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Abstract

We establish decomposition formulas for nonnegative infinitely divisible processes.
They allow to give an explicit expression of their Lévy measure. In the special case
of infinitely divisible permanental processes, one of these decompositions represents
a new isomorphism theorem involving the local time process of a transient Markov
process. We obtain in this case the expression of the Lévy measure of the total local
time process which is in itself a new result on the local time process. Finally, we iden-
tify a determining property of the local times for their connection with permanental
processes.
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1 Introduction and main results

A real valued process ¢ = (¢, € F) indexed by a general set F, is infinitely di-
visible if all its finite dimensional marginals are infinitely divisible. According to the
Lévy-Khintchine formula, for every n, and every x4, .., z,, in E, the n-dimensional marginal
(Vg s ¥y, -y Vs, ) admits a decomposition into three independent vectors: one determinis-
tic vector, one centered Gaussian vector and one vector whose law is characterized by a
Lévy measure v(;, . .. on R".

We assume that 1) is nonnegative, hence the Gaussian component is always reduced
to 0. We also assume that ¢ has no drift which implies that the deterministic component
is also always nul. Moreover the Lévy measure v(,, ., must be on R’.

What is known about v(,, .. »,.)? According to its definition, it must satisfy for every
aq, .., 0 in RY

E[exp{— Z O‘ﬂpﬂu }] = eXp{_ / (1 —e 2?:1 aiti)y(a:h..,wn) (dt)}7
i=1 RY
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Infinitely divisible processes

With V(5,4 (0rn) = 0, and [, 1A [t va, . 0,)(dt) < 0o, where [t| = sup; <, [ti].

But in general, nothing elsg is known about v, ..). Given an infinitely divisible
process ¢, the first natural problem is to determine {v(,,, .., (21,..,2,) € E™,n > 0}.
One can formulate the problem in a more concise way by using the existence of a unique
global Lévy measure v on ]Rf, the space of all functions from F into R, (Theorem 2.8
in [16]) such that for every n > 0 and every z1,..,x, in E:

Elexp{— ) aiths, }] = exp{— /}RE (1 — e =i ewlD)y(dy)},

i=1

where for y element of Rf and z in F, y(z) denotes the image of « by the function y.

The measure v is called the Lévy measure of the process ¢ (in section 2, we detail
this result due to Rosinski [16]). The problem becomes to know the Lévy measure v.

Under an assumption of stochastic continuity, we give in Theorem 1.2 below, the gen-
eral expression of the Lévy measure of nonnegative infinitely divisible processes without
drift. To obtain it, we will first establish decomposition formulas of the nonnegative
infinitely divisible processes (Theorems 1.1 and 1.3) and use a previously established
general isomorphism theorem [5].

In the particular case of infinitely divisible permanental processes, the expression
of the Lévy measure was already known. But surprisingly, as it will be highlighted in
Remark 1.7, this example reflects the precise form of the Lévy measure in the general
case.

Theorem 1.1. Let (¢, x € E) be a nonnegative infinitely divisible process with no drift
part and finite first moment. Then for every a in E such that E[(a)] > 0, the process
(Yo, z € E |1, = 0) is infinitely divisible and there exists a nonnegative infinitely divisible
process (ng), x € F), independent of (¢,,x € FE |1, = 0) such that:
(law) — (a)
Y ="(]a=0) + L.
The three processes involved in Theorem 1.1 are infinitely divisible. Hence Theorem

1.1 has a counterpart in terms of Lévy measures. To formulate it we use a family of
nonnegative processes associated to ¥ (see [5]) in the following way:

For every a such that E[))(a)] > 0, there exists a nonnegative process (r(*)(z),z € E)
independent of i such that

¥ 4 @ has the law of ) under | ] (1.1)

Actually the existence of (r(“), a € E) characterizes the infinite divisiblity of ¢. This

characterization has been established in [5] (see also [16] for a more general framework).
When F is assumed to be a separable metric space w.r.t. some metric d, a real valued

process (Y (z),z € E) is stochastically continuous if for every ¢ > 0 and every a in E

lim P[|Y(z) = Y(a)| >¢] =0
Tr—ra
where the convergence to a is with respect to the metric d.

Theorem 1.2. Let (¢,,x € E) be a nonnegative infinitely divisible process with Lévy
mesure u and no drift. Denote by u, and i, the respective Lévy measures of (¢ |, = 0)
and £(*). Then we have:

B = o t [
where
ta(dy) = 1y@)=oyi(dy),  fia(dy) = 1{ya)>oy1(dy),
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and for any measurable functional F' on ]Rf

If one assumes moreover that E is a separable metric space and that 1 is stochasti-
cally continuous then for any o-finite measure m with support equal to E such that

I El m(dx) <

(@)
uE) = [ Bl s Bl mid). 12)

At first sight, the fact that the expression (1.2) of the Lévy measure of v is independent
of the choice of the measure m, is remarkable. As we will show in Remark 2.2, this fact
can be justified by the basic properties of the family (r(*),a € E).

To exploit (1.2), one needs to know the law of 7(®) for every a such that E[¢(a)] > 0.
In section 4 we show how to proceed in the case of squared Bessel processes by making
use of the Markov property.

The following theorem can be viewed as an extension of Theorems 1.1 and 1.2 which
correspond to the case of the Dirac measure at point a. Instead of a Dirac measure we
consider a o-additive measure m on E.

Theorem 1.3. Let (¢, x € E) be a nonnegative infinitely divisible process with no drift.
Let m be a o-additive measure on E and V' be an open subset of the support ofm such
that [;, E[t)(z)]m(dx) < co. Denote by ¢ the process v conditioned on [, 1(x)m(dx) =

Then ¢ is infinitely divisible and there exists an infinitely divisible nonnegatlve process
(LY, z € E) independent of ¢ such that

(law
vt 2.
Denote by w, py and fy the respectwe Lévy measure of (v, [, ¥ (x)m(dx)),
(¢, [, #(x)m(dx)) and (LY, [, LY m(dz)), then we have:
p=pv + fv

with
pv (dydt) = p(dy x {0}), fy(dydt) = 1isop(dydt),

and for any measurable functional F' on lRf x R4

[ O [ rimda) )
i(r)= [ E Ty | EW@)] i)

If moreover, E is a separable metric space and ) is stochastically continuous then we
have:
1.
v, 2oy (1.3)

In the case when the infinitely divisible process is a permanental process, the above
decompositions can be more explicit. To present them, we first recall that a permanental
process (¢(z),x € E) with index 8 > 0 and a kernel k£ = (k(z,y),(z,y) € E x E) is
characterized by its finite dimensional Laplace transforms:

E[exp{—% 3" ailai)}] = det(r +ak) 7
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where « is the diagonal matrix with diagonal entries («;)i<i<n, I is the n x n-identity
matrix and K is the matrix (k‘(l‘“ xj))lgi,jgn'

Note that in case 3 = 2 and k is symmetric positive definite, ¢ equals in law (72,2 € E)
where (7, z € E) is a centered Gaussian process with covariance k.

To select infinitely divisible permanental processes, one has to choose an appropriate
kernel. To do so, we consider a transient Markov process X with state space F, admitting
0-potential densities (g(z,y), (z,y) € E x E) w.r.t. a o-finite reference measure m and
a local time process (L7,x € E,t > 0). More precisely X is a transient Borel right
process (2, F, (F), (Xt)i>0, (01), Py, z € E) (where F; is 0{X; : s < t} completed and
right continuous as usual). To obtain the existence of local times, every point = in
the state space F is assumed to be regular for itself that is: P,(7,, = 0) = 1 where
T, =inf{t > 0: X; = x}.

