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The Widom-Rowlinson model on the Delaunay graph
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Abstract

We establish phase transitions for continuum Delaunay multi-type particle systems
(continuum Potts or Widom-Rowlinson models) with a repulsive interaction between
particles of different types. Our interaction potential depends solely on the length
of the Delaunay edges. We show that a phase transition occurs for sufficiently large
activities and for sufficiently large potential parameter proving an old conjecture
of Lebowitz and Lieb extended to the Delaunay structure. Our approach involves a
Delaunay random-cluster representation analogous to the Fortuin-Kasteleyn represen-
tation of the Potts model. The phase transition manifests itself in the mixed site-bond
percolation of the corresponding random-cluster model. Our proofs rely mainly on
geometric properties of Delaunay tessellations in R? and on recent studies [DDG12]
of Gibbs measures for geometry-dependent interactions. The main tool is a uniform
bound on the number of connected components in the Delaunay graph which provides
a novel approach to Delaunay Widom Rowlinson models based on purely geometric
arguments. The interaction potential ensures that shorter Delaunay edges are more
likely to be open and thus offsets the possibility of having an unbounded number of
connected components.
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1 Introduction and results

1.1 Introduction

This paper is a continuation of the study in [AE16] concerning phase transition in
continuum systems. Phase transition results in the continuum setting are much harder to
obtain, e.g., the proof of a liquid-vapor phase transition in [LMP99], or the spontaneous
breaking of rotational symmetry in two dimensions for a Delaunay hard-equilaterality like
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interaction [MRO09], for an overview see [AE16]. The focus of this research is on another
specific model, the Widom and Rowlinson model [WR70], for which a phase transition
is known to occur, and on a novel counting technique for connected components of the
corresponding Delaunay random cluster model. A Widom and Rowlinson model is a
multi-type particle system in R?, d > 2, with hard-core exclusion between particles of
different type. The phase transition in this model was stablished by Ruelle [Rue71].
Lebowitz and Lieb [LL72] extended his result by replacing the hard-core exclusion by a
soft-core repulsion between unlike particles. The phase transitions for large activities in
all these systems reveal themselves in breaking of the symmetry in the type-distribution.

In this paper we establish the existence of a phase transition for a class of continuum
Delaunay Widom-Rowlinson (Potts) models in R?. The repulsive interaction between
unlike particles is of finite range, and it depends on the geometry of the Delaunay
tessellation, i.e., the length of the edges. The potential is formally given as

5(0) = log (5463/8)1{@ <R}, B>0,0>0,

where ¢ > 0 is the length of an Delaunay edge and g > 0 is the potential parameter and
R > 0 is finite range condition of the potential. There are two novelties in this research:
We obtain a phase transition for soft repulsion (no hard-core repulsion) between unlike
particles on the Delaunay structure with no additional constraints on the distribution
of the underlying particle system. Secondly, the main novelty of our paper is a uniform
bound on the number of connected components in the Delaunay random cluster model
which is purely based on geometrical properties of Delaunay tessellations in two dimen-
sions. The potential ensures that for large values of the parameter g > 0, Delaunay
edges with shorter lengths are more likely to be connected than those with longer edges,
enabling us to bound the number of connected components for clouds of points with
vanishing point-wise distances. This paper is an extensive further development of the
recent work [AE16] where all models had an additional background hard-core potential
introducing a length scale for the configurations. Gibbs models on Delaunay structures
have been studied in [BBD99, BBD02, BBD04, Der08, DDG12, DG09, DL11], and our
results rely on the existence of Gibbs measures for the geometry-dependent interaction
using methods in [DDG12]. Our approach is based on a Delaunay random-cluster rep-
resentation. A phase transition for our Delaunay Potts model follows if we can show that
the corresponding percolation process contains an infinite cluster. A similar program
was carried out by Chayes et al. in [CCK95] for the hard-core Widom-Rowlinson model.
In that case, the existence of infinite clusters follows from a stochastic comparison with
the Poisson Boolean model of continuum percolation, while our framework uses a coarse
graining method to derive a stochastic comparison with mixed site-bond percolation
on Z2. Our results are extension of [LL72, Rue71] and [CCK95] to the Delaunay struc-
ture replacing hard-core constraint by our soft-core repulsion. In particular we obtain
phase transition for all activities once the interaction parameter g > 0 (inverse temper-
ature) is sufficiently large depending on the activity. We note that our random-cluster
representation requires the symmetry of the type interaction. In the non-symmetric
Widom-Rowlinson models, the existence of a phase transition has been established by
Bricmont et al. [BKL84], and recently by Suhov et al. [MSS15].

1.2 Remarks on Delaunay tessellations

We add some remarks on models defined on Delaunay hypergraph structures. There
are differences between geometric models on the Delaunay hypergraph structure and
point particle models such as the Widom-Rowlinson model. The first is that edges and
triangles in the Delaunay hypergraph are each proportional in number to the number
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of points in the configuration. However, in the case of the complete hypergraph the
number of edges is proportional to the number of points squared and the number of
triangles is proportional to the number of points cubed. Secondly, in complete graphs of
all classical models, the neighbourhood of a given point depends only on the distance
between points and so the number of neighbours increases with the activity parameter
z of the underlying point process. This means that the system will become strongly
connected for high values of z. This is not the case for the Delaunay hypergraphs which
exhibit a self-similar property. Essentially, as the activity parameter z increases, the
expected number of neighbours to a given point in the Delaunay hypergraph remains
the same, see [M@94]. Therefore, in order to keep a strong connectivity, we use a type
interaction between points of Delaunay edges with a non-constant mark. Finally, and
perhaps most importantly, is the question of additivity. Namely, suppose we have an
existing point configuration w and we want to add a new particle «x to it. It is well-know
that classical many-body interactions are additive, see [AE16] for details and references.
On the other hand, in the Delaunay framework, the introduction of a new point to an
existing configuration not only creates new edges and triangles, but destroys some too.
The Delaunay interactions are therefore not additive, and for this reason, attractive
and repulsive interactions are indistinct. In the case of a hard exclusion interaction,
we arrive at the possibility that a configuration w is excluded, but for some z, w U x is
not. This is called the non-hereditary property [DG09], which seems to rule out using
techniques such as stochastic comparisons of point processes [GK97].

1.3 Setup

We consider configurations of points in R? with internal degrees of freedom, or
marks. Let M, = {1,...,q},q € IN,¢ > 2, be the finite set of different marks. That is,
each marked point is represented by a position # € R? and a mark o(z) € M,, and
each marked configuration w is a countable subset of R? x M, having a locally finite
projection onto R?. We denote by €2 the set of all marked configurations with locally finite
projection onto R?. We will sometimes identify w with a vector w = (w®,...,w®@) of
pairwise disjoint locally finite sets w®,...,w@ in R? (we write € for the set of all locally
finite configurations in R?). Any w is uniquely determined by the pair (w, o), where
w = U w™ is the set of all occupied positions, and where the mark function o: w — M,
is defined by o(z) = i if z € w”,i € M,. For each measurable set B in R? x M, the
counting variable N(B): w — w(B) on €2 gives the number of marked particles such
that the pair (position, mark) belongs to B. We equip the space €2 with the o-algebra F
generated by the counting variables N(B) and the space {2 of locally finite configurations
with the o-algebra F generated by the counting variables No = #{wN A} for A € R?
where we write A € R2 for any bounded A C RR2. As usual, we take as reference measure
on (02, F) the marked Poisson point process IT* with intensity measure zLeb ® u, where
z > 0 is an arbitrary activity, Leb is the Lebesgue measure in R?, and , is the uniform
probability measure on M,.

For each A C R? we write Q) = {w € ©: w C A x M, } for the set of configurations in
A, pry: w — wp = wnNA X M, for the projection from €2 to 2, (similarly for unmarked
configurations), F), = F|q, for the trace o-algebra of F on Q,, and F, = erl.’Fﬁ\ cCF
for the o-algebra of all events that happen in A only. The reference measure on (25, F)
isIIj :=II* o erl. In a similar way we define the corresponding objects for unmarked
configurations, IT%, IT%, 4, pry, 4, and F,. Finally, let 6 = (6,,),cr2 be the shift group,
where 0,: Q — § is the translation of the spatial component by the vector —z € R2.
Note that by definition, Na (f,w) = Nay.(w) for all A C R2.

We outline the definitions for the unmarked configurations first with obvious adap-
tations to the case of marked point configurations. The set of Delaunay hyperedges
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of a given configuration w € (2 consist of all  C w for which there exists an open ball
B(n,w) € R? with dB(n,w) Nw = 7 that contains no points of w. For m = 1,2,3, and
w € 2, we write Del,,(w) = {n C w: #n = m} for the set of Delaunay simplices with
m vertices. It is possible that a Delaunay hyperedge n consists of four or more points
on a sphere with no points inside. In fact, for this not to happen, we must consider
configurations in general position as in [M@94]. More precisely, this means that no four
points lie on the boundary of a circle, no point lies inside a circumcircle for a triangle,
and every half-plane contains at least one point. Fortunately, this occurs with probability
one for our Poisson reference measure, and in fact, for any stationary point process.
Note that the open ball B(7n, w) is only uniquely determined when #n = 3 and 7 is affinely
independent. Henceforth, for each configuration w we have an associated Delaunay
triangulation

{r Cw: #7=3,B(1,w) Nw = &} (1.1)

of the plane, where B(7,w) is the unique open ball with 7 C 9B(7,w) with being the
circumcircle of the triangle 7. The set in (1.1) is uniquely determined and defines a
triangulation of the convex hull of w whenever w is in general position ([M@94]). In
a similar way one can define the marked Delaunay hyperedges Del,,(w), where the
Delaunay property refers to the spatial component only.

Given a configuration w € 2 (or w) we write Qp ., = {¢C € Q: ( \ A = w} (resp. 2 .,)
for the set of configurations which equal w off A. For any edge n € Del, we denote its
length by ¢(n), i.e., {(n) = |z — y| if n = {z,y}, and we write n = 7, ,. The interaction is
given by the following Hamiltonian in A with boundary condition w € €2,

Hyw(@) = Y 6ptm))(1=6,(m), ¢ €, (1.2)

n€EDely (¢) :
n€Dely A (<)

where Dels A(¢) := {n € Delz(¢): 37 € Del3(¢),n C 7,0B(1,{) N A # &}. Here ¢3 is a
measurable function of the length /(7)) of an edge defined for any 5 > 0,

4
¢p() =log (6 ;B)ﬂ{f <R}, (1.3)

and
1 ,ifo,(x) =0y(y) forn ={z,y},
i) — (#) = on(y) {1}
0 , otherwise.

Note the following scaling relation for the potential
¢p(LLl) = ¢pg/ra(£), forany L > 0 with L/ < R, ¢ < R. (1.4)

Following [DDG12] we define the partition function as
Zaw) = [ e IO IEACY) I ()
QA,u

The Gibbs distribution for ¢g, and z > 0 in A with boundary condition w is defined as

Yaw(A) = L/ 1A(CUw)e Are©T12(d¢), AeF. (1.5)
QAL w

Zp(w)
It is evident from (1.5) that, for fixed { € 24, the conditional distribution of the marks
of ¢ = (¢™,...,¢'?) relative to vy, is that of a discrete Potts model on ¢ embedded in
the Delaunay triangulation with position-dependent interaction between the marks. This
justifies calling our model Delaunay Potts model or Delaunay Widom-Rowlinson model.
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Definition 1.1. A probability measure i on €2 is called a Gibbs measure for the Delaunay
Potts model with activity z > 0 and interaction potential ¢g if

_ 1 w)e—Hrw(© 12 w
5l = [ 7oy o, SGU I (4 () (1.6)

for every A € R? and every measurable function f.

