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Abstract

Asymptotic expansion of the distribution of a perturbation Z,, of a Skorohod integral
jointly with a reference variable X,, is derived. We introduce a second-order interpola-
tion formula in frequency domain to expand a characteristic functional and combine it
with the scheme developed in the martingale expansion. The second-order interpola-
tion and Fourier inversion give asymptotic expansion of the expectation E[f(Z,, X»)]
for differentiable functions f and also measurable functions f. In the latter case, the
interpolation method connects the two non-degeneracies of variables for finite n and
oo. Random symbols are used for expressing the asymptotic expansion formula. Quasi
tangent, quasi torsion and modified quasi torsion are introduced in this paper. We
identify these random symbols for a certain quadratic form of a fractional Brownian
motion and for a quadratic from of a fractional Brownian motion with random weights.
For a quadratic form of a Brownian motion with random weights, we observe that our
formula reproduces the formula originally obtained by the martingale expansion.
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1 Introduction

Asymptotic expansion of distributions is one of the fundamentals of theoretical statis-
tics. Its applications spread over higher order approximation of probability distributions,
theory of higher order asymptotic efficiency of estimators, prediction, information crite-
ria for model selection, saddle point approximation, bootstrap and resampling methods,
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information geometry and so on. Bhattacharya and Rao [1] give an excellent exposition
of the probabilistic aspects of asymptotic expansion for independent variables, while
we omit a huge amount of literature on statistical applications of asymptotic expansion
methods. Asymptotic expansion has a long history even for dependent models. A cele-
brated paper Gotze and Hipp [5] is a compilation of the studies of asymptotic expansion
for Markovian or nearly Markovian chains with mixing property. It was followed by Gotze
and Hipp [6], that applied their result to time series models more explicitly.

For functionals in stochastic analysis, there are two ways: martingale approach
and mixing approach. Yoshida [27, 28] gave asymptotic expansions for martingales
with the Malliavin calculus on Wiener/Wiener-Poisson space and applied them to an
ergodic diffusion, a volatility estimation over a finite time interval in central limit case,
and a stochastic regression model with an explanatory process having long memory.
Regularity of the distribution is critical to validate an asymptotic expansion. Thus,
naturally the Malliavin calculus was used there to ensure a decay rate of characteristic
type functionals. In connection, though the regularity problem does not occur there,
Mykland [12] is a pioneering work on expansion of moments for a smooth function of a
martingale. The mixing approach is more efficient if a sufficiently fast mixing property is
available. Kusuoka and Yoshida [10] and Yoshida [29] developed asymptotic expansions
for e-Markov processes possessing a mixing property. The Malliavin calculus was used
to estimate certain conditional characteristic functionals defined locally in time with the
assistance of support theorems. See e.g. Yoshida [32] for an overview and references
therein.

In the last three decades, along with the developments in statistics for high frequency
data, stable limit theorems have attracted a lot of attention. Estimation of volatility from
high frequency data under finite time horizon typically becomes non-ergodic statistics.
Then, the asymptotic expansion of functionals of increments of stochastic processes is
once again an issue after recent tremendous progresses in limit theorems in this area.
Even though big data is available, the problem of microstructure noise motivates the
use of asymptotic expansion. For example, Yoshida [31] extended [27] to martingales
with mixed Gaussian limit [an updated version is arXiv:1210.3680 (2012)], Podolskij
and Yoshida [25] derived a distributional asymptotic expansion of the p-variation of a
diffusion process and Podolskij, Veliyev and Yoshida [24] gave an Edgeworth expansion
for the pre-averaging estimator for a diffusion process sampled under microstructure
noise.

Beyond semimartingales theory, special attention has been focused in recent years on
limit theorems for objects in the Malliavin calculus. Nualart and Peccati [20] established
the fourth moment theorem and characterized the central limit theorem for a sequence
of multiple stochastic integrals of a fixed order. Nualart and Oriz-Latorre [19] extended
the result in Nualart and Peccati [20]. Peccati and Tudor [22] presented necessary and
sufficient conditions for the central limit theorem for vectors of multiple stochastic inte-
grals and showed that componentwise convergence implies joint convergence. Nourdin,
Nualart and Peccati [14] introduced an interpolation technique and proved quantitative
stable limit theorems where the limit distribution is a mixture of Gaussian distributions.
Power variation, stable convergence and Berry-Esseen type inequality are also in the
scope of this trend.

Nourdin and Peccati [16] showed the asymptotic behavior of a weighted power
variation processes associated with the so-called iterated Brownian motion. Corcuera,
Nualart and Woerner [3] gave a mixture type central limit theorem for the power variation
of a stochastic integral with respect to a fractional Brownian motion. Nourdin, Nualart
and Tudor [15] derived central and non-central limit theorems for certain weighted power
variations of the fractional Brownian motion. Nourdin [13] showed various asymptotic
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behavior of weighted quadratic and cubic variations of a fractional Brownian motion
having a small Hurst index.

By connecting a martingale approach and deforming a nesting condition, Peccati
and Taqqu [21] showed stable convergence of multiple Wiener-1t6 integrals. Nourdin
and Nualart [15] proved a central limit theorem for a sequence of multiple Skorohod
integrals and applied it to renormalized weighted Hermite variations of the fractional
Brownian motion. Related to stable convergence are Harnett and Nualart [7, 8] on weak
convergence of the Stratonovich integral with respect to a class of Gaussian processes.

Based on Stein’s method, among many others, Nourdin and Peccati [17] presented a
Berry-Esseen bound for multiple Wiener-It6 integrals, and Edan and Viquez [4] obtained
central limit theorems with Wiener-Poisson space. Kusuoka and Tudor [11] proposed
Stein’s method for invariant measures of diffusions. An advantage of Stein’s method is
that it provides fairly explicit error bounds of approximation. The interpolation method
recently introduced by Nourdin, Nualart and Peccati [14] keeps this merit.

After observing these developments, the aim of this paper is to derive asymptotic
expansions for Skorohod integrals by means of the Malliavin calculus. It is worth
recalling the terminology in the martingale expansion of [31] though our discussion
will be apart from the martingale theory. For a sequence of continuous martingales
M"™ = {M]",t € [0,1]}, denote by C™ = (M™) the quadratic variation of M"™. When
C, = C! =P C as n — oo, stable convergence of M,, := M7 to a mixed normal limit
My ~ N(0,Cw) usually takes place even if C, is random. More precisely an evaluation
of the gap C,, — C, is necessary to go up to an asymptotic expansion. The variable

co‘n: T 1(07,, — Cy) is called tangent, where r,, is a positive number tending to zero

as n — oco. The effect of co*n appears in the first order asymptotic expansion, and it
gives everything in the classical case of constant C,. On the other hand, if C is
random, as it is the case of non-ergodic statistics, then the exponential local martingale
el (z) = exp (izM” + 2’12201?) is no longer a local martingale under the transformed
measure exp ( —27'22Cu)dP/Elexp ( — 27'2°C)]. This effect remains in the asymptotic
expansion, called the torsion the exponential martingale suffers from. Two random
symbols ¢ and & are defined for tangent and torsion, respectively, and the asymptotic
expansion formula is given in terms of the Gaussian density ¢(z;0, Cs) with variance
C and the adjoint operation of ¢ and &. In this article, we will make an expansion
formula for the Skorohod integral M,, = §(u,) of u, in a similar way through certain
random symbols. However, since we do not have any self-evident martingale structure,
we introduce new random symbols called quasi tangent, quasi torsion and modified quasi
torsion defined only by Malliavin derivatives of functionals.

We will take a Fourier analytic approach. It is because the asymptotic expansion
formula we will obtain is a perturbation of a Gaussian density and the actions of random
symbols are simply expressed, as it was the case in classical theory. Moreover, if we
extend such a result, the limit is possibly related to infinitely divisible distributions even
if their mixture appears, and then formulation by random symbols seems natural from an
operational point of view. We use an interpolation method in the frequency domain and
expand the characteristic function of the interpolation. The second-order interpolation
is provided to relate the distribution of M,, with the random symbols that determine the
expansion formula.

In this paper, we combine the interpolation method and the scheme originating
from martingale expansion. Non-degeneracy of distributions plays an essential role to
validate the asymptotic expansion of the expectation E[f(M,,)] for measurable functions
f. For that, it is necessary to connect the two non-degeneracies of M,, and M.,. The
interpolation method serves as a homotopy between the two random functions, just as
the interpolation along the real time ¢ was used in the martingale expansion [31]. We
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require only a local non-degeneracy of M, not the full non-degeneracy. There is a big
difference between them. For the latter, we need large deviation estimates and that plot
often fails in practice. In parametric estimation, we quite often meet a situation where
the estimator is not defined on the whole 2 but defined locally as a smooth functional.
Then localization is inevitable.

Finally, related to this article, we mention a recent work by Tudor and Yoshida [26]
on asymptotic expansion of multiple stochastic integrals.

The organization of this paper is as follows. We will work with the variable Z,, defined
in Section 2 as a perturbation of a Skorohod integral M,, = d(u,,) since such a stochastic
expansion appears when statistical estimators are considered. A reference variable X,
is also considered. This formulation is natural because Studentization is common in
non-ergodic statistics, and also because the principal part of the normalized estimator is
often expressed as the ratio of a Skorohod integral and Fisher information. Section 2
introduces the interpolation method and an expansion of a characteristic type functional
along the interpolation, as well as notion of quasi tangent, quasi tosion and modified
quasi torsion. Section 3 gives asymptotic expansion of E[f(Z,, X, )] for differentiable
functions f. We compute the random symbols for a functional of a fractional Brownian
motion in Section 4. Since the Skorohod integral generalizes the It0 integral, our formula
should reproduce the same formula as that of [31] if applied to the quadratic form of a
Brownian motion with random weights. We will see this in Section 5 but the derivation
is more complicated than the direct use of the martingale expansion for the double It
integrals. In Section 6, the random symbols are computed for a quadratic form of a
fractional Brownian motion with random weights. Finally, Section 7 validates asymptotic
expansions of E[f(Z,, X,)] for measurable functions f. As mentioned above, we carry
out this task by using two non-degeneracies of the Malliavin covariances, with the help
of the interpolation.

2 Second-order interpolation formula in frequency domain

2.1 Perturbation of a Skorohod integral

Given a probability space (2, F, P), we consider an isonormal Gaussian process
W = {W(h),h € $H} on a real separable Hilbert space §. For any Hilbert space E, any
real number p > 1 and any integer k& > 1, we denote by D¥?(E) the Sobolev space of
E-valued random variables which are k times differentiable in the sense of Malliavin
calculus and the derivatives up to order k£ have finite moments of order p. We denote by
D the derivative operator in the framework of Malliavin calculus. Its adjoint, denoted
by ¢, is called the divergence or the Skorokod integral. We refer to Nualart [18] for a
detailed account on Malliavin calculus. We simply write D*? for D*?(RR). Moreover we
write D*>°(E) = Np>1D*P(E).

For n € IN, suppose that u,, € D?($ ® RY) for some p > 2, i.e., u, = (u},)¢_, with

each v/, € D'P($), i = 1,...,d. Let M,, = &(u,), where §(u,) = (§(u’,)){,. Consider
random vectors W,, (n € N = NU {oo}) and N,, : Q@ — R? (n € IN). For a sequence of
positive numbers (7, )nen tending to 0 as n — oo, we will consider a perturbation Z,, of

M, given by
Zn = M,+W,+r,Ny,.

Let Go : Q — RY®, RY be a random matrix, where RY @, R¢ is the set of d x d
nonnegative symmetric matrices. The random matrix G, will be the asymptotic random
variance matrix of Z,,.

A reference variable is denoted by X,, : @ — R%, n € N. Such a reference variable
appears in various situations. For example, in the context of estimation of a parameter
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# in the diffusion coefficient of a stochastic differential equation, a quasi maximum
likelihood estimator 6,, is used. Then the principal part of ,, — ¢ is usually I',,'A,, for

the score function A, = 9y¢,(6) and the observed information I';, = —835,1(9). In this
situation, naturally, Z,, = A,, and X,, = I';,. The principal part of the Studentized variable
T2 (6, — 0) is also a function of Z, and X,,. We may unify the writing by choosing Z,

and X,, in this way though it is also possible to replace each principal part by a Skorohod
integral of a different integrand. In this paper, we are interested in a higher-order
approximation of the joint distribution of (Z,,, X,,).

For a tensor T' = (T}, ... i, )iy,....in, WE WTite

Ty, ...,ur] = T ® - Qui| = Z El,...,iku?"'u?

for u; = (u}')i,, ..., ux = (u}*);,. Brackets [ | stand for multilinear mappings. We simply
denote u®" =u ® --- @ u (r times).

2.2 Interpolation and expansion

We will consider the situation where X,, P X, and W,, =P W, as n — oo. Then it
is natural to consider an interpolation between X,, and X, and between W,, and W,.
Define W,,(0) and X,,(0) by W, () = 0W,, + (1 — )W and X,,(0) = 6X,, + (1 — )X,

respectively, for 6 € [0, 1]. Moreover, the tangent variables are defined by V?/n: o (W —
W) and )O( n=1,1 (X, — Xoo). We will construct an interpolation like that of Nourdin,
Nualart and Peccati [14] but in the frequency domain. Define A, (6;z,x) by
M(0;2,x) = OM,[iz] + 27 (1 — 6*)Goo[(i2)®?] + W, (0)[iz] + 07, Ny, [iz] + X, (0)[1X]
(2.1)

for 6 € [0,1], z € RY and x € R%. In particular,

A (0;2,x) = 271G00[(iz)®2] + Wooliz] + Xoo[iX] = Ao(0;2,x),
M(L;z,x) = Zy[iz] + X, [ix]
and
|€)\"(9;Z’x)| S 1.
Letd =d+ds.

To discuss the joint distribution of (Z,,, X,,), it is natural to consider the characteristic
function E[exp (An(1;2,x))] of (Z,, X,,), though a truncated version will be treated later.
Under the conditions specified later, M,, converges in distribution to the mixed normal
distribution N4(0,G.,) with the covariance matrix G, and (M,,W,,X,) converges
in distribution, as well as (W,, X,) =7 (Wu, Xoo). Thus E[exp (A, (1;2,x))] should
converge to E[exp (Ax(0;2,x))].

Remark 2.1. More generally, for v; € C1([0,1];[0,1]) such that v;(0) = 0 and ;(1) = 1
(¢ =0,1,2,3), we can consider an interpolation

M(052,%) = 70(0)My[iz] + 271 (1 = %0(6)*)G[(12)*]
AW (11(0))[32] +72(0) rn Nn[iz] + Xn(73(0))[3x]

for # € [0,1]. However, it turns out that the derived formula does not depend on a choice
of v;. So we will take the identity function for v;, i.e., (2.1) as A\, (6;z,x).

EJP 24 (2019), paper 119. http://www.imstat.org/ejp/
Page 5/64


https://doi.org/10.1214/19-EJP310
http://www.imstat.org/ejp/

Asymptotic expansion of Skorohod integrals

Remark 2.2. We could start with the decomposition

of Z,,, by taking Nn :I/f/n +N,,. This decomposition would be expected to slightly simplify

the presentation but the complexity would be the same because, as a matter of fact, W,
and N,, will always be treated as a set like in GS) and GS) defined below.

Consider a sequence v, € D71 (RR), and for a while we suppose that u,, € D*P(HRRH),
Goo € D'P(RY@, RY), W,,, Wao, N,, € DVP(RY) and X,,, X, € DP(RH) with 2p~ 1 4p;t <
1. We abuse the notation D'?(R¢ @, RY) though R ®, R? is not a Hilbert space. In
the special case ¥,, = 1, we let p; = co. The functional ,, has two roles. It will serve
as a generic variable when we express the 6-derivative of ¢,, by ¢, itself. Moreover,
it will denote a truncation functional that ensures local non-degeneracy of (Z,, X,,) in
Malliavin’s sense.

We write

on(0;9n) = @n(0,2,x90) = E[e)\"(e;z’x)wn]'
The random matrix G,, (d x d) is defined by
Gn[izl, iZQ] = <DMn[i21], 'I.l,n[iZQDg (21, Z9 € Rd)

Remark 2.3. The variable G,, is different from C,, = (M ™) in the martingale expansion
since, in general,

<DMn7un>f) ?é <Un7un>f)-

That is, (O;n: r,jl (G, — G ) is not necessarily the tangent variable (O;'n and the sequences
é‘n and é’n have different limits, in general. However, the limit G, of G,, may coincide
with the limit C, of C,,. In short, we may have G, = C.,, however, in general, Co:ooyéé’oo.
In particular, Co;n may converge to 0.

The random tensor

qTanlizy,izy] = 7';1 (<DM,L[i21], un[iZQDjﬁ — Goolizy, 122]>
for (izy,izy) € (iRY)? is called the quasi tangent (g-tangent), and the random tensor

qTor[izy, iz, izs) = 7! <D<DMn [iz1], un[122]>ﬁ, Up, [123}>

K3}

for (izy,izo,iz3) € (iRY)® when u, € D*P($) ® RY), is called the quasi torsion (g-
torsion). Moreover, we call the random tensor

mqTor[izy, izp, izz] = r;1<DGOO[izl, izy], un[iz?,]>yj

for (izy,izs,iz3) € (iRY)? the modified quasi torsion (modified g-torsion). Then

(D qTan|(i2)%], u,[iz]), = qTor[(iz)®*] - mqTor((iz)"?].
Let
U(z,x) = exp (21G00[(iz)®2] + Woo|izZ] +Xoo[ix]) = et (02%) (2.2)
EJP 24 (2019), paper 119. http://www.imstat.org/ejp/
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Then

E[GXP (Zn[iz} + Xn[lx])wn] — E[¥(z,x)tn] Lihn) — 00 (05 9n)

/ Do (05 6,)d

The derivative of ¢, (0;,,) is computed as follows
Onpa(05) = |0 alu[12) - 0G.c[(12)

+r, Wn [iz] + o Npliz) + 10 )o(n [ix]}wn}

= FE :&Me;w) {5(%[12]) —0G[(12)®?]) + GV(z, x)}wn} ;

where

GD(z,x) = 1o W |12 + raNa|iz] + 1 X [i].

Applying the duality relationship between the Skorohod integral § and the derivative
operator D (we also call this duality relationship integration by parts (IBP) formula),
yields

Opon(0;¢,) = FE {eA"(Q;Z’X) {49<DMn[iz], un[iz])g + 271 (1 — 02 DG o [(12)%?], un[iz]) 4
+(DW,,(0)[iz], un[iz]) g + 0rn (D Ny [iz], us[iz]) s
HDX, O3, ualiz)s o]
+E [e’\" Oz ( Dapyy s [ 2] >5]
+E[ 02 {06127 + 600 o .
This expression can be written as
Dopn(05¢n) = B[N Dipy, uyiz))s]
+0E [e“(e;z’x) <<DMn[iZ]v unliz]) s — Goo[(iz)m})wn}

+2711 - 0HE {e)‘"(e;z’x) (DGoo[(12)%?], uy [iz]) wn}

+E [ 029G (0; 2, %), ]
= 0 (6; (Db, unliz))s)

+0p, <0; ((DMn[iz], Up[iz])y — Goo[(iz)®2})7j;n>
+27H1 = 0% (9; (DG [(iz)®?, un[iz]);jwn>
+ion (0; G (652, )¢,

where

GV (;2,x) = G (B;2,x) + GV (z,x) (2.3)
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with
G (0;2,%) (DWao[iz], unliz]) g + (DX oo[ix], un[iz]) g
0 (D W [iz], un|i2])s + Orn (DN [i2], un[iz])s,
0 (D X [ix], un[iz])s,.
Let
GP(z) = (DM,[iz], un[iz])s — Goo[(i2)®?] = r, qTan[(iz)®?] (2.4)
and
GP(z) = (DGso[(i2)%?], un[iz])s = rnmqTor[(iz)®3]. (2.5)

Thus, we obtained the following lemma.

