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Existence of density for the stochastic wave equation
with space-time homogeneous Gaussian noise
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Abstract

In this article, we consider the stochastic wave equation on R+ x R, driven by a linear
multiplicative space-time homogeneous Gaussian noise whose temporal and spatial
covariance structures are given by locally integrable functions ~ (in time) and f (in
space), which are the Fourier transforms of tempered measures v on R, respectively
p on R. Our main result shows that the law of the solution u(¢, x) of this equation is
absolutely continuous with respect to the Lebesgue measure.
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1 Introduction

In this article, we study the absolute continuity of the law of the solution to the
stochastic wave equation with linear multiplicative noise, in spatial dimension d = 1:

0%u 0%u .
ﬁ(t,x) = @(t,x) +u(t,)W(t,z), t>0,z€R,

w(0,2z) = 1, z€R, (1.1)
%(O,x) = 0, zeR,

where W is the spatially-homogeneous Gaussian noise considered in [3, 2], whose precise
definition is given in Section 2 below.
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Existence of density for the stochastic wave equation

The goal of this article is to show that the law of the solution to equation (1.1) has a
density with respect to the Lebesgue measure. This problem has a long history which
we outline below. Before this, we recall from [3] the definition of the solution, referring
to Section 3 below for the precise definition of the Skorohod integral. We denote by G
the fundamental solution of the wave equation on R, x R:

1
G(t,z) = 5 Hlal<t}-

Definition 1.1. We say that a process u = {u(t,z);t > 0,2 € R} with u(0,z) = 1 for all
x € R is a (mild Skorohod) solution of equation (1.1) if v has a measurable modification
(denoted also by u) such that sup(; ,c(o.rjxr Elu(t, 2)|* < oo for all T > 0, and for any
t > 0 and = € R, the following equality holds in L?(Q):

t
u(t,z) =1 +/ / Gt — s,z —y)u(s,y)W(ds,dy), (1.2)
0o JR

where the stochastic integral is understood in the Skorohod sense, and the process
o) = {pt®) (s, 9) = 19 4(s)G(t — s,z — y)u(s,y); s > 0,y € R} is Skorohod integrable.

The existence of the solution to the wave equation with general initial condition and
space-time homogeneous Gaussian noise has not been studied in the literature so far.
Article [2] examined the heat equation with initial condition given by a measure, and the
same noise W as in the present paper.

In the case of constant initial condition, it was proved in [3] that the wave equation
has a unique solution in any spatial dimension d, provided that the spatial spectral
measure p of the noise satisfies Dalang’s condition:

1
/Rd Wu(dﬁ) < 00. (1.3)
Condition (1.3) was introduced simultaneously in articles [9] and [30], and plays a
crucial role in the study of stochastic partial differential equations (SPDEs) with spatially
homogeneous Gaussian noise (see for instance [9, 29, 27, 17] for a sample of relevant
references). Owing to Remark 10(b) in [9], note that (1.3) holds automatically if d = 1.
The problem of absolute continuity of the law and smoothness of the density for the
solution of an SPDE goes back to article [7], in which the authors studied the equation:

Lu(t,z) = o(u(t,z))W(t,z) + b(u(t, x)) (1.4)

with space-time white noise W, smooth functions ¢ and b, and L the wave operator
on R, x I, for an interval I C R which could be bounded, semi-bounded, or even
R, with Dirichlet boundary conditions when [ has a finite endpoint. These authors
showed that the mild solution (defined similarly to (1.2) using the Green function of the
wave operator) coincides with the weak solution (defined using integration against test
functions) and proved that this solution has a smooth density. In [28], [5] and [24], it
was shown that the same property holds for equation (1.4) in which L is replaced by the
heat operator on R x [0, 1], with Dirichlet (respectively Neumann) boundary conditions.
(In this case, the fact that the mild and weak solutions coincide was known from Walsh’
lecture notes [36].)