We have shown in [7] that there exists an infinitely divisible permanental process with
kernel g. We have also shown (see [7] and [9]) that a permanental process is infinitely
divisible iff it admits for kernel the 0-potential densities of a transient Markov process.

Theorem 1.4. Let ¥ be a permanental process with kernel g and index 1. For any a in £

such that g(a,a) > 0, denote by gr, the 0-potential densities of X killed at its first hitting

time of a. Then we have: 1 L
(law)

SR

where LY = (Lg‘é)(x),x € F) is the total accumulated local times process of X condi-

tioned to start at a and killed at its last visit to a, and V. is a permanental process with

kernel g, and index 1, independent of X.

+ LW, (1.4)

In view of Dynkin’s isomorphism [2] and its variants and extensions (see [7], [8], [4]...)
Theorem 1.4 looks familiar. In section 5, we show how Theorem 1.4 easily generates
some of these isomorphism theorems, as well as new identities.

The three processes involved in (1.4) are infinitely divisible. Since the already known
isomorphism theorems are expressed in terms of permanental processes with index 2,
denote by 1 a permanental process with kernel g and index 2 and by i the Lévy measure
of %w. Hence 2y is the Lévy measure of %\I/ Theorem 1.4 has the following counterpart
in terms of Lévy measures. We assume that: [, g(z,2)m(dz) < co. We use the notation
P, (and E, for the corresponding expectation) for the probability under which X starts
at a and is killed at its last visit to a. This probability is obtained as follows:
for every F;-measurable set B

]Pa[Ba g(Xtvx)}

Note that the local time process (L% ,z € F) of X under P, and the process (Lgfé) (), €
E) have the same law.
The life time of X is denoted by (.

Theorem 1.5. Let ¥ be a permanental process with kernel g and index 1. Let V,, be a

permanental process with kernel g1, and index 1, and L((;é) the total accumulated local

times process of X conditioned to start at a and killed at its last visit to a. Denote by 2u
the Lévy measure of 2. For any a in E such that g(a,a) > 0

b= Mo + Ha,

where 21, is the Lévy measure of %\I!gTa and 2ji, is the Lévy measure ofL(()Z).
Moreover, we have

ta(dy) = 1y@)=oy(dy),  fa(dy) = 1iya)>oyu(dy),
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and for any measurable function F' on ]Rf

fulF) = B 2D (12, € B)] 1)
[ g P e B) gla)
u(F)f/EEa[ ; ) 228 m(da), (1.6)

Remark 1.6. We mention that in [7], we made a confusion between p and fi,. This
changes the content of Corollary 3.3 in [7] and its consequence Theorem 3.4 [7]. Indeed
in case F is a locally compact metric space, the continuity of the local time process
obviously implies the continuity of the infinitely divisible process with Lévy measure 2f,
(since it is the local time itself), but this does not immediately imply the continuity of .
In section 3, we list some of the properties that 1) must satisfy, assuming the continuity
of the local time process. In particular, when X is a transient Lévy process, we show
with a simple argument that ¢ must be continuous. However we still can not prove that
the joint continuity of the local time process implies the continuity of ¥ in the general
case.

Remark 1.7. Note that unlike in Theorem 1.2, we dont need to assume the stochastic
continuity of the permanental process to write (1.6). The expression of the Lévy measure
(1.6) has been obtained in [10] by different means.

Besides (1.5) represents a new result on the local time process that can not be
extended to the general case. More precisely, in the general case the processes (%) and
£(®) respectively defined in (1.1) and Theorem 1.1, are different processes. Actually in
general r(% is not even infinitely divisible while £(* is always infinitely divisible. Still,
we emphasize the fact that the expression (1.6) of y is an illustration of the general
result (1.2). Indeed the life time ¢ of X under P* is equal to I LY (z)m(dz) and hence
(1.6) can also be written as follows:

- FED) il () mida
2(F) = [ El T o) Pla V) i) (1.7)

Finally note that if one assumes that F is a separable metric space and ¢ is stochastically
continuous (e.g. the function g is continuous w.r.t. the metric on F£), then the expression
of p given by (1.7) is still available if one replaces m by any o-finite measure m with
support equal to E such that [, E[¢(z)] m(dz) < co.

In the special case of permanental processes, Theorem 1.3 provides the decomposition
below. To introduce it we use the following notation.
Consider a continuous additive functional (A4;):>o defined by

At:/ Lfl/A(dCC),
E

where v, is the so-called Revuz measure of A. We denote by V the fine support of A.
Note that V is contained in the support of v4.

We assume that: [|, g(x,z)va(dz) < co.

Define h; = inf{s > 0: A; > t}. The process X" = (X},,,t > 0) is a transient Markov
process living on V. Its total accumulated local times process is (L% ,x € V) and its
0O-potential densities are (g(x,y), (z,y) € V x V) with respect to the measure v4. Denote
by ¢V (resp. ¥V) the permanental process associated to (Xp,,t > 0) with index 2 (resp.
1). Since the law of a permanental process is completely determined by its kernel, one
obtains:

(law)

(Y(x),z €V) WY (z),z€V) (1.8)
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and
(law)

(U(z),zcV) = (WW(x),zeV).
Let Ty be the first hitting time of V: Ty = inf{t > 0: X; € V}, and denote by g, the
0-potential densities of X killed at 7y and by ¢4, the permanental process with index 2
and kernel gr, .
The following result can be viewed as a generalization of Theorem 1.4 which corre-
sponds to the case where v 4 is the Dirac measure with unit mass at a.

Theorem 1.8. For any V chosen as above, 1) admits the following decomposition into
the sum of two independent nonnegative infinitely divisible processes

(1aw

o " g+ 6, (1.9)

such that the Lévy measure of (¢",x € E) is the law of (L%,r € E) under

2fV g(a a’)”A(da)
Moreover we have:

* the restriction to V of ¢4, is nul.
« the restriction to V of ¢V has the law of ¥V .

. iy, 2 1) | [, ¥(@)va(dz) = 0).

Note that although the restriction to V of ¢" is a permanental process, ¢" is not a
permanental process.

Theorem 1.8 implies that the Lévy measure of 1|, is the law of (L%, € V) under
5 fv -]g9(a,a)va(da) and that the Lévy measure of ¢, is u(Tv = o0;.). These
two facts have been already established in [10] (Theorem 6.1, Theorem 7.3 and Corollary
7.4).

Finally in section 2, we try to give an answer to the question of the existence
of Dynkin’s isomorphism Theorem. Namely given the family of local time processes
(Lffé), a € E) associated to the transient Markov process X, which property determines
the existence of a nonnegative process v, independent of X, satisfying the following
identity in law for every a in E:

¥ + L@ has the law of ) under K| 1@58)] ]

We provide a general answer. Actually we answer the following more general question:
Given a family of nonnegative processes (r(a), a € E), under what condition there exists
a nonnegative process v satisfying (1.1)? We already know (see [5], [16]) that when such
a process 1 exists, then it has to be infinitely divisible.

The paper is organized as follows. All the proofs of the results presented in the
introduction are given in section 6. In section 2, we establish a converse of (1.1), the
general isomorphism Theorem. Under the assumption of the continuity of the local time
process, section 3 lists various properties that the associated permanental process must
satisfy thanks to Theorem 1.4. Section 4 provides an expression of the Lévy measure of
squared Bessel processes. Section 5 presents some remarks on Theorem 1.4.

