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A Berry-Esseén theorem for partial sums
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Abstract

In this paper we obtain Berry-Esseén bounds on partial sums of functionals of heavy-
tailed moving averages, including the linear fractional stable noise, stable fractional
ARIMA processes and stable Ornstein—-Uhlenbeck processes. Our rates are obtained
for the Wasserstein and Kolmogorov distances, and depend strongly on the interplay
between the memory of the process, which is controlled by a parameter «, and its
tail-index, which is controlled by a parameter §. In fact, we obtain the classical 1/y/n
rate of convergence when the tails are not too heavy and the memory is not too strong,
more precisely, when a8 > 3 or aff > 4 in the case of Wasserstein and Kolmogorov
distance, respectively.

Our quantitative bounds rely on a new second-order Poincaré inequality on the
Poisson space, which we derive through a combination of Stein’s method and Malliavin
calculus. This inequality improves and generalizes a result by Last, Peccati, Schulte
[Probab. Theory Relat. Fields 165 (2016)].
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1 Introduction

1.1 Overview

The main goal of this paper is to characterize the convergence rates associated with
asymptotic normality of a class of statistics of Lévy moving averages. For processes
with finite fourth moments, Theorem 8.2 in [17] obtains rates for a class of specific
examples. Its proof relies on second-order Poincaré inequalities on the Poisson space
[17, Theorem 1.1-1.2], which in turn are based on the celebrated Malliavin-Stein method.
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A Berry-Esseén theorem for heavy-tailed moving averages

The main novelty of our results and methodology is the study of convergence rates for
processes having heavy tails and strong memory, as e.g. the linear fractional stable
noise or fractional stable ARIMA processes. In fact, in our setting the upper bounds in
the second-order Poincaré inequalities obtained in [17] may converge to infinity after
the application of our standard estimate (4.4) to them. As a consequence, we develop
a new modified second-order Poincaré inequality on the Poisson space, which allows
us to efficiently bound Wasserstein and Kolmogorov distances associated with normal
approximation of a class of statistics of Lévy moving averages. The improved bounds are
important in their own right as they may prove to be useful in other contexts, where the
considered stochastic process exhibits heavy tails and strong memory.

1.2 Background

The Berry-Esseén theorem gives a quantitative bound for the convergence rate in
the classical central limit theorem. To be more precise, let (X;);cw be a sequence of
independent and identically distributed (i.i.d.) random variables with mean zero, variance
one and finite third moment, and set V,, = n=%/23"" | X, and Z ~ N(0,1). Then, the

central limit theorem says that V,, i) Z as n — 0o, where i> denotes convergence in
distribution. A natural next question is to ask for quantitative bounds between V,, and 7,
that is, how far is V,, from Z in a certain sense. An answer to this question is provided
by the Berry-Esseén theorem, which states that

dx(Vy, Z) :=sup [P(V,, < 2) — P(Z < z)| < On™ Y/, (1.1)
zeR
where dj denotes the Kolmogorov metric between two random variables and where C
is a constant depending on the third moment of the underlying random variables. The
Berry-Esseén bound (1.1) is optimal in the sense that there exist random variables as
above such that dx (V,,, Z) is bounded from below by a constant times n=1/2, see e.g.[11,
(5.26.2)].

The situation when the summands (X;);cn are dependent is much more complicated,
compared to the classical i.i.d. setting. One of the most important models in this situation
is the fractional Gaussian noise, which we will describe in the following. For H € (0, 1),
the fractional Brownian motion is the unique centered Gaussian process (Y;):cr with
covariance function

1
cov(Yy,Y,) = 5(\t|2H + |u)? — |t — u|2H), forall t,u € R.

The fractional Gaussian noise (X,,),cz is the corresponding increment process X,, =
}/n - Y;L—l- Let

V, = % S (X7-1)  and v, = /var(Vy).
j=1

For H < 3/4, we have that v, 1V}, 4y Z asn — oo. The first Berry-Esseén bound for the
fractional Gaussian noise was obtained in Theorem 4.1 of [23] and reads as

(1.2)

n~1/2 if H € (0,1/2],
dK(v,;lvn,Z) gc{ (0.1/2]

n2H=3/2 if H € (1/2,3/4).

In (1.2) we observe the phenomenon that for strong memory in X (i.e. H € (1/2,3/4)),
we get a slower rate of convergence. Furthermore, when H > 3/4, the memory in X is
so strong that V,, after proper normalization converge to the Rosenblatt random variable
in distribution, and hence has a non-Gaussian fluctuation, see e.g. Theorem 7.4.1 of [24].
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1.3 Heavy-tailed moving averages

Let us now describe our results in more detail. We consider a two-sided Lévy process
L = (Lt)ter with no Gaussian component, Ly = 0 a.s. and Lévy measure v, that is, for all
0 € R, the characteristic function of L, is given by

Ele™1] = exp (/ (e — 1 —ibxx(z)) v(dx) + ib&), (1.3)
R
where b € R, and y is a truncation function, i.e. a bounded measurable function such

that x(z) = 1 +o(|z|) as  — 0 and x(z) = O(|z|~1) as |z| — co. We assume that the Lévy
measure v has a density x satisfying

w(x) < Clz|'7?  forallz € R\ {0}, (1.4)

for 8 € (0,2) and a constant C' > 0. We consider a Lévy moving average of the form

¢
X, :/ g(t — s)dLs, te R, (1.5)

— 00

where g: R — R is a measurable function such that the integral exists, see [35] for
sufficient conditions. Lévy moving averages are stationary infinitely divisible processes,
and are often used to model long-range dependence and heavy tails. When the Lévy
process L is symmetric, i.e. when —L; equals L; in distribution, a sufficient condition
for X to be well-defined is that [, [¢(s)|® ds < oo, due to assumption (1.4). Throughout
the paper we will assume that the kernel function ¢ satisfies

9(x)| < K(2"1{gcpc1y + 2 “Liz>y),  forallz >0, (1.6)

for some finite constants K > 0, a > 0 and v € R. We refer to Subsections 1.4.1-1.4.4
for four important examples in this setting. The statistics of interest are the partial sum
functionals V;, given by

1 n
Vo = 7 ; (f(Xy) — E[f(X1)]), (1.7)

based on a measurable function f: R — R with E[| f(X;)|] < co. Typical examples, which
are important in statistics, are the empirical characteristic functions (f: x — €97 where
¢ € R), the empirical distribution functions (f: z +— 1(_ (z), where ¢ € R), and power
variations (f: = — |z|?, where p > 0). For example, in a recent paper [22] the empirical
characteristic function has been successfully employed to estimate the parameters of a
linear fractional stable motion observed at high or low frequency.

The major breakthrough on establishing central limit theorems for V,, was achieved
in the paper Hsing [12, Theorem 1], and was extended in [32, 33, 22, 2, 1], whereas
non-central limit theorems for V,, are established in [1, 2, 41, 42]. From these results, it
follows that if (X;) is given by (1.5) with L being a -stable Lévy process and the kernel
function ¢ satisfying (1.6) with v > 0 and a8 > 2 we have that

Vo -5 Z~N(0,0%)  with  0? =Y cov(f(Xo), f(X;) € [0,00),  (1.8)

JEZ
for all bounded and measurable f: R — R, cf. [32, Theorem 2.1]. For af < 2, V,, has

a non-Gaussian fluctuation and a different scaling rate, see e.g. [2, Theorem 1.2], and
hence we will only consider the case af > 2.
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1.4 Main results

To present our main result let C?(R) denote the space of twice continuously differen-
tiable functions such that f, f’ and f” are bounded. Our result reads as follows:

Theorem 1.1. Let (X;);cr be a Lévy moving average given by (1.5), satisfying (1.4)
for some 0 < 8 < 2, and (1.6) with o8 > 2 and v > —1/5. Let V,, be the corresponding
partial sums of functionals, given by (1.7), based on f € CZ(R). Also, let Z ~ N(0,1)
be a standard Gaussian random variable, and set v,, = \/var(V,,) for alln € IN. Then,
v, — v, where v > 0 is given by

v? =" cov (f(Xo), f(X;)) (1.9)

JEZ

and the series (1.9) converges absolutely. Suppose that v > 0. Then, v, 'V, N N(0,1)
asn — oo. Moreover, for eachn € IN,

n~1/2 ifaf > 3,
dw (v, 'V, Z) < C{n~/?log(n) ifaf =3, (1.10)
n(2—ap)/2 if2<af <3,
and
n~1/2 ifaf >4,
di (v, 'V, Z) < C{n=/?log(n) ifaf = 4, (1.11)
n(2—apB)/4 2 < af <4,

where C > 0 is a constant that does not depend on n and dy denotes the Wasserstein
distance.

