¢ = 0)

o0 1 o0
fo [BEPKS flpdt < j I f ot + j |PE K f ot

o0
< 2flo+ R, f [PEA K 2 1oy
oe)
< 2fle+ R f e e 2 K F e
AR
< (2455 11l
and similarly
o0 2 R/ o0
VPIPKE dt < J < K¢ ‘dt-l-R/EJ PoHKe dt
[, IR e < | Kotk B PG
o0
< OR![f|w + R j e RS2 K f o arepy
4R.?
< (om+ 55 ) 111
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from which @y, f is well defined for f € C*(T?) and satisfies (4.1) for some C,. Finally,

L.Q.f

0
L LoPEM K fdt

0
L o (PORKEf)dt = —K<f
where we used again that |P{" K flo < Rle f<(=D/2|KS f|| 12(pep,)) for ¢ > 1, which
vanishes at infinity. O

Proof of Theorem 4.3. First, note that the claim is equivalent to the following statement
(see [13, Proposition 3.5]):

sup |e;(s)f| — 0,
s€(0,T] ! t—0

forall fe Sand T € QF, where
t+s
[

t T

Et(S) = dr

and we recall that S = {f,, }.cn is a dense sequence in C°(T%, R) such that, for alln € IN,
one has f, € C* and || fn|co < 1.

Using a Borel-Cantelli argument, and the fact that S is a countable set, it is sufficient
to establish that there exists C. € (0, ), such that

E[ sup |e(s)fI*] < Cee™| f]2o,
s€[0,T7]
forallt >0and f e S.

Let f € S and introduce the function F : (0, 0) x T? — R defined by F(t,z) = t'Q, f.
Then F is of class C}2 on (0,00) x T<. Indeed, first, it is straightforward to check that
t > F¢[us] € C*(T? R™) is of class C?, for all k € INy, since ¢ — p; € P(T?) (equipped with
the Wasserstein distance) is of class C'. Second, A¢[u] is solution of the Euler-Lagrange
equation AA¢[u] = div(F<[x]), which establishes that t — A[y;] € C*(T™,R) is also of
class C!. Finally, it remains to apply standard arguments to establish the C! regularity of
t— Q5. f.

Apglying It6 formula yields, for all ¢ > 0 and s € [0, 7], the equality

et+s

F(€t+s, Xet+s) = F(et,Xet) + f

Et

(0- + L, )F(m, X, )dr + \/Ef S<VF(T7 X.),dW (7).

Observing that £, F(r, X;) = 7L, Q% (X:)f = =7~ (f(X;)—=§ fdlI*[u,]), one obtains

et(s)f = e (s)f +ei(s)f +el(s)f +er(s)f,

where
1 _ -t € —S)E
€t (S)f =e€ ( /L,,f —€ Ptts f>7
et+s
2 . —2 e
€t (S)f - . -7 p,tTf(XT)dTa
eet+s d
A=, T QL X
et+s
Sf = VR[N ) AW (o))
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First, it is straightforward to check that the error terms &} (s) f and £2(s) f are upper
estimated as follows: almost surely,

sup_|e; (s)f] + sup_|ef(s)f] < Cee™| ]l

0<s<T 0<s<T

To treat the error term £}(s)f, it suffices to upper estimate the Lipschitz constant of
t— Qg f. Letty, ty € (0,00), then one has

Mtlf f Eﬂtz Mtzf ﬁutl /eitlf
= L5, (@ = @0, £) + (L0, — L0, )@ S

thus one obtains
Mt2f Q f Q'u,tlétsl,tzf’

where the auxiliary function d;, ,, f is defined as

i = Ko = K £ = (L5 = L5 ) @,

and satisfies the centering condition

Jatel,bfdﬂe['u’tl] - Jﬁlshl ( thf - Q;H f)dnﬁ[ﬂh] = 0.
One has the estimate

HQ;J,JLQ ;LtlfHOO C H(Stl tngOC“

On the one hand, one has

1K £ = Ky e = | [ £0G,) = [ fanGu )

[ flloodrry (T2, ], T 122, )