Lemma 2.4. Suppose that u,, € D??(H @ RY), G, € D'?(RY @, RY), W,,, Wao, N,, €
DYP(RY), X, Xoo € DVP(RY) and ¢, € DVP1(R), 2p~ + p;* < 1. Then

Doon(039n) = on(0; (Dhn, unlizl)g) + 0pn (0; G (2)1)
+271(1 = 0%)0n (0; GD (2)00) + 00 (0: GV (052, x)1,).  (2.6)

In order to establish a second-order interpolation formula we need to further expand
the last three summands in the right-hand side of (2.6). To do this, we will denote
by G,, any one of the terms GS)(H;z’x), Gf)(z) and G (z). Suppose, in addition, that
i (02,000, G (@)0n, GO @)1, (D(CL (0:2,0), unliz))s,

(D(GP (0;2)%n), un[iz])s and (D(GY) (0: 2)1by), un[iz]) g are in D12 (R) with py = (3p~ 1+
pfl)_1 with p such that 5p~! +pf1 < 1. Then, by Lemma 2.4, we have

0
/ 0, Pn (01; gnwn)dol
0

0
= /O {9071, (01; <D(gnwn)7 un[iz]>f]) + 0150n (01; G;Q) (Z)gnwn)

2711 = 020 (61; GP(2)Gnthn) + ¢ (015 GV (8152,%)Gnt)n) }dm

0
/ n (015 (D(Gnton), unliz])s)db + RV (652,%,Gn),
0
where
0
Rg) (0; %, gn) = / {919071 (91§ Gg) (Z)gnwn) + 271(1 - Qf)gpn (91; G%S) (Z)gnwn)
0
+on (615 G (0132, )G ) }d&l.
Therefore, once again by Lemma 2.4, we obtain
Pn (G,Qrﬂ/}n) - $n (O,gnwn) = Ggon (0, <D(gn’(/}n)7un[1z}>f)) +R512) (9;27)(7 gn)7 (27)
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where
0 0

RP(0;2,%,G,) = / 09, on (025 (D(Gnthn), unliz]) ) dO2dbr + RV (0;2,%,Gy,)
o Jo

- ’ / " {%(92;<D(<D<gnwn>,un[izbﬁ),un[iz]m)

020 (02; G2 (2)(D(Gntbn), un [i2]) 5 )
+27H(1 = 03)n (02; G (2)(D(Gntpn), unliz])s)

+0n (023 GV (0252, %) (D(Gnthn) s un[12]) 5 )}d92d91 + RW(0;2,%,Gy).

By (2.6) and (2.7), we can write

09 on (0;Un)
= 0u(0; (Dhn, unliz])s)

+0{n G @0,) + 00, (0 (DGR @), i) 5) + B Bi2%, 612 2) |

#2711 = ) (G @) + 00, (05 (DG @), wnfiz)s)
RE02x, GO ) )

{0 (060 0:2.00) + 60, 0:(DIGL B52.000). unlizls)

+R2)(0;z,x, GV (0;2,x)) }

Let
1

RP(zx) = / {wn(es(1+Unw;z,x>02G£?><z>)<Dwn,un[iz1>ﬁ)+9R22><9;z,x,G22><z>>
0

+27H1 = 0?)RP (0;2,x, GP (2)) + RP (0;2,x, GV (6;2,%))
+2_1(1 — 92)9<pn (0; (D(Ggf’)(z)z/}n), un[izbﬁ)

0 (0 <D<és><e;z,x>wn>,un[izbﬁ)}de,

where U, (0;z,x) = exp{ . (0;2z,x) — A\, (0;2,x)}. By definition, |U,(6;z,x)| < 1. Then,
integrating dyg¢,, (0;1,) and using the expression for RY (z,x) and the decomposition
(2.3), yields

/ 89@n(0; wn)da = ;@n( ( )7%)
0
+5on (0 (DGD @), unlszotn) + 30 (0: GO @)0n)

/ (0; GV (0; 2, %), ) dO + R (z,x)

+ / 8o (0; (DG (2, X)), un[32]) )

— %(pn (O; Gf)(z)qﬁn) + %(pn (O; <D<DM,L[iz], un[iz]) g, un[iz]>ﬁ1/)n)

4 / o (05 G (02, X)1,) 0+ 00 (05 (DG (2,00 w12

+R® (z,x).
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Consequently,

S"n(h "/Jn) —on(05n) = %‘Pn (05 (DMn[izLun[iZDﬁ - Gm[(iz)®2])wn)

%mo; (D(DM,[32], un[i2)) 5, un[i2]) g0

1
+on (o; / G;1><9;z,x>d9wn)
0

+500(05 (DGD @000, un12]) )

+R5§>(z, X).
Using the definition of ¥(z,x) given in (2.2) and the decomposition of G%l) given in (2.3),
we obtain

eullith) = p0) = 5| ¥ DDMu ] walizl) i) v

+%E [\I/(z,x) <<DMn[iZ], upliz]) g — Goo[(iZ)®2])¢n}

+FE |:\I/(Z, X) { <DWOO[iz], un[iz]>ﬁ + <DXoo[ix], un[iz]>56

o Wi [i2] 4 7 No[i2] + 7 X [iX]
(D W [iz], un[iz])g + 1 (DNn[iz], un]iz]) s

+r (D )o(n [ix], un[iz]%}d)ﬂ}
+R£L3) (z,x) + R#) (z,%),

where
1 .
Rﬁf) (z,x) = igpn (O; Ggll)(z,x)<D¢n,un[iz]m).
Suppose that there are random symbols &(:0), 6(()2’0), 620, gl g0 0.1
6(12’0) and Ggl’l), i.e., they are polynomials in (iz, ix) with coefficients in L!(Q). Let

R (z,x) = r, E [\I/(z,x) 31qTor[(iz)®3]wn} - rnE[\I/(z,x)G(?”O)(iz, ix)],

RO (z,x) =r,E {\IJ(Z,X) 21qTan[(iz)®2}¢n} — 1 E[U(z2,x)65% (iz, ix)],

Rg) (z,x)=E {‘l’(z, x)<DWOO[iz], un[iz]>ﬁ1/)n] — TnE[\I/(Z,X)G(Q’O)(iL ix)],

RO(z,x) = E{\I/(z,x)<DXoo[ix],un[iz]> ﬁzpn} — 1 B[¥(z,x)6" (iz, ix)],
R 2.) = 1y | W 0] 1 2]+ sl | = ra B2 0600 12,10,
R (2,3) = 1o [ 000) Ko [ | = 1 B[00 080 (32,32
R (z,x) = r,E [\I/(z,x)<{D Wa [iz] + DN, [iz]}, up[i2]) P

1 E[U(2,x)6%9 (iz, )],

R$}2> (z,x) =1, E {\I/(z,xxD )%n [ix], un[iz]>ﬁ¢n] — T,LE[\I'(Z,X)Ggl’l)(iZ, ix)],
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and

12
R, (z,x) = ZRS)(Z,X).
i=3

Remark 2.5. (i) We expect
E[¥(z,x) 37 'qTor[(iz)®*]h,] — E[\IJ(Z,X)C‘B(?”O)(iZ7 ix)] — 0.
However this does not mean that
E|[[37 qTor[(12)®*]¢,, — 630 (iz,ix)|] — 0.

In fact, 639 is not necessarily of third order in z, as we will see in this paper. (ii) In
the multi-dimensional case, we can go with qTan defined as the symmetric version of the
present qTan. The results will be essentially the same though we will not describe them.

Define the random symbol &(iz, ix) by

S(iz,ix) = 6B (iz,ix) + 67V (iz,ix) + 69 (iz, ix)
+6W Y (iz,ix) + 619 (iz, ix) + 6OV (iz, ix)
+652’0)(iz, ix) + 6(11’1)(12, ix).

In applications of the asymptotic expansion, we are expecting that the residual terms
Ry (z,x) and R (z,x) are of order o(r,) together with other residual terms. Then the
quasi torsion is approximated by &0 in the sense explained in Remark 2.5. Similarly
the quasi tangent is approximated by 682’0) in this sense. The random symbol G3-9) is
often identified by using the integration-by-parts formula. The modified quasi torsion is
not involved in the random symbol & though related with the quasi torsion and the quasi
tangent.

We will assume the following hypothesis:
[A] u, € D*?($ ® RY), G € D*P(RY @4 RY), W,,, W4, N,, € D>P(RY), X,,, X €
D*?(R%) and ¢, € D?P1(R) for some p and p; satisfying 5p~* +p; " < 1.
From the above argument, we obtain the following second-order interpolation for-
mula.

Proposition 2.6. Under Condition [A],
Pn(Lin) = @n(0:n) + rnE[¥(z,%)6(iz, ix)] + Rn(z,%). (2.8)

3 Asymptotic expansion for differentiable functions

3.1 Expansion formula for E[f(Z,, X,)]

Let f € S (IRa), the set of rapidly decreasing smooth functions. Let ¢(iz,ix) =
Dk ck.m[(12)®* ® (ix)®™] (finite sum) be a random symbol with L' coefficients cy .
The factor v, if exists, can be included in ¢. Let { ~ N4(0,14) be a random vector
independent of F, defined on an extended probability space, if necesssary. We denote by
f the Fourier transform of f:

f(z,x) = f(z,z)e 2 2qxdy.
Rd
Then, we can write

(27‘1’)_a ) f(z,X)on (0; 5 (iz, ix))dzdx
Rd

- E {g(&‘z,am)f<0Mn + V1= R2G2¢C+ W, (0) + GrnNn,Xn(é))ﬂ . @
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In particular, for § = 0, we obtain
PO = ) [ xR @i
Rd

= E[pn(DXoo[0], un[0:]) o f (GLPC + Wee, Xoo)]
—r, E[611(8,,0,) (G2 + Wao, Xoo)]

and similar formulas for

A = @em) | f@)RD (2 x)dzdx
Rd

for i = 5,6,7,9, 10, 11 and 12. For i = 3,4, we define p!’ by (3.3). Then

12

S o) = @7 f(z.X)Ralz, x)dzdx

1=3 R
Let

PP = Elf(Zn, Xa)(1 = )] = E[f (G + Wo, Xoo)(1 — )]

and let

PO = iPSf)(f)-
Applying the second-order interpolation forr;_qua (2.8), we can write
Bl (Zas X)) = ELf (G Xa)(1 = 60)] + B o X))
= B2 X))+ 20 [ fepn (150, )i
= Bl (Zn X)L = )

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

—&—(271-)—3 /]Ra f(z,x) {(pn(O; Un) + 1 E[¥(z,x)6(iz,ix)| + Ry (z, x)} dzdx.

Then, using (3.1) and (3.4) leads to
Elf(Zn, Xn)] = E[f(Zn, Xn)(1 = )] + E[f (GL7¢ + Woo, Xoo) ]

12
1 BI6(8,, 82) f(GL2C + Woo, Xoo)] + Y 2D ().
=3

(2)

Finally, taking into account the definitions of p;, ’(f) and p%l)( f) given in (3.5) and (3.6),

respectively, we get
Elf(Zn, X0)] = Bf(GH*C+ W, Xoo)]
70 B[S (0:, 00)f (G + Woo, Xoo)] + (0 ()
for f € S(RY).

(3.7)

Let ¢, (0) = (6M, + V1 — PG+ W, (0) + 0r, Ny, X, (0)). In particular, ¢,(0) =
(GYPC 4+ Wao, Xoo) =: (oo (0). Let §, = 1719, and §, = i~'8,. Among the summands in

(3.6), pg)(f) is given by (3.5). A precise expression of pf)(f) is as follows

1
W = [ {E[<Dwn,un[azm(f(cn(e))+02G;2><&Z>f<<w<o>>)]
oV (£:0) +271 (1 = 6%)p3 (f36)

+o$V(f30) + 271 (1 = 6°)0E [(D(GP (8, )tn), un[0:])6 f (C(0))]

COE[(D(CD(0:9,,8, )bn) s tn 0] f (Coo (0))] }de,
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where

PV (f:0)

//9{ K < >(&2)¢n),un[8z]>ﬁ),un[az}>ﬁf(<n(92))]

+02E (G (@) (DG (8.)%n), unl0:]) s  (Ca(62))]
+271 (1= ) B[GY (@,)(D(GP (@, )¢n), unl0:]) s f (Ca(62))]

+E[G)(02:8,,8,) (D(GY (8.)%n), unl0:]) 5 f (Ca(62))] }d92d91

0
+ / {elE[%Gﬁ?)<@Z>G§><z@z>f<<n<el>>}
+271 (1 - ) E[0nGP(Q,)G P (@,) f(¢a(01))]
SB[, G 000G ) (600 |

PR (f:6)

//9{ K (D(Gﬁf’(&? )wn),un[azbﬁ),un[az]>ﬁf(<n(92))]

+02E (G (@,) (DG (R,)¢n): unl0:]) s F(Ga(62))]
+271 (1= ) B[GY (@.)(D(GY (@.)%n), unl0:]) o f (G (62))]

+E (G (029,,8,)(D(GP (8,)n), un[0:]) 5 f (Cn(62))] }dezdel

0
+ / {alE[wnamz)G@(@»f(cn(el))]
+271 1 - ) E[vnG P (9,)GP (8,) £(¢a(01))]
FE[n GO (010, 8,)6F (9,) £ (Ca(61)] }del,

and

(33 f 9)

/ /01{ [<D(<D (G(6;8.,8,)0n), un[0 >ﬁ> Un [0 ]>ﬁf(§n(92))}

+0,E[G(8.) (DG (6:0,,8,)0n), un[0:])  F(Cn(62))]
+27 (1= 3)E[GP(Q,)(D(GV(6; 8., 8, )n), un[0:])  F(Gn(62))]

+E[G(02:9.,8,) (DG (0:8.,8,)¢n ), un[0:])5 f (Cn(62))] }d92d91

0
+ /0 {&E[%G?(&)GS’(&&?Z,&’m)f(cn(el))]
+27 (1= D) E[vnGP (8,)GYV (6;8,.8,) £(¢a(61))]
FE[n G (0:0..8,)C (023 8..8,) F(Ca (01))] }dol.
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Fori=4,...,12, a precise expression for pﬁf) (f) is given below
p00) = rad B DY w05 (G (0)]
B[N Db 005 (6 0)]

—I—E[?_l )%n [(%](Dwmun [az]>ﬁf(<00(0))] }7

#0) = o B[ (DML 100100001} 16 0)

)

~E[&®Y(0.,0,) (¢ (0)] ¢

pO0) = rod B2 (DM, 0] unlo.]), — G0 (6 (0)]

—E[6{°(8.,0,) f(¢x(0))] }

KD = rn{E[wnr;%DWoo[iz],un[iz]>ﬁf<coo<o>>]—E[c‘s@vm(az,ai)f(cw(o»]},

#0) = rod Bl (DXeclos], 1010, /G 0)] - B[S (0,076 0)] }

KO = rn{Ewn (W 0:] + Nal0) £ (Coo (0))] —E[6<L°><az,aw>f<coo<o>>]},
PlOf) = rn{E[wn Xn [am]f(coom))]E[6<°’1><827ax>f(<oo<0>>]},

) = ] Eln(D W 0]+ DN,[0.].10[0.]), (6 (0)]
-F [65270)(az7 0z) f(Coo (0))] }’

and

S0 (f) = rn{E[wn<D X [0a] un[0:1) £ (¢ (0))] —E[G?*”(azﬁm)f(coo(ow]}~

Let 8 = max{7, S}, where j, is the degree in (z,x) of the random symbol &.
Theorem 3.1. Suppose that Condition [A ] is satisfied. Then

Elf(Zn, Xn)] = E[f(G})éZC + W, Xoo)]
rnBIS(02 0)F (G + W Xor )]+ A1)

for f € Cbﬁ(]Ra).
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Proof. Since S(RY) 3 f = E[f(Zn, X)), E[f(GNC+ Woo, Xo0)], E[6(8., ) F(GL¢ +
Weo, Xoo)] and pﬁf’( f) are expressed as a sum of bounded signed measures applied to
the derivatives of f, Equation (3.7) holds for all f € C’f (RY) with the same expression for
p%l)(f). [On each bounded ball, take a sequence f; € S(R?) that converges to f in C{f.
The differentiability condition can usually be relaxed since not all orders of monomials
appear in G.] O

The effect of the quasi torsion appears in G:*) and that of the quasi tangent does in
6(2 9, The modified quasi torsion does not appear in the random symbol & but in p( )( )

as G$L (z). It is often useful to recognize the modified quasi torsion in computations
since the derivative of the quasi tangent relates it to the quasi torsion.

In order to prove pSE) (f) = o(r,), for a sequence of random variables A,, targeting
at A, we can apply either stable convergence A, —% A., L'-convergence |4, —
As|l1 — 0, or the integration-by-parts formula to evaluate the error terms of the form
E[A,f((n(0))] — F[Ac f(¢n(0))] whether A, = 0 or not. We will present an estimate for
p%l)(f) in Section 3.2.

3.2 Estimate of p( )(f)
Define the following random symbols

630 (iz) = &PY(iz,ix)
= :1)) n1<D<DM [iz], un[12]>5,un[iz]> %qTor[(lz)‘@?’]
9

60 1z) = &7 (izix) = %r;le)(z)

= ;rn1<<DMn[iz],un[iz]>5—Goo[(iz)2]> = %qTan[(iz)m],

629(1z) = 6@9(iz,ix) = r;1<DWOO[iz],un[iz]>ﬁ,
6V (iz,ix) = r;1<DXoo[ix],un[iz]>ﬁ,
GI0(iz) = &M (iz,ix) =W, [iz] + N,[iz],
GOV (ix) = 6OV (iz,ix) = X, [ix],
62031z = ef;f’)(iz,ix)<D Wa [iz]+DNn[iz],un[iz]> ,
H
&V (1z,1x) = <D Xn [ix],un[iz]> .
9

Remark 3.2. As mentioned in Remark 2.5, the order of the random symbol &) (iz, ix)

appearing as the limit of the corresponding sequence 6513 0) (iz, ix) does not necessarily
coincide with that of the latter because &3 (iz, ix) is determined by the action of
S0 (iz,ix) to ¥(z,x) under expectation. It is also the case for other symbols.

For $)-valued tensors S = (S;) and T = (T;), (S, T)s denotes the tensor with compo-
nents ((S;, T;)s)i;. In the following condition, A and B denote dummy variables.

[B] () u, € DY?(5 ® RY), Goo € DEP(RY @4 RY), Wy, Wae, N,y € D3P(RY), X, Xow €
D*?(R%) and ¢, € D?P1(R) for some p and p; satisfying 5p~* +p; * < 1.

(ii) The following estimates hold:

Hun”LP = 0(1) (3.8)
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Y NG N2 = Ora) (3.9)
k=2,3

(PGP un) g lpys = Ora) (3.10)
(DG un) g llpss = o(ra) (3.11)

Z <D<DG£{“),un>ﬁ7un> = o(rn) (3.12)
k=23 Hllp/a
Yo DA w)sl, = O(r) (3.13)
A=W [z],X o [X]
> H<D<DA,un[z]>;j7un[z]> = o(r,) (3.14)
A=Woo, X oo Hlip/3
> H<D<D<DA,un>ﬁ,un>ﬁ,un> = o(ry) (3.15)
A=Woo, X oo Hllp/4
| Wn 3,p+HNn||3,p+H Xnll3p = o(1) (3.16)
> H<D<DB,un>ﬁ,un>ﬁ = o(1) (3.17)
o o p/3
B:WnaNnan
H<D<D<DB,un>ﬁ,un>ﬁ,un> = o(l) (3.18)
o ° Hllp/a
B=Wn,Nn,Xn
1= %nll2p, = olrn) (3.19)
(iii) For every z € R and x € R%, it holds that
lim E[U(z,x)T,(iz, ix)¢,] = E[¥(z,x)T(iz, ix)]

n— 00

for (T,,,%) = (67, 63), (&5, 677), (677,620), (&, 6111,
(©0,600), (&7, 60), (673, 67*”) and (&1, 6"V,

n oo 1,n >
We say that a family of random symbols {c*(iz, ix) = Y, . ¢, [(12)®F @ (ix)®™]; X €
A} is uniformly integrable (u.i.) if the degrees of polynomials are bounded and the family
{cﬁﬂm; A € A} of tensor-valued random variables is uniformly integrable for every (k,m).
Recall that 8 = max{7, 5o}, where j, is the degree in (z,x) of the random symbol &.

EJP 24 (2019), paper 119. http://www.imstat.org/ejp/
Page 16/64


https://doi.org/10.1214/19-EJP310
http://www.imstat.org/ejp/

Asymptotic expansion of Skorohod integrals

Theorem 3.3. Suppose that Condition [B] is fulfilled. Then pgll)(f) = o(r,) for every
fe C’f(]Rd). Moreover,

sup [p) () = o(ra)
fen

for every bounded set B in C2 ™ (R9).