The equations in (1.6) are the DLR equations (after Dobrushin, Lanford, and Ruelle).
They ensure that the Gibbs distribution in (1.5) is a version of the conditional probability
w(A|F pc)(w). The measurability of all objects is established in [Eye14, DDG12].

1.4 Results and remarks

Proposition 1.2 (Existence of Gibbs measures). For any z > 0 there exists at least
one Gibbs measure for the Delaunay Widom-Rowlinson (Potts) model with parameter
B> 0.

Remark 1.3 (Gibbs measures). The proof is using the so-called pseudo-periodic con-
figurations (see Appendix A or [DDG12]) and properties of the potential ¢g. Exis-
tence of Gibbs measures for related different Delaunay models have been obtained
in [BBD99, Der08, DG09]. Note that for ¢ = 1 our models have no marks and Gibbs
measures do exist as well ((DDG12]). o

A phase transition is said to occur if there exists more than one Gibbs measure
for the Delaunay Potts model. The following theorem shows that this happens for all
activities z greater than some lower bound depending on the range R > 0 and the
number of types and sufficiently large parameter 5 depending on z. Note that § is a
parameter for the type interaction and not the usual inverse temperature. The statement
of the following phase transition depends on the novel upper bound for the number of
connected components in Theorem 2.1 below.

Theorem 1.4 (Phase transition). For a* = a*(R,q) defined in (2.5) there exists
2*(a*,R,q) > 0 such that the following holds. For all = > R~ %2*(a*, R, q) there ex-
ists By = Bo(q, R, z) such that for all § > [y V q there exit at least q different Gibbs
measures for the Delaunay Widom Rowlinson (Potts) model.

Remark 1.5. (a) Theorem 1.4 actually establishes a break of the symmetry in the type
distribution.

(b) The condition on the activity says that zR? > z*(a*, R, q) for some constant z*(a*, R, q)
(see Lemma 2.4) depending solely on R and ¢. This is expected as the activity scales
with the square of the given finite range length scale of the potential. Furthermore,
the constant 8y(q, R, z) is chosen to increase the quotient R—4, this is due to the scale
invariance of the potential (1.4).

(c) Theorem 1.4 also holds for any potential depending on the length ¢ of Delaunay
edges
G+ 8
35 (0) = log (W)n{e <R}, ~>0.
We need higher than cubic powers in the potential to balance the number of edges
which grows quadratically with the edge length, see Section 3.4 for details. o

Remark 1.6 (Free energy and Uniqueness of Gibbs measures). (a) One may won-
der if the phase transition manifest itself thermodynamically by a non-differentiability
(“discontinuity”) of the free energy (pressure). We refer the interested reader to
[AE16] for more details and references.
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(b) To establish uniqueness of the Gibbs measure in our Delaunay Potts model one
can use the Delaunay random-cluster measure C),, ., to be defined in (2.2) below.
Details are outlined in [AE16]. In contract to the models studied in [AE16], in our
model the interaction parameter 5 plays the role of the inverse temperature, that
is, if B is chosen sufficiently small, then there is no percolation in our Delaunay
random-cluster measure and therefore uniqueness of the Gibbs measure. o

The study for Widom-Rowlinson or Potts models with geometry-dependent interaction
is by far not complete, one may wish to extend the single edge (or triangle) interaction
to mutual adjacent Voronoi cell interaction. The common feature of all these “ferromag-
netic” systems is that phase transitions are due to breaking the symmetry of the type
distribution.

The rest of the paper is organised a follows. In Section 2.1 we define the Delaunay
random-cluster measure for edge configruations, and in Section 2.2 we establish per-
colation in this model for certain parameters. The main novelty is the extensive and
elaborate proof of the uniform bound on the number of connected components using
purely geometric properties in Section 3. Finally, in Section 4 we give details of our
remaining proofs.

2 The random cluster method

In Section 2.1 we introduce the Delaunay random cluster model and show percolation
for this model in Section 2.2 via comparison with mixed site-bond percolation on Z2. We
conclude in Section 2.3 with our proof of Theorem 1.4. The key step is our novel uniform
estimate of the number of connected components in Section 3. The proof of this bound
uses solely geometric arguments and constitutes a major part of this work.

2.1 Delaunay random cluster measure

For A € R? and parameters z and @3 we define a joint distribution of the Delaunay
Potts model and an edge process which we call Delaunay random-cluster model. The
basic idea is to introduce random edges between points in the plane. Let

Eg: ={n={z,y} CR*: 2 #y}

be the set of all possible edges of points in R?, likewise, let E, be the set of all edges in
A and E; for the set of edges in ¢ € Q2 ,. We identify w with w® and w = (W™, 9,...,2).
This allows only monochromatic boundary conditions whereas the general version
involves the so-called Edwards-Sokal coupling (see [GHMO0O] for lattice Potts models).
We restrict ourself to the former case for ease of notation. We write

& ={E C ER2: E locally finite}

for the set of all locally finite edge configurations.

The joint distribution is built from the following three components.

The point distribution is given by the Poisson process I1?¢ for any boundary condition
w € ) and activity zq.

The type picking mechanism for a given configuration ¢ € Q4 , is the distribution ¢ s
of the mark vector o € M¢. Here (0(z)),¢¢ are independent and uniformly distributed
random variables on M, with o(z) = 1 for all € (yc = w. The latter condition ensures
that all points outside of A carry the given fixed mark.

The edge drawing mechanism. Given a point configuration ¢ € Q, ., we let u¢ A be
the distribution of the random edge configuration {7 € E.: v(n) = 1} € £ with the edge
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configuration v € {0, 1}¥¢ having probability

1T e (1 = p(m)) =

nek;
with
(1 — ef(bﬁ("))]lDeb(C)(n) ifn € ER2 \ FEpe,
Ipei, () (1) if n € Eje.

The measure p 5 is a point process on Eg2. Note that ¢ = A¢a and ¢ — pc a are
probability kernels (see [Eyel4, AE16]). Let the measure

p(n) =Pv(n) =1) = { (2.1)

PR (G dB) i= 5 =T (A0A A (O uc A (dE)
Aw)
be supported on the set of all (¢, E) with { € Q4 ,, and E C E;. We shall condition on
the event that the marks of the points are constant on each connected component in the
graph (¢, ENE;). Two distinct vertices = and y are adjacent to one another if there exists
n € E¢ such that {z,y} = 7. A path in the graph (¢, E N E;) is an alternating sequence
v1, e1, V2, €2, ... of distinct vertices v; and edges e; such that {v;,v;11} = e; forall i > 1.
We write
A={(¢(E)ex e Y (1-5,(n) =0}
nek
for the set of marked point configurations such that all vertices of the edges carry the
same mark. The set A is measurable which one can see from writing the condition in the
following way

Z Z (Lo (@)1 =1 (y) =0

n={zy}ek i=1
and using the fact that (¢, x) + 1. (2),i = 1,...,q, are measurable (see [GH96, Chapter
2]). Furthermore, I}’  (A) > 0, which follows easily observing I} ,(A) > I ({&}) =
e—?41A /7, (w), where & is the configuration which equals w outside of A and which is
empty inside A. Henceforth, the random-cluster measure

P = P, (14)

is well-defined. We obtain the following two measures from the random-cluster measure
P, namely if we disregard the edges we obtain the Delaunay Gibbs distribution v, ,, in
(1.5) (see [Eyel4]). For the second measure consider the mapping sp: ({, F) — ((, E)
from Q x € onto Q x & where ¢ — ¢ = UL ,(”. For each (¢, E) with E C E; we let
K ((, E) denote the number of connected components in the graph (¢, E'). The Delaunay
random-cluster distribution on 2 x € is defined by

1

Cpw(d¢,dE) = AN

¢ PR (O pea(dE), (2.2)
A(w)

where IT3 , is the Poisson process with activity z replacing z¢g and where

2 (w) = /Q /8 KEPI(A)e A (dE)

is the normalisation. It is straightforward to show that P osp~! = Chw-

For our main proofs we need to investigate the geometry of the Delaunay tessellation,
and in particular what happens when we augment ¢ € Q, ., with a new point zy ¢ (.
Some edges (triangles) may be destroyed, some are created, and some remain. This

EJP 24 (2019), paper 114. http://www.imstat.org/ejp/
Page 7/41


https://doi.org/10.1214/19-EJP370
http://www.imstat.org/ejp/

Phase transition on the Delaunay graph

process is well described in [Lis94]. We give a brief account here for the convenience of
the reader. We insert the point zy into one of the triangles 7 in Del3(¢). We then create
three new edges that join x( to each of the three vertices of 7. This creates three new
triangles, and destroys one. We now need to verify that the new triangles each satisfy
the Delaunay condition (1.1), that is, that their circumscribing balls contain no points of
. If this condition is satisfied the new triangle remains, if it is not satisfied, then there is
a point x; € ( inside the circumscribing ball. We remove the edge not connected to x,
and replace it by an edge connecting xy and x;. This results in the creation of two new
triangles. Each of these triangles must be checked as above and the process continues.
Once all triangles satisfy the Delaunay condition, we arrive at the Delaunay triangulation
Del3(¢ U {x0}) and their Delaunay edges Dela(¢ U {zo}). Let

Eext) — De|2(C) N DE|2(< U {.730})7

z0,{
ngc = Dely(CU {zo}) \ Dela(¢) = Dela(C U {zp}) \E;Coitc)’ (2.3)

E). = Dely(¢) \ Dely(C U {xo}) = Dela(¢) \ By,

be the set of exterior, created, and destroyed Delaunay edges respectively, see Figure 1.

(a) Dely(¢) (b) Del2(¢ U {z0})

%‘
LY

N

(ext)
© Eﬂco,C

Figure 1: The Delaunay sets Dely((), Dela (¢ U {z0}), and the exterior Delaunay set E

z0,("

Note that any new edge must contain x, i.e.,

E;:)( ={n ="y € Dela(CU{z0}): @ = 0,y # w0 Or y = wo, T # 20}

We let u ., i, and p) be the edge drawing mechanisms on E{>), E" ., and E.,

respectively, which are derived from the edge drawing measure p¢ A above. The crucial

EJP 24 (2019), paper 114. http://www.imstat.org/ejp/
Page 8/41



https://doi.org/10.1214/19-EJP370
http://www.imstat.org/ejp/

Phase transition on the Delaunay graph

step is an estimate on the number of connected components in the neighbourhood of the
point zy. For any ¢ € Q, ,, the neighbourhood of a point zg € A, zg ¢ ¢, is the following
random graph Gz, ¢ = (V¢ E;“nb?) where V, ¢ is the set of points that share an edge
with g in Dely(w U {z0}) and E"? is the set of edges in Dely(w U {z(}) that have both
endpoints in V,,, ¢, more precisely,

View ={x € C: nyay € E(;(:)C} and B0 ={n,, € B2,y eV, ¢}

zo,{ Z0,¢ *

(ext)
@) ETOwC
[ ]
[ ] [ ]
[ ]
([ ] [ ]
[ ]
GZI;O?C
[ ]
([ ]
[ ]
[ ]
[ ]
(®) Gag ¢

Figure 2: The exterior graph E;Z’“’C) and the boundary graph G, ¢.