2 A converse to (1.1)

Let (r(?;a € F) be a family of nonnegative processes. It is natural to ask under
what condition on the corresponding family of laws, there exists a nonnegative infinitely
divisible process (.., z € E) without drift, satisfying (1.1). To answer this question we
will make use of a necessary condition that appeared in the proof of Theorem 1.2 but
also of the following characterization of Lévy measures established by Rosinski [16]. We
adapt it to our framework of nonnegative infinitely divisible processes.

EJP 24 (2019), paper 109. http://www.imstat.org/ejp/
Page 6/25


https://doi.org/10.1214/19-EJP367
http://www.imstat.org/ejp/

Infinitely divisible processes

Lévy measures Let 1 be a measure on (R¥,B¥), where BY denotes the cylindrical
o-algebra associated to Rf the space of all functions from E into R,. There exists an
infinitely divisible nonnegative process (¢,,x € FE) such that for every n > 0, every
T1,..,Tn Iin KB:

Elexp(~ Y- au } =exp{~ [ (1= e Esenuay)), @.1)
i=1 R}

iff i satisfies the two following conditions:
(L1) forevery z € E u(|y(xz)| A 1)) < oo,
(L2) for every A € B, u(A) = pu.(A\ Og), where u, is the inner measure.
A measure u on (]Rf, BE), is said to be a Lévy measure if it satisfies (L1) and (L2),
Conversely to every nonnegative infinitely divisible process (¢,,x € E) with 0-drift,
corresponds a unique Lévy measure p such that (2.1) is satisfied.

The proof of Theorem 1.2 (given in section 6) shows that the existence of a process
1 satisfying (1.1) requires at least two properties from (r(“), a € E). First, for every aq,
one must have (6.4): ]P[rt({l) = 0] = 0. But note also that using twice (6.5), for a and b any
couple of points of F, leads to

Ely(a)] B[ (6) F(r™)] = Elp(b)] Elr® (a) F(r®)), (2.2)

for any measurable functional F'.
Indeed, starting from (6.5) one has:
P (W) y@>o0ym>0y) = Elp(a)]E] F(T(a))l{rga>>0}]
= EW(b)}E[Wé F(r(b))l{ré,,)>0}].
b

Then one chooses F(y) = y(a)y(b)F(y), to obtain (2.2).
The result below shows that if one assumes the existence of an appropriate measure
mon F, (2.2) is also sufficient.

Theorem 2.1. Assume that F is a separable metric space. Let (r(*);a € E) be a family
of nonnegative processes such that for every a in E, r(*) is stochastically continuous.
Assume that there exists a family (c,,a € E) of strictly positive numbers such that for
every measurable functional F' and every a, b in E, we have for every a in E:

Ca]E[Téa)F(T(a))] = ch[r((lb)F(r(b))}, (2.3)

and there exists a o-finite measure m with support equal to E such that for every a in E:
P0 < / @ (z)m(dz) < oo] = 1. (2.4)
E

Then there exists a nonnegative infinitely divisible process 1) with 0-drift, independent of
the family (r®) a € E), such that for every a in E

v+ T(“)(lgv)¢ under E[w(a) 8

Ca

with a Lévy measure . given by:

B F(r()
M(F)—/EEUMWCM)]%W(CZ@)- (2.5)

Moreover if [}, com(da) < co, then + satisfies: (1 | [, ¢(x)m(dx) = 0) = 0.
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Note that (2.4) together with (2.3), imply (6.4). To see this, one writes:
CQE[T‘Z()G)I{T((IQ):O}] = ch[rgb)l{rflb):O}] = 0.

Then integrate each member of the above equation with respect to m(db) to obtain:
Eﬂl%xwzo}jé74@(xﬂnﬂdz)::O,mdﬂchleadsto(GAJ.

Proof. We first show that the measure p defined by

F(r(@)
F = E T N a d i
p(F) /E [fE T(a)(z)m(dz)]c m(da)

is a Lévy measure on (]Rf, BE). We show that . satisfies the two conditions (L1) and
(L2).
For every b in F/, we have:
g (x)m(dz)
[ r®(2)m(dz)

B @FG®) |
L“Mfﬂww<>]”>

r(“)(b)F(r(“) "
L%mhﬂwmm>]”) 20

GE[Fr®)] = ¢ E[F(r®)

Hence one obtains in particular (for F' = 1)

B (@) (b) o
0= J o Bl )

Consequently u(|y(b)|) < oo and 4 satisfies (L1).

To show that p satisfies (L2), it is sufficient to show that there exists a countable
subset T' of E such that u({y € RY : y,. = 0}) = 0 (see [16] Remark 2.2).

Let D be a countable dense subset of E. Since, for every a in A, 7(®) is stochastically
continuous, D can be used as separability set for r(@), Hence:

1{r;“>:0,v:ceD} < 1{r;“):0,v:veDmB(a,e)} < 1{r§,“>:0} =0 a.s.

which leads to: x(0;,) = 0. Consequently y satisfies (L2).
Denote by (¢, z € E) a nonnegative infinitely divisible process with Lévy measure u
and no drift. For every x1,zo, ..., z, in E, we have:

1_eZ,wHWM

Elexp{— Zazwml = exp{— /ca T @ () mida) Jm(da)}

hence, if one sets b = z;

n =y e (@) n
(&4 i=1
E[yp exp{— g, ) = / caB[r () ————————]E[exp{— oYz, Hm(da).
v exp(= 3 aswn] = [ eollr 0) oy Blexpl{= 3 autn Him(da)
2.7)
One notes that using (2.6), one has

(@ () Lizy air'™ (@) B S e
/EcalE[ T () mida) Im(da) = cbIE[eXp{—;ole (@)},

which with (2.7) leads to (1.1).
If f 5 cam(da) < oo, using Theorem 1.3 for V = E, one knows that the Levy measure

of LV is precisely (2.5). Hence it coincides with 1 and one obtains: (¢| [, ¥(z)m(dz) =
0) =0a.s. O
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Remark 2.2. Theorem 1.2 provides the explicit expression (1.2) of the Lévy measure
of stochastically continuous nonnegative infinitely divisible processes v without drift.
As a consequence of this result one obtains that for every measurable functional F' on

R¥, the quantity fEE[w(a)]E[%]m(d@ is independent of the choice of the
measure m. We show now that t%is remarkable property can be seen as a consequence
of (2.2). We assume that for any a in E, E[)(a)] > 0.

For any measure m satisfying the assumptions of Theorem 1.2, define a measure J,,
by:

F(r()
S @ (z)m(dx)

We show that: J,,,(F) = J5(F), for any other measure /n satisfying the assumptions of
Theorem 1.2.

(1) Note that if F is such that: F(y) = y(a)F(y) for some a in E, then similarly as for
(2.6), using (2.2) one has: J,,,(F) = J7(F).

(2) One easily shows that if 1 is stochastically continuous, then for every a in E such
that E[¢)(a)] > 0, r(®) is stochastically continuous too. Let D be a countable dense subset
of £, D = {a,,n > 1}. For every a in E, D can be chosen as separability set for rla),
Hence one obtains: J,,({y : y, = 0}) = 0.

Consequently: J,,(F) = > po, Jm(F, By), where B; = {y € R¥ : y(a;) > 0} and for
k>2 B, ={yeRE :y(ar) >0,y(a;) =0;1<j<k—1}.

One has: F(y)lp,(y) = y(ak)(mly(ak)wmk (y)). Hence thanks to (1), for every

y(ak)
k> 1: J,(F, By) = J(F, Bg), which finally leads to: J,,(F) = Jz(F).

