n b
Electr® 8biljty

Electron. J. Probab. 25 (2020), no. 40, 1-31.
ISSN: 1083-6489 https://doi.org/10.1214/20-EJP438

Optimal lower bounds on hitting probabilities for
stochastic heat equations in spatial dimension t > 1*
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Abstract

We establish a sharp estimate on the negative moments of the smallest eigenvalue of
the Malliavin matrix vz of Z := (u(s, y), u(t,z) — u(s,y)), where u is the solution to a
system of d non-linear stochastic heat equations in spatial dimension k£ > 1. We also
obtain the optimal exponents for the L”-modulus of continuity of the increments of
the solution and of its Malliavin derivatives. These lead to optimal lower bounds on
hitting probabilities of the process {u(t, ) : (t,x) € [0,00[xR*} in the non-Gaussian
case in terms of Newtonian capacity, and improve a result in Dalang, Khoshnevisan
and Nualart [Stoch PDE: Anal Comp 1 (2013) 94-151].
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1 Introduction and main results

Consider the following system of stochastic partial differential equations:

0
aui(t,x) A Ui (t, ) ZO’U o)) FI(t, ) + bi(u(t, x)), (1.1)
for1 <i<d, t€0,T] and v € R* (k > 1), where u := (uy, ..., uq) with initial conditions

u(0,7) = 0 for all z € R*, and the A, denotes the Laplacian in the spatial variable x.
The functions o;;, b; : R? — R are globally Lipschitz functions, i, j € {1,...,d}. We set
b= (bl) and o = (O’Z‘j).

The noise F = (Fl, ey Fd) is a spatially homogeneous centered Gaussian generalized
random field with covariance of the form

ELF () E (5,9)] = 6(¢ — )l — | P53, 42
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Optimal lower bounds on hitting probabilities

where § €]0,2Ak][, §(-) denotes the Dirac delta function, d;; the Kronecker symbol and ||- ||
is the Euclidean norm. In particular, the d-dimensional driving noise F' is white in time
and with a spatially homogeneous covariance given by the Riesz kernel f(z) = ||z|~°.

The solution u of (1.1) is known to be a d-dimensional random field (see the end of
this section where precise definitions and references are given). The potential theory
for u has been developed by Dalang, Khoshnevisan and Nualart [6]. Fix 7' > 0 and let
I x J C]0,T] x R* be a closed non-trivial rectangle. In the case where the noise is
additive, i.e., ¢ = Id and b = 0, Dalang, Khoshnevisan and Nualart [6, Theorem 1.5]
prove that for fixed M > 0, there exists ¢ > 0 depending on I, J and M such that for all
compact sets A C [-M, M]<,

P{u(]xJ)ﬁA;«éQ)}2cCapd7(%)(A)7 (1.3)

where u(I x J) denotes the range of I x J under the random map (¢, z) — u(t,z), and
Capy denotes the capacity with respect to the Newtonian 3-kernel (we refer to [6,
Section 1] for the definition of capacity). If the noise is multiplicative, i.e., ¢ and b are
not constants (but are sufficiently regular), then using techniques of Malliavin calculus,
Dalang, Khoshnevisan and Nualart [6, Theorem 1.2(b)] prove that for fixed M > 0 and
n > 0, there exists ¢ > 0 depending on I, J, M and 7 such that for all compact sets
AC[-M, M),

Plu(l x J)NA#0} > cCap,_ (s, (A). (1.4)

For systems of linear and/or non-linear stochastic heat equations in spatial dimension
1 driven by a d-dimensional space-time white noise, this type of question was studied
in Dalang, Khoshnevisan and Nualart [4] and [5], in which the lower bounds on hitting
probabilities in the Gaussian case (additive noise) and non-Gaussian case (multiplicative
noise) are not identical. This discrepancy has been filled recently by Dalang and Pu [7],
in which we have obtained the optimal lower bounds on hitting probabilities for systems
of non-linear stochastic heat equations in spatial dimension 1.

The aim of this paper is to remove the 7 in the dimension of capacity in (1.4), so that
we obtain the optimal lower bounds on hitting probabilities for systems of non-linear
stochastic heat equations in higher spatial dimension.

In [6], the lower bound on the hitting probability in (1.4) follows from the properties
of the probability density function of the solution (see [6, Theorems 1.6 and 1.8]), in
particular, the upper bound on the joint probability density function (denoted by pz(-,))
of the random vector

Z = (u(s,y),u(t,z) —u(s,y)). (1.5)

In [6, Corollary 5.10], the formula for the density function pz(-,-) is given in terms of the
Malliavin derivative and the Skorohod integral (we refer to Section 2 for the elements
of Malliavin calculus). From this formula, in order to establish an upper bound on the
density function pz(-,-), the main effort is to analyze the LP-modulus of continuity of
the increments of the solution (see [6, (2.6)]) and of the Malliavin derivative of the
increments of the solution (see [6, Proposition 5.1]), and the negative moments of the
smallest eigenvalue of the Malliavin matrix vz of Z (see [6, Proposition 5.6]). We point
out that the estimates in [6, (2.6), Propositions 5.1 and 5.6] are not sharp, and that is
why the extra term 7 appears in (1.4).

We first look at the LP-modulus of continuity of the increments of the solution. Holder
continuity for the solution to stochastic heat equation with spatially correlated noise
has been studied by many authors; see, for example, [8, 9, 17]. Sanz-Solé and Sarra
[17] use the factorization method to study the Holder continuity for the solution to (1.1)
(with d = 1), when the initial condition is bounded and /-Holder continuous for some
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0 €]0, 1[, and the spatial covariance of the noise F is the Fourier transform of a tempered
measure x on R”. In particular, [17, Theorem 2.1] shows that, if the measure p satisfies
the condition

d
/}Rk (1—&lf(|§|T2)" < oo, forsome n€]0,1],

then for any p > 2 and v €10, A (1 — n)][, there exists C(p,T) > 0 such that for all (¢, z),
(s,y) € [0,T] x R¥,

E (Ju(t,2) — u(s, 9)|") < Co,T) (jt = s/ + [l = y)")

see [17, (10) and (19)]. In the case where f = .Z is the Riesz kernel f(z) = ||z|~* and
the initial value vanishes, this result of Sanz-Solé and Sarra becomes: for any v €0, % [

E[Ju(t2) — u(s,y)") < C.T) (It = 52 + |1z~ )" (1.6)

for all (¢,z), (s,y) € [0,T] x R*. Note that the right endpoint v = % is excluded.

Li [9] has studied the Holder continuity for stochastic fractional heat equations
without drift in the case where the Gaussian noise is white in time and colored in space
with covariance of the form (1.2). Based on some estimates of the fractional heat kernel,
[9, Theorems 1, 2 and 3] obtains spatial and temporal L”-Holder continuity of the solution
to stochastic fractional heat equation. In these results, the exponent in time is optimal
while the exponent in space is not ([9, Remark 2]).

The first contribution of this paper is the following sharp estimate of the L?-Holder
continuity for the solution to (1.1), improving (1.6). We have the following.

Theorem 1.1. Assume that 0;; and b; are globally Lipschitz continuous. There exists a
constant C, v > 0 such that for all s,t € [0,T], s <t, z,y € R¥, p > 2,
P
B lu(t,2) = u(s,)II”) < Cpar ([t = 5|/ + flo =) =272 (1.7)
We also need the LP-Holder continuity for the Malliavin derivative of the solution to
(1.1). We consider the following hypotheses on the coefficients of the system (1.1):

P1 The functions o;; and b; are infinitely differentiable with bounded partial derivatives
of all positive orders, and the o;; are bounded, for 1 <1i,j <d.

P2 The matrix o is uniformly elliptic, that is, ||o(z)¢||? > p? > 0 for some p > 0, for all

zeRY ¢l = 1.

Analogous to Theorem 1.1, we have the following sharp estimate of the LP-Holder
continuity for the Malliavin derivative of the solution to (1.1), which is an improvement
of [6, Proposition 5.1].

Theorem 1.2. Assume P1. Then for any T > 0 and p > 2, there exists a constant
C:=C,r > 0such that forany0 < s<t<T,z,y € R*, m >1andiec{1,...,d},

m 2-8 2-8
1D (us(t,2) s, D) Lo @umyomy < (=31 + =yl 7). A.8)

Theorems 1.1 and 1.2 are proved in Section 4. Turning to the negative moments of
the smallest eigenvalue of the Malliavin matrix v of the random vector Z (defined in
(1.5)), we have the following sharp estimate, which is an improvement of [6, Proposition
5.6].
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Theorem 1.3. Assume P1 and P2. Fix T > 0 and let I x J C]0,T] x R* be a closed
non-trivial rectangle (that is, I is a non-trivial interval and J = J; x --- x J,, where
Ji,...,Jy are non-trivial intervals). There exists C > 0 depending on T such that for all
s,tel,0<t—s<lz,yed, (s,y)# (t,x), andp > 1,

—2dp
E ( inf gTyZ§>
E=(\p) eR*:

AP + [l =1

<C(t—s"" + |z —y> ). (1.9)

Theorem 1.3 is proved in Section 5. Using Theorems 1.1, 1.2 and 1.3 and some results
of [6], we establish a sharp upper bound on the joint probability density function (denoted
by ps.y:t,2(+,-)) of the random vector (u(s,y),u(t,z)) and the optimal lower bounds on
hitting probabilities of the solution to (1.1).