Remark 1.2. In the following we will make a few remarks on Theorem 1.1.

1. The bounds on the Wasserstein and Kolmogorov distances to the normal distri-
bution, depend on the interplay between memory of X, which is controlled by «,
and the tail-index of X, which is controlled by S. In fact, we obtain the classical
1/+/n rate of convergence when the tails are not too heavy and the memory is not
too strong, more precisely, when a5 > 3 or a8 > 4 in the case of Wasserstein and
Kolmogorov distance, respectively. We conjecture that our bounds are optimal
in this case. We note also that all rates in Theorem 1.1 converge to zero. For
2 < af < 3, the bound on the Kolmogorov distance (1.11) follows from the bound
(1.10) on the Wasserstein distance via the inequality

dic (v, Vi, Z) < 24/ dw (vn *Vi, Z) (1.12)

(cf. [24, (C.2.6)]), whereas the case af > 3 requires a separate treatment.

2. Our main objective is to obtain the quantitative bounds (1.10) and (1.11). However,
we obtain the limit theorem V/, LN (0,v?) as a by-product, which is new whenever
L is not stable.

3. Our proof of Theorem 1.1 relies on new second-order Poincaré inequalities, which
provide general bounds between Poisson functionals and Gaussian random vari-
ables in the Wasserstein and Kolmogorov distances, see Section 3. We believe
that these inequalities, which are improvements of those obtained in [17], are of
independent interest. Our new bounds are, in particular, important in the regime
of strong heavy tails combined with strong memory, i.e. af € (2, 3). In this setting,
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and applying the estimate (4.4) on D,V,, (which we will used throughout the paper),
the upper bound from [17, Theorems 1.1 and 1.2] diverges to infinity, and hence
gives no information, whereas our new bounds converge to zero.

4. Our proof of Theorem 1.1 relies heavily on the smoothness of f € CZ(R) through the
estimates (4.4)-(4.5). However, since the CLT (1.8) holds whenever f is bounded
and measurable, it would be interesting to obtain quantitative bounds for less
regular f. Moreover, within the framework of Gaussian processes, there has been
recent advances in multivariate quantitative bounds and functional central limit
theorems, see [25, 3], and it would be of interest to obtain such extensions for
Poisson functionals also. In particular, we note that the CLT (1.8) holds in a multi-
variate setting, cf. [32, Theorem 2.1], but presently no multivariate quantitative
bounds exists.

In the following we will apply Theorem 1.1 to the four important examples: linear
fractional stable noises, fractional Lévy noises, stable fractional ARIMA processes, and
stable Ornstein-Uhlenbeck processes. Throughout we will fix the notation used in
Theorem 1.1, that is, V,, is given in (1.7) with f € CZ(R), v, = /var(V},), v* given in (1.9)
satisfies v? > 0, and Z ~ N(0, 1) is a standard Gaussian random variable.

1.4.1 Linear fractional stable noises

Our first example concerns the linear fractional stable noise. To define this process we
let L be a -stable Lévy process with 5 € (0,2), and

t
X,=Y,-Y,, where yt:/ {(t—s)ffl/ﬁ—(—s)ffl/ﬁ}dLs, (1.13)

—00

where H € (0,1). For § = 1 we assume furthermore that L is symmetric, that is, L,
equals —L; in distribution. The linear fractional stable motion (Y;):cr has stationary
increments and is self-similar with index H, and can be viewed as a heavy-tailed extension
of the fractional Brownian motion, see [39] for more details. In this setting we deduce
that « =1 — H + 1/ and the condition a8 > 2 translatesto § € (1,2), 0 < H <1—-1/p.
Since 8 > 1 we never have af > 3.

Corollary 1.3. Let (X;):cr be the linear fractional stable noise defined as in (1.13). For
B €(1,2)and0 < H < 1—1/8 we have that

dyw (v 2V, Z) < COn(HBH-1))/2 and  dg(v;'V,,Z) < Cn(tHAUH=1))/4.

where C' > 0 is a constant not depending on n.

1.4.2 Linear fractional Lévy noise

In the following we will consider the case of a linear fractional Lévy noise, which has
higher moments compared to the linear fractional stable noise. Let L be a mean zero Lévy
process with a Lévy density « satisfying x(z) < |z|~!~¢ forall 2 € [~1, 1], where ¢ € [0,2),
and k(x) < |z|~3 for all z € R with |z| > 1. The assumptions on L are e.g. satisfied for
tempered stable Lévy processes (with uniform tilting), cf. [36], and the assumptions
ensure that L has finite r-moments for all » € (0,2), and that the Blumenthal-Getoor
index

Bpg = inf {p €[0,2] : /

|x|P v(dx) < oo}
{lz]<1}
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satisfies g < (. Let (X;) be given by

t
Xt = th — }/;71, where Y;ﬁ = / {(t — S)Ip — (—S)Ip} dLs, (114:)

—00

where p € (0,1/¢). We use the convention 1/0 := co. The above assumptions ensures
that both X and Y are well-defined stochastic processes. See [34, Section 2.6.8] or [21]
for more details. The assumptions of Theorem 1.1 are satisfied for a« = p 4+ 1 and all
B € [¢,2), and hence we obtain the following corollary:

Corollary 1.4. Let (X,) be the linear fractional Lévy noise defined in (1.14) with ¢ € [0, 2)
and p € (0,1/¢). For all e > 0 we have that

n=1/2 ifp> %7

dw (v, 'V, Z) < C
W( n )— {n_p_;’_s prS %7

and

—-1/2 ifp>1
dg (v, Vi, Z) < C {n—p/2+€ ifp <1.

1.4.3 Stable fractional ARIMA processes

In the following we will consider the stable fractional ARIMA process. To this end, we
let p,q € IN, and ¢, and ©, be polynomials with real coefficients on the form

C,(2) =1—p1z2— - — Ppp2?, and  Ou(2) =1+012 4+ 0,29

where we assume that ¢, and ©, do not have common roots, and that ¢, has no roots
in the closed unit disk {z € C : |z|] < 1}. The stable fractional ARIMA(p, d, q) process
(Xn)nen is the solution to the equation

®,(B)X, = 0,(B)(1 - B) %, (1.15)

where (¢,)nen are independent and identically symmetric S-stable random variables
with 8 € (0,2), B denotes the backshift operator, and d € R \ Z. The equation should be
understood as in [13, Section 2]. For d < 1 — 1/, there exists a unique solution (X, )nen
to (1.15), and it is a discrete moving average of the form

Xn: Zn: bnfjej

j=—o0

for a certain sequence (b;), e with b; ~ coj? ' as j — oo, where ¢, denotes a positive

constant, cf. Theorem 2.1 of [13]. Notice that the process (X,,),cn can be written in
distribution as n

X, = / g(n —s)dLg
with g(x) = ijo bj1;;,;41)(7) and L being a symmetric (-stable Lévy process. Here
a =1 —d and by Theorem 1.1 we obtain the following result.

Corollary 1.5. Let (X,),cw be the stable fractional ARIMA(p,d,q) process given by
(1.15), with 8 € (0,2) andd € R\ Z withd < 1 —2/3. Then,

n=1/? ifd<1-3/8,
dw (v, 'V, Z) < C < n'/?log(n) ifd=1-3/8,
nt=(=d)5/2 ifde (1-3/8,1-2/8),
EJP 25 (2020), paper 31. http://www.imstat.org/ejp/
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and

n=1/? ifd<1-4/8,
di (v, 'V, Z) < C{ n=?log(n) ifd=1-4/8,
n-0=dB/2)/2  jfd e (1—4/8,1—-2/p),

where C' > 0 is a constant not depending on n.

1.4.4 Stable Ornstein-Uhlenbeck processes

In our last example we will consider a stable Ornstein-Uhlenbeck process (X;):cr, given
by

t
X, = / e M=) g, (1.16)
where L denotes a (3-stable Lévy process with 8 € (0,2), and A > 0 is a finite constant. In
this case a > 0 can be chosen arbitrarily large and we obtain the following result.

Corollary 1.6. Let (X,;):cr be a stable Ornstein-Uhlenbeck process given by (1.16).
Then
dw(w;'V, Z) <Cn™Y?  and  dg(v; 'V, Z) < Cn~Y2,

where C' > 0 is a constant not depending on n.

1.5 Structure of the paper

The paper is structured as follows. Section 2 presents a related result and some
discussions. Basic notions of Malliavin calculus on Poisson spaces and the new bounds for
the Wasserstein and Kolmogorov distances are demonstrated in Section 3. In Section 4
we prove Theorem 1.1 based on the general bounds obtained in Section 3.