J(F) = [E Ef(a)]E[ m(da).

3 Trajectorial properties of the permanental process

In this section we consider permanental processes admitting for kernel the 0-potential
densities of a transient Markov process with a locally compact metric state space. We
always assume that the local time process of this transient Markov process is continuous
as a process indexed by time and space.

3.1 0-1laws

We assume that F is a compact separable metric space. Let D be a dense subset of
E, D ={an,n>1}.

First note that the continuity of the local time implies the continuity of g and of g7, .
(For example, since lim,_,, P,[L% > 0] = 1, it follows that: lim,_,, g(a,b) = g(a, a)).

Since: E[(% - %)2] = 3(g(a,a))2 + 3(g(b, b))2 — 2g(a,a)g(b,b) — 4g(a, b)g(b,a)), it
follows that he continuity of the kernel g is equivalent to the L2-continuity of ¥.

We have, using Theorem 1.4

(law)

U=, 4 2L,

Similarly
(law)

7 7 + 2p(aa2)

9Ta, 9Taq ATay

where \I!gTa1 NTay is a permanental process independent of X, with kernel the potential

density of X killed at T,, A T,,, and index 1 and L(*:%2) has the law of the local time

process of X Kkilled at T,,, conditioned to start at as and killed at its last visit to asg.
Hence

(law)

U ="' + 2orle) 4 orlaia2)

9Tay ATaqy

with the three terms on the right hand side independent.
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Iterating the procedure, one obtains ¥ as the sum of n + 1 independent terms as
follows:

\P(lg\’)wn + 2L(a1) + 2L(a1,a2) +o+ 2L(a1,a2,...,an) (31)
with ¢, = \IJgTalATazA...ATa, , and for every 2 < k < n, L(%1:%2:-:9) has the law of the local
time process of X conditionned to start at a; and killed at the last exit from a; before
To, NToyg Ao NTgy -

Except for ¢,,, the n + 1 terms on the right hand side of (3.1) are continuous on F.
For simplicity, we just write L(k) instead of L(®1:%2:%) for k > 1. Hence for every n,

one has:
n

1 _(aw)1
/.
5 S@n+ Y L(K)
k=1
We show now that there exists a finite nonnegative process (Y (z),x € E) independent of
X such that for every x: Y (z) = 0 a.s., and

law)

vy 12 3" Lk). (3.2)
k=1

Note that the sequence of processes (,,) is stochastically decreasing and bounded below
by 0. Hence there exists a sequence of nonnegative processes (Y,,),>o defined on the

(law)

same space such that for every n: Y, n, and for every n

0< 1/n—s-l(x) < Yn(x)

For a fixed w, (Y,(x),n > 1) decreases to some value that we denote by Y (z) (Y,
converges pointwise to Y). Since the local time is assumed to be continuous, in particular
Lr, is continuous, where Tp = inf{t > 0: X; € D}. But Ly, = 0on D, hence Ly, =0
on E and g7, = 0 on F x E. Consequently for every x in E, E[Y,,(z)] decreases to 0. One
obtains: E[Y (z)] = 0 and hence Y (z) = 0 a.s.

On the other hand the sequence of processes (}.,_; L(k)),>1 is increasing. For a
fixed w, >";_, L(k)(z) increases to Y ;- ; L(k)(x) (a value that might be infinite).

For every n, set:

1 1 ~
5¥n = 5Ya + ;L(k).

Consequently, for a fixed w, 9, () converges to some value ¢ (z). The process ¥
satisfies:

1 1 -
oo = 5Y + > L(k).
k=1
For every n, for every z1, s, ..., z, in E the vectors (¢, (1), ¥n(x2), ...¢¥n(zp)) all live in
the same probability space and have the law of (¥(z1), U(x2), ..., U(z,)). Consequently:

(law)

(Yoo (1), Yoo (2), - Yoo (7)) ="(T(21), U(22), .. W(2p)),

which leads to (3.2).
Since Y admits a version which identically equals 0, one obtains that 2>~ L(k) is a
version of W. Another consequence is:

PVz € E: iL(kj)(l‘) < oo =1 (3.3)
k=1
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Define the oscillation function of a random separable process Z(x),cg by

oscz(a) =lim sup |Z(u)— Z(v)|.
60 u,v€B(a,d)
As a consequence of (3.2), one obtains for any separable version of ¥ (that we still denote
by V) that there exists an upper semi-continuous deterministic function w such that

Ploscy(a) = w(a),Va € E] =1
As an immediate consequence, ¥ enjoys many 0 — 1-laws. For example,

P[¥ is continuous on E] =0 orl
P[yh_r}na‘ll(y) =T(a)]=0o0rl

P[¥ has a bounded discontinuity on E] = 0 or1
P[¥ has a bounded discontinuity at a] = 0 or1
P[¥ is unbounded on E] =0 orl
Pllimsup ¥(z) = +oo] =0 orl

T—ra

Note that the processes ¢,, n > 1, enjoy the same properties simultaneously and have
the same oscillation function w.
By Fatou’s Lemma, one has: E[liminf,_,,, ¢1(z)] <liminf, ., E[p1(z)] = 0. Hence:
Pliminf, 4, »1(z) = 0] = 1, which leads to
Plliminf ¥(z) = ¥(a;)] =1

Tr—raq

Since the choice of a; is abitrary one finally obtains:

Plliminf U(z) = ¥(a)] = 1,Va € E (3.4)
Tr—ra
and hence to
lim sup ¥(z)=limsup¥(z) = ¥(a)+ w(a) a.s.
6—0 z€B(a,s) T—a
Using (3.3) and Theorem 7 p.213 in [17], for every fixed w, there exists a dense subset
B(w) in E such that >~ , L(k)(w) is continuous at each point of B(w).
Now, the set A = {# € E : w(z) = 0} is a deterministic set and contains B(w) for
every w. Hence: A = F, and at least A is dense in E. Since A is deterministic, it contains
a deterministic dense set A. One hence obtains the following result.

Proposition 3.1. Assume that X is a transient Markov process with a continuous local
time process then there exists a dense subset A of its state space such that its associated
permanental process 1 is continuous at each point of A and 1|, is continuous.

The following proposition has been already obtained by Marcus and Rosen. Their
argument is based on Barlow’s necessary and sufficient condition for a Lévy process to
have a continuous local time process [1] and on a sufficient condition for a permanental
process to be continuous [13]. Our proof has the merit to be a direct argument relying
exclusively on Theorem 1.4.

Proposition 3.2. Assume that X is a transient Lévy process with continuous local time
process. Then its associated permanental process admits a continuous version.

Proof. Indeed in this case the oscillation function of the associated permanental is equal
to a constant function. Thanks to Proposition 3.1, we know that it is equal to 0 on a
dense set, and hence the oscillation function is equal to 0 at each point. O
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3.2 The special symmetric case

In case the transient Markov process X admits a symmetric potential density w.r.t.
a reference measure m, then the permanental process is a squared Gaussian process.
Namely, (¢(z),z € E) = (n*(z),x € E) with (n(z),z € E) centered Gaussian process with
covariance g. The process (n(z),z € E) is the so-called associated Gaussian process to
X. The following proposition has already been obtained with other arguments in [14],
but appears as an immediate consequence of section 3.1.

Proposition 3.3. Let X be a transient symmetric Markov process with a continuous
local time process. Denote by 1 its associated Gaussian process. Then for any point a in
FE, if n is not unbounded at a then n is continuous at a.