In the recent years, several authors revisited the problem of existence and smoothness
of density for the mild solution of an SPDE of form (1.4) on the entire space R4, with
Lipschitz functions ¢ and b, driven by the more general Gaussian noise introduced in
[10, 9]. This noise is spatially homogeneous (with spatial spectral measure ; as above),

EJP 24 (2019), paper 106. http://www.imstat.org/ejp/
Page 2/43


https://doi.org/10.1214/19-EJP363
http://www.imstat.org/ejp/

Existence of density for the stochastic wave equation

but white in time, i.e. has temporal covariance structure given formally by the Dirac
distribution at 0. The function o is assumed to satisfy the condition:

lo(z)] >c¢>0 forallzeR. (1.5)

This non-degeneracy condition guarantees the genuine stochastic nature of the solution
u, since the noise term will never vanish, and turns out to be crucial in order to prove
conditions (1.7) and (1.8) below. Nevertheless, in the case of the stochastic heat equation,
condition (1.5) can be substantially weaken (see [24, 28]).

We refer the reader to [23] for the wave equation in spatial dimension d = 2, [27] for
the heat equation in any dimension d and the wave equation in dimension d = 1, 2, 3 (see
also [22, 32, 33]), and [34, 35] for the wave equation in dimension d > 4.

In the case of the space-time Gaussian noise which is colored in time (i.e. has temporal
covariance structure given by a non-negative-definite locally integrable function), all
references related to the problem of existence and smoothness of the density of the law
of the solution focus on the stochastic heat equation with linear multiplicative noise (i.e.
o(xz) =z and b = 0):

ou 1 . d

E(t,x) = §Au(t,x) +u(t,z)W(t,z), t>0,x€R?, (1.6)
with initial condition (0, z) = u(z), where uy is a continuous bounded function. In this
case, the noise is not a martingale in time, and the techniques of It6 stochastic integration
cannot be used. This leads to several types of solution: the mild Skorohod solution
defined similarly to (1.2) using the Skorohod integral involving the Green function Gy,
of the heat operator, the mild Stratonovich solution defined using a Stratonovich-type
integral of the same term as in (1.2) involving G}, and the weak solution defined using
Stratonovich integration against test functions. According to some well-known criteria
from Malliavin calculus, to show that u(¢, ) has a density it is enough to prove that

|Du(t,z)]|3 >0 a.s. (1.7)
and this density is smooth if u(¢, ) is infinitely differentiable in the Malliavin sense and
E||Du(t,z)|;* < 0o forall p> 0. (1.8)

The notation H stands for the Hilbert space associated to the space-time correlation of
the noise (see Section 2 for the precise definition).

In [16], it was proved that relation (1.8) holds for the weak solution of (1.6), if the
covariance functions of the noise are given by (t) = pg(t) := H(2H — 1)[t|* 2 and
f(z) = Hle pu; (z;) with parameters H, Hy,...,Hy € (1/2,1). This result was obtained
using the Feynman-Kac (FK) representation of the weak solution, which holds only when
the parameters of the noise satisfy the condition 2H + Zle H; > d+ 1. Under the same
condition, it might be possible to prove that the mild Skorohod solution of equation (1.6)
satisfies (1.8), using the FK formula of this solution given in [16]. In the case of general
covariance functions v and f, the authors of [14] established the FK formula for the mild
Stratonovich solution to equation (1.6), assuming that 0 < (t) < Cj|t|~(*=#) and

1 /3

for some 8 € (0,1) and Cg > 0. Under this assumption, it may be possible to show that
the mild Stratonovich solution satisfies relation (1.8). In the recent preprint [15], it
was proved that the mild Skorohod solution u(¢, x) to equation (1.6) satisfies (1.8) by
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deriving estimates for the small ball probability P(||Du(t, z)||x < a) as a — 0+. This was
proved using an FK formula for the regularization of the solution, and assuming that
the noise is white in either space or time, or ¢;t*° < (t) < cot~*° for all t € R, for some
c1,c9 > 0and o € [0,1), and f satisfies the scaling property f(cz) < ¢ f(z) forallc > 0
and = € RY, for some a € (0,2). In addition, these authors assume that y = , * 7 and
f = fo* fo for some functions v and fj.