2 Related literature and discussion

Normal approximation of non-linear functionals of Poisson processes defined on
general state spaces has become a topic of increasing interest during the last years. In
particular, quantitative bounds for normal approximations were obtained by combining
Malliavin calculus on the Poisson space with Stein’s method. The resulting bounds have
successfully been applied in various contexts such as stochastic geometry (see, e.g.,
[8, 14, 15, 17, 20, 38]), the theory of U-statistics (see, e.g., [8, 9, 10, 38]), non-parametric
Bayesian survival analysis (see [28, 29]) or statistics of spherical point fields (see, e.g.,
[4, 5]). We refer the reader also to [26], which contains a representative collection of
survey articles.

The first quantitative bounds for asymptotically normal functionals of Lévy moving
averages have been derived in [17]. We briefly introduce their framework, but phrase
their results in an equivalent way through Lévy processes instead of Poisson random
measures. Let (X;);er denote a Lévy moving average of the form (1.5) where L is
centered. Assume that the Lévy measure v satisfies the condition

/|y|j1/(dy)<oo for j € {1,2}, 2.1)
R

which implies that (L;);cr is of locally bounded variation with a finite second moment.
Suppose that the kernel function g satisfies the condition

/ lg(z)] + g(z)?* dz < . (2.2)
R

EJP 25 (2020), paper 31. http://www.imstat.org/ejp/
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The functional under consideration is defined by

Fr = f(Xt) dt, T>0,
[0,7]

which can be interpreted as the continuous version of the statistic V,,. We now state
Theorem 8.2 of [17] in the case of p = 0.

Theorem 2.1. [17, Theorem 8.2] Suppose that conditions (2.1) and (2.2) hold. Assume
that

var(Fr) > cT, T > 1o

with ¢, to > 0. Furthermore, suppose that f € CZ(R). Assume that [, [y|* v(dy) < oo and
E[|X1]*] < oo. Finally, assume that

/ ( | latw=)ato) dy>4dx < .

Let Z be a standard Gaussian random variable. Then there exists a constant C' > 0 such

that for all T' > t,
d FT*E[FT]’Z §£7
var(Fr) VT

ford =dw and d = dg.

While Theorem 2.1 (and its proof) relies heavily on a finite fourth moment, Theo-
rem 1.1 works for infinite variance models, as e.g. stable processes. The heavy tails
of these processes force us to introduce the improved version of the bounds in [17,
Theorems 1.1 and 1.2] in the next section, and they are also responsible for slower rates
of convergence in Theorem 1.1 compared to Theorem 2.1.

3 New bounds for normal approximation on Poisson spaces

The aim of this section is to introduce new bounds on the Wasserstein and the
Kolmogorov distances between a Poisson functional and a standard Gaussian random
variable. Although similar bounds were previously derived in [17, 27], they are not
sufficient in certain settings. For this reason, we shall provide an improved version,
which is adapted to our needs. Since such a bound might be useful in other contexts
as well, we formulate and prove it in a general set-up, which is specialised later in this
paper.

3.1 Poisson spaces and Malliavin calculus

We recall some basic notions of Malliavin calculus on Poisson spaces and refer the
reader to [18, 26] for further background information. We fix an underlying probability
space (2,4, P), let (X, X) be a measurable space and A be a o-finite measure on X
(in the applications we consider here X will be of the form R x R). By n we denote a
Poisson process on X with intensity measure A, see [18] for a formal definition and an
explicit construction of such a process. We often consider n as random element in the
space of integer-valued o-finite measures on X, denoted by N, which is equipped with
the o-algebra generated by all evaluations y — u(A) for A € X. A real-valued random
variable F' is called a Poisson functional if there exists a measurable function ¢ : N — R
such that P-almost surely F' = ¢(n). We let L% denote the space of all square-integrable
Poisson functionals F' = ¢(n).

EJP 25 (2020), paper 31. http://www.imstat.org/ejp/
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It is well known that each F' € Lf, admits a chaotic decomposition

F=FEF+ Z I (fm), (3.1)

m=1

where I,, denotes the mth order integral with respect to the compensated (signed)
measure 7 = 1 — A and f,, : X™ — R are symmetric functions with f,, € L?(\™).
Here, for a measure ; on X and k& € IN we write L?(u*) for the space of functions
f : X* — R, which are square integrable with respect to the k-fold product measure of
p, and || - ||z, for the corresponding L*-norm. For z € X and a Poisson functional
F = ¢(n) € L} we denote by

D.F = ¢(n+6.) — o(n)

the Malliavin derivative of F' in direction z, also known as the difference operator, or in
a geometric setting, the add-one cost operator. Here, 4, stands for the Dirac measure
at z € X. We can consider DF as a function on  x X acting as (w,z) — D.F(w). If
DF is square integrable with respect to the product measure P ® A we shall write
DF € L*(P ® )\) in what follows. Finally, let us define the second-order Malliavin
derivative of F' with respect to two points 21, 25 € X by putting

Dzl,zQF =D, (DZzF) = ¢(77 + 0., + 522) - d’(ﬁ + 5Z1) - ¢(522) + ¢(77)

(note that this definition is symmetric in z; and z23).
The Kabanov-Skorohod integral § maps random functions « from L%(IP ® A) to random
variables in L%. To introduce the definition of the operator J, let

w(z) = Y I (hn(2, 7)), 2€X,

m=0

denote the chaos expansion of u(z), where h,, : X! — R are measurable functions.
The domain dom ¢ of § consists of all random functions v that satisfy the condition

Z (m + 1)!Hilm||2L2(,\m+1) < 00,

m=0

where ﬁm denotes the symmetrisation of the function h,,. For u € dom ¢ the Kabanov-
Skorohod integral is defined by

5(u) =Y Imy1(hm).
m=0

Finally, we introduce the Ornstein-Uhlenbeck generator L and its (pseudo) inverse L',
The domain dom L of L consists of all elements F' € L% with chaotic decomposition (3.1)
that additionally satisfy the condition

00
Z m2m'||fm||%2()\m) < Q.

m=1
For F' € dom L with chaotic decomposition (3.1) we define

o0 oo

LF ==Y mln(fn), L 'F=-> %Im(fm).

m=1 m=1
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The important relationships between the introduced operators can be summarised as
follows:

() LL"'F =F,  (if F is a centred Poisson functional)
(i) LF = —6DF, (if F € domL)

(iii) E[F(u)] = E/(DZF) u(z) A(dz), (integration-by-parts)
where u € dom §. We refer to [26] or [27] for a more detailed exposition.

3.2 Wasserstein distance

In this subsection we derive quantitative bounds for the Wasserstein distance. We
recall that the Wasserstein distance between two random variables F' and G is defined
by

dw(F,Z) = sup |E[h(F)] - E[RG)]],
heLip(1)
where the supremum is running over all Lipschitz functions h : R — R with a Lipschitz
constant less than or equal to 1. To formulate the next result we introduce the three
quantities

" ¢:4/E[(Dle)2(DzQF)2]1/2E[(D2 FP (D2, o, )12 N (d(z1, 22, 23)), (3.2)

21,23 22,23

= [BID, D2, o PPN (e 2 2), (3.3)

vai= [ BD-FP Elmin(VEID. P, ID.FP) Ad) (3.4)

(although 71, 72 and 3 depend on the Poisson functional F', we suppress this dependency
in our notation for simplicity). The theorem below is an improved version of the second-
order Poincaré inequality for Poisson functionals from [17, Theorem 1.1], where the
main difference stems from the term ~s.

Theorem 3.1. Let F € L% be a Poisson functional, which satisfies DI € L2(IP ® A),
E[F] = 0 and E[F?] = 1. Further, let Z ~ N(0,1) be a standard Gaussian random
variable. Then,

dw(F,Z) <y + 72 +73.

Remark 3.2. Our bound ~3 improves the corresponding quantity in [17, Theorem 1.1],
which one can obtain by replacing the term E[min(v/8|D,F|*/2 |D,F|?)] in 43 through
E[|D,F|?]. It turns out that our improvement is absolutely crucial as the quantity
introduced in [17, Theorem 1.1] converges to infinity in our setting.