Indeed, we know (see [11]) that there exists a deterministic function § such that

. o(a
timsup(x) = (nfa) + 22
r—ra
But the assumption of continuity of the local time process, gives the existence of a
deterministic function w; such that:
limsup n?(z) = n*(a) + wi (a).

r—ra

If wi(a) < oo, then immediately one has: §(a) = w;(a) = 0. O

3.3 Real indexed permanental processes

In case the transient Markov process X is real valued, then its associated permanental
process is indexed by R.

Proposition 3.4. Let X be a real valued transient Markov process with a continuous
local time process. If its associated permanental process ¥V has cadlag trajectories then
U has a continuous version.

Proof. Fix a in R. We assume that lim,_,, z~q ¥(z) = ¥(a) and limy, 4 p<q Y(z) = ¥_(a).
We have established in section 3.1 that:
limsup ¥ (z) = ¥(a) + w(a) a.s.
r—ra

and
h;ﬂr}lqu(x) = U(a) a.s.

Consequently, one obtains: w(a) < oo and ¥_(a) = ¥(a) + w(a) a.s.

Let (z,,) be a strictly increasing sequence converging to a.

On one hand, one has: ¥(z,) <o ¥(a) +w(a) a.s. But on the other hand, one has:
WU(2n) =n—soo ¥(a) in L?, which implies that there exists a subsequence (z¢(,,)) of ()
such that ¥(z¢(,)) —n-o0o ¥(a) as.

One hence obtains: w(a) = 0. O

4 Lévy measure of squared Bessel processes

Given a nonnegative infinitely divisible process ¢ without drift, to obtain its Lévy
measure one needs only to identify for any a such that E[¢,] > 0, the law of (@ (defined
by (1.1)). To answer a question asked by Zhan Shi and Jan Rosinski, we detail the use of
Theorem 1.2 in the special case of squared Bessel processes. Let (¢;,¢ > 0) be a squared
Bessel process with dimension § starting from z. Denote its Lévy measure by u%*. The
additivity property of squared Bessel processes immediately gives:

’u(s,.'l; — 5/1/1’0 + xuo,l. (41)
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It is hence sufficient to compute x!'° and ;%! to obtain the following proposition.

Proposition 4.1. The Lévy measure 1%® of a squared Bessel process with dimension &
starting from x is given by

—% l,a
/ / 5+x£)e E[ OOF(‘f,( ) \dade,
2a° 2a [ X Metdt

for every measurable functional F on R", where the process (X}t > 0) is a non-
negative Markov process such that: X ba =y, ( f fa,t > 0) is a squared Bessel process
with dimension 0 starting from ¢ and (XZ “,,0 <t < a) is a squared Bessel bridge with

dimension 0, lenght a, between ¢ and 0.

Proof. We show below how to obtain the law of »(*) in the case of a squared Bessel
process with dimension 1 starting from 0 and in the case of dimension 0 starting from 1.
We could use the famous Ray-Knight Theorems for that, but in both cases it is shorter to
just use the definition of (@),

Let (¢1,t > 0) be a squared Bessel process starting from 0 with dimension 1. For
every a > 0, E[¢),] = a. To compute the law of (%), we write:

v(a)

P+ r(“)(lgv)vjz under E[ ,

First we note that:

E[e_)\wa]E[ —A7(a)] [waa —)\1/1(,] “4.2)

Since: Ele=*¥a] = (1 + 2\a)~Y/2, (4.2) shows that r\") has an exponential law with
parameter 5-.

For any z1, xa, ..., x, in [0,00) and A, ..., \,, in R4, we have, making use of the Markov
property of ¢ with obvious notation:

Elexp{— Z Aet, +a HE[exp{— Z Mt )] E[Yaexp{— > Meta,ta}]

“EypaElexp{— Y Atz } 0 0ol Ful]

k=1

“E[aly, [exp{— Y Aeta, }]

Hence (r,E +)a,t > 0) is a squared Bessel process with dimension 0 starting from an

exponential law with parameter 5-.
For any 1, ..,z in (0,a) and Ay, ..., A, in R,, we have:

Efexp{— Zwa . HE[exp{ - Zma o= S Eeep{= Y Ada )]

k=1

which shows that (r g“)t, 0 <t < a) has the law of a squared Bessel bridge with dimension
0 and length a, starting with an exponential law with parameter - and ending at 0.
One shows (e.g. similarly as in [3]) that #(*) has the Markov property, hence condition-
ally to 7\, (r{”,,0 < t < ) and (r{*),,# > 0) are independent. The law of r* is hence
fully described. Finally we have to choose a measure m such that: fo a m(da) < co. One
can choose: m(da) = e %da.
A similar computation gives the law of (%) when 1 is a squared Bessel process with

dimension 0 starting from 1. In this case one obtains:
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- For every a, E[¢,] = 1.

~ r{” has a gamma law I'(2,2a).

- Conditionnally to ra =/, (rt(j?a, t > 0) has the law of a squared Bessel process with
dimension 0 starting from /.

- Conditionnally to r(“) =/, (r éa)t, 0 <t < a) has the law of a squared Bessel bridge
with dimension 0 starting from ¢ and ending at 0.

We can also choose m(da) = e~ *da.
One obtains the final expression of ,u‘s’”” thanks to (4.1). O

Pitman and Yor have devoted section 4 of [15] to the description of ;>* in terms of
the It0 excursion law of the reflecting Brownian motion.

5 Some remarks on Theorem 1.4

5.1 Some applications

Let X be a recurrent Markov process with state space F, admitting a local time
process (L7,x € E,t > 0). For every r > 0, set: 7, = inf{t > 0: LY > r} Then X killed
at time 7g, with Sy an independent exponential variable with parameter 6, is transient.
Theorem 1.4 leads to: L L

(law) ()
gVors, = Vo T Lz,
where Grs, denotes the 0-potential densities of X killed at 75, and g7, the 0-potential
densities of X killed at T, its first hitting time of a.
The above identity leads to:

1 (Iaw) 1 (a)
5(\1’9750 |\P97—59 (a) = T) 2\:[/ + LTT

and to ()
law
(\I/gfse |\I/gfse (a) =0) =Ty, .

Denote by v and 1/~z two independent permanental processes with kernel Grs, and index 2.
This implies that:

law)

v, Ty o+ )

We use now a remarkable property of permanental processes that has been noticed in
[7] (Remark 2.5.1) for every p,q > 0 such thatp+¢=1r

(I'IW)

(Wl(a) = p) + (Pld(a) = (Wl (a) =) + (Pld(a) =

One hence obtains:

(g ¥, (@) =1)"Z(@l(a) = 1) + (@]d(a) = 0),

to conclude that P, a.s.

law) 1

S W) =" () = 0) + L4,

which means that P, a.s.

law) 1

@@ =" gy, 4 L. (5.1)

This last identity has been established in [7] extending a previous result of [8]. These
identities in law are called isomorphism theorems because they can be seen as variants of
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the seminal Dynkin’s isomorphism Theorem [2]. Theorem 1.4 represents a more general
identity than (5.1) and can also generate new identities that are not obvious starting
from the known isomorphism theorems. For example, assume that X is a recurrent
Markov process killed at an independent exponential time S. Denote by gg its 0-potential
densities then for every a in F, we have, using Theorem 1.4:

l\p (law) l\p

(a)
9 gs 9 9Ty NS + LSa

or equivalently:
1 (law) 1 a
5\1195 = 5(\1198 |\Ilgs (a) = 0) + LES‘ )'

5.2 Selfdecomposition property

Theorem 1.4 can be seen as an extension of the following identity for exponential
variables. Denote by €y an exponential variable with parameter §. Then we have for
every A in [0, 1]:

ee(lgv))\ee + X (5.2)
where X ¢ is a real variable, independent of €, such that
Law(X)\,g) = (1 = N)Law(eg) + Ado.