<
< L(G)”f“OOdTV(Mh ) Mt2)7

owing to Lemma 4.1.
On the other hand, one has

(L5, = L5, )@, Flloo = KV A [pe,] = VA [0, 1. V2 Q5, Pl
< A (e ] = A[pe )l @y, flle
< L, Oc|| flloodry (12t 5 1)

Finally, it is straightforward to check that

2ty — t1]

d 9 < )
TV (Lt 5 ity 1 A

using the identity j; = +(6x, — p)-
As a consequence, one obtains

t+T

€ d
sup [e3(s)f] < f Qs f(Xdr

0<s<T

<c. f 247 floo
< Cee™| {1

EJP 25 (2020), paper 88. http://www.imstat.org/ejp/
Page 19/28


https://doi.org/10.1214/20-EJP490
http://www.imstat.org/ejp/

Analysis of an ABF method based on self-interacting dynamics

It remains to deal with the error term () f. Using Doob inequality implies

t+T

E[ sup [} (s)f[*] < cf T 2E[|IVQ,. f(X-)]dr

0<s<T et

< Cee_tango-
This concludes the proof of the claim,

E[ sup lei(s)f*] < Cee™| f]0.
s€[0,T7]

forallt >0and f e S.
Applying a Borel-Cantelli argument then concludes the proof. O

5 Proof of Theorem 2.3

The objective of this section is to give a detailed proof of Theorem 2.3. There are
two main ingredients. The first one is Proposition 5.3 below, which provides a uniform
estimate over € > 0 for A¢[u], in the C° norm (compare with Lemma 3.1 where the upper
bound may depend on €). The second key ingredient is Proposition 5.7, which states a
contraction property for the mapping II¢, for an appropriate distance, for sufficiently
small ¢, when restricted to an attracting set identified below (compare with Lemma 4.1
which is valid on the entire state space, but where no upper bound for L(¢) holds).

Combining these two ingredients provides a candidate for the limit as ¢ — oo, using a
standard Picard iteration argument. Using Theorem 4.3 (asymptotic pseudo-trajectory
property) then proves the almost sure convergence of j; to this candidate limit.

5.1 Uniform estimate
The following PDE estimate is crucial for the analysis.

Proposition 5.1. Let m € IN. For every p € [2, w), there exists C), € (0,0), such that the
following holds: let F : T™ — R™ be a continuous function, then the solution A of the
elliptic PDE AA = div(F), with the condition § A(z)dz = 0, satisfies

|Aw e rm gy < CpllFllcocrm mrm)y,

and if p > m, then
HAHCO(T"",]R) < CpHFHCO(Tm,Rm).

Proof. The proof combines three arguments.

e If p > m, then by Sobolev embedding properties, one has

[Alcorm gy < CplAlwrwcrm w),

with C), € (0, ).
* By the Poincaré inequality (using the condition { A(z)dz = 0, one has

lAlw e rm r) < Cpl VAl Lo (pm R,

with Cj, € (0, 0), see [3, Theorem 1.13].
» By elliptic regularity theory, one has

IVA| Lo (rm mmy < Cpl Fllpoom mmy < CpllFllco(rm rmy,

with C), € (0, 0), see [3, Theorem 15.12]. O
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Remark 5.2. If m = 1, the proof is straighforward: indeed for all z € T, one has the
identity A(z) = {j F(z/)dz’ — = Sé F()d?'.

Using Proposition 5.1, one gets the following crucial estimate, which is uniform for
€ > 0 (contrary to those given in Lemmas 3.1, 3.2 and 4.1 above).
Proposition 5.3. One has the following estimate:

M? =sup sup [A[u]corm r) < o0
e>0 peP(Te)

Proof. Using Proposition 5.1 above, it suffices to check that

sup  sup [|[F[u]|co(rm mrmy < 0.
e>0 peP(T4)

That estimate is a straightforward consequence of the definition 2.3, of the boundedness

of V.V, and of the positivity of the kernel function K.. O

5.2 Attracting set
Introduce the following notation: for all B € C(T™, R), let

dup(y,z) = Zgle_v(y’z)+3(z)dydz € ’P(']I‘d),

with Zp = ({e V@+BGE) dydy = [e=A-(2)+B() g,
First, for probability distribution of the form p 5, one has the following useful identity
for F[ug].