The graph G, ¢ splits the plane into two regions. The region containing z is
called the neighbourhood of zg whereas G, ¢ is called the boundary (graph) of the
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neighbourhood of x(, see Figure 2. Having the edge drawing mechanism ,u;eo“g define

¢K (P (dB)

Z0,¢

] dRKCPuAE)

Zo,

ne (dE): (2.4)

The main task is the find an uniform upper bound (independent of () for the expected
number of connected components of ({, E) that intersect the boundary G, ¢, where
E is sampled from NEZin,g‘ The bound will enable us to estimate certain conditional
Papangelou intensities from below and above. This in turn allows to dispense background
potentials used in recent work ([BBD04, AE16]). Given ( € Qp, and zg € A,z ¢ (,
and the Delaunay graph Dely(¢) we denote N\ ((, ) for any F C E;O’“C’ the number of
connected components that intersect G, ¢.

Theorem 2.1 (Number of connected components). Let 3 > ¢. For all A € R? and
2.2
a=a(R,q,B) =1+ 6R*r*r2(1+ 2‘13”75') < oo withr = 1 A &%, the following estimate

N (G E) il o (dE) < a

holds for allw € 2 and ¢ € Q5 ,, and for all xy € A with zy ¢ (. Note that, as 8 > ¢,

2722

a(R,q,B) < a*(R,q) =1+ 6R*n*r (1 + 3 ). (2.5)
Moreover,
25 ifR<2/m
lim a(R,q,8) =1+ 6R*n%r 2= ’ (2.6)
Jim (R, g, ) 14 6R?x2 ifR>2/x.
Proof. The proof is in Section 3. O

We need to study the change of K(¢,E),E C E; C £ when adding the point zy ¢ ¢.
Adding a point x( to ¢ without changing F will always increase the number of connected
components by one as the new point may not be connected to any other point. On the
other hand, the addition of a single edge 7 to F can result in the connection of two
different connected components, leaving one. Therefore,

K(CU{zo}, E) - K(C, E) =1,

2.2 Delaunay edge-percolation

We establish the existence of edge percolation for the Delaunay random-cluster
measure C} ,, when z and the parameter 8 are sufficiently large. Note that for any
A € R? we write

Nacoo((, E) = #{x € (N A: = belongs to an co — cluster of ({, EN E;)},

where an co-cluster is an unbounded open connected component in (¢, E N E¢). The key
step in our results is the following percolation result.

Proposition 2.2. Suppose all the assumptions hold and that z and [ are sufficiently
large. Suppose that A is a finite union of cells Ay ; defined in (A.1) Appendix A. Then
there exists € > 0 such that

NA(—)OC dCA,w =€

for any cell A = Ay, any finite union A of cells and any pseudo-periodic boundary
condition w € Q3.

EJP 24 (2019), paper 114. http://www.imstat.org/ejp/
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Proof of Proposition 2.2. We split the proof in several steps and Lemmata below. Our
strategy to establish percolation in the Delaunay random-cluster model is to compare it
to mixed site-bond percolation on Z? (see appendix C on mixed site-bond percolation).
First we employ a coarse-graining strategy to relate each site (k,[) € Z? to a cell which
is a union of rhombuses. The second step is to consider the links (bonds) of two good
cells. In order to establish mixed site-bond percolation we need to define when cells
are good (open) and when two neighbouring cells are linked once they are open which
happens when the corresponding link (bond) is open as well. This link establishes an
open connection in our Delaunay graph Dels({). We extend the coarse graining method
recently used in [AE16].

Step 1: Coarse graining.
Let A = A,, C R? be the rhombus given as the finite union of cells (A.1) with side
length ¢, i.e.,
7
A, = U Ak,l and Ak,l = U Az’i, (2.7)
(k,hye{—n,...,n}? ,j=0

where A;Jl are rhombuses with side length ¢/8 and each rhombus Ay ; has side length ¢

where the coordinate systems is the canonical one, that is, A%,(z) is the rhombus in the
bottom right corner. We denote (2.7) the ¢-partition of the rhombus A, The union of the
16 smaller rhombuses towards the centre of Ay ; is denoted

5
(=) _ 4,7
Ak,l = U Ak,l’

i,j=2

see Figure 3.

Figure 3: The square version of ¢-partition of A, i.e., the ¢-partition of A into rhombuses
is the sheared version by 60° (application of the matrix M defined in Appendix A). The
shaded boxes are the link boxes.

EJP 24 (2019), paper 114. http://www.imstat.org/ejp/
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These cells with index (k, ) will act as the sites in the mixed site-bond percolation
model on Z2. Finally, we define the link boxes between Ap,and Ap,  as

3 3 3 3
k:k+1,1 6,542 7,542 0,j+2 1,542
Afiy " = { U Aki } U { U Aki } U { U Akil,l} U { U Ak-ij-l,l} (2.8)
=0 §=0

Jj=0 Jj=0
which act as the bonds in the mixed site-bond percolation model on Z2, see Figure 3.

We shall choose
R

2V3

to ensure that we can open edges in neighbouring rhombuses, see (2.2) and Step (iv) in
the proof of Lemma 2.7 below. This completes the coarse graining set-up. We establish
percolation in the mixed site-bond percolation model on Z?2, that is, the existence of an
infinite chain of open sites and open bonds, and we relate it to the existence of an infinite
connected component of open edges in Del,. This infinite connected component will
connect with the complements of any finite boxes, and thus this connected component
corresponds to an infinite connected component of edges where all sites carry the mark
agreed for the boundary condition. To do this, we define CBy.;+1,; to be the straight line
segment (also denoted the central band) between the centres of the rhombuses Aj,; and
Ak+1,l and let

ve (0,2 (2.9)

Hk:k+1)l(€> = {ac €(: Vorc(x) N CBk;k+1,l #* @} (2.10)

be the subset of points of the configuration ¢, whose Voronoi cells intersect the line
segment CBy.;41,, see Figures 3 and 4, and where the Voronoi cell is defined as

Vor¢(z) := {y € R*: [z —y[ < |7 —y|VZ € (}.

},'

nediiREm D = > NI P

-

lamEIAY,Sas .
B « IR il NI \*—% -} .74\ ',._,_l'u
e /2> S %( | ..\"{Q BEI O

~N ST TN T T ' ? !

5
A
]

=
|
=
Vi
A

Ay

~
b
\(2
TaN
7

Figure 4: The shaded area is the union of the Voronoi cells with centre € Hy.x41,(¢)
(square version).

We need to consider the distribution of the points given by the marginal distribution

MA,w = CA,w(' X 8)

EJP 24 (2019), paper 114. http://www.imstat.org/ejp/
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of the Delaunay random-cluster measure on 2. Note that (2.2) can be written as

K(GE) (dE)
Opo(dC,dE) = My ,(dO)p'®, (AE @ (4F) = 2 H¢,A .
Aol G dB) = Mo (OREAAB),  HEAAE) = g it T

We define h, to be the Radon-Nikodym density of My ., with respect to I3 , i.e., for
¢ €

ha(Q) = Za(w)! / KB e A (dE).

In the following lemma we derive a bound for the Papangelou conditional intensity of
M.

Lemma 2.3. For any A @ R? and any boundary condition w € Q and M, -almost all
¢ € Q. and a point xg € A with zg ¢ ¢,

ha(CU{zo}) _ 14
ha () SR

where « € (0, 00) is given in Theorem 2.1.

(2.11)

Proof of Lemma 2.3. Recall the different edge drawing mechanisms i,y ., and

pelon B EXD ., and E ), respectively, and the definition of the probability measure

) o in (2.4). It follows that

ha(CU {zo}) _ [ K (G E2) [ qK(CU{xo}7E1uEz)—K(C,Ez)H;RC(dEl)Mg‘z(dEQ)
ha(€) [ qKCEs) [ qKGEUE) =K (B (O (A By ) (A Es)

Z// qK(CU{:Co},E1UE2)—K(C,E2)M;J;)’C(dEl)MEZit)yg(dEQ)

> qff(K(cuuo},EluEQ)—K(aEz))u;g?c(dEl)uggiw(d@)7

since
K(¢, B3 UEy) — K((, FE3) <0

due to the fact that adding any edge from E,; C E;;)C will only fuse connected components
of the remaining graph. The second inequality is just Jensen’s inequality applied to the

convex function x — ¢*. Note that new edges from E;? ¢ made by the insertion of z( to
the configuration ¢, are edges connecting z to points in ¢ and are open with respect to

y;;;) ¢» and therefore

K(CU{zo}, By U Ep) — K(¢, Ba) > =N ((, E2) + 1 (2.12)
for any £y C EY. and any E; C E_*), and we conclude with the statement using
Theorem 2.1. ' O

We establish an upper bound for the Papangelou conditional intensity for certain
configurations below in Lemma 2.5.

An important component of our coarse graining method is to estimate the conditional
probability that at least one point lies inside some A C A for A element of the partitioning
(2.7) of A. For any w’ € Qac with w’ N A° = w we denote by My a . the conditional
distribution of the configuration in A given the configuration w’ in A° relative to Mj .
The details of the construction of the regular conditional probability distribution can
be found in [Eye14] or [GH96]. Having a uniform lower bound for the quotient A (¢ U

EJP 24 (2019), paper 114. http://www.imstat.org/ejp/
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{x0})/ha(¢) allows to exhibit some control over the distribution My v . for any V C A.
In the following we write V for any cell A}/, i,j =0,...,7. We fix

1— p((:site)(ZQ)

e= : , (2.13)
where p&it)(Z?) € (0,1) is the critical probability for site percolation on Z2.
Lemma 2.4. For .

2R?* > 25 (a*,q, R) =: w (2.14)

9

there exist { = ((z) € (0, -2

m] such that for all pseudo-periodic boundary conditions
w €,

€

Mpyvw#{CNVE21) >1 -2
for all cells V = A%, (k,l) € {-n,...,n}?%,i,j = 0,...,7, of the partitioning (2.7) of A,
and for any configuration w’ € Qye withw' \ A = w.

Proof of Lemma 2.4. Fix some w’ € Qg with o’ \ A = w. Then the statement follows
immediately from

Myvw(#{CNVE=1) Z/ ha(w'U{z})
My v (F#{{NV}=0) v haw)

where the inequality follows from Lemma 2.3. It follows that

dz > z¢' |V,

Mpv.w (#{CNVE=0) < ¢ (V)7

and hence
2-64
, > > _ a1 —1 — _ a—1
Mo (H{CNTI2 1) 2 1= ¢ EV) T = 1= 0" (S0
For any zR? > z}(a*, ¢, R) there exists ¢ = {(z) € (0, %} such that
2. 642 a—1
L
eV3
and thus -
MAvw(#H#{CNVE>1)>1- 61
holds. O

Let Ay ; be an element of the partitioning (2.7) of A and define F,if;‘” to be the event

that each of the smaller boxes A;le C Ay, that are not in the centre region A;;l), contain
at least one point. We call the elements in this event “well-behaved” configurations,

Feo= () {CeQu: #{Cnay =1}, (2.15)

i,j€{0,...,7}:
apieal’)
Lemma 2.5. For any A € R? with partitioning (2.7), any boundary condition w €
and well-behaved configuration ¢ € F,*" and a point xo € A7) with z ¢ ¢ for any
kle{-n,...,n},
ha(¢U{zo})
<q°, (2.16)
ha(¢)

where « € (0, 00) is given in Theorem 2.1.