(5.2) is a translation of the selfdecomposition property of the exponential law. It can also
be seen as a characterization of the exponential law.

Each of the one dimensional identities in law implied by (1.4) is an illustration of
(5.2), but (1.4) does not lead to the selfdecomposability of the permanental process since
the factor \ varies with the index x in F.

As it has been noticed in [6], permanental vectors are not selfdecomposable, but
Theorem 1.4 is reminiscent of that property.

6 Proofs of Theorem 1.1, Theorem 1.2, Theorem 1.3, Theorem
1.4, Theorem 1.5 and Theorem 1.8

Proof of Theorem 1.1. For x1,x3,...,,,a in E, denote by v(dy x dt) the Lévy measure of
((Y2y s Yzgs s Y, ), ¥a). Then one can write:

v(dy x dt) = 1y—gyv(dy x {0}) + lysoyv(dy x dt). (6.1)
Now we look for the infinitely divisible vector corresponding to the Lévy measure

Ly—oyv(dy x {0}). We have for every a;,1 <i<n+1andoin Ry

E[exp{ — Zai¢($i) — Qp+1Pa — Ui/)a}]

i=1
o0 n
= exp{—/ / (1 —exp{—(any1 +o)t— Z a;y; P (dyde)}.
T J0 i=1
In particular, one has:

Elexp{—0t,}] = exp{— /n /000(1 —exp{—ot)v(dydt)}.

Consequently:
Elexp{— > ;"1 0it)(2:) — ant1tha — 0ta}]
Elexp{—0ta}]
oo n
= exp{—/ / e 7M1 — exp{—ay 11t — Z a;y; v (dyde)}
T J0 i=1
EJP 24 (2019), paper 109. http://www.imstat.org/ejp/
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which by dominated convergence, as ¢ tends to +o00, converges to
exp(~ [ (1= exp(= Y awi)v(dy x ()
R% i=1

On the other hand, using the fact that if L(o) is the Laplace transform of a nonnegative
random variable Z then lim,_, ., L(c) = P(Z = 0), one has:

E[exp{f Z?:1 Ozﬂ/}(xl) - O‘n—&-lwa - 0%}]
Elexp{—0cv.}]

—o—00 E[GXP{— Zaﬂ/f(%)} | wa = 0]

i=1

Denote by ¢ the process ¢ conditioned by ¢(a) = 0. Denote by £®) an infinitely divisible
nonnegative process with Lévy measure 1{t>0}u(dy x dt), independent of ¢. We hence
obtain
W= 4 L@,
Note that
(LD£) (a) = 0) = 0. (6.2)
O
Proof of Theorem 1.2. We start from (1.1). We know that for every a such that E[¢(a)] >
0, there exists a nonnegative process r(* independent of ¢ such that: ¢ + (*) has the
law of ¢ under E[%, J.
This is a consequence of Lemma 3.1 in [5], but one can check it easily. Indeed, denote
by p,, the Lévy measure of (¢, %z,, ..., ¥s, ) and assume that z; = a, then we have:

E[ (a) exp{—zaiwmi)}]=—6%1exp{—2am<xi>}]
i=1 i=1

= Blep(= Y aw(e}] g [ (0= e S ey

= E[exp{—zaiw(%)}]/R yre” 2= Y, (dyydys..dyy,).
i=1 T
Hence

¥(a)
Ef(a)]

Elexp{— Z airi? HE[exp{— Z aip(z;)}] = Ef exp{— Z aip(zi)}],  (6.3)

with
- 1 e
E[eXp{—ZaiTé‘f)}]ZW/ yre” 2i=1 %Viy (dyydys...dyy).
i=1 R

One also notes that:

Y1
P(rl® e dy,) = 7/ i (dyr dys...dyy,)
¢ E[(a)] R} "
and consequently one obtains
P(r{) =0) =0. (6.4)
We also have:

1 .
pn (AY1.-..dyn) 1y, >0y = EW(G)]E[W;Tg) € dy;,1 <i<n]
T

a
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More generally one obtains

1
p(dy)L gy, >0 = Bl(a)|E[—5:r @ € dyl. (6.5)

Ta

Now we rewrite (6.3) under the form:

o0 og Efexp{ - S aste))] = —BR(a)Blesp{— > air}). (6.6)
i=1 -
Therefore
0 | Elexp{= X1, ai(@)}] _ (o= 3™ 0@} — 1) exp{ayr®
aal 1 [exp{ alw(ml)} [ p{ Z [ } 1 p{ 1 H

Integration with respect to «; on [0, o], gives

Bloxp{~ Sl aup(e) —ov(@l] | oSN

Blexp{—o0(a)]] log Elexp{= 3 ot ()}
- —ex —0'7"¢(1a)
——Epp(@Ellep(~ Yo} - ISR

log

—oE[(exp{— Z air;'j)} - 1)1Téa):O].
i=2

Since r((la) > 0 a.s., the above equation can be rewritten as

N e - Elexp{= S, aith(ai) —ovp(a))]
Blexp{~)_ai(@)}] = Pl ov(al]] 6.7)

i —ex OTq (a)
< e (@I - expl- 3 arft ) SR Ly,

E[eXp{_Ez[éZ;?{fzﬁg))ﬁ o¥(@)}] jg the Laplace transform of an infinitely divisible

nonnegative vector (¢, (z;),2 < i <n).

Letting o tend to oo, we know that ¢, converges in law to (¢|¢(a) = 0) (see the
proof of Theorem 1.1), a nonnegative infinitely divisible process with Lévy measure
v(dy x {0}).

Using (6.7), one hence obtains that

The term

- — exp{—or{¥
Gli_)rréo exp{—E[¢(a)|E[(1 — exp{— Z 0%'7";3)}) (1-e I:ja) })]}

exists and is the Laplace tranform of (£(*)(z;),2 < i < n). Consequently, the Lévy
measure of £(%) is the law of 7(*) under E[¢)(a)|E[; mOX J.

The expression (1.2) of the Lévy measure of w ‘when E is a separable metric space
and v is stochastically continuous, is a consequence of Theorem 1.3 (1.3) in the case
when V = FE. O

Proof of Theorem 1.3. Again, we start from (1.1). For any « in F, any non necessarily
distinct x1, 22, ..., x, in F, and any ag, ag, .., ap > 0

E[¢(a)]E[exp{— Z Oéﬂi‘f)}]lE[eXp{—Z aith(z:)}] = Elip(a) exp{— Z aih(wi)}]
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For any real function f on F, set: I(f fv . We have:
Ef(a) Efexp{—a,[(+®)) Za P ONElexp{-ai I(8) — 3 aith(a,)}]

= E[y(a) exp{—ar () = Y aith(w:)}]
i=2
which leads, after integration of each member over V' with respect to m(da), to

—/EEW)( a)l[exp{—a1I( r(“) Zar

_ % log Elexp{—o11(¥) = Y ast(z:)}]

One obtains:

9 log Elexp{—a11(v)) — Z (i)}

80&1 i—
= - VEWa)]E[exp{—alI(r(a)) — > airl}m(da)
1=2
Therefore
0y Elew{mail) =5, a(@))]
dony Elexp{—a11(¢)}]
- - /V Bl (a)]El(exp{— 3 air®} — 1) exp{—as I(+@) Ym(da).