Theorem 1.4. Assume P1 and P2. FixT > 0 and let I x J C]0,T] x R¥ be a closed non-

trivial rectangle. There exists ¢ > 0 such that for all s,t € I, x,y € J with (s,y) # (t,x),
21,20 € R*andp > 1,

2
2d

2-8 2-8\2
[t =55 + Jlz -y *2*)

2-8 2-p1 74 (
ps,y;t,z(zlsz) SC|:“E_S| R +||£E—y|| : i| ||Z1_ZQ||2

(1.10)

Theorem 1.5. Assume P1 and P2. FixT > 0and M > 0. Let I x J C]0,T] x R¥ be a
closed non-trivial rectangle. There exists ¢ > 0 depending on I, J and M such that for all
compact sets A C [-M, M]¢,

P{u(IxJ)ﬂA;«é(Z)}ZcCapd_(%)(A). (1.11)

Theorem 1.4 is an improvement of [6, Theorem 1.6(b)] and Theorem 1.5 is an improve-
ment of [6, Theorem 1.2(b)], and they are proved in Section 3. The main ingredients
which allow for these improvements are the sharp LP-Holder continuity estimates of
Theorems 1.1 and 1.2 and a better estimate on the Malliavin derivative of u(¢, z) given in
Lemma 5.3 below.

We conclude this section by giving a rigorous formulation of (1.1), following Walsh
[18]. We first define precisely the driving noise that appears in (1.1). Let “-” denote the
temporal variable and “x” the spatial variable. Let @(R’f“) be the space of C*° test-
functions with compact support. Then F' = {F(¢) = (F'(¢),..., F4(¢)),¢ € 2(R**1)} is
an L?(Q, #,P)%-valued mean zero Gaussian process with covariance

BIF@OF W] =65 [ dr [ dn [ dzotaly— =100z

Using elementary properties of the Fourier transform (see Dalang [2]), this covariance
can also be written as

E [F'(0)F7(¥)] = 6i; ok /]R dr /]R g1 F () () T (r, 1) (E),
+
where ¢, s is a constant and .# f(&) is the Fourier transform of f, that is,

F1O) = [ e

Rk

Following Walsh [18], a rigorous formulation of (1.1) through the notion of mild
solution is as follows. Let M = (M*,... . M%), M* = {M}(A),t > 0,A € %,(R*)} be the
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d-dimensional worthy martingale measure obtained as an extension of the process F as
in Dalang and Frangos [3], so that the covariation measure of M is

Q(AXBX]s,t]):(t*s)/Ady/BdZInyZII’ﬁ

and the dominating measure of M is K = (). Then a mild solution of (1.1) is a jointly
measurable R%valued process u = {u(t,z),t > 0,z € R*}, adapted to the natural
filtration generated by M, such that

t d )
wit)= [ [ S(=s0-0) 3 o uls )M ds,dy

j=1
t
—|—/ ds dy S(t — s,z — y)bi(u(s,y)), ie{l,...,d}, (1.12)
0 RF

where S(t,z) is the fundamental solution of the deterministic heat equation in R¥, that
is,

I

S(t,x) = (2nt)~F/? exp (_H;z:) ,
2t
and the stochastic integral is interpreted in the sense of [18].
Using the results of Dalang [2], existence and uniqueness of the solution of (1.1)
holds, as discussed in [6, Section 2], under the condition

0<B<(2NE), (1.13)
and in this case, there exists a unique L2-continuous solution of (1.12) satisfying

sup Eflu;(t,z)P] < 00, i€{l,...,d}, (1.14)
(t,2)€[0,T]xRF

forany 7' > 0 and p > 1.

2 Elements of Malliavin calculus

In this section, we introduce, following Nualart [11] (see also [16]), some elements of
Malliavin calculus. Let . (R*) be the Schwartz space of C* functions on R¥ with rapid
decrease. Let /# denote the completion of .#(R*) endowed with their inner product

@)= [ do [ ayo@le -0
— s [ AN FHOFID.

¢, ¥ € . (RF).

For h=(hy,...,hq) € #%and h = (hy,..., hy) € 7, we set (h,h) 4
Let T > 0 be fixed. We set 7% = L?([0,T); #¢) and for 0 < s < t <
<%ﬂs(,1t = L2([S»t]v%d)'

The centered Gaussian noise F' can be used to construct an isonormal Gaussian
process {W(h), h € 74} as follows. Let {e;,j > 0} C .#(R¥) be a complete orthonormal
system of the Hilbert space .. Then forany ¢t € [0,7], ¢ € {1,...,d} and j > 0, set

=Yy (i, ha) e
T, we will write

Wit = [ [ e Fiasa),
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so that (W;7 j > 1) is a sequence of independent standard real-valued Brownian motions
such that, for any ¢ € 2([0,T] x R¥),

oo T
F(6) =3 [ (0l 0).e50) 0 (o),
§=0
where the series converges in L?(§2,.%#,P). For h' € %, we set
W) = 3 [ (B 0)e50) 0 aWSC0)
3=0

where, again, the series converges in L%(Q2,.#,P). In particular, for ¢ € 2([0,7] x R¥),
Fi(¢) = Wi(¢). Finally, for h = (hi,...,hg) € %, we set

d
W(h) =Y _ W*'(h').
i=1
With this isonormal Gaussian process, we can use the framework of Malliavin calculus.
Let S denote the class of smooth random variables of the form

wheren > 1, g € %p"o(]R”), the set of real-valued functions g such that g and all its partial
derivatives have at most polynomial growth and h; € JZ¢. Given G € S, its derivative

(D,.G = (Dfnl)G, . ,Dfnd)G), r € [0,7)) is an J#¢-valued random vector defined by
=1

For ¢ € s and r € [0,7], we write D, 4G = (D, G, ¢(x)) a. More generally, the
derivative DG = (D7, ., (r1,....7m) € [0,7]™) of order m > 1 of G is the (7)*™-
valued random vector defined by

(T153Tm) ) - 81’1‘1 ax’im

gW(h1),... s W(hn))hi (1) @ - @ by, (T1m),

where the notation ® denotes the tensor product of functions.
For p,m > 1, the space D™? is the closure of S with respect to the seminorm || - |/,
defined by

|Gl , = EIGIT+ D E [IDIGI e,

j=1
We set D = Np>1 Npy>1 D™P.

The derivative operator D on L?(f2) has an adjoint, termed the Skorohod integral and
denoted by §, which is an unbounded and closed operator on L?(2, jfﬁ) ; see [11, Section
1.3]. Its domain, denoted by Dom §, is the set of elements u € L?(€2, %) such that there
exists a constant c such that |[E[(DG, u) ya]| < ¢[|Gllo,2, for any G € D"2. If u € Dom 4,
then d(u) is the element of L?({)) characterized by the following duality relation:

E[G §(u)] = E [<DG,u>ﬂTd] , forall G eD"2
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Recall from [6, Section 3] that for » € [0,¢] and i,l € {1,...,d}, the derivative of
u;(t, z) satisfies the system of equations

D’Sl)(ui(t5 J))) = O'il(u(r, *))S(t - T — *) + a‘i(larath)a (21)

where

t d
altorta)= [ [ $—0.2—0)Y DOy u(0.0))20 (@0,

t
[0 [ anste— 0.0 - DO u(6.0)), (2.2)
r RF
and Dﬁl)(ui(t,:c)) = 0 if r > t. Moreover, by [13, Proposition 6.1], foranyp > 1, m > 1
and i € {1,...,d}, the order m derivative satisfies
sup B [ID" (wilt, o) I e | < 00, (2.3)

(t,z)€[0,T]xRF

and D™ also satisfies the system of stochastic partial differential equations given in
[13, (6.29)] and obtained by iterating the calculation that leads to (2.1). In particular,
u(t,x) € (D*)4, for all (¢,z) € [0,T] x RE.

3 Proof of Theorems 1.4 and 1.5 (assuming Theorems 1.1-1.3)

Recall that the Malliavin matrix vz of Z = (u(s,y),u(t,x) — u(s,y)) is a symmetric
2d x 2d random matrix with four d x d blocs of the form

1 : 2
A

vz = S
3 : 4
T

where

) = ((D(ui(s.v)) <uj<s7y>>>w)i,j-1,

T

)= (Do) Dy t.0) = w5 )

IR

%Z‘” = (<D<ui<t,x> — il ), Doty (t) — (s, 9)) )

We let (1) denote the couples of {1,...,d}x{1,...,d}, (2) denote the couples of {1,...,d}x
{d+1,...,2d}, (3) denote the couples of {d+1,...,2d} x {1,...,d} and (4) denote the
couplesof {d+1,...,2d} x {d+1,...,2d}.