In the present article, we will prove the absolute continuity of the law of the solu-
tion to the wave equation (1.1) with space-time homogeneous Gaussian noise, under
Assumption A given below. For the wave equation, it is not known if there is a FK formula
for the solution. Our method for proving (1.7) is similar to the one used in [27] for the
white noise in time. Since o(z) = z fails to satisfy condition (1.5), we will prove (1.7) by
localizing on the event Q,, = {|u(t,z)| > m~!} and let m — co. Note that, compared to
parabolic type equations, the solution of the stochastic wave equation does not verify a
comparison principle and therefore can hit zero with positive probability.

A closer look at the inner product in H reveals that it is enough to prove that (see
Corollary 2.4 below):

t
//\Dmu(t,x)|2dzdr>0 a.s.on Q. (1.10)
0 JR

For this, we will show that the process {D, ,u(t,z);r € [0,t],z € R} has a jointly mea-
surable modification and satisfies a certain integral equation involving a Hilbert-space
valued Skorohod integral. As shown in Sections 3, 4 and 5 below, the proofs of these
facts contain some of the main technical difficulties encountered throughout the article,
which are mainly due to the time-space correlation of the underlying noise.

The recent preprints [18, 12] contain some estimates which are related to the present
article. More precisely, Lemma 5.1 of [18] shows that if u is the solution of the stochastic
heat equation with space-time white noise, then for any 7’ > 0 and (¢,z) € [0,7] x R,

E\Dmu(t,x)|2 < CrG3*(t —r,x —z), forall (r,z) €[0,t] x R, (1.11)

where G(t,z) = (2mt)"'/? exp(—2?/(2t)) is the heat kernel and Cr > 0 is a constant
depending on T'. In the case of the wave equation in dimension d = 1 with Gaussian noise
which is white in time and fractional in space (with Hurst index H > 1/2), Lemma 2.2 in
[12] gives an estimate similar to (1.11), except that it holds for almost all (r, z) € [0,¢] xR.
In the present article, we could not obtain such a nice estimate for the solution of the
wave equation in dimension d = 1, with general space-time homogeneous Gaussian
noise. But we prove that ]E||D,.7.u(t,x)|\2LQ(R) is uniformly bounded in » € [0,¢] and
(t,x) € [0,T] x R, which implies that D, u(t, z) belongs to L*(R) a.s. (see Theorem 3.11
below).

We suppose that the following assumption holds, which is important for describing
the space H and its inner product, as shown by Theorem 2.3 below.
Assumption A. ;i(d¢) = (2m)~%g(£)d¢, v(dr) = (2m) " h(7)dr and 1/(hg)1{ne>0y is a slow
growth (or tempered) function, i.e. there exists an integer k£ > 1 such that

1 |
drd .
/{hg>0} <1+72+ |§I2> GriGH < <o

Our basic example is y(t) = H(2H — 1)|t|>=2 with 1/2 < H < 1 and f is the Riesz
kernel of order a, i.e. f(x) = |z|717® with 0 < o < 1. In this case, k(1) = |7|*#~! and
9(&) = co|é| @ for some constant ¢, > 0 depending on «. Assumption A is satisfied for
this example.

The following theorem is the main result of the present article.

EJP 24 (2019), paper 106. http://www.imstat.org/ejp/
Page 4/43


https://doi.org/10.1214/19-EJP363
http://www.imstat.org/ejp/

Existence of density for the stochastic wave equation

Theorem 1.2. Let u be the solution of equation (1.1). If Assumption A holds, then
the restriction of the law of the random variable u(t, )1y )+0} to the set R\{0} is
absolutely continuous with respect to the Lebesgue measure on R\{0}.