Proof. The sequence {6%3’0);71 € IN}, is u.i. from (3.10) and (3.9) for k = 3. {6(()?;10); n e
IN} is u.i. from (3.9) for k = 2. {6%2’0);71 € IN} and {67(11’1);11 € IN} are u.i. from
(3.13). {6%1’0);71 € IN} and {6%0’1);71 € IN} are u.i. from (3.16). {6%’?);71 € IN} and
(&Y. € N} are u.i. from (3.8) and (3.16).

1,n >
We consider first the case of pSLS) (f), given by

(1) = o { B[6nSD(02,0.) [ (G 0))] = B[S0, 0,) f (¢ (0))] }
By [B] (iii) and the formula (3.2), we obtain

lim E[¢,60(0,,0,)f(Cx(0)] = E[6X1(8.,0.)f((o(0))] (3.20)

n—roo

for f € S(]Rd) Let x : R — [0, 1] be a smooth function with a compact support. Since for
f € C/(RY), the function f is uniformly approximated in C (RY) by some function in
S(RY), we have

lim E[%@S&“(az,a.r)(xf)(coom))]E[G““(az,az>(xf)(<oo<0>)}’ = 0(3.21)

n—oo

for f € CJ(RY). Let B* be a bounded set in CF(RY). Let e > 0. Due to the uniformly
integrability of the family {6%1’1); n € IN}, we can write

sup  |B[n&0D(0.,0,)(1 = ) )G (0))] \
feBs nelN
+ sup BS(0.,0,)((1 - NG 0)]| < (3.22)

if we choose y satisfying x = 1 on a sufficiently large compact set. Combining (3.21) and
(3.22), we obtain

lim 'E[%Gﬁjvl)(az,aw)f(goo(o))]—E[Gﬂvl)(az,aw)f(gw(o))]‘ = 0 (3.23)

n—oo

for f € Cf (RY). Moreover, we have

lim sup
n— oo fEBB+1

E[wnc‘s;l’l)(az,az>(xf><<oc<0))]—E[G“”(az,aw>(xf><<oo(0>>]' = 0,
(3.24)

since the functionals in | | are equi-continuous in f in Cﬁ(IRa) and B! is relatively
compact in B” if the domain is restricted to supp(x). Therefore we showed that p£§>( f) =
o(ry,) for every f € Cf(IRa), and that sup ;cgs+1 |p;8)(f)| = o(ry). Similarly, we obtain the
same estimate for ,osf)(f) fori=25,...,12.

Moreover, we have sup o |p£¢2) (f)] = o(ry) from (3.19), and sup ;¢ 52 |p£14)(f)| = o(ry)
from (3.8), (3.16) and (3.19).
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The tensor G (,-,-)is denoted by @7(11)(0). The estimate HG’S)(G)H,}/Q = O(ry,) follows
from (3.13), (3.16) and (3.8), and the estimate |G\’ ,/» = O(r,) follows from (3.16).
Therefore

IGPO)lpy2 = Olra). (3.25)
We obtain
(DG O),un)gll, 5 = olra) (3.26)

from (3.14) and (3.17) for every 6 (or § = 0, 1), and

(DG un) s, 2 O(ra) (3.27)
from (3.16). Moreover, we have
H<D<Dé£}>(9),un>ﬁ,un> = o(ry)
Hllp/a
by (3.15) and (3.18), and
H<D<DG£}),un>ﬁ,un> = o(ry)
Hllp/3
by (3.17), so that
H<D<DG£})(0),un>ﬁ,un> = o(ry) (3.28)
Hllp/a

Let us investigate the order of pﬁ{g)(f). Denote by p[i] (i = 1,...,24) the 24 linear
functionals of f appearing in the expression of pﬁfﬂ (f). Though not explicitly mentioned
in what follows, Condition (3.19) is used every time in estimation of p[i] to ensure either
¥nllp, = O), [|D¥nllp, = o(ryn) or | D24y ||, = o(ry,). The estimate p[1] = o(r,,) follows
from (3.8) and (3.9) (and (3.19)). The term p[2] corresponds to the first term in the
expression of pn?”l); then p[2] = o(r,) from (3.12), (3.9), (3.10) and (3.8) with the aid
of the Leibniz rule; p[3] = O(r2) from (3.9), (3.10) and (3.8); p[4] = O(r2) from (3.9),
(3.10) and (3.8); p[5] = O(r2) from (3.25), (3.9), (3.10) and (3.8); p[6] = O(r2) from (3.9);
p[7] = O(r2) from (3.9); p[8] = O(r2) from (3.25) and (3.9); p[9] = o(ry) + o(rn)o(rs) +
O(rp)o(ry) = o(ry) from (3.12), (3.11), (3.8) and (3.9); p[10] = o(r?) + o(r}) = o(r?)
from (3.11), (3.9) and (3.8); p[11] = o(r2) + o(r}) = o(r2) from (3.11), (3.9) and (3.8);
p[12] = o(r2) + o(r3) = o(r2) from (3.25), (3.11), (3.9) and (3.8); p[13] = O(r2) from (3.9);
p[14] = O(r?) from (3.9); p[15] = O(r?) from (3.25) and (3.9); p[16] = o(r,) + O(rn)o(ry,) +
O(rp)o(ry) = o(ry,) from (3.28), (3.26), (3.27), (3.25) and (3.8); p[17] = O(r2) + o(rd) =
O(r?) from (3.9), (3.26), (3.27), (3.25) and (3.8); p[18] = O(r2) + o(r?) = O(r?) from
(3.9), (3.26), (3.27), (3.25) and (3.8); p[19] = O(r2) + o(r3) = O(r2) from (3.25), (3.26),
(3.27) and (3.8); p[20] = O(r2) from (3.9) and (3.25); p[21] = O(r2) from (3.9) and (3.25);
p[22] = O(r?) from (3.25); p[23] = o(rn) + o(r2) = o(r,) from (3.11), (3.9) and (3.8);
p[24] = o(ry,) + o(r2) = o(ry,) from (3.26) and (3.8). We remark that some p[i]’s involve a
product of five LP variables besides 1, or its derivative, and that the seventh derivative
of f appears in p[11]. These estimates give sup ;¢ 57 \p,(f)(f)| = o(ry). This completes the
proof. O

Remark 3.4. Corollary 3.2 of Nourdin, Nualart and Peccati [14] gives stable conver-
gence of the Skorohod integral M,, = 6(u,,) under the conditions (i) (DM, un)s — Goo
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in LY, (ii) {(un, h)s — 0in L for every h € 9, and (iii) (DG, uy,)s — 0 in L. Theorem
3.3 entails the mixed normal limit theorem for Z,, and the joint convergence of (Z,,, X,,).
Indeed, (3.9) gives the conditions (i) and (iii). The stable convergence was proved in [14]
by taking X., = W(h) for h € §) in the present context. Condition (3.13) gives (ii) when
Xoo = W(R).

4 A functional of a fractional Brownian motion

In this section, we shall consider a functional of a fractional Brownian motion (fBm)
with Hurst parameter H € (0,1) on the time interval [0,1]. The fBm is a centered
Gaussian process B = {B;,t € [0,1]} defined on a probability space (Q, F, P) with
covariance function

1
Ru(t,s) = E[B;Bi] = 3 (" + 27 — |t — s]?H).
The process B is a standard Brownian motion for H = % Denote by £ the set of step
functions on [0, 1]. Then it is possible to introduce an inner product in £ such that

(Ljo,0: Ljo,5)) sy = E[BsB].

Let| - |ls = (, ~)J1.3/2. Hilbert space §) is defined as the closure of £ with respect to || - || .

It is known that the mapping 194 — B; can be extended to a linear isometry between
$ and the Gaussian space spanned by B in L? = L?(Q, F, P). We denote this isometry by
¢ — B(¢). The process {B(¢), ¢ € H} is an isonormal Gaussian process. We refer to [18]
for a detailed account on the basic properties of the fBm. Assume again that F is the
o-field generated by B.

In the case H > % the space $ contains the linear space |9| of all measurable
functions ¢ : [0,1] — R satisfying

1 1
| [ 1eielle = s asin < ox.
0 0

In this case, the inner product (y, ¢) 5 is represented by

1 1
(p,0) = H(2H — 1)/O /O ©(s)p(t)|t — s|*2dsdt 4.1)

for ¢, ¢ € |$|. Furthermore, L# ([0,1]) is continuously embedded into §. The following
lemma provides useful formulas for the inner product in the Hilbert space $.

Lemma 4.1. (i) Let H # 3. For any piecewise continuous function ¢ on [0, 1], the inner
product (@, 1}y 4)s is given by

' OR
<99>1[O,s]>f) = / @(t)TtH(t,S)dt
0

1
/ ) H{t?" 1 — |t — s|*" ~'sign(t — s) }dt. (4.2)
0

(ii) Let H # 1. For any piecewise continuous function ¢ on [0,1] and ¥ € C}([0,1]),

1 1
wotn = [ eof 0o - [ 20 0w s

0

- / 1 so(t)H{tzHll/f(O) (1 02y
0

1
+/ |t — 5| 'sign(t — s)z//(s)ds}dt. (4.3)
0
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(iii) Let 0 < H < 1/2, 0 < a < b < 1. Then for any piecewise continuous function ¢ on
[0, 1],

(o 1a)n] < llello(b—a)?.

Proof. Approximating ¢ by step functions we can derive (i). For (ii), using (i) we can
write

1
(ob)y = <¢,w<1>1m,u— / 1[0,8]w'<s>ds>
ksl
v OR Lt OR ,
= o) [ 0 g Dd— [ o) T s (s)dsdr
0 0 0
Simple calculus with (i) gives (iii). O

In what follows, we shall write

ey =/HT(2H), H € (0,1). (4.4)

Notice that c3 = % and for H > 1/2, ey = /H(2H — 1)['(2H — 1).
We will consider the sequence of random variables Z,, = §(uy,), n > 1, where

un(t) = nt" Byl (1)

The following provides the convergence in law of the sequence Z,,. For the Brownian
motion case, this result goes back to Peccati and Yor [23]. For H > 1, it was proved by
Peccati and Tudor [21] and a rate of convergence in the total variation distance was
established in [14]. For i <H < % the convergence in law of Z,, is a consequence of our
asymptotic expansion proved below. The process u,, belongs to the domain of § only if
H > i. Indeed, if H < %, the process B; does not belong to LQ(Q; $) (see Cheridito and
Nualart [2], Proposition 3.2).

Proposition 4.2. The sequence Z,, converges stably in law to (/G,, where G, = ¢, B}
and ¢ is a N (0, 1) random variable, independent of {B;,t € [0, 1]}.

In the setting of Section 2, the variables are now Z,, = M,,, W,, = W, =0, X,, =
X =0, ¢, =1and G, = chBlz . We are interested in investigating the asymptotic
behavior of the three basic terms: modified quasi torsion, quasi tangent and quasi
torsion. We denote by C'y a generic constant depending on H, that may vary in different
lines.

Consider first the case of the modified quasi torsion.

(i) Case H = . We have G = 3B} and D,Go, = Byl y)(t). Therefore,

-2
P 1
G = (Do) =iy | "B,
0
As a consequence, taking r,, = n~'/2, we obtain
mqTor = nG® % B2, (4.5)

for all p > 2.

(i) Case H # 1. We have G, = ¢4 B?, where cy is the constant defined in (4.4) and
DyGo = 2¢3; B11g 1)(t). Applying (4.2) yields

(DG ooytin)s = 2ci1nHB1<t”Bt1[O)1](t),1[071](t)>53

1
= 2c§,nHBl/ Bt"H{¢*"~1 4+ (1 —¢)* 1 }dt.
0

EJP 24 (2019), paper 119. http://www.imstat.org/ejp/
Page 20/64


https://doi.org/10.1214/19-EJP310
http://www.imstat.org/ejp/

Asymptotic expansion of Skorohod integrals

Using the decomposition By B; = B? + B, (B; — B;), we can write

<DGOO, Un>y3

1
zci,nHB%/ tH{PH T 4 (1) de
0

1
+2c§,nHBl/ t"(By — B)H{#*" 1 + (1 —t)*" ' }dt
0

_ I'(n+ 1)I'(2H)
2 2 BQH H-1 H Rn
it {" T T irom [ T
where ||R,||, = O(n™1) + O(n=2H) for all p > 2. As a consequence, we obtain the
following results:
If H > 1 we take r,, = nfl 7!

and
maTor = 7, 'G® X 2H2T(2H)B2. (4.6)
If H < 1 we take r,, =n~* and

mqTor = r 'G® 55 22T (2H)2B2.
Notice that the limit is discontinuous at H =

4.7)
now proceed to deduce the asymptotic expansion f

With these preliminaries, we can
E[f(Z,)] with classification for H

N[—=

r

o

4.1 Brownian motion case

We will analyze the asymptotic behavior of the quasi tangent and the quasi torsion,
which are the main ingredients in the asymptotic expansions.

4.1.1 Quasi tangent

Let us now establish the asymptotic behavior of the quasi tangent, defined by

qTan = VnG = Vi ((DZn, )5 — Goo)
We have, for s € [0, 1],

1
D,Z, = v/ns"By + \/ﬁ/ t"dBy.
Therefore,

1 1 1
(DZy,un) g :n/ 52"B§ds+n/ s" By (/ t"dBt) ds.
0 0 s
Then,

G? =

(DZy,un) g — %Bf
1 1 1
n/ s*"(B? — B%)ds + B? (/ ns*"ds — >
0 0 2
1 1 1 1
+n/ s"(Bs — By) (/ t"dBt> ds + nBl/ s" </ t”dBt> ds.
0 s 0 s

Using the decomposition (B2 — B}) = (B, — B1)? — 2B1(B; — By), yields

1 1 2
B
G2 / (B, — B1)%d —2]3/ 2(By — By)ds — —2
- nos( 1)ds n105(1 )ds n 12
1 1 n 1
—n/o s"(By — By) (/ t"dBt) ds+Bln+1/O " ap,
= Zn,l + Zn,2 + Zn,37
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where
1
Zua = n [ BB - (1 s)ds
0
1 1 1 gntl
o [ ([ ram) 1=
0 s n—+1
n? B?
Z’I’L,Q = - 2 - )
2(n+1)2(2n+1) 4n+2
1
n
Zpy = ———————B [ t**1dB,.
3 (n+1)2n +1) 1/0 !

The term Z,, ; belongs to the second Wiener chaos and it can be written as a double
stochastic integral:

1 1
Zpa1 = / Ins2" / dB,dB, ds—/ ns" / (r" + u™)dB.dB, | ds = I2(fn),
0 [s,1]2 0 [5,1]2

falr,u) = QnZ— . min(r, u)?" Tt — ﬁ min(r, u)" T (r" +u™).

It is not difficult to check that n?|| f, |3+ converges to a constant as n tends to infinity.
Therefore, || Z,.1]2 = O(n™1). Clearly, we also have ||Z, 2|2 = O(n™!). Finally, || Z, 3|2 =
VG2 = O(n~'/?), and hence the effect of the quasi
tangent disappears in the limit, that is, 682’0) =0.

O(n=3/?). Consequently,

4.1.2 Quasi torsion
Let us first recall the definition of the quasi torsion
qTor = Vn(D(DZy, ) g, tn)s = V(DG u,) g + vV (DGoo, tn) sy

Since G2 is in the second chaos, it follows that /n|||DG |5l = O(n~'/?) from
Vl|GZ|l2 = O(n='/2) in Section 4.1.1. Therefore, from (4.5) we deduce

V(DD Zy,un)g, )y 5 B

for all p > 2. Thus we obtain &(39) = 3-1B2,

4.1.3 Asymptotic expansion

From the computations in Sections 4.1.1 and 4.1.2, we deduce that conditions (3.8),
(3.9), (3.10), (3.11) and (3.12) are satisfied for all p > 2. Thus, taking ¢,, = 1, assumption
[B] holds and we can apply Theorems 3.1 and 3.3. In this way, we obtain

Elf(Z)] = E[f(GiéQC)]+%E[6‘3’°)(8§)f(GiéQC>]+p%”(f)

E[f(27121B1O)] + %E[B%f(?”(?‘ml&\c)} o) @8

for f € C{(R), where ¢ ~ N(0,1) is independent of By, and psll)(f) =o(n"2).

4.2 Fractional Brownian motion. Case H > %

Recall that in that case r,, = nf7 1.
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4.2.1 Quasi tangent

We are going to establish the convergence in law of the tangent and show that it does
not contribute to the asymptotic expansion. We have, for s € [0, 1],

1
D,Z, =ns"B, + nH/ t"dB,.

S

Therefore,

1
(DZy,un) gy = ||un||52~j + nH<un,/ t"dBt> =: ||un||25~j + P, (4.9)
. 9

and the quasi tangent qTan is given by

qTan =n!~HG® = pl-H ([[unll? — i BT + @4,) -

Let
0%71 = 2H?*(2H — 1)2/[ . |log y1 — log o1 > 72| log yo — log x5 |*H 2
0,1
x(logy1[*" + |log y2|*" — |logyy — log yo| " )dwrdwody dy,  (4.10)
and
0%72 = H3(2H — 1)3/[ . [ e 32|2H_2d51d52
0,1

></ |log x1 — log mg\gH_zdmdmg.
[0,1]2

(4.11)
Proposition 4.3. For the term |u, |3 we have
! (llunllfy — ¢ BY) 5 omaBiC (4.12)
where ( is a N(0, 1)-random variable independent of B. On the other hand,
n'Ho, 5 oy 4B, (4.13)

where ( is a N(0,1)-random variable independent of B. As a consequence, taking into
account that H > 1, we obtain

qTan =n*"#G® 5 5, 5B (. (4.14)

Proof. We first show (4.12). We can write

1 1
|unll3 — ¢ B H(2H —1) <n2H/O /O t"s" By B,|t — s|*"2dsdt — T(2H — 1)33)

1 1
H(2H — 1)n?" t"s"[B;Bs — B[t — s|*! 2dsdt
1
0 0

1 1
+H(2H — 1) <n2H/ / t"s"|t — s|*H 2dsdt — T'(2H — 1)) B?
0 0

=: An,l + An’QB%.
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The term A, 5 is a deterministic term bounded by Cn~1!, therefore it does not contribute
to the limit. In order to handle the term A, ; we make the decomposition

B,B, — B> = By(B, — By) + (B, — B1)(B, — By) + B1(Bs — By).

We claim that the product (Bs — B;)(B; — B;) does not contribute to the limit of nf A,, ;.
In fact,

1 1
H(2H — 1)n2H/ / §"t"By — By||B, — Bullt — 5" 2dsdt = n*"|s"|B, — By|I%
0 0
2H

1
< Cyn®"||s"|Bs — B1|||31/n = Cyn®? (/ SH|By — Bl|flfds>
0

By Minkowski’s inequality, the expectation of this quantity is estimated as follows

2H 2H
ds>
L2H(Q)

1
C’anH‘/ s%|BSfB1\%ds
0

1
< Cgn*f </0 ST HIBS *Bl‘%

L2H (Q)
2H

1
< Cgn*f (/ s (1 — s)ds) < Cyn A,
0

Therefore, it suffices to consider the term

1 1
An1 =2BH(2H — 1)n2H/ / t"s"(By — By)|t — s|*~2dsdt =: By A, 3,
0 0

and to show that n*’ A, 3 converges in law to a Gaussian random variable with mean zero

and variance o7 ; independent of {B;,t € [0,1]}. This is a consequence of the following
two facts:

(@) B AD 5) = o ;.
(i) E(nfA,3B;) — 0, foranyt € [0,1].