We first state two results which follow exactly along the same lines as [6, Propositions
5.3 and 5.4], using (2.3) and our Theorem 1.2 instead of their [6, (3.2) and Proposition
5.1]. Their proofs are omitted.

Proposition 3.1. Fix 7' > 0 and let I x J C]0,7] x R* be a closed non-trivial rectangle.
Let Az denote the cofactor matrix of vz. Assuming P1, for any (s,y),(t,z) € I x J,

(5:9) # (t.a), p > 1,
B e e e I U R
BlA)mal)? < eprit =55+ fla - yuﬂ if (m.1) € (2) or (3),
2— .
cp,T<|t—s\T+Hx—yH*>2d ?if (m,]) € (4).

Q

E
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Proposition 3.2. Fix T > 0 and let I x J C]0,7] x R¥ be a closed non-trivial rectangle.
Assuming P1, for any (s,y), (t,z) € I x J, (s,y) # (t,x), p > 1,

Chop,T if (m,1) € (1),

< apr(t—s5 + e —y|=")  if (m,0) € (2) or (3),
2—8 2—8 .
crpr(t— )7 + [lz —y|=7)2 if (m,1) € (4).

E [ID*(v2)mal o] "

The next result is an improvement of [6, Proposition 5.5].

Proposition 3.3. Fix T > 0 and let I x J C]0,T] x R* be a closed non-trivial rectangle.
Assume P1 and P2. There exists C' depending on 7" such that for any (s,y), (t,z) € I x J,

(5,9) # (t,2), p> 1,
E [(det77)*]"/" < C(It — s|"F" + o — g ")~ (3.1)

Proof. Similar to the proof of [6, Proposition 5.5] (see also [5, Proposition 6.6]), this is a
consequence of [6, (5.11)], our Theorem 1.3 and [6, Proposition 5.7]. O

From Propositions 3.1-3.3, we obtain the following result, which improves [6, Theo-
rem 5.8]. The proof is similar to that of [6, Theorem 5.8] (but using our Proposition 3.3
instead of [6, Proposition 5.5]) and hence is omitted.

Proposition 3.4. Fix T > 0 and let I x J C]0,T] x R* be a closed non-trivial rectangle.
Assume P1 and P2. For any (s,y), (t,z) € I x J, (s,y) # (t,z), k> 0andp > 1,

T if (m.1) € (1),
E[l)nlillig] < § et =%+l =yl 270 i (mD) € (2)or (8, (3.2)
cipr(lt =5 4l =y )72 (m 1) € (4).

We are now ready to prove Theorems 1.4 and 1.5.
Proof of Theorem 1.4. We recall from the proof of [6, Theorem 1.6(b)] that
Dsyita(21,22) = pz(21,22 — 21), forall 2z, 25 € RY,

and

d
. . 1
pz(z1,22 — 21) H (P {luilt, 2) —uils,y)| > |21 — 23] }) >

X ||H(1,.,‘,2d)(Za 1)llo,2, (3.3)

where the random variable H(;, . 24)(Z,1) is given by the formula in [6, Corollary 5.10].
Using Chebyshev’s inequality and Theorem 1.1, we see that

2-8 2-82 e
a | (=8 =yl )
H (P{lui(t, ) — wi(s,y)| > |2} — 24]})* <c 5 A1l
i=1 21 — 22|
It remains to prove that
2-8 2-p\ ¢
|Ha,o. 20 (Z Dllos < e (It =515 + 2 =y ) . (3.4)

The proof of (3.4) is similar to that of [6, Proposition 5.11] by using the continuity of the
Skorohod integral § (see [11, Proposition 3.2.1] and [12, (1.11) and p. 131]) and Hoélder’s
inequality for Malliavin norms (see [19, Proposition 1.10, p. 50]). Comparing with the
estimate in [6, Proposition 5.11], we are able to remove the extra exponent n because of
the correct estimate on the inverse of the matrix vz in Proposition 3.4. O
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Proof of Theorems 1.5. The proof is similar to that of [6, Theorem 1.2(b)]. We remark
that the estimate in [6, Lemma 2.3] remains valid for ¥ = v = 2 — 8. Then by using
Theorem 1.4, we follow along the same lines as in the proof of [6, Theorem 1.2(b)] with
d + n there replaced by d, to obtain the optimal lower bounds on hitting probabilities in
terms of capacity. O

4 Proof of Theorems 1.1 and 1.2

In this section, we establish the LP-Holder continuity of the solution and its Malliavin
derivative. First, we recall some estimates on the Green kernel S(t, z).
Lemma 4.1. There exist some My, mo > 0 such that forallt > 0, z, y € RF,

_l=)?

1S(t, ) — S(t,y)| < Mollz — gt~ (e ™07 +e

mot ). 4.1)
Proof. This is a consequence of the mean-value theorem. O
Lemma 4.2 ([1, Lemma 6.4]). There exist some Ny > 0 such that forallt > 0, z, y € RF,

lz —yll
t1/2

/ IS(t, 2+ 2) — S(t,y + 2)|d= < No AT). 4.2)
RE

Lemma 4.3. There exists a constant Cy > 0 such that forallt > 0, z, y € RF,

/ 12| 7P |S(t,x + 2) — S(t,y + 2)|dz < Cot‘B/Q(”mtl%y” AT). (4.3)
]Rk

Proof. First, by Lemma 4.1,

| IS+ 2) = Sty + 2l

_ lztz)? _ly+z)?

gMon:c—ynr%/ 2P (5 1 e ) a
Rk

_llwtz)?
§2M0||m—y||t_% sup/ |z]|~Pe” ot dz
zeRFk JRE
=112

—2Molle — gl [ )P s
]Rk‘

YRS

=Cllz —yllt™ =, (4.4)

where the first equality holds since the function z — [i, ||z||*/56*”“6“”2/(’”0“@ is a
nonnegative definite function (its Fourier transform is a nonnegative function), which is

therefore maximized at x = 0.
On the other hand, using the same arguments as above,

/Hz||’ﬂ|S(t,;c+z)—S(t,erz)\dz

RF

g/ Iz P|S(t, x + 2) + S(t,y + 2)|dz
RF

§25up/ 2|72 S(t, x + 2)dz
Rk

zERF
-8 _B
=2 [ J|2|7PS(t, 2)dz=Ct=. (4.5)
R~
Therefore, (4.5) and (4.4) imply (4.3). O
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Lemma 4.4. There exists a constant C > 0 such that for all s > 0, =, y € RF,

/ dr/ dz/ dv ||z—v||*5\5(r,x—z)—S(r,y—z)\|S(r,ac—v)—S(r,y—v)|
0 RF Rk
< COllw —y|**. (4.6)

Proof. By the change of variable [z — v = ¢'], the integral in (4.6) is equal to
/ dr/ dz|S(r,x —z) — S(r,y — 2]
0 Rk
X / dv' ||| 7P |S(ryx — 24+ 0') — S(r,y — 2z + ).
Rk

Applying Lemma 4.3 first and then Lemma 4.2, this is bounded above by

S arr—pr2(lz =yl _ ) - =
C/O d?“r ( T1/2 /\1) ]dez|5(’l“,],‘ Z) S(T’y Z)I

S _ 2 0o _ 2
SC/ drr_ﬂ/z(M/\l)SC/ drr_ﬁ/Z(M/\l)
0 0

T r
lz—yl? o
:C'/ riﬁ/Zdr+C||x—y||2/ P21y
0 lz—yll?
= Cllz = y|*~" + Clle — y|PH** 0102 = 20w — y >~ O

Lemma 4.5. There exists a constant C' > 0 such that for allt > 0, 6 > 0 and = € RF,
¢
/ dr/ dz/ dvl|z —v|7P|S(r+ 6,2 — 2) = S(r,z — 2)||S(r + 6,2 —v) — S(r,z — v)|
0 R¥ Rk
< C6=P)/2, 4.7)

Proof. The proof follows the same lines as the proof of [9, Theorem 2]. We include the
details here for reader’s convenience. Denote [ the triple integral on the left-band side
of (4.7). Since the two functions z + |z||~? and z + S(r, z) are nonnegative definite, the
convolution of these two functions is also nonnegative definite and hence maximized at
0. Therefore, forall z, v € R¥, § > 0 and r > 0,

/Rk Iz — ol “BIS(r + 6,2 — 2) = S(r,a — 2)| d2
S/Rk 122 (S(r + 6,0 — v — 2) + S(ryz — v — 2)) dz
< /]R 121 ~B(S(r + 6, 2) + S(r, 2)) d=
=c ((r+6)_5/2 +r_ﬁ/2) < 2er P2,

where the equality follows from the fact S(r,z) = r~*/25(1,z/,/r). Therefore, for all
t>0,8>0and z € RF,

t
L S/ drr=5/? dv|S(r+d,xz—v)—S(r,x —v)|.
0 RF

Since there are constants ¢, C' > 0 such that for all 7 > 0 and = € R¥, g—f(r, z) < £5(cr, 2),
r+8 C
/ dv\S(r—&—é,x—v)—S(r,x—vﬂS/ dv/ dp — S(cp,z —v)
RF RF T P
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r+0 "
= / — =log(r +0) — logr,
r p
we see that