Lemma 5.4. For every B € C(T™,R), one has

Fefun] = S VAR K (z, )P~ A-Bdz
[MB] = SKE(Z) ')GB(Z)_A*(Z)dz

Proof. This is a straightforward consequence of the two identities below: for all z € T,
Je_v(y’z)dy = e (2)

‘fVJ“%ZkZV@@dy——W7(JB‘““”@O-—eA“”VAAd. .

The set of the probability distribution of the type pp is an attractor for the dynamics
of the limit flow, more precisely one has the following result.

Proposition 5.5. One has the following result: for allt > 0,
sup su inf  dpy(P(t, 1), < 2et
918 HEP(EJ)M) Bec(i R) v (Q°(t, 1), )

Proof. Forallt > 0 and p € P(T¢), one has

t
B(t ) = et | IR s p)lds = e (L= e (e,
0

where ¥¢(t, ) = —= S(t) eS¢ [P4(s, u)|ds = up for some B € C(T™, R), owing to the
definition of II°.

Then
inf drv(9(t, 1), pp) < drv(P°(t, p), UE(t, 1) < e 'lp— Vet p)|ry < 2e77. O
BeC(T™,R)
EJP 25 (2020), paper 88. http://www.imstat.org/ejp/
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Lemma 5.6. For every p € [2,0), there exists Cp, € (0,0), such that for every ¢ > 0, and
every B € C(T™,R), one has

4Qs) — Aulwssgemy < Cpr/ee? (1Bleoti4-leo) (5.1)

Recall that A, = A, — {.,, A.dz.

Proof. Using Proposition 5.1, one has the following inequality:

[A°[1B] = Adlwroem gy < CplF€[un] = VA coqm gm).-
Owing to Lemma 5.4 and using the Lipschitz continuity of A,, for all z € T™, one has

) - VA*(Z))KE(Z/’ Z>eB(z/)_A*(Z/)dZ/
SKE(Z,7Z)@B(Z/)*A*(Z’)dz/
S|Z — Z/|KE(Z/7 Z)dZIEHBHCOJFHAxHCO

SK€<Z/) Z)dz/e_HBHcO—HA* HcO

< Ofee(1Bleo+14lco).

|Fe[ps](2) — VAL(2)| < ‘S(VA*(ZI

<C

owing to Assumption 2.1. This inequality concludes the proof. O

5.3 Contraction property on the attracting set

Let M € (0, ). Introduce the set
By = {B e C°(T™, R), JB(z)dz =0, |Bleo < M} .

Owing to Proposition 5.3, if M > M?, then A¢[u] € By for every € P(T9) and € > 0.
Introduce the notation

hp(y,z) = Z25'e”V@ATBE  and  T(hp] = hacfuy)

so that hp and II¢ [hg] are the density with respect to the lebesgue measure of, respec-
tively, up and II¢[ug].

1
To state the following result, the notation k|2 = ({h(z)?dz)? is used.

Proposition 5.7. For every M € (0, ), there exists Cy; € (0,00), such that for all e > 0
and all B', B? € By, one has

[T°[hpr] = I°[hp2]]2 < Cuv/e|hpr — hp2 2.
Proof. Let B!, B? € By,. Using Proposition 5.3, one has
|0 [hp] = TThp2]ll2 = [hacqu, i) — hacgu o)z < ClA np1] — A[pp2]2-

In addition, using the Poincaré inequality and the definition of A¢[u] as the orthogonal
projection in L? of F¢[u], one has

|Appr] — A[pp:]ll2 < C|F[ppr] — F[up=]]2-
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Then, using Lemma 5.4, one obtains, for all z € T™,
|F[ppr](2) — F[pp2](2)]

_ !S(V‘“ ) - VA, e B ()= A () g

- § K (2, 2)eB (N=A() g

((VAL(2) = VAL (2)) K (2, 2)eB" =4 g
- (K (2, 2)eP? AN dz

S(VA*(Z/) — VA*(,Z))KE(Z/, z) (eBl(Z/) _ eBQ(z/))e—A*(z’)dZ/
| [K.(,2)eP AN

S(VAL(2') = VA(2)) K (%, Z)GBZ(ZI)_A*(Z/)CZZ’SKG(Z’, 2) (eBl(Z') — eBQ(ZI)>e—A*(Z/)dZ/
‘ §Kc(2,2)eB =4 d2 [ K (2, 2)eB* () =4 (N g
< CelBlleoirmy f\z/ — 2|Ko (2, 2)|eP &) — BT

