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Abstract

This work explores and develops elements of Stein’s method of approximation in the
infinitely divisible setting, and its connections to functional analysis. It is mainly
concerned with multivariate self-decomposable laws without finite first moment and,
in particular, with a-stable ones, o € (0, 1]. At first, several characterizations of these
laws via covariance identities are presented. In turn, these characterizations lead to
integro-differential equations which are solved with the help of both semigroup and
Fourier methodologies. Then, Poincaré-type inequalities for self-decomposable laws
having finite first moment are revisited. In this non-local setting, several algebraic
quantities (such as the carré du champs and its iterates) originating in the theory of
Markov diffusion operators are computed. Finally, rigidity and stability results for
the Poincaré-ratio functional of the rotationally invariant a-stable laws, « € (1,2), are
obtained; and as such they recover the classical Gaussian setting as a — 2.
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1 Introduction

The present notes form a sequel to [2] and [3] where Stein’s method for general
univariate and multivariate infinitely divisible laws with finite first moment has been
initiated. Introduced in [54, 55], Stein’s method has developed into a collection of
techniques allowing to control the discrepancy, in a suitable metric, between probability
measures and to provide quantitative rates of convergence in weak limit theorems.
Originally developed for the Gaussian and the Poisson laws ([17]), several non-equivalent
investigations have focused on extensions and generalizations outside the classical
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univariate Gaussian and Poisson settings. In this regard, let us cite [8, 11, 38, 44, 28,
36, 39, 26, 58] and [9, 32, 30, 49, 46, 16, 48, 40, 41, 51, 31, 3] for univariate and
multivariate extensions and generalizations. Let us also refer the reader to the standard
references and surveys [25, 10, 52, 19, 15], for good introductions to the method. In
all the works just cited, the target probability distribution admits, at the very least,
a finite first moment. The very recent [21], where the case of the univariate a-stable
distributions, « € (0, 1], is studied, seems to be the only instance of the method bypassing
the finite first moment assumption. Below, we develop a framework for non-degenerate
multivariate self-decomposable distributions without Gaussian component.

Let us recall that self-decomposable distributions form a subclass of infinitely divisible
distributions which are weak limits of normalized sums of independent summands and,
as such, naturally generalize the Gaussian/stable distributions. Originally introduced
by Paul Lévy in [35], self-decomposable distributions and their properties have been
studied in depth by many authors (see, e.g., [37, 53]).

The methodology developed here for multivariate self-decomposable distributions
relies on a specific semigroup of operators already put forward in our previous analyses
[2, 3]. The generator of this semigroup is an integro-differential operator whose non-
local part depends in a subtle way on the Lévy measure of the target self-decomposable
distribution (see Lemma 4.1). Indeed, the non-local part of this operator differs from the
one obtained in [2, 3] since the Fourier symbols of the associated semigroup of operators
do not exhibit C!-smoothness. However, by exploiting the polar decomposition of the Lévy
measure of the target self-decomposable distribution together with the monotonicity of
the associated k-function, C!-regularity is reached and as such natural candidates for the
corresponding Stein equation and its solution are put forward. Moreover, this equation
reflects the Lévy-Khintchine representation used to express the characteristic function of
the target self-decomposable distribution. This naturally induces three types of equations
reminiscent of the following classical distinction between stable laws: « € (0,1), a =1
and « € (1,2).

With these new findings, we revisit Poincaré-type inequalities for self-decomposable
distributions with finite first moment. Initially obtained in [18] (see also [33]), these
Poincaré-type inequalities reflect the infinite divisibility of the reference measure (with-
out Gaussian component) and as such put into play a non-local Dirichlet form contrasting
with the standard local Dirichlet form associated with the Gaussian measures. Our
new proof of these Poincaré-type inequalities is based on the semigroup of operators
already put forward (and used to solve the Stein equation) in [3] and is in line with the
proof of the Gaussian Poincaré inequality based on the differentiation of the variance
along the Ornstein-Uhlenbeck semigroup (see, e.g., [7]). Moreover, in this non-local
setting, we compute several algebraic quantities (such as the carré du champs and its
iterates) originating in Markov diffusion operators theory, in order to reach rigidity and
stability results for the Poincaré-ratio (U-) functional, and associated with the rotationally
invariant a-stable distributions. Rigidity results for infinitely divisible distributions with
finite second moment were obtained in [20, Theorem 2.1] whereas the corresponding
stability results were obtained in [3, Theorem 4.5] through Stein’s method and variational
techniques inspired by [23]. Here, for the rotationally invariant a-stable distribution,
a € (1,2), we revisit the method of [23] using the framework of Dirichlet forms. Coupled
with a truncation procedure, rigidity and stability of the Poincaré U-functional are stated
in Corollary 5.8, Corollary 5.9 and Theorem 5.15. This truncation procedure allows
us to build an optimizing sequence for the U-functional. This sequence of functions
can be spectrally interpreted as a singular sequence verifying a Weyl-type condition
associated with the corresponding Poincaré constant (see the conditions (5.12) and
(5.27) below).

EJP 24 (2019), paper 128. http://www.imstat.org/ejp/
Page 2/63


https://doi.org/10.1214/19-EJP378
http://www.imstat.org/ejp/

On Stein’s method for multivariate self-decomposable laws

Let us further describe the content of our notes. The next section introduces notations
and definitions used throughout this work and proves a characterization theorem for
multivariate infinitely divisible distributions with finite first moment recovering, by
approximation, the classical multivariate Gaussian result. In Section 3, using the previous
characterization as well as truncation arguments, we obtain several characterization
theorems for self-decomposable laws lacking finite first moment. These results highlight
the role of the Lévy-Khintchine representation of the characteristic function of the target
self-decomposable distribution and apply, in particular, to multivariate stable laws with
stability index in (0, 1]. In Section 4, a Stein equation for non-degenerate multivariate
self-decomposable distributions without finite first moment is, at first, put forward. It is
then solved, under a low moment condition, via a combination of semigroup techniques
and Fourier analysis. In the last section, Poincaré-type inequalities for self-decomposable
laws with finite first moment are looked anew. Several algebraic quantities originating in
Markov diffusion operators theory are computed in this non-local setting. In particular,
for the rotationally invariant a-stable laws with a € (1,2), a Bakry-Emery criterion is
shown to hold, recovering as a — 2, the classical Gaussian theory involving the carré
du champs and its iterates. Finally, rigidity and stability results for the Poincaré U-
functional of the rotationally invariant a-stable distributions, « € (1,2), are obtained
using elements of spectral analysis and Dirichlet form theory. A technical appendix
finishes our manuscript.

2 Notations and preliminaries

Throughout, let || - || and (-; -} be respectively the Euclidean norm and inner product
on R, d > 1. Let also S(R?) be the Schwartz space of infinitely differentiable rapidly
decreasing real-valued functions defined on R¢, and finally let F be the Fourier transform
operator given, for f € S(R%), by

FNE = [ [f@)eEdz, ¢eR
Rd
On S(R%), the Fourier transform is an isomorphism and the following inversion formula
is well known

z € RY.

fa) = [ Fpeeten X

R4 (27)'1’

Next, Cp(R%) is the space of bounded continuous functions on R¢ endowed with the
uniform norm | f|jec = sup,epa |f(@)], f € Co(R?). For u a probability measure on R?
and for 1 < p < +o0, LP(u) is the Banach space of equivalence classes of functions
defined p-a.e. on R? such that ||f||ip(#) = Jga |f(@)Pp(dz) < +o0, f € LP(u). Similarly,
L () is the space of equivalence classes of functions bounded everywhere defined and
p-measurable (see, e.g., [12]). For any bounded linear operator, 7, from a Banach space
(X,] - ||x) to another Banach space (), | - ||y) the operator norm is, as usual,

T(f
T 475 )
rex flxzo fllx

(2.1)
More generally, for any r-multilinear form F from (R¢)", » > 1, to R, the operator norm
of F'is

[ Fllop :=sup {|F(v1,...,v;)| : v € R, vy =1, 5 = 1.1}, (2.2)

Through the whole text, a Lévy measure is a positive Borel measure on R¢ such that
v({0}) = 0 and [,.(1 A [Jul[*)v(du) < +oco. An R%valued random vector X is infinitely
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divisible with triplet (b, X, v) (written X ~ ID(b,X,v)), if its characteristic function ¢
writes, for all ¢ € RY, as

o€ o (16 - 5630+ [ (@S- iguip)van ), @)

with b € R%, ¥ a symmetric positive semi-definite d x d matrix, v a Lévy measure on R¢
and D the closed Euclidean unit ball of R?.

The representation (2.3) is mainly the one to be used, from start to finish, with the
(unique) generating triplet (b, 3, v). However, other types of representations are also
possible and two of them are presented next. First, if v is such that fHUH§1 lul|v(du) <
+00, then (2.3) becomes

o€ = o (i) - 5630+ [ (9 1) viaw) ) 2.4

where by = b — || uv(du) is called the drift of X. This representation is cryptically

llul <1
expressed as X ~ ID(by, %, v)o. Second, if v is such that fHul|>1 [lu|lv(du) < +oo, then

(2.3) becomes
1 .
= 1(D1;&) — (&2 &) 1 — (g d ), 2.5
P(€) = exp (z< ) = 506=0 + [ (e i{su)) v(du) (2.5)

where by = b+ fllu\l>1 uv(du) is called the center of X. In turn, this last representation
is now cryptically written as X ~ ID(b1,%,v);. In fact, by = EX as, for any p > 0,
E||X|P < 400 is equivalent to fl\u\|>1 l|u||Pv(du) < 4o00. Also, for any r > 0, Ee'lXI < 400
is equivalent to [, ey (du) < 4-o0.

In the sequel, we are also interested in some specific classes of infinitely divisible
distributions, namely the stable ones and the self-decomposable ones. Recall that an
ID random vector X is a-stable, 0 < a < 2, if b € RY, if ¥ = 0 and if its Lévy measure v
admits the following polar decomposition

d
v(du) = 1 (g 400 (r) T (x)ra%a(dx), (2.6)

where ¢ is a finite positive measure on $?~!, the Euclidean unit sphere of R?. When
a € (0,1), then [, [u;|v(du) < +oo, forall 1 < j < d, and so

@ (€) = exp <i<§;bo> + /R ) (e“&“> - 1) v(du)) ¢ e RY, 2.7)

with, again, by = b — [, <, uv(du).
Recall that an ID random vector X is self-decomposable (SD) if b € R4, if ¥ = 0, and
if its Lévy measure v admits the polar decomposition

v(du) = ]1(07_;,_0(3)(7")]].5(1—1(x)ka:T(T)dTJ(de'), (2.8)
where ¢ is a positive finite measure on $¢~! and where k,(r) is a function which is non-
negative, decreasing in r, (k;(r1) < kz(r2), for 0 < ro < r;) and measurable in z. In the
sequel, without loss of generality, k. (r) is assumed to be right-continuous in r € (0, +00),
to admit a left-limit at each » € (0,+0o0) and be such that f0+oo(1 A 1)k (r)dr/r is
independent of z.
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Next, see, e.g., [45, Chapter 12], let us denote by Vab(g) the variation of a function ¢
over the interval [a, b] C (0, +00),

Vi(g) = S%PZW(W) —g(@i-1)|, (2.9)
=1

where the supremum is taken over all subdivisions P = {a = z¢p < x; < -+ < z,, = b} of
[a, b].

Since k,(r) is of bounded variation in r on any (a,b) C (0,+00), @ > 0,b > 0 and a < b,
and right-continuous in r € (0, +00), the following integration by parts formula holds
true

b b

[ ) i = = [ fo)dk), st 210

for all f continuously differentiable on (a,b) such that lim+ (r)kz(r) = 0 and
r—a

lim f(r)k.(r) =0, x € §471.
r—b—

Let us now introduce some natural distances between probability measures on R<.
Let IN? be the space of multi-indices of dimension d. For any a € N, |a| = Zj:l i
and D“ denote the partial derivatives operators defined, on smooth enough functions f,
by D*(f)(z1, ..., xa) = 051...0%(f)(21, ..., xq), for all (z1,...,z4) € R?. Moreover, for any
r-times continuously differentiable function, h, on R, viewing its /th-derivative D*(h) as
a (-multilinear form, for 1 < /¢ <r, let

-1 ) — DL op
Mo(h) = sup D (1) @)]lop = supl 2@ =D ()W) oy,
zeR? x#y [z =yl

(2.11)

For r > 0, H., is the space of bounded continuous functions defined on R? which are
continuously differentiable up to (and including) the order » and such that, for any such
function f,

<
OrgggTMg(f) <1 (2.12)

with Mo (f) := sup,era | f(2)|. Then, the smooth Wasserstein distance of order r, between
two random vectors X and Y having respective laws px and uy, is defined by

dw, (ux,py) = hsui) |EA(X) — EA(Y)]. (2.13)

Moreover, for r > 1, dy, admits the following representation (see [3, Lemma A.2.])

dw, (ux,py) = sup |EA(X) — ER(Y)], (2.14)
heH,NC (R4)

where Cé’o(]Rd) is the space of infinitely differentiable compactly supported functions on
R?. In particular, for r > 1,

dw, (px, py) < dw, (px, py ). (2.15)

As usual, for two probability measures, y; and us, on R?, p; is said to be absolutely
continuous with respect to s, denoted by p1 << po, if for any Borel set, B, such that
p2(B) = 0, it follows that p;(B) = 0.

To end this section, let us state the following characterization result of ID random
vectors with finite first moment, valid, for example, for stable random vector with stability
index a € (1, 2), which has its origin in the univariate result [2, Theorem 3.1].
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Theorem 2.1. Let X be a random vector such that E|X;| < +oo, foralli € {1,...,d}.
Let v be a Lévy measure on R such that fl\u\l>1 |lu||v(du) < 4+o0. Then,

EXf(X) = EXEf(X) + E /}R (F(X +u) — F(X)) uwldu),

for all f bounded Lipschitz function on RY, if and only if X is an ID random vector
without Gaussian component and with Lévy measure v (and b = EX — f\|u|\>1 uv(du)).

Proof. Let us assume that X is an ID random vector with finite first moment, with
¥ = 0, and with Lévy measure v. Then, from [33, Proposition 2], for all f and g bounded
Lipschitz functions on R¢,

Con (10,900 = [ B ([ (00 )= F) 000 10 = 90020 vl )

where (X,,Y,) is an ID random vector in R?? defined through an interpolation scheme
as in [33, Equation (2.7)]. Now, since X has finite first moment, one can take for g the
function g;(z) = (t;x), for all z € R? and for some ¢ € R?. Then, by linearity

(SEX (X)) = (SEXEF(X)+E [ (F(X + ) = /(30)) uw(c).

since X, =4 X, where =, stands for equality in distribution. This concludes the direct
part of the proof. Conversely, let us assume that

EXf(X) = EXEf(X) + F /}R (F(X + ) — F(X)) uv(du),

holds true in R? for all f bounded Lipschitz function on R?. Consider the function ¢,
defined, for all (z,¢) € R? x R? and for all t € R, by

pi(z,§) = e!twe),
Then, forall ¢ € R’ and all t € R,
EXii(X,€) = EXBo(X. ) + B [ (X +0,6) ~ (X, ) wr(du),
R

where the equality is understood to be in R?. In particular, one has

IE(&; X)pi (X, €) = (G EX)Ep (X, €) + (5;1E/Rd (Pe(X 4 u, &) — @i (X, €)) uv(du)).

Denoting by @, the function defined by ®,(¢) = E (e*¢Xi9), for all £ € R¢, the previous
equality boils down to

d

& @) =100 () + (6 [ (60— 1) wwfan).

Moreover, one notes that ®y(¢) = 1. Then, for all ¢ € R? and all t € R,
D,(&) = exp (it(f;]EX} + /]Rd (e“/(“;g) -1- it(f;u>) V(du)> .
Taking ¢ = 1, the characteristic function of X is then given, for all £ € R¢, by
o(© e (IGEX) + [ (09 -1 i) vian)).

namely, X is ID with Levy measure v (and b = EX — f‘ uv(du)). O

|ul|>1
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Remark 2.2. (i) Let ¢ € (0,1] and let X, ~ I D(b.,0,v.) have Lévy measure v. such that
Jga lullPve(du) < 400 and with b, = _fl\u\l>1 uve(du). Then, X, is a centered random

vector of R? with covariance matrix ¥, = Jga uu've(du), where u' is the transpose

of u € R%. Assume further that ¥., € > 0, is non-singular, equivalently (see, e.g., [22,
Lemma 2.1]) that v, is not concentrated on any proper linear subspace of R?, equivalently
that the law of X. is not concentrated on any proper linear hyperplane of R?.

Then, by [22, Theorem 2.2], whenever Y., is non-singular for every ¢ € (0, 1], the
following two conditions are equivalent:

(a) As ¢ — 0T, )~(5 =Y. Y QXE converges in distribution to a centered multivariate
Gaussian random vector with identity covariance matrix.