EJP 24 (2019), paper 114. http://www.imstat.org/ejp/
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Proof of Lemma 2.5. Then, adapting similar steps in the proof of Lemma 2.3, we see
that

hA(CU {1’0}) f qK(C ,Es) f q K(CU{z0},E1UE>)—K((, Ez)u(-H (dE )M;:(té(dEz)
Pa(Q) B [RGB RCE 1 (B (A Fs)
qf qK(<7E2 M(ext) (dE )
= K(¢.E3) K(¢,E3UEy)— ({wfg Y, () (ext)
fq B3 f ¢K (G EsUE, 3 M$07<(dE ),uwog(dE4)

1
zq(// qRCERED=KCED 4O (ABy)u(?, (dE2))

where we used the inequality

K(CU{%()},El UEQ)_K(C,EQ) < 1, E1 CE; )<7E2 CE;:)X?, (217)
as all new edges are connected to xy and thus can at most built one additional open
component. We apply Jensen’s inequality to the integral in the denominator to obtain
the upper bound

-1
(2[8({) U}) ( Jf(K(¢,E3UEL)—K(¢,Eq)) io)g(dES)MEgit)vg(dEcx)) ) (2.18)

For all configurations ¢ € F\7"” and z¢ € A} with 2o ¢ ¢ and all z € V,,,  we have that

| — x| < %\/56 where the bound is the length of the longest diagonal of the rhombus
A;;l) plus the length of the longer diagonal of one of the smaller rhombuses with side
length ¢/8. This ensures that

Vaoc C Bs ze(o),

where Bg\/gé(xo) is the ball of radius fﬁ around z(, and as ¢ < the new edges

f’
are within the range R of the potentlal Therefore, since x,y € V, ¢ forall n, , € E;O)C,
it follows that adding edges in E( )C can only fuse together two connected components
(reducing the number of connected components by one) if they each intersect V, ¢.
Hence,

cc (=)
K(CaESUE4)_K(C7E4)Z_N;ZO)(C7E4)+17 EsCE

z0,¢?

and thus with Theorem 2.1 we conclude with the statement. O

We get a lower bound for the conditional probability, given well-behaved configura-
tions ¢ € F;°7", that A} contains no more that m = m(z) points of the well-behaved
configurations (.

Lemma 2.6. Given the partitioning (2.7) of A with boundary condition w € ) and
boundary condition ¢’ € Q for A};l) with (' N A° = w and (' € F,5" for any k,l €
{-n,...,n}, the estimate

My a¢) o (HCN ALY < Im2)]) > 1 —<
holds for m(z) = 2671qa|A§;z) 2.

Proof of Lemma 2.6. Note that we can write M JWNSIY (d¢) as

My A (d¢) = ha(CU () A( >( <),

_r
ZA7A£3> (<€)

EJP 24 (2019), paper 114. http://www.imstat.org/ejp/
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where Z, - (¢’) is the normalisation. Using the well-known fact
1=k,

PN ..
/f A( ) dc e kL Zn'/( ) {.’L’h.. xn})dxl dxn
for any observable f of the underlying Poisson process and writing N = #{¢{ N A};f} we
(=)
obtain, setting Z’ = e *12k1'1/ Z, AC) (¢") for brevity, the probability for any n € IN,

Zn+1

J— — / / e
MA A )C’(N =n+1)= nt 1)!Z /(A](”))n+1 ha({z1, .. s xpe1 U day - - dapan

k,l >
_i”( - )Z// / ha({x zp} U U{x})dadry - da
U Jagoy Jagy v

2" z

-7 /(Az,x)" A} U)o o (v) oy

where

_ ha({y} U’ U{z}) _
QA&),C,(Z/) = /ASJZ’ T ({91 0O doe, y={x1,...,7,}.

We obtain that

MA A( ) ! (N =n-+ 1) = (nj_ 1) /Q o gA;ﬂ,_l)7C/ (C)E{N(C) = n} MA,AEJL)’C (dC)

’
ApaS

z
= (7n+ 1) x M A(Y),C,(]V = n)/ﬂ gAEc,_l)7<,(C)MA’AEC,_L)7C,(d<|N = n)

NN

By Lemma 2.5 we can bound the function g, - o (¢) for point configurations ( U ¢’ €
Kk,

Fk(f;‘” from above by ¢*|A\}|. Therefore,

MA(>4/(N:71+1) .
= Gao) L (OM, - ., (d¢|N =n)
MA,AI(;l):C/ (N = n) (n + 1) ‘/QAL—Z){, Ak,l NG A,Ak,l ¢
z - AIE
< o (=) _ — < >
- <n + 1)q ‘Ak’l /Q MA7A£11)7</ (dC|N n) - n -+ 1
NG
For all n > m(z) we apply the previous step n — |m(z)| times to obtain
AL |2
MA A(k )7</(N = TL) S T’M/MA;TZ),(/(dCUV =n — ]_)
L iAo\ lm(z)]
< —(@1a1) [m(z)L.
It follows that
1 e lm@)
My oW >mE) < Y0 = (a1ag1e) " m(=))!
n=|m(z)]+1
- i qalA;,l’lz)anw)J
e~ )] ’
EJP 24 (2019), paper 114. http://www.imstat.org/ejp/
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and thus - -
E\n—|m(z €
MA,AEJI)’C,UV > m(z)) S Z (i)n [m(2)] _ Z (§)n
’ n=|m(z)|+1 n=1

Since ¢ < % the right hand side of the previous inequality is less than . We conclude
with the statement. O

Step 2: Random-cluster measure éA,w.
We find a measure C} ,, which is stochastically smaller than C, . Here, Cy, is
stochastically smaller than C) ,,, in symbols Cy ,, = Ch ., if

Ec, . [f] > Eg, . [£]

for all functions f: 2 x € — R which are increasing in the second entry, see [GHMO0,
Gri94, GH96] and for an adaptation to the Delaunay graph [Eyel4]. Then using coarse
graining and comparison to mixed site-bond percolation on 7? we establish percolation
for OA - Percolation for OA w then implies percolatlon for the original random cluster
measure Cy ,,. We base the definition of the measure CAM on a coarse graining method
originally introduced in [Hag00] and later extended and adapted in [AE16].

For given ¢ € Q, ,, and ¢ € (0, 2\f] let

Del3(¢) = {n € Delx(¢): d5(L(n)) = g(B) :=log(1 + B/64¢%)},
and let fic o be the distribution of the random set {n € E;: v(n) = 1} with

1 —exp{—g(B)}
1+ (¢ —1)exp{—g(B

The function g is increasing in 5 and is chosen according to the given potential and the
coarse graining. Note that ji; o depends on A only via the configuration ¢ € €25 .,. Note
also the important fact that p, is increasing in 3, although to reduce excessive notation,
we don’t explicitly write this. It is easy to show that j¢ o = fi¢c by noting that

p(n)  _ 1—exp(— ¢ﬂ(77)) 1 —exp[—g(B)Ipes )] Pe(n)
) T ) B T ) Pt B ) MY

P(v(n) =1) =pe(n) = )}ﬂoelg(g)(ﬂ)- (2.19)

and using comparison inequalities in [Gri94, page 78]. Hence, Cy ,, = éA,w.

As site percolation implies edge percolation we consider site percolation given by
(2.19), that is, we open vertices in Del; (¢) independently of each other with probability
pe. Formally this is defined as follows. We let Xg_y A be the distribution of the random mark
vector g € Mg where (0)zec are Bernoulli random variables satisfying

P(o, = 1) = pelper(¢)(z)
P(o, = 0) =1 — pellper(¢)(2),

where py is given in (2.19) and Del}(¢) is the set of points that build the edges of Del5(¢).
Then the site percolation process is defined by the measure

(2.20)

O (dC) = Maw(d)Ae,a(dC). (2.21)
Note that for all 5 € Del}(¢) and all £ € (0, 2\1}]
_ 1 _
De = 1R o =D (2.22)
5 +1

Note that p = p(f) is increasing in 4 with limit limg_, o p(8) = 1 and p(8) = 0.

EJP 24 (2019), paper 114. http://www.imstat.org/ejp/
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Step 3: Percolation for C‘A,w.

We now establish percolation for the random-cluster measure @w. The following
lemma provides a uniform lower bound for the probability that a cell A in A is connected
to the complement of A.

Lemma 2.7. There is a ¢ > 0 such that
Crw{A = A}) >e>0 (2.23)

for any A = Ay; C A, (k1) € {—n,...,n}?, in the partitioning (2.7) of A, and any
pseudo-periodic boundary condition w € Q.

Proof of Lemma 2.7. The proof is split in several steps and employs the following idea.

The site percolation measure }\:f) opens certain cells, whereas the corresponding bond

percolation measure 5‘2?1:]() ¢ defined in Step (iii) below opens links (bonds) between

two neighbouring cells. With comparison to mixed site-bond percolation in Z? we obtain
chains of good (open) cells and open links (bonds). This finally ensures percolation for
C ., and the uniform lower bound on the right hand side of (2.23).

Step (i) Probability that small cells have at least one point.

In the following we write A = Ay ; and V = A;jl for any k,l € {—n,...,n} and for
any 4,j € {0,1,...,7}. For all configurations ¢’ € Qac with {' N A° = w we obtain with
Lemma 2.4 the estimate

ot i 48¢ 3e
Myag(FG 21— 3 Maac@HCNAR} =0 21— =1- 7. 224)
Qg AYZAL)
Define the following two events, first the event
Gri=1{C € Qw: #{CN AL} <m(2)}

that there are at most m(z) points in ¢ in the centre A};l’ of Ay, and the event that all
smaller cells in that centre contain at least one point,

F = N {CeQuu: #{¢nAY} > 1}

ij: ApjCAaly)

We have tacitly replaced m(z) by m(z) v 16. Both events depend on point configurations
in the centre region A;;l), and it suffices to estimate the probability of the intersection of
these two events for any boundary condition outside of Ay ; and any point configuration
C” in Ay, \A};l’. For all boundary conditions CI € Qag , with (/ NA®=uw,

My p o (F) NGrin ETY) =
[ 150 € 0O [ 15006, (OMy 2 (dCIE =¢ on A\ A M, 5 ()

Using Lemma 2.6 it follows that

MAVAEA”—L)&//UC/ (Flijl) m Gk_]l) Z ]. - MA,ASCTZ),CIIUC/((F]i:l))C) _— MA7A;TZ)7C//U</((G]€J)C)
162 be (2.25)
l1—-——e=1——
“ T %1 © 4
and hence we conclude with (2.24) that
_ ext 58 12 / 1"
N (Flé,l) NGriNEFSY) > (1- Z) / ﬂp&xﬂ (C UQ)Mp A (dC)
' (2.26)
5e 3e
1——)(1—-— 1— 2e.
S (-2 -5
EJP 24 (2019), paper 114. http://www.imstat.org/ejp/
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Step (ii): Good cells and site percolation.

After these preparation steps we shall define when a cell Ay ; is good. A good cell at
(k,1) will result in the site (k,[) € Z? being open. The next step is therefore to condition
the marks of the points, that is, we pick (k,1) € {-n,...,n}? and consider the event Cj,
that each cell A}C]l has at least one point, A};l’ contains no more than m(z) points and all
points in Aj7) N Delj(¢) are carrying mark 1,

Cri={C € Qw: (€ F ) NFSY NGy and o¢(x) = 1 for all z € Aj7) N Deli(¢)}.