In our framework the main problem appears when the term |D,V,,| becomes large, say,
larger than 1. Such an event has a relatively high weight under the measure A. On the
contrary, in the setting of Theorem 2.1 large values of |D.V,,| have a very low probability
under higher moment conditions on the Lévy measure imposed in Theorem 2.1. Hence,
the main improvement of the original bound introduced in [17, Theorem 1.1] stems from
carefully distinguishing between large and small values of |D.V,,|. O

Apart from the application of Malliavin calculus another ingredient on which the
proof of Theorem 3.1 is build is Stein’s method for normal approximation (we refer to
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[6] for a general account). The starting point is the following observation: a random
variable Z has a standard Gaussian distribution A(0,1) if and only if

E(f'(Z2) - Zf(Z)] =0

for all continuous and piecewise continuously differentiable functions f : R — R with
E[|f'(Z)]] < co. This characterization together with the definition of the Wasserstein
distance motivates to consider for given Borel function i : R — R with E[|h(Z)|] < oo
the first-order differential equation

h(z) —E[h(Z)] = f'(z) — xf(x), z € R, (3.5)

also known as the Stein equation for normal approximation. A solution to (3.5) is
an absolutely continuous function f : R — R such that there exists a version of the
derivative f’ satisfying (3.5) for all € R. From [6] it is known that for given h € Lip(1)
the (unique bounded) solution f = f;, of this equation satisfies f € C'* with f’ absolutely
continuous and

[fllo <2, e <1, and ||l <2,

where we write || - || for the supremum norm. Defining Fy to be the class of functions
satisfying these two constraints, replacing =z by F' in the Stein equation and taking
expectations on both sides we arrive at

dw (F,Z) < sup |E[f'(F) = Ff(F)]|.
fEFw

Starting with this estimate, we can now present the proof of Theorem 3.1.

Proof of Theorem 3.1. Let f € Fy and fix a,b € R. Then using the bound for [/ we
observe that

1f(b) = fa) = f(a)(b—a)] < [f(b) — fla)| + [f'(a)[[b—a| <2[f ||oc|b—al <2[b—al.
Similarly, using the bound for f” we have, by Taylor approximation,

76~ f@) ~ @ —a) < LI 2 < - ay

and so
£(b) = f(a) = f'(a)(b—a)| <min(2]b - al, (b - a)?).

Next, using the definition of the Malliavin derivative and a Taylor expansion of f around
F we see that

D.f(F) = f(F)(D.F)+ R(D.F), z€X

where in view of the above considerations the remainder term R(-) satisfies the estimate
|R(y)| < min(2[y|,y?) for all y € R. Applying this together with the three relations for the
Malliavin operators presented in the previous subsection, we see that

E[Ff(F)] = E[LL™'Ff(F)] = ~E[6(DL™'F) f(F)] = E/(sz(F))(*DzL’lF) Adz)

- E[f/(F)/(DZF)(—DZLle)A(dz)} +E/R(DZF)(—DZL*1F)A(dz).
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As a consequence,

B (F) - PR < [B[f(F) (1~ [(DP)(-D.L F)xa:)) ]|

+ ]E/min(2|DzF|, (D.F)?) |D,L™ F| \(d2)

|

+ ]E/min(2|DzF|, (D.F)?) |D,L™ F| \(d2),

<E U1 - /(DZF)(fDZL*IF) A(dz)

where we used that || f/||c < 1. Next, we apply [17, Proposition 4.1] to conclude that

E [’1 - /(DZF)(—DZL*F) )\(dz)” <71+ (3.6)

For the term 3 we use Holder’s inequality with Holder conjugates 3 and 3/2. Together
with [17, Lemma 3.4], which in our situation says that E[|D,L~'F|*] < E[|D,F|?] for all
z € X, this leads to

E/min(zwzm, (D.F)*)|D, L™ F| \(dz)
< [ (BID.L™ PP (Blmin(2ID.F. (D.F)P/2)* A(d2)
< [0 PP Emin(VBID.FIP2, [D.F) Ad2) = s
The proof is thus complete. O

3.3 Kolmogorov distance

Now we turn our attention to the Kolmogorov distance between the two random
variables F' and Z, which is defined as

dx(F,Z) =sup |P(F <z)—-P(Z < z)|.
zeR

Let f = f, be the bounded solution of the Stein’s equation associated with the function
1(—co,z) for a given z € R. It is well known that this solution satisfies the inequalities

V2T

Iflle < == and  [Iflec <1 3.7
(we interpret f’ as the left-sided derivative at the point x, where f is not differentiable).
Hence, with Fx denoting the class of all absolutely continuous functions satisfying (3.7)
we have

dg(F,Z) < sup [E[f'(F) — Ff(F)]]

feEFK

where Z ~ N(0,1). To obtain modified bounds for the Kolmogorov distance we introduce
an arbitrary measurable function ¢ : R — R such that 0 < ¢ < 1. We may simply use
¢ = 1;_1 1 or a smooth function with compact support. As discussed in Remark 3.2 we

will use the function ¢ to distinguish between large and small values of the quantity
|D.V,|.
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To formulate the analogue of Theorem 3.1 for the Kolmogorov distance we introduce
the quantities

Ty =2 / E[(D-F)2(1 — o(D.F))*|E[|D. F )]/ \(d2), (3.8)

= <;<EF4>“4+ “?”) [ EUD-FY o(DoF B D.FI M),

- \/ [ Ble(D-F(D.Fy 1 2E(D. P12 Mdz),

18 =3 [ (BUD-. (Do F)Do ) 2B D P2

+Elp(D., F)*(D:, F)']V?E[| D2, ., FI''/?

+ E[(DZZ(@(DzlF)DzlF))4]1/21E[ID§2,Z1F|4]1/2) N(d(z1,22))  (3.9)

(again, we suppress in our notation the dependency on the Poisson functional F).
We are now prepared to present our general estimate for the Kolmogorov distance
between a Poisson functional and a standard Gaussian random variable.

Theorem 3.3. Let F' € L% be a Poisson functional which satisfies DF € L*(P ® \),
E[F] = 0 and E[F?| = 1. Further, let Z ~ N(0,1) be a standard Gaussian random
variable. Then,

dx(F,Z) < i+ 72 +73+ 7 + 75 + -

Remark 3.4. Theorem 3.3 improves the original bounds from [17, Theorem 1.2], which
correspond to the choice ¢ = 1. We recall once again that the bound from [17, The-
orem 1.2] converges to infinity in our setting, and thus the improvement in Theorem
3.3 is absolutely crucial for the proof of Theorem 1.1. The natural choice of ¢ is a
fixed continuous differentiable function with compact support satisfying ¢(z) = 1 for
all z € [-1,1], which we are going to use for the proof of Theorem 1.1. However, in
some situations, one might obtain a stronger bound by letting ¢ depend on the Poisson
functional F. O

Proof of Theorem 3.3. As in the proof of Theorem 3.1 we need to bound the term

ELf'(F) - FI0) =E[f/(F) (1~ [(DF)(-D.L ' F)Ad))]

—-E

D.F
/ (—D.L'F) / (F'(F+1) - f’(F)}dM(dZ)] ,

where the decomposition is derived in [10, Equation (3.4)]. We have already seen in (3.6)
that the inequality

‘E[f’(F)(l - [Dep) D1 F )] ' <t (3.10)

holds, where we have used that || f]lcc < 1. To treat the second term of the decomposition
we need to distinguish whether D, F' takes small or large values. In particular, we have
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that

E

D.F
/(fDZLle)/O {f’(F+t)f’(F)}dt>\(dz)H (3.11)

<E

D.F
[ E| [ e - rwyal A(dz>]
<28 [ ID.FI(1 - o(D.F)ID.LFlAa2)

D.F
+E / (F(F+1)— f'(F)} dt

/ D.L\Flp(D.F)

)\(dz)] ,

where the second inequality follows from the identity 1 = (1 — ¢(D,F)) + ¢(D.F), the
triangle inequality and || f’||cc < 1. Now, repeating the methods from the proof of [10,
Theorem 3.1] (see pages 7-9 therein) for the last term in (3.11), we conclude that

E

D.F
/ (—-D.L'F) / ('(F+1) - f’(F)}dM(dZ)]

<2 [ |D.F|(1 = ¢(D.F)|D.L ™ FIA(d:)

- \/:?E/go(DzF)(DzFﬂDzL1F|/\(dz)

+ %E/¢(DZF)(DZF)2|F x D,L7YF| \(dz)

+ sup]E/@(DZF)(DZF)DZ(1{F>x})|DZL’1F|)\(dz). (3.12)
zeR

In the next step, we need to apply the ideas from [17] to the new bound at (3.12). We
obtain that

QE/\DZF|(1—go(DzF))lDzL_lFM(dz)
<2 [ BI(D.F)*(1 - o D.F) B[ DL PPN (d2)
<2 [ BUD.F(1 - o(D.F) B[ D-F P A(dz) =7
Similarly, we have that
Vo [ eD-F)DFP DL P N@2)

= \/82?/E[(DzF)4SD(DzF)2]1/2EHDZF2]1/2 Adz) = VA(Ll)v
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and

DN =

E/@(DZF)(DZF)2|F x DL~ F| \(d?)