The proof of (i) is based on the computation of the limit of the following quantity

4H*(2H —1)?n5H / ST shty
[0,1]
XE[(Btl — Bl)(Bt2 — Bl)”tl — 81‘2H72|t2 — 82‘2H72d81d82dt1dt2
= 2H*(2H — 1)2n6H/ STty
[0,1]4
X(|1 — tl‘QH + |1 — t2|2H — |t1 — t2|2H)|t1 — 51|2H72|t2 — 52|2H72d51d52dt1dt2.
This limit can be evaluated using the change of variables s} = z1, si ™ = ay, t7T' = 4
and tg“ = 1o, which leads to the representation (4.10) of U%‘l. The proof of (ii) can be
done in a similar way. This concludes the proof of (4.12). '
For (4.13), we can write

1 1 1
®, = H(2H - 1)n2H/ / t" By (/ G”ng> |t — 5|7 ~2dsdt
0 0 s
1 1 1
— HEQH - 1) / / (B, — By) ( / 0"d139> It — s2H2dsdt
0 0 s
1 1 1
+H(2H — 1)B1n2H/ / t" (/ 0"ng> |t — 5|7~ 2dsdt
0 0 s
= D, + Do (4.15)
EJP 24 (2019), paper 119. http://www.imstat.org/ejp/
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We first show that ®,, ; does not contribute to the limit:

1
|®,1] = n2H <t”(Bt—Bl),/ e"ng>
: 9
1
< w5~ Byl | [ 6ndEs
: 9
1

< cunt B - B,y | [ onas|

. LH

1 1 1 H
= Cgn?? {/ t%|Bth1\%dt/ |/ 0”d89|1§d5]
0 0 s

Then, taking expectation and using Minkowski’s inequality, we get

1 2H 1] 1 "
E|®,..1%] < cHn‘lHH/ t#|B, — By| 7 dt / /enng ds
0 pan () ||J0 1 Lot (@)
1 2H 1 p1 & 2H
< Cyn*f (/ t’;}ut)dt) (/ /enng ds>
0 0 s L4(Q)
1 s 2H
< ([ 10raalas)
1 2H
< cu (T,

< OH’H'i?Ha

and n'~||®,, ;||2 converges to zero as n tends to infinity. Finally, it suffices to consider
the term

D, 0 =DB1D,2,

where
B 1 1 1
$,o = H(2H—1)n2H/ / t" (/ 9”ng> |t — 5|27 2dsdL. (4.16)
0 0 s

We claim that n!—# (i>n72 converges in law to a Gaussian random variable with zero mean
and variance 01%172 independent of {B;,t € [0,1]}. This is a consequence of the following
two facts:

(i) En* 212 ,) = o},
(i) E(n'="®, 2B;) — 0, for any ¢ € [0, 1].

We first show (i):

1 1
En?*e?,) = H?*(2H - 1)2n2+2H/ M E K/ enng) (/ anngﬂ
’ [0,1]4 S1 S2
X |t1 — 81|2H_2|t2 — 82|2H_2d81dt1d82dt2
1 1
= H3(2H— 1)3n2+2H/ t?t?/ / 9?03‘91 - 92|2H_2d91d92
[0,1]4 s1 Jso
X |t1 — 81|2H72|t2 — 52|2H72d51dt1d82dt2.

Using the change of variables t{™" = y;, 57! =y, 677" = 21 and 651" = 25, we can
show that this quantity converges to 012[[)2 given in (4.11). The proof of (ii) can be done in
a similar way. O
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In spite of the preceding proposition, the quasi tangent does not contribute to
the asymptotic expansion derived in the last section. In fact, the convergence (4.14),
together with uniform integrability, gives lim,,_, . E[¥(z) qTan] = 0, that is, 682’0) =0.
More strongly, using the duality relationship between the Skorohod integral and the

derivative operator (IBP formula), we can show this fact directly for ®,, » as follows:

1 1 1
E [\I/(z)n2HBl/ / tm (/ Q”dB9> It — S|2H_2dsdt}
0o Jo s
1ol .
E {/0 /0 t" |t — 3|2H2<D9 (Bl 6Xp(222c§{Bf)> ,1[871](0)0n> dsdt}
9

<conf-1,

nl—H

_ plHH

By (4.14), qTan never converges to zero in probability. Thus DqTan potentially has some
effect at the rate n' =%,
4.2.2 Quasi torsion
By (4.9), we have
gqTor = nl_H<D<DZn,un>5,un>ﬁ
= " (D(unll} = & BY) tn) g + (DPp,un)g + (DGos, tin) ).
Notice that
Hunllsllz < Can®[[|t" Byl a2 < Chy,

which implies that ||||u, |||/, is uniformly bounded for any p > 2. On the other hand, the
computations in the previous section imply ||[|D ([lun|l3 — ¢3;B3) [ls |, = O(n~*) for any
p > 2. Therefore, ||n' (D (|lunllf — ¢5B7), tun) 4 llp = O(n'~>") and this term does not
contribute to the limit.

Consider the term (D®,,, u,,)g. Using the decomposition (4.15), we can write

<D(I)n7 un>f) = <D(I)n,1>un>.6 + <Dq)n,2a un>fj-

The term (D®,, ;, u,)s does not contribute to the limit since ®,, ; is in the second chaos
and |[n'=H#®, 1|2 — 0. As for (D®,, 5, u,), we can write

<Dq)n,23 un>f) = <DBl7 un>ﬁ&)n,2 + Bl <D(§n,27 un>ﬁ7

where i)n’Q is defined in (4.16). The term (DB1,uy)s (i)mg does not contribute to the limit
at the rate n' =¥ in L?, p > 2 due to the computations in the previous section. On the
other hand, for the second term we can write

' M BUDE 5 )y = ' THH(2H — 1) By / / S0, (6), 671 ) (6) sl
Rt 2 (0 — 1)2§1 ’
g /[0 14 ]t = 5B E 9|2H721[s71] (0)d&dOdsdt
= CnB% + H?(2H — 1)?A,,,
where

C, =n'T?HH?(2H —1)2 / |t — sPH2Em0m | — 01221, 1) (0)dEdOdsdt,
[0,1]4
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and

A, =n'TH B / "t — s|?M72(Be — B1)€M0" (€ — 01221 1)(0)dédOdsdt.
[0,1]*

With the change of variables t"*! = g, §7+! =y, £»T1 = 2, we obtain

lim C,, = H?*(2H — 1)/ |logy — log z|* 2dyd=

n—oo [071]2
= H?*(2H - 1)T(2H —1) = ¢%H.

On the other hand, it is easy to check that ||A,||, < Cn~!, so this term does not
contribute to the limit. In conclusion, taking into account (4.6), the quasi torsion
qTor = n'~H(D(DZ,,u,)5,u,) converges in LP to 3¢, HB? for all p > 2. In other
words, 639 = ¢2, HB? for H > 1/2, which is discontinuous at H = 1/2. In this way, we
obtain the expansion

E[f(Za)] = EBlf(ca|BilQ)] +n" Bl HBE ) (cn| BIOT+ o (), (4.17)

for f € C{(R), where ¢ ~ N(0, 1) is independent of B, Again, from the computations in
Sections 4.2.1 and 4.2.2, we deduce that conditions (3.8), (3.9), (3.10), (3.11) and (3.12)
are satisfied for all p > 2. Thus, taking ,, = 1, assumption [B] holds and by Theorem 3.3
pu) (f) = o(n'=1).

4.3 Fractional Brownian motion. Case i <H < %

_ T(2H+1I(n)

Letc, v = Fn 2l D) - We need the following preliminary result.

Lemma 4.4. The norm |[|t"[|3 is given by

n? + 2nH

2 = L T

Proof. We can write

1 2
Iz = E ( / t"dBt>
0
1 2
= E (Bl—/ nt”lBtdt>
0
_ qog(ntH 1, +n2/1/1t”_1s”_1E(BB)dsdt
nt2H 2™ o Jo t2s '
We have

1 2 1l

n2/ / t" 15" L B(BB,)dsdt n—/ / s (2 2H |t — 52 dsdt
0o Jo 2 Jo Jo
n n?

nt2H 2n+2HH

Therefore
o M2+ 2nH n  T'(2H+1)T(n)
1t"5 = 557 Ccnu = O
2n +2H 2(n+ H) T(n+2H)
As a consequence,
1
: 2H n 2  _ o+ _ 2
nh_}rrgon It" Iy = 2F(2H—|— 1) = ¢y,

where cp is the constant introduced in (4.4).
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4.3.1 Quasi tangent

Recall that r, = n~ ¥ and the quasi tangent is defined by
qTan = n G = nf ((DZ,,u,) s — Goo) -

We know that L
(DZp,un)s = ||un||52§ + ”2H<tnBt7/ s"dBy) . (4.18)
t

The inner product in the Hilbert space § is more involved than in the case H > % and it
is convenient to rewrite the stochastic integral ftl s"dB;s using integration by parts:

1 1
/ s"dBy = B; —t"B; — n/ Bys"lds. (4.19)
t t
Substituting (4.19) into (4.18) yields
1
(DZn,un)y = ||un||523 +n*(t" By, By — t" B, — Tl/ Bgs"ds)g
t
1
= n*{"B,, B —n/ Bys"tds) g
t
1
= TLQHBl<tnBt7 1>y3 — ’I’L2H-"_1 /O <tnBt, 1[0,5] (t)>58n_1Bst.

Putting Bt = (Bf*B1)+Bl and BtBS = (Bf*Bl)(Bngl)ﬁ*Bl(Bf*B1)+Bl(Bngl)+B%,
we obtain

1
(DZp,un)s = 0B (<t”,1>ﬁn/ <t”,1[o,s](t)>ﬁ8”1ds>
0
+n*" By (t" (B, — B1),1)5

1
—p2H+ip, / (t"(By — B1), 10,5 (t)) 55" 'ds
0
1
_p2HHip / (7 10,0 (1)) 55"~ (B — By)ds
0

1
—n2H+1/ {t"(By — B1), 10,5(t)) o™ (Bs — By)ds.
0

Actually, we can combine the second and third terms and last two terms as follows:

1
(DZp,un)g = nQHBf <<t”, g — n/o (t", 10,9 (t)>5s"_1ds)
+TL2HB1 <tn(Bt — Bl), tn>y3
1
—n2H+1 / (t" By, 10,5 (t))5n " (Bs — By)ds
0
3
= Z Ai,n-
i=1

The dominant term in the limit will be A, ,,, which can be expressed as
1
A =25 ({0 1)5 =0 [0 i00)ns" s ) =2 52107,
0
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and converges to G, = HI'(2H)B? as n tends to infinity by Lemma 4.4. It is not difficult
to check, using formulas (4.2) and (4.3), that the other two terms converge to zero in L?
as n tends to infinity.

We are going to show that the quasi tangent does not contribute to the asymptotic
expansion. From the preceding computations, we deduce

3
qTan = n" BY 7 |[t"[13 — 3] + > n' Ai .

=2
We examine each term of this expression as follows:
(i) For the first term, by Lemma 4.4, we have
. 1 n2H+t T(n)
Ay = B2n2H |12 — 4] = BIn _T(2H + 1 -1
1, n l[n H ||.6 CH] 1n 2 ( + ) (n+H)F(n+2H) )

which converges to zero.
(ii) For the second term, by Lemma 4.1 (ii), we have
nHAQ.n = TLSHBl<tn(Bt — Bl),tn>g

1
= n?’HHBl/ t"(B; — By)(1 —t)*H1dt
0
1 1
—|—n3HHBl/ t"(B; — Bl)/ |t — s> ~Lsign(t — s)ns" " 'dsdt. (4.20)
0 0

We claim that

lim n E[¥(2)As,] = 0. (4.21)

n—0o0

In fact, integrating by parts, the factor B; — B; produces a term of the form [t — 1|2/ due
to Lemma 4.1 (iii), and then we have

1
/ tn(l _ t)4H_1dt 5 n—4H7
0

hence the first term on the right-hand side of (4.20) converges to 0. For two sequences
of numbers a,, and b,, a,, < b, means that there exists a positive constant C independent
of n such that a,, < Cb,, for large n € IN. For the second term we apply the integration-
by-parts formula to B; — B; as well as Lemma 4.1 (iii) and Lemma 4.5 below to obtain
the bound

1 1
/ t"(1— t)gH/ [t —s|* " Ins"Ldsdt = O(n *H).
0 0
Therefore the second term on the right-hand side of (4.20) converges to 0, which proves

(4.21).
Lemma 4.5. Let o, 8,1 € (—1,00) and v € [0,00). Let

1
B(a,ﬁ,/j,,l/) = B(/L+V+ﬁ+2,0(+].)B(ﬂ-f—1,I/+1)+m3(ﬂ+1,a+ﬁ+2)
Then
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(i) / / th(1 — )|t — s|?s"dsdt < B(a, B, i, v).
(ii) For fixed o and (3, it holds that

Tla+1I(B+1) a4+ 5+2)
(it V)eF LT (B 4 1ot

B(a’/B’/’L7y) ~
as p, v — oo.

Proof. First,

1 t 1
/ t“(l—t)"‘/ (t—s)Ps"dsdt = / thrv AL (] —t)o‘dt/ (1 —v)’v”dv
0 0 0

= Bp+v+8+2,a+1)B(B+1,vr+1).

Next,

1 1 1 _ 1 1o p\B+1
o _ \Bv _ o\ (]‘ t)ﬂ+ . (8 t) v—1 }
/0 (1 —1t) /t (s —t)’s"dsdt = /0 (1 —1t) { 11 /t 511 vs¥'"tdspdt

1 1
< — / th(1 — )P
B+1J
L ——B(u+1l,a+5+2)
= ’ 5 (8] .
gr1 M
Property (i) follows from these inequalities and (ii) is obvious. O

(iii) The third term also does not produce contribution. By Lemma 4.1 (i) and Lemma
4.1 (iii) after integration-by-parts in B; — By, we estimate nf E[¥(z) A3 ,,] by

1,1
CnBHJrl/ / tn(t2H71 + ‘t _ S|2H71)Snfl(1 o S)QHdet
0 Jo

n*" T B(2H,0,n — 1,n+2H — 1)+ B(2H,2H — 1,n — 1,n)}

anl + an

AR ZAN

In this way, we have proved that qTan has no contribution in the limit, that is,
&Y = 0.

4.3.2 Quasi torsion

The quasi torsion can be written as
qTor = n"(D(DZy, tn) g, un)s = 0" ((DGP) un) s + (DG, tin))-
Let us show that nff (DG%Q), un)s does not contribute to the asymptotic expansion. First,
(DA wundsll, = (DB, u)sll, x o)) = o(1)

for p > 2. We have, uniformly in s,

1
||<DBS,un>ﬁ||p H/ HBt" {t*771 — |t — s ~Lsign(t — s)}dt|| = O(n"™1).
0 P
(4.22)
EJP 24 (2019), paper 119. http://www.imstat.org/ejp/

Page 30/64


https://doi.org/10.1214/19-EJP310
http://www.imstat.org/ejp/

Asymptotic expansion of Skorohod integrals

(nHDAQm,un%Hp = O(n*=2) = o(1). For the term A3, we can
write for any p > 2, using Lemma 4.1 (i), (4.22) and Lemma 4.5,

||nH<DA3,n,un>5Hp < C Zuopt H (DBs, up) 5 H

3H+1/ / tn tQH 1 s|2H—1)8n—1d8dt
O( 4H — 2 + O 2H— 1) 0(1)
Thus we have proved that ||nH<DG7(12), Un) g ||p =o(1).

Therefore, taking into account (4.7), the quasi torsion qTor converges in LP to
2HT(2H)c%; B3 for all p > 2. In other words, 6% = 2HT(2H)c%, B for H < 1/2.

4.3.3 Asymptotic expansion

In this way, we obtain the expansion

_ 2
Elf(Z)] = E[f(culBilQ)] +n "E gHC%IF(QH)Bff@(CH\BlK) + 0 (f),
(4.23)
for f € C3(R), where ¢ ~ N(0, 1) is independent of B, Again, from the computations in

Sections 4.2.1 and 4.2.2, we deduce that conditions (3.8), (3.9), (3.10), (3.11) and (3.12)
are satisfied for all p > 2. Thus, taking ¢,, = 1, assumption [B] holds and by Theorem 3.3

pu () = o(n™H).

5 Quadratic form of a Brownian motion with predictable weights

In this section, we consider a quadratic form of a Brownian motion with predictable
weights and show that the asymptotic expansion formula for the Skorohod integral
reproduces the results obtained in [31, 30].

5.1 Quadratic form with random weights and f)-derivatives

For a one-dimensional standard Brownian motion B = {B,,t € [0, 1]}, let

Zy = \/ﬁz%_l/ / dB.dB, = vn» 2 'ay, {(Bi, — By, ,)* —n"'},
j=1 tj—1/tj—1 j=1

where t; = j/n, a; = a(B;) and a is an infinitely differentiable function with derivatives
of moderate growth (g has moderate growth if |g(z)| < cexp(c|z|*) for some constant
¢>0and 0 <« < 2). Thatis, Z, = §(u,) with

up(t) = \/ﬁzatj,l(Bt—Btj,l)llj(f)v

where I; = [j 1,t;). In this situation Z, = M,, and we have W,, = W =0, N,, =
X, =Xo =0and ¢ = 1. We make r, =n"1/2,
Let

t; t
a4 = (Btj - Btj,1)2 - n_l = 2/ / stdBt
tj—1 1

ti—
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We have

(DZp,un)sy = /0 {fZQ 'Diay, 1qj+fza“ . Btj—Bt”)le(t)}

x\/ﬁzatm(Bt — By, )1, (t)dt (5.1)
k=1

and

D, <DZ7L7 Un>

= A {\/722 D Dtat] 1 qj + IZDtat] 1 Bt ) (S)
+IZD% (By, — By, )11 +f2at 11()}
X\/ﬁzatk_l(Bt - Btk—l)llk (t)dt

/0{f22 Dtat“qﬁfzat“ B (t)}

X{\/ﬁz Dsatk—1(Bt - Btk—l)lfk (t) + \/Ezatk—ll[tk—lvt)(s)llk (t)}dt
k=1 k=1
(5.2)

It is known that in this example, G, = } [, a?dt. Then,

1
DsGoo = / (Dsat)atdt.

0

5.2 Quasi torsion

We shall study the asymptotic behavior of the eight terms appearing in the expression
of (D(DZ,,,un)s,un)s corresponding to (5.2).

(i) The first term is

1 1 n n
/ / \/ﬁz DSDta’tj71Qj X \/ﬁz atk_l(Bt - Btk—l)]‘Ik (t)dt
0 Jo j=1 k=1

xVny _ay,_,(Bs — By, ,)1p,(s)ds.

{=1

We investigate the rate of E[¥(z,x)Z;]. The factor n!® comes from three /n. It suffices
to consider the terms for which k£ Vv £ < j; otherwise the term vanishes due to DyDyay;_,
The number of terms in the sum }_, is of order n'. The number of terms in the sum >, ,
fork=/(and kV{ < jis O(n'), and each B, — B;,_, (= B; — By,_,) or its $)-derivative
contributes O(n~°®) in LP-norm. By the IBP formula for ¢; we get a factor n=2. So
that the partial sum in E[¥(z,x)Z;] for k = ¢ is O(n~!-%) since both ds and dt-integrals
give O(n~!). For the partial sum in E[V¥(z,x)Z;] for k # / is also O(n~!), since the
consecutive IBP formulas (i.e., duality) for B, — B;, , and B, — B;, , gives the rate
O(n=2). Thus, we obtain E[¥(z,x)Z;] = O(n~!%), or \/nE[¥(z,x)Z;] = O(n~1). This
means /nE[¥(z,x)Z;] is negligible in the expansion. Table 1 summarizes how the orders
of the partial sums were obtained.
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Table 1: E[U(z,x)Z4]

n |2, (kVE<j) [, (k=0 ds | dt [1BP(q)) | Bi— Bi,_, B.— By, , | order
15 1 1 “1[-1] =2 —05 ~05 ~15

Yowelk#2L)| ds | dt | IBP(g;) | IBP(B;—By,_,) | IBP(Bs—DBy,_,) || order
2 -1 (-1 -2 —1 —1 —1.5

(ii) The second term can be written as
1,1 n
IQ = / / \/Ez Dtatj71 (Btj - Btjfl)llj (S)
o Jo =
XV ay, (Bi = Bi,_,)1r, (t)dt
k=1

xvnY ay, ,(Bs = By, ,)11,(s)ds.

(=1

Only terms with k£ < j = £ remain due to the product 1y, (t)Das; ,17,(s)1z,(s). Table 2
shows E[¥(z,x)Z2] = O(n~°5), as explained more precisely below.