A cell Ay is declared to be “good” or “open” if C}; occurs. Each vertex = € Del{({) is
open with probability p; (see (2.20)). It follows that

P(site _#{Delz (O)nA{ )}
i (Cra) 2 / My, 1.0/ (1 o (O perer (Ol (OB

> "My p o (B 0 G 0 ESY).
Recall from Lemma 2.4 that for z > z2*(a*, ¢, R) there is ¢ € (0,

estimates. Recall that |[A)| = %W < 3;;\;3 and

%} such that the

w

[m(2)] <

20% R2 204*2
qRZ<Lm(Z)JS q“ Rz

323 ~ 32v/3¢

For all z > z§(a*, ¢, R) choose Sy = Bo(q, R, z) > 0 such that

qa*R2z
(p) 1ov3e > (1—2¢) forall B> fyVg, (2.27)

where a* is the bound for « (2.5) for any 8 > ¢. Then, for all z > z}(a*, ¢, R) there is

¢ e (0, %] and there is 5y = Bo(q, R, z) such that forall 5 > 5y V ¢q

Combining the above estimates, we conclude, for all 5 > 5y V ¢, that

52121) o (Cri) = (1= 2)* > 1 —de > (pi(2%))"/?, (2.29)

Step (iii) Neighbouring good cells and link percolation.

If ¢ € Ck,, we say that the cell A, ; is a “good” cell. Two neighbouring cells Ay ;
and Ay, are said to be “linked” if the box A, = Aﬁ;fljl’l defined in (2.8) has an
intersection with Delj(¢) that contains only points of mark 1. More precisely, the event
that Ay ; and Ay are linked, is

Ly = {¢ € Qrw: o¢(z) =1 forallz € AFFIN N Del}(¢)}.
We also define
Flimg = (inﬁ) n inf?t)) n (Fiil)l,l n F,ij”l”l)
and
G(link) = {< € Q: #{C N A(link)} < m(z)}7
and let C/ S QA?nnk> be the boundary condition outside A, such that C’ NA°¢ = w. The
conditional probability that the cells Ay ; and Ay, ; are linked, given they are both

EJP 24 (2019), paper 114. http://www.imstat.org/ejp/
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“good” cells, is then given by

1 (site l ~
C(A(tliik)7</(Lk,k+1|Ck,l NCryr) > / 16 g (OB My A o ¢’ (A€ F o)

> (1-e)(1—26) > (1-4e) > (p* ()2,

(2.30)

where the second inequality comes from an adaptation of Lemma 2.6, where A, takes
the role of A ).

Step (iv): Mixed site-bond percolation and proof of (2.23).

Then by (2.29), (2.30) and the results of McDiarmid and Hammersley, in particular,
(C.4), mixed site-bond percolation in Z? occurs. There exists a chain of good cells joined
by open links from A ; C A to A°.

It remains to check that the preceding result implies {A < A°} in the Delaunay
graph. We establish this by showing that we can connect a point z € ( whose Voronoi
cell contains the centre of the cell Ay ; to a point y in the neighbouring cell Ay ;; whose
Voronoi cell contains the centre of A1 ;. For this, recall the set Hy.;41,(¢) defined in
(2.10). We know by construction that all edges n = {u, v} € Dely(¢) that have a non-empty
intersection with Hy.,11,:(¢) satisfy ju—v| < 2\/§£. This implies that Hy.x+1:(¢) C Deli(¢),
and therefore one can find an open chain of Delaunay edges intersecting the link in
between cells and within cells. Let z,y € ( be such that Vor¢(z) and Vor¢(y) contain the
centres of the boxes Ay ; and A1, respectively. Since Hg.,11,:(¢) C Deli(¢), we can
connect z and y in the graph Del}(() inside A;;,z) UA im0 U A};Ll. Hence, by (2.29) and
(2.30), there exits ¢ > 0 such that the following uniform lower bound holds

CP({A A} > e > 0,

and the proof of Lemma 2.7 is finished. O

Step 4: Finish of the proof of Proposition 2.2.

The proof follows immediately from all previous steps as percolation for the perco-
lation measure C~'A7w implies percolation in the Delaunay random cluster measure Cj ,,
due to stochastic dominance,

CA,w = CA,UJ' O

2.3 Symmetry breaking of the mark distribution

To relate the influence of the boundary condition on the mark of a single point to the
connectivity probabilities in the random-cluster model we follow [GH96]. For any A C A,
s € Mgy, ¢ € Qr and (¢, E), with E C E; we define

Nas(€) = #{¢C” NA}
Then
Naoac(¢, E) = #{x € (N A: z belongs to a cluster connected to A° in £ N Dely(¢)}

is the number of points in ( N A connected to any point in A¢ in the random graph
E N Dely(¢). Because of the edge-drawing mechanism (edges are open when the two
vertices share the same type), {A < A°} = {Naae > 0} is also the event that there
exists a point in { N A connected to infinity in £ N Dely(¢).

The next Proposition is the key argument why percolation for the random cluster
measures leads to a break of symmetry in the mark distribution.
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Proposition 2.8. For any measurable A C A € R?,

/(qNA,1 = Na)dyaw = (¢ — 1)/ Nacsae dCA -
Proof. This is proved in [Eyel4, Lemma 2.17] following ideas in [GH96]. O

The statement in Proposition 2.8 is well-known result for lattice systems, see [GHMO00]
for an overview. For continuum systems it appeared in [GH96] for the first time. It
basically shows a break in the symmetry of the type distribution when percolation is
establish in the corresponding random cluster model. The aim is to find uniform (in A
and w) lower bounds for the left hand side away from zero to ensure the break of the
symmetry.

3 Number of connected components

In this section we are going to prove the main technical tool for our phase transition
proof, namely, Theorem 2.1. The proof of Theorem 2.1 is rather long, so we first
outline the strategy. We want to bound the number of connected components in the
graph E(O“C) that intersect the boundary graph G, ¢ under the edge drawing mechanism
uﬁf}’(t) ¢~ We also define G the contraction of G, ¢ to the ball B := Bg(x) around zg
as due to the finite range condition the point zy cannot be connected to any point
further away than R > 0. More precisely, Gg = (Vg, Eg) with Vg = V,,, N B and
Eg = {2,y € Dely(( N B): z,y € Vg}. The pivotal point of the whole proof is to find
an upper bound for the number of edges in the edge set Eg that have length greater
than some fixed real number. This allows us to construct families consisting of edges
in Eg, defined by edge length, to balance the unbounded number of points against the
increased probability that they are connected. The shorter the edge length, the greater
the possible number of edges in the subset, but also the greater the probability that
these edges are open. It turns out that such an upper bound can be found in the scenario
where there are no defects in the geometry. These defects which we give the logical
name “kinks” are defined below in Section 3.1. An upper bound cannot be found if the
geometry of the contracted graph contains kinks, so we devise a plan to discount them.

For R > 0 the following three cases depend on the configuration ¢ and the point xg.
(i) V& = @ in which case there is no connection to any connected component of E;e"?,
(ii) VB D Vi ¢, and (iii) Ve NV, ¢ # @ and Bgr(zo)° N Vy,,c # @. In case (ii) we have that
Eg C E("‘t> but this does not hold in case (iii). This creates a problem when dealing with
our edge drawmg mechanism on E(ex? To overcome this, we introduce an edge drawing
mechanism on the contracted graph and build a structure that will allow us to compare
events between the two different probability spaces. All our techniques rely heavily on
geometric properties of the Delaunay tessellation.

3.1 Notation and geometric facts

We introduce a polar coordinate system in R? with z, being the pole, and we denote L
the polar axis in horizontal direction. For any z € R?, denote 2 be the angular coordinate
of z taken counter clockwise from the axis L. Given two points =,y € R?, Yg} denotes the
unique straight line that intersects x and y in the plane, 5@ denotes the half line that
stops at y and 7y denotes the line segment between z and y only. Given two straight
lines ¢, /> C R? that intersect a point z € R?, Z(¢1, {3) denotes the angle between them.
More precisely, it is the angle in order to rotate ¢; onto /> with z being the centre of
rotation. Notice that £(¢1,¢3) = Z(¢2,¢1) only if Z(¢1,¢5) = 7/2, however, it holds that
Z(€y,02) + Z(€2,¢1) = m. When we consider a triangle in the plane with vertices z, y, z,
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we refer to the interior angle at y as zyz. In this case, as we specify the interior angle,
Tyz = ZYI.
Given a set of points V = {x; € R?: 1 <i <n} with #; < --- < 4, the graph

r=(v. nL_Jl T (3.1)
1=1

is called a spoked chain with pole zg if 7;, ., € Delo(V U {x¢}) for all 1 < i < n. The
polygon P(I', zy) created by adding the point xy and edges 7, », and 7, ., to I'is called
the induced polygon of I', see Figure 5.

In order to quantify the number of connected components that intersect Vg, we
analyse the shape of the contracted boundary graph GGg. For that we split B into four
quadrants, Q; C R?,i = 1,2, 3,4, where

QiZ{zeB:g(i—1)§2<gi}.

This allows to bound the number of connected components in one quadrant, and then
the final bound is just four times this bound because two points connected in a quadrant
are also connected in the full disc. The reasons for doing this are twofold: it not only
provides us a framework to define kinks, but also ensures that any two points that we
consider will differ in angle by no more than 7/2. This allows to find a lower bound for
the probability that the two points belong to the same connected component, that is, a
lower bound that neighbouring points are connected by an open edge. This lower bound
is the crucial steps as it allows to balance a possible increase in the number of points as
mentioned earlier.

Definition 3.1 (Kinks). Let I" = (V, E) be a spoked chain with pole xy ¢ V. Suppose
that x;,x;,x, € V such that #; < £; < 3. We say that x;, x; and x; form a kink in T" if
the following holds.

1. Ziz;z < /2,
2. wyxy @y > n/2 forall xy,x;,xy € V withZ,y <%, <7 and satisfying

T STy <Tp <Tpy <Tp Or T; <&y <Tjy <Ty < Tg.

Suppose that z;,z; and z;, form a kink in the spoked chain I' = (V, E). The kink is
called intruding if the line segment 7; 7y, lies outside of the induced Polygon P(T, )
and protruding if it lies inside P(T', zy), see Figure 6.

Lemma 3.2. LetI' = (V, E) be a spoked chain with V = {xy,...,z,} and &1 < --- < Iy,
and pole zo ¢ V. A kink in T is either intruding or protruding.

Proof of Lemma 3.2. Suppose the statement is false. Then there exist 1 <i < j <k <n
such that Z; < Z; < ), with x( being the pole such that «;, z; and «;, form a kink in I' and
T;x, lies neither inside nor outside of P(I',zy). Let U C RR? be the connected component
of R%\ ¥:74 that does not contain x;. Consider first that z;7y, lies inside of P(T', z¢). It
follows that edges of I' cross 7;x; between %; and Z; and hence there exists « ;€ VvnU
with 7; < fj/ < Zj. Without loss of generality, let Z; < fj/ < Tj. Therefore, as z;; € VNU
with z; ¢ U and #;z;7), < 7/2 one gets that 2;z;7, < 7/2 which contradicts property
(2) in Definition 3.1 for the kink formed by z;,z; and z;. The second alternative case
follows analogously. O

EJP 24 (2019), paper 114. http://www.imstat.org/ejp/
Page 22/41


https://doi.org/10.1214/19-EJP370
http://www.imstat.org/ejp/

Phase transition on the Delaunay graph

L0

Figure 5: From top to bottom we have: (1.) A collection of points that neighbour z; in
the Delaunay (Voronoi) tessellation. (2.) A spoked chain I with pole xy. (3.) The induced
polygon P (T, z).
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i)
Ts5 Z1
Ze
X7
X3
T4
P
(a) Intruding kink
X3

X4 %)
X1
e L0

X5

L6

(b) Extruding kink

Figure 6: (a) The points x5, x4 and x5 form an intruding kink; (b) the points x5, z3 and
x5 form an extruding kink.
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Lemma 3.3. Let ' = (V, E) be a spoked chain withV = {x,...,z,} and &1 < --- < &y,
If x;, x; and x), form an intruding kink in I, then

(%, Frazh) < m/2.