< SR / E[(D-F)"e(D:F)*)'/*E[|D-F|']'/* A(dz) =: 7.

Moreover, we note that
1 2
w4+ <

Next, we treat the last term in (3.12). We set g(z) = ¢(D,F)(D,F)|D,.L~'F| and observe
the inequality

E / D(1ps)9(2) M(d2) = El1gps06(g)] < E[5(g)]1/2

is valid, where we recall that ¢(g) stands for the Kabanov-Skorohod integral of g. Fur-
thermore, we have the Kabanov-Skorohod isometric formula

E[6*(9)] = E / 9*(2) \(dz) + E / / (Dyg(2))?M(dy) M(dz) =: Ay + As,
see [16, Theorem 5]. Applying the Cauchy-Schwarz inequality we deduce that
A s / Elp(D:F)*(D.F)']E[(D. F)']'/? Mdz) = 3.

For the last term A5 we conclude, using the inequality

|Dy(GH)| < |HD,G| +|GDyH| + |D,HD,G],

A2 23 [ (D@D )DL F) DL LT F 4 p(Do, F)(D., PP D, L L P

22,21

22,21

+ (Doy(p(Doy F)D-, ) D2, L L7 FP ) N2(d(21,20))
<3 [ (EUD- (oD YD, P D, P2
+ Elp(D., F)*(D., F)'|/*E[|D2, ., F|']"/2

+ E[(D-, (%’(DzlF)Dz1F))4]1/2E[|D§2,z1F\4]1/2> A (d(z1,22))
=

Combining (3.10) and (3.12), we conclude the assertion of Theorem 3.3. O

4 Proof of Theorem 1.1

All positive constants, which do not depend on n, are denoted by C' although they may
change from occasion to occasion. Furthermore, we assume without loss of generality
that K = 1 in condition (1.6). We extend the definition of the kernel g to the whole real
line by setting g(z) = 0 for < 0. To apply Theorems 3.1 and 3.3 it will be useful for us to
represent the process (X;):cr, in (1.5), in terms of an integral with respect to a Poisson
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random measure. Namely, if  denotes a Poisson random measure on R? constructed
from L, see e.g. [40, Theorem 19.2], then n has intensity measure A given by

A(ds, dy) = dsv(dy),

where v is the Lévy measure of L, defined in (1.3). We can re-write X; = fioo g(t—s)dLs
as

X, = / g(t — s)x (n(ds, dz) — x(g(t — s)x) ds V(dx)) +b 4.1)
IR2
where the integral is defined as in [37, p. 3236], and
b= [ o+ [ (xtego) - gloxta)) vido)] ds. 4.2)
R R

The integrals in (4.1) and (4.2) exist since X; is well-defined, cf. [35, Theorem 2.7]. By
(4.1) it follows that X; is a Poisson functional for all ¢ € R, i.e. there exists a measurable
mapping ¢ = ¢; : N — R such that X; = ¢(n). Throughout this section we will repeatedly
use that for any measurable positive function f : R> — R we have that

R2 f(z) Aldz) < O/]R (/}R‘f(s,z) d5>|17|7175 de,

which follows by assumption (1.4) on v. Here and below, C' will denote a strictly positive
and finite constant whose value might change from occasion to occasion.

4.1 Preliminary estimates

We let z = (z,s) € R?, z; = (z5,s;) € R* for j € {1,2,3}, and f € C?(R). By the
mean-value theorem and (4.1), we have that

1D f(X5)| = (X +29(j — 5)) — f(X;)| < Cmin(1, [zg(j — 5)]), (4.3)
since f and f’ are bounded. By (4.3) we obtain that

|D.V,| < \%meu,xg(t_s)) = A, (2). (4.4)
Furthermore,

z": { (3319 (t—s1) +229(t — s2) + Xt)

t=1

%\H

Z1522

— f(xlg(t— s1) —l—Xt) — f(xgg(t — 89) +Xt) —|—f(Xt)}.

Again, by applying the mean-value theorem and using that f, f’ and f” are bounded we
obtain the estimate

C n
|D? —Zmin(l,mlg(t—31)|)min(1,|xgg(t—52)|) =: A, (21, 22). (4.5)

1, 2 \/ﬁt:1
Notice that A, (z1, 22) < Cmin(A4,(z1), An(22)).
We define the quantity
Ok —/|g gz + k)2 de, keZ. (4.6)

We will show later that the terms +; and ~» appearing in Theorems 3.1 and 3.3 are both
bounded by Cn~!/2 solely under the condition Y ;- px < oo, cf. Lemma 4.1, while the
other terms require the stronger assumption (1.6).
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Lemma 4.1. With p; given in (4.6) we have that p;, < Ck=98/2 for all k > 1. Further-
more,

4
B/
/ ( [Tlg(t: - 5)|) ds < Clta — t1]7B/ 4ty — 1|78/ 4|t, — 1,|728/4,  (4.7)
R “i=1

forallty,...,ty > 1, where we use the convention 0~" := 1 for all r > 0.

Proof. From the substitution © = k~'s we obtain

1 o]
pr < / 875/2(k+s)_°‘ﬁ/2d8+/ 5P (k + 5)7P/2 ds
0 1

1/k [eS)
_ pl4v8/2-0B/2 / WIPI2(1 4 ) =OB/2 gy 4 fl=oB / woB/2(1 4 )08/ gy
0 1/k

< CkB/2, (4.8)

Moreover, by the same procedure as in (4.8) and using succesive substitutions we obtain
the bound (4.7). O

Lemma 4.2. The series v? defined in Theorem 1.1 converges absolutely, and v2 — v? as
n — oo.

Proof. In the following we will show that
Z |cov(f , F(X0))] < oc. (4.9)
To prove (4.9) we use the covariance identity from Theorem 5.1 in [19] to get

cov(£(X;), f / / D.F(X,) | GEID-f(Xo) | Gu Md2)du|  (4.10)

where (G )ucjo,1) are certain o-algebras (which will not be important for us). As noticed
in [19, Proof of Theorem 1.4] we may always assume that we are in the setting of
[19, Theorem 1.5]. By Cauchy-Schwarz inequality and the contractive properties of
conditional expectation it follows from (4.10) that

leov(£(X;), / [ E[[iD- ) | 6.JED. (X0) | 0[] Atd2) d
< / E[|D. f(X;)PT/?E[|D. £(Xo) ]/ A(dz)
¢ [ ([ min(a*gts — s)a(=s) 1) v(da)) ds
<c/ lg(G — s)g(—s)|?/? ds
=Cp; < Cj=P/2 (4.11)

where we have used (4.3) in the third inequality, the equality follows by the definition of
p;, and the last inequality follows by Lemma 4.1. Since o8 > 2, (4.11) implies (4.9).
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By (4.9), the series v? converges absolutely. Moreover, the stationarity of (X;);jen
implies that

v =BV =n"" )" cov(£(X;), f(X:))

7,i=1

= var(f(Xo)) + 2 (1 — j/n)cov(f(Xo), F(X;))

j=1
— var(f(Xo)) +2 ) cov(f(Xo), f(X;)) = v° as n — 0o,
j=1
where the convergence follows by Lebesgue’s dominated convergence theorem together

with (4.9). O

4.2 Bounding the Wasserstein distance

Since v2 = var(V,,) — v? as n — oo, cf. Lemma 4.2, and v > 0 by assumption, we note
that v,, is bounded away from zero. Let 71,72, 73 be defined in (3.2), (3.3) and (3.4) with
F =1V,. Then, by Theorem 3.1 and using that v,, is bounded away from 0, we have that

dw (Vi /vn, Z) < C(y1 + 72 +73)- (4.12)

Using the estimates (4.4) and (4.5) we will now compute bounds for the quantities 4,
72 and 3 appearing in the bound for the Wasserstein distance in Theorem 3.1. Notice
that the right hand sides in both estimates (4.4) and (4.5) are deterministic, so the
expectations in the definitions of 71, v2, 73 can be omitted. We start with the term ~;.