(b) For every k > 0

e—0t

/ ) (St u)ve (du) — 0. (2.16)
(X Tuu) >k

(We refer the reader to [22] for the above requirements as well as for sufficient conditions,
on v, ensuring their non-vacuity.)
Moreover, by Theorem 2.1, for all f € S(R?) and all £ > 0,

EX.f(X.) = E/}Rd(f(f(e ) — F(X))ui(du), 2.17)

with 7. the pushforward of v. by ¥= /2. Note that Jga wu'De(du) = Iy, where I, is the
d x d identity matrix, and that, in view of (2.16),

Ve (|lull = k) — 0, — 0, k>0. (2.18)
e—0*

e—0t
op

I;— / uu' v (du)
lull<r

Now, set F.(z) = [p.(f(z +u) — f(2))uve(du) and F(z) = V(f)(z), for all z € R? and all
e € (0,1). Observe that, for all z € R%, all¢ > 0 and all x > 0,

i

1F=(2) = F(2)|| <

/I 1< (f(z4+u) — f(z) = (V(f)(2);u)) uv. (du)

_|_

/I > (f(z4+u) — f(z) = (V(f)(2);u)) ub: (du)

<

Wy yA |25, (du) + 2M,; |25, (du).
<50 [P 20 [

ull=2k

Letting first e — 0™ and then x — 07, one sees that F. converges, uniformly to F, as
e — 0%, Then, since X, converges in distribution to Z ~ N (0, I), (see also, [5, Remark
4] for a univariate result) the identity (2.17) is preserved as ¢ — 0T, giving, for all
f € S(RY), the classical Gaussian characterizing identity,

EZf(Z) = EV(f)(Z).

(ii) Let v, be the Lévy measure given, for a € (1,2), by

Ca,

Ve (dut) = (g4 00y (r)Tga1 (2) Ta+d1 dro(dz), (2.19)

with ¢, 4 > 0, a normalizing constant specified later, and with o the uniform measure
on $971. Then, X, ~ ID(b,,0,v,), with b, = — fllu\|>1 uvs(du), is a rotationally invariant
a-stable random vector with corresponding characteristic function ¢,

() = exp (—[€lI°/2), € eR,
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for c,,q given by

_ —ala - DI ((a+4d)/2)
4cos(am/2)T((a+1)/2)w@=D/21(2 — o)

Cod (2.20)

Clearly, as a — 27, X, converges in distribution to a centered Gaussian random vector
Z with identity covariance matrix. Next, by Theorem 2.1, for all f bounded Lipschitz
function on RY,

EXof(X0) =B [ (X0 1) = F(X0)) wa(d), @.21)
Rd
and observe, at first, that for all f € S(R%),

lim EX,f(X,) =EZf(Z).

a—2~

Next, let Do(f)(2) = [ra(f(z + u) — f(2))ura(du), and observe now that the Fourier
symbol, o, of this operator satisfies, for all £ € R,

. u; €)du
(0a(€);€) = ica.a /}R (e 1) <||u’”§d>+a

_ Qe
= —Zlelre.

Finally, for all f € S(R9)

dg
EDo(f)(Xa) = | F()(Eoal§)exp (—[€1°/2) 37 — EV(f)(Z),
R4 (27(') a—2
so that the characterizing identity (2.21) is preserved when passing to the limit, converg-
ing, again, for all f € S(R%), to

EZf(2) =EV()(Z).

3 Characterizations of self-decomposable laws

In this section, we provide various characterization results, for stable distributions
and some self-decomposable ones, not covered by Theorem 2.1. However, the direct parts
of these results are simple consequences of Theorem 2.1 together with truncation and
discretization arguments. The stable results recover, in particular, the one-dimensional
results independently obtained in [21, Proposition 2.4]. Note that the direct part of their
proof is based on semigroup arguments (different from ours) whereas the converse part
follows from arguments similar to those of [1]. Below, and throughout, we will make use
of the transformation T, applied to positive (Lévy) measures and defined for all ¢ > 0 and
all Borel sets, B, of R¢ by

T.(v)(B) = v(B/c).

Theorem 3.1. Let X be a random vector in R%. Letb € R?, a € (0,1) and let v be a Lévy
measure such that, for all c > 0,

v(du) = ¢ *T.(v)(du). (3.1)

Then,
BOGYC0) =B (0 V(D0) +a [ (0040 - 100 ().

where by = b — fllu\l<1 uv(du), for all f € S(R?) if and only if X is a stable random vector
with parameter b, stability index o and Lévy measure v.
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Proof. Let us first assume that X is a stable random vector in R? with parameters b € R?,
stability index « € (0, 1) and Lévy measure v. Then, [53, Theorem 14.3, (ii)], v is given by

dr
v(du) = 10, 100) (r)Lge-1(2) 5 o(de),

where ¢ is a finite positive measure on the Euclidean unit sphere of R?, and let by =
b— fllu\l<1 uv(du). Next, let R > 1,

dr
vr(du) := 1o, g)(r)lga-1(z) ma(dw),

and, let X be the ID random vector defined through its characteristic function by

wr(&) :=exp (i(ﬁ;b()) 4 /]Rd (€i<£;u> _ 1) I/R(du)) . feRY

Note, in particular, that Xy is such that E||Xg| < 4+o0c. Then, by Theorem 2.1, for all
g € S(RY),

EXpg(Xp) = boEg(Xg) + E /R 9(Xn+ uurn(du).

Now, choosing g = 9;(f) for some f € S(R?) and fori € {1,...,d}, it follows that

EXp05(f)(Xn) = boBOs(f)(Xp) + F /R O (X + wpuvp(du). 3.2)

To continue, project the vectorial equality (3.2) onto the direction ¢; =(0,...,0,1,0,...,0),
to get, foralli € {1,...,d},

EXr:0:(f)(Xr) = bo L0 (f)(Xr) + E/Rd Oi(f)(Xr + u)uvr(du), (3.3)

where Xp ; and by ; are the i-th coordinates of X and of by respectively. Adding-up these
last identities, fori € {1,...,d}, leads to

B(Xw: V(X)) = (s EV (X)) + B [ (VX +u)suwn(a.

Now, observe that Xy converges in distribution towards X since by the Lebesgue
dominated convergence theorem, pr(§) R—+> ©(€), for all £ € R?. Hence,
—r+00

Jim B V(X)) = BQG V(X)) L (boi EV()(XR)) = (bo: EV(£)(X)).

Moreover, from the polar decomposition of the Lévy measure vg,

E / (V(F)(Xr +u) w)rr(de) = B / (VU (Xr + ra)sa) E (da).
R4 (0,R)

xgd—1 T
Next, for all z € R?
dr R dr
(V(f)(z +ra)z)—o(dr) = (V(f)(z+rz);z)o(dr) | —.
(0,R) x§d—1 r 0 gd—1 r
Set H.(r) = [gu—r f(z + r2)o(dx), for all 7 > 0 and all z € R%. Moreover, for all 7 > 0

S = [ (V) raiaain).
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Thus,

dr d dr
/m,R)XS“W(f et rafia) () = [ ()~ H2(0)

(0.R) re’

A standard integration by parts argument, combined with « € (0, 1), implies that

;T @J T) = (H-(R) — H-(0)) o R " ﬂ
/(O,R)><$d_1<V(f)(z—’_’r.x)7 > « (d )_ R« + /O' (Hz() Hz(o)) o+l

r

- o [ (0= 1(6) vl

Next, integrating with respect to the law of Xy, one gets that
1
E [ (V(N(Xn+wiwvaldn) = B [ (f(Xn+ Re) ~ f(Xa)) o(da)
R4 gd—1
+ak [ (7(Xn+u) = J(Xn)) valdu).
R

Again, since a € (0,1), f € S(R?) and o ($77!) < +o0,

1

Jim /S | (F(Xn+ Re) — (Xp)) o(dz) = 0.

Finally, to conclude the direct implication, one needs to prove that

tim B [ (F(X ) = F(X) valda) =E [ (FOX+0) = (X)) v(dw).
R—4oc0 R4 R4

To this end, for all R > 1 and all z € R?, set Fr(z) = [g. (f(z +u) — f(2)) vr(du) and
F(z) = [ga (f(z+u) — f(2)) v(du). Since a € (0,1) and f € S(R?), it is clear that both
functions are well-defined, bounded and continuous on R%. Moreover, for all R > 1 and
all z € RY,

|Fr(z) — F(2)| =

/Rd (f(z+u) = £(2)) Lgjju)> ryv(du)

< 20 flloe /| .

Thus, Fr converges uniformly on R¢ towards F. Finally, since Xy converges in distribu-
tion to X,

fim B [ (F(Xn-+ )= FXr)) wnldi) =B [ (FOX 420 = F0) (),

R—4oc0 R4

which concludes the first part of the proof. To prove the converse implication, let us
assume that, for all f € S(R%),

E(X;V(f)(X)) = E (<bo; V) +a [ (40 = ) u(du>) .G
Denoting ¢ x the characteristic function of X, the equality (3.4) can be rewritten as

Flla VON(©px(de = [ FhosTUMIE©ex(€)ds

N
o [ F0© ([ (0 - 1) vt ex(eae

R4
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Using standard Fourier arguments and the fact that f € S(R9),

FUEOEVox) @ = [ FRE) (z’<bo;§> o |

R4 R4 R

(etmo —1) v(du)) px (€)de,

where the left-hand side has to be understood as a duality bracket between the Schwartz
function F(f) and the tempered distribution (¢; V(px)). Since ¢x is continuous on R?,
for all £ € RY with £ # 0

6V lox)©) = (i) +a [ (9 = 1) vian) ) x(©)

Moreover, ¢x(0) = 1. Now, in order to solve the previous linear partial differential
equation of order one, let us change the coordinates system (3, ...,&;) into the hyper-
spherical one (r,6;,...,04—1) where r > 0, 6; € [0,x], for all i € {1,...,d — 2} and
04—1 € [0,27). Noting that

d
90,
&2 =0, je{l,....d—1},
— 0%

and using the scaling property of the Lévy measure v, i.e., (3.1), one gets
ror (px) (ra) = (ri(bo; x) + ozro‘/ (e”";””> - 1) V(du)) ox(rz), r>0xec8 L
R4

For any fixed z € $?~1, this linear differential equation admits a unique solution which is
given by

px(rz) = exp ((i(bo,rx) + /le (e““;m) — 1) I/(du)) , >0,

since px(0) = 1. Then, X is a stable random vector in R? with parameter b, stability
index « and Lévy measure v. O

This ensuing result deals with the Cauchy case.

Theorem 3.2. Let X be a random vector in R?. Let b € R? and let v be a Lévy measure
on R? such that, forall¢ > 0

v(du) = ¢ ' To(v) (du).

Moreover, let o, the spherical part of v, be such that

/Sd—l zo(dz) = 0.

Then,
BOG 0N =B(0 T 00N+ [ (FX ) = F00) = (FC0: 1) agr) i)
(3.5)

for all f € S(RY) if and only if X is a stable random vector in R¢ with parameter b,
stability index o = 1 and Lévy measure v.
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Proof. The proof is similar to the one of Theorem 3.1. The direct part goes with a double
truncation procedure together with an integration by parts and, then, passing to the
limit. Let us first assume that X is stable with parameter b, stability index o = 1, Lévy
measure v having spherical part o. Then, [53, Theorem 14.3, (ii)],

v(du) = 10,400 (1) Lga1 (x)%a(dm).

Let R > 1 be a truncation parameter, let

vr(du) == 11 p (T)]lgd—l(x)%a(dl‘),

R

and, let X be the ID random vector defined through its characteristic function by

PR(€) = exp <i<5;b> + /R (01— i< m(du)) . EEeR™

Note, in particular, that Xp is such that E||Xg| < 4+o0c. Then, by Theorem 2.1, for all
g € S(RY),

EXrg(Xr) = bEg(XR) + E/]Rd (9(Xr 4+ u) — 9(Xr)Ljuy<1) wr(du).

Performing computations similar to those in the proof of Theorem 3.1, for all f € S (R?),

E(Xp; V(f)(XRr)) = (b; EV(f)(XR)) + EAd<V(f)(XR +u) = V() (Xr)Lju <15 wvr(du).
(3.6)

Now, since Xy converges in distribution towards X, as R tends to +oo,

Jim B(Xe V()(Xe)) = EQGV((0), lim (B EV(£)(Xn) = (EV(/)(X)).
(3.7)

Next, let us study the second term on the right-hand side of (3.6). First, since R > 1,
E [ (V)R +0) = V) Xn)puycrs0)ve(du)

_ ]E/l (VX4 ) = V)i n(a) + / (V) (X + 10); uhvndu)

flul>1

- E /| VUt + [ ¥+ wpsuyvaau).
ul|<1 R
From the polar decomposition of the Lévy measure vp,

E [ (V(Xn+wiuvald) =E [ (T()(Xn+ 1)) oldo).
R (

£ R)x8d—1

Then, for all z € RY,

/(;,R)xsmW(f)(Z - m);@ga(d@ - /1R (/Sdl (V(f)(z + Tx);x>a'(dx)) dr.

1 r
R
Setting H.(r) = [qu1 f(z + r@)o(dx), for all » > 0 and all z € R, it follows that

S = [ (V) raiaain).
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Thus,
d d d
/ (V) + rafsa) Totdr) = [ L (H0)~ H(0) T
(%7R)Xsd—l T (%7}3) d’l“ T
A standard integration by parts argument implies that
d H,(R)—H, (0 1
/ (V()z+ rx);x)—ra(dm) = (H: (1) (0) —R (HZ () —H, (0))
(%7R>Xsd—l T R R

_ “H0) g (H (;%> H. <o)>
’ /(}%,R)xsdl (f(z+rz) = f(2)) %U(dm).

Integrating with respect to the law of Xy, one gets

E [ (V(O(n+uureidn) = 2B [ (F(Xn+ Re) = F (Xa) o(do)

~RE [ (7 (Xn+ )~ F(X0)) otd)

+ E/(é,R)del (f(Xg+rx)— f(XR)) %O(dx).

Then, since f € S(R?) and o ($¢7!) < +o0,

RETOO%E /S (F(Xn+ Rz) — f(Xp)) o(dz) = 0,

Moreover,
Jim BE [ (7 (Xn+ 5) =1 (W) olde) =B [ (V()(X)sa)a(dn) =

Let us study the convergence, as R — 400, of
dr
E [ (f(Xr+12) = £ (Xr) = (V()(Xr)i12)Lr1) Bo(da).
(%J%)XS‘D(!—I r

To this end, let Fr and F be the bounded and continuous functions on R¢ respectively
defined, by

dr

Fr(z) = / (F(z+72) — 1 (2) — (V) ()i re)lrer) Do(da), =€ RY,
(%,R)xSLFl T

and by
FE) = [ (10 = £ () = (VL) i), = € B

Now, note that, forall z € R and all R > 1,

F(z)— Fr(z)=1+11,
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where,
Fim [ (fe+ 0= 1) = (VDE: 0 1) Ty (),
M= [ (10 = £ () Lppsav(d).

Then, by standard inequalities, since f € S(RY) and o($?7!) < +o0,
(%41
2R

2 _
1] < Ms(f), |11 < EHf”ooU(Sd ol
which implies that F'r converges uniformly to F, as R — +oo. Thus,

li EFp(Xp)=EF(X
R r(XR) (X),

and also

G B [ 90X+ 0) = V() (X)L yer: () =

E /Rd (f(X +u) = f(X) - <v(f)(X)§u>]l|u|§1)V(dU). (3.8)

Combining (3.6), (3.7) and (3.8), one obtains

E(X; V(/)(X)) = (b EV(£)(X)) + E /

R4

(f(X Fu) - £ (X) — (V)X u>n|u|§1)u<du>7

which proves the direct part of the theorem. To prove the converse, assume that, for all
f e SRY,

E(X; V(/)(X)) = (b EV(£)(X)) + E /

R4

<f(X L) — F(X) — (V()(X); u>n|u|§>u<du>.
(3.9)

Denoting by ¢ x the characteristic function of X, the identity (3.9) can then be rewritten
as

F((; V(1)) (E)px (§)dE = /}Rd F(b; V())N(E)ex (§)dE

Rd

[ Fm@ ([ (@0 -1 it v ) ex©de

R4

Reasoning as in the proof of Theorem 3.1 gives, for all » > 0 and all = € $91,

rdy (px) (rz) = (i(b; rz) + /}Rd (ei<u;rr> —1—i{u; Tl‘>]1||u\|g1) V(du)) ox (rz).

To conclude, note that the previous equality can be interpreted as an ordinary differential
equation in the radial variable. Its solution is given, for all » > 0 and all z € $¢~1, by

ox(rz) = exp <i<b;m:> +/ G(R,z)dR +/ J(R, x)dR) ,
0 0
where G and J are defined, for all R > 0 and all z € $?~1, by

- d
G(ra) = [ (v — 1~ i(pyza)) L r(ay)
(0,R)x8d—1 p

L dp
J(R,x :/ ePvE) _ 1) Zo(dy).
( ) (R,+oo)><Sd*1( )P2 ()
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Straightforward computations, and the fact that de,l zo(dz) = 0, finally imply that

x(§) = exp (i<b; §) + /}Rd (e““§> -1- i(U;£>]1||uu§1) V(CM) , £ERY,

which concludes the proof. O

Remark 3.3. The quantity fsd,l zo(dz) reflects the asymmetry of the Lévy measure v.
In case fsd,l xzo(dx) # 0, a careful inspection of the proof of Theorem 3.2 reveals that
the identity (3.5) becomes, for all f € S(R?),

E(X; V() (X)) = E@®; V(£)(X)) — E/ (V()(X); z)o(dx)

Sdfl
+ 1 / (X w) = £ = (VX)) 1) (du).

The next results provide extensions of both Theorem 3.1 and Theorem 3.2 to sub-
classes of self-decomposable distributions with regular radial part, on (0, +oc0), and some
specific asymptotic behaviors at the edges of (0, +oc) in any directions of $¢~1.