This article is organized as follows. In Section 2, we describe our space-time homoge-
neous Gaussian noise and we characterize the space H and its inner product. In Section
3, we review some basic elements of Malliavin calculus, we prove that the solution
to equation (1.1) is infinitely differentiable in the Malliavin sense, and examine some
properties of its Malliavin derivative. In Section 4 we examine the second order Malliavin
derivative of the solution. In Section 5, we prove that the Malliavin derivative satisfies a
certain integral equation. In Section 6, we give the proof of Theorem 1.2. In Appendix
A, we discuss a Parseval-type identity, while in Appendix B we give a criterion for the
existence of a measurable modification of a random field. Both these results are used in
the present article.

2 Characterization of the space H

In this section, we define the space-time homogeneous Gaussian noise W, we provide
an alternative definition of the inner product in H in terms of the Fourier transform
in the space and time variables, and we give a characterization of the space H (which
is due essentially to [6]). This characterization plays an important role in the present
article, because it allows us to focus on (1.10), instead of (1.7). The results in the present
section are valid for any space dimension d > 1.

The noise W is given by a zero-mean Gaussian process {W (y); ¢ € D(R4*1)} defined
on a complete probability space (2, F,P), with covariance

EW () Wenl = [ (=)@ = p)er(t.o)pals,p)dodydids = T(er.io0)

where v : R — [0,00] and f : R? — [0, oo] are continuous, symmetric, locally integrable
functions, such that

v(t) < oo if and only if ¢ # 0;
f(z) < o ifand only if « #0.

Here D(R?*!) is the space of C*-functions on R%*! with compact support. We denote
by H the completion of D(R**!) with respect to (-, ) defined by (@1, p2)3 = J(¢1,¢2).
We assume that f is non-negative-definite (in the sense of distributions), i.e.

/ (0% @)(x)f(x)dz >0, forall ¢ e S(RY),
Rd

where @(z) = ¢(—z) and S(R?) is the space of rapidly decreasing C*-functions on
R<. By the Bochner-Schwartz theorem, there exists a tempered measure ;. on R? such
that f = Fu, where Fu denotes the Fourier transform of y in the space Si(RY) of
C-valued tempered distributions on RY. We emphasize that this does not mean that
f(@) = [pae " pu(d€) for all z € RY, since 1 may be an infinite measure. It means that

f(@)p(z)dx = / Fo(&)u(de) forall ¢ e Se(RY),
R R

where S¢(RY) is the space of C-valued rapidly decreasing C*°-functions on R?, and
Fo(x) = [gae ““o(x)dr is the Fourier transform of ¢. Here £ - = denotes the scalar
product in R¢. Similarly, we assume that v is non-negative-definite (in the sense of
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distributions), and so there exists a tempered measure v on R4 such that v = Frin
Se (R9).
Note that, by the definition of the measure y, for any ¢y, 2 € S¢(R9)

/ f(& = 9)r () pa(y)ddy = / For (&) Fpa@)p(de). 2.1)
]Rd Rd ]Rd

Similarly, for any ¢1, ¢ € Sc(R%)

/ / Y(t — 8)1 (t)pa(s)dtds = / Foi(1)Foo(r)v(dr). (2.2)
RJR R

Building upon a remarkable result borrowed from [21], in Appendix A, we show that
relation (2.1) holds for any functions ¢4, @2 € L}j(]Rd) whose absolute values have “finite
energy” with respect to the kernel f. This fact is used in the proof of Lemma 3.1 below.

By Lemma 2.1 of [3], for any ¢, ¢ € D(RH),

o= [ Forlr OFoalr Ov(dr)p(ds). 2.3

where F denotes the Fourier transform in both variables ¢ and =x.
Similarly to [20, 6], we consider the space:

U=1{S e S'(R¥1); FS is a (measurable) function and/ |FS(7,&)|?v(dr)u(d) < oo}

Rd+1

The space U is endowed with the inner product

(S1,S2)u == ) FS1(r, &) FSa(r, §v(dr)u(dE).
Rd+1
By (2.3), (p1,p2)n = {1, p2)u for any ¢1,p2 € D(RI). We denote ||S||Z = (S, S)u.
Note that if S € S’(R%*!) is such that 7S is a function, then

FS(—1,—€) = FS(r,€) foralmostall (7,¢) € R x R% (2.4)

The proof of this fact is very similar to that of Lemma 3.1 of [20]. This property and

the symmetry of the measures v and p imply that (-, -);; is a well-defined R-valued inner

product, provided that we identify two elements S; and S such that ||S; — Szl = 0.
We let LZ(v x p1) be the space of functions v : R**! — C such that

[ 1o oPviana(s) < .
Rd+l

and f%(y x ) be the subset of L2 (v x ) consisting of functions v such that v(—7, —¢) =
v(r, &) for almost all (7,£) € R x RY.