¢
I §C/ P2 (log(r 4 6) — logr) dr
0

_ ﬂ log(1 4+ 8/)t2=7)/2 4 /t Le-p2_ 0
- B 0 r(r+9)
20

For I,, using the change of variables s = r/§,

t/5 1 0o 1
I :5(2—/3)/2/ vy <5(2—ﬁ)/2/ L e esB2 49
4 . T D) s < . P10 s=c (4.9)

In order to estimate I3, we use the fact that there exists C' > 1 such that for all ;> 0,
0 <log(l+p) < Cu®M72
Hence,
Is = log(1 + 6/t)t3=P12 < ¢ (6/1)2=P)/24(2=8)/2 — ¢ 5(2=P)/2, (4.10)
Finally, (4.8)-(4.10) imply (4.7). O

Remark 4.6. Regarding [9], we point out that in the case of the ordinary heat kernel,
the argument for the estimate in [9, (2.26)] does not apply since the lower bound in
[9, (1.7)] does not apply to the heat kernel. However, in the case of the heat kernel,
the statement of [9, (2.26)] (together with [9, (2.27) and (2.28)]) remains valid by the
following calculation:

/ ||| =2 S (r, z)dx :/ P12 2| 7P S (1, 2)dz = C /2.
]Rk ]Rlc

Based on the above estimates on the Green kernel, we now prove Theorems 1.1 and
1.2.

Proof of Theorem 1.1. By (1.14), it suffices to prove (1.7) when ¢ — s and ||z — y|| are
small. Without loss of generality, we assume that ¢t — s < 1/2 and ||z — y|| < 1/2. Denote

Fytt) = [ [ S(= 0.0 = n)ay (a0 ) 0. ).

From (1.12),

d d
|ui(t,x) — Z ij(t ) = Lj(s, )| + > [ Tij(s,2) — I (s, y)]

j=1 j=1
/ S(t— 0, — n)|bs(u(6,m))|dnd
/ / S(t = 0,2 —n) — St — 0,5 — )| bs(ul6, m))|dndd
/ / S(t— 0,y —n) — S(s — 0,y — )] |bs(u(6, 7)) dndd
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= Il +Ig+[3+[4+]5. (411)

By Burkholder’s inequality, for any p > 2,

d t
1
E[LP) < Eﬂ/dﬁ dz/ dv——
' = s RF re |z —0ll?

X St —0,z—2)|o;(u(d,2)]| St -0,z —v)|oi,;(u@,v))]

d
s 1
+c E{/ df dz/ dv ——|S(t—60,x —2)— S(s—0,x — z
SE( ) 4 o fon S )5 )

Using Minkowski inequality and the Cauchy-Schwartz inequality, (1.14) and the linear
growth property of the functions o;;, this is bounded above by

K 1
c do dz/ det—Q,x—zSt—Q,x—v]
o [ [ s o )

y 1
+c / d@/ dz/ dv —|S(t—0,z —2)—S(s—0,x — z
VIR R = )= )

P
2

X |oij(u(0, 2))| [S(t = 0,z —v) = S(s — 0,2 — v)[|os;(u(0,v))|

[SS]

X |S(t—9,x—v)—5(s—9,x—v)|}

The first term above is equal to ¢(t — s)(2~#)?/4 by [6, (6.3)] and the second term above is
bounded above by c(t — 5)(>~#)P/4 by Lemma 4.5. Hence for any p > 2,

(2-B)p
1

E[|[L|P] < c(t—s) (4.12)

Similarly, applying Burkholder’s inequality and taking the absolute value inside,

E[|["] <¢

d
Jj=

EU /()Sdr/le‘ dZ/Rk dv |z —v||7P|S(r,x — 2) — S(r,y — 2)| |os; (u(s — 7, 2))|

1

< 15(r =) = S = o) o uts = reo)l|” |

By the Minkowski inequality with respect to the measure ||z — v|~?|S(r,z — 2) — S(r,y —
2)|1S(r,x —v) — S(r,y — v)|drdvdz, the Cauchy-Schwartz inequality, (1.14) and the linear
growth property of the functions o;;, this is bounded above by

c sup E[1—|—||u(t,:v)||p]’/ dr/ dz/ dv ||z — v ="
(t,z)€[0,T]xRF 0 Rk RE
p/2

x|S(ryx—z) = S(r,y — 2)[|S(r,z —v) — S(r,y — v)]

2-8)p
<dcle—yl =,

(4.13)

where the inequality follows from Lemma 4.4.
For the estimate of I35, using the Minkowski inequality with respect to the measure
S(t — 6,2 —n)dndd, (1.14) and the linear growth property of the functions b;, we have

BlLPI<c s Bl ua)l)( t |, 802 wyinds)”

(t,z)€[0,T)xRF
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=clt—sP. (4.14)

Moreover, using the Minkowski inequality with respect to the measure |S(t — 0,z —n) —
S(t— 60,y —n)|dndd, (1.14) and the linear growth property of the functions b;,

§ p
EWMﬂSC(/L/\S@—&x—m—S@—Ow—nme)
0o JRrr
<cllz—ylP, (4.15)

where the second inequality follows from [15, Lemme A2].
Similarly, by the Minkowski inequality with respect to the measure |S(t — 6,y — 1) —
S(s— 0,y —n)|dndd, (1.14) and the linear growth property of the functions b;,

E[|L; 7] < c /L/ S(t— 0.y~ )~ (s — 0.y — n)]dnd)"
c|(t—s)log(t — 9)?, (4.16)

where the second inequality follows from [15, Lemme A3].
Hence, (4.11)—(4.16) imply (1.7). O

Proof of Theorem 1.2. The proof is similar to that of Theorem 1.1 by using Lemmas 4.4
and 4.5. From (2.3), we assume that ¢t — s < 1/2 and ||z — y|| < 1/2.
We assume m = 1 and fix p > 2. Let
Groassy(ry %) == S(t =12 —*)ljpay — S(s =7y — %) 1y
Using (2.1), we see that

||D(ul(t, x) — Uz( ,y))HLP Q: de <Cp(A171 +A172+A173 + A271 + AQ’Q + A273 + A371 + Ag_yg),

where

r t d 5 \P/2
A1 =E (/ dTZHS(t—T,m—*)Uij(U(Tv *))H%’) }

L S j:l

[/ S d p/2
A172 =E (/0 dT Z Hgt,x;s,m(rv *)Jij (U(?} *))Hif) :| 9

L j=1

r d
s p/2
M= |( [ Y gy tutro ).

0 =
r t d . P
tas = [ [ s-0.0-0) 3 Doy, ]
L" Js =1 Jer
- d
A2,2 =E / / gt:rsx 9 T) ZD UZ] 9 77 )MJ(d9 dn)H
L ]:1
- d
A2,3 =E / / gams,y 0 » 7 ZD UL] 9 "7 )Mj(de d77)H :|
L ]:1

A3 =E /5 . S(t—0,x— n)D(bi(U(e»n)))d‘anH;ﬁ] J

Aza=E / /}Rk(S(t — 0,2 —n) = S(t—0,y—n)) D(bi(u(®, n)))df)dnH;g]’
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Ags=E [H / s [ (86=0.5=m = S(s= 0. =) D(bz-<u<e,n>>>d9dnH;Td}

Using the Minkowski inequality, the Cauchy-Schwartz inequality, (1.14) and the linear
growth property of the functions o;;, we have

Ayi<c s E[L+ [u(t,z)|?] (/t dr /]R u(d€)| FS(t -,z — *)(g)ﬁ)p/2

(t,2)€[0,T] x RF

t P/2 —B)p
:c</ (t—r)*ﬁmdr) =c(t—s) = (4.17)
where the first equality is due to [6, (6.3)].
Similarly,

A2 <c sup E [l + ||u(t, z)|?] (/ dr/k dz/kdez—vH*’B
0 RE Rk

(t,z)€[0,T]xRF
p/2
x|S{t—r,x—z)—S(s—rz—2z)| |S(t—r,x—v)—5(s—r,x—v)\)
(2=8)p

<c(t—s) T, (4.18)

where the last inequality follows from (1.14) and Lemma 4.5.
Moreover, by the Minkowski inequality, the Cauchy-Schwartz inequality, (1.14) and
the linear growth property of o;;, we have

Ai3<c sup E[1+ ||u(t,z)||?] (/ dr/ dz/ dv ||z —v| ="
(t,z)€[0,T]xRF 0 RF RF

/2
x|S(s—rx—2)—S(s—r,y—2)||S(s—r,z—v) —S(s—r7y—v)|>p
< cllz -yl =, (4.19)

where the last inequality follows from (1.14) and Lemma 4.4.
The estimate of A, ; is similar to that of A; ;. Indeed, by Burkholder’s inequality for
Hilbert-space-valued martingales ([10, E.2. p. 212]),

d t
Agq < CZEK/ dr/ dz/ dv||z—v||_BS(t—r,x—z)||D(Jij(u(9,z)))||%%z
j=1 s RF RF

p/2
< S(t = = ) Do (000 Leg)
By hypothesis P1, the Minkowski inequality, the Cauchy-Schwarz inequality and (2.3),
this is bounded above by
d

¢ s E[ID(u(t,2) %]
; (t,z)€[0,T] x R¥ A

X </stdr/ledz/deU”Z_v|_ﬁS(t—ﬁﬁC—z)S(t—r,x_U)>p/2
= [ ar [ wtaelFsa—rr - i)

c(/ (t— r)_B/er)p/z =c(t—s) (274/3)13, (4.20)

S
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where the second equality is due to [6, (6.3)].