Theorem 3.4. Let X be a random vector in R®. Let b € R, let v be a Lévy measure
with fl\UII<1 |u|lv(du) < 400, and with polar decomposition

v(du) = ]l(o7+oc)(r)]lsd71(x)ka(T)drcr(dm), (3.10)

where o is a finite positive measure on $?~! and where k. (r) is a non-negative continuous
function decreasing in r € (0,+00), continuous in x € $%~! and such that

lim ek,(¢) =0, lim k,(R)=0, xc 8§
R—+o00

e—0t

Foo dr
/0 (1 A7) max (ke (1) < +oo.

regd—1
Moreover, assume that, for all (x,,),>1, T, € $¢7!, converging to z € $971,

lim lim V(k,, —k,)=0, a>0. (3.11)

n—+o0oR—+o00
Let i be the positive measure on R¢ defined by
v(du) = 10, 400) (1) ga—1 () (—dk,(r))o(dx),

with,
/ (1A [[ul))#(du) < +o0. (3.12)
R

Then,
B V(0) =B (0 TOCON+ [ (O +0) = 00 2(0)).

where by = b — f\|u|\<1 uv(du), for all f € S(R?) if and only if X is self-decomposable with

parameter b, > = 0 and Lévy measure v.

Proof. Let us start with the direct part. Let X be a SD random vector of R¢ with
parameter b and Lévy measure v, such that f\luH<1 |lu]|v(du) < 400, and having polar
decomposition given by (3.10). Let R > 1 and let (¢,,),>1 be a sequence of positive linear
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combinations of Dirac measures which converges weakly to o, the spherical component
of v. Then, forall R >1and alln > 1, let

() = 10y (VLo ()2 s, )

and denote by Xp , the SD random vector with parameter b and Lévy measure vg .
Similarly, let, for alln > 1,

Un(du) := 10,400y (1) Iga-1(x) kzﬁr) dro,(dz),

and denote by X,, the SD random vector with parameter b and Lévy measure v,,. Per-
forming computations similar to those in the proof of Theorem 3.1, for all f € S(R?), all
R>1landalln>1

E(Xrn; V() (Xrn) = (bo; EV(f)(Xrn)) + E/Rd (V) (Xpn + w); w)vpn(du).

Now, since, as R — +o00, XR , converges in distribution to X,,, foralln > 1,
i E(Xp: V()(Xr)) = E(X0 V()(X0),

lim (bo; EV(f)(Xg)) = (bo; EV(f)(Xn)).

R—+o00

Moreover, from the polar decomposition of the Lévy measure vy ,,, mutatis mutandis,

E [ (V(DCnn +uhiuvna(dn) = | (F(Xnn + Ba) = F(Xra)) ks (R)n(do)
R4 S

d—1
VE [ (FX 1) = F (X)) (),
R
where, forall R >1and alln > 1,
DRm(du) = ]l(O,R) (T)]].Sd—l (:ZZ) (7dkx(r)) on(daz)

Then, since lim k,(R) =0,z € $¢7!, f € S(R?) and o, ($97!) < 400, n > 1,
R—+o00

Jim B /S  (F(Xn + B) = f(X ) ka(R)on (d) = 0.

Next, one needs to prove that

R—4oc0

fim B [ (X 1) = F (X)) () =B [ (£ ) = £(X0) 70 (),
R4 R4
where 7, is given, forall R > 1 and all n > 1, by
Up(du) = 10 400) () ga—1 () (—=dky (1)) o (d).
To this end, set, forall R > 1, all n > 1 and all z € R¢,
Fro() = [ (40 = F@) maldn), Fae) = [ (740 = ) pala)
R4 R4

From (3.12), and since f € S(R?), it is clear that both functions are well-defined, bounded
and continuous on R?. Moreover,

|FRrn(2) — Fu(2)| =

/Rd (f(z+u) = f(2)) L{juzry7n(du)

< 2| fll /| i),
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Thus, as R tends to +oo, Fr, converges to F;, uniformly on R<, for all n > 1. Finally,
since X, converges in distribution to X, foralln > 1,

tin B [ (F(X+ ) = f(Xnn) Praldn) =E [ (£ +0) = £0,)) 0 (d).
R—+o00 R4 R4
Then, foralln > 1
E(Xn; V(f)(Xn)) = E(bo; V() (Xn)) + E/d (f(Xo +u) — f(Xp)) Un(du).
R
Now, observe that, (X,),>1 converges in distribution to X since (¢,),>1 converges
weakly to o and since f0+°°(1 AT) mszlekx(r)dr/r < +4o00. Hence,
S R

lim (X, V()(X,) = B V(AX0),  Tim B(bo; V(£)(Xa)) = Ebo; V(/)(X)).

n—-+oo

To conclude the proof of the direct part of the theorem, let us study the convergence of:
E [ (1040~ £0) 70(du).
R:

Since f € S(RY), forall n > 1,

w) — v UZL eXwE) _ 1N\o (du
B[ G040 = f) i) = s [ F D@0 ([ @0 = 1o, 0a0)) ae

d

Now, since (X,,),>1 converges in distribution to X, then lim ¢, (&) = ¢(¢), for all

n—-+oo
¢ € R%. In turn, let us prove the following:
lim (%8 — 1), (du) :/ (48 — 1)o(du). (3.13)
n—-+oo Rd R

Observe that, for all ¢ € R¢ and all n > 1

/Rd(e“mﬂ — 1) D (du) = /Sd_l on(d) (/;Oo (e“m@ - 1) (—dkm(r))> .

Since (o0,),>1 converges weakly to o, let us prove that the function H(z,§) =
f0+°° (e¥r=€) — 1) dk,(r) is continuous in z € $?7%, for all ¢ € R%. Let (z,),>1 be a
sequence of elements of $~! converging to z € $?~!. Then, consider, for all n > 1 and

all ¢ € R¢

“+o0

H(z,€) — H(zn, ) = /0 (=9 1) aky (r) - /0 o (59— 1) s, ()

_ /+0° (ei<’r‘$n§§> _ 1) d(ky —kg,) (r)
0

+OO . .
+ / (eftrme) — ettreni€)) iy (). (3.14)
0

The second term on the right-hand side of (3.14) converges to 0 as n tends to +oo, by
the Lebesgue dominated convergence theorem since f0+°°(1 A 1r)dkg(r) < 4o00. For the
first term of (3.14), observe that

[ (0 ) ate k) 0= [ (0 1)l k) 0)

0 0

o0 )
+/ (e —1) d (ke — ko) (). B.15)
1
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For the second term on the right-hand side of (3.15), for all n > 1,

[ (0 1)t k) 0
1

so that by (3.11), this second term converges to 0. Finally, integrating by parts, for all
n>1,

<2 lim V{(k, — ku,),
R—+00

1 1
[ (i 1) a0 = k) (1) = i) [ €0 o)~ i ()i
0 0

(O = 1) k(1) ~ ke, (1) (3.16)
Now, the last term on the right-hand side of (3.16) converges to 0, as n tends to +oc and,

by the Lebesgue dominated convergence theorem, the first term does converges to 0, as
n tends to +oo. This proves that lir}rl H(z,,&) = H(z,¢), for all £ € RY, so that (3.13) is
n—-+0oo

indeed verified. To prove the converse part, assume that, for all f € S(R9),

BOGY((0) =B (0o TACON+ [ GO0 = fx)pan). @7

Now, reasoning as in the second part of the proof of Theorem 3.1,

rOr (px) (rx) = (ri(bo;x> —|—/ (eim;m) - 1) D(du)) ox(rz), r>0zec8$l (3.18)
R4

Let us develop the integral term inside the above parenthesis a bit more. First,

/}Rd (6i<u;rx> - 1) U(du) = /(0 s (ei<py;m> - 1) (—dky(p))o(dy),
,+o0)x$d—1

= /(07+M)X$d1 (ei<py;z) — 1) (—dky (g)) o(dy).

The radial equation (3.18) then becomes, for all » > 0 and all x € gd-1,

Or (x) (1) = <i<bo;l’> + /( s (1) " (~ar, (2)) o(dy)> ox (ra).

For any fixed z € $91, this linear differential equation admits a unique solution which is
given by

ex(rz) = exp (i(bo,rx> +/ (e““"'“‘) - 1) u(du)) , >0,
R4

since px(0) = 1. Then, X is a SD random vector with parameter b and Lévy measure
V. O

The next result is the SD pendant of the Cauchy characterization obtained in Theorem
3.2.

Theorem 3.5. Let X be a random vector in R?. Let b € R? and let v be a Lévy measure
on R¢ with polar decomposition
k. (r)

v(du) = ]l(0,+oc)(r)]lsd_1(x)'Tdra(dx),
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where o is a finite positive measure on $¢~! and where k,(r) is a non-negative continuous
function decreasing in r € (0, +0c), continuous in z € $9~!, and such that

lim ek, (e) = k. (1), Llim k.(R) =0, ze8
—r+00

e—0+

+oo dr
/ (1 A7?) max (ku(r))— < +oo.
0 rcfd—1 T

Moreover, assume that, for all (z,)n>1, Tn € gd-1, converging to x € gd-1,

lim lim V/(k,, —k,)=0, a>0. (3.19)

n—+o0o R—+oo
Let i be the positive measure on R defined by
v(du) = 1(0,400) (1) Iga-1(2)(—dk,(r))o(dz),

with,
/ (1 A J|ul|®)o(du) < +oo. (3.20)
Rd
Then,

E(X; V(X)) = EW®; V(X)) = E/ (V(N(X); 2k (1)o (d)

gd—1

B [ (00— 100 — (VX5 e o(d). @21

for all f € S(RY) if and only if X is self-decomposable with parameter b, ¥ = 0 and Lévy
measure v.

Proof. The proof is a direct extension of the proof of Theorem 3.2 so that it is only
outlined by highlighting the main differences. Let us start with the direct part. Let X be
a SD random vector with parameter b and Lévy measure v. Let R > 1 and let (0,,),>1 be
a sequence of positive linear combinations of Dirac measures converging weakly to o,
the spherical component of v. Then, forall R > 1and all n > 1, let

ky(r)

r

VR (du) := 11 g g)(r)lge-1(x) dro,,(dx),

and denote by Xp , the SD random vector with parameter b and Lévy measure vg .
Similarly, for alln > 1, let

Un(du) == 1 (0, 4o0)(r)Lga-1(x) sz(r)dron (dz),

and denote by X, the SD random vector with parameter b and Lévy measure v,,. As in
the proof of Theorem 3.2, for all f € S (RY) and all R > 1,

E(XRn; V(f)(Xrn)) = (0 EV(f)(XRn))
+ E/]Rd<v(f)(XR,n +u) = V() (Xrn) 1 ju<1; W) VR A (du).

Now, since, as R — +o00, Xp , converges in distribution to X,,, foralln > 1,

REI-EOOE<XRJ“ V(f)(XR,n)> = E<Xna V(f)(Xn)>,

i B V() (Xna)) = B V() (X)),
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Moreover, forall R >1andalln > 1,

d—1

- IE/Sd_l (f (XR,n n %) - f(XR,n)) ks (;) on(d)

+IE/ <f(XR,n+m)
(4,R)x8d-1

_ f(XR,n>)<—dkz<r>>an<dx>.

E / (V) (K + ) upvien(du) = B / (F(Xr + Ra) — f (X)) ko (R)on(d)
R4 S

From the limiting behavior of k, at +oco and at 0", for all n > 1,

Jim E /S  a(R) (f(Xr o+ B) — [ (X)) () = 0,

and,

i 8 (0 (s ) 1080 b (1) i -
E [ (&) (Vo).

Next, consider the term defined, for all z € R? and all n > 1, by

1

/ (V) (@)L u)<1; wVRn(du) = <V(f)(z);/ z ( kx(T)dT> on(dr)).

1/R

By a standard integration by parts, for alln > 1,

/ (V(f)(Z)ﬂuuugl;U>VR,n(dU):<V(f)(2);/ (ks (1) = kz(1/R)/R) op(d))
R4 S

d—1

1
HONE: [ @ ( / /Rr<dkx<r>>> ou(do))

Then, observe that, for all z € $971, lim ek, (e) = k,(1), and, for all n > 1,

e—0t

Jlim BV (Xra)s [ k(1) = ko1 R)/R) o, (da)) =0

Finally, for alln > 1,

P B [ (V)X 0) = VO (X Ui v ) =

B [ (040 - £ (60 = (Vg )l
B [ VDX V),
Sd*l
so that,

E(X0; V(f)(Xn)) = Ep; V() (X)) — E (V) (Xn); 2)ka (o (da)+

gd—1

E /]Rd <f(Xn +u) = f(Xn) - (V(f)(Xn);u>ll|U|S1>l7n(du),
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Now, since (0,,),>1 converges weakly to o and since f0+°°(1 AT?) max (kg (r))dr/r < 400,
- resd—

(Xn)n>1 converges in distribution to X. Hence,

lim E(X; V(f)(Xn)) = E(X; V()(X)),  lim EWb; V(f)(Xn)) = E(b; V(f)(X))-

n—-+oo n—-+oo

To conclude the direct part of the proof, let us consider the following terms:

B (V()(Xn); 2)ka(1)on(dr),

Sd*l
B [ (0 0= 706 = (T 0 ) ().

First, foralln > 1

B[ CNEak o) = [ FO©eOE [ ko) 5o

Rd d—1

Since (X,,),>1 converges in distribution to X, as n tends to +oco, (¢,(£))n>1 converges
to ¢(¢), for all ¢ € R?. Moreover,

lim xky(1)op(dx) = / xky,(1)o(dz).

Nn—+00 Jgd—1 Ggd—1

Then, by the Lebesgue dominated convergence theorem,

lim ]E/SOH(V(f)(Xn);x>km(1)an(dx) :E/ (V(F)(X); 2)ky(1)o (da).

n——+o00 Ggd—1

Similarly, for alln > 1,

) /Rd <f<Xn +u) — f(Xn) - <V(f)(Xn);U>]l|u||§1>l7n(du)

dg
(2m)¢”

FU)Een(©) ( JRCEEE z‘<u;s>n”u|g1>an<du>)

R4 d

and proceeding as in the proof of Theorem 3.4,

in B [ (7060 = 706~ (VO i )l

n—+00
=k /]Rd (f(X +u)— f(X) - <V(f)(X)§U>]l|u|§1>ﬂ(du).

The direct part of the theorem is proved. For the converse part, proceeding mutatis
mutandis as in the proof of Theorem 3.2, based on (3.21), for all » > 0 and all x € gd—1

ox (rz) = exp <i<b—/$“ zkz(l)a(dz);m>+/OTC~T'(R,x)dR+/OT j(R,x)dR),

where G and J are respectively defined, for all R > 0 and all =z € $%~1, by

G(R,z) = /(07R)X5d1 (e“py”c> -1- i(py;x)) % (—dkzy (%)) o(dy)

J(R,z) = /(R,m)wd_l (ei<PW> - 1) % (—dky (%)) o(dy).

Finally, straightforward computations together with Fubini’s Theorem and the fact that

limka (¢) = k.(1), for all x € $?~1, concludes the proof. O
e—0
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Remark 3.6. (i) Let us recast the previous results in dimension one, i.e., for d = 1. In
this case, the Lévy measure of a SD law is absolutely continuous with respect to the
Lebesgue measure and is given by

k
v(du) = Mdu,
|ul

where k is a non-negative function increasing on (—oo,0) and decreasing on (0, +00).
Now, assume, for simplicity only, that & is continuously differentiable on (—oo,0) and on
(0,+00) and that

lim ek(e) = k(1), lim ek(e) = —k(-1), lim k(z)=0. (3.22)

e—0+ e—0~ || =00
Theorem 3.5 gives the following characterizing identity when X is a SD random variable
with parameter b € R and Lévy measure v:

EX f/(X) = bEf/(X) + (k(~1) — k(1))Ef'(X)
+E /R (FX +u) = FX) = f/(X)ul <) #(du),

for all f € S(R), where (du) = (—k'(u))1 (0,400 (u)du + k' (u)1(_ o 0y (uw)du. In a similar
fashion, it is possible to provides a characterization result for SD random variables
with Lévy measure v such that f‘u|<1 |ulv(du) < +oc0 and such that k is continuously
differentiable on (—oc0,0) and on (0, +o0c) with
lim ek(e) =0, lim ek(e) =0, lim k(z)=0, (3.23)
e—0+ e—0— |z|—+o00
via Theorem 3.4.
(ii) From [53, Theorem 28.4], under the assumptions that the function k is continuously
differentiable on (—o0,0) and on (0, +o00) and satisfies (3.22) with k(1) > 0,k(—1) > 0,
the quantity ¢ := k(0") + k£(07) is infinite. Then, the associated SD distribution admits
a Lebesgue density infinitely differentiable on R. If the function k£ is continuously
differentiable on (—o0,0) and on (0,+oc0) and satisfies (3.23), then ¢ can be either
finite or infinite, implying different types of regularity for the Lebesgue density of the
associated SD distribution.
(iii) Let X be a SD random vector with Lévy measure v as in Theorem 3.5 and such that
Jjjuj>1 lull¥(du) < +co. Then, integrating by parts, for all f € S(R?),

E(X; V(X)) = EW®; V(X)) - E/ (V(N(X); 2)ka (1)o(d)

Jgd—1

" E/Rd (f(X +u) = F(X) = (VX)) Ly <1) P(du),

= E(EX; V(f)(X)) - E (V(N(X); 2k (1)o (d)

gd—1

* E/Rd (f(X +u) = f(X) = (V()(X); 1)) P(du),

= E(EX; V() (X)) +E/Rd<V(f)(X+U) = V(N)(X); wv(du).

Simple examples for which Theorem 3.4 and Theorem 3.5 apply and which are not

covered in the relevant existing literature are rotationally invariant self-decomposable
distributions. Indeed, let A be the uniform measure on $¢~! and let

k(r)

v(du) == 1 4o0)(r)Lga—1(z) drA(dx),
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with fHuHSl [ullv(du) < 400 (resp. [ga(1 A Jlull*)v(du) < +oc) and with k satisfying
the assumptions of Theorem 3.4 (resp. Theorem 3.5). Then, the corresponding self-
decomposable distribution is rotationally invariant, and the previous results provide the
corresponding characterizations.