Proof of Lemma 3.3. Let z;,z; and z; form an intruding kink in I'. Since the kink is
intruding, we know that z; lies in the interior of the triangle 7(zo, x;, zx) forall i < < k.
Suppose the statement of the Lemma is false, that is,

L(Fimigd, Seazh) > /2.

This forces either x; 1 or z;_; to be in the interior of the triangle 7(z;, xj, xy). Without
loss of generality, suppose, in fact, that x;; is in the interior of that triangle. Therefore,
zi17;2k < 7/2 which, by Definition 3.1, contradicts the fact that the points z;,r; and zj,
form a kink in T'. O

Figure 7: Lower bound for the angle z¢z;_1z;.

3.2 Intermediary lemmas

In the following we assume that the points in the graph are ordered according to
increasing angles and we define Gg N @1 be the of the sub-graph of Gg whose edges and
points are contained in @);. Then Gg N @ is a spoked chain with pole x.
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Kinks of intruding and protruding nature may occur in Gg N1, although their number
is bounded from above, see Lemma 3.4 and Lemma 3.5 below. We shall separate Gg N Q4
into a finite number of kink-less pieces, each of which a spoked chain, which are easier
to work with.

Lemma 3.4. The number of intruding kinks in Gg N @)1 is bounded above by 2.

Proof of Lemma 3.4. We show that the angle between two intruding kinks in a spoked
chain is greater than /4. Since Gg N Q1 lies in the quadrant );, and is a spoked chain
by definition, the statement follows immediately. Let I" = (V, E) be a spoked chain and
order the elements of V such that 2; < --- < Z,,. Suppose there is an intruding kink in
I". By the definition of an intruding kink and Lemma 3.3, there exist 1 <7 <n — 1 and
1+ 1 < 7 <n, such that

L(ﬁiixi_‘_l,ﬁij_lzj) < 7T/2, (3.2)

and 7;7; lies outside of the induced polygon P(I',z). The straight lines m and
m split the plane into four regions. Since the kink is intruding, the point z¢g must
lie in the opposite region to that of the line segment 7;7;. Let L* be the radial line of
angle (£;41 — 2;-1)/2 and z; € RR? be the point of the intersection of ¥;z;;1 and X1
and let 27, 23 be the points of intersection of L* with ¥;x; 1 and ¥;_xj respectively, see
Figure 7. Then,

Ti21@; + TizaBo + FozaTy = 2m, (3.3)
which implies, together with (3.2), that

— 2w — /2 3
max{Z;z2%0, £023%; } > WTW/ = Zﬂ (3.4)

Without loss of generality, let #5237; > 37 /4. Because x;_; lies on the line segment z37;,
it follows that

— —
ToLj—1T5 Z ToR3T; Z 37‘(’/4.

Suppose now that there is another intruding kink in I', formed by the points x;, x; and
Tm for j < k <l < m <mn. Then, by Lemma 3.3, we have that

é(kak+1,§m_1xm) <m/2. (3.5)
Let t;41 be the tangent to boundary 0B(7(xg, zk, x+1)) at 21, where
B(T(l’o’ xkvl.k+1))

is the ball with centre z},, whose boundary line intersects the points of the given
triangle 7(x, xk, zx+1), see Figure 8 for details. Then, by noting that

[V N B(7 (20, 2j-1,;))| = 0, (3.6)

which is a consequence of quadratic position, it follows that

L(tps1, ToTpr1) < L(TkThg1, LoTh1) < L(XkTho i Tm—1Tm) < 7/2. (3.7)

Here, the first inequality follows directly from the definition of the tangent line and (3.6)
and the second inequality is a consequence of the fact that

flAik;Jrl < Tim—-1 < Ty
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TR o

Figure 8: The intruding kink formed by z, z; and z,,.

For 1 <r <n, let z;7, ; denote the centre of the circumcircle of the triangle
T(Z0, T, Try1) € Dels(V U {x0}),

whereas the third inequality follows from (3.5). Since the points {z, 1 Zg+1} form an
isosceles, see Figure 8, we can conclude from (3.7) that

Thy1 — iZ—H =7/2— Z(tk+1,§0$k+1) > 0. (3.8)

Let y be the antipodal point to zy on the circumscribed ball of the triangle 7(x, z;—1, z;)
in R?. Since, |ro — y| is equal to the diameter of that circle, it follows that zoz;y = 7/2,
see Figure 9. The points zg,2;_1,2; and y form a cyclic quadrilateral. Using

— —
ToLj—1T5 Z Toz3T Z 37T/4

from above, and the fact that opposite angles of a cyclic quadrilateral add up to w, we
see that Zoyz; < 7/4. Hence, by (3.8)
Ther — & > Bjyg — &5 > &) — &5 = YroT; = — Tox;§ — Toya; > m/4,

where the second inequality is due to a further property of the Delaunay structure, see
Lemma D.1 in appendix D. This implies that the angle between intruding kinks must be
greater than = /4. O

Lemma 3.5. There are no protruding kinks in Gg N Q1.

Proof of Lemma 3.5. We order the elements of Vg = {z1,...,z,} such that
T < < Ty

Suppose we have a protruding kink with pole z( ¢ V, then we have for some

1<i<j<k<n that zzz <m/2.
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The pair {z;,z;} does not form an edge of Eg, therefore, by the properties of the
Delaunay tessellation, z; lies inside the circumcircle 0B(7(xo, z;, zx)) of the triangle
7(20, x;, 2x). The line segment T;7, is a chord which splits the ball B(7(z, x;, zx)) into
two regions. Since we have a protruding kink, 7;z; lies inside the induced polygon
P(Gg N Q1;70), and so z; does not lie in the same region as zo. The angle ;2,7 = 7/2
once the point z; lies on the boundary of the ball B(7(x¢, ;, z)) for the case Tl = T,
and due to the fact that 7,z,7;, < 7/2 we get that ;707 > 7/2, and hence, there are no
protruding kinks in Gg N Q1. O

A

Y

¥k \
~~
Lk+1

ZL//f,Jrl

Figure 9: Lower bound for the angle between kinks of type 2.

3.3 Edge drawing

Before we can finish the proof of Theorem 2.1 in Section 3.4 below we need two more
results to gain some control over the edge drawing mechanism in E;J"“g Denote by v,
the edge drawing mechanism with probability

1{|z—y|<R )
5a(e) = YeouZh)  ifn,, € Deb(C) N (Fra \ Bxc), ,
P2(Nay) = _ 59
1pely(¢) (May)  if Nhay € Enc,

and denote 7™ the corresponding edge drawing mechanism on £,
Lemma 3.6. Forallg>1, A €@ R? and all ¢ € Qy ,

lefg =

Proof of Lemma 3.6. It suffices to show that for all edges n € Dely(¢) with n ¢ Ex«,

p(n) o P2(n)
q(1=p(n) = (1 —p2(n))

(3.10)
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Recall from (2.1) that
1
p(n) = W.
Thus, if £(n) > R, then p(n) = 0 and the inequality (3.10) trivially holds. Suppose that
£(n) < R, then, in fact, we also have

p) Bl
q(L—p(m)  (1—Dp2n))
Henceforth, (3.10) holds for all 5 € Dely (). O

(ext)

Note that Eg is not necessarily a subset of £ ¢ in fact, they belong to different
Delaunay tessellations

Eg C Delg(VB U {IL‘()}) and E(eXt) C De|2(< U {IL'()})

We therefore introduce another edge drawing mechanism, but this time on Eg. Let u*
denote the distribution of the random edge configurations { € Eg: v() = 1}, where
((v(n))ners are independent Bernoulli random variables with probability

1{¢(n) < 2 N R}1{|2 — yl <3}
330"+

We now compare the probability that two points are connected with respect to ¢ and
with respect to p*.

P(v(n) =1) =p*(n) = 1gg(n), forn=rn.. (3.11)

Lemma 3.7. Pick ( € Q. Letn,y € Ep and let x <+ y denote the event that x and y
lie in the same connected component of ({, E), where F is a po-thinning of the edge set
Efo’“g Then,

~(ext)

v (@ < y) = pT(Nay)- (3.12)

Proof of Lemma 3.7. By the definition of p*, (3.12) follows for =,y € Vg with

2
z—y|>=-AR orwith |&—gj|>—.
s 2
Therefore, we assume that [z — y| < 2 ARand |2 — g| < 5.
Case I: If 1), € E", we get
1 1

>

D (@ y) > Paliey) = = " (Nay)-

Ty + 1~ L5 1y))  + 1
Case II: If n,,, & E;O“C) the proof is no longer straightforward and will take some care.
Since 1,y ¢ E:‘EO“C’ and z,y € Vg there exists z € ( N Vg, such that 7.,, € Dels(¢ U {z0}).
This implies that z € V,,, ¢ \ Vg and # < 2 < §. We now check whether 7,, 7., € E;eo"‘c). If
they are not, we find more points z € V,,, ¢ \ Vg with & < 2 < §. Therefore, there exists a

(finite) sequence z1,...,2, € V¢ \ Ve with & < 2; < --- < %, < ¢ such that
NazisNzr,z20 -3 Nzpy € E;;Xt()
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The event that each of these edges is open implies the event that z and y belong to
the same connected component of open edges, hence

7 (@ y) 2 D22 )P2(Ma1z) P2 (z,y). (3.13)

For any two points z1, z2 € ¢ with #; < &5, define C3? ., to be the arc on the circumcircle
O0B(7(z1,x2,%0)) of the triangle 7(x1, z2, z9) between z, and z», and define U,, 5, to be
the subset of R? bounded by this arc C%° . and T173, that is, the convex hull of CZ0 .

Letn=#{z € Vy,¢: & < 2 <y} We claim that

L(CZ0,) + -+ L(CP ) < L(CZ,), neN, (3.14)

T,z1

where L(C) denotes the length of the arc C'. We will prove the claim (3.14) below after
we finish the proof of the statement in the lemma. By our assumption that |z —y| < % AR
and | — g| < 7, it follows that L(C79,) < 1. To see this note that with r being the radius
of the circumcircle and with § = 7zoy = |& — ¥

’

[z = ylleo — zllzo —yl _ |z —yl0
L(CZ0) = 2r0 = 20 = <1
(Coy) =2r darea(T(z,z0,9)) sin(6) — 7
where we used that sin(0)/0 > 2/x for § € (0,7/2). With our claim (3.14) we obtain
L(C,,) + -+ L(CF° ) < 1.