Lemma 4.3. There exists a constant C' > 0 such that y; < Cn=1/2,

Proof. To estimate
"= 4/E[(Dzl Va)2 (Do, Vo P12 E((DZ, L, Va)* (D2, ., Va) T2 (d (21, 22, 23)),
we deduce the following inequality by (4.4) and (4.5):
E[(D:, Vi) (D2, Vo) *1VPE((DZ, ., Va) (D2, ., Vi) ]2

Z1,23 " T z2,23 " T

< g Z {min(l,xﬂg(tl —51)9(t3 — 51)]) min(l,x§|g(t2 — 52)g(ta — s2)|)

x min(1, 23|g(t3 — s3)g(ts — 53)‘)}

By the substitution w? = 22y, for i € {1,2,3} we see that for any y;,y2,y3 > 0 it holds
that

. . . i 2 B/2 B/2
mm(l,aﬁyl)mm(l,x%yg)mm(l,xgygﬂxlxgxg\ =B 4z doy dzs = Cylﬁ/ yg/ yg/ .
R3
Indeed, we have that

min(1, z%) min(1, 23) min(1, 23) |z 2023 ' 7P dy dry 23
R3

3
= (/ min(1, 22)]z|~1F da:) < 00,
R
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since 5 € (0,2). Therefore, we deduce the estimate

7% < C/E[(DZ1Vn)2(DZ2Vn)2]1/2E[(D2 Va)2 (D2, ., Vi) 12N dz1, dza, dzy)

z1,23 ' M z2,23 " M

C

n2

> A /R lg(ts — s1)g(ts — 51)|°/ dsy /]R |9tz — 52)g(ts — 52)|°/2 dso

t1,...,t4=1

< [ lotta = sadg(ts = s dsa
R

C - C " C /= 3
= ﬁ Z Pt1—t3Pta—taPtz—ta < g Z Pv1 Pos Pus < g(zpk> (4.13)
k=0

t1,...,ta=1 V1,V2,V3=—n

where the first equality follows by substitution, the next inequality follows by the change
of variables vy = t1 — t3, vo = to — t4, v3 = t3 — t4, and the last inequality follows from
the symmetry p_; = pr. By Lemma 4.1, we have that Z?’:O pr < oo, and hence, (4.13)
completes the proof of the estimate v, < Cn~1/2. O

Using a similar reasoning, we can also bound the term ~s.

Lemma 4.4. There exists a constant C' > 0 such that v, < Cn~'/2.

Proof. Recall that
2= [ B, VR0, Ve, 2020

By the inequality (4.5) we immediately conclude that

C < :
E[(D2 Vo0, Vol < S 30 {min(Ladlg(ts — s2)glta — s1))
t1,...,ta=1

x min(1, 23|g(ts — s2)g(ta — s2)|) min(1, 23]g(tr — s3)g(t2 — 53)g(ts — s3)g(ta — 83)\)}-
As in the proof of Lemma 4.3 a substitution shows that for any y1, y2,y3 > 0,

. . . i 4
min(1, x1y; ) min(1, 23y0) min(1, 23ys) |v12223| " 7 day dws dag = Cyf/ng/ Z/zf/Q-

RS
Therefore, we have the estimate

21,23 22,23

ygz/E[(DQ F)2(D? _ F)?I\*(dz1,dz, dz3)

O n
<S% {[ ot = sotea— s s [ lates = sa)g(es s/ 2ass
n t1,...,ta=1 R R

x / l9(ts = sa)g(t = so)g(ts — sa)g(ta — 53)| "/ dss . (4.14)
R
Now, the inequality |zy| < 22 + y?, valid for all x,y € R, implies
[ lattr = sa)glts = sa)gtts = sadg(ts — 5| sy
R

< / lg(ts — s3)g(ts — s3)|7/2ds; +/ |g(ta — s3)g(ts — s3)|?/*dss,
R R
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which by (4.14), shows that
C 3
2
<= E :
Y2 = n( Pk) ; (4.15)

by the same arguments as in the proof of Lemma 4.3. Since Zkzo pr < 0o, cf. Lemma 4.1,
the estimate v, < Cn~'/2 follows from (4.15). O

The final term 3 in the bound for the Wasserstein distance is more subtle. It is this
term, which decays slower than n~!/2 for certain parameter regimes.

Lemma 4.5. There exists a constant C > 0 such that

n~1/2 ifaf > 3,
v3 < C{n~Y%log(n) ifaf =3,
n(2—aB)/2 if2 < af < 3.

Proof. Recalling the inequality (4.4), we have that
v3 < C/ min (|A,(z, 5)[%, [An (2, 5)[*) A(dz, ds). (4.16)
]R2

From the inequality (4.16), Lemma 4.5 follows from the result of Lemma 4.6 below. O

Proof of Theorem 1.1 for the Wasserstein distance. The Wasserstein bound (1.10) is a
direct consequence of Lemmas 4.3, 4.4 and 4.5 and the second-order Poincaré inequality
(4.12)

n~1/2 if a8 > 3,
dw (Vi /vn, Z) < C(y1 + 72 +73) < C o n~Y2log(n) ifaf =3,
n(Z-ab)/2 if2<aB < 3. O

The following bound used in the proof of Lemma 4.5 is stated separately as a lemma,
since we will also use it in the proof of upper bound for the Kolmogorov distance.

Lemma 4.6. Letp € [0,2] and ¢ > 2. There exists a finite constant C' such that

nt=a/2 ifaf > q,
/ min (|4, (2)[7, |4, (2)|7) A(d2) < C {n'~"2log(n)  ifaf =g,
2
R n(2-ap)/2 if2 < apf <q.

Proof of Lemma 4.6. To obtain the upper bound for the right hand side we need to
decompose the integral into different parts according to whether |z| € (0,1), |z| € [1,n%]
or |z| € (n%, 00). Using the symmetry in z this means that

/]R2 min (|An(x, 3)|P’ |An(g;7 5)|q) )\(ds, dm)
=2 (/0 /]Rmin(|An(x,s)|p’ |An(z, 5)|9) M(ds, dz)
+/1" /]Rmin(|An(a:,3)|P7 | Ap (2, 5)[9) A(ds, dx)

+/ /min(|An(Jc,s)|p,An(x,s)|q))\(ds,dx)> Lt D+ s
no R
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We start by bounding the term I;. For > 0 and s € [0,n] \ IN we have that
> min(1, |zg(t — 5)|) < min(L, [zg(1+ [s] = s)) + D |ag(t — )]
t=1 t=[s]+2

min(l,z(1+[s] —$)") + =z Z (t—s) @
t=[s]+2
min(l,z(1+ [s] — $)7) + Cz =: fi(s,z) + fa(s,x),

where we used g(u) = 0 for all u < 0 in the first inequality and assumption (1.6) on g
in the second inequality. The third inequality follows from the fact that a > 1, which is
implied by the assumptions o > 2/ and § < 2. For v < 0 we have

IN

IN

n 1
/ |f1(s,x)\qu:n/ | min(1, 2s7)|? ds
0 0

1 —1/v

= n(xq/ s ds +/ 1ds) < Cmc_l/’y,
=1/ 0

where the first equality follows by substitution. For v > 0, we have the simple estimate
Jo | f1(s,2)|%ds < Cnad. Similarly, we have that [ |f2(s,2)|?ds < Cnz?. By combining
the above estimates we obtain that

1 n
/ x_l_ﬁ(/ |Ap (z, )| ds) dx
0 0
1
< C’nlfq/2/ xil*ﬁ(;fl/”’l{yd)} +a?)dx < Cnlfq/Q, 4.17)
0

where the last inequality follows from the assumption v > —1/8.
For s € (—o0,0) we use the assumption (1.6) on g to obtain

n

> min(1lag(t = ))) < Ca > (= 5)" < Ca((1 =)' = (n =)' ")

t=1
For o > 1 4 1/q we have that
0 0
/ |(1—8)'"% — (n—s)7%ds < / (1—2s)11=%ds < C,
and for o < 1+ 1/q we have that

0 o
/ (1 =817 — (n—s)!7¥|%ds < / lu' = — (u+n)' | du

oo 1

= nQ(l_o‘)H/ |17 — (v + 1) do
n—1

1
<cmt-on( [

n

pa(1—a) d’l}-i—/ e dv) < Opati=o)+t, (4.18)
—1 1

where we used 1 < o < 1+ 1/q in the last inequality. The above estimates imply for
a# 1+ 1/qthat

1 0
/ afl*ﬁ(/ |Ap (2, )| ds) dx (4.19)
0 —00

1 0
< C'nfq/Z/ x4~ dx/ (1 —8)'7* = (n—s)'7%ds
0

— 00

< C(n~Y?% 4 plmaota/2y < opl=1/2, (4.20)
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where the last inequality follows since @ > 1. For a« = 1 + 1/¢, assumption (1.6) is
satisfied for @ = a — € for all € > 0 small enough. Hence, by (4.18) used with & we obtain
that (4.19) is bounded by Cn!~9/2 by choosing ¢ small enough.