Table 2: E[¥(z,x)Zs]

n ZJZ(']:K) Zk(k<£) ds dt IBP(Bt_Btk_l) (B-Q_BtZ—l)(Btj_Btj—]) order
1.5 1 1 -1 | -1 -1 -1 —0.5

The contribution of \/nE[¥(z, x)Z;] is evaluated as follows. 4,, =* B,, means A, —B,, =
o(1) as n — oco. By Itd’s formula,

(Bt_j - Btj—l)(‘BS - Btj—l)

S t
= (Btj — BS)(BS — Btj,l) + 2/ / dB,dB; + (s — tj_l) (5.3)
tji—1Jtj—1

for s € I;. As already mentioned, only the terms with k£ < j = ¢ contribute the result.
Applying the IBP formula for the first two terms of the right-hand side of (5.3), we obtain

VnE[¥(z,x)1s] = E[\I/(z,x)/O /0 nQZatjletatjfl(Btj — By, ,)(Bs — By,_,)11,(s)
j=1

x Z at,_,(By — By, )17, (t)dtds}

k:k<j

1 1 n
= E[\I!(z,x)/ / nQZatj_lDtatj_l(sftj_l)llj(s)
o Jo -
Jj=1

X Z at, (Bt — By, )17, (t)dtds}
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The IBP formula for B; — By, _, = 6(1y,_, ) yields

VaEwEE = Y [ . /takn%s—tjl)

j okik<j?®

XE[/ Dr{\II(z,x)(Dtatj1)atj1at,€1}dr} dtds
rE€(ty—_1,t]

1] s
=a /7/ E[Dt{\ll(z,x)(Dtas)asat}}dtds,
0 2 0 2
where

Dt{\II(z7 x)(Dtas)aSat} = lig DT{\I/(Z, x)(Dzas)asay }
Therefore,

1 s
VRE[W(z,X)T;] =" % /0 /0 E{(Dt\P(z,x))(Dtas)asat+\I!(z,x)(DtDtaS)asat

+\Il(z,x)(Dtas)2at] dtds. (5.4)

(iii) The third term is given by

1 1 n
13 = / / \/’EZDSatjfl(Btj - Btjfl)]‘lj (t)
0 Jo =1
xvVnY ay (B = By, )1y, (t)dt
k=1

X \/ﬁz Aty _y (BS - Bté—l)]‘lé (S)ds

(=1

By symmetry, it is easy to see nE[¥(z,x)Z3] = /nE[¥(z,x)Z3], and hence the limit is
the same as (5.4).

(iv) Consider now the fourth term given by

1 1 n n
7, - //\/ﬁZatjfllfj(s)lfj(t)x\/ﬁZatkfl(Bt—Btkfl)lfk(t)dt
0o Jo = k=1

X \/ﬁz Aty (BS - Btzq)lfz (S)ds'

{=1

Table 3 suggests that \/nFE[¥(z,x)Z,] remains.

Table 3: E[U(z,x)Z4]

no| > xi=k=40)|ds | dt | (B:— By ,)(Bs — By, ,) | order
1.5 1 -1 | -1 -1 -0.5

The contribution of this term is given by

VRE[W(z,x)T,] = E{\I/(Z,x)/o /O nzzafjfl((ms)—tj_l)ljj(s)ljj(t)dtds
= 1 1 z,x)ad
= 3/0 E[¥(z,x)a?]dt.
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(v) The fifth term is
1 1 n n
I; = / / VY 27 'Diay, g5 x v/n'»_ Dsay,, (By — By, )1y, (t)dt
o Jo .
j=1 k=1
xVn Y ay,_,(Bs — Bi,_,)1,(s)ds.
(=1

Notice that Z5 looks like Z; but they are slightly different from each other. Only the
terms satisfying ¢ < k£ < j remain due to Dyay,;_, and Dsay, _,. According to Table 4, we

Table 4: E[V(z,x)Zs]

n | >/l <k<j)| ds | dt | IBP(g;) | IBP(B: — By, ,) | IBP(Bs — By, ,) || order
1.5 3 -1 | -1 -2 -1 -1 —-1.5

see /nE[¥(z,x)Z5] = O(n~") and is negligible.

(vi) The sixth term is given by

1 1 n n
I, = //\/522_1Dta’t]‘71qjX\/EZa’tk—l1[tk,1,t](s)1lk,(t)dt
0 Jo j=1 k=1

X\/EZ Qty_y (BS - Btl{—l )1I£ (S)dS

=1

Thanks to the product 1y, | +(s)1y, (t)1r,(s)Dsay,_,, only the terms satisfying k = £ < j
remain. By Table 5 below /nE[¥(z,x)Zs] = O(n~!) and this term is negligible.

Table 5: E[V¥(z,x)Zg]

no| > | el =k<j)| ds | dt | IBP(q;) | IBP(B; — By, ,) || order
1.5 1 1 -1 -1 —2 -1 —-1.5

(vii) Consider the seventh term given by

1 1 n
I7 = / / \/ﬁZatjil(Btj — Btjfl)lfj (t)
0 0 j=1
n
><\/ﬁz: Dsatk71 (Bt - Btk—l)]‘Ik (t)dt
k=1

X \/ﬁz at,_(Bs — By,_,)11,(s)ds.

(=1

Due to the product 17,(s)Dsay,_,1;,(t)1y,(t), only the terms satisfying ¢ < k = j con-
tribute to the sum. Then it turns out that Z is the same as Z,. Therefore \/nE[¥(z,x)Z;] =
VnE[¥(z,x)Z] and the limit is given by (5.4).
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(viii) Finally, the last term is

1 1 n n
I, = //ﬂzatj_l(Btj—Btj_l)hj(t)><\/ﬁzatk,_11[tk7ht](s)hk(t)dt
0 7o j=1 k=1

xv/ny ay,_, (Bs — By, )11, (s)ds.

(=1

It suffices to consider the case j = k = ¢. Table 6 says that v/nE[¥(z,x)Zs] contributes to
the limit.

Table 6: E[¥(z,x)Zs]

no| > =k=20) | ds | dt | (By — By ,)(Bs — By, ,) || order
1.5 1 -1 -1 -1 —-0.5

More precisely, following a procedure quite similar to that of Z;, we obtain

VNE[W(z,x)Is] =" E{\I/(z,x)/o /0 nzzagjfl(s—tj,l)l[tjfht](s)lfj(t)dtds

1
= 1/ E[V(z,x)a}]dt.
6.y

Now, from (i)-(viii) and

vex) = oo (] | 1 ds(ia)),

E[V(z, x)630) (iz, ix)]

= lim \{))HE{\Il(z,x)<D<DMn,un>ﬁ,un>ﬁ7f1n(iz)3}

we obtain

n— oo

N ;’{Z »/siO /tiO b [(Dtlp(z’ X)) Duas)asc

+9(z,x)(D¢Diag)asar + U(z, x)(Dtas)2at} dtds(iz)®

(; " é) /01 E[\I/(z,x)af]dt(iz)?’}

_ 1E[\I!(z,x) /0 1at< /t 1(Dtas)asds)2dt} (i2)°

+iE {\Il(z,x) /01 az /tl {(DtDtaS)as + (Dtas)Q}det} (iz)®

+

o g)

+%E {\Il(z,x) /01 a;"dt} (12)%.

It should be remarked that the three terms on the right-hand side of the above equation
correspond to Cy, C3 and C; of [31], pp. 917-918, respectively. We remark that two
random symbols with the same adjoint action are considered equivalent.
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Obviously 620 = g1 = g(1.0) = §(0:1) = ( in the present situation, and moreover
we will show that 6(()2’0) = 0 in Section 5.3. Consequently,

1! ' ’ 5
6B (iz,ix) = g/ at(/ (Dtas)asd3> dt(iz)
0 ¢

1 1 1 1
—&—i/ at/ {(DtDtas)as—l—(DtaS)Q}dsdt(iz)?’—l—é/ aldt(iz)?
0 ¢ 0
and
ot (G,(iz,ix) — 1) = &G0 (iz,ix).

This random symbol is equivalent to the full random symbol o(iz, ix) of [31], p. 918 with
a replaced by a/2. For the quadratic form of a Brownian motion, &30 provides both
the adapted random symbol and the anticipative random symbol, in other words, the
quasi torsion includes the tangent as well as the torsion. In this way, we found that the
quasi torsion reproduces the asymptotic expansion of the quadratic form of a Brownian
motion.

5.3 Quasi tangent

For the quasi tangent, we have

1 n n
<DZn,un>y) - Goo = / {ﬂZQ_lDtatjﬂj + \/ﬁZatjfl(Bt]. — Btj—l)]‘lj (t)}
0 j=1 j=1

n 1 1
XV ay_,(By — By, )1y, (t)dt — 5/0 aZdt

k=1
= &)+ 6y + Bg,
where
1 n n
61 = / TLZ 2_1Dtat]._1qj X Z Ay (Bt — Btk—l)lfk, (t)dt,
0 =1 k=1
1 n
By = / {nZafjl(Bt — By, )15, (t) - 21af}dt,
0 =
and

1 n
@3 = / nZafjil(Bt] — Bt)<Bt — Btj—l)llj (t)dt
0 j=1

We shall investigate these terms.

(i) For &;, Table 7 shows /nE[¥(z,x)&1] = O(n~"5) and it is negligible in the asymp-
totic expansion.

(ii) For ., applying It6’s formula, we have G, = &} + &4, where

n t s
&, = E /nafjfl/ / 2dB,dB; dt
j=1"1; j j

tJ,1 t]71
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Table 7: E[U(z,x)®4]

S (k<j) | dt [1BPbygq; | IBPby B; — By, , || order
1 —1 —2 —1 —1

-

and

"o
62 -

N | =

Z/I (afjfl —af) 1y, (t)dt.
=171

Table 8 shows /nE[¥(z,x)85] = O(n~%°) and it is negligible in the asymptotic
expansion. We should remark that /n®/, is 8’” of [31] and it has non-trivial limit
distribution though the expectation /nE[¥(z,x)®}] asymptotically vanishes. We
see 64 is of O(n~!) in L?, and it is also negligible. Consequently, &, is negligible
in the asymptotic expansion.

Table 8: E[U(z, x)®)

T S
n| ;| dt | IBPby j;j_l ftj_l dB,dB, || order
1 1 -1 -2 -1

(iii) Finally, for &3 Table 9 shows /nE[¥(z,x)®3] = O(n~%®) and we can neglect it.

Table 9: E[¥(z,x)®3]

n Zj dt | IBPby By, — B; | IBP by B; — By, _, || order
1 -1 -1 -1 -1

As a consequence of these observations, 682’0) = 0, i.e., the quasi tangent has no
effect in the asymptotic expansion. However, the effect of the tangent already appeared
in that of the quasi torsion.

6 Quadratic form of a fractional Brownian motion with random
weights

6.1 Weighted quadratic variation
Let B = {B,t € [0,1]} be a fractional Brownian motion with Hurst parameter

He (%, %) We are interested in the following sequence of weighted quadratic variations:

Z, =n?H-2 Zatjfl((ABj,nﬁ —n 2,
j=1

where t; = j/n, a; = a(B;) and a is a function such that « and all its derivatives up to
some order N have moderate growth. We use the notation AB; , = Bj/,, — B(j_1)/n. It is
known (see, for instance [15, 14]) that for this example the limit variance GG, is given by

1
Goo = 20%,/ a(B;)?ds,
0
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where
o= Y, pu(k)? (6.1)
k=—o0
1
pu(k) = 5(|k + 1P = 2|kP7 + |k — 1127).
Set Ij = [tj_l,tj). Then,
at; 4 (Aj7nB)2 = 5(atjflABj1”11j) + atj71n72H + ABj7n<Datj—1’ 1Ij >f3'
Therefore, we obtain the decomposition
Ly = 6(un)+TnN7z =: M, + 1, Ny,
where
un(t) = 0?1723 " ay  AB; 1 (1)
j=1
and
’f‘nNn = ’I’LQH_% Z ABj7n<Datj71, 1[]. >_¢J.
j=1
Set
1
U(z) = exp <—22c§[/ a2(Bs)ds> : (6.2)
0

In this example, we take W,, = W, =0, X,, = X, = 0 and ¢ = 1. We are going to study
the quasi torsion and the quasi tangent of the Skorohod integral M,, = §(u,). In this
example there will be also a contribution to the asymptotic expansion coming from the

perturbation term N,,. The scaling factor r, will be taken as

n?H=% when H € (3,2),
rn = )
nz"2H when H € (1,1).

This choice of r,, is motivated by the rate of convergence

|E[p(Z,) — E[e(CGY?)]| < Cam max |l¢

1<i<5

obtained in [14] for ¢ € C¢(R), where ( is N(0, 1).

6.2 Quasi torsion
We recall that

qTor = rt (D(DM,, un) g, Un) -

Set g; = (AB;,)? —n2H = 12(1%2). We have

(DMp,up)g = n4H—1< Z [(Datjfl)qj +2as, ,ABj 1y,
j=1
—1n(DNp, un) g
= én,l — Tn<DNn7’U,n>y).

EJP 24 (2019), paper 119.
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(A) We first study the contribution of the term (D®,, 1, u, )¢ in the asymptotic expansion.
We have

n

(D@} = n =2 37 [(D,Daar,_)g; +2Dsar, ) AB 11, (1)
Gk =1
+2(Dray, )ABj a1y, (s) +2a;, 1, (s)1;, (r)]
*[atk—lABk’nllk (8)] * [ate—lABf,nlfz (7’)]

n

+n6H7% Z [(Dsatj—l)qj+2at.f—1ABj’n11j(s)]
Jikt=1

[ (Dras, ) ABLa L1, (5) + an,_, 11, (r)15,(5)]
*[ate—1AB5~,n1[z (T’)],
where the product A x B means that whenever we found repeated variables in A and B,

we compute the corresponding inner product in . We have a total of eight terms, that
we denote by

8
<D<I>n,1,un>ﬁ = ZIZ

i=1
We are interested in the asymptotic behavior of r, ! E[¥(z)Z;] fori =1,...,8.
(i) The first term is

n

6H—32 "
Ii=n 2 E a0ty Oty GGABr n ABy o ko, 0,
ke f=1

where we have used the notation oy ;, = (1[O,t], 17, )s. We can make the decomposition
ABy nAByy = I(15, ® 11,) + Br.e,

where 8, = (1y,,1;,) 5. Integrating by parts shows that the contribution of I5(1;, ® 1;,)
is of order lower than that of g; 0. In this way, it suffices to consider the term

n

-3 " B
Ap; Oty Aty APk 1 kOt; g0
J.k,l=1

Ty o =n"

In this case, the factors of the above expressions have the following orders of conver-
gence:

3
H—35

« First factor: n’

+ The IPB formula for ¢; produces a factor n=2(2#/1), due to part (a) of Lemma 6.2
below.

* The terms |ay, , yov, , | are bounded by Cyn~=2(2H#) by part (a) of Lemma 6.2
below.

. 22,4:1 |Br.e| < Cryn(1=21)V0 due to part (c) of Lemma 6.2.

* Finally we get a factor n from the sum in j.

Therefore, the order of this term is n6H—3—42HAD+(1-2H)V0 For ff ~ 1 this gives nSH—3%
and for H < % we obtain the order nz—4H . In both cases, when H — % we obtain n~1°
as in the Brownian motion case. We remark that 6H — < 2H — 3 if 1 < H < 3, and
i —4H < § —2H if 1 < H < %. Therefore, this term will not contribute to the limit.
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(ii) The second term is equal to

n
6H—2 /
Ty = 2n 2 E atk,latj,latg,lABj,nABk,nABé,nﬁj,zatj,l,k,
k=1

where 3, = (11j ,11,)5. As before, we can replace the product AB;,,ABy,, by ;,, and
we have to deal with the term

n
6H—3 } : / 2
1270 =2n N atkflatjflatéilABkmﬁj,éatjfl,k.
Gk =1

We get the following contributions:

. _3
« First factor: n8%—3

+ The IPB formula for AB,,, produces a factor n~(?#"1), due to part (a) of Lemma
6.2 below.

* > r_ilay,_, k| < Cy due to part (b) of Lemma 6.2, and Z?,f:l 5?,@ < Cpn'—*H by
part (d) of Lemma 6.2.

Therefore, the order of this term is n2#—3~(2HAL) — p=[(3-2H)A3] which in the Brownian
case gives n~%. From this result we deduce that this term will not contribute to the
asymptotic expansion if H < L. The contribution of n? 2" E[¥(z)Z,] when H > 1 is
evaluated as follows.

Define a measure y,, on [0, 1] by

n

bn = Z n71+4H532',e Ot 1 te—1)-
jl=1
Then
/ o(t, $)pn(dt,ds) — c%{/ o(t, t)dt (6.3)
[0,1] 0,1]

as n — oo for every ¢ € C([0,1]?), where ¢% is defined in (6.1). Notice that

.
/ (n Ir — 8?2 2dr — |tp_y —s|2H_2> ds
0 Ii

as n tends to infinity. We can write

sup <Ccn'2H (6.4)

7€[0,1],1<k<n

n2 21 B[U(2)1,)

= 2 E |U(z) Z atkfla;jflatéflﬁigABk’natjfl,k +o(1)
Jok =1

n

= QnZ/ Qun(dt, dt’)E[<D{\I!(z)atk71a2at/},11k>ﬁ]04t,k+0(1)
k=1"[0,1]

= 20%71712/
k=171

1 tr
pn (dt, dtE {/ / D {V(2)ay, ,ajap}|r — s> 2drds’
0,1]2 0 te—1

x/ 10.0(8)|tees — 8|2 ~2ds + o(1)
[0,1]
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Using (6.4) and (6.3), we obtain
n? M E[0(2)T]

= 20% / o (dE, dt’){ / drE{ Dy {¥(z)arasap }|r — 3’|2H2d5’]
[0,1]2 [0,1] [0,1]
X / 1[o,t](5)|7" - s|2H2ds} +0o(1)
[0,1]

— 201%,03{/ dt{/ drE[ DS/{\I/(z)araiatHrs/szds'}
o1 Ui 0.1]

X / l[oyt](s)|r — s|2H_2ds}
[0,1]

)

= CH,?,/ E [Dy (¥(2)a(B,)Ds(a*(By)))] |r — s|*2|r — s'|*" ~2dsds'drdt,
[0,1]4

where oy = H(2H — 1) and

+oo
Cusz = oy Y, pu(i)’

j=—o00

(iii) By symmetriy, the third term is analogous to the second one and produces the same
contribution.
(iv) The fourth term is given by

n

GH—32
Ty =2n"""2 E ag;_,ap,_at,_, BikBieABr nABy .
k=1

We can make the decomposition
ABynAByy = I(11, @ 17,) + Bre-

By integration by parts the contribution of I5(1;, ® 1;,) is of lower order than that of
Bk,e- In this way, it suffices to consider the term

n
GH—3
Lyo=2n"""2 g ag;_yaty,_ at,_ B kBj.08k.0-
Gk =1

From part (f) of Lemma 6.2, we see that this term is bounded in LP by n?# “3ifH > %
and by n=2 if H < 3. This clearly implies that
lim n? 217, = 0 (6.5)

n— oo

if H < % in LP for all p > 2. On the other hand, we claim that, if H > % we also have the
following convergence is LP for all p > 2, and, as a consequence, this term produces no
contribution.

lim ns 287, = 0. (6.6)

n—oo

Proof of (6.6): We need to show that

n

: 4H
nlgrolon § a’tj—latk—latk—lﬁjvkﬂjxeﬂkv‘g =0
k=1
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in LP. We can write

n
ntf Z Aty Oty Aty Bj,155,00k.

3k =1

ot Z (Biz1)a(Biz1)a(Beza)pu(j — K)pu (5 — O)pu(k — )
7,k =1

n N a(Bis)a(Bisioa)a(Bawn )pr (D) pr () pu (i — h)

1<j<n
1<j+i<n
1<j+h<n

and it suffices to show that
. 1-2H . . _
lim n S pu(pu(h)pu(i—h)| = o (6.7)
§,hi1<i<h<n

|/22H 2

By the inequality sup; - |p(4) < oo, we have

W2 ST oo (Wi — )|

7,h:1<i<h<n

n172H E i2H72h2H72(h _ Z-)2H72
7,h:1<i<h<n

n h—1
— n1—2H Z h6H_5 Z(i/h)2H_2(1 _ i/h)QH_Q/h
h=1 i=1

< B(2H —1,2H — 1)p! ~2A+(CH=4)+

A

The last term is O(n*#=3) when 2/3 < H < 3/4, and O(n'~2) when 1/2 < H < 2/3.
This gives (6.7) and hence (6.6).