=2

Integration with respect to a; on [0, 0], gives

Elexp{— 1Ly ait(wi) — o1(¥)}]
Elexp{-ol(¢)}]
exp{—aI(r®)

n 17
- -/ EWa)]lE[(exp{—Zair;‘:)}—1>< ) Mgy solm(da)

log — log Elexp{— Z a;h(2;)}]
i=2

- o [ Ew@B{ew(- Zaz (9}~ 1)1, gy olm(da),

and equivalently:

. _ Elexp{— Y0y aith(awi) — o1(0))
Elexp{= 3 o (@)} = Blexp{—o1(0))]
— exp{—oI(r(®
< expl- [ BR@IE - xp{- Zar@} P o solm(da))
X exp{—a/V]E[ (0)]E[(1 — exp{— Zal Dlrr)=olm(da)}. (6.8)

Denote by ¢, a nonnegative infinitely divisible process satisfying

Elexp{— >, aith(wi) — al(1)}]
Elexp{—oI(¢)}] '

Elexp{— Z @ido ()} =

EJP 24 (2019), paper 109. http://www.imstat.org/ejp/
Page 18/25


https://doi.org/10.1214/19-EJP367
http://www.imstat.org/ejp/

Infinitely divisible processes

On one hand, with elementary properties of the Laplace transform of nonnegative
random variables, we have:

Elexp{— Y1, i) — o1(4))] - )
Elexp{—o1(1)}] “omsoe Blexp{=)_an(z)} [ 1) =0 (6.9)

=2

On the other hand note that (¢, I(+)) is infinitely divisible. Denote by v(dydt) the Lévy
measure of (((x;)2<i<n,I(¥)), then we have:

E[ exp —{)_ aito(zi) + arl(eh) + oI (¥)}]

— expl /R /Omu — exp{—(a1 +0)t = Y g} w(dydt)}
In particular, one has:
Blesp{ ()} =exp{~ [ [" (1~ exp{-otp(ayat)).

Consequently:

Elexp{—>_1" 5 a;jt(z;) — an I (¢) — oL (¢))}]
Elexp{—0cI(4)}]

= cxp{—/ / e 7M1 — exp{—ayt — Zaiyi})l/(dydt)},
R} Jo i=2

which by dominated convergence, converges, as ¢ tends to 400, to

exp{— (1 —exp{- Z aiyi})v(dy x {0})}.

n—1
R+

Consequently ¢, converges to an infinitely divisible nonnegative process ¢, with Lévy

(law)

measure v(dy x {0}) and by (6.9): ¢ = (¥ | I(¢)) =0).
In view of (6.8), this implies that

. —exp{—oI(r®
Jin sl | BV(aJEL( - exp(- Zaz N ol

x exp{—o/le[w(a)}E[(l — exp{— ZOéﬁé?)})1z<r<a>>:o)m(da)})
i=2

is the Laplace transform of a nonnegative infinitely divisible vector with Lévy measure
f]R+ 14s0v(dydt). Consequently, we must have:

/V E[(@)]B[(1 — exp{— 3 asr®})1 1o —olm(da) = 0

1=2

and

— exp{—cI(r®
Hm exp{= / E[(1 = exp{~ ZO‘Z 5} ?({m))l( Yo}

is the Laplace transform of a nonnegative infinitely divisible vector with Lévy measure
S Lisov(dydt).
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By monotone convergence, one obtains:

1 a
[ veovtdvt) = | BW@IEl s, 01)esis € dijm{da).

Moreover there exists an infinitely divisible nonnegative process £V with Lévy measure
I E[w(a)]E[ﬁ, (rY)a<i<n € dylm(da), independent of ¢, such that

(law)

Y ="¢oo + LY. (6.10)

Note that any version of ¢, satisfies (6.10).

Assume now that F is a separable metric space and ¢ is stochastically continuous.
We show that ¢oo =0on V.

We know that [|, ¢oc(z)m(dz) = 0 a.s., hence E[[|, oo (x)m(dz)] = 0, which implies
that there exists a subset S of V' such that m(V'\ S) = 0 and for every z in S: E[¢(x)] = 0.
Consequently there exists a version of ¢, which is identically equal to 0 on S. We still
denote this version by ¢..

The subset S is dense in V. Indeed, let a be in V' \ S. Since V is open there exists
€ > 0 such that the open ball B(a,¢) is included in V. Hence for every integer n, B(a, )
is included in V. Necessarely: m(B(a, £) > 0. This implies that: B(a,£) NS # (. We
choose s, in B(a, ) N S and obtain a sequence (s, ) converging to a.

Since v is stochastically continuous (%5, ) tends to v, in probability. This implies that
(LY — LY) tends to ¢ (a) in probability. Since ¢ (a) is independent of the sequence
(LY —LY), the variable ¢ (a) must be deterministic a.s. By (6.10), the random variable
1, is hence the sum of a nonnegative constant and a nonnegative infinitely divisible
random variable. We have assumed that ¢ has no drift hence ¢,(a) = 0 a.s. Consequently
q/)oo|v admits an identically equal to 0 version. This establishes (1.3). O

To establish Theorem 1.4 we first establish the following lemma which gives the
expression of gr, .

Lemma 6.1. For z, y in F, we have:

g(x,a)g(a,y)

gr, (v, y) = g(x,y) — g(a,a)

Proof of Lemma 6.1. g(x,y) = B, [LY ] = E,[LY; T, = oo] + E,[LY,;T, < oo, and
B, [LY; To < 00] = By [LY, + LY, 0 0r,; Ty < 00] = B [LY, ; Ty < 00] + P[T, < oo]Ex[LY].

Hence: ¢(z,y) = g1, (z,y) + Py[T, < o0)g(a,y). To conclude, one finally notes that:
P, [T, < oo] = £20) -

g

Proof of Theorem 1.4. We have established in [7] that for every a such that E[¢(a)] > 0,
we have:
¥(a)

Efy(a)]’
Hence thanks to Theorems 1.1 and 1.2, we know that there exists an infinitely divisible
nonnegative process £(*), independent of v, with Lévy measure the law of L(*) under

y (law) 1

%w + L@ T2 5 ¢ under E[ ] (6.11)

WE[L&@); ] such that:

1 @gaw)l a

F¥ = 5 Wl(a) =0) + £, (6.12)
EJP 24 (2019), paper 109. http://www.imstat.org/ejp/
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Making use of (6.7) in the proof of Theorem 1.1, we also know that for every such fixed
a, and for every o > 0 there exists an infinitely divisible nonnegative process /(,) with

X g (
Lévy measure the law of L(*) under E[£%) 0=¢ pL{(a) L}, ] such that

(law) 1

*w = (/5(0) + {(o) (6.13)

exp{—%9¢(a)} | ]

where ¢, is independent of /(,, and has the law of ) under E[M, ..
2

Moreover we know that

Blexp(~ 5 - avta}u(a) = 0] = fim BRIz Lim o) - SH
=2 2

We will now identify (4| (a) = 0) and £(®).