Z,2z1

Obviously, this shows that
|x — 21|+ |21 — 22| + -+ |2n—1 — 2a| + |20 —y| < L. (3.15)

Now choose 5 > 0 such that ¢/8 < 1. Then for a,b € R with 0 < a < b < 1, we have the
following simple fact

1 1 1 1
= > , 3.16
(ga4+1)(gb4+1) F(Fa*tt +at +b4) +1 7 f(a+b) +1 (3.16)

where the inequality follows because of ¢/3 < 1 and the given constraints on a and b.
Hence, using (3.15), we obtain

oo P2(1:122) -+ 2(1e0) > (77— ) - (70— )
P2Nxz )P2(Nz12, P2\Nz,y) = %|£L’—Zl|4+1 %|Zn_y|4+]-
> 1
= 1 17
L(lz = 21| + 121 = 2ol + - 21 = zn| + 20 —yl)” +1 (3.17)
> 1 > ! *(Nay)
= g To \4 = . P =P Nzy),
FLCES) +1 7 a(fe —y)* +1

where the second inequality results from repeated use of relation (3.16) with a =
|zi — zi+1| and b = |z; — z;11|. We conclude with the statement in the lemma.

We are left to verify the claim (3.14): Suppose there exists z € V,,, ¢ \ V& such that
Moz ey € B Since z ¢ B, it must be true that » € U,,. Therefore, by a direct
application of Theorem D.2, we have

L(C3Y,) + L(CLS,) < L(CS,),

and the claim follows for n = 1. We shall proceed by induction with respect to n € IN.
Assume the claim holds for n = k — 1. There exist z1,...,2; € Vg ¢ \ V& such that
B <o <ZTpand Mgz, ... s Nay € E;"O’“g Let

i = argmax; < ;< |z; — 77|
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It follows that z; € U,,_, .,,,, where, for convenience, we write 2o = x and 2,41 = y. By
Theorem D.2 again,
L(Ccze )+ L(C%° ) < L(C%e ). (3.18)

Zi—1,%4 ZiyZi+1 Zi—1,%i+1
By changing the notation z; =z;forl1 <j<iand z; = zj41 fori < j <k —1, it follows

from the previous inequality that

L(CZo,) 4 -+ L(CZ0 ) < L(C™, ) + -+ + L(C%

T,z z — ’ 3
»%1 kY 2 1Y

and hence, by our assumption for n = k — 1, we conclude with the statement of the claim
(3.14). O

—T

Figure 10: The sectors .S; of a spoked chain in Q1.

Lemma 3.8. Let 6 > 0 and "' = (V, E) be a spoked chain with V C ;. IfT" does not
contain a kink, then the number of edges in E with length greater than 26 is at most
6(%)>.

Proof of Lemma 3.8. LetV = {zy1,...,x,} with &; < --- < &, be given. For 1 <i < n, let
D; C R? be the disc of radius |x; — x;,1|/2 centred at ;. Let S; C R? be the sector of D;
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with interior angle 7 /2 and line of symmetry z;z,;.1. We claim the following,
SiNS; =0 fori#4,1<4,j<n, (3.19)

and
1

S; cU

n

(Q1), (3.20)

S

2

I
-

%

where M%(Ql) = {z € R?: dist(z, Q1) < %} is the R/+/2 neighbourhood of the sector

Q1. Assume our claim (3.20) is true, the sum of the areas of the sectors S; must not

exceed the area of Z/{%(Ql) which is less than %’/TR2, see Figure 10. Now each edge
2

n € E of length greater than 26 contributes a sector of area greater than /452, therefore,
the maximum number of such edges in I is simply

(3/2)7R? _ 6(R)2,

/462 N

which gives the result. We are left to prove our claim (3.20) above. Pick z; € V and
let /1 be the image of the line m under a rotation with an angle 7/2, centred at
point x;,1. There are exactly two connected components of R? \ /;. Let U denote the
component that contains z;. Now suppose x; € U for some i + 1 < k < n. This implies
that z;7;; 12, < 7/2. Then, by Definition 3.1, this contradicts the fact that I' does not
contain a kink. Therefore, x;, € U forall i + 1 < k < n. Let /5 and /3 be the images of
the half line m under rotations, centred at z;41, of angles 7/4 and — /4 respectively,
see Figure 11.

Figure 11: The point x}C is the first time after z;,; that the chain enters U.
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Again, there are two connected components of R?\ (¢, U/3). Let U denote the one that
contains z;. Now (3.19) follows by noticing that S; C U and Sk C U*® for all i +1<k<n.
Claim (3.20) follows easily S; C D; for all 1 < i < n and that the maximal radius for D; is
half the maximal edge length, which is V2R. O

3.4 Final proof of Theorem 2.1

Recall that we split B = Br(z¢) C R? into four quadrants, Q; C R%,i = 1,2, 3,4. Now
G N @ contains all vertices and edges of GGg that lie wholly in @);. By construction,
G N Q) is a spoked chain. It follows from Lemma 3.4 and Lemma 3.5 that there are at
most 2 intruding kinks in the spoked chain Gg N @; and no single protruding kink. For
each intruding kink z;, z;, zx, we remove the edge 7., , from Gg N Q1. Since removing
an edge anywhere except from the end of the spoked chain will result in leaving two
spoked chains, we are left with at most 3 spoked chains in ;. Importantly, none of these
contain an intruding or protruding kink. Let denote I' = (V' ET) one of these kink-less
spoked chains in ();. We denote (compare with Theorem 2.1) fo” (¢, E) to be the number
of connected components (clusters) of ({, E) that intersect V. We endeavour to bound
the expectation of N{*(C,-) with respect to the edge drawing mechanism y” | . on B>
given in (2.4). To conclude the Theorem, we shall use

[ N B 2, laB) <12 [ NGB i, ()

where the factor 12 is considering at most three kinkless spoked chains in each of the
four quadrants. Order the elements in Vr = {z1,...,z,} such that #; < --- < &,. Recall
that {z <> y} denotes the event that « and y belong to the same cluster of (¢, F) and
notice that

n—1

| NEG B AB) <14 Y (1= il (o 232))
j*l

<1+ Z =75 (g o 2j44})
(3.21)

< 1+Z 1_ n'LJJ’J+1))

We partition the edge set E' of the spoked chain I into subsets of edges according
to their lengths. Let

2
Elz{nxyEEr: |1‘*y|>;/\R},

AR 2
Ei:{nxyeEF:’TT<\x— y| < Z

AR ) )
}, 1> 2,2€ N.
1—1

By recalling that

1{(n) < 2 A R}Jl{lx—yl <3}
(500" +

P (nxy) = 1r,(n)
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from (3.11), we see that 1 — p*(n) = 1 for all n € E;. However, since I is contained in @,
and henceforth |2 — g| < 7, we have

1
2 (zle—yl)* +1

for all n,, € E;,i > 2. Let r :== 1 A Z%. Then, considering Z < |z —y| < 2 y for all
Ny € E; and noticing that | J;o; E; = EF and £; NE; = & for ¢ ;é J, it follows readﬂy that

S 0-r) =X T 07 < T2 ¥ (rpmie)

1-p" (Wﬂcy) =

ncEr i=1nekE; nek; 1=2nEE; T
= 1
< 6R3*72r 72 + Z (6R27r2i27“72) (7 1 )
i—2 %(1%1) +1
L’ .
< 6R% 73~ ( — )
o

1=2
where the second inequality comes from an application of Lemma 3.8. We use that

oo

Zz—l Zz—l —4212=7 . (3.22)

=2 =

Combining all our previous steps we obtain from (3.21) that

2q7r2r2 )
35

We finish the proof of Theorem 2.1 by setting o = a(R, ¢, 8) = 1 4+ 6R?*x%r—2(1 + %)
Note that for given S and ¢ the function (R, ¢, ) grows quadratic in the finite range
radius R (in both cases Rw/2 > 1 and Rn/2 < 1). Furthermore,

/ NE(G B pl, (AE) <14 6R*m?r (1 +

hm a(R,q,B) =1+ 6R*r?r 2. O

4 Proofs

This section delivers the remaining open proofs of our results. We first establish the
existence of Gibbs measures. In Section 4.2 we finally finish the proof of Theorem 1.4.

4.1 Existence of Gibbs measures

To show the existence of Gibbs measures (Proposition 1.2) for our Delaunay Potts
model we follow [DDG12]. The potential ¢z depends solely on the individual Delaunay
hyperedges in Dely(¢), of a marked configuration ¢. Every marked hyperedge n € Dely(¢)
has the so-called finite horizon B(n, ¢), where B(n, () is the open ball with 9B (n,()N¢ =7
that contains no points of (. Thus ¢ satisfies the range condition (R) in [DDG12], see
[DDG12, Proposition 4.1 & 4.3], with finite horizon being the ball B(7,¢). The finite-
horizon property of a general hyperedge potential ¢: 2 x 2 — R says that for each
pair (n,¢) with n € Dely({) there exists some A & R? such that for the pair (n, C) with
n € Dely(¢) we have that ¢(n,¢) = ¢(n, ¢)when ¢ =¢onA=B(n,().

The second requirement for existence of Gibbs measures is the stability condition
(S). A hyperedge potential is called stable if there is a lower bound for the Hamiltonian
for any A € R?, and, as ¢g(¢) > 0 for all ¢ > 0, the stability condition (S) is satisfied.
The third condition to be checked is a partial complementary upper bound for the
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Hamiltonian in any A € R?. This is a bit more involved, and we shall first define
appropriate configurations, the so-called pseudo-periodic marked configurations. We
consider the partition of R? as given in Appendix A. Note that in Appendix A we have
introduced a length scale ¢ > 0 which is not necessary for the existence proof as we can
put £ = 1. We let B,.(0) be an open ball around the origin of radius r < pof, where we
choose py € (0,1/2) sufficiently small such that B, (0) C Ag . Note that

B :={(€Qa,,: ¢ ={x} for some z € B(0,7)}
is a measurable set of Qa,, \ {@}. Then
G :={w € Q: Or.(wa,,) € Bforall z = (k1) € Z*}

is a set of pseudo-periodic configurations, see (A.2) for details. These configurations are
not marked yet. The reason is that when a point is shifted its mark remains unchanged.
Thus we define the set of pseudo-periodic marked configurations as

{w=(w",...,w?): w? € Gforalli € M,}.

The required control of the Hamiltonian from above will be achieved by the following
properties. As our hyperedge potential depends only on the single hyperedge the so-
called uniform confinement (see [DDG12]) is trivially satisfied. In addition, we need the
uniform summability, that is,

$p(t(n)(1 = b5(n))
2 #

¢y 1= sup
gerr

< 00,
neDelz(€): NNA#S

where 7 = {(k,l) € Z*: nN Ay, # @} and where A = A . The length /(n) of any
71 € Dely(¢) N A when ( is any pseudo-periodic configuration satisfies

(1 —2pg) < U(n) < L(1+2po).

There are at most six edges from the centre ball in A = Ay and each Delaunay edge
touches exactly two cells and thus 77 = 2. We obtain an upper bound for each edge by
considering the shortest possible length for each edge, that is,

(£(1 —2p0))* + 8
(£(1 = 2p0))*

We need furthermore the so-called weak non-rigidity, that is

c,n:310g( )<oo.

HAO,O (FT) = qe_IAU"" ‘Ao)olz > 0.