4 The Stein equation for self-decomposable laws

Throughout this subsection, X is a non-degenerate self-decomposable random vector
in R%, without Gaussian component, with law px, characteristic function ¢ given by (2.3)
with parameter b € R? and Lévy measure v given by
ky(r)

v(du) = 19,400y (1) Lga—1 (x)TdrU(daz), 4.1)

where k,(r) is a non-negative function decreasing in » € (0, +0c0) and where o is a finite
positive measure on $?~!. The following assumptions are also assumed to hold true
throughout this subsection: k,(r) is continuous in r € (0, 4oc), continuous in z € $¢71,
with

lim %k, (r) =0, lim k,(r) =0, zec8¥ L (4.2)

r—0+ r—+o00

These assumptions ensure that the positive measure 7 given by
v(du) = 1(0,400) (1) ga-1(x) (—dky(r)) o(dzx), (4.3)

is a well defined Lévy measure on R%. Let us introduce next a collection of ID random
vectors, X;, ¢ > 0, defined through their characteristic function, for all £ > 0 and all
¢ € RY, by

el =ew (10— [ (e o

%(etr)dra(dx)

- Z'(Tx;@llrgl) kelt)

ko (et
B / i<71x;§>]let<r<1(6r>dr0'(d1‘))- (4.4)
(0,4-00) x§d—1 r

By changing variables, it follows that, for all ¢ € R and all ¢ > 0,

©(§)
pet€)’
which is a well-defined characteristic function since X is SD. Denoting by u; the law of

X, let us introduce the following continuous family of operators (P} );>o, defined, for all
t>0,all h € Cy(RY) and all = € R?, by

(&) =

Py (h)(z) = /Rd h(ze™" + y) e (dy). (4.5)

Fort =0, set pp = &y, with §y the Dirac measure at 0, so that P} is the identity operator.
Based on the computations of [3, Lemma 3.1], observe that the continuous family of
operators (P} );>o is a semigroup of operators on C,(R%) with, for all h € C,(R?) and all
r € R4,

PY(h) (@) (dx) = /

]Rd,
lim Py (h)(2) = ().

5 Wapx(de). tim PY(@) = [ Hoyx(da),

The next lemma identifies the generator of (P});>o on S (R%).
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Lemma 4.1. Let (P});>o be the semigroup of operators defined by (4.5). Let i be the
Lévy measure on R? given by (4.3). The generator of (P} );>¢ is given, for all f € S(R?)
and all z € R?, by
A = 0= [k etn =900 + [ (st -
- (V@0 s )l

Proof. Let f € S(R?). By Fourier inversion, for all x € R% and all ¢ € (0, 1),

L PP @) — fla)) = L pitwe) (gitmee -y P& ) d€
PN - 1) = o [ F@e A9 )L

By Lemma A.2 (i), for all ¢ € R? and all = € R,

i (e A 1) —ig- [k uetdy) - i)
+ /}Rd (059 1 = (s ) Tyuy<1 ) #(dw).

Moreover, by Lemma A.2 (ii), for all ¢ € R? and all z € R?,

2<z (e t-1)) (5) T 2 o 152 o S
OS] <l o el + 1617 [ ota) [ (a6

sup —
te(0,1)

+4/d71 ky(l)a(dy)+2||§||2/ B ky(1)o(dy)

+2/SH J(dy)/1+oo( dk, (s +||§||/ ky(L)o(dy).

Then, a direct application of the Lebesgue dominated convergence theorem together
with Fourier duality imply that

lim (P ()a) = £@) = 0= [ ik, (o(dy) = a: 9(£)(a)

t—0t 1
(s 0= @) - @0 ) o),
which concludes the proof of the lemma. O

Based on the previous lemma, it is natural to consider the following Stein equation
for self-decomposable distributions with polar decomposition given by (4.1) (under
appropriate assumptions on the function k,(r)): for all h € H, NC° (R?) and all z € RY,

(b— a3V (fn) (@) + /R d (fm +u) — fula) - <V<fh><x>;u>n|u|g)ﬂ<du> — h(z) — ER(X),

(4.6)
where b = b — de 1 ky(1)yo(dy). By semigroup theory, a candidate solution to (4.6) is
given by,

“+oo
fulz) = — / (PY(h)(x) — BR(X))dt, =€ R @.7)
0

The next theorem proves the existence of the function f; given by (4.7), studies its
regularity and shows that this function is a strong solution of (4.6) on R?. Below, recall
the definition of M; (f) and Ms(f) as given in (2.11).
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Theorem 4.2. Let X be a non-degenerate SD random vector without Gaussian compo-
nent, with law ux, characteristic function , Lévy measure v having polar decomposition
given by (4.1) where the function k,(r) is continuous in r € (0,400), continuous in
r € 89! and satisfies (4.2). Assume that there exists ¢ € (0,1) such that E| X||* < 4+o0
and that there exist 51 > 0,82 > 0 and (3 € (0,1) such that the function k,(r) in (4.1) is

such that
kg (et
1 = sup 6ﬁ1t/ ﬂdra(dm) < +o0,
t>0 (1,400)x$d—1 r
Yo = sup eB2t/ rky(e'r)dro(dr) | < +o0,
>0 (0,1)x§d-1
and that,

73 = sup | e~ (17
>0

/sdfl v </1et kx(r)d’") o(dz) ) < +00.

Let Xy, t > 0, be the random vector defined through the characteristic function y; given
by (4.4) and assume that,

sup E || X, < +o0. (4.8)
t>0

Let (P} )i>0 be the semigroup of operators defined by (4.5). Then, for any h € H,, the
function f,, given, for all z € RY, by

—+oo
falz) = / (PY(h)(x) — ER(X)) dt,

is well defined and continuously differentiable on R¢ with M;(f;,) < 1. Moreover, for any
h € HaNC (RY), fi is twice continuously differentiable on R?, My (f,) < 1/2 and, for
allz € RY,

b9 () + [ (et 0) = o)~ (T @i )otdu) = ha) = BRCY)
where i is given by (4.3) and where b = b — Jsa—1 ky(1)yo(dy).

Proof. To start with, let us prove that, for any i € H;, the function f, defined by (4.7)
does exist. For all z € R and all ¢ > 0,

[P (h)(z) — ER(X)| = |Eh (ze™" + X;) — BA(X)|
< ezl + [ER(X:) — BR(X)
< ezl 4 dw, (e, pux)
<e Mzl + Cem,

where we have used Proposition A.3 in the last line. Then, the function f; is well defined
on R?. Now, since h € H1, f;, is continuously differentiable on R¢ with, for all z € R?,

+00
V(fn)(x)=— /0 e tPY(V(h))(x)dt.

Moreover, reasoning as in [3, Proposition 3.4], one gets that M;(f,) < 1. Now, if
h € HaNC (RY), then, fy is twice continuously differentiable on R? with, for all z € R¢
and alli,j € {1,...,d},

2 _ Tt a2
02, (fin) () = / e~2 Py (02, (h)) (),
0
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and with Ms(f,) < 1/2. To conclude let us prove that f;, is a strong solution of (4.6) on
RY. Set u(t,x) = P?(h)(x), for t > 0 and = € R%. First, let us show that, for all t > 0 and
all z € RY,

O (uw)(t,x) = A(u)(t, x). (4.9)

Since h € C° (R%), by Fourier inversion, for all ¢t > 0 and all z € R,

u(t,x) =

1 ez‘(x;seﬂﬂ
o TN g

Now, by Lemma A.1, for all z € R?, all ¢ € R and all t > 0,
d { ety (&) ) - e—tey &) L ety P&)
2 piwsge™™) — ot S E)ete (@;€) + t b; e’ (@;€)
e e " {x;E)e e :Ee
i ( A8 (d) ey e Bl e 8)

e i(x;€e™t 5
Te t</$d_1ky(1)yrf(dy);g>e< i€ ><pé(—t)£)
* /]Rd (eiw;geit) —1- i<u?56_t>1llu\|§1) 9(du)ei<x;5et>¢z§§t)€).

Moreover, for all € RY, all ¢ € R? and all ¢ > 0,

o (e DN <ot (ot + o +

dt p(e~t)

[, twetan]) e
e g2 /| st +2 /”Mﬁ(du)

< (hol+ 0+ [ kvcarotas] ) e

2 25(du) + 2 o (du).
el /| o TP + /| 7

Then, for all ¢t > 0 and all = € R?,

uu)(t.0) = g [ TG (A ae
— A(w)(t.2).

where the Fourier symbol of A and the Fourier representation of u(¢, z) have been used
in the last equality. To pursue, let 0 < 7' < 400 and let us integrate out the equation
(4.9) between 0 and 7. Then, for all z € R,

T
PE() ~h@) = [ AP0 @)
so, letting T' — +o0 and using the ergodicity of the semigroup (P} ):>o give:

TEIEOO(P;(h)(x) — h(z)) = Bh(X) — h(z), zcR%

Next, we wish to prove that [,"*° |A(P} (h))(z)|dt < +oo, for all z € R?. To do so, one
needs to estimate ||V (P} (h))(z)| and

(1) =

/w (P (h)(@ + ) — Py (h)(2) — (VB (W) (x); u) Ly <1 ) D(du)]| -
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From the commutation relation and the fact that h € Hs,
V(P (h) ()] < e

Then, forall z € R and all ¢ > 0,

(1) <

/Rd (P (h)(z + ) — Py (h)(x) = (VB () (2); u) L) <er) P(du)

n : (4.10)

| @@ @0t

Let us continue by bounding the second term on the right-hand side of (4.10). Again, via
the commutation relation and an integration by parts

< et <PV(V(h))(x),/Rd u]l1<|u|§€tf/(du)>‘

/S ! </ ’”<—d’fy<r>>> o (dy)
(

| T Em) @i <t

/S.H yky(et)"(dy)H ) (4.11)

Note also that [," k,(e')dt = [ k,(r)dr/r < 400, for y € $¢~1. This concludes the
bounding of the second term. For the first term, for all z € Réandallt >0

< (1) + (12),

[ (a4 0 = P @) = (TP () @): ) er) ()

where,

)

(1) = ’/l e (P (h)(x +u) = B (h)(z) — (V(F (h))(2); w)) P(du)

(I2) := / (B (h)(z +u) — P (h)(x)) &(du)| -
[l >e?

Thus, by commutation and a change of variables

() <

/(O 1) xgiot (P (h)(z + e'ry) — Py (h)(z) — (PY(V(h))(2); 1Y) (—dky(e'r))o(dy)

Then, note that, for all » € R, allu = ry € (0,1) x $¢~! and all ¢ > 0,

| Py (h) (@ + e'ry) — P (h)(x) — (P (V(h))(x);ry)| < 72,

EJP 24 (2019), paper 128. http://www.imstat.org/ejp/
Page 27/63


https://doi.org/10.1214/19-EJP378
http://www.imstat.org/ejp/

On Stein’s method for multivariate self-decomposable laws

so that, integrating by parts, for all ¢ > 0,

< [ ([ ) o)
ngI@ZTMAémm—kAJOwa

< <2726_52t —/ ky(et)a(dy)> . (4.12)
gd—1

Similarly for (I5), forall z € R%, allu = ry € (0,1) x $¢~ 1 and all ¢t > 0,

(1) = / (PY(R)(x + etry) — PY(R)(x)) (~dky (e'r))o(dy)
(1,400)x$d—1

<2 [ ([ anten) o

< 2/ ky(e")o(dy). (4.13)
Sd—l

[ o))

+ (meﬂﬁ - /Sdil ky(et)a(dy)) +2/Sd71 ky(e')o(dy).

Combining (4.10) together with (4.11)-(4.13),

(I) < <’}/3€ﬂ3t +et

/Sd_l yky(l)cf(dy)H 4 ‘

Hence, for all z € RY,

+oo
Eh(X) — h(z) = A(PY (h))(z)dt.
0
Noting that f0+°° A(PY(h))(z)dt = —A(fr)(x), for all z € RY, concludes the proof of the
theorem. O

Remark 4.3. (i) Let us discuss the assumptions of Theorem 4.2. If X is a-stable with
Lévy measure given by (2.6) and with « € (0,1], then for any ¢ € (0,«), 51 € (0,«),
B2 € (0,«) and B3 € (0, ) while

E|X|® < +00, 71 <+00, 72 < +00, 73 < +00.

Next, let us review the condition (4.8) in the particular case o € (0,1). (A similar
discussion can be performed in the case a = 1 but requires different estimates.) Since
a € (0,1), the random vector X;, t > 0, defined through (4.4) has characteristic function
given, for all ¢ € R? and all t > 0, by

er© =exp (it 1 - )4 (1= ) [ (09 = 1) via) )

with v as in (2.6). Then, X; =4 (1—e~%)by + (1 —e~*")= X where X is a-stable with by = 0
and a € (0,1). It is then straightforward to check that E||X;||° is uniformly bounded in ¢
for any € € (0, ).

(i) Let X be a non-degenerate SD random vector as in Theorem 4.2 such that

lim ek,(e) =0, ye$i
e—0t

/ Il (du) < +oo,
JJlul| <1
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Let f; be the solution to the Stein equation (4.6) defined by (4.7), for h € Ho N C?"(le).
Then, by an integration by parts, for all z € R,

b [ u ([ i) otan) - w00 + [ (e - )t =
o= [ o ([ s ) otan -9 + [ (e - )t

so that, in this case, f;, is a solution to the following equation, for all = € R?,
(bo — x; V(fn)(x)) + /d (fh(x +u) — fh(a:))f/(du) = h(z) — Eh(X). (4.14)
R
In particular, if X is a-stable with « € (0,1), then (4.14) boils down, for all z € R?, to

=5V (A)@) +a [ (40~ fulo) Jotan) = hGa) = ECY)
R
(iii) Let X be a non-degenerate SD random vector as in Theorem 4.2 and such that

du) < 400, lim Rk,(R)=0, lim %k (c)=0, ye§i

/| o lvta) < oo, i Rk,(R) =0, lim %, () =0,y

Let f, be the solution to the Stein equation (4.6) defined by (4.7), for h € Ha N CZ(RY).
Then, integrating by parts twice, for all = € R¢,

~ +oo
b [ ([ s ot -5 V(@)
+oo
[ (a0 = o) = @@ ot =0+ [ o ([T wnar) atay
V@) + [ (o0 = ) = (T )o(d) = (BX = V(1))
Rd
+ [ 9 +0) = V) @e(n),
so that fj, is a solution to the following equation, for all 2 € R?,

EX =iV (@) + [ (90 +0) = V(fi) ) wv(de) = hie) ~ BHX). @.15)

5 Applications to functional inequalities for SD random vectors

This section discusses Poincaré-type inequalities for self-decomposable random vec-
tors providing, in particular, new proofs of such inequalities based on the semigroup
of operators (P/),-, defined in (4.5). This proof is in line with the standard proof of
the Gaussian Poincaré inequality based on the differentiation of the variance along the
Ornstein-Uhlenbeck semigroup. In the literature, standard references on Poincaré-type
inequalities for infinitely divisible random vectors are [18, 33]. In [18], the proof is based
on stochastic calculus for Lévy processes and the Lévy-It6 decomposition whereas in
[33], the proof is based on a covariance representation for infinitely divisible random
vectors. Let us also mention that Poincaré-type inequalities for stable random vectors
have been obtained in [50, 57].

Proposition 5.1. Let X be a centered SD random vector with Lévy measure v such that

/« Ml < oo, vldu) = L0100y (M) L1 () " dror(dr),

r
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where o is a finite positive measure on $¢~! and where k,(r) is a non-negative continuous
function decreasing in r € (0,+00), continuous in z € $%~! with

lim k,(r) =0, lim r%k,(r)=0, 2¢c 8% L

r—+00 r—0+

Then, for all f € C° (R?) with Ef(X) =0

EFCO? <E [ (F(X +u) - F(X) vldu).
R

Proof. Let X be a SD random vector with law u, with characteristic function ¢ and Lévy

measure v satisfying the hypotheses of the proposition. Let (P});>¢ be the semigroup of

operators given by (4.5). In particular, on C2° (R¢), forall ¢ > 0 and all z € RY,

©(§)
p(e )

Py (f)(z) = L ]—"(f)(g)ei(x;ie’t)

(2m)? Jga

d€.
Now, for all f € C2° (R¢) and all z € R?, let
BUN@ = [ (VD)) = V(D sl
This last operator admits the Fourier representation given, for all z € R¢, via

D@ = [ FOOoee S5

R4

with, for all £ € R?
5 _ i (u; i(wsf) _ 1 du).
o, (&) = /le i(u; &) (e ) v(du)

Next, let f € C° (R?) be such that Ef(X) = 0. Then, forall ¢ > 0,

d v 2\ _ v d v
= (BRI (N)(X)?) = 2BPY ()(X) 2 (B () (X)

= 2EP/(f)(X)A (P (f)) (X),
where A is defined, for all f € C° (R?) and all z € R?, by

A(f)(z) = —(z; V() (@) + Au(f)().
Thus, forallt >0

% (BPY (£)(X)?) = 2P (f)(X)(X; V(P ()(X)) + 2BP; (/) (X)A, (P (f)) (X).