The assumption that g(z) = 0 for all + < 0, implies that A, (z,s) = 0 for all s > n, and
hence (4.17) and (4.20) show that

I, < Cnt~9/2, (4.21)

Next, we treat the term 3. For the integral

[0 min a4 Ads. a2

@ —0o0

we need to distinguish different cases, namely s < —z'/®, —z'/® < s <n —z'/* — 1 and
nfxl/o‘fl<5§n.
We start with the case s < —z!/®. Note that

|A,(z,5)] < an~1/? Z lg(t — s)] < Cxy/n(—s)~“ (4.22)

t=1

and observe that z/n(—s)~® > 1if and only if s > —2'/*n!/(2®) We obtain the inequality

1/

/ - (=)= ds < Cz(1-on)/a (1 n n(kap)/@a)) .
_gl/apl/(2a)

On the other hand, we have that

_gl/an1/(2a)

/ (—s)"%ds < Ozt~ /apl-aa)/(2a),

— 00

By (4.22) we thus conclude that

oo —gt/e
/ / min (| Ap (2, 8)|7, | An (2, $)|%) A(ds, dz)
1/

a _ml/anl/(2a)

< C/ z1h (xpnp/Q/ (—s)™P ds—l—an‘I/Z/ (—s)™ ds) dx
no _gl/anl/(2a) oo

<c (nl—a,@-i-l/(Qa) +n1—a5+p/2) .

For z > 1 and —2'/® < s < n — z'/* — 1 we obtain

[s+a'/?] n

Smin(Llzgt-s))= > 1+ Y a(t-s)7°

t=[s+zl/*]4+1

< C((s+x1/o‘) +x((:c1/a)1*a - (nfs)lfa)). (4.23)

The substitution v = z~/%(n — s) yields

1oy

n—x P
/ ’I((xl/a)lfa _ (n _ S)l*&) ds
_pl/a
14ng =L/
= x@’“)/a/ 11— o' dv < CnaP/e, (4.24)
1421/
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and

n—zl/*—1 n

1

/ |s + xl/"‘|p ds < / uP duy = ———nPt1, (4.25)
_pl/a 0 p+1

From (4.23), (4.24) and (4.25) we deduce that
a_q

/jo x—l—ﬂ</_n:i |An(x,s)|pd8> du

< C’n_p/2<np+1/ x_l_ﬂda:—i—n/ w_l_ﬁ+p/“dx)

< Cnl—tlﬂ-i-p/?7

where we used the assumption a8 > 2 in the second inequality.
Finally, for the last case n — 2'/* — 1 < s < n we have

S min(L, ag(t - 5)) < n.
t=1

which leads to
/ x_l_ﬁ(/ | A (z,8)P ds) dzx < C’np/Q/ T A g < Ot eBte/2,
ne n—xl/a—1 ne
Summarizing, we arrive at the bound
I; < C (n1-of /@) g pioeito/2), (4.26)

Next, we will bound the term I as follows:
I, < C’{/ xil*ﬁ(/ min (|Ap (z, s)|P, |An(z, s)|7) ds) dx
1 —n

+/' x—l—ﬂ(/ min (|4, (2, )7, | Au (2, 5)[%) ds) o} = Ty + o,
1

— 00
where we recall that A, (z,s) = 0 for s > n. To estimate J; we have for s ¢ Rand z > 1
that

[s+a:1/“] n

> min(l,|zgt—s)) < > 1+ > a(t—s)°
t=1 =[s]+1 t=[stxl/«]+1
1/« 1/a\1—a _ _ e\l : 1/a <
<c x —&-x((ac ) (n—s) ) if s+ al/* <n,
n—s if s + 2t/ > n,
< Ozt (4.27)

We note that z'/*n~1/2 < 1 if and only if = < n®/2, and write J; as J, = J, + J}. Note
that

/2

J{::/ e ([ min (1 Au(e,5)P, | Ane,5)[9) ds ) da

1 —-n
n®/? n n®/?
< C’/ (/ |t/ an=1/2| ds)m_l_ﬁ dx < nl_q/z/ gmimBrale gy
1 —-n 1
nl=a/2 ifaB > q
<Cin'~9?log(n) ifaB=q (4.28)
n(2—ap)/2 if2<aB <q,
EJP 25 (2020), paper 31. http://www.imstat.org/ejp/
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where we have used (4.27) in the first inequality. Furthermore,

J{’::/ ([ min (| An(e, 9P, |Au (e, 5)[9) ds) d
ne/2 —-n

< C’/n (/n |1‘1/an*1/2‘P ds)xfl—ﬁ de < Onl*p/Q/ x,1,5+p/a dx
no/2 g

-_n a/2

1
= cnlfaﬁﬂ/?/ P8 gy < Cn(2meB)/2, (4.29)
n—1/2

where we have applied (4.27) in the first inequality, and the substitution v = n='z'/“ in
the second equality.

To estimate J5, again we need to distinguish several cases. We recall the inequality
(4.22) and the statement below it, and notice that —z'/*n!/(2®) > _p if and only if
x < n® /2, We obtain the estimate

a—1/2

/ $‘1_5< min (|4 (z, )", [An (2, 5)|9) ds) de
1 —0o0
a—1/2

n
< Cnl—qa+q/2/ 1B+ gy < COnl—aB+8/2
1

Recalling again the inequality (4.22) we deduce that

_pl/apl/(2a)

/ 2 ( / min (|4, (. $)[", | 4a (. 5)|%) ds) do
no—1/2 —00

ne

< Cnl/(?a)/ e 1=AH/a gy < Opl—aB+B/2,

na—1/2
Finally, we also get for p # 3 that

/ 1 / min (|An (2, 5)I7, | An (2, 5)|%) ds) do (4.30)
n _zl/apt/(2a)

a—1/2

n®

< Cnl—ap+p/2 /

na—1/2

2 VBt g < C <n1_aﬁ+ﬁ/2 + nl_o‘ﬁ“’/Q) .

Next, we summarise our findings. Since a > 1 we have that 1 — af + /2 < (2 — af)/2.
On the other hand, a8 > 2 > p implies the inequality 1 — af + p/2 < (2 — a3)/2 (When
p = [ an additional logn factor appears in (4.30), but both rates are still dominated by
n(2=2h)/2) Thus, we conclude from (4.28) and (4.29) that

ni=a/2 if a8 > q,
I, <C<n'~92%log(n) ifaf=q,
n(2-ap)/2 if2<af <q.

Due to (4.21) and (4.26) we obtain the desired assertion since 1 — af + 1/(2a) < (2 —
aB)/2. O

4.3 Bounding the Kolmogorov distance

We let v1, 72,73, 74, 75 and s be as defined in (3.2), (3.3) and (3.8)-(3.9) with F' = V,,.
By our second-order Poincaré inequality Theorem 3.3, and using the fact that v, is
bounded away from zero we have that

di (Vo /v, Z) < C(y1 +v2 + 73 + 71 + 75 + Y6)- (4.31)

EJP 25 (2020), paper 31. http://www.imstat.org/ejp/
Page 24/31


https://doi.org/10.1214/20-EJP435
http://www.imstat.org/ejp/

A Berry-Esseén theorem for heavy-tailed moving averages

In this subsection we will bound the terms %3, 74, 5 and 76 to obtain the bound for the
Kolmogorov distance in Theorem 1.1. Throughout the proof we consider a continuously
differentiable function ¢ : R — [0, 1] with bounded derivative, whose support supp(yp) is
contained in the interval [—2, 2], which satisfies ¢(z) = 1 for z € [-1, 1] and is such that
lllloo = 1. In particular, this ensures that ||¢’||cc < co. We start with the term 7,, which
we handle as 3 in Lemma 4.5.

Lemma 4.7. There exists a constant C > 0 such that
n! ifaf >4
F3 < Cen~tlog(n) ifaB =4 (4.32)
n(2-ab)/2 if2 < af < 4.