On one hand: e
Elexp{—5 > iy aito(wi) — 5¥(a)}]
Elexp{—3z0¢(a)}]
is the Laplace transform of a permanental vector (see for example [12]) with index 2 and
kernel ¢(?) defined by:

g

(@) _ _
9 (z,y) = g(z,y) T+ og(a.a)

g(z,a)g(a,y). (6.14)

By letting o tend to co in (6.14), using Lemma 6.1, one sees that 1)(,) converges in law to
the permanental vector with kernel g7, and index 2 and consequently

(law)
0)'=

(Y[(a) =

On the other hand, from its definition, the Laplace transform of 1, satisfies

Dor, - (6.15)

1 1+og(a,a) (1)
E —— i )H = (———F——=— 6.16
[exp{—3 ;:2 i) (zi)}] (det(I+DgG)) (6.16)
where G = (g(z;,2;))1<ij<n and D, is the diagonal matrix with diagonal entries

(0, s, ...,ay,). Developing det(I + D,G) with respect to its first row gives

det( I + D,G)
= (1+og(a,a))(I+ DG —og(a,z2)(I + D,G)*?
+ og(a,z3)(I + DoG)? + ... + (=1)" og(a, x,) (I + D,G)™™
= (1+og(a,a))(I + DyG)" — ag(a, z2)(I + DoG)'?
+ ogla,z3)(I + Do)* + ... + (=1)""og(a, z,) (I + Do)'"

hence the limit in (6.16) when ¢ tends to oo is equal to

g(a,a) 1o
(detV) /

where V = (‘/;,j)lgi,jgn with ‘/;‘j =+ DO)ij when ¢ # 1 and ‘/lj = ¢(a, a?j).
Consequently, one obtains by letting ¢ tend to oo in (6.13)

det(I + DoG)~ 1/2(d(etV)) 12 = Jim Bfexp{- Za Lioy(zi)}] (6.17)
=2
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But note that

& aet(1 + D, )2 = —%(det(HDoG))‘?’/zaa

- 5o (det(I + D, @)

—%(det([ + D,G))~%? det V

and also that

%(det(upac))-m = aaaE[exp{—;;aﬂ/i(ﬂci)—;w(a)}]

1 1 «— 1
= —pEW@enp(=3 3 aw(r) - govie)]
which together lead to:
1 — 1
B[y (a) exp{— D aitp(xi) - 3oV (@)}] = (det(I + DyG))73/2 det V. (6.18)
=2
Making use of both (6.11) and (6.18), (6.17) translates into:

Jim Blexp{~_ asl(y)(:)}] = Eafexp{~ Z i L)',

=2

which leads to Theorem 1.4. O

Proof of Theorem 1.5. This theorem is a direct consequence of Theorem 1.2 and (6.11).
The only thing that we need to show is (1.6) without the assumption of stochastic
continuity required by (1.2).

Define i1 as the Lévy measure of ((3¢,,,1 < i <n), 3 [, ¢(z)m(dz)). In the proof of
Corollary 3.3 (p.1411, 1.4 [7]), we have established:

LS e dyq, LE € dy.,,2 < i <n, (6.19)

g\a, a) =
Yalb(n) (dy) = %]Pa[

where i, is the Lévy measure of the vector (%%i, 1<i<n).
Using the fact that: [, LZ m(dx) = ¢, one obtains similarly to (6.19):

N8 p 15, € dya, 122 € dye2 <0 < m, C <

Yapr1 (dydt) =

which leads immediately to:
Yapi1(dy x {0}) = 0. (6.20)

We show now that: u;(dy x {0}) = 0. Suppose that u;(dy x {0}) > 0. Then using (6.20),
one has: py(dy x {0}) = 1,,—ou1(dy x {0}), for every a in {z;,1 < ¢ < n}, and hence:

pa(dy x {0}) =1, —01<i<ni1(dy x {0}) = p1({Ogn+1}) = 0.
Integrating both sides of (6.11) with respect to m one obtains:

E [ [ vl@ewl=3 3 a(@)hm(da)

B n . 1 n
— [ sla@Bulesp(- Y aiLz}Elexp(~5 > asw(e)}im(da),
E i=1 i=1
from which it follows in the same manner as (6.19) has been obtained that:

1 ~ .
tu (dydt) = 3 /Eg(a,a)]Pa[Lgo € dy,, LY € dy,,,2 <i < n, ¢ € dt)m(da).
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Since: p1(dy x {0}) = 0, one equivalently has:

~ 1 .
pir (dydt) :/ g(‘;’“)Pa[C,Lgo € dya, L% € dy,,,2 < i < n, ¢ € dt}m(da).
E

Integrating with respect to ¢ each member of the above equation we finally obtain

R e A L]

for every measurable function F' on R”, which leads to (1.6). O

Proof of Theorem 1.8. By Theorem 1.3 we know that

(law 1
30250 [ dl@atiz) = 0) + ¥
where LV is an infinitely divisible nonnegative process, independent of v, with Lévy
measure the law of L., under [, E[ w(“)]IE [m; - va(da).

We also know that the Lévy measure of (4| [\, ¢(z)va(dz) = 0) is L( 1, y(a)v(dz)= oyi(dy)
and that the Lévy measure of LY is Ly, y(x)l,(dxbo}u(dy)

Let m be a measure with support equal to E such that [, g(z,z)m(dz) < co, and
m|v = V4.

We now interpret ¢ = (] fv z)va(dz) = 0). By Theorem 1.5, we know that
2¢> is infinitely divisible with Lévy measure the law of (LZ .,z € FE) under

3 [z 9(a,0)E [Wlfv LYva(dy)=0; - m(da). Since we have assumed that V' is the

fine support of (A;);>o, one obtains that (L% ,z € V) under 3 [, g(a, o)k [m X
Ly L% va(dy)=0; - Jm(da) is identically equal to 0 and that the Lévy measure of 3¢ is the
law of (LZ,,z € E) under 3 [, g(a,a)E [mlj’v i - Jm(da).

Consequently: ¢, = 0 and hence EV (o ¢|V
Note that for every bounded F;- measurable variable F' and every a in F:

g(a,a)Eo[F] = Bo[g(Xy,a), F] =E,[L% o6y, F] (6.21)
In particular, we have, since {Ty > t} is in F:

g(a, )y [F, Ty > t] = B,[L% o6, F, Ty >t
Write: LS, = Lg,, + (LS — L%, ), then

gla,a) Bu[F, Ty > t]
= Eu[L§, 00, F, Ty > t] + E,[(L% — L, ) 06y, F, Ty > 1]
EY [LS 00y, F]+ Eq[(LS — LY, ) 0 0y, F, Ty > 1] (6.22)

where EY is the expectation of the law of the Markov process X starting at a and killed
at Tv.
Now using (6.21) for X killed at 7y, one has:

EY[L% 0 6;, F] = gr,(a,a)EYV[F]. (6.23)
On the other hand, note that:

Eo[(Le — LT, ) 00y, F, Ty >t] = E,[(Le, — L, ) 00y, F, t <Ty < o] (6.24)
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Together (6.22), (6.23) and (6.24) lead for every ¢ > 0 to:

g(a, a)fEa[F, Ty >t = g, (a, a)INE;/ [F]
+ Eo[(La — L7, )00, Fit <Ty < oo

In particular for every é > 0 such that § < ¢ and every bounded Fs-measurable variable
G, we have:

g(a7a)fEa[G7 Ty > ﬂ = 91v (CL?a‘)sz‘z/[G]
+ Eo[(Ly — L7, )06, G, t <Ty < oq].

On {Ty > t}, we have: (L%, — L%,,) o0, = L3, o Or, . By conditioning on Fr,, one hence
has:
Eo[(LS — L7, ) 00, Gt <Ty < oo] = Eolg(X1y,0), Gt < Ty < ol

Since G is bounded and for every z in E: g(x,a) < g(a,a) < co, one obtains by dominated
convergence as t tends to oo:

g(a’ a)Ea[Gv Tv = OO] = 91v (a‘v a)EX [G]v

law)

which implies by identification from the Lévy measure that: ¢( = Ygr,, - O
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