Furthermore, by Burkholder’s inequality for Hilbert-space-valued martingales ([10
E.2. p. 212]),

d s
Ago SCZE[(/ dr/ dz/ dv||lz —v||7P|S(t —r,x —2) = S(s —r,x — 2)|
= 0 RF  JRE

p/2
XHDWUW@&DWﬁﬁWU*ﬁz*UffﬂsfﬁzfvﬂWXmAUWWDN%¢> }

Similar to the estimate of A, 2, by hypothesis P1, the Minkowski inequality, the Cauchy-
Schwarz inequality and (2.3), this is bounded above by

d
CZ sup [HD(ul (t,x) H / dr/ dz/ dvllz —v| ="
1—1 (t,2)€[0,TIxRk

/2
X \S(t—r,x—z)—S(s—r,x—zﬂ\S(t—r,x—v)—S(s—r,m—v)|)p

:c(/ dr/ dz/ dvl|z —v||P|S(t —s+rax—2) = S(rz — 2)|
0 R* R¥
p/2
X \S(t—s—l—r,x—v)—S(r,x—v)D

2-B)p

c(t—s) (4.21)

where the last inequality follows from Lemma 4.5.

We move on to estimate A, 3. By Burkholder’s inequality for Hilbert-space-valued
martingales ([10, E.2. p. 212]),

d s
Ags SCZE[(/ dr/ dz/ dv|z—v||7P|S(s —r,x — 2) = S(s — r,y — 2)|
= 0 R¥ R¥

p/2
X D (@i (8, 2)) g1 (s = 7, = v) = S(s = 1, = )| D@35 (w(6, 0))) Lt ) }
Again, using hypothesis P1, the Minkowski inequality, the Cauchy-Schwarz inequality
and (2.3), this is bounded above by

d
c sup 1D (w; (¢, 2))||2 / dr/ dz/ PT——
1=21 (t,2)€[0,T] x R* [ Al

p/2
x|S(s—r,x—z)—S(s—r,y—2)||S(s—rz—v)— S(s—r,y—v)|)

/dr/]dez/ dv ||z —v||7P|S(r,x — 2) = S(r,y — 2)|

/2
X |S(r7x—v)—5(r,y—v)|)p
(2-8)p
< clle -yl 7, (4.22)

where the last inequality follows from Lemma 4.4.

We proceed to estimate A3 1, A3 2 and A3 3. For A3 1, by hypothesis P1, the Minkowski
inequality and (2.3),

d

Asi<ed s E[|IDG(t0),, / S(t — 0.2~ n)dodn)”
1—1 (t,z)€[0,TIxRk RE
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=c(t — s)P. (4.23)
Similar to the estimate of I, in the proof of Theorem 1.1, by hypothesis P1 and the
Minkowski inequality,

d

Agp<c sup E [[|D(ui(t, )]
;(m )E[0,T] xRk A

// S(t— 0,2 —1) — S(t—&,y—n)|dnd9)p
Rk
<cllz—y|?, (4.24)

where the second inequality follows from (2.3) and [15, Lemme A2].
Moreover, by hypothesis P1 and the Minkowski inequality,

d
Azs <c su D(u(t,x 4
o) s (1Dl )
p
< ([ 18000 = (s = 0.~ mlanas)
]Rk
c|(t —s)log(t — s)|?, (4.25)

where the second inequality follows from (2.3) and [15, Lemme A3].

Therefore, (4.17)-(4.25) together prove (1.8) for m = 1. The case m > 1 follows along
the same lines by induction using (2.3) and the stochastic partial differential equations
satisfied by the iterated derivatives (cf. [13, Proposition 6.1]). O

5 Proof of Theorem 1.3

We first state an elementary fact that will be used several times later on.
Lemma 5.1. Fixy €]0, 1] and p > 0.
(a) The function x — (z + p)” — z” is nonincreasing on [0, co| and the function =
a7 — (x — p)?7 is nonincreasing on [, oo|.
() 1+2)Y—1<~zxforallxz > 0.
We recall from [6, p. 148] an estimate on the Malliavin derivative of the solution.

Lemma 5.2. Forall¢g>1,0<e<s<7T ands—e€ < p<T, there exists C > 0 such that
forallie {1,...,d},

SAp q
swp B[ID..(utpe)ige J<o( [ Tan [ wagizse-on@r) 60
r€RF STES s—e ke

< e (5.2)
Note that (5.1) is exactly the estimate between (6.2) and (6.3) in [6, p. 148] and (5.2)
follows from the calculation below [6, (6.3)]. We give the proof of (5.1) in the appendix
for reader’s convenience.
We next give an estimate on a;(l, r, ¢, z), which is a refinement of [6, Lemma 6.2].
Lemma 5.3. Assume P1. FixT > 0,cy > 1 and 0 < 7 < 1. For any q > 1, there exists
a constant ¢ = ¢(co,70,¢,T) > 0 such that forevery 0 < e < s <t < T witht — s > ¢pe”®

and z € RF,
2 \¢
&) }
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< Cemin{#(l-‘r"/o),l—ﬁ%}q, (53)

where a;(l,rt, ) is defined in (2.2).

Proof. We adopt the same notation as in the proof of [6, Lemma 6.2]. Use (2.2) and the
Cauchy-Schwartz inequality to get

e (Sl o)) - (el

S

6dr||W2||§fd)qD), (5.4)

ij=1 - p o
where
Wy = /: e S(t— 0,2 —n)Dy(04;(u(8,n))) M’ (d6, dn),
e / “ /R dn S(t = 8,2 — 1) Dr (bi(u(6, m))-
Then

EK ) dTHWlH?jfd)q:I =E |:|‘W1||2(};{Sd_€75:| .

S—e€

Using hypothesis P1, Burkholder’s inequality for Hilbert-space-valued martingales ([10,
E.2. p. 212]) ensures that this is

d t
< E[([ ar [ dx [ dvle— ol S ra - DDl
=1 s—e Rk RF ST

q
x S(t—r,2 —v)| D (w(r, v))||%dfeﬁs) ]
<Iiy+1Iio+ 13, (5.5)

where for: =1,2,3,

b;
I ::cZEK/ dr/ dz/ dv||z—v||_BS(t—7"733—z)||D.,*(ul(T,z))||%d7
. - - e

1=1
q
x St =r,a =)D (lrv)es )],
and
a1 =8—¢€, by =8, ap =35, by =5+ cpe™, a3 = s+ cpe’, by =t. (5.6)

We now estimate I; ;. Applying Holder’s inequality and the Cauchy-Schwartz inequal-
ity,

a

ho<ey (/ “ar | waenzste—ra—oioF)"
=1

b
x / dr /R WAENFS(— ra =)@ swp E[IDu(ulr )2, ] 6

neRk
In the case ¢ = 1, we find that, by (5.2) and [6, (6.3)],

(2-8)q q

na e ([ ar [ u@lzsie e~ 0©P)
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= c®F ((t— s+ )2 (1 — 5)2-B)/2)

< Ce(agzz)q ((coe% n E)(2_5)/2 _ (COgvo)(Q—ﬁ)M)q

BG4 g el 1) 2-B)/2 1)

(2—8)(A+70)
< cefw"“ﬂl—’yo)q’ (5.8)

= CE€

where the second inequality follows from Lemma 5.1(a) because t — s > cpe?°, and the
third inequality is due to Lemma 5.1(b).
Similarly, by (5.7),

Lo < 06(2}[3)‘1 ((t _ S)(Q—ﬁ)/2 _ (t _s— COE"/O)(Q—ﬁ)/Q)CI

2-8) 3
Sce T (epe) 3R = ¢ P Ut (5.9)

where the second inequality holds by Lemma 5.1(a) since t — s > cge°.
Moreover, by (5.7), using [6, (6.3)] and (5.1),

t

53Scu—s—%awgﬁ¥i{/ <h/ H(dE)|FS(t — 1z — #)(€)[?
s Rk

“+cpeo

X (/S;ede/]Rk M(dﬁ)\QS(r_a*)(g)'Q)q

dr/ w(dé)|FS(t —r,x —*)(€)|?
“+cp€e0 RF

X (r—s+e)¥ —(r—s)¥)q
(0 +)77" = (coe™) )"
S ce#VOQ((l + 00_161*70)¥ — 1)q

228 41— 1— 2
§ce( 7 v0t1=v)a — ,(1-Bv0/ )q7

t

(2-p)(a=1)
=c(t—s—coe®) 2 /
S

<c(t—s—coe™) e

(5.10)

where in the equality we use [6, Lemma 6.1], the second inequality follows from Lemma
5.1(a) since r — s > cpe™ for all r € [s + cpe™,¢], in the third inequality we bound
t — s —coe? by T, and in the fourth inequality we use Lemma 5.1(b).