The next result generalizes Theorem 3.2 of [20] to higher dimensions. Assumption A
is not needed for this result.

Theorem 2.1. The space D(R*!) is dense in U, with respect to (-,-);;, and hence U is
included in H. Moreover, (S1, S2)y = (S1,S2)3 for any Sy, S, € U.

Proof. We only need to prove that D(R?*!) is dense in U, with respect to (-, )y, i.e. for
any S € U, there exists a sequence (¢,),>1 C D(R¥*1) such that ||, — S|y — 0 as
n — oo. For this, it suffices to prove that

F(D(RY)) is dense in L (v x p), (2.5)
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where F(D(R%t1)) is the image of D(R*"!) under the Fourier transform, and L (v x 1) is
endowed with the topology of L (v x p). (To see this, let S € U be arbitrary. Since FS €
LE(v x p), there exists a sequence (¢,)n>1 C D(R*™!) such that || Fe, — FS| 3
llon — Sl — 0 as n — o0.)

It remains prove (2.5). First, we claim that

vXp) T

F(De(RH)) is dense in LE (v x p). (2.6)

Indeed, this is an extension of Theorem 4.1 in [19], which is proved as follows. First,
F(Dc(R*)) is dense in S¢(R%1), because the Fourier transform defines an homeomor-
phism from S¢(R?*!) onto itself. Secondly, using that v and y are tempered measures,
one obtains that S¢(R4*!) C L2 (v x ) and that convergence in S¢(R?*!) implies conver-
gence in L (v x p). These two facts imply the third one, namely 7 (D¢(R%*!)) is dense
in S¢(R*1) with respect to the topology of L (v x p). Finally, the conclusion follows by
observing that S¢(R**1) is dense in L (v x u), since Dg(R4!) is so. This proves (2.6).

We now prove (2.5). Let v € Z%(u x ) be arbitrary. By (2.6), there exists a sequence
(¢n)n>1 in De(RIHL) such that Fe,, — v in LZ(v x p). Note that this implies that the
following limits hold in L?(v x pu):

lim Re(Fy,) =Re(v) and lim Im(Fe,) = Im(v).

n—oo n—oo

Let us construct a sequence (¢,,),>1 in D(R¥*1) such that Fip,, — v in L4 (v x p). For this,
we will use the following notation. Namely, for any C-valued function x, e(x) := L (k + &)

and o(k) := 1(k — &) denote the even and odd parts of , respectively. ’

Since v belongs to f%(u x 1), we have that Re(v) is a even function and Im(v) is an odd
function. Here, we say that a function g is even if g(—z) = g(z) for almost all z € R*!
and is odd if g(—x) = —g(z) for almost all € R%*!. These properties, together with the
symmetry of the measures v and y, imply that the following limits hold in L?(v x p):

nl;rrgo e(Re(Fp,)) = Re(v) and nl;rr;o o(Im(Fepy)) = Im(v).

Define 1, := F~*(e(Re(F¢,)) + io(Im(F¢,))). Then, 1, is a real function, belongs to
D(R4*1) and, by construction, F1,, — v in L2 (v x p). O

The following result not only generalizes Theorem 3.4 of [20] to higher dimensions,
but also specifies the necessary and sufficient condition for the completeness of I/. This
result is an immediate consequence of Theorem 3.5.(2) of [6], applied to the space R4+!
and the measure F' = v X pu.