From Theorem 2.1, observe that, for all f € C2° (R?) and all ¢ > 0,
2EPY (f)(X)(X; V(P (f)(X)) = B(X;V (P/(f)?) (X))
=EA, (PF(f)?) (X),
and so, forall ¢t > 0,

d

- BE(N)(X)?) = -E (Au (P (f)?) (X) =257 (F)(X) A, (P (f)) (X)>~ (5.1
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Using Fourier arguments as in the proof of [34, Proposition 4.1], for all f € C®° (Rd) and
all € RY, it follows that

Ay (f7) (@) —2f(x /R oS TAOFDe Haere) <§+c><§ic>l§d
) /R Rdf (DO, (6) (czlf:)tgd

/]Rd Rd]: PO+ 5 (¢ 4 €) (;zic)lgd

/Rd L T DOFDQO0u(6) (gf:)igd

~/1Rd Rd}' e mc+5>gu<o(c2ii<§§d.

Moreover, an integration by parts in the radial coordinate gives, for all £ € R,

7€) = [ (09 —1=iue)) ),

where 7(du) = 1 (g 4c0)(r)Lga—1(2) (—dky(r)) o(dz). Then, for all £,¢ € RY,

7€+ 0 =aul®) =0 = [ (09 <1) (¢ ~1) o(au),

and thus, for all z € R,

A (f?) (@) — 2f (e /}Rd [ FDOFIQe m(<+£>(/ﬂd (et 1)
)
= [ e+ 0 = 1) st (5.2)
Then, forall t > 0,
G EPNE) = =B [ (P +0) = R0 (),

But, from a change of variables, Jensen inequality and the p-invariance,
B[ e - ro@? o) = [ ([ (7t et
2
—f (Xeft + y) >ut(dy)> v(du)
:E/(o,+oo)/sd1 (/]Rd (f(Xe +7‘x—|—y)
2
—f (Xe_t + y))ut(dy)> (—dkm(etr)) o(dx)
2

1)
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Thus,

d

- (EP/(f)(X)?) < IE/ (f (X +7r2) — f(X))? (~dks(e'r)) o(dz).

(0,+00)x§d—1

With another integration by parts, observe that, for z € $¢~1,

+oo 9 +oo
/0 E(f (X +e'ra) — f(X))" (=dka(r)) =/O ko (r)2E(V (f)(X + e~ "ra);ze ™)
x (f (X +e'ra) — f(X))dr

+oo r
:/O a( )ZE(V(f)(X +e tra);rre)

r

x (f (X +e'ra) — f(X))dr
[T ky(r) d .
7/0 T<th(f(X+e rz)

—f(X)>2)dr.

Finally, integrating with respect to ¢ (between 0 and +o0) leads to
EFCOP<E [ (F(X ) - F (X)) v(dw). (5.3)
RA
O

Remark 5.2. (i) Let X be a rotationally invariant a-stable random vector, « € (1,2), with
characteristic function ¢ given by

p(€) = exp (—[l€]|*/2), €€ R™
Then, by Proposition 5.1, for all f € S(R?) with Ef(X) =0,

du

BFO0P < ol [ (PO +0) = 100 i,

Rd
where,

— —a(a— DI ((a+d)/2)
47 Jeos(am /2T ((a+ 1)/2)x@=DRT(2 — o)

(ii) Throughout the proof of Proposition 5.1, the following integration by parts formula
has been obtained and used, for all f € C>°(R%),

/f(ﬂ?)(—A(f)(x))ux(dm)Z/ L(f, 1)(@)px (dx),
R4 R4

where px is the law of X and I' is a bilinear symmetric application defined, for all
f,9 € C®(R?) and all z € RY, by

I'(f,9)(x) = = / (e +w) — F(2)) (gl + ) — glx)) (du),

() dgd¢
=5 [ | FO@F@Q a0 5.

with 05(&,¢) = [ga (€748 — 1) (/49 — 1) (du), for &, ¢ € R®. A straightforward compu-
tation in the Fourier domain shows that this bilinear symmetric form is the “carré du
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champs” operator associated with the generator A of the semigroup (P} );>o (see, e.g.,
[7]1 for a thorough exposition of these topics in the setting of Markov diffusion operators).
Namely, for all f, g € C>°(R?) and all v € R¢,

I(f,9)(@) = 5 (A(f9)(x) — f(2)Alg)(x) — g(2)A(f)(2)) -

DO =

Standard objects of interest in the setting of Markov diffusion operators are iterated
“carré du champs” of any order defined through the following recursive formula, for all
f,g€CX(RY), allx € RYand all n > 1,

Lalf.9)(0) = 5 (ATsa(.9)(@) - Tua (A0 0)0) - Tua(A). N, G

with the convention that T'o(f,g)(z) = f(z)g(x) and T'1(f,g)(x) = T'(f,g)(x), for f,g €
C>*(R%), and = € R?. The following simple lemma provides a representation of I'; as a
pseudo-differential operator whose symbol is completely explicit.

Lemma 5.3. Let v be a Lévy measure on R? such that
ko (7)
Jullv(du) < +o0,  v(du) = L(q,so0) (M) Lse- 1 (2) =5 dro(da),
flull>1

where ¢ is a finite positive measure on $?~! and where k,(r) is a non-negative continuous
function decreasing in r € (0,+0c0), continuous in z € $¢~! with

lim k,(r) =0, lim 7%k, (r)=0, z¢c 8L

r—+o0 r—0+

Let A be the operator defined, for all f € S(R?) and all = € R?, by

A(f)(x) = —<$;V(f)(l‘)>+/ (V)& +u) = V(f)(2); wpv(du).

R4

Then, for all f,g € S(R?) and all x € R4,

(5.5)

o5(€,¢)? pa(&()) dgdg
4 4

Ty (f,9)(z) = / f(f>(5>f<g><<>e““+<>( + (2m)2d’

Re JR

where 0 (¢, ¢) and p;(&,¢) are given, for all £, € RY, by

7o(0) = [ (e = 1) (105 <1) ),
pole ) = ([ itw0e9 (00 <) stan) + ([ itw et (0 - 1) otaw)).

with 7(du) = 1o 4o0)(r)Lga-1(2)(—dky(r))o(dr).

Proof. First, by definition, for all f, g € S(R?) and all z € R¢,

(A(Fl(f, 9)(@) - Tu(A(f), 9)() — T4 (A(g), f)(fv)>~

DO =

FQ(fv g)(lL’) =

Let us compute I'; (A(f), g)(x). Using the Fourier representation, for all x € R4,

. déd
(A 9)e) = [ [ F@UOFAN©osle, 049 TE
Re JRA (2m)
EJP 24 (2019), paper 128. http://www.imstat.org/ejp/
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Now, recall that, for all z € R,
A(f)(x) = —(z; V() (2)) + Au(f)(z),
so that, for all £ € RY,

Thus, for all z € R¢,

(A = [ F@QOF (1) @ ©ule. 0 (Wd

Similarly, for all z € R,

234l ) = [ [ F@OF () O Ore. O (Wd

Next, for all z € R¢
AT (f,9)(@) = —(z; V (T'1(f, 9)) (x)) + Au(T'1(f, 9))(2).

At first, observe that,

AT @) = [ PO a0 5
_ = i(2;64C) dfdc
5 [ FOOF @@ (e Oale+ Oryan

Next, by straightforward computations,

—(x;V (T1(f, 9)) ()

=5 ([, 700 (-9 + ) + 5 V@) ol + 1) = 9(0)
R4

2

# [ 700 (<@ @)+ ) + 5 T ) (a4 )~ £(0)) )
=5 ([ 70 (o + Ve + ) + VD) (ol ) - )

+ [ o) (ot w V@) e+ ) + 5V 6)E) e+ ) - @)
[ @)V @)+ ) (@ +0) = @)

# [ P T+ 0) oo +0) - o) )

—5( [, [ 7@y or@©ees o o
+

d/ﬁdf( (2:V(9))) (&) F(£)(O)ei @+ 0, (€, ) (dgc)zg

L F @ ©Fn©e e ( | itugeics <ez<u;<> >D(du)> s

[ F@@Fn@eteo ([ i (ew0 1)) S5,
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Thus, for all z € R,

AT1(f,9))(x) = T1(A(f), 9)(x) — T1(Alg), f)(x)

_1 HTEHO) o
- 2~/]Rd' ~/]Rd ]:(f) f f(g)(C) + 1/(£7<) (27T)2d
1
2

©
w3 | L FOOF@QOC e 0 55

=

where, for all ¢, ¢ € RY,

pole ) = ([ it e (00 <)o) + ([ itw e (0~ 1) oaw))

This concludes the proof of the lemma. O

Remark 5.4. Using elements of the integral calculus on the sphere (see, e.g., [29,
Appendix D.3]), it is possible to compute the symbol of the I'; operator when v is the
Lévy measure of a rotationally invariant a-stable random vector with a € (1,2). Indeed,
let « € (1,2) and let

Ca,
Vo(du) = ]l<0,+oo)(r)]lsd71(x)rl—;idr)\(dm),

where ) is the uniform measure on $?~! and where

_ —afa— 1T ((a+d)/2)
4cos(am/2)T((a+1)/2)m(@=D/2D(2 — a)’

Ca,d

so, that 7, is given by

~ QCq
Ua(du) = 1o 400y (r)Lga-1 () THf drA(dx).

Then, for all ¢,¢ € R?

(el + 1™ = 1€ +¢li*)

o2
2

05 (6:€) = 5 (Ill” + 11 = g+ ¢, pra(6:0) =

implying that the symbol of the I'; operator denoted by =, is given, for all £, € R¢, by

Oé2 OL2
12(8,¢) = 15 UE™ +ICl™ = llE+ ¢lI*)* + < Ul + el —1lg -+ ¢li*)-

As o — 27, 1(&, Q) — (i&; i) + ((z{;io)z, for all ¢,¢ € R, and as such one retrieves the
symbol of the iterated “carré du champs” operator of order 2 associated with the Ornstein-
Uhlenbeck (OU) semigroup. Moreover, and as well known, the Ornstein-Uhlenbeck I's
operator clearly dominates the associated I' operator which is a typical instance of
the Bakry-Emery criterion, implying hypercontractivity of the OU semigroup (see, e.g.,
[6, 71).

The next proposition asserts that the Bakry-Emery criterion still holds for the rota-
tionally invariant a-stable distribution with « € (1, 2).
Proposition 5.5. Let o € (1,2) and let X,, be a rotationally invariant o-stable random
vector in R? with law p, and with Lévy measure given by,

C

Vo(du) = 10,400 (1) Dsa- (2) 5 drA(dz),
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where ) is the uniform measure on $¢~! and where

_ —a(a— 1D ((a+d)/2)
4cos(am/2)T((a+1)/2)w@=D/21(2 — o)

Ca,d
Then, for all f € C2° (R?)

Lo(f, f) = ST,

where I" and T’ are respectively the “carré du champs” operator and the iterated “carré
du champs” operator of order 2 associated with v,,.

Proof. By Remark 5.4, observe that, for all £, ¢ € RY,
Pr (57 C) = G0y, (fa C)a
where,

05, (&¢) = / (e““;’g) - 1) (e““;C> - 1) Vo (du).
R

Then, by Lemma 5.3 and Fourier inversion, for all f € C° (R?), and all z € R,
NUN@ = [ ] G0 = et = a0+ @) ()
+5 [ () = f@) (),

. ~ QCq d
Wlth l/a(du) = ]1(07+OO)(T)]1$(171($)W

z € R4,

drA(dz). Similarly, for all f € C° (RY) and all

N(HE) =5 [ ()= ()50 (du)

Thus, for all f € C2° (R?) and all z € R,

Do(f, f)(@) = TS )(a). 0

Let us next study rigidity and stability phenomena for the rotationally invariant
a-stable distributions with « € (1,2) working with the Poincaré-type inequality of Propo-
sition 5.1. To reach such results let us adopt a spectral point of view. This is a natural
strategy to obtain sharp forms of geometric and functional inequalities as done, e.g., in
[13, 24, 14]. First, observe that, since « € (1,2) and since X, considered in Proposition
5.5 is centered, the function g(z) = z, z € R%, is an eigenfunction of the semigroup of
operators (P});>o given in (4.5) with v = v, as in (2.19). Indeed, for all z € R? and all
t>0,

P(g)(x) = e .

Then, by its very definition, A(g)(z) = —g(z), for = € RY, so that g is an eigenfunction of
A with associated eigenvalue —1. However, since a € (1,2), g does not belong to L?(p,),
where p,, is the law of X,. To circumvent this fact, let us build an optimizing sequence
by a smooth truncation procedure. Forall j € {1,...,d} and all R > 1, let gr ; be defined,
for all z € RY, by

9r,;(x) = 257 (%) : (5.6)
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with ¢ € S(R%), ¢(0) = 1 and 0 < ¢(z) < 1, for z € R?. Take, for instance, ¥(z) =
exp(—||z||?), for z € RY. Now, let us state some straightforward facts about the functions
gr,j: forall j € {1,...,d}, Egg,;(X,) = 0 and, as R — +oo,

EgIQ%j(Xa) — +o0, E/d |9R7j(on +u) — gR,j(Xa)‘Z’;a(du) — +00.
R

Next, by precisely studying the rate at which each of the last two terms diverges, we
intend to prove that, forall j € {1,...,d},
Var(gr,; (X)) 1
E froa 197 (Xa + ) — gy (Xo) PPa(du) Rotoo o

The first technical lemma investigate the rate at which Egg ;(X,)? diverges as R tends
to +oo.

Lemma 5.6. Let ¢(z) = exp(—||z||?), forz € R?. Let a € (1,2) and X,, be a rotationally
invariant a-stable random vector of R¢ with characteristic function given, for all ¢ € R¢,

by
o€) = exp (— '2”“) |

Then, forall j € {1,...,d}, as R tends to +oo,

B d
gﬁéa o [ Fn@ (I rga-lg ) oty 67

where gg ;(z) = z;9(x/R), for x € R%.
Proof. First, for all R > 1, set ¢p(z) = ¥(x/R), for x € R%, and, forall j € {1,...,d},
E g, (Xo) = EX 0k (Xa),
where X, is a rotationally invariant a-stable random vector with a € (1,2) and X, ; is

its j-th coordinate. By Fubini’s theorem, standard Fourier analysis, two integrations by
parts and a change of variables, it follows that

B g5 (Xa) = ﬁ /Rd F (a20) (€ de
1
:W / 08, (FWR) (€)% dg
- <27r> / F(k) 9( ShEll*=2 = Se2a - ligfo
£2||§||2(a 2)> IIEH
Rd
=@ Ju T ( -3l = 5 @ = 2el
2
+ e e g
1
= e o FNO (- Gl - SR 2
&2 2-2a 02| ¢ 2(a—2) \ ,— ok
+ BTGl e~ BRI ¢
R27a
~ 20 /}Rd F")(©) (;‘ll&lo‘2 + %ff(a —2)|¢||
o’ o en2(a—2) | — AL
- L Reg g ))e i e, 5.8
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where 6%_ is the partial derivative of order 2 in the {; coordinate. Moreover, since
a € (1,2) and since ¥? € S(R?), all the following integrals converge

/ FW?)O)IJE|*2de < +oo, / F?) ()16 PIIell*~*de < +oo,

/R FWOIGP I de < +oo.

Hence, as R — +oo,

Eg?g,-(Xa) 1 Qe « o
R g L FOO (ST + e - Dl e

which concludes the proof of the lemma. O

This second technical lemma provides the rate of divergence, as R tends to +oo, of

E [ lon (o 1) = g0y (X050 (d) = 2ET (g1, 0,) (Xe).

forall j € {1,...,d}.

Lemma 5.7. Let ¢(z) = exp(—||z||?), forz € R?. Leta € (1,2) and X,, be a rotationally
invariant a-stable random vector of R? with characteristic function given, for all ¢ € R¢,

by
o€) = exp (— '2”a> |

Then, forall j € {1,...,d}, as R tends to +oo,

g ong)Xe) o [ ronezwo e+l

(646 a2+ e ) (df‘fgd,

where gr j(z) = z;¢(z/R), for * € R?, and where I is the “carré du champs” operator
associated with X,,.

(5.9)

Proof. First, by Remark 5.4, forallz € R, all R > 1and all j € {1,...,d},

dedc
( )Qd

(9r, 9rs)(@ /R | Flar)©)F(gry) (e O 2 (el|”+ g~ llg-+<I1*)

Then, forall R>1andall j € {1,...,d},

]E/ l9r,;(Xa +u) — gR,j(Xa)|2Da(du)
Rd

=2ET(gr,j,9r,;)(Xa)

- /R | Flor)©F om0
déd¢

(2m)2d
-2 / de, (F(r))(€)0c, (F(Wr))(C)e
R2 JRA

dgdg
(2m)2

o et o o o déd¢
=5 [ [ Fon©rwn©a ¢ (< (e + e - e+ ) ) e

lle+¢le
2

< (€N + NSl =M+ <) —=3a

_ e+l
2

< (IEN™ + 1Kl = [l& + ¢lI*)
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where agﬁ G is the second order partial derivative in the coordinates {; and (;. Now, for
all¢, ¢ € R4\ {0}and all j € {1,...,d},

d +<l* e [ —
i (b e - e e ) ) = (S G+ ) e
 (Jete + ¢l - he + 1)

+ Oé(éj|§||°‘2 — G+ e+ 4”042)).

Then, forall £,¢ € R\ {0} and all j € {1,...,d},

d? _le+e)® N o AN
M(‘f <||€|| + IS = 1€+ <l >) = (1) +(2) + (3) + (4) + (5) + (6),

with,

(1) = (=5) & +6le + 1o~ (agsllgl =2 = atgs + e +<I*2) exp (— €+ ¢I1*/2),

2) 1= (=5) (& + I+ NG ICI*2 = alg; + G)IE+ I exp (=€ +¢1°/2),

(3) = (—allg + 1% = ala = 2)(& + ) lIE + o) exp (= 1§ +¢*/2).