We proceed to estimate the second term in (5.4). First, by hypothesis P1 and the
Cauchy-Schwartz inequality,

s d s t 2
2 S(t—p,x— (u(p, .
ijmﬁygLﬁM@A%upanwmmﬂ
d S t
- S_ - r 5 2d
<eX-sw [ ar [ [ des=pr -1 uir eI

d
d deS(t —p,x —&)||D. , 2 0.
gélﬁ%&g@pxmmmmmMm

Therefore,

E K/i dr ||W2H3zﬂd)q} <c(z1 + 122+ 123),

where for: =1,2,3,
d b; q
b= S E[([Can [ dest—pa-oID e, )]
=1 ai ’
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and a;, b; are defined in (5.6). By Holder’s inequality,

d b; q—1
I; <c / dp/ dgS(t —p,x—¢§)

(), )
b; 9

< [ dp [ dest—pa- OB [IDLtue )%, ] 6D
a; RF s—e€,s

In the case ¢ = 1, by (5.2),
Igvlgce%(/ dp/ d§S(t—p,x—§))q—ce(2 B/2)a (5.12)
s—e RF

Similarly, by (5.11),

(2-8)q stcoe™® q
o< ([T ap [ dest—pa-9)

— 05T = (1H90-6/2)a, (5.13)

It remains to estimate I 3. By (5.11), (5.1) and [6, (6.3)],

t sSAp
Ba<et=s—ae) [ ap( [ Tas [ wtag)zs(o-0.©P)

s+coeT0 —€ Rk
t
—clt-s—a T [ dp((p-s+ 0T (09T’
s$+cp€e0
2-8 [i q
<c(t—s—coe™)((coe” +€) 2 (coe“m) )
< Ce¥"°q((1 + calel_%)g — 1)q

< ce(¥’70+1—70)q — 06(1—5’70/2)(1, (5.14)

where in the second inequality we use Lemma 5.1(a) since p — s > cge? for all p €
[s + co€?°,t], in the third inequality we bound ¢ — s — ¢pe? by T, and in the fourth
inequality we use Lemma 5.1(b).

Finally, we combine the estimates in (5.8)—(5.14) to obtain (5.3). O

We now prove Theorem 1.3.

Proof of Theorem 1.3. The proof of this theorem follows lines similar to those of [6,
Proposition 5.6].

Case 1. Assume t — s > 0 and ||z — y||> < ¢ — 5. Fix e €]0,6(¢ — s)[, where 0 < § < 1
is fixed; its specific value will be decided on later (see the line above (5.52)). For
€= () € R with [[€]2 = A2 + ]2 = 1, we write

Tz > 01+ Ja,

where
s d d 9
ne= [ o> | D = )iSta =y = #)au(u(r ) + aulr )] +w| . 619)
t d
J2 —/ ZIIWIIif, (5.16)
EJP 25 (2020), paper 40. http://www.imstat.org/ejp/
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where

d
W .= Z[,uiS(t —rx— *)oy(ulr,*)) + pia; (1,7 t, )], (5.17)

i=1

and a;(l,rt,x) is defined in (2.2).
We use the inequality

2
la +b]|%, > §||allif — 2||]1%, (5.18)

subtract and add a “local” term to find that J; > %JQ(D - 4(J2(2) + JQ(S)), where

d t

gL o

Jy = dr dv dz||lv—z

D3 [ ar o [ delo=

xS{t—r,x—v)S{t—rx— Z)(MT : U(U(Tax)))%7

d t

J2(2):Z/ dr/ dv/ dz v —2||7PS(t —r,x —v)S(t — 1z — 2)
=1 t—e Rk Rk

x (u" - [o(u(r,v)) = o(u(r,2))]), (4" - [o(u(r, 2)) = o(u(r,2))]),,

t d d
J2(3) :/ erHZai(l,r,t,x)ui
t=e =1

2
ra
i=1

Now, hypothesis P2 and [6, Lemma 6.1] together imply that
IV > cllplle=" (5.19)

Similar to the calculation in [6, (4.4)], we can replace the exponent ~ there by 2 — 3 by
using our Theorem 1.1 instead of their (2.6) to obtain that, for any ¢ > 1,

E[ sup |J2(2)|q} < cePa, (5.20)
lél=1

Moreover, applying [6, Lemma 6.2] with a = 1 and s = ¢,

E[ sup |J2(3)|q} < ce2Pa, (5.21)
llgll=1

We will bound J; in two different subcases.
Subcase A: € < §(t — s)*/7° where v €]%,1[. We use (5.18) again and we subtract
and add a “local” term to see that

2
J > §J{1> ~8(JP 4 ¥ 4 g@ 4 g6,

where
d s
@ r — )T a(u(r 2 B=k| ZS(s —r,y—x 2
AV =30 [ O otwtr [ a9,
d s
@ = r v zlv—z||7PS(s —r,y —v)S(s —r,y — =
=3 [ ar [ [l = ry oSt - —2)
x (= )" o (ulr,0)) = o)), (0 = )"+ o (ulr,2)) o, ),

EJP 25 (2020), paper 40. http://www.imstat.org/ejp/
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5= [ >SSt e - eatutr|
s: l:dl i—dl .

J1(4) = /S_6 drz Z()\z = pa)ai(l,r, SW)H%J
S l:dl l:dl ,

Hypothesis P2 and [6, Lemma 6.1] together imply that
I >l —plle=. (5.22)

Similar to the term JQ(Q) and (5.20), we obtain that, for any q > 1,

E[ sup |J1(2)|q} < ce2Pa, (5.23)
llgll=1

Using hypothesis P1 and [6, lemma 6.1],

s <e [ ar [ delelrH s -
:c((t—s—i-e)#—(t—s)#)
S c ((5770670 + 6)# _ (5*706’)’0)2; )

= etz (1+ 5%6177")75 -1 </ el mP/2 (5.24)

=y

where the second inequality holds by Lemma 5.1(a) because t — s > § "¢, and the last
inequality holds by Lemma 5.1(b).
Similar to the term JQ(?’) and (5.21), we see that, for any q¢ > 1,

E[ sup |J1(4)|q} < ce2Pa, (5.25)
llgll=1

To estimate J1(5), since we are under the assumption ¢ — s > §~7¢", by Lemma 5.3,

forany q > 1,

E[ sup |J1(5)|q] < cemin{ 352 (40) 150 g, (5.26)
l€l=1

From (5.19)-(5.26), we conclude that in the subcase ¢ < 6(t — 3)1/70,

int Typ€ > ce' s — 72, (5.27)
gl=1

where 7! := SUP ¢ ||=1 8(J2(2) + J2(3) + J1(2) + Jl(g) + J1(4) + J1(5)) satisfies that, for any ¢ > 1,

E[ sup |Z§|Q] < cemin{®3% (1420), 1530 g (5.28)
lell=1

Subcase B: §(t — 5)'/7 < ¢ < §(t — s). In this subcase, we give a different estimate on
J1. Apply inequality (5.18) and subtract and add a “local” term, to find that

2
Ji > §A1 —8(A2+ Az + Ay + A5), (5.29)

EJP 25 (2020), paper 40. http://www.imstat.org/ejp/
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S(s=ry—#)((A =" - olulr,y),

2

+S(t—ra =) - olutra),| .

IS | ar||sts = ry= (0= 0" ot ) = otutr ) |
1=1"75"¢
d . 2

Ag = Z /_ dr||S(t —r,x — *) (ﬂT o (u(r,*)) — o(u(r, x))])lH
1=1"75-¢
d s d )

A4:l_zl/s_€dr i_zl()\i_ﬂi)ai(larasvy)H%7
d s d )

A5:lzzl/s_€dr ;uiai(l,r,t,x)H%.

A

(5.30)

(5.31)

(5.32)

(5.33)

(5.34)

Using the inequality |la+b||%, > |la||>4]|b]|>~2|(a, b) |, we see that A; > A, +A,—2B,,

where

2

d s

Al = Z/ dr
I=1v5"¢
d s

AQ = Z/ dr
=1 /s—¢

d s
Bi= Z/d [(S(s = ry = ) (A= )T - o (ulr ),

S(s—ry—+) (A= -o(ulr, y)))lH

2

St —ra—=)(u" - o(ulr :L')))ZHW,

St—r,z— *)(uT-a(u(r,x)))l>jf‘.