(v) The fifth term is

n
_3
I5 = TLGH 2 Z a;j,la;k,latzflqjatjfl,katk—l7ZABk77lABZ7”'
gk =1
As before, we replace ABy, ,ABy , by B¢ and it suffices to study the term
n

/ /
E a’t]'71atk,1a’t£71qjatj—lvkatkflvz/gkvé'
gk, =1

_3
I = n2

We get the following contributions:

+ The first factor n67-2

* Integration by parts for ¢; produces n~
* |ay,_, kou,_, ¢ is bounded by Crn—2@HAL due to Lemma 6.2 (a).
* Do lBrel < Cyn(t—2H)V0 dye to Lemma 6.2 (c).

* A factor n comes from the sum on j.

2(2HA1)

All together gives the order n6H—2—4(2HAL+(1-2H)V0

bution.

, which does not produce any contri-

(vi) The sixth term is

n

6H—32 ’
Is=n 2 E at%latk,lClté,l(JjOétj,l,kﬂk,éABé,n-
Jik =1

We get the following contributions:
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« The first factor n®7-3.

+ Integration by parts for ¢; and ABy,, produces n~32HAD),
* |ou,_, x| is bounded by Cyn~# D), due to Lemma 6.2 (a).
* e 1Brel < CunI—2HV0, due to Lemma 6.2 (c).

* A factor n comes from the sum on j.

We get the same order as for the fifth term and no contribution.
(vii) The seventh term is given by
n
_3
T, = 2n®H =3 Z a, ,ay,  ay,_ ABjABgnABypay, 0Bk
Jsk£=1

Its contribution is the same as that of (ii); replace indices j, k¥ and ¢ by k, ¢ and 7,
respectively.

(viii) The eighth term is given by
n
_3
Ts =202 Y ay, jan,ar,  ABjaABey kB
Gk =1
Its contribution is the same as that of term (iv) ; exchange j and k.

(B) One can show by a similar argument that

lim (D{D Ny, un) s, Un)s = 0,

n—o0
in L?, for all p > 2.

In conclusion, we obtain the following results on the random symbol &3(iz) for
&G0 (iz, ix):

Case H > ; We have proved that

B0 (i) = lim ~nd 2B [W(z) (D(DMy, uy)s, wn)5 (i2)°]

n—oo

CH,3(iZ)3 /[0 » E [Ds/ (\I/(z)a(Br)Ds(aZ(Bt))ﬂ
x|r — 5|27 72 |r — §/|?"~2dsds' drdt.

Taking into account that oy f(f |r — 5|27 2ds = aaif’(t, r), we can write the above expres-
sion as follows:

E[¥(2)&°(i2)]

= ci(i2)° /[O o [¥(2)(a®)' (Bo)a(B,)(a®) (By)] ag;H (©, r)a(%(t, r)dtdodr
+Hc3(iz)? o E [¥(z)d'(B,)(a®) (By)] r2H_1ag%(t7r)dtdr

Case H <  We have obtained, that in this case, &3(iz) = 0.
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6.3 Quasi tangent

For the quasi tangent we have

(DM, up)g — Goo = n*H71 <Z [(Day,_,)q; + 2ar, ,ABj,15,] 72 atklABk,nllk>
j=1 k=1 5
1
—QC?{/ a*(B,)ds —rn (D Ny, tn)
0

= Gn,l + Gn,Q + Gn,3 +Gn,4a

where

n n
4H—-1 4H—-1
Gn1i=n Z <(Datj71)(b" atk—lABk7n11k>f3 =n Z a’;j,latk—latj—hkquBksn’

,
k=1 jk=1

n
4H-1
G2 =2n > ar,_,a1,_,[AB;nABxn — B5k)Bi ks
k=1

n 1
Gns = ont—1 Z a’tj—latk—lﬂ‘?,k - 20%1/ a*(By)ds
jk=1 0
and
Gna=—1n(DNp,un)g.

Integrating by parts the terms ¢; and ABj, and using that, by Lemma 6.2 (b),
> w1 |ow,_, k| is bounded by a constant not depending on n, we obtain:

|E¥(z)Gn ]| < COnAH-1+1-32HAL) _ o 4H-3(2HAL)

For H > 1, we get 4H — 3 which is faster than 2H — 2 because H < 3/4, and for H < 1,
we obtain —2H which is faster than % —2H.

For the term G, 2, by using integration-by-parts to AB; ,ABy, , — 8 and Lemma 6.2
(c), we get

|E[\IJ(Z)Gn 2]‘ < Cn4H_1_2(2H/\1)+(1_2H)V0,

which produces the same rates as before.
It is possible to show that G,, 4 has no contribution to the limit.

Finally,
n 1
Gnz = optH-1 ag; g, _, ?’k—%%{/ a2(BS)ds
k=1 0
2 « !
=23 alBu (B ek~ ) - 26 [ a(B)ds
dk=1 0
2 2 2 ! 2
=2 Y B atB ) - 2 [ @B
1<j<n, 1< +i<n 0
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Replacing a(B,,, ,) by a(B;,_,) with integration-by-parts, we have the error

E|¥(z)1 = > (B, ) (a(Bt; . ) — a(Bi, ) pH (1)
1<j<n,1<j+i<n
_ % Y B [<D {\Il(z)a(Btjl) /01 d (B, , +0(B,,, , - Btjl))de} :

1<j<n 1<j+i<n

1[tj—1»tj+i—1]>] p%q(l)

n

S (i/n) PN p (i)
=1
< n-2HAIH(2HAI+2(2H-2)+1) 4

In the case 1/2 < H < 3/4, this converges to zero at the rate n* =3, that is faster
than n27~3/2, and in the case 1/4 < H < 1/2, at the rate n~2f, that is faster than
nt=2H Lete € (0,1). Divide the sum Y, ., into 3,1, and the rest. Since the
convergence cf; = limpyz >, p(i)? is monotone, the order of the LP-norm of

Y aB ey - Y alBy )

1<j<n,1<j+i<n 1<j<n

is not greater than

C%{ - Z pH(i)2 +n71+6 < n(4H73)e +n71+e.

~
—ne<i<ne

Then, in case H € (1/2,3/4), we can find € € (1/2,1) such that n~ (=4 4 p=1te —
o(n?H=3/2) In case H € (1/4,1/2), it is possible to find ¢ € (0,1/2) such that n~G~4H)c 1
n~1+e¢ = o(nz=2H). Once again by the Taylor formula and integration-by-parts, we see

E \I/(Z) l Z a(Btj—l)Q_/(; GQ(BS)dS — O(,',L—(QH)/\l)7

1<j<n

which is o(n?~3/2) for H > 1/2, and o(nz~2H) for H € (1/4,1/2). Therefore, G,, 3 has
no contribution.

In conclusion, the quasi tangent has no effect in the asymptotic expansion, that is,
62 =" =0.

6.4 Perturbation term

In this subsection we study the contribution of the term N,, to the asymptotic expan-
sion. More precisely we will compute the random symbol &!(iz) for &9 The action of
this symbol is defined by

E[¥(z)&!(iz)] = lim E[¥(2)N,(iz)].

n—oo

(i) Case H > 5. We recall that

Nn = nZABjan<Da’tjfl’1IJ>f3'

j=1
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Integrating by parts yields
E[V(z)N,(iz)] = n i E[(D(Y(z)Das,;_,,11,)5,11,)5(iz)
= n i E[\D(Z)G/I(Btj71 )]afj,l,j (iz)
j=1

n 1
5 > [ BWE@) (B, o, sausds(iz)
=170

= Gl,n + G2,n~
We know that
1 4w, .
0,y =gn E = G- =17 (6.8)

Expanding the square (52 — (j —1)2 —1)? it turns out that the terms —2(j2# — (j —1)%H)
and 1 do not contribute to the limit. So, for Gy, it suffices to consider the term

i 3 EE (B G - =17
= H?pl—4H En: E[W(z)a" (B, ,)]5**7 =Y + 0(1)

H2E[\If(z)/01a"(35)s4Hst] + o(1).

For G2 ,,, we have

1
n>- [ ERGE, ar,ands

— H2(2H1)§:/01E[\1/(z)(a2);a;j1](j/n)2H1(/:;1/;0 |tr2H2drdt)ds
+o(1)

= H?*(2H —-1) / / E[W A 1(/ |t — |2 2dr>dtds+ o(1)

- H/ / B (2) (0?0} {121 4 [s — 12" sign(s — 1) ydtds + o(1)

and hence

1 1
Gom = %Hc%/o /0 E[W(2)(a).al]2H 18; (t, s)dtds (i2)° + o(1).

Therefore, we have proved that
1
E[¥(2)6'(iz)] = H’E {\1/( )/ a’ (B,)s*~ 2ds] (iz)
+;HC§JE{ / / By)t*1- 15211( s)dtds| (iz)®.

EJP 24 (2019), paper 119. http://www.imstat.org/ejp/
Page 47/64


https://doi.org/10.1214/19-EJP310
http://www.imstat.org/ejp/

Asymptotic expansion of Skorohod integrals

(ii) Case H < 1. In this case,

N, = n*"'N"AB;.(Day,_,,11)s.
j=1
Re-defining G ,, and Gs, by replacing the factor n by n*#~!, we proceed as before, but

in that case the dominating term in 04?]-,1, j in Gy, is the constant 1 and we obtain

E[¥(2)8'(iz)] = E{\I/(z)i(iz)/ola"(Bs)ds}

Indeed, the term G+ ,, converges to zero because, by Lemma 6.2 (a) and (b), we can write

n

|Gan| S n?71 sup Z|asﬁj| <n*=10y.

~J
s€[0,1] i=1

We already know

lim E[¥(z)(DNy,un)s] = 0.

n—roo

This means ¢? = &> = 0.
Remark 6.1. The functional ¥(z) should be replaced by ¥(z),, when we need a trunca-

tion ¢,,. However, the above arguments are essentially unchanged because ||1 — ¥, ||¢,p
would converge to zero much faster than the total error we found.

The following lemma is in Nourdin, Nualart and Peccati [14].

Lemma 6.2. Let 0 < H < 1 and n > 1. We have, for some constant Cy,

@) |ag x| <n CHAD forany t € [0,1]and k = 1,...,n.

(b) supieo 1 > h=1 lawk| < Cn.

(© Yk o1 1Bik] < Cpn(1—2HV0,

(d) If H < %, then Yy ._, 32, < Cpyn!~*1.

(e) Z'Z’j:l BraBia] < Cgn~ @) forany I =1,...,n.

(O IfH < §, then Yo7 ., [B1B518i6| < Cun~*H-CHAD forany I = 1,...,n.

7 Asymptotic expansion for measurable functions

Let ¢ = d + 8 and denote by 3, the maximum degree in = of &. We denote by o the
Malliavin covariance matrix of a multivariate functional ' and write Ar = detop. Let
dy = (0+ B — 7) V (2[(d1 4+ 2)/2] + 2[(B, + 1)/2]), where [z] is the maximum integer not
larger than z. We consider the following condition.

[C]1 () u, € D2 (H@RY), Gy € DEFDVd20(RA @, RY), W, N,, € DE®(RY), W, €
Dévd2,oo(Rd)’ Xn c ]Dé,oo(Rdl)' Xoo c ]Dé\/(d2+1),oo(1[{d1).

(ii) For every p > 1, the following estimates hold:

unlle, = O(1) (7.1)

G e—2p = O(rn) (7.2)

||G513)||472’p = O(rn) (7.3)
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DG ) lle-1p = o(rn) (7.4)
H<D<DG£LQ)’u”>ﬁ’u”>f)||473,p = olra) (7.5)
Z H<DA’U">5Hg_37p = O(Tn) (7.6)
A=W, X
> (DDA w5 ) [y, = 0lrn) (7.7)
A=W, X
I W le—tp + I Nallerp + | X llemip = O(1) (7.8)
> IKDDBun) g un) gy, = o(1) (7.9)

o o
BZanNn,Xn

(iii) For each pair (%,,3) = (&5, &G0), (68?;10),6(()2’0)), (63 20),

1,1 1,0 0,1 2,0 2,0 1,1 1,1

(&1, &0, (&0, 610), (&1, 60), (&%, &) and (&}, &{"Y),

the following conditions are satisfied.

(@) ¥ is a polynomial random symbol the coefficients of which are in
D8+B‘E+1’1+ = U >1 ]Da+61+17p‘

p _

(b) For some p > 1, there exists a polynomial random symbol ¥,, that has L?

coefficients and the same degree as %,

E[¥(z,x)T,(iz,ix)] = FE[¥(z,x)T,(iz, ix)]

and ¥,, — T in LP.

(iv) (@) det Gl € L>°~.
(b) There exist c € (=1,0) U (0,1) and ~ > 0 such that

PlA(M, 4 Wa Xo0) < 8n] = O(r,™")
for some positive random variables s,, € D~ satisfying sup,,c (||s;; [+
|snlle—2,p) < oo for every p > 1.
(c) There exists k1 > 0 such that

(DM, Asl|, = O
A=DWoo,DX oo

for every p > 1.

Remark 7.1. (i) In [C] (i), the index ¢ + 1 of u,, comes from (7.5), and {4+ 1 of G
comes from D~ !G4 in (7.4). The index ¢ in (7.1) is for D3t64,,; £ — 2 in (7.2) for (7.18);
¢ —2in (7.3) for R[11] defined later; £ — 1 in (7.4) for (7.19); £ — 3 in (7.5) for R[2]; { — 1
in (7.6) for (7.22); £ — 2 in (7.7) for (7.20); £ — 1 in (7.8) is for application of IBP d+6
times; ¢ — 2 in (7.9) is for (7.21). (ii) Intuitively, [C] (iv) (c) is a kind of orthogonality
between M,, and (W, X ). It is natural because M,, converges stably in most statistical
problems. We will give a slightly different formulation of the problem later. (iii) The
degree of T,, and ¥ may be different. That ¥,, — ¥ in L? means LP convergence of all
the random coefficients. (iv) Condition [C] (iv) (b) ensures non-degeneracy of X, that
is, A}; € L.
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Remark 7.2. Condition [C] (iii) is a sufficient condition for the forthcoming results. We
can replace [C] (iii) by
[C] (iii)’ For the pairs of polynomial random symbols (%,,,T) = (67(13’0), G&(3.0)),
(S, 60"), (827, 620), (&3, 61), (&7, 610, (&7, 60 ),
(6%0), &9 and (&Y &"Y), the coefficients of T are in D+A=+1.1+ and

1n >

lim §"E[¥(z,x)T,(iz,ix)] = §'E[¥(z,x)T(iz, ix)]

n— oo
for every (z,x) € RYand a € Zi.
Define &, by

¢, — 35n Lo In
" 25, + 124, 82 A%

(7.10)

for A, = Am,+w. x..)- The functionals e, and f, will be specified later. Let ¢ €
C*(RR;[0,1]) such that ¢(x) = 1 for |z| < 1/2 and ¢(x) = 0 for |z| > 1. Let ¢,, = ¥(&,).
Then sup,, e ||¥n|/¢—2,p < oo for every p > 1.

Denote by ¢(z; u, ) the density function of the normal distribution with mean vector
w and covariance matrix ¥. We write &6,, = 1+ r,,&. Define the function p,(z, z) by

pales) = E[6,0..0, {0 Wi, Gl (60}

where 6,(X) is Watanabe’s delta function, i.e., the pull-back of the delta function
6, by X.. See [9] for the notion of generalized Wiener functionals and Watanabe’s
delta function. The operation of the adjoint ¢(9,, d,)* for a random polynomial symbol
¢(iz,ix) =Y ca(iz, ix)* is defined by

B |5(01,00)" {0053 Wi G (Ko } | = 2000000 B i Wi G (62
The function p,(z, z) is well defined under [C].

Given positive numbers M and v, denote by £(M, ) the set of measurable functions
f: RY — R satisfying |f(z,2)] < M(1+ |z| + |z|) for all (z,2) € RY. We intend to
approximate the joint distribution of (Z,,, X,,) by the density function p, (z,x). The error
of the approximation is evaluated by the supremum of

AL(f) = E[f(Zn,Xn)]— . f(z,2)pn(z, x)dzdx

in f e &E(M,).

For Z, = (Zn, X,,), we write Z& = Z91 X 22 for a = (a1, a0) € 29 x Zil = Zi‘r. Define
9n(z,%) by
322x) = E[YnZSexp (Zaliz + X, [ix)]

for z € RY and x € RY. Define g%(z, ) by

gz, ) = @2n) /]Ra exp ( — z[iz] — z[ix]) g5 (z,x)dzdx

if the integral exists.
In the notation of Section 2.2,

g;:(LX) = E[e)\n(l;z,X)wnng] = SDn(LLX;iﬁanf) = (Pn(lv'wnzvr?)

EJP 24 (2019), paper 119. http://www.imstat.org/ejp/
Page 50/64


https://doi.org/10.1214/19-EJP310
http://www.imstat.org/ejp/

Asymptotic expansion of Skorohod integrals

Moreover,
Inzx) = §%(zx) = §pa(l;4)
for a € 73, where §* = §21§°>.
Let
h?l(z, ) = E [1/)n¢(27 Wee, GDO)(sx(Xoo)]
+rnE[6(8Z,8m)*{¢(z; Woo,Goo)dm(Xoo)}]
and let

h%(Zw’E) - (Zﬂ z)ahg(z,x)

for a € Z‘i. It holds that sup, ,)cpa |h&(z,@)| < oo for any a € Zi andn € N. Let
ho(z,x) = / e AFe X pe (2 0ydzda.
Rd

Then
he(z,x) = QE[¥(z,x)%n] + @ E[¥(z,%)6(iz, ix)].

Let A, (d) = {u € R%|u| < r;9}, where q € (0,1/2).
Lemma 7.3. Suppose that [C] is fulfilled. Then

(a) For each (z,x) € RY and o € 74,
g(zx) = hS(z,x) = o(ry). (7.11)
(b) For every a € 74 )

sup  sup |(z,x)\a+1r;1|§3(z,x)fﬁf{(z,x)’ < o0. (7.12)
n (z,x)EAn(a)

Proof. First we estimate
pu(0,2,%E) = E[eMO29E
for = € D = n,>;D*P, k < d + 6. Let

M,(0) = (Mn+0""Wy,(0) + 1N, X, (0))

for 6 € (0,1]. Suppose that there exists 6y € [0, 1) such that

. -p
Ges(lgopl]E AMn(a)l{Z§:0|\Djs||ﬁ®j>o} < oo (7.13)
and that
-p
9:(%%0]]3 AXn“’)l{E?:oI\Df5\|ﬁ®j>0} < (7.14)

for every p > 1.
By definition,

on(0,2,%8) = E[eMn(e)[eiz,ix]62*1(1—02>Gw[<iz)®2] =).
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Use M, W,, Wy, N,€ D*Loo(RY), X, X € DkFL(R%), and det GZ! € L, then
with the IBP-formula k-times with respect to M, (), we obtain

lon(0,2,%2)| < |(9z,x)ykE{exp( 1(192)Gm[z®2}>xAn(0,z;E)|]

2

for 6 € (6, 1], the functional A4, (0,z; E) is linear in =, and the expectation on the right-
hand side is dominated by a polynomial in

1G22 o 1 Goolls IV (@)llcsrn AT, o) Less, ipizi o5yl [Ells

for some p > 1 uniformly in 6 € (0,1], (z,x) € R and n € IN. For it, we may add an
independent Gaussian variable to M,, () and shrink its variance after integration-by-parts.
Here we remark that

sup [GXP ( a %(1 - 92)Goo[z®2]) x (1= 6%) D7 Goo[2%%]| g - -
6,z

- 92>Df'mGoo[z®2]ﬁ®,-m} €L,
which is a consequence of L? integrability of G for sufficiently large p. [This estimate
is possible only when z appears with factor 1 — #2. Otherwise, even though the non-

degeneracy of G, is used, the factor (1 — #?)~! would appear and the estimation failed
for 0 near 1. ] Therefore

sup |<pn(9,z,x;E)| < |(z,x)|7k
0€(00,1]

uniformly in (z,x) € R? and n € IN.