<

_|_

+ CelBleocr my +21B%cocr x) f\z’ —z|K(, Z)dZIJKE<Z/7 2)|eB' ) — B (g,
using Lipschitz continuity of VA,, and the lower bound

JK&(ZI, 2)eB A gy 5 e IB leo@m I 4llco, fKe(z', 2)d = e 1P o —IAsleorm)
One has |B!|¢co < M and |B?|¢co < M. In addition, owing to Assumption 2.1, one
has § |2 — z|K.(#,z)dz' < Cy/e. As a consequence, using the Jensen inequality (since
(K (2, 2)dz' = { K.(z,2')dz’ = 1 for all 2), one obtains

1F (g ] = Flpup2]lz < Cum J-J- K (2, 2)|2 — 2P ) — eP2 ()2 dzdz’
+ C’Mej K (7, 2)[eP1) — eB2(2)2dzdz’
< CM€ J‘ |€Bl(z’) - 632(2/)|2d2/-

It remains to check that

f 1) — P2 (2)Pde" < Clhg, — hi, 3.
On the one hand,

Vi, = byl = [ 20
Bl(z eBz( )
)

with ¢ > 0. On the other hand, using Young inequality (with auxiliary parameter n > 0),
one obtains

JIeB“Z —eP2 ()Pl = U o f@BzA*eBz(z)
SeBl — A, SeBQ*A*
2
< 27’ J)S Bo— A dz‘f o= A**JeBTA*
e *

By 2
B A, e”?(2)
+7T J g ﬂSeBl AT (b A dz
2
< 2CM7] J|6Bl 2y GBZ(Z/)‘ CM

eB1(2)
B A S 32 ’ dydz

2

)

2

hBQ ”g
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Choosing a sufficiently small parameter 7 one finally obtains the claim above.
Gathering the estimates finally concludes the proof of the estimate

Hf.[e[hBl]—].:.[e[hBZ]HQ gC’M\EHhm —hBZHQ. O

5.4 Proof of the main result

The first part of this section is devoted to the construction of the candidate limits yuf,
and A, = A[uS,], of ur and A, respectively, for small enough e.

Let & = 1/(C%,0) + 1), where M = M is given by Proposition 5.3 and C}; is given
by Proposition 5.7.

Let € € (0,¢], and consider Ay € By . Define po) = pag,, ho) = hay,, and by
recursion, for all nonnegative integer k, let

teesny = T ug] s ke = D(hay],

and let A,y = A°[uuk)]. Then one has h() = ha,,, € Byo. We claim that (ugy), ., is
a Cauchy sequence in the space P(T“) equipped with the total variation distance drv.

Indeed, for all £,/ > 0, one has

drv (ks Bkre) < [Py = Prsol2
< (Crrov/e) da(h© 1)
< Cpt,

with p € (0,1). As a consequence, there exists uS, such that drv(um), 15) i 0.
—0

Owing to Lemma 4.1, the mapping II¢ is continuous on P(T%) equipped with drv, thus
s, = II[us,]. This implies that ;i = ha<(x)dx where AS = A[uS] € Byro).

It is then straightforward to check that hS, = ha. is the unique fixed point of the
mapping II¢ (uniqueness is a consequence of Proposition 5.7).

We claim that, for any initial condition of the type 5, then ®¢(¢, up) e e, Mmore
precisely one has exponential convergence to the fixed point x,: there exists ¢(e) € (0, )
such that, for all ¢ > 0, one has

sup  dpv(P(t, up), pus,) < Ce <Ot (5.2)
BeBy, 0

To prove this claim, observe that for all ¢ > 0, the probability distribution ®¢(¢, ug) can
be written as up,, where B; € C°, see Proposition 5.5, and without loss of generality
{Bi(z)dz = 0. In addition, B; € By, for all t > 0, for some M) € (0,0) depending
only on M) indeed, the identity

t
hp, = e thp, + f eI hp, ]ds
0

implies, using Proposition 5.3, the bounds

0 <inf inf hp,(x) <sup sup hp,(z) < ©,
t20 zeTd ) t>0 peTd )

and B, (z) is equal (up to an additive constant defined to respect the condition § B;(z)dz =
0) to A.(z) + log(§ e~V =) dy).