Hypothesis P2 and [6, Lemma 6.1] together imply that
~ 28
Ar Zc|A—plle=.

From (5.19) and (5.38), since ||\||? + ||u||* = 1, we see that

_ 4 ~
Ji+Jo > ¢ €¥ — §B4 — 8(J2(2) +J2(3) + Ay + Ajg + Ay +A5)

H

(5.35)

(5.36)

(5.37)

(5.38)

(5.39)

We have bounded the two terms JQ(Q) and J2(3) in (5.20) and (5.21). We now estimate
the other five terms on the right-hand side of (5.39). As for the term JQ(Q) and (5.20), we

obtain that, for any ¢ > 1,

E[ sup |A2\‘1} < ce P,
llgll=1

Similar to J2(3) and (5.21), we have for any ¢ > 1,
E[ sup |A4\q} < ce?=Pa,
ll€l=1
Again, by [6, Lemma 6.2] with a = 1, for any ¢ > 1,
2-8

E{ sup |A5|q} gc(t—s+e)2%ﬂqe z ¢
l€ll=1

EJP 25 (2020), paper 40.
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0(5_7"67" —i—e)%qe 258y 1< ¢ ﬂ(1+’Yo)q’ (5.42)

where, in the second inequality, we have used the assumption ¢t — s < §~70¢0,

We next bound the ¢g-th moment of Aj3. This is similar to the calculation in [6, p. 129],
but with their exponent « replaced by 2 — 3 since now we use our Theorem 1.1 instead
of their (2.6). Hence, E[sup|¢ =1 |43]?] < ca1 X a2, where a; and a; are defined in [6,
p. 129], that is,

s -1
= </ dr/ dv/ dz ||v—z||755(t—r,zfv)S(t—r,xfz)>q , (5.43)
s—e RF R*

a2:/ dr/ dv/ dz||v — 2| 7PS(t — r,z —v)
s—e RF RF

X S(t—rx—2)|v—a| 79z — 2|79 (5.44)

By [6, Lemma 6.1],

c((t—s+e) 7 —(t—s) 7 )"
(t—s+e) 7 @D < (500 4 ¢) 2" (a1
ez la=1) (5.45)

IN

IN

where, in the second inequality, we use the assumption t— s < d ¢, For as, as in [6,

p. 129], we use the change of variables v = ﬁ ﬁ to see that
a= [ ar-n) SR [ d [ dzsaue)s ) - 2 e S )
s—e Rk RF
=c((t—s+¢) 7 0F) _ (1 — 5)%"(+)
< e (500 4+ ¢) T () < f PP 0(ta), (5.46)

where, in the first inequality, we use the assumption ¢t — s < §~ €. Therefore, from
(5.45) and (5.46), we obtain

E{ sup |A3|Q} <ce 228 0 (a—1)+ 25270 (1+4q) —06(2 B)voq (5.47)
ll€ll=1

We proceed to study the term By. Following the calculation in [6, p. 130], by
hypothesis P1 and the semigroup property of S(¢,v),

5o [ - - —z+of?
B, < d d Bt — o)k /2 (_Hymi)
4_0/0 r/}Rk v|v|| 7Pt — s+ 2r) exp 20— s+ 2r)

< + L), (5.48)

where

‘ - - ly — = +v]?
= dr/ dv||v|| 7P (t — s + 2r) kmexp(— ),
/o ol <00v/F | 2(t — s+ 2r)

‘ - - ly — 2+ v]?
12:/ dr/ dv |[v]| P (t — s + 2r) Wgexp(—i).
|00 /7 2(t — s+ 2r)

The constant 6y above is a fixed and sufficiently large constant such that

26
2-p

3¢
8 )

0, < (5.49)
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where ¢y and ¢ are the constants in (5.39) and (5.48). By the choice of 6y, we have

i _ —z 4|
y<é [ drogPr 2 [ du(t— s+ 2r) k2 _y =
¢l < / r 1Rk v(t— s+ 2r) exp( 2(t—s+2r))

o, 3 -
—c/ dr 6, Br=8/2 — 59 2 =2 S%ey. (5.50)
As for I, it is bounded above by

/ dr(t—s+ 27’)’]“/2/ dv ||v|| =7,
0 vl <0v/7

and the dv-integral is equal to ¢, 0 r(*=5)/2, so

Ilgck0§76/ drr(k*ﬁ)/z(tferZr)*k/z
0
Sckﬁg_ﬁ/ dr(t—s+2r)7ﬁ/2
0

=05 72— 8)e ¥[(2+(t—s)/e)¥ —((t—s8)/e)7"]
<ady P2 BT 25T - (7T, (5.51)

where, in the last inequality, we use the assumption € < d(¢ — s) and Lemma 5.1(a). Since
limgs_o(2 +671)* 2" — (5-1)*2"

= 0, we choose ¢ sufficiently small such that

— 300
_ (e hHE <2 5.52
where ¢, ¢, and ¢y are the constants in (5.48), (5.51) and (5.39).
From the estimates in (5.20), (5.21), (5.39)-(5.52), we conclude that in the subcase

S(t—s)/0 < e < o(t—s),

a0y P2 - p) 2+ 67

£ &Type> ™" - 22, (5.53)
lell=1

where Z2 := SSup”ﬂ‘:l(J( )+ J2 + As + As + Ay + As) satisfies that, for any ¢ > 1,
E[|Z€2|q} < ce?=Bna, (5.54)
Therefore, in the Case 1, from (5.27) and (5.53), for e < §(t — s),

||§ﬂlf1€ vaE>ce T — 2, (5.55)

where, by (5.28) and (5.54), Z. := Z! 1o ccs(1—s)/70} + Z& Lig(t—s)1/n0<e<s(t—s)} Satisfies
that, for any ¢ > 1,

E[|Z€|q:| < cemin{@*ﬁ)vml*m}q (5.56)
Since g €13, 1], it is clear that min {(2 — 8)v0, 1 — By0/2} > # Therefore, we apply
[5, Proposition 3.5] to find that

B

K Ili= 15 725) pd} <c (ot - 3))_2pd¥ =t —s)"2I5"
—2pd

<eflt— s 4 e —yl>?] (5.57)

whence follows the result in the case that ||z — y||? <t —s < 1.
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Case 2. Now we work on the second case where ||z —y|| > 0 and ||z —y||> >t —s > 0.
Let e > 0 be such that (1 + a)e!/? < [z —y
value will be decided on later (see the explanation for (5.67) and (5.69)).

From here on, Case 2 is divided into two further subcases.

Subcase A. Suppose, in addition, that ¢ > §(t — s), where ¢ is chosen as in Case 1. In
this subcase, we find that

gT’YZf > Jl + j27

where

(t—e)Vs

t d
Jy = / ar 3 W2,
=1

with W as defined in (5.17), and J; has the same expression as in (5.15).
We estimate J; in the same way as in (5.29), i.e.,

2
Jy > §A1 —8(Ag + Az + Ay + As),
where A;-As have the same expressmn as (5.30)-(5. 34) Moreover, as in Subcase A of
Case 1, we see that A; > A1 + Ag — 2B4, where Al, A2 and B4 have the expressions as
in (5.35)-(5.37).
As for J,, we apply (5.18) and we subtract and add a “local” term to see that

~ 2
Jo > §B1 — 4(By + Bs),

where

B, = Z/t s dr||S(t —r,x — ) (u” - o (u(r,2)))i]%,
"o Z/d 185G — 12— ) (4" - [o(u(r, ) — ou(r,2))]) %

t d d
B3:/ erHZai(l,r,t,x)u
t=e =1 =1

By hypothesis P2 and [6, Lemma 6.1]

A, ZCHMIIQ/ dr |S(t— 1,7 — )%
= clulP((t - s+ — (t-5)*T). (5.58)
Similarly;,

t
By > |l / dr |S(t — .z — 0%
(t—e)Vs

=cllulPt = ((t—e) V)T =clulP((t—s)Ane)=" (5.59)

From (5.38), (5.58) and (5.59), we see that

1 5 2-8 2-8 2*3
A+ A+ Bz e (0= plle’s + [l ((t =5 - 07" = (=) +((t—5) 1) T"))
S 2-8 t— s, 2-8 t—s 2-8
=T (A pll+ IulP(( 1) - () 4 (D AD))
EJP 25 (2020), paper 40. http://www.imstat.org/ejp/
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2-8
2
’

Denote ((z) = (z + 1)*2" —2"3" + (2 A 1)

= x € [0,00[. Then it is clear that ¢ :=
Mminp<z<oco ¢(z) > 0. Thus we have

Ay + Ay + By > e (H)\ — ul? + éo||,u||2) > et (5.60)

The estimates of A, and A4 in this subcase are the same as those in (5.40) and (5.41)
respectively. Hence we have for any ¢ > 1,

E{ sup |A2|q} < 66(275)‘1, E{ sup \A4|q} < ce2Pa, (5.61)
ligl=1 llgl=1

The term B, is similar to J2(2) and Bs is similar to J2(3)’ so as in (5.20) and (5.21), for any
q=1,

E[ sup |Bg|q} < ce®Pa, E{ sup \Bg|q] < ce2=Pa, (5.62)
[I€N=1 1€lI=1
Moreover, as in (5.42), by [6, Lemma 6.2] with a = 1, forany ¢ > 1,
E{ sup |A5|q} <c(t—s+ e)¥qe¥q
llgll=1

2-8 2-8
S 52

<c(dltede)z ez d

c e(zfﬁ)q’ (5.63)

where, in the second inequality, we have used the assumption ¢t — s < §le.