For 6 € (0,6y), we use nondegeneracy of X, (6). Applying ingeration-by-parts with
respect to X,,(0) to

on(0,2,x,E) = E [eX"(e)[iX] exp (2_1(1 —0%)G o [(12)%?]
+0M,[iz] + W, (0)[iz] + (‘)rnN[iz]> E} )

we obain
(iX)*? 0, (0,2, 2) = E[e”\”(‘g;Z’X)Bn,a2 (0,2;2)]

for some functional B, 4, (6,2;Z) for 8 € (0,6y) and oz € Zj’: with |az| = k. For every
L > 0, the L'-norm of the functional B,, ,,(0,z; Z) is dominated by a polynomial of

[ X0 () llkt1,p5 ||A}}L(9)1{z;:0|\Da‘5\|ﬁ®j>o}|\pa 1G ps 1Goolliops

1Mallep,  Wa(@)llkps [ Nallkps  1Ellkp, (1 +]2)7"

uniformly in 6 € (0,6,) and n € NN, if we take a sufficiently large p. Therefore we have
en(0:265)] < [z
uniformly in 6 € (0,6y), (z,x) € R® and n € IN. Consequently, we obtained

sup |on(0,2,%35)] S |@x)| (7.15)
0€(0,1]
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uniformly in (z,x) € RY and n € N, under the assumptions (7.13) and (7.14).
For 6 > |c

Aty = A= We Xoo) T Ty (0),
where {d%(6): 6 € [|c|,1],n € N} is a family of functionals bounded in D4t6->. Moreover,

AM, 401 Wee, X o)

_ —2d <9DMn70DMn>YJ + <DWoo;DWoo>f3 <DXooaDWoo>fj (Ink1)/2 3

= 67 *%det { (DWo., DX} (DX, DX}, +r, dn(9)
<CDMn, CDMn>y) + <DWOO, DWOC>;J <DXOO,DWOO>5 (1AK1)/2

> 1

2 det [ (DWeao, DXo0)s (DX, DX.)g | T7m dn(0)

= A(CM7L+Woc7XOQ) +7~£ll/\li1)/2jn(9)

for 6 € [|c|, 1], where d,(#) and d,,(6) are functionals in D4+6-> such that

sup rn<m>/2{|dnw)||a+6,p+||dn<o>||a+6,p} <
9€[0,1],neEN

for every p > 1. Consequently,

Ay = At W xo0) + rENI2d25(9) (7.16)

for 6 € [|c[,1] and n € IN. The functional d**(6) is defined by d* (¢) and d,,(f). We define
en as the sum of squares of the coefficient of the polynomial d}*(f) in § and #~'. Then
lenllae, = O(r) ") for every p > 1. On the other hand, we have an expansion

n
Ax,0 = Ax,(1+7r/?A% d.(9))

with a functional d,, (0) such that all coefficients of this polynomial in 6 are of O(r,l/ %) in
L*°~. Let f, be the sum of squares of the coefficients of d,,(#). By [C] (iv) (b) and the
definition of ¢,,, considering the event {¢,, > 1/2} D {¢,, < 1}, we have

1 - wn|‘8+6,1+2*1n =0(rh") (7.17)

for p; = (1 + K)/(l + 2_1,%) > 1. If ¢ < 1, then inf&G[ld,l] AM"(O) > Sn/13 and
infge[&l] AXn(g) > Ax_ /2 for large n. Thus the conditions (7.13) and (7.14) are en-
sured and hence the estimate (7.15) is available for various functionals = having a factor
related to v,,, as we will see below. Condition (7.1) gives L*°~-boundedness of d+6
derivatives of oy, .

Condition (7.2) with (7.1) implies

(DG, u,) O(rn) (7.18)

9 ||a+5,p

[This is the only place where the L? boundedness of DZ*2G512) is required. That is, we
will only need that ||G$L2)||g_37p = O(ry,) and (7.18) in what follows. ] Condition (7.4)

implies
H<D<<DG§§>, un>ﬁ),un> = o(ry) (7.19)
s lld+6,p
for every p > 1 under (7.1). Condition (7.7) implies
Z H<D<<D<DA7un>5,un>ﬁ),un> = o(ry) (7.20)
A=Woo, X oo Hlld+5,p
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under (7.1). Moreover, Condition (7.9) implies

OZ O H<D<D<DB7un>5,un>ﬁ,un>ﬁ

B=Wn,Nn,Xn

= o(1) (7.21)
d+5,p

under (7.1).
The estimate |G ()]|.5, = O(rx) for every p > 1 follows from (7.6), (7.8) and (7.1).

The estimate HGS)Ha%J) = O(ry) for every p > 1 follows from (7.8), therefore

IGO)llays, = O(rn) (7.22)
for every p > 1. We obtain
(DG (0),un)gllays, = ora) (7.23)

for every p > 1 from (7.7) and (7.9). Estimate

KDGD, un) g llgrs, = Olrn) (7.24)
for every p > 1 follows from (7.8).
We have
H<D<DG§})(9)7U7L>57“”> = o(rp)
Hlld+5,p
by (7.20) and (7.21). Follows the estimate
H<D<DG£}), Un>5, un> ) = o(rn)
Hlld+5,p
from (7.9), so that
H<D<DG£})(9),un>ﬁ,un> = o(rn). (7.25)
Hlld+5,p

Since ¢,,(0;v¢y,) = E[¥(z,x)1,], Proposition 2.6 gives

12
ﬁﬁ‘(Z’X)—iLﬁ(ZvX) = &?QRH(LX) = ZQQRS)(Z’X)'
i=3
We shall show
sup  sup |(z,x)|a+1r;1‘2§2aR£f)(z,x)| < o (7.26)

" (z,x)EA, (a)

fori:=3,...,12.

We remind the representation of R, (z,x) = pg{q’)(f) with f(z,z) = exp(z[iz] + z[ix]).
There appear 24 terms in this expression and we name them R[i] (i = 1,...,24). We
will repeatedly use the inequality (7.15) based on integration-by-parts (IBP) to estimate
§” R[i]. 1t should be noted that the factors (1—62)G . [iz,] and their Malliavin derivatives
come out but they are controlled by exp (27!(1 — §?)Gw[(iz)®?]) if non-degeneracy of
G is used, as already mentioned. Estimates of R[i] are as follows.

* R[1]. The estimate sup, .4, (2 x)[9TLQ*R[1]| = o(r,) follows from d + 4 times
IBP, (7.17), (7.1) and (7.2).

EJP 24 (2019), paper 119. http://www.imstat.org/ejp/
Page 54/64


https://doi.org/10.1214/19-EJP310
http://www.imstat.org/ejp/

Asymptotic expansion of Skorohod integrals

* R[9]. There are three components R[9, j] (j = 1,2, 3) of R[9] corresponding to the
decomposition

<D<D(G(z)wn), un[iz]>ﬁ, un[iz]>55 = <D<DG(Z), un[izDﬁ, un[iz]>y Un,
+2<DG’(Z), un[iz]>ﬁ <D@Z)n7 un[iz]>55

+G(z)<D<D¢n, un[iz]>ﬁ, un[iz]>

H
(7.27)
for G = G'Y. The estimate SUP(, e, @) | (2 )99 R[9,1]| = o(ry) follows from

d + 6 IBR, (7.19) and (7.17). Since [[(DGY (2), un[iz])4llasa, < o(ra)lz|* by (7.4)

and |(z,x)| < ;7 < rn/?, we may deal with |(z,x)|* for R[9,2]. Apply d + 4 IBP,
(7.17) and (7.1) to obtain sup,,jcy, @) |(z: ><V)\d+1|i§?aR[9,2]| = O(r®'). Similarly,
we use |G (2)]344, S O(ra)|z? by (7.3), d + 4 IBP, (7.17) and (7.1) to obtain
SUD (2 x) A, (d) |(27X)|d+1|&aR[973]| = O(rf}'). Thus, SUP (7 x) A, (d) |(Z’X)|d+1|&QR[9H =
o(ry).

* R[2]. We take a way similar to R[9] to show sup, ,c, @ |(Zf )9O R[2]| = o(ry).
R[2,5] (j = 1,2,3) are defined by (7.27) for G = G\?. Apply d + 5 IBP to R[2, 1] with
(7.5) and (7.17). d + 3 IBP to R[2, 2] with (7.18), (7.17) and (7.1). d + 3 IBP to R[2, 3]
with (7.2), (7.17) and (7.1).

* R[16]. In the same way as for 1[2], we can show sup, ,)ca . 4 |(z,%)|9+1 |9 R[16]| =
o(ry). In this case, decomposing R[16] into R[16,j] (j = 1,2,3) by (7.27) for G =
G\, we apply d + 5 IBP to R[16, 1] with (7.25) and (7.17). d + 3 IBP to R[16, 2] with
(7.23), (7.24), (7.17) and (7.1). d + 3 IBP to R[16, 3] with (7.22), (7.17) and (7.1).

* RJ[23]. There are two terms R[23,i] (i = 1, 2) for the decomposition

F<D(Gwn),un[iz]>ﬁ = F<DG,un[iz]>ﬁwn+ FG<D1/}n,un[iz]> (7.28)

)
for F = 1and G = G (z). Apply d + 5 IBP, (7.4) and (7.17) to R[23,1], and d + 3 IBE,
(7.3) and (7.17) to R[23,2]. Then we obtain sup, ,ca, @ (2 X)|9THQYR[23]| = o(ry).

* R[24]. There are two terms R[24,i] (¢ = 1,2) according to (7.28) for F = 1 and
G = GV (0;2,x). To R[24,1], use d + 4 IBP with (7.23) and (7.17). To R[24,2], d + 2
IBP with (7.22) and (7.17). Then sup 4. @ | (2 x)|“ 9 R[24]| = o(r,,).

* R[11]. By the decomposition (7.28) for F = G = G (z), we have two terms R[11, ]
(i = 1,2) as the components of R[11]. The factor |(z,x)|? is canceled by r29. Apply
d + 6 IBP with (7.4) and (7.17) to R[11,1]. Apply d + 4 IBP with (7.3) and (7.17) to
R[11,2]. Then we have sup, ,jea, (@) |(2: X)|4THYR[11]] = o(ry).

* R[10]. This case is similar to R[11]. There appear two terms R[10,i] (i = 1,2) by
(7.28) for F = G%)(z) and G = G\’ (2). Then we obtain
SUD(, e (d) |(z,x)|d+1|&?af2[10]| = o(ry,) by applying d + 5 IBP with (7.4), (7.2) and
(7.17) to R[10,1], and by d + 3 IBP with (7.2), (7.3) and (7.17) to R[10,2].

* R[12]. This case is similar to R[10]. There appear two terms R[10,i] (i = 1,2) by
(7.28) for F = G (6;2,x) and G = GY(2). Then sup, ¢, @) (2 %)} [§" R[12]| =
o(ry). For that, apply d + 5 IBP with (7.4), (7.22) and (7.17) to R[12,1], and by d+3
IBP with (7.22), (7.3) and (7.17) to R[12,2].
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* R[4]. There appear two terms R[4,i] (i = 1,2) by (7.28) for F = el (z) and
G = G\P(z). We obtain sup, e @ (2 )" [97R4,1]| = O(r2" ") by apply-
ing d + 5 IBP with (7.18) and (7.17). In this case, the factor |(z,x)|? is evalu-
ated by 7, 2. Apply d + 3 IBP with (7.2), (7.3) and (7.17) to R[4,2] to obtain
SUP(, en, @ |(Z )[RV R[4, 2]] = O(rh1), therefore sup, e, a) |(z: %) R[4]|
= O(r}?), where ps = p1 A {2(1 — ¢)}.

* R[3]. This is similar to the case R[4]. There appear two terms R[3,i] (i = 1,2) by
(7.28) for F = G = G\ (). We obtain sup, e |41 [@° RI3]| = O(r%2) by
applying d + 4 IBP with (7.18) and (7.17) to R[3, 1], and by d + 2 IBP with (7.2) and
(7.17) to R[3,2).

* R[5]. Similar to the case R[3]. There appear two terms R[5, 4] (i = 1,2) by (7.28) for
F = G (0;2,x) and G = G (z). We obtain sup, ¢ @ |(zx)|[“F 1§ R[5]| = O(r82)
by applying d + 4 IBP with (7.18), (7.22) and (7.17) to R[3,1], and by d + 2 IBP with
(7.2), (7.22) and (7.17) to R[3,2].

« R[18]. Similar to R[4]. There are two terms R[18,1] (i = 1,2) by (7.28) for F = G (z)
and G = G\ (0;2,x). Then sup, e, @ (2. %)@ R[18]| = O(rf2) follows from
d + 5 IBP with (7.23), (7.24), (7.3) and (7.17) to R[18,1], and also d + 3 IBP with
(7.22), (7.3) and (7.17) to R[18,2].

* R[17]. Similar to R[18]. There are two terms R[17,i] (i = 1,2) by (7.28) for F' =
GiY(2) and G = G1 (0;2,x). Then sup, cx. @ |(z.)|** [§R[17]| = O(1%2) follows
from d + 4 IBP with (7.23), (7.24), (7.2) and (7.17) to R[17,1], as well as d + 2 IBP
with (7.22), (7.2) and (7.17) to R[17,2].

« R[19]. Similar to R[17]. Two terms R[19,4] (i = 1,2) by (7.28) for F = G (¢;2,x)
and G = G (0:2,x). Then sup, e x. @ (2. )[*F 9 R[19]] = O(12), which follows
from d + 4 IBP with (7.23), (7.24), (7.22) and (7.17) to R[19,1], as well as d 4+ 2 IBP
with (7.22) and (7.17) to R[19,2].

« R[14]. One factor |(z,x)| is cancelled by ry/? offered by (Gf)(z))2. We apply d+6 IBP

. : d+1 90 3/2
with (7.3) and (7.17) to obtain sup, 4. () |(z,x) |9+ |19 R[14]| = O(r,,/ ). [;Another
way of estimating is to cancel the factor |(z,x)|? by r2 taken from (Gg’)(z)) before
applying less order of IBP formulas. This is the case in the following estimates
though we adopted the same way as for R[14]. ]

* R[13]. Similar to R[14]. Cancelling one factor |(z,x)| by ra/? in G%Q)Y(Z)G%S)(z), we
apply d+5 IBP with (7.2), (7.3) and (7.17) to show sup, ,)c .. (d) [(z, )[4 T|Q" R[13]| =

3/2
O(ra' 7). .
* R[7]. It is essentially the same as R[13]. Therefore sup, .4, () |(z,x) |4 QY R[T]| =
3/2
O(ry' 7).
* R[15]. Similar to R[14]. Cancelling one factor |(z, x)| by ra/? in Gg)(Q; z, x)GS') (z), we
apply d+5 IBP with (7.22), (7.3) and (7.17) to showsup, .y, ) (2, %) |d+119% R[15]| =
3/2
O(ry' 7).
 R[21]. Essentially same as R[15], thfarefore SUP(, e, (@) (2 )99 R[21]| :O(ri/z).
* R[6]. One factor cancellation and d + 4 IBP with (7.2) and (7.17) give
d fe" 3/2
SUD (e, @ (2,17 R R[E]| = O().
« R[8]. Similarly to R[6], d + 4 IBP with (7.22), (7.2) and (7.17) gives
] 3/2
SUPagen, @ | )T RS] = O(r)?).

* R[20]. This is essentially equivalent to R[8]. sup(,,ca, ) |(z,X)|*"![§"R[20]| =

o).
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* R[22]. Apply d+4 IBP with (7.22) and (7.17) to obtain SUD , e, (@) (25 %) 9+119° R[22]|
= O(rf’/Q).

In conclusion,

sup |z xR (2,x)] = olr) (7.29)
(zx) €A (d)
for + = 3 and in particular (7.26) is valid forj = 3. 4
It is possible to obtain sup(, .y (2, %) |)§?“R§f)(z, x)| = O(rk), and (7.29), hence
(7.26) for i = 4 with d+3 IBP, (7.8) and (7.17). Each R\ (z,x) (i = 5, ..., 12) is a difference
of two terms. We will estimate each term separately. Apply d + 5, + 1 IBP with respect
to X, to ¢ and use exp (27'Guo[(1z)¥?]) with non-degeneracy of G (without IBP) to
obtain

sup'\(z,x)|a+1’E[\I/(z7x)§(iz,ix)” < 0
(z,x)€RM

for ¢ = &G0, 652’0), 620 gth) g0 &1, 652’0) and (‘5&1’1). Remark that we need
Xoo € DdHPet200(R), W € DIHBtloo(RY) and Gy, € DIFF-H10(RY @, RY) in this
procedure. To estimate each first term, d + 4 = ¢ — 4 IBP with respect to X is sufficient
because the degree of each random symbol is not greater than three. For that, Conditions
(7.1), (7.2), (7.3), (7.6) and (7.8) work together with the factor exp (27! Guo[(iz)®?]) with
non-degeneracy of G.. In this way, we obtain

sup sup \(z,x)|a+1’E[\II(z,x)gn(iz,ix)]’ < o0

7 (z,x)€RS
for ¢, = 600, 630, 6, 6, 6, 60, 67" and 6. Consequently, (7.26)

was verified for i = 5, ...,12. Thus, (7.12) was proved.
Furthermore, [C] (iii)’ and (7.17) gives X)O‘RS) (z,x) = o(ry,) fori =5,...,12, and then
we obtain (7.11). Now it suffices to show that [C] (iii) implies [C] (iii)b. Forn >0, let

Fi(Z,xX) = B0 xX)W0(Go| + [Weel + X)) Tu(iz, ix)]  ((2,%) € €Y

for n € INU {oc}, where T,, = T. F/! are analytic functions of (,x') for n > 0 and
n € NU{co}. Let

Foz,x) = E[¥(z,9)Tn(iz,ix)]  ((z,x) € RY)
for n € INU {oo}. Then §*F" on R is explicitly expressed by
QF(zx) = B {¥(z,)Tn(iz, 1)} (n(|Goo| + [Wee| + [Xo))]

forn > 0, n € NU {co} and (z,x) € R9. Remark that the differential operator §” is
in the real domain, so that this equation is valid evenvfor n = 0. On the other hand,
6{3‘2, X,)Ffl)(z’ ,X') is not defined. Fix (z,x) € RY and a € Z4. Let € > 0. Then there exists

n > 0 such that

sup > [QUF(z,x) — §'FL(z,x)] < e (7.30)

nelNU{oco} a=0,a

For n > 0, the gap F(z’,x') — F!1(z/,x') — 0 locally uniformly as n — oo because the
coefficients of ¥,, — ¥ converge to zero in L? for some p > 1. Cauchy’s integral formula
for multivariate analytic functions ensures the convergence

QF(z,x) = §*F1(z,x) (n— ) (7.31)
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for every 7 > 0. Then (7.30) and (7.31) give limsup,,_, ., [§"F%(z,x) — §* F2(z,x)| < 2¢,
and hence

lim §F2(z,x) = §F2(z,x).
n—oo

By the equality in [C] (iii) (b), we obtain

lim }QaE[\Il(z, xX)%Tp(iz, ix)} = K?O‘E[‘Il(z, x)%(iz, ix)]7
n—oo
that is [C] (iii)’. This completes the proof of Lemma 7.3. O

The following is a slightly different set of conditions.

[CE1 () [C] (i) holds.

(ii) (7.1), (7.2), (7.3), (7.6) and (7.8) hold for every p > 1. Furthermore, there exists
a positive constant x such that the following estimates hold:

IKDGP un)glle1p = O™ (7.32)
(DD, )y iy = OGE) 7.33
> H(D(DA,un>y,,un>ﬁH[_27p = O(rite) (7.34)
A=Woo, X oo
Z [{(D(DB, un) s un) g My, = O(r}) (7.35)
B=Wn,Nn,Xn
(iii) [C] (iii) holds.
(iv) (@) det Gl € L.
(b) There exists x > 0 such that
P[A(an"rwomxoc) < Sn] = O(r'rll-‘rﬁ)

for some positive random variables s,, € D*~%° satisfying sup,,c (|5, |+
l|snlle—2,p) < oo for every p > 1.

The functional v, is re-defined by v, = ¥(&,,) with

3sn én n
b o= o oy S

7.36
2s, + 127, s2 A% ( )

for A, = A, +w..,x..) this time. The functional f, is defined as before, and e,, will be
specified in the proof of the following lemma.