Using [DDG12, Theorem 3.3] and [DDG12, Corollary 3.4] we obtain all the statements in
Proposition 1.2. O

4.2 Breaking of the symmetry of the mark distribution

In this section we complete the proof of Theorem 1.4 by analysing the Gibbs dis-
tributions v, ., in the limit A + R2. We pick a boundary condition w € €, and we let
w=(w\A,,9,...,0) € w € N be the monochromatic boundary condition. We write
Vr for ya, .« and let P, be the probability measure on {2 relative to which the marked
configurations in distinct rhombuses A, + (2n + 1)M (k, 1), (k,1) € Z?, are independent
with identical distribution +,,. As we are dealing with a cell structure for the partition of
R2, we confine ourself first to lattice shifts when we employ spatial averaging. Thus,

— 1 .
Pn=5-"7 > Pl
(k,))e{—n,...,n}?
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By the periodicity of P, the measure P,, is Z?-shift-invariant. The proof in [DDG12,
Chapter 5] shows that (Fn)nzl has a subsequence which converges with respect to
the topology of local convergence to some Pe M;1(2). As outlined in [DDG12] it is
difficult to show that P is concentrated on pseudo periodic configurations. As Pis
non-degenerate the proof in [DDG12, Chapter 5] shows that P = 13(-|{®}C) is a Gibbs
measure with P({@}) = 0. In order to obtain an R?-shift-invariant Gibbs measure one

needs to apply another averaging,

PV = Po6;), dx.
JAS)
Applying Propositions 2.8 and 2.2, we see that for A = Ag,

= - (¢g=1)
- >
/(qNA,l Na)dP, > o 1

/ Nay oo dCa, o
(k,))e{—n,...,n}?

> (¢ —1)e.
Thus
/ (¢Nas — Na)dPD >0,

and we observe the following break of symmetry in the expected density of particles of
type 1 and of any other type, that is,

pl(PU)) > pg(P(l)) - .= pq(P(l))’

where ps(P") = 1/|A|Epa)[Na,s], s € My. We conclude with our statement as in [GH96]
by showing that the matrix

(ps (P(t)))s,tEMq

is regular, where P is obtained from P by swapping the role of 1 and ¢.

Appendix
A Pseudo-periodic configurations

We define pseudo-periodic configurations as in [DDG12]. We first obtain a partition
of R? into rhombuses. Pick a length scale ¢ > 0 and consider the matrix

M= (M, Mg):(g {2 )

0 3/2¢
Note that |[M;| = ¢,i = 1,2, and Z(M;, M,) = 7/3. For each (k,l) € Z? we define the cell
Apy={Mz e R*: x — (k,1) € [-1/2,1/2)%} (A1)
with area |Ay ;| = @EQ. For example, A is the rhombus with corners

(30/4,\/30/4), (£/4, —\/3E/4), (=304, —/3L/4), (—0/4,/30/4),

and horizontal side length of /. These cells constitute a periodic partition of R? into
rhombuses. Let

I'={we Q:buy.(wa,,) € Bforall z = (k1) € Z*, B measurable set of Qa, , \ {2}}
(A.2)
be the set of all configurations whose restriction to an arbitrary cell, when shifted back to
Ao,0, belongs to the measurable set B for all measurable sets B of {25, , \ {J}. Elements
of I' are called pseudo-periodic configurations. We define marked pseudo-periodic
configurations in an analogous way.
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B Topology of local convergence

We write M{(£2) (resp. M{(Q)) for the set of all shift-invariant probability measures
on (Q,F) (resp. (2, F)). A measurable function f: & — R is called local and tame if

flw)=f(wa) and |f(w)| <aNp(w)+b

for all w € 2 and some A € R? and suitable constants a,b > 0. Let £ be the set of all
local and tame functions. The topology of local convergence, or £-topology, on M{(Q) is
then defined as the weakx* topology induced by £, i.e., as the smallest topology for which
the mappings P — [ fdP with f € £ are continuous.

C Mixed site-bond percolation

Given a graph G = (V, E), let P, be the probability measure on configurations of
open and closed vertices of G. Each vertex of GG is open with probability p and closed
with probability 1 — p. Similarly, let IT’p be the probability measure on configurations of
open and closed edges of G. Each edge of GG is open with probability p and closed with
probability 1 — p. For 2y € V and a subset of vertices X C V, let

o(p,x0, X,G) =P,(3 apath zg = v, e1,v1,...,€,,v, With v, € X and all vertices
are open),

B(p,z9, X,G) = INPP(H a path =g = vy, e1,v1,...,€e,,v, With v, € X and all edges
are open).

It is known since [Kes82] that site percolation implies bond percolation, that is, for any
0<p<l,
o(p,zo, X,G) < B(p,x0, X, G). (C.1)
In mixed site-bond percolation, both edges and vertices may be open or closed,
possibly with different probabilities. Each edge or bond is open independently of
anything else with probability p’ and each vertex is open independently of anything else
with probability p. The edges and vertices that are not open, along with the edges to or
from these vertices, are closed. We shall consider paths of open vertices and open edges.
For xy € V and a subset of vertices X C V, let

~y(p,p', 0, X,G) = P, (3 a path zg = vo, €1, v1,...,€n,v, With v, € X
and all vertices and all edges are open).

Let G’ be the reduced graph where each edge and vertex of GG is removed independently
with probability 1 — p’ and 1 — p respectively. By taking the expectation on both sides
of inequality (C.1), on G’, with respect to IP; and }55, we arrive at the mixed site-bond
percolation result of Hammersley, a generalistion of the work of McDiarmid, see [Ham80].
That is, for 6, p,p" € [0, 1] one gets that

’7(5pap/7x0aX7 G) S ’7(p76p/7.'1?0,X7 G) (CZ)

By setting § = p and p’ =1 in (C.2), and noticing that v(p?, 1, 2o, X, G) = o (p?, z0, X, G),
we arrive at
o (p?, 20, X, G) < v(p,p, 20, X, G), (C.3)
and hence
Otmixea (5 1) 2 Oiaieer (), (C.4)

where 6 ieq) (P, p') is the mixed site-bond percolation probability with parameters p
and p’, and ..., (p) is the vertex percolation probability with parameter p, defined as
O i) (p) := P, (|C| = o0), where C'is an open cluster, which is a connected component of
open vertices.
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D Geometrical lemmas

Lemma D.1. Let I' = (V,E) be a spoked chain (see definition in (3.1)) with V =
{z1,...,2,} and & < --- < &,. For1 < k < n, let x} and z}, be the centres of
the circumscribing circles of the triangles 7(xo, xx—1,x) and 7(xg, T, Tx+1) respectively.
Then 7 | > %y,

Proof. The points z}_, and x, both lie on the bisector of the line segment zToT;. Suppose
&} > 2y, then the radius of circumcircle 0B(7(xo, 2k, £x+1)) is greater than the radius of
B(7(xo,7r-1,21)) and hence 2}, > 2. Now suppose i} < #. If 3, < 2}, then x31
lies in the interior of the circumcircle dB(7(xo, zx—1, 1)) which contradicts properties
of the Delaunay tessellation. Therefore, i}, , > 7. O

Let a € R? be the pole in a polar coordinate system where # denotes the angular
coordinate of x € R2. For x,y € R? with 2 < ), let B(7(a,z,y)) be the unique circum-
circle to a, z,y. Let ng be the arc opposite the vertex a which is the intersection of the
circle-line through the points x and y with centre at a and the sector given by the three
points x, a,y. For any arc C, let L(C) denote its length.

Theorem D.2. Suppose a € R? is the pole. Letb,c € R2 with0 < b < é < 7. Let U be
the convex hull of Cy.. Then, forall z € U,

L(Cy.) + L(CZ,) < L(Cye).- (D.1)
Proof. Let r > 0 denote the radius of the circumcircle 9B(7(a, b, c)) and define for z € U,

M:=b—cl; hy :=b—z|; ha:=|z—¢|; t:=|z—a|; s1:=|b—al|; s2:=]|c—dq,

01 :=2—0b; 0g:=¢—%; 6:=01 + 6.

Then, L(C{,) = 20radius(B(7(a, b, z))) with radius(B(7(a,b, 2))) = h1/2sin(61). Thus the
following holds:
b1

L(Cbz) = hlmv L(Czc) = h2

b, A
sin(6s)’ L(Ce) = Msin(@)'

The strategy of the proof is to first show that L(C{,) + L(C?,) = L(C}.) for z € Cf, and
L(CR) + L(C2,) < L(CL) for z € be. We then define L(C{) + L(C2,) as a function of
01, s1,t and r, and show that it is convex with respect to . Noting that z € U is uniquely
determined by ¢ and 6, we conclude with the result for all z € U.
Let z € Cf.. Then B(7(a,b,c)) = B(r(a,b,z)) = B(7(a, z,¢)). Therefore, C}, UCZ, =
Cy. and thus
L(Cy) + L(CS,) = L(CL,). (D.2)

Now let z € OU Nbe. Then, hy + hy = M and

01 92 91 92
L(Cy, L(CZ,)=h h =h M—h
(Crz) + L(CZ) "sin(6y) * *sin(6,) "sin(6y) +( v sin(6z) (D.3)
0 .
<hi——+ (M — =M = L(Cy,
< h sin(6) +( hl)sin(@) sin(6) (Che),
where the inequality holds because 6 > max{61,62} > 0 and g(z) := % is an increasing

function on the interval [0, 7]. To write L(CY,) + L(CZ,) as a function of ;, s; and ¢, note
that by the cosine rule of triangles,

h? =t? — 2s1tcos(01) + 57 and h3 = t? — 2syt cos(fy) + 53,
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and thus

0
L(CE) = (1? — 2s1t cos(6) + ﬁ)lﬂm =: f1(01,51,1).

Furthermore, s5 is a function of s; and 8, since

M? =52 4+ 52 — 25155 cos (SiIf1 (%))7

and 605 is a function of 60,
LM
0y =60 —0; =sin 1(;) — 6.

We obtain from these relations the expression

/2 62(61)
sin(92 (91))

We will show that f(6;,s1,t) = f1(01,51,t) + f2(01,s1,t) is convex with respect to ¢t. We
obtain

L(Cgc) = (t2 — 252(51, 01)15 COS(GQ) + 52(51791)2) = f2(91, Sl,t). (D4)

d2

@ﬁ(@hsl,t) =

0 ((t2 — 2sytcos(f1) + s3)3/2 B (t? — 251t cos(0y) + s7)1/2(t — 51 COS(91))2)
~sin(6;) \ (2 — 251t cos(6) + 52)2 (12 — 2s1t cos(6y) + s7)2 '

The function sm:”ﬁ is positive for 0 < z < 7. The denominator in the bracket is just h?

and thus positive. The numerator in the bracket reads as

t2 — 251t cos(0y) + 52)3 /2 — (12 — 2s1t cos(61) + s2)/2(t — s cos(6,))?
= (t? — 251t cos(by) — s2)V/2(t2 — 251t cos(01) + 52 — (t — s1 cos(61))?)
= (2 — 251t cos(6) — 52)1/252(1 — cos?(61)) > 0,

since (2 —2s,t cos(61) —s7)'/2 = hy > 0. Therefore, the function f; is convex with respect

to t. Similarly, show that f5 is convex with respect to ¢ to see that the function f is convex
with respect to ¢t. Pick 0 < #; < sin~! (2£). There exist 0 < tumin(61) < tmax(61) < 2r such
that tmin(01) < |2] < tmax(01) for all z € U with 2 — b = 6;. We have shown (see (D.2) and
(D.3)) that

f(01, 51, tmin(01)) < L(Cy) and (61,51, tmax(01)) = L(Cyy).

Therefore, by the convexity of f, for all ¢ € [tmin(01), tmax(01)],

t— tmin(al) tmax(al) -1

0, 7t S 07 ,tmin0 + 07 atmaxe

f( b ) tmax(el)_tmin(el)f( Lo ( 1)) tmax(el)_tmin(el)f( Lo ( 1))
< f(@l, SlatmaX(gl)) = L(Cgc)' O
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