Proof. Applying the inequality (4.4) we conclude that
T £ C [ BUDV 10,00 BV 2 A(d2)

<C . An($75)21{|An(x,s)\>1} A(dzx, ds)
R

<C [ min(A,(z,5)% An(z,5)*) A(dz, ds),
R2

which together with Lemma 4.6 implies (4.32). O

Lemma 4.8. There exists a finite constant C such that

/A ) < C, (4.33)
and
n~! ifaf > 4,
/An(z)4)\(dz) < C<nl(log(n))?® ifap =4, (4.34)
n2-%ep if2 < ap <4

Proof of Lemma 4.8. To show (4.33) we proceed as follows:

/An(z)2 A(dz)
= Z / /mml lzg(ty — s)) min(1, |zg(ts — s)|)|2| 71~ ﬂdx) s

tl to=1

Z / /mm1|$9 1—8)(2—s)|)|x|1ﬁdx)ds

t1,t2,_1

Z /|g tl —S 2 _S)‘B/Q ds = — Z Pti—to

t1 ta,=1 tl,tg,zl

gOZpt SCit*“W <cC,

t=0 t=1

where the second inequality follows from the substitution u = 2%g(t; — s)g(t2 — s), and
the last inequality is a consequence of the assumption that a5 > 2.
Our proof of (4.34) relies on the estimate

/A (2)* M(dz) <C— Z / /Hmln{l lzg(t; — s)|} x|~ ﬁd:z:) ds. (4.35)

Lta=1
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Moreover, we have

4 4
/ Hmin{l, lzg(t; — 8)|} x| 1P da < / min{l,x4 H lg(t; — s)|}|x\_1_ﬁ dx
R R

i=1
1/ B/4 4 B/4

== lg(t; — s)] / min{1, |u\}~|u|_1_5/4 du<C lg(t; — s)] , (4.36)
(I (Il )

where the equality follows by the substitution u = 2* H?Il lg(t; — s)|. From the two
estimates (4.35) and (4.36) we obtain

n

/An(z)4 Adz) < C’%

[ (TTote - 0) ™" as

t1,..ta=1

o, . n~! if af > 4,
< = —aB/4) " < -1 3 _
<= () <odn (log(n))* if o =4,
r=1 n?-iof if2<af <4,

where the second inequality follows by (4.7). This completes the proof of the lemma. O

Lemma 4.9. There exists a constant C such that

n! ifap >4,
n~!log(n) ifaf =4
<C ’ (4.37)
b n(2—aBb)/2 if8/3 < aff < 4,
nd-i08 if2 < af <8/3.
Proof. By our choice of the function ¢ we have that
1 < C((BVHY+1) / E[(D:Va) " 1p.v,1<1y] /BID-Va |14 A(dz).
The inequality 2%1{,<1} < min(z*, z*) implies that
[ EID-Val .1z 0y DV A02)
< /E[min(|DZVn|27|D2Vn\4)]1/2E[\D2Vn\4}1/4/\(dz)
n=! if af > 4,
< /min(An(z)2,An(z)4)A(dz) <Cqnllog(n) ifaB =4, (4.38)
n(2—aB)/2 if 2 < aff < 4,
where the last inequality follows by Lemma 4.6.
Lemma 4.2 of [17] shows that
E[V4] < Cmax{ / (E[(D.V,))*) 2\ (dz2), / E[(D.V,)*] Mdz), 1}. (4.39)

Hence, a combination of (4.39), the inequality |D.V,,| < A4,,(2), cf. (4.4), and (4.33)-(4.34)
of Lemma 4.8 implies that

1 ifaf >8/3
E[VIHY/t < C = (4.40)
BV )7 < n(2—%ap)/4 if2<af <8/3.
The two inequalities (4.38) and (4.40) yield the bound (4.37), which completes the proof
of the lemma. O

In the next step we treat the term ~s.
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Lemma 4.10. There exists a constant C > 0 such that

n=1/2 ifaf >4
75 < C < n~Y2log(n)/? ifafB =4
n(2-ap)/4 if2<af <4

Proof. We use the inequality :c41{|z‘§1} < min(z*, 1) to obtain the upper bound
2 < [ BUDV L .1s 0 [ EIDLV:) 2 M)
< /min (An(2)%, An(2)?) A(dz).
Lemma 4.6 completes the proof. O

Finally, we derive an upper bound for the term ~s.

Lemma 4.11. There exists a constant C > 0 such that

n=1/2 ifap >4,
n~1/2log(n) if aff =4,
e (2—a/3)/4( £ (4.41)
n if 3 <af <4,
n(3=3ah)/2 if2<ap<$.
Proof. Since the quantity 72 consists of three terms, we use the decomposition
% =:3(181+7%2+7%3),
with the terms ~4.1, 76.2 and .3 given by
’Yg.l = /E[(D22 (p(D2, Vi) Ds, Vn))4]1/2EHD21Vn|4}1/2 /\Q(d(zla 22)),
Vo= /E[<P(Dzl V)2 (D2, V) '1'PE( D2, ., Va 12 X2 (d(21, 22)),
B = [ EUD- (oD V) DV T EDE, V2 Xl 2)
We first prove the inequality
M= [ BIDL V)DL Vo) 2 N2 d e, 2)
n~! if af >4, (4.42)
< C ¢ n1(log(n))? ifaf =4,
n(2—aB)/2 if2 < af <4

Indeed, by applying the estimates (4.4) and (4.5), we conclude that

M< / A (212 An (21, 22)> X2 (d(21, 22).

Following the same arguments as in the proofs of Lemma 4.3 and Lemma 4.4, we deduce
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the inequality

M < ;h,é—l [/ (/min (1,z4§|g(ti =)l dr) ds
X / (/min (1,x2|g(t3 —8)g(ty — s)|)|33|_1_’3 da:) ds}

. % 2 1 [/JR lg(t1 — 5)g(t2 — 5)g(ts — s)g(ta — 5)|*/* ds

t1,...,ta=

< [ latts = s)gtta — o) ds).
R

Hence, by Lemma 4.1 we have that

. " ) n nil if Ckﬂ > 4,
p— —3 - i
M < g(zr aﬁ/4) (Zr wﬁ) < C < nt(log(n))? ifaB =4,
—1 r=1 nl—aB/2 if 2 < aff < 4,

which shows (4.42).
Now, we start deriving the bounds for the terms ¢ ;, 72 , and 13 ;. First, we consider
the quantity 72 ;. We have that

|DZ2 (SD(DZIV"T))' = “P(Dznvn + Dgl,zZVn) - @(Dnvn)‘
< 1{\DZ1%1|§3}C|D§1,Z2Vn\ +1p., v, 1>33CL( D2 _ v, |>1}; (4.43)

z1,22

where the inequality follows by using the mean-value theorem and the fact that ¢’ is
bounded for the first term, and for the second term we use that ¢ is bounded and has
support in [—2, 2].

By (4.43) we obtain the decomposition

12 O [ B0, 125) 102, Vo D V) 1B D, V2 X2 1, 22)
+/E[(l{mﬂvn|>3}1{\Dzl,Z2vn|>1}DzlVn)“]l/ZE[IDzlVn|4]1/2 A2(d(zl,@)))
< C<M+/|An(z)|4)\(dz) X /1{‘A,,L(Z)‘>1})\(dz)>, (4.44)

where the second inequality follows by the two estimates [D2 _ V,| < A,(22), cf. (4.5)
and the line following it, and |D,, V,,| < A, (21), cf. (4.4). Lemma 4.8 shows that

1 if a3 > 4,
Llog(n))?® if aB =4, (4.45)
2-jap if2<af <4,

/An(z)4 Adz) <C<n

and Lemma 4.6 implies that

/1{An(z)>1} Mdz) < /}R min (1, A, (z, s)*) A(dz, ds) (4.46)

n1 if af > 4,
<C<ntlog(n) ifaB =4,
n2—ab)/2 if2 <af <4
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Hence from (4.44), (4.45), (4.46) and (4.42) we deduce the inequality

n~1 if af > 4,
751 < C<{n1(log(n))? if aff = 4, (4.47)
n3- a8 if2 < af < 4.

Since ¢ is bounded we have that

22,21

Yoo = /E[so(DzlVn)2(DZ1Vn)4]”2E[ID2 Vol 12 X2 (d(21, 22)) < CM, (4.48)
and

22,21

Vo3 = /E[(Dzz(W(DzlVn)Dlen))4]1/2E[|D2 Val'[Y2 N2(d(21, 22))

22,21

< C/E[(Dzlvn)‘l]l/QEHDQ V12 X2(d(21, 22)) = CM. (4.49)

The inequalities (4.47), (4.48), (4.49) and (4.42) now imply (4.41), and the proof of
the lemma is complete. O

Proof of Theorem 1.1 for the Kolmogorov distance. We now combine the statements of
our second-order Poincaré inequality (4.31), and Lemmas 4.3, 4.4, 4.7, 4.10 and 4.11.
For a8 > 8/3 we have the inequality

dix (Vo /n, Z) < C(y1+ 72 +F5+ 72+ 75 + 76)

n=1/2 if af > 4,
< C < n1?log(n) if af =4,
n(2—ap)/4 if § <ap <4

On the other hand, for 2 < af < 8/3 we will use the bound
di (Vi Jvn, Z) < 2¢/dyw (Vy v, Z) < Cn(2=oB)/4,

which follows from (1.12) and the result of Theorem 1.1 for the Wasserstein distance.
Thus, we obtain the assertion of Theorem 1.1 for the Kolmogorov distance. O

All our corollaries, i.e., Corollaries 1.3-1.6, follow directly from Theorem 1.1.
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