Lemma 7.4. Under [C?], the properties (a) and (b) of Lemma 7.3 hold true.
Proof. The plot of the proof is quite similar to that of Lemma 7.3, however some modi-

fications are necessary. Let € be a positive number. We may assume that r,, < 1 for all
n € IN. Instead of (7.13) and (7.14), we will use the non-degeneracy of the forms

-p
sup_ - BIAG g 1, 1Dzl 50) | < (7.37)

0e(/1—7rs 1]
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and

sup E A;(iel K |DIZ|, g; 0 < 0 (7.38)
be(0./T=77] (0) {50 | | @i >0}

for every p > 1 and a suitably differentiable functional =. For the same reason as before,
we have

lon(0,2,%2)| < I(zx)]7"

uniformly in 6 € (,/T—75,1], (z,x) € R and n € IN. For 6 € (0, /T—r¢], we will use
d + 3, + 1 IBP below, just like before, and this procedure gives some power of |z|. To
cancel the power of |z| (including z’s coming from random polynomials when we use it),
we attach the factor (1 — #?), and then a power of (1 — #?)~! appears. We can replace it
by 7L, where L is a definite number. Thus what we obtained is

sup sup  sup 75|(z,x)[*|en (0,2, 2)] < <. (7.39)
n 0€(0,1) (z,x)€Rd

We need non-degeneracy (7.37) and (7.38) to apply the estimate (7.39). For our
purposes, when the functional = has ,, or its derivative of certain order, it is sufficient
to show non-degeneracy of M, (6) and X,,(#) under truncation by 1, with &, of (7.36).
We make ¢ sufficiently small. Then it is easy to see

Ajiy = A@sswe xo) 7257 (6)

for some functional d*(6) such that SUDge(\ /T re 76/2||d;*(9) 46, < oo for every

T—re,1],neNm
p > 1. Define e, as before with the coefficients of d’*(#). Then we see (7.17) holds and
A N (8) and A, (9) have uniform non-degeneracy under v, as before.

For proof of the lemma, it is sufficient to show (7.26) for i = 3,...,12. We can take
the same way as the proof of Lemma 7.3. Indeed, estimations of Rg)(z,x) (i=4,..,12)
are the same since we only use nondegneracy of G, and Ax_ . Only estimation of
RY (z,x) is slightly different. We do the same way for estimation of R[] (i = 1,...,24)
with (7.39), but in this situation, the bounds o(r,,) that appeared in the previous proof
become O(r}f”l) for some positive constant «/, thanks to [C?] (ii). Taking a sufficiently

small € so that eL < x/, we obtain (7.12) in the present situation. O

The definition of ¢, varies, depending on [C] or [C?], in the following lemma.
Lemma 7.5. Suppose that either [C] or [CF] is fulfilled. Then, for each m € Z,

sup |[(z,2)[" (gn(z,2) — hy(z,2))| = o(ra)
(z,z)€RY

as n — oo.
Proof. d + 3 times IBP provides

sup sup‘|(z,x)|d+3|gz‘(z,x)| < 0.
n (z,x)ERd

Therefore,

o)
—~
<

w
Q
~—

[ lante0ldads 7.40)
RI\A,.(d)
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for every a € Z‘i. We apply d + 3 times IBP with respect to X, to §" E[¥(z,x)1,] and
use exp (271G [(1z)®?]) with non-degeneracy of G to derive

sup sup“\(z,x)|d+3’2§?O‘E[\II(z,x)wn” < oo.
" (z,x)€RM

We remark that the factor x does not emerge but some product of z can newly appear
though cancelled by the exponential. So

/' ‘&QE[\I/(LX)wanZdX = O(,,,T3Lq)
RI\A, (d)

for every a € Zi. Let ¢ be any random symbol, like G0, that appears in the r,-order
term of &,,. We apply d + 3, + 1 times IBP with respect to Xo to §" E[¥(z,x)c(iz, ix)],
and next use the Gaussianity of ¥ in z to show

/4 |RE[¥(z,x)c(iz,ix)]|dzdx = O(r)
RN\A, (d)

for every a € Zi. Thus

/4 |he(z,x)|dzdx = O(r39) + O(r1+9). (7.41)
RI\A,, (d)
This term becomes o(r,) if we choose ¢ € (1/3,1/2).
Now
AY = sup ’(z,x)o‘(gg(z,x) — hg(z,x))’
(z,m:)E]Ra
1 N A
= i} = / e~ #lizl—alix (9% (z,%) — hQ(z,x))dzdx
(zeyerd (2m)] IR

1 1 -
/ |95 (z,%)| dzdx + / |hx (2, x) | dzdx
(2m)9 Jra\a, @) (2m)¢ Jra\a, @)

n Tn / 1
2m)d Ja.@ "

By (7.40), (7.41) and the properties (a) and (b) provided by either Lemma 7.3 or Lemma
7.4, we obtain A% = o(r,,). O

IN

3% (z,x) — h2(z,x) |dzdx.

Here is the main theorem in this section.

Theorem 7.6. Suppose that either [C] or [C] is fulfilled. Then, for any positive numbers
M and v,

sup  An(f) = o(rn)
feg(M,y)

as n — o0.

Proof. The local density ¢° is a continuous version of the density (E[t,| Z, = (2, z)|dP%")/
dzdz, admits any order of moments and

E[f(Zn)wn] = /1118 f(z,2)g%(2, 2)dzdx.

Let p =1+ /2, where & is the one given in [C] (iv) (b) or in [C"] (iv) (b). Then

sup  |E[f(Zo)] = E[f(Z)¥a]] < suwp 1F(Za)lpyon)lIl = ¥ally = o(ra).
feE(M,v) feE(M )
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For k1, ke € Z,, we have
|Z|k1 ‘$|2k2 |E[(1 — Yn)d(z; Wos, Goo)am(Xoc)] |

= |B[XZ(1 = ¢n) 2" $(2: Wee, Goo )0 (X o)

< Ok, k2)|I1 —n

for all (z,2) € RY, where C(k;,ks) is a constant depending on (ki, ko), where v =
2[1 4+ d;/2] < dj + 2. Therefore,

A

v

sup . f(Z,a?)E[(l _wn)¢<Z§Wm7Gm)5w(XOO>}dZd‘r
fEE(M,y) Rd

= O([1 = ¥ulvp) = o(rn).

This estimate makes it possible to replace p,, by hl.
In this way, estimation of A, (f) is reduced to

'/ f(z,2)g0(z,2)dzdx — | f(z,2)h (2, x)dzdz

< / 1f(z,2)|(1+ [(z,2))""dzdz x sup  |(1 4 [(z,2)])" (90 (2, ) — By (2, 7)) |
R (z,x)eRI

= o(rn)

by Lemma 7.5 if m is chosen as m > d + 7. O

It is easy to give the joint asymptotic expansion with a reference variable in the
applications of the previous sections, while we do not give statements explicitly here. In
statistics, the joint expansion is quite important because the reference variable will be
the random Fisher information matrix, an asymptotically ancillary statistic, and so on, in
the context of the non-ergodic statistics.

On the other hand, it is also possible to give a similar asymptotic expansion of
E[f(Z,)] without a reference variable X,,. In fact, our result already applies to such
a case if we take a variable X,, = X, ~ N(0,1) independent of other variables. The
expansion formula is valid in particular for functions f(z) of z. Integrating out x from
pn(2,2), we obtain a formula [ p,(z,z)dz. Formally, this formula corresponds to the
case (B, = 0 and d; = 0. As a matter of fact, some of differentiability conditions can be
reduced due to lack of the reference variable X,,. We shall give a simplified version of
Theorem 7.6 with [C®] but without the reference variable X,,, among several possibilities.
In what follows, we will only consider the variable

Zn = My +1r,N,.
In this situation, we need the random symbols
1 1
6B (iz) = 3r;1<D<DMn[iz],un[iz]>ﬁ,un[iz]> = quor[(iz)®3]7
9
SEl (i) = Jra'GP) = ;nf(<DMn[izLun[iz]>,.,—Goo[<iz>21) = JaTan[(12)°7),
69 (iz) = N,[iz],
o2 = (DNl i)
9
Let
U(z) = exp(27'Gx[(12)®?).

We consider the following condition. Recall / = d + 8 when d; = 0.
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[D]G) u, € DAL2(H@RY), Go € DHL2(RE @ RY), N, € DES(RY).

(ii) There exists a positive constant « such that the following estimates hold for
every p > 1:

[unlle, = O(1)

IGDe—2p = O(ra)
IGDNe—2p = O(ra)

H<D<DG§>,un>ﬁ,un>ﬁ ok
£—3,p
INallicrs = O(1)
R N
—2p

(iii) For each pair (T,,,T) = (677, &6.0), (68?,’?), 629, (&Y &(19) and

(6%’?), 6%2’0)), the following conditions are satisfied.

(a) Tis a polynomial random symbol the coefficients of which are in L't =
Ups1LP.

(b) For some p > 1, there exists a polynomial random symbol ¥,, that has L?
coefficients and the same degree as %,

E[\I/(Z)‘In(iz)] = E[\I'(Z)‘En(lz)]
and %,, — ¥ in LP.

(iv) (@) det Gl e L>~.
(b) There exists x > 0 such that

P[AMn<sn] = O(T}f")

for some positive random variables s,, € D/~ satisfying sup,,c (||s;; [, +
|snlle=2,p) < oo for every p > 1.

In the present situation, the random symbol & is defined by
S(iz) = 6®9(iz)+ &Y (iz) + 610 (iz) + &V (iz).
Let &,, = 1+ r,6 and define p,(z) by
B(z) = E[64(0:) ¢(20,G)]

with naturally defined adjoint operation &,,(9,)*. We follow the proof of Theorem 7.6 but
with

on(l,,2) = E[e)‘”(e;z)E]

EJP 24 (2019), paper 119. http://www.imstat.org/ejp/
Page 62/64


https://doi.org/10.1214/19-EJP310
http://www.imstat.org/ejp/

Asymptotic expansion of Skorohod integrals

for ¢, (0,2,x; Z), where
M(0;2) = OM,[iz] + 27 (1 — 0%)Goo[(i2)®?] + 07, N, [i2].
Then, in place of (7.39), we obtain

sup sup suprfLL|z\k|<pn(9,z;E)| < oo.
n  6e(0,1) zeRd

For this estimate for 6 € (0, /T — r¢ ], only non-degeneracy of G is used. In this way,
we can prove the validity of the asymptotic expansion by p,,. Denote by £(M, v) the set
of measurable functions f : R — R such that |f(z)] < M (1 + |2|)” for all z € RY. Let

A = [El@) - [ e

for f € £(M, ).

Theorem 7.7. Suppose that Condition [D] is satisfied. Then, for any positive numbers

M and ~,
sup An(f) = ofrn)
Fe€(M,y)
as n — oQ.
References

[1] Bhattacharya, R.N., Rao, R.R.: Normal approximation and asymptotic expansions, vol. 64.
SIAM (2010). MR-3396213

[2] Cheridito, P, Nualart, D.: Stochastic integral of divergence type with respect to fractional
Brownian motion with Hurst parameter H € (0,1/2). In: Annales de I'Institut Henri Poincare
(B) Probability and Statistics, vol. 41, pp. 1049-1081. Elsevier (2005). MR-2172209

[3] Corcuera, J.M., Nualart, D., Woerner, J.H.: Power variation of some integral fractional
processes. Bernoulli 12(4), 713-735 (2006). MR-2248234

[4] Eden, R., Viquez, J.: Nourdin-Peccati analysis on Wiener and Wiener-Poisson space for
general distributions. Stochastic Processes and their Applications 125(1), 182-216 (2015).
MR-3274696

[5] Gotze, F., Hipp, C.: Asymptotic expansions for sums of weakly dependent random vectors. Z.
Wahrsch. Verw. Gebiete 64(2), 211-239 (1983). MR-0714144

[6] Gotze, F., Hipp, C.: Asymptotic distribution of statistics in time series. Ann. Statist. 22(4),
2062-2088 (1994). MR-1329183

[7] Harnett, D., Nualart, D.: Weak convergence of the Stratonovich integral with respect to a
class of Gaussian processes. Stochastic Processes and their Applications 122(10), 3460-3505
(2012). MR-2956113

[8] Harnett, D., Nualart, D., et al.: Central limit theorem for a Stratonovich integral with
Malliavin calculus. The Annals of Probability 41(4), 2820-2879 (2013). MR-3112933

[9] Ikeda, N., Watanabe, S.: Stochastic differential equations and diffusion processes, vol. 24.
North-Holland Publishing Co. (1989). MR-0637061

[10] Kusuoka, S., Yoshida, N.: Malliavin calculus, geometric mixing, and expansion of diffusion
functionals. Probab. Theory Related Fields 116(4), 457-484 (2000). MR-1757596

[11] Kusuoka, S., Tudor, C.A.: Stein’s method for invariant measures of diffusions via Malliavin
calculus. Stochastic Processes and their Applications 122(4), 1627-1651 (2012). MR-2914766

[12] Mykland, PA.: Asymptotic expansions and bootstrapping distributions for dependent vari-
ables: a martingale approach. Ann. Statist. 20(2), 623-654 (1992). MR-1165585

EJP 24 (2019), paper 119. http://www.imstat.org/ejp/
Page 63/64


http://www.ams.org/mathscinet-getitem?mr=3396213
http://www.ams.org/mathscinet-getitem?mr=2172209
http://www.ams.org/mathscinet-getitem?mr=2248234
http://www.ams.org/mathscinet-getitem?mr=3274696
http://www.ams.org/mathscinet-getitem?mr=0714144
http://www.ams.org/mathscinet-getitem?mr=1329183
http://www.ams.org/mathscinet-getitem?mr=2956113
http://www.ams.org/mathscinet-getitem?mr=3112933
http://www.ams.org/mathscinet-getitem?mr=0637061
http://www.ams.org/mathscinet-getitem?mr=1757596
http://www.ams.org/mathscinet-getitem?mr=2914766
http://www.ams.org/mathscinet-getitem?mr=1165585
https://doi.org/10.1214/19-EJP310
http://www.imstat.org/ejp/

Asymptotic expansion of Skorohod integrals

[13] Nourdin, I.: Asymptotic behavior of weighted quadratic and cubic variations of fractional
Brownian motion. The Annals of Probability 36(6), 2159-2175 (2008). MR-2478679

[14] Nourdin, I., Nualart, D., Peccati, G.: Quantitative stable limit theorems on the Wiener space.
The Annals of Probability 44(1), 1-41 (2016). MR-3456331

[15] Nourdin, I., Nualart, D., Tudor, C.A.: Central and non-central limit theorems for weighted
power variations of fractional Brownian motion. In: Annales de !'Institut Henri Poincaré,
Probabilités et Statistiques, vol. 46, pp. 1055-1079. Institut Henri Poincaré (2010). MR-
2744886

[16] Nourdin, I., Peccati, G.: Weighted power variations of iterated Brownian motion. Electronic
Journal of Probability 13, 1229-1256 (2008). MR-2430706

[17] Nourdin, I., Peccati, G.: Stein’s method on Wiener chaos. Probability Theory and Related
Fields 145(1), 75-118 (2009). MR-2520122

[18] Nualart, D.: The Malliavin calculus and related topics, second edn. Probability and its
Applications (New York). Springer-Verlag, Berlin (2006). MR-2200233

[19] Nualart, D., Ortiz-Latorre, S.: Central limit theorems for multiple stochastic integrals and
Malliavin calculus. Stochastic Processes and their Applications 118(4), 614-628 (2008).
MR-2394845

[20] Nualart, D., Peccati, G.: Central limit theorems for sequences of multiple stochastic integrals.
The Annals of Probability 33(1), 177-193 (2005). MR-2118863

[21] Peccati, G., Taqqu, M.S.: Stable convergence of multiple Wiener-It6 integrals. Journal of
Theoretical Probability 21(3), 527-570 (2008). MR-2425357

[22] Peccati, G., Tudor, C.A.: Gaussian limits for vector-valued multiple stochastic integrals.
Séminaire de Probabilités XXXVIII 1857, 247-262 (2005). MR-2126978

[23] Peccati, G., Yor, M.: Four limit theorems for quadratic functionals of brownian motion
and brownian bridge. In: Csérgo, M and Horvath, Lajos and Szyszkowicz, Barbara (Eds.)
Asymptotic Methods in Stochastics: Festschrift for Miklés Csorgo, pp. 75-88. American
Mathematical Society (2004). MR-2106849

[24] Podolskij, M., Veliyev, B., Yoshida, N.: Edgeworth expansion for the pre-averaging estimator.
Stochastic Processes and their Applications (2017). MR-3707238

[25] Podolskij, M., Yoshida, N., et al.: Edgeworth expansion for functionals of continuous diffusion
processes. The Annals of Applied Probability 26(6), 3415-3455 (2016). MR-3582807

[26] Tudor, C., Yoshida, N.: Asymptotic expansion for vector-valued sequences of multiple integrals.
Preprint (2017)

[27] Yoshida, N.: Malliavin calculus and asymptotic expansion for martingales. Probab. Theory
Related Fields 109(3), 301-342 (1997). MR-1481124

[28] Yoshida, N.: Malliavin calculus and martingale expansion. Bulletin des sciences mathema-
tiques 125(6-7), 431-456 (2001). MR-1869987

[29] Yoshida, N.: Partial mixing and Edgeworth expansion. Probability Theory and Related Fields
129(4), 559-624 (2004). MR-2078982

[30] Yoshida, N.: Asymptotic expansion for the quadratic form of the diffusion process.
arXiv:1212.5845 (2012)

[31] Yoshida, N.: Martingale expansion in mixed normal limit. Stochastic Processes and their
Applications 123(3), 887-933 (2013). MR-3005009

[32] Yoshida, N.: Asymptotic expansions for stochastic processes. In: M. Denker, E. Waymire
(Eds.) Rabi N. Bhattacharya, pp. 15-32. Springer (2016). MR-3526454

Acknowledgments. The authors would like to thank the referee for valuable comments
that helped to improve the manuscript.

EJP 24 (2019), paper 119. http://www.imstat.org/ejp/
Page 64/64


http://www.ams.org/mathscinet-getitem?mr=2478679
http://www.ams.org/mathscinet-getitem?mr=3456331
http://www.ams.org/mathscinet-getitem?mr=2744886
http://www.ams.org/mathscinet-getitem?mr=2744886
http://www.ams.org/mathscinet-getitem?mr=2430706
http://www.ams.org/mathscinet-getitem?mr=2520122
http://www.ams.org/mathscinet-getitem?mr=2200233
http://www.ams.org/mathscinet-getitem?mr=2394845
http://www.ams.org/mathscinet-getitem?mr=2118863
http://www.ams.org/mathscinet-getitem?mr=2425357
http://www.ams.org/mathscinet-getitem?mr=2126978
http://www.ams.org/mathscinet-getitem?mr=2106849
http://www.ams.org/mathscinet-getitem?mr=3707238
http://www.ams.org/mathscinet-getitem?mr=3582807
http://www.ams.org/mathscinet-getitem?mr=1481124
http://www.ams.org/mathscinet-getitem?mr=1869987
http://www.ams.org/mathscinet-getitem?mr=2078982
http://arXiv.org/abs/1212.5845
http://www.ams.org/mathscinet-getitem?mr=3005009
http://www.ams.org/mathscinet-getitem?mr=3526454
https://doi.org/10.1214/19-EJP310
http://www.imstat.org/ejp/

	Introduction
	Second-order interpolation formula in frequency domain
	Perturbation of a Skorohod integral
	Interpolation and expansion

	Asymptotic expansion for differentiable functions
	Expansion formula for E[f(Zn,Xn)]
	Estimate of (1)n(f)

	A functional of a fractional Brownian motion
	Brownian motion case
	Quasi tangent
	Quasi torsion
	Asymptotic expansion

	Fractional Brownian motion. Case H>12
	Quasi tangent
	Quasi torsion

	Fractional Brownian motion. Case  14<H<12
	Quasi tangent
	Quasi torsion
	Asymptotic expansion


	Quadratic form of a Brownian motion with predictable weights
	Quadratic form with random weights and H-derivatives
	Quasi torsion
	Quasi tangent

	Quadratic form of a fractional Brownian motion with random weights
	Weighted quadratic variation
	Quasi torsion
	Quasi tangent
	Perturbation term

	Asymptotic expansion for measurable functions
	References