We proceed to estimate the ¢g-th moment of A3. Again, we follow the calculation in [6,
p. 129], use our Theorem 1.1 instead of their (2.6), to replace their exponent v by 2 — 3.
That is, E[supm‘:1 |A3]%] < cay x ag, where a; and a, are defined in [6, p. 129] (see also
our (5.43) and (5.44)). Similar to (5.45), we have, in this subcase t — s < § ¢,

ap =c((t— st+e) 7 —(t— s)y)qf1

<c(t—s+ e)¥(q*1) <c(6 et e)g(qfl) =y, (5.64)
Moreover, similar to (5.46),
ay = c((t—s+¢) 77 1T _ (1 — 5)*3" (140)
<c(67le4 )T 40 = ¢ 527 (40 (5.65)

where, in the inequality, we use the assumption ¢t — s < §~'e. Therefore,

E[ sup |A3‘Q} < CE%(Q—U%—#(H—Q) = ce2=P)q (5.66)
l€l=1

Furthermore, under the assumption (1 + a)e!/? < %Hm —y||, the estimate of By follows
exactly the same lines as in [6, pp. 130-131]. Indeed, by hypothesis P1 and using change
of variable,

By < c(l, + 1),

where
6 — 2
11:/ dr/ deUHiﬂ(t*SJFQT)ik/zexp(7w)’
0 A 2(t —s+2r)
6 — 2
I, = / dr/ dv o] Pt — s+ 2r)* 2 exp ( B M)
0 iz 2(t —s+2r)
EJP 25 (2020), paper 40. http://www.imstat.org/ejp/
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Using the change of variables p = % and the inequality t — s < §'¢, we follow the

calculation in [6, pp. 130-131] to see that, under the assumption (1 + a)e!/? < i|lz —y

I <770 (a),

where lim,_, ®1(a) = 0. The estimate of I is the same as that in [6, p. 131] and we
have

I, <c(l1+ a)_ﬁe¥.

We note that lim, (1 + a)~® = 0 and so we have shown that

Bi<®()e 2, with lim ®(a)=0. (5.67)

a—r 00
Therefore, from (5.60) and (5.67), we have shown that, in the subcase ¢ > §(t — s),

- 4 2-8 ~
inf €7 >c’e¥—f®aeT—Zﬁ
|\§\|:1§ vz§ > 3 ()
where by (5.61)-(5.66), Z. = SUP | ¢)|=1 8(As + A3 + A4 + As + B2 + Bj) satisfies that, for
any g > 1,

E{|Z€|q} < ce@ B, (5.68)

We choose a large enough so that %fb(a) < % to get

/
inf ¢Tnze>S 3 - 2. (5.69)
ligl=1 2

Subcase B. In this final subcase, we suppose that ¢ < §(t — s) < §||z — y||?>. Choose
and fix 0 < € < 6(t — s). During the course of our proof of Case 1, we established that

. T 2-8
Hgllflf vz& > ce 2 — Z, (5.70)

where, for all ¢ > 1,
E[|Z.[7) < cemirlmore =5t

with 79 €]1/2, 1] be a fixed constant (see (5.55) and (5.56)). This inequality remains valid
in this Subcase B.

Combine Subcases A and B, and, in particular, (5.69) and (5.70), to find that for all
0<e<2?2(14a) 2|z —y|?

’

. T 2-58 =,
ot Eyz€ 2 e’ — (Zeliecse—oy + Ze Lip—ssrey)-

Because of this and (5.56) and (5.68), by [5, Proposition 3.5], this implies that

—2pd g
: (uénflgTVZf) < el -yl

2-8y(—2d
SC(H$_yH2+|t_S|)( 3 )( p)

B —2dp
<c(lt—s" + o —y)* )

This completes the proof of Theorem 1.3. O
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A Proof of (5.1)
Proof of (5.1). By (2.1),

E[1I0% (% | =B 100 ]

(A *)Hif)q]

—€

e 1{9>}ZD (o (utve @i |

+CEM/ e S(p—@,m—n)l{b.}D.(, (bi(u(0,m) dﬂdnH ]
=:A+ B+ C. (A.1)

By hypothesis P1, it is clear that
SAp q
Aze( [ an [ w9 Fs(o-0.OF)" (a2)
s—e R

Using Burkholder’s inequality for Hilbert-space-valued martingales ([10, E.2. p. 212])
and hypothesis P1, we see that

d
BchE{(/ da/ dz/ vz = o7 (0 0.2 = D (0,2) e
j=1

x S(p— 0,2~ 0)||D.s11; (6,0) s )1 (A.3)

Moreover, using hypothesis P1,
d P 2
OchE[(/ a0 [ anS(o— 0.0 - )P s @)l ) } A4)
=1 s—e R

Case 1: p < s. Applying Minkowski’s inequality with respect to the measure ||z —
v[|7PS(p— 0,2 — 2)S(p — 0,z — v)dvdzdb,
d

B<c sup E ||| D(u;(t, )]
j;(t»$)€[0,T]><]Rk { j ﬁfﬁ]

p
X (/ de dz/ dv||z—vH_ﬁS(p—G,x—z)S(p—G,x—v))
s—e RF R

q

<(/ pedo | nae1#s-8.00P)" A5)

where the second inequality holds by (2.3). Similarly, using Minkowski’s inequality with
respect to the measure S(p — 0,z — n)dfdn,

d 2 o 2
czed s o B[IDGw(t I ( | an [ ansio—v.a=m)

J=1 (t,z)€l0,T

<clp—s+e21< (p—s+e) 2P/

= / cw/m (@) 750~ 0.9)©))", (A.6)

where the second inequality holds by (2.3) and the equality follows from [6, Lemma 6.1].
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Hence, in Case 1, (A.2), (A.5) and (A.6) prove (5.1).

Case2: p>s.letay =s—¢€ by =5, a2 =s, by =p.
From (A.3), we bound B by B; + B3, where fori =1, 2,

d
BichE[(/ d9/ dz/ dv |z —v||7PS(p — 0,2 — 2)||D. .u; (6, 2) || e L e
j=1

q
< S(p =02 =000 e, )|
From the calculation in (A.5), we have
s q
Bi<e([ as /]R AN ZS (o~ 0.9 (A7)

Applying Hélder’s inequality with respect to the measure ||z — v||=#S(p — 0,2 — 2)S(p —
0,z — v)dvdzdf and the Cauchy-Schwartz inequality,

d  rp
ngcZ/ d@/ dz/ dv|z—v||7PS(p— 6,2 —2)S(p— 0,z —v)
j=1Ys R* RF

x sup E[||D. .u;(b, a:)|| ]
ZIJEIR 5 e, sN@
=c Z/ do(p—6)" s wseu]g{) E[||D..u;(0, x)‘@;f_m]’ (A.8)

where the equality follows from [6, (6.3)].
Moreover, from (A.4), we bound C by C; + Cs, where fori =1, 2,

d b; 2q
<cYE|([ a8 | anStp—0.x—mIDwusO0)lee )|
j:l a; Rk s—e,sNO

Similar to the derivation of the first inequality in (A.6), we see that

s 2q ,
Clﬁc(/ de/kdns(p*&x*n)) = ce
R

<d((p-s+e)T —(p—5)7)
—c" / de/ (d&)|ZS(p — 9*)(g)|), (A.9)

where the second inequality holds since by Lemma 5.1(a), (p — s + e)g%ﬁ —(p— s)# >
(T + e) ¥ —T%” > Ceforallec [0,T], and the second equality follows from [6, Lemma
6.1]. Applying Holder’s inequality with respect to the measure S(p — 6,z — n)dfdf and
the Cauchy-Schwartz inequality,

d rp
Oy <c Z/ d@/k dnS(p—0,2—n) sup E[\|D.7*uj(9,x)||%d }
= s R

IE]RIC s—e,sNO
= c/ de Z sup E[[|D..u;(0, ;U)Higﬂd l. (A.10)
s j= 1386 sTes
Denote

d
Z sup E[||D. .u; (b, :v)||%d ]
= 17‘€R
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We deduce, from (A.1), (A.2) and (A.7)-(A.10), that

oo <e( [ [ @) 7sp-0.©F) +e [ "Wt (- 6)2)p(6)d6.

By Gronwall’s lemma ([2, Lemma 15]), we conclude that for p > s,

<o [ a0 [ o) zs(o—0.00P)"
ey <e( [ ao [ wao)Fs(-o0©P)
which implies (5.1). O
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