Theorem 2.2. Assume that u(¢) = (2m)~%g(€)d¢ and v(dr) = (27) " h(7)dr. Then U is
complete if and only if for any function ¢ € L%(z/ x w) there exists an integer k > 1 such

that
1 k
/{h>0 9>0} <1+72+§|2> lo(T,€)] drd§ < oo.

In particular, U is a complete if 1/(hg)1{x4>0} is a slow growth function.

Combining Theorems 2.1 and 2.2, we obtain the following result, which can be viewed
as a generalization of Theorem 3.5 of [20] to higher dimensions.

Theorem 2.3. If Assumption A holds, then H coincides with the space U. Moreover, for
any Sl, SQ € H,

(51, S2)n = FS1(7, &) F 2 (7, v (dr) u(dE).

Rd+1
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Corollary 2.4. If Assumption A holds and S is a measurable function on R, x R such
that S € H and

/ / |S(t, z)|>dzdt > 0, (2.7)
0 R4
then ||S|3 > 0.

Proof. Suppose that ||S||3 = 0. By Theorem 2.3, FS(r,¢) = 0 for almost all (7,¢) € RxR4.
Hence S(t,z) = 0 for almost allt > 0 and z € R?, which contradicts (2.7). O

Despite its complicated nature, the space H contains a nice space of functions, called

|#|, which is defined as the set of all measurable functions ¢ : R, x R? — R such that
ol = [ et alllp(o (e - 9)fe — y)iedadsdy < oc.
(R4 xRR)2
Note that |#| is a Banach space equipped with the norm || - [|;%, and [[¢l|3 < ||¢|j5 for

’

any ¢ € |H|. By Lemma A.1 (Appendix A), for any integrable functions ¢, € |H
(otbu= [ et - o) (o~ y)dedsdsdy.
(]R+ ><]Rd)2

3 Malliavin derivative of the solution

In this section, we examine some properties of the Malliavin derivative Du(t, z) of
the solution (¢, x) to equation (1.1).

We recall some basic elements of Malliavin calculus. We refer the reader to [26] for
more details. Any random variable F' € L?(Q) which is measurable with respect to the
o-field generated by {W(y); ¢ € H} admits the representation F' = ) . J,F where
J. F is the projection of F' on the n-th Wiener chaos space H,, for n > 1, and JoF = E(F).
We denote by I, the multiple integral of order n with respect to W, which is a linear
continuous operator from H®" onto H,,.

Let S be the class of “smooth” random variables, i.e. random variables of the form
F=fW(1),...,W(pn)), wheren > 1, ¢1,...,¢, € H and f is in the set C;°(R") of
bounded infinitely differentiable functions on R"™ whose partial derivatives are bounded.
The Malliavin derivative of a random variable F' of this form is the #-valued random
variable given by:

DF = = (W(e1), .-, Wipn))pi-

We let D2 be the completion of S with respect to the norm || || » = (E|F|*+E|DF||%,) vz,

Similarly, the iterated derivative D*F can be defined as a H®*-valued random vari-
able, for any natural number k£ > 1. For any p > 1, let D*? be the completion of S with
respect to the norm

k , 1/p
IFllp = (EIFP + Y EID P, )

=1
It can be proved that: (see p. 28 of [26])

FeD"? ifandonlyif » n*E[J,F|* <.

n>1
For p > 1, it can be shown that
FeDPr it Y nk2(p—1)"2EJ,F*)/? < oo (3.1)
n>1
EJP 24 (2019), paper 106. http://www.imstat.org/ejp/
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(see p. 28 of [1]).
The divergence operator ¢ is defined as the adjoint of the operator D. The domain of
§, denoted by Dom §, is the set of u € L?(; H) such that

|E(DF,u)%| < ¢(E|F|?)Y/2, VF e D" (3.2)

where c is a constant depending on . If u € Dom 4, then §(u) is the element of L?()
characterized by the following duality relation:

E(Fé(u)) = B(DF,u)y, VF D" (3.3)

If w € Dom §, we will use the notation

d(u) :/OOO/Ru(t,x)W(ét,(Sx),

even if u is not a function in (¢, z), and we say that d(u) is the Skorohod integral of « with
respect to .