(4) = (=5) e+ 12 el + NIS® = llg + ¢I1*) exp (—lig +<11°/2),

(5) 1= (=5 ) (G +&)*(@=2)lE+ I (IEll* + 1¢11* = E + €™ exp (—llg +lI*/2).,
2

—
D
=
Il
/—\

) (& + G)2NE + P (U™ + NS = llg + ClI*) exp (= 1€ + ¢lI*/2).

Forall ¢, € R4\ {0} and all j € {1,...,d}, set

ma(,0) = (=5) (& + g+ CI2 (g€ — al& + Il +¢I°?)

~2) & + I+ <@g 1" = al + g +¢1°2)
—allg + €172 = afa = (& + ¢l +¢l" )
—2) e+ <2 (™ + IS = Nl + <)

—2) (G + )P = 2) €+ P (€l + 1Sl — e + ¢l
+(=2) &+ Gl + <P (el + gl — e+,

Thus, by a change of variables, forall R > 1 and all j € {1,...,d},

EF(gRJ?gRJ)(Xa) = *%/}Rd - f(T/)R)(f)f("‘/’R)(C)e* £+zcama(§’o(;if:)i§d

« 2d €+C i
- Rdf(lb)(Ré)f(w)(RC) S mal6.0 5
__«a u§+<||“m é £ déd¢
- /]R o DNOFWQe “(R’R) @mpa 19
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Finally, dividing the left-hand side of (5.10) by R?~¢, leads to

; , a?
EF(QRE;L?}Z])(XQ) - 4 /Rd R FWOFWIO) (”5 " CHOﬁQ

+6+ 6P - D+ () 55

as R — 400, which concludes the proof of the lemma. O

From the above lemma, and from a spectral point of view, the correct functional to
observe rigidity phenomenon for the rotationally invariant a-stable distribution, a € (1,2),
is the functional defined, for all u € M;(R%) (M;(RR?) is the set of probability measures
on R%), by

o Var(£(X))
Uoltt) 1= 300 F T TFX + ) — F(OPra(de)

where X ~ u and where K, is the set of functions f from R? to R such that Var(f(X)) <
+oo and 0 < E [, |f(X +u) — f(X)[*va(du) < 4o00. Therefore, the next result is a
direct consequence of the Poincaré-type inequality for the rotationally invariant a-stable
distribution, «a € (1,2), and of the existence of an optimizing sequence as built above.

(5.11)

Corollary 5.8. Let X, be a rotationally invariant a-stable random vector, o € (1,2), with
law p,, and with characteristic function ¢ given by

o =exr (-I) . ceme

Let U, be the functional, on M;(R?), defined in (5.11). Then,

Ua(pa) = 1.

Proof. First, by the Poincaré-type inequality of Proposition 5.1, U, (us) < 1. Moreover,
forall j € {1,...,d} and for gp ; as in (5.6) (which clearly belongs to /C,),

Ua(ﬂa) > Var(gR,j(Xa))

— 1.
B Ef]Rd |9R,j(Xa +u) — gR,j(Xa)PVa(du) R—+00

This concludes the proof of the corollary. O

To continue, let us state and prove a converse to the above corollary. In particular,
note that, forall j € {1,...,d},

i (Vr(amy (X)) ~ B [ o (X 1) = g0 (o) Praa) ) =
R—+oc0 Rd

Indeed, this is a direct consequence of (5.8) and (5.10) since the divergent terms cancel
out and the remaining terms converge to 0 as R — +o0.

Corollary 5.9. Let ¢(z) = exp(—||z||?), for x € R?, and let gr ; be given by (5.6), for all
R>1andalljc{l,...,d}. Let X be a centered random vector of R? with finite first
moment, with law u and such that, for all j € {1,...,d},

iy (Varlaey (X0) =B [ lons (X +0) — gr, (0 Profd)) =0, 6.12)

R— 400
IfU, (1) = 1, then p = o, where p,, is the law of a rotationally invariant a-stable random

vector with « € (1, 2).
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Proof. Let R > 1, let f be a bounded Lipschitz function on R? and let ¢ € R. Since
Ua(p) =1, @ €(1,2) and since gr ; +ef € Ko, for j € {1,...,d},

Var(gi; (X)) + 2= Covlgn; (X), (X)) + 22 Var(f(X)) <
E [ oy + 1) — gy (X)Prald)
Rd
268 [ (o (X ) = gy (XX + ) = F(X))wa )
+E [+ 0) = FO0 Pra(d)
Now, observe that, forall j € {1,...,d},

i B [ (o, (X + 0)=9n, (X)X + ) = () wo(d

R— 400
zﬂjimﬂx+w—fu»%wm,
R4
lim  Cov(gn;(X), f(X)) = Cov(X;, f(X)).

R—+ o0

Then, (5.12) implies that,

2¢ Cov (X, f(X)) + &2 Var(f(X)) < 2¢E /Rd wi(f(X +u) — f(X))va(du)

+%E /}Rd If(X +u) — f(X)Pra(du).

Since the above inequality is true for all € € R, the following covariance representation
holds,

Cov(X;, f(X)) = E/Rd w(F(X +u) = f(X))valdu), j€{L,....d}.

Theorem 2.1 concludes the proof of the corollary. O

To end this section, let us investigate stability results for rotationally invariant a-

stable laws. A natural strategy to reach stability put forward in [23, 3] is to use Stein
kernels. This strategy relies on the Lax-Milgram theorem to ensure the existence of
Stein kernels under appropriate assumptions. More precisely, the Stein kernel is seen
as the solution to a variational problem linked to the covariance identity characterizing
the target probability measure. In the sequel, we develop a different approach based
on Dirichlet forms to obtain the existence of Stein kernels. Adopting the notations,
the definitions and the terminology of [27, Chapter 1], in particular for non-negative
definiteness, let us start with an abstract result which then leads to the existence of
Stein kernels in known and in new situations. Note that this result as well as some of
its geometric generalizations and consequences will be further analyzed in the ongoing
work [4].
Theorem 5.10. Let H be a real Hilbert space with inner product (-;-)y and induced
norm || - || g. Let £ be a closed symmetric non-negative definite bilinear form with dense
linear domain D(£). Let {G, : a > 0} and {P, : t > 0} be, respectively, the strongly
continuous resolvent and the strongly continuous semigroup on H associated with £.
Moreover, let there exist a closed linear subspace Hy C H such that, for allt > 0 and all
u € Hy,

1P ()l < e @ ||ulla, (5.13)
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for some C'p > 0 independent of u and of t. Let GGy+ be the operator defined by
+oo
Go+(u) := / P,(u)dt, w € Hy, (5.14)
0

where the above integral is understood to be in the Bochner sense. Then, for all u € Hy,
Go+(u) belongs to D(E) and, for allv € D(E),

& (Go+(u),v) = (w;v)m- (5.15)
Moreover, for all u € Hy,
E (Go+ (u), Go+(u)) < Cp||u\|§{. (5.16)

Proof. First, from [27, Theorem 1.3.1], there is a one to one correspondence between the
family of closed symmetric forms on H and the family of non-positive definite self-adjoint
operators on H. Then, let A, {G, : o > 0} and {P, : t > 0} be, respectively, the
generator, the strongly continuous resolvent and the strongly continuous semigroup on
H associated with £ such that, for all « > 0 and all u € H,

+oo
Go(u) = /0 e Py(u)dt.

(Again the above integral is understood to be in the Bochner sense.) Then, from [27,
Lemma 1.3.3], foralla > 0, allu € H and allv € D (£),

E(Gu(u),v) + a{Gu(u);v)g = (u;v)g. (5.17)

In order to establish (5.15) from (5.17), one needs to pass to the limit in (5.17) as
a — 0T, First, since (5.13) holds, G+ given by (5.14) is well defined on H,. Moreover,
for all « > 0 and all u € Hy,

aC?

mHUHH-

+oo R
[Ga(u) = Go+ (v)||m < / (1—e e P dtljulln =
0

Then, G, (u) converges strongly in H to Gy+(u), as « tends to 0. It therefore follows
that, forall u € Hyand all v € H,

(Ga(u);v)r — (Go+(u);v)m.

a—0t

Next, let us prove that, for all u € H,

E(Ga(u) — Ga(u),Go(u) — Ga(u)) — 0. (5.18)

a,f—0t
Since, for all o, 5 > 0,
E(Ga(u) — Ga(u),Galu) — Gp(u))
=E&(Ga(u),Ga(u) + E(Gp(u), Gp(u)) — 26(Galu), Ga(u)),
(5.17) warrants that

E(Ga(u), Ga(u)) = (u; Galu)) i — a(Ga(u); Ga(w)n — (u;Go+ (1),

a—0t

and similarly for £(G(u), Gg(u)), as 8 tends to 0. Now, for the crossed term,
E(Ga(u),Gp(u)) = (u; Gp(w) i — AGa(u); Go(w)m  —  (w;Gor(u)) -

a,3—0t
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The closedness of £ then ensures that Gy+ (u) belongs to D(€) and that

E(Ga(u) — Go+ (1), Go(u) — Go+ (u)) —0>+ 0.
a—
This gives (5.15), while the inequality (5.16) follows from (5.15), the Cauchy-Schwarz
inequality, the triangle inequality and (5.13), concluding the proof of the theorem. O

The next remark explores how the abstract Theorem 5.10 recovers various known
results and provides new ones.

Remark 5.11. (i) First, let v be the centered Gaussian probability measure on R4 with
the identity matrix as its covariance matrix. Let H be the space of R%valued square-
integrable functions on R¢ with respect to ~, let Hy be the functions in H with mean 0
with respect to v and let £ be the symmetric non-negative definite bilinear form defined,
for all f,g € C°(R%,RY), by

&(f.0) = [ (T, V@) @)ns o)

where (-; ) gs is the Hilbert-Schmidt inner-product for real matrices of size d x d. It is
a standard fact in Gaussian analysis that the above form is closable and that its closed
extension gives rise to the Ornstein-Uhlenbeck generator and its semigroup. Moreover,
the function, h(z) =z, = € R4, belongs to Hy and ~ satisfies the following well known
Poincaré inequality: for all smooth f : R — R? with [;, f(z)y(dx) = 0,

/Ilf(fv)l\zv(dx)é/ IV () (@) 757 (da).
R4 R4

By Theorem 5.10, for all f € D(E),
E(Go+(h), f) = /}Rd (z; f(x))y(dz), (5.19)

where G+ (h) is given, for all z € R?, by

+o00
Gor (W) (@) 1= /0 P(h)(z)dt,

where (P;);~¢ is the Ornstein-Uhlenbeck semigroup. Noting that P;(h)(z) = e th(z),
leads to

E(Gar ().1) = | (V@) TN @husr(de) = [ div(r)(e)(da),

where div is the standard divergence operator. Thus, (5.19) is the integration by parts
formula associated with ~.

(ii) Let i be a centered probability measure on R? with finite second moment such that,
for all smooth f : RY — R* with [, f(z)u(dz) =0,

/Hf(fv)IIQM(dfﬂ)SCp/ IV () (@) Frsp(da),
Rd Rd

for some C'p > 0 independent of f. Moreover, let the bilinear symmetric non-negative
definite form &£ defined, for all f,g € C°(R%, RY), by

&(f.0) = [ (V()@). Vo)) nsi(da),
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be closable (sufficient conditions for the closability of the above form have been ad-
dressed in [27, Chapter 3.1] and in [12, Chapter 2.6]). Again, the function i defined by,
h(z) = z, € R?, belongs to H, the space of square integrable functions on R¢ with
respect to y, and is such that [, h(z)u(dz) = 0. Then, by Theorem 5.10, for all f € D(E),

E(Gor ().1) = | (o f@)n(da),

so a Gaussian Stein kernel of p exists (in the sense of [23, Definition 2.1]) and is given by

— (/Om Pt(h)dt) .

Moreover, with X ~ p, (5.16) reads as
E||7,(X)|l5s < CPE| X,

thus, retrieving the results of [23].
(iii) Let « € (1,2) and let p,, be the rotationally invariant a-stable probability measure on
R¢ with Lévy measure

Ca,d
voldi) = e

where c, 4 is given by (2.20). Let H be the space of square-integrable functions on R4

with respect to p,. Let £ be the symmetric non-negative definite bilinear form defined,
for all f, g € C°(R%), by

&0 = [ [ (Gt = @)+ o) = gl (@) 620

Since v, * u, is absolutely continuous with respect to p,, it is standard to check that
the above form is closable and that its smallest closed extension gives rise (see [27,
Theorem 1.3.1]) to a non-positive definite self-adjoint operator A on H with corresponding
symmetric contractive semigroup (P;);>o on H. Moreover, from Theorem 5.1, for all
smooth f: R* — R with [, f(2)pa(dz) =0,

[ i@Pratan < [ [ 15+ 0) = f@)Pvaldupads).
Rd Rd JRd
Now, [27, Corollary 1.3.1] together with this last inequality yields

1P ()l < exp (=) | fller, ¢=0, f € Ho,

where H) is the space of square-integrable zero-mean, with respect to y,, functions on
R?. Then, by Theorem 5.10, for all f € D (£) and all h € Hy,

€ (Go-(0).£) = [ ha@)(@a(d).

Observe also that, in contrast to the Gaussian framework, the function h(z) = z, for
z € R%, does not belong to L?(j1).

The next technical lemma describes the link between the semigroup of operators
obtained from the form £ given by (5.20) and the semigroup of operators (P} );>o given
by (4.5) with v = v,, as in (2.19) and with « € (1,2). With the help of this lemma, it is
then possible to obtain the spectral properties of this semigroup of symmetric operators
based on those of (P} );>o.
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Lemma 5.12. Let « € (1,2), let v, be the Lévy measure given by (2.19) and let u,, be
the corresponding rotationally invariant a-stable probability measure on R?. Let £ be
the smallest closed extension of the symmetric non-negative definite bilinear form given
by (5.20). Let (P;):~0 be the strongly continuous semigroup of symmetric contractions
on L?(u,) associated with €. Let (P/*);>o be the semigroup of operators defined by
(4.5) and let ((P/*)*)s>0 be its dual semigroup in L?(u,). Then, for all f € L?(u,) and
allt >0,

P(f) = (Pi o (P)") () = ((Pe) o Pi) (). (5.21)
Moreover, for all z € R% and allt > 0,
Pi(g)(x) = e "g(a),
where g(z) =z, x € R?,

Proof. Since the form £ is the smallest closed extension of the bilinear symmetric non-
negative definite form, given by (5.20), on LQ(ua), [27, Theorem 1.3.1] ensures the
existence of a unique non-positive definite self-adjoint operator A, which moreover, (see
[27, Corollary 1.3.1]) is characterized by D(A) C D(€) and by

8.0 = [ F@A @) @ha(da) g€ DA, f € DE),

where D(A) is the domain of the operator A. Denote by (F;);>¢ the corresponding
strongly continuous semigroup on L?(y,) whose existence and uniqueness is ensured
by [27, Lemma 1.3.2]. Now, recall that the semigroup of operators (P;/*);>( extends to
every LP (u,), p > 1, as seen using the representation (4.5) and the bound,

/ P2 () ()P 1o (d) < / @) Ppaldz), feSERY).p> 1.
Rd d

R

Moreover, it is a Cp-semigroup on L” (u,) and its L? (u4)-generator A, , coincides with
A, on S(R?) defined, for all f € S(R?) and all z € R?, by

Aa(f)() :*<I;V(f)($)>+/ (V)@ +u) = V(f)(2); upra(du),

R4

and for which the following integration by parts formula holds,
2
S =2 [ 1) (A (Dehaldo). S € SR
Then, by polarization, for all f,g € S(R?),

E(f,g) =5 (E(f+g, f+g) =& f)—E(g,9)

1
2
1

S ( /R L f(@) (= Aq) (9)(@)pa(der) + /R L9(@) (—Aa)(f)(m)ua(dx)).

Moreover, since S(R?) is dense in L?(1,), the adjoint of A, 2 is uniquely defined so that,
for all f € S(R?) and all g € S(RY) N'D (A} ,),

() = 5 ([ 160 A @lhalin) + [ 10) (4L2) @)alan) )
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where D(A}, ,) is the domain of the adjoint operator A}, ,. Since S(RY)ND (A7, ;) C D(A),
forall f € S(RY) ND (A% ,) and all = € RY,

(Aa(H)(@) + AL o (f)(@)) -

1
«

A(f)(z) =
Thus,

1
A== (Aaz+ AL,

which implies (thanks to Proposition A.4), that forall¢ > 0 and all f € L2(ua),
PAf) = (P o (PE)) () = ((Pre) o PE) (),

where (PY*);>0 is the extension to L?(u,) of the semigroup of operators given by (4.5),
after the time change ¢ — ¢/«, while ((PY*)*):>¢ is its dual semigroup in L?(u,) (see,

e.g., [42, Chapter 1.10]). Next, by Fourier duality and since « € (1,2), forall f € S(]Rd)
and all j € {1,...,d},

e = [ ([ Fooe e )

F(©)p2(©) ( [ st ) A
ex d

(2m)d
= [ FN©pe© — (ple56) éffw

[ Fn©es s L (e (=) o

i) ex <—et£|a> d
P 2 ) @)l

)
= | FH©O= (-5 6172 ) exp (_ ||52||a> (;ff)d

- f(f)(f)ei._t dgﬂ (exp ()

_ %1 / 2, (2t ().

R4

Therefore, forall j € {1,...,d} and forall ¢ > 0,

a—1

(P (g;)(@) = e~ 5 1g; (@),
where g;(z) = x;, for z € R?. This last observation concludes the proof of the lemma. [

The following long remark summarizes some basic properties of the various semi-
groups.