Let g = 1/(C2,,,+1), and assume in the sequel that € € (0, ¢y]. Note that M) > M(©),
thus ¢y < €.
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Then A, is well-defined, h¢, is the unique fixed point of 1:[5, and one obtains
drv(®°(t, 1uB), ne) < |hs, — hisll2
<e'|hp —hilz + Lt eI Thp,] - T[] |2ds
< e '|hp = hi |2 + CyVelhp, — h|2ds,
with Cj;1)4/€ < 1. Applying the Gronwall Lemma, one obtains
drv(®(t, pp), 15) < | hp, — hSsl2 < e CumVI g — b |lo,

and it is straightforward to check that sup {||hg — hS |2, B € By} < 0. This concludes
the proof of the claim (5.2).

We are now in position to prove give the proof of Theorem 2.3. It is sufficient to focus
on the question of convergence when ¢ — o, indeed the estimate for |AS, — VA.|w1» is
a straightforward consequence of Lemma 5.6, combined with Proposition 5.3, since A¢,
is a fixed point of the mapping A — A[p4].

The idea of the proof, using concepts and tools developed in [6] may be described as
follows. Since almost surely (ut) >0 is an asymptotic pseudo-trajectory for the semi-flow
¢, one has the following property: the limit set L() is an attractor free set for the semi-
flow ®¢ in P(T?), in particular it is invariant, i.e. for all ¢ > 0 one has ®(¢, L(u)) = L(p).
Let us check that L(u) = {uS,}. First, introduce the set M = {up, B € C(T™,R)}. Then
Proposition 5.5 provides the inclusion L(u) < M. Indeed, let v € L(p) and let ¢ > 0 be
arbitrary, then by invariance there exists 7 € L(u) such that v = ®¢(¥), thus d(v, M) =
d(®€(v), M) < 2¢t T 0. Similarly, let v € L() = M, and let ¢ > 0 be arbitrary, then

v = ®¢(v) for some v € M. Thus d(v, u,) = d(P(t, 0), P(t, nS,)) < Ce ! - 0.
—00

Let us now provide a detailed proof using only the results presented above.

Proof of Theorem 2.3. Let T1,T5 € (0,0) be arbitrary positive real numbers, and T =
Ty +T5. For every t > T, one has

du (pret > 1150) < duy (e, (T, prgr—1) + dup (BT per—7), pSs) -

Owing to Theorem 4.3, for any fixed 77,75, one has, almost surely,

dw(ﬂet7¢)E(T7uet—T)) — 0.

t—0

Observe that d(+,-) < Cdrv(:,-). In addition, for all B € C(T,R), using Lemma 4.1 and
the claim (5.2) above, one has

drv (DT, prer—), 1) < dov (B(T1, BT, prer-)), ®(T1, ) + dov (B(Th, 1B), p15s)
< MM dpy (O(Ty, per-1), pp) + Ce O™
This implies that
drv ((PE(Ta Net*T)ﬂ ﬂgo) S eL(E)Tl sup dTV(q)(T% Met*T)a ,LLB) + Ceic(e)Tl

BeC(T,R)
< 26L(€)T1 e*TQ _|_ 2676(6)’1-‘1’

owing to Proposition 5.5.

lim sup dtv (<I>E(T, Let—T ), ui) < 2eMOT1e= T2 | 9e=e()Th

t—0o0
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Since 77 and 75 are arbitrary, letting first 75 — oo, then T} — o0, one has almost surely

limsup du, (et p1y) = 0,
t—0
which concludes the proof of the weak convergence of p; to u,.

It remains to check that A4; = A¢[u;] converges to A5, = A[uS,], in C*, for all k € IN.
This is a consequence of the regularity properties of K. and of V, which proves that
pe (P(T4),d,) — F¢[u] € C* is continuous for all k € IN.

Using Sobolev embedding properties, as in the proof of Lemma 3.1, then concludes
the proof. O
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