Remark 5.13. (i) First, the measure y,, is invariant for (P;);>o, namely, for all f € L*(u,)
andallt > 0,

[ D @hatdn) = [ fohualdo)
]Rd ]Rd
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This is a direct consequence of the decomposition (5.21) and of the facts that P/ (1) =1
and that y,, is invariant for (P,/*);>o. Moreover, by a duality argument, P,(1) = 1. Finally,
(P;)¢>0 is positivity preserving since the normal contractions operate on the smallest
closed extension of the form £ given by (5.20) (see, e.g., [27, Theorem 1.4.1]).

(ii) As mentioned in the above proof, the semigroup (P;/*);>o extends to a Cy-semigroup
on L? (i), for p > 1. From [42, Corollary 10.6], it follows that the dual semigroup
((PY*)*)t>0 is then a Cy-semigroup on LP (u,), for p* = p/(p — 1) and 1 < p < +oo.
By duality, since P/~ is a contraction on L? (i), (P/*)* is a contraction on L”" ().
Moreover, the different extensions of (P/*);>o (as well as those of ((P/*)*);>0) are
compatible in the sense that, forallt > 0and allp > ¢ > 1,

(P/*)q ©pq =ipq 0 (P )ps

where i, , is the continuous embedding of LP(u,) in L?(p,) and where ((P/*),):>0 and
((P/*)p)t>0 are, respectively, the L7(u,) and the L”(u,) extensions of the semigroup
(P/*)¢>0. In addition, [47, Theorem X.55] allows to extend (P;);~o as a contraction
semigroup on LP(u,), for p € (1,4+00). Furthermore, for all t > 0 and all f € L?(u,),
p € (1,400),

PAF) = (P o ((PE))p) (1) = (((PE))p 0 (PE), ) (F):

Then, one can consider P;(g;) since g; € LP(ua), p € (1,a), but g; ¢ L*(u,), for j €
{1,...,d}. To ease the presentation, these extensions are all denoted by (P;*);>o (and
similarly for ((P;*)*)i>0)-

(iii) Recall that, by Remark 5.11 (iii), for all £ > 0,

. sup 1P ()l p2(uay < €
FEL2(a), £ 12 oy =1
Jpd f(@)pa(dz)=0

Moreover, by (ii) above, for all p € (1,+00) and all ¢ > 0,
1Bell e (uay =27 2a) < 1-
Now, let T be the operator from L”(u,) to LP(ue), p > 1, such that, for all f € LP(u,),

T() = f = | S@ha(dn).

Clearly, |T||zr(uo)—Lr(ua) < 2, forp > 1, and T(f) = f for any f € LP(u,) having mean
zero. Let 8 € (1, ). Then, by [29, Theorem 1.3.4], for any 6 € (0,1) and all ¢ > 0,

sup IPAT ()|l Lro ) < 2673701 (5.22)
FELPO (pa), IfllLro (pg)=1

where pg belongs to (3,2) with 1/pg = (1 —6)/2+ 0/3. Now, choosing 6 € (0,1) in such a
way that py € (3, @), it follows that g; € LP?(u,), for j € {1,...,d}. Letting gr ;, for R > 1
and j € {1,...,d}, be a smooth truncation of g;, defined, for all z € R?, by

grj(x) = z9(z/R),

where ¢(z) = exp (—[z[*), € R, note that [, gr ;(z)pa(dr) = 0, for R > 1 and
j €{1,...,d}. Then, the following crucial estimate holds, for all j € {1,...,d},

+oo
1Gor (95) — Gor (gr)l|Lrouy < / 1Pu(g5 — 9 | vo oyt

2
< m”gj — 9R,jll 176 (ua) v 0,
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by the Lebesgue dominated convergence theorem.

(iv) As already noticed above, for j € {1,...,d}, the functions g;(z) = z;, z € R%, do not
belong to L?(u,), but rather to L!(,), so that Theorem 5.10 does not directly apply
with u = g;. To circumvent this fact, one can apply a smooth truncation procedure as in
(iii). Thus, by Theorem 5.10, forall R > 1, all j € {1,...,d} and all f € D(£),

€ (Gorlom)- 1) = [ ans@)fw)ua(do) (5.29

and, as R — +oo,
/ 97 (2) (@) 1o (d) — / 2 (@) 1o (de),
R4 R4

for all f bounded on R?. Moreover, from Lemma 5.12, for all j € {1,...,d} and all
z € RY, Go+(95)(r) = ;. Then, since p, * Vo << fia, as R — +oo, for all f bounded and
Lipschitz on R¢,

€ (Go o)) — [ [ (@) = F@)vo(dupo i),

Putting together these last two facts into (5.23) gives, for all f bounded and Lipschitz on
R4,

[t ) = faatdnpntin) = [ of@p(ds)

Next, let us state a result ensuring the existence of a Stein kernel with respect to

the rotationally invariant a-stable distributions, « € (1,2), for appropriate probability
measures on R?. Before doing so, recall that a closed, symmetric, bilinear, non-negative
definite form on L?(y) is said to be Markovian if [27, (£.4)] holds. From [27, Theorem
1.4.1], this is equivalent to the fact that the corresponding semigroup F; is Markovian
for all ¢ > 0, namely, forall 0 < f <1, p-a.e., 0 < P(f) <1, p-a.e.
Theorem 5.14. Let « € (1,2) and let v, be the Lévy measure given by (2.19). Let § €
(1,a) and let 1 be a centered probability measure on R? such that [, ||z[|° u(dz) < +o0
and p * v, << u. Let &, be the closable, Markovian, symmetric, bilinear, non-negative
definite form defined, for all f,g € S(R%), by:

&9 = [ [+ = 1)t +u) = gla))vo(dup(da),

and let (P;):>0 be the strongly continuous Markovian semigroup on L*(p) associated
with the smallest closed extension of £, with dense linear domain D(E,,). Moreover, let
there exist U, > 0 such that, for all f € D(€,) with [, f(x)u(dz) =0,

| r@putan <v, [ if@rn -t don). G20

Finally, let p € (1,5) and let 6 € (0,1) be such that py, given by 1/py = (1 —0)/2+6/p,
belongs to (p, 3). Then, there exists 7, € D(A,,) such that, for all f € D(A;},) N L>(u),

[ @A) O @) = [ ap@utis)
R4 R4

where A7, is the adjoint of A, the generator of the L (n)-extension of the semigroup
(P:)t>0, with respective domains D(A%) and D(A,,).
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Proof. Since the form &, is closable, let us consider its smallest closed extension with
dense linear domain D(E,). Then, let A, 5, (P;):>0 and (G5)s>0 be, respectively, the cor-
responding generator, strongly continuous semigroup and strongly continuous resolvent
on L?(p) such that, forall § > 0 and all f € L?(u),

+oo
Gol) = [ e P pa

Next, [27, Corollary 1.3.1] together with the inequality (5.24) yield

1Pz < o0 (=5 ) Ul €20, € 220, [ futan) o,

Then, by Theorem 5.10, for all f € L*(u) with [, f(x)u(dz) = 0 and all b € D(E,),

(G- (D) = [ no)fa)ne).

Now, for z € RY, j € {1,...,d} and R > 1, set g;(z) = x; and gg (z) = z;9(z/R),
with ¢(z) = exp(—||z|?). Observe that g; ¢ L?*(u) but that gr; € L?*(u). Then, for all
je{l,...,d},allR>1andallh € D(E,),

(G an).h) = [, (@)hla)p(da). (5.25)

where gr j(z) = grj(x) — [z 9r.j(x)u(dz), x € R?. A straightforward application of the
Lebesgue dominated convergence theorem implies that, as R — 400,

| arst@mtotds) — [ @b,

R4 R4

for h bounded on R?. Let us study the semigroup (P;);>o associated with the form Eu
First, since it is a strongly continuous semigroup on L?(y), it follows from [42, Theorem
2.4] that, for all f € L?(u) and all ¢ > 0, fot Py(f)ds belongs to the domain of 4, » and
that

A (] t PAfs) =P - 1.

Hence, for all f € L?(u) and all g € D(E,),

([ Punrts.g) == [ (@) - Seatauta

Now, choosing g = 1, which clearly belongs to D(£,,), implies

P(f)(@)plda) = | flz)p(dz),

R R4

i.e., the probability measure u is invariant for the semigroup (P,);>o. Then, for all
g€ L*(w), (Py(1); ) r2() = (1; Pi(9)) £2() = (15 9) 12, SO that P,(1) = 1. Moreover, since,
for ¢ > 0, P, is also positivity preserving, it can be extended to a contraction on L?(u), for
all 1 < p < 4o0. Finally, (P,);>0 extends to a Cy-semigroup on LP(u), 1 < p < +oo. Then,
there exists p € (1, ) such that, forall ¢t > 0, || P||z»(u)—r»(n) < 1. By an interpolation
argument as in Remark 5.13 (iii), for any 6 € (0,1) and all ¢ > 0,

(-t
sup | P(T(f)lro(u) <2e i, (5.26)
FELPo (1), |11l 4ro (py=1
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where py € (p,2) is such that 1/py = (1 — 0)/2 4+ 6/p. Now, choose 6 € (0,1) such that
po € (p,B). Then, forall R >1andallj € {1,...,d},

B oo B 2U,, _
IGo (6) = Gor (G )lusen < [ 1P ey = dm)lrogit < 225 o, = |

LPo ()

Thus, by the Lebesgue dominated convergence theorem, G+ (gr,;) converges strongly
in L () to Go+(g;5), as R — +o0. For 1 < p < +o0, let us denote by A, , the generator
of the Cy-semigroup (P;):>o with domain D(A,, ,) C LP(u). Recall that, by [42, Corollary
10.6], the dual semigroup (/%);> is a Co-semigroup on L?" (1) with generator A, the
adjoint of A, ,,. Moreover, observe that

ES
'Am2

. *
D(A; ) = Auper

since py € (p,8) with 1 < p < 8 < a < 2. Then, [27, Corollary 1.3.1] implies that, for all
h (S D(AH72) C D(EIJ/)I

E(Go+(gr,j), h) = /}Rd Go+(Gr,j)(@)(—A2)(h)(z)p(d)
_ /R G (G (@) (A5 ) (W) @) ),

and, taking h € D(A}, ) C D(A,2) C D),

Do

Eu(Gor(Gr5),h) = " Go+ (9r.;)(x) (A} 5, ) (h) (2)p(d).
Let T > 0. Recall that fOT P,(gr,;)dt belongs to D(A,, ,,), for R > 1 and for j € {1,...,d}.

Moreover, fOT P,(gr,;)dt converges strongly in L?¢ (1) to Go+(gr,;), as T — +oo. Finally,
forall R>1andallj € {1,...,d},

T
Ape (/0 Pt(gR,j)dt> = Pr(gr.;) — dr,; o IR
in L??(u). Since A, ,, is closed, Go+(gr,;) € D(Aup,) and (—A,p,)(Go+(Gr;)) =
gr;. Finally, a similar argument ensures that Gy+(g;) belongs to D(A, ,,) and that
(—A,upe)(Go+(g5)) = g;. Setting Go+(g) = 7, with g(z) = z, € R¢, concludes the proof
of the theorem. O

To finish this section, a stability result, for probability measures on R? close to the
rotationally invariant a-stable ones, a € (1,2), is presented.

Theorem 5.15. Let ¢(z) = exp(—||z||?), » € R: Let a € (1,2), let v, be the Lévy
measure given by (2.19) and let u, be the associated rotationally invariant «-stable
distribution. Let 3 € (1,a) and let i be a centered probability measure on R? such that
Jga 7P p(dz) < +oo and p* vo << p. Let &, be the closable, Markovian, symmetric,
bilinear, non-negative definite form defined, for all f, g € S(R?), by

8090 = [ [ 1+ = 1ot +0) = gla)wn(du)ntda).

Moreover, assume that,

* there exists U, > 0 such that, for all f € D(E,) with [p, f(x)u(dz) =0,

[ f@Pudn) <V, [ ] 15t 0 = s o).
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« and that, for jp;(z) = x;1(x/R) — [px;0(x/R)p(de), z € R, R > 1 and j €
...,
G (& (Uadrgs Gr) = (Gr.gs Gros) p2n) = 0- (5.27)

Then,

dw, (1, pa) < Caa (/ ]| (du) +/ IIUIIVa(dU)> Uy =11,
lull<1 lull>1

for some C, 4 > 0 only depending on o and on d.

Proof. The proof partly relies on the methodological results contained in [3]. First,
proceeding as in [3, Proposition 3.4], for all h € H; NC(R?), let f5, be defined, for all
z € RY, by

+oo
fnlz) = / (PY (h)(x) — Bh(X,))dt,

with (P/*);>o given in (4.5) with v = v, and X, ~ pu,. Next, let X ~ p. Then, for all
heHiN Cgo(Rd),

[ER(X) — Eh(Xa)|

B (<TI0 + [ (T ) T )

d
Z (95,05 (fn)) L2y + Eulgj» 95 (fn))| s

where g;(z) = x;, * € R and j € {1,...,d}. Let gr; be the smooth truncation of g,
as defined by (5.6) with (z) = exp(—|z|]?), € RY, 9; — 9Rr.jllLe(u) — 0, as
R — +o0, for all p < j. Since, (see [3, Proposition 3.41) M;(fn) <1,

U

[EA(X) — EA(Xa)l < Y llg; — 9rill +Z\— 975 0j (fu)) L2y + €195, 05 (fn))]

Jj=1

d

95 — 9r.jllLr(u + Z| (9RO (fn)) 12wy + En(grg: 05 (fn))]
j=1

d
+ > 1€ulgs = 9r3, 05 ()]
j=1

M&

<.
Il
—

Now, forall j € {1,...,d} andall R > 1,

(0 = D < [ [ e 0) = gms(o+ ) = @) + g )

X105 (fn) (2 + ) = 0;(fn) ()| Vo (du) p(di).

Cutting the integral in w into a small jumps part and a big jumps part and using M (f;) <
1 and Ms(fn) < Cq,q, for some C, 4 > 0 depending only on « and on d, imply that

ey —amp 5N < Caa [ [l )1 = a4/ )
(1= /B () )
zi+u)(l—¢v({(z+u)/R
2 [l )i w/m)
— (1= (/)| ().
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Since ||g; —gr,; ||Lp(u) — 0, as R tends to +o0, and since ux*v, << pu, along a subsequence,
gj(x +u) — grj(r +u) — gj(x) + gr () R::oo 0, n®rvy—ae.
Now, forallz € R% allu € R4, all R>1andall j € {1,...,d},

(2 +u;) (1 = P((z +w)/R)) —2;(1 = ¢(z/R))| < Cja

for some constant C; 4 > 0 depending only on j and on d. Thus, the Lebesgue dominated
convergence theorem implies that, for all j € {1,...,d}, along a subsequence

Jull,

sup 1&u(95 — gr.3,0;(fn))| — 0.
heH1NC (RY) e 7 R—+o0

Finally, forall R > 1 and all j € {1,...,d},
| (GR35 05 () L2 () + EulFro5» 05 (fn)]| = |€u(GR.; — Go+ (Fr.5), 05 (fn))]

< [€u(Gr.j — Ungr,j, 95 (fn))]
+ €. (Ungr,; — Go+(9r.j), 95 (fn))|.  (5.28)

The first term on the right-hand side of (5.28) is bounded, for all R > 1 and all j €
{1,...,d}, via

1€u(9r.5 — Ungr.j; 0i ()] < U — 1] 1€4(gR 5,05 (fn))]

< Cajd (/ ull*va (du) +/ u||Va(du)> Uy = 1.
lull<1 lull>1

To conclude the proof, let us deal with the second term on the right-hand side of (5.28).
Then, by the Cauchy-Schwarz inequality, for all j € {1,...,d} and all R > 1,

£u(Uping — Go+ (Gr.3): 05 ()] < €u(05(fn), 05 (fn))'/?
x £u(Undr,; — Go+ (Gr.): Undn.j — Go+ (Grj))">-
Now, forall j € {1,...,d},
EuUndrg — Go+ (Gr3) Updrj — Go+ (Grj)) = Un€u(r j Gr) + Eu(Gor (Gr.5) Go+ (Gr.5))
- 2Uu5u (gR,jv Go+ @Ryj))
= Uu (Up€u(9r.5:9r.5) — (IR, IR L2 (1))
+ Eu(Go+(Gr,j): Got+ (r,5))
—Uu(GRr,j5 9R.G) 12(1)
< U, (Up€u(Gr.j>9r.5) — (GR.j3 GRG) L2 (1)) -

The condition (5.27) concludes the proof of the theorem. O

A Appendix

Lemma A.1. Let v be a Lévy measure with polar decomposition given by (4.1) where
the function k. (r) is continuous inr € (0, +0o0), continuous in z € $¢~! and satisfies (4.2).
Then, for all ¢ € R?, the function t — 1;(£) where,

&) = /(0 o (e i) %) 4o ar)
,+oo)x§d—1

t

- / (eZMJm§> -1- 7:<7n$; £>]1r<e*t) 7(6 T) d’l"O'(dI)),
(0,400) x§d—1 - r
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is continuously differentiable on [0, +occ) and for all ¢ € R? and all t > 0,
d B
G = (=it [ maotanie 4 [ (e
dt gd—1 RE

- i<u;5€_t>]1|u|§1)ﬂ(dU)>¢t(§),
where v is given by (4.3).

Proof. First, for all ¢ € R? and all ¢ > 0,
¢

(&) = exp (/(0 U (6”@’:;§> —1- i(rm;f>]1r§1) Mdra(dl‘)

- / i<rm;£>]le*‘<r§1
(0,400) x$d—1

Now, observe that, for all ¢ € R and all t > 0
1= | s €L ecpey
(0,+00)xgd—1
1
= i(f;/ x (/ kx(etr)dr) o(dx))
Sd*l e—t
ei
= i<£;/ ze ™t / ke (r)dr | o(dz)).
§d—1 1

Then, by Leibniz’s integral rule, for all ¢ € R and all ¢ > 0,

kx(etr)dra(dx).)

k. (etr

7)dro(dx)

%(I) = —i(¢; /Sdi1 re ! (/16 kx(r)dr> o(dz)) + i(&; /SGF1 vk, (e")o(dx)).

Next, by Fubini’s theorem, for all ¢ € R? and all t > 0,

. ko (r) — kg (et
Il = / (ezr<z,§) —1— 7:<TI’;£>]1T<1) Mdrd(dﬂ?)
(0,4 00) x§d—1 - r

_ /S ~o(dn) /0 +oo (8 — 1 —ifra; 61,21 ( /TTEt(—dk‘m(s))> :

:/Sdil o(dx) /(;Oo(dkm(s))/:t (679 —1—ifrz; )11 d?r.

Again, by Leibniz’s integral rule, for all ¢ € R? and all ¢ > 0,
d oo ise™(x;€) . —t
%(U) :/ ) o(dm)/ (—dk(9)) (e " —1—i(se w;£>]lsget)
gd—1 0
+oo -
:/ o'(dx)/ (—dky(s)) (e”e (#:8) 1 — i(seftx;@]lsgl)
gd—1 0
+o0
i [ ot [ ko) e s i
gd—1 0

Now, by an integration by parts, for all ¢ € R and all ¢ > 0,

o we " o ()soda) = e [, @9 ( / ) kx<s>ds> o(do)

e [ Ok ) - ke ()olda).
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Thus, forall ¢ e R and allt > 0

% (I1—1) = /S o(dz) /+°O(dk$(s)) ("0 — 1 = ifse a1 )

0
et /S o) ( /1 k:x(s)ds> o(de)

et [ mOEhle) - ka1)o(da)

G ( [ km<r>dr> o(da)) = iles [ abo(e)olde))

o ise” " (w; ot
[ o) [ ko (651 1 et
—ie (& /Sd_l zky(1)o(dz)).

Finally, straightforward computations conclude the proof of the lemma. O

Lemma A.2. Let X be a non-degenerate SD random vector in R?, without Gaussian
component, with characteristic function ¢, Lévy measure v having polar decomposition
given by (4.1) where the function k,(r) is continuous in r € (0,400), continuous in
x € $9-1 and satisfies (4.2). Then,
(i) for all ¢ € R* and all z € R¢,
lim + <ei<w;5<et—1>>@(§)) - 1) = i(b—/ ky (Dyo(dy) — z;€)
Sd—l

t—0+ ¢ p(e e
+/ (eiw£> — 1 —i(u; §>]1|\u||g1> v(du),
]Rd

where v is given by (4.3).
(ii) For all ¢ € R? and all z € R¢,

1
sup —
te(0,1)

pil@s&(e™" —1)) ¢(§) _ r 2 olde 152— s
2 =1 < el + 1617 [ otan) [ s (ata(o)

+4/Sd71kx(l)a(da:)+2||§||2/ ko (1)or(dz)

gd—1

2 [ otan) [ " Cdha(s))

+lel [ o).
gd—1
Proof. Let us start with (7). First, forall ¢ € R? and all t € (0, 1),

o€ _ .. <.b. ot <ir<y;e>_
g e (moa e [ (e

stz ) )

dro(dy)

. k,(etr
- / Z<Ty;€>]le_t<r§1 y( )dTJ(dy)>
(0,400)xBd—1
Next, for all £ € R? and all = € RY,
1/, —t

. - i(x—bi¢(e”t—1)) — ilb i
Jlim (e 1) i(b; €) — i{x: €). (A.1)
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Moreover, by Lemma A.1, for all £ € R?,
1 d
Jim < () = 1) = & (%a(€) (0F)
= —N/SH ky(L)yo (dy); €) + /}Rd (5 = 1= i €) U uy<a ) (),

proving (i). Let us prove (ii). Forall ¢ € R% and all ¢ € (0, 1)

S

1 i(z—b;E(e”t— 1
1 |estemtee-0) —l’ﬂLEWJt(E)*H

imee -1y _PE)
‘ p(e~tE) 1’

IN

1
(el + oI NIEl + +5 lve(€) = 1]

Now, observe that ; is the characteristic function of an infinitely divisible distribution
since X is SD. Denote by 7,({) its Lévy-Khintchine exponent. It follows from [53, Lemma
7.9], that for all ¢ € (0,1) and all ¢ € R,

1
) =11 = [ =1 = | [ (exp (m(©)) ds| < Im(©).

Moreover, by Lemma A.1, for all ¢ € R¢ and all ¢ > 0,

() = /S ~ olan) /0 " Cdhas)) / (¢ — 1~ itrw 1,1) &

_i<§;/Sd_l ve </1

Hence, for all ¢ € R% and all t € (0, 1),

ko (r)dr) o(dz)).

W o(dz 132— s —e
(@) <155 [ otan) [ s (- e

+ /Sd*l o(dzx) /jt(_dkz(s)) /S:t (eir(m;§> —1- i(m:;f)]lrgl) %

+oo
+2t/$d71 o(d:c)/l (—dkx(s))Jr||§H/Sdilkz(1)a(dx) (1-e?). (A2

Next, via an integration by parts, for all t € (0,1), all ¢ € R? and all z € $971,
e s zr(zf) . . dT’ -
(—dky(s)) (e € 1 - Z(rx,f}]lr<1) G
1 se~t N r

/ ka(s) (eis<w?§> — eiseT w4 z‘<56tx;£>>d5
1

S
t

- (k””(l) /:t (eim§> — 1= i(?"l‘;é)) g — k(€ /16 (eir<w:£> _ 1) ij")

Therefore, forall t € (0,1), all ¢ € R? and all z € $971,

[ [ (e 1 i) &

< 4k, (1)t + [|€] 2k (1) (1 — e 2.

(A.3)
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Combining (A.2) with (A.3), for all t € (0,1) and all £ € R4,
||€||2 e ot
Ine(€)] < o(dz) | s*(—dky(s)) (1—e )+4 k(Do (da)t
ga-1 0

+el? / k(o) (1= e ) +2¢ [ olda / (k. (5)
el [ keatd) (1= 7).

This concludes the proof of the lemma. O

Proposition A.3. Let X be a non-degenerate SD random vector in R?, without Gaussian
component, with law ux, characteristic function ¢ and Lévy measure v with polar
decomposition given by (4.1). Let there exist ¢ € (0,1) such that E|| X|®* < 400, and
B1>0,8>0, B3 € (0, 1) such that

k. (et
1 = sup eﬂlt/ ﬂdra(dz) < 400,
t>0 (1,400) x§d—1 r

Yo = sup e[m/ rky(e'r)dro(dr) | < +o0, (A.4)
(0,1)x§d—1

>0

and that

Y3 = Sup e—(1=Ps)t
£>0

/Sdil x </16t km(r)dr> o(dx)

where k,(r) is given by (4.1). Let Xy, t > 0, be the ID random vector with law y; defined
via its characteristic function ¢;, by

> < 400, (A.5)

_ v(§) d
Sﬁt(@ - (p(e_tg)v 5 € R%.

Moreover, let

sup E || X¢||° < +o0.
>0
Then, for allt > 0

dWl (/u‘ta ,U'X) < Ceicta
for some C' > 0,c > 0 depending on d, ¢, 31, B2, B3, Y1, 72 and ~s.

Proof. The strategy of the proof is similar to the one of [3, Theorem A.1] but without the
first moment assumption. The proof of [3, Theorem A.1] is divided into 3 steps; the last
two (becoming Step 1 and Step 2, below) depending on the finiteness of the first moment.
First of all, from Step 1 of the proof of [3, Theorem A.1], for Z and Y two random vectors
of R¢ and for all > 1,

Iy, (2.Y) < Tr (dg (2,7)) 7, (A.6)

for some C, > 0 only depending on r and on d, where
dwp(Z, Y) = sup |Eh(Z) — ER(Y)],

heH,.NC (RY)
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while 7—~LT is the set of functions which are r-times continuously differentiable on R? such
that [|[D%(f)|le < 1, for all & € N¢ with 0 < |af < 7.

Step 1: Let g be an infinitely differentiable function with compact support contained
in the closed Euclidean ball centered at the origin and of radius R + 1, for some R > 0.

Then by Fourier inversion and Fubini’s theorem, for all ¢ > 0,

[Bg(X) ~ Bg(X0)| = | [ Fla)(€) (o(6) — ) 55
< [ 1F@©I19© - o) gosa (a.7)
~ JRe (2m)d

Next, let us estimate precisely the difference between the two characteristic functions ¢
and ¢;. Forallt > 0 and all £ € RY,

6(6) — pu(©)] < |ple™) — 1] = [e©®

where w; (&) = i(b; et + f(o +oo)x§i-1 (X&) — 1 —i(ry; )T pcp ) Mdro(dy). Now,
from [53, Lemma 7.9], the function & — %) is a characteristic function for all s €
(0,+00), hence, for all ¢ € R% and all ¢ > 0,

(&) @l <| |

< Jwi (6]

< il | [ (605 = 1 itusge ) per) vid)

(exp (swi(£))) ds

< lIblifiglle™ + ‘/ (€™ =1 = i3 €™ Mot ) ()

(Ee N1 et (d
| [ e g vt
i
<hllie +|[ (it ta) M o)
—t . e
ret | /Sy</ ky<r>dr>o<dy>>’

_ k. (etr
< bllEfle™ +2 ( / ky(er) >dra<dy>>
(1,400) x§d—1 r
+ P ( / rky<etr>dm<dy>>
(0,1)><$d*1

[ ( I ky<r>dr> o(dy)

Plugging (A.8) into (A.7) implies that, for all ¢ > 0,

[Bo(X) ~Eg(X)| < [ 1F(@)(©) (nbnme-f +2 ( / de(dw)

(1,400) x$d—1 r

+ [l¢1I? (/0 i rky (e r)dra(dy)>

e el H L ( W) o(dy) ) —
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Now, observe that, for all p > 0,

pi su d+p+1 ”ng d§
L F@©Ir s < s (Fo@iu e ) [ o g

d 1
< Cap(r 1) (ol + s 10 ()] ).

for some Cy,, > 0 depending on d and on p. Thus,
[Eg(X) — Eg(Xy)|

< —t d d+2
< Cunlble (R +1)" (ol + s 10777(0)] -
k,(etr)
d Y d+1
+2Cu0(R+1) ( [ o ot ) (ol + oo )

a4 ([ rhy (' r)dro(dy) (||g||oo © max |6;’*3<g>||oo)
(0,1)x$d—1 1<j<d

/Sd_l Y (/jt ky(r)dr> o(dy)

The inequality (A.9) concludes Step 1.

Step 2: This last step also follows the lines of the proof of Step 3 of [3, Theorem A.1]
so that only the main differences are highlighted. Let h € C>*(R%) N Hars. Let Up be a
compactly supported infinitely differentiable function on R?, with support contained in
the closed Euclidean ball centered at the origin and of radius R + 1, with values in [0,1],
and such that Uz (z) = 1, for all = such that ||z|| < R. First, for all ¢t > 0

[ERX)(1 = Va(X)| < [ (1= Wa(@)d(a)

<P (Xl > R)

+ Cgre ' (R+ l)d

d
(Il + s 1050l )

(A.9)

1
< —supE || Xy|°.
S RS [ Xl

A similar bound holds true for |EA(X)(1—-¥r(X))
(A.9) together with the previous bounds implies

Cu )
EA(C) ~ BHCXG)| < S22 4 Canlle! -+ 1) (Il + i 10 200) -

, since E|| X||* < 4+o0. Then, combining

t
+2Ca0(R+1)* (/ Wdra(dy))
(1,400) x§d—1 r

d+1
 (I0all+ o o5 0 ) )
+ Ca2(R+ 1)4 (/ rky(etr)drcr(dy)>
(0,1)x§4-1

d+3
(IRl + oo 1055 ) -

+ Cyre (R +1)¢ / Yy </ ky(r)dr> o(dy)
§d—1 1
d+2
(Il + o 0512 () ). (10)
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for some C’dﬁ > 0 depending only on d and on . Next, as in Step 3 of the proof of [3,
O (AW R) | e
10/4%(h¥ )0 and [|0;7*(AV k)| are uniformly bounded in R and in h for R > 1 and

since h € C2°(R%) N Hqys. The final argument of the proof is an optimization in R which
depends on the behavior, in the ¢ variable, of

k} t
/ Mdra(dy), / rky(etr)dro(dy),
(1,400)x§d—1 r (0,1)x -1

/S oy < /1 ky(r)dr) o(dy)

Using (A.4) and (A.5), (A.10) becomes

e—t

EA(X) — ER(X,)| < 2

“HR41)? +2C12(R + 1)y e Pt

+ éd,?)(R + 1)d’7267ﬁ2t + éd,4(R + 1)dfy3e*ﬁ3t’

for some Cy. > 0,Cy1 > 0,Cy2 >0,Cy3 > 0and Cyy > 0. Setting 8 = min (1, 81, Ba, B3),
choosing R = ¢#*/(4+1) and reasoning as in the last lines of [3, Theorem A.1] concludes
the proof of the proposition. O

The next proposition proves that the semigroup of operators (P,*);>¢ with v, given
by (2.19) commutes with its L? (i, )-dual semigroup ((P;/*)*)¢>o. This implies that (P o
(P/)*)¢>0 is a semigroup of operators on L?(u,) whose generator is given by the closure
of the sum of the generators of (P/*);>o and of ((P;*)*);>0. Such a result relies on the
chaotic expansion of P/ (f), fort > 0 and f € L?(u,), obtained in [43, Corollary 6.2].

Proposition A.4. Let « € (1,2), let v, be given by (2.19) and let u,, be the rotationally
invariant a-stable probability measure associated with v,,. Let (P/*):>o be the L*(p,)-
extension of the semigroup of operators defined by (4.5) with v = v,, and denote by
((P/*)*)¢>0 its dual semigroup. Then, for all s,t > 0, the operators P,/ and (P/~)*
commute and the family of operators (P”‘* o (P”/ )*)¢>0 is a Cyp-semigroup of contractions
on L?(u.) whose generator is the c]osure of the sum of the generators of(P”/“ )i>0 and

of ((P}f3)")rz0-

Proof. For any unexplained notations and definitions, let us refer the reader to [43,
Sections 3 — 6]. Let us start with a computation regarding the dual semigroup of
(P/*)¢>0. Let X, ~ 1o. By definition and using the chaotic expansion [43, Corollary 6.2],
forall f,g € L?(uo) and all t > 0,

(B)(9): Fhrzua) = (B ()i 9) L2 (ua) = BP (f)(Xa)g(Xa)
= EJ'(P"“ ()G (g))(IT)

= Z (pe—T"(j f))%Tn(j(g)»m(]Rnd,yf?"y
Now, observe that, foralln > 1and all ¢t > 0,

T GEOR T G ey = [ TGN e )

]Rnd
X T™((9) W1, yn)VS ™ (dys, - - . dyn).

EJP 24 (2019), paper 128. http://www.imstat.org/ejp/
Page 59/63


https://doi.org/10.1214/19-EJP378
http://www.imstat.org/ejp/

On Stein’s method for multivariate self-decomposable laws

Making the change of variables r; = elp;, for all i € {1,...,n}, in the radial coordinates,
gives, foralln > 0 and all ¢t > 0,

T GURT GO o sy = € [ TGN 1)

Rnd
X Tn(](g))(etyh s 7etyn)ygn(dy1a ceey dyn)
— TG T (70))) gt o

Thus,
00 1
(PF) (9)s /) =D ﬁemeT"(j(f)); PeeT™(5(9))) p2rna Lomys
n=0
namely, for all g € L?(uy),
+oo e—nat
(Pr)*(9)(Xa) =) i Ln(pe:T"(5(9)))s
n=0 ’
so that, for all g € L?(4),
+oo e—nt
(P (9)(Xa) = > —In(pfsa T"(3(9)))-
n=0

Now, for s,t > 0 and f,g € L?(ua),

(P o (P) () 9) L2y = ((BS) (1) (B)(9)) L2 ()
+oo e—no(t+s)
= TG PET™(G(9)) L2 pom) -

n!
n=0

Moreover, for all n > 1 and all s,¢ > 0,

TGO AT GO ooy = [ TGO )

X T"(j(g))(etyl, e etyn)ugn(dyl, ey dyn)
=€"as/ "G W15 Yn)
Rnd
< T (j(g) (€1, ., e Py )W (dyn, . . ., dyn).
Therefore, for all s, > 0 and all f,g € L*(pia),

T _nat

(Pr o (PYY (1) ) gy = 3

n=0

(T G P TG (9D)) 1o gt

Similarly, for all s, > 0 and all f,g € L?(i1a),

+oo
(Pr)* o P(£); 9)r2ua) = D 1P T (5 (f)); pe=T"(5(9))) 2 (na 27
n=0 "
too e—nat
=D (TG AT (@) 2 na vmy-
n=0 :

Thus, for all s,¢ > 0and all f,g € L?(uy),

((PS)" 0 P (f); 912 (uay = (B 0 (PE*)(£); 9) L2 (ua)
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namely, (PY~)* o P/> = P/* o (P¥~)*, for all s,t > 0. By [56, Theorem 1], it follows that
(P~ )*o P is a Cp-semigroup of contractions on L?(u,) whose generator is given by the

t/a t/a
closure of the sum of the generators of the Cj-semigroups of contractions ((Pt”/aa ) )e>0
and (Ptu/(a)tzo. O
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