We return now to the solution u of equation (1.1). From [3], we know that u(¢, z) has
the Wiener chaos expansion

u(t,x) =1+ ZI”(fn(~,t,x)),

where [, is the multiple Wiener integral of order n with respect to W, and

fn(thxla cee 7tn7$n,t,.’£) = G<t - t'ru-r - mn) e G(t2 - tlny - m1)1{0<t1<...<tn<t}‘

It follows that
Blu(t,2)? = 3 an(0),
n>0
where ,,(t) = (1) fu(-,t,2)[|2,0n and fu(-,t,z) is the symmetrization of f,(-,,).
In Section 6 of [1], it was proved that if f(z) = |z|7® with a € (0,d) and () =
H(2H — 1)[t|*# =2 with 1/2 < H < 1, then for any integer k > 1 and for any p > 1,
u(t, z) € DFP.

We will now extend this result to general functions f and ~ (in the case d = 1).

We begin with a maximum principle, which is a refinement of Lemma 4.2 of [3],
specific to the cases d = 1 and d = 2. Its proof is based on a Parseval-type identity given
in Appendix A.

Lemma 3.1. If G is the fundamental solution of the wave equation in spatial dimension
d=1ord=2, then

sup /}Rd |FG(t,-)(& +n)u(dé) = /}Rd IFG(t, )(€) 2 p(dt).

neR4

Proof. We denote by &£;(p) the energy of ¢ with respect to f given by (A.1) (Appendix A).
Note that G(t, ) is a non-negative integrable function with [, G(t,z)dz =t and

&(G(t) = [ (696 )@fw)ds = [ FG(E)©OPaldg) < x.
R4 R4
For any € R%, we let G, (t,x) = e~®"G(t,z). Then G, (t,-) € LL(R?) and

Er(1Gy(t,-)]) (IGy(t, )= Gyt )]) (2) f () dae

R4

< / (G(t,") * G(t,")) () f(z)dz = EF(G(t, ")) < oo.
R4
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Moreover, FG,(t,-)(§) = FG(t,-)(& +n) for any £ € RY. It follows that

0< / FG(t,)(E +m)Pulde) = / FGy(t,)(6) Pulde)
R4 Rd

- /]Rd (Gn(t’ ) * Gn(tv ))(x) f(x)dx

Ad (Gn(t, ) * G’?(t7 ))(x)f(f)dx
< / (‘G,,(t, ) *1Gy(t, )D(:v)f(m) z < Er(G(t,-)),
R4 d

where for the second equality above, we used Lemma A.2 (Appendix A). O

The next result gives a stronger form of relation (4.10) of [3] (with a simplified proof).
Its proof is based on Lemma 3.1.
Lemma 3.2. Forany k > 0,
k
— () < oo.

n!
n>0

Proof. We will borrow notations from [3, Theorem 4.4]. Recall that

an(t) = / Tt — 55)n(t, s)dtds, (3.4)
[0,]2n i1
where t = (t1,...,t,) and s = (s1,...,8n),

Unltis) = | Fa(ba)(E e &) () G ds) - pldn)

and N
gt(;n)(’vtax) :n!fn(tl,',...,tn,~,t,$). (3.5)

If the permutation p of {1,...,n} is chosen such that ¢,1) < ... < ,,), then

Foi" (t,2) (1, &) = eI S TFG (L) — tp1)s ) Epr))

FG(tp@) = tp@): ) Epy +E&p2) - FGE =ty ) Epy + -+ &pny)-  (3.6)
By relation (4.15) of [3],
an(t) <TT b (8, )dt,
[0,]"

where I'; := 2]3 v(s)ds.

To estimate 1, (t,t) we use the first inequality in (4.16) of [3]. We denote u; =
toi+1) — tp) forj =1,...,nand ¢,p41) = t. We have:

baltt) < f[(sup [ G906 + s )

where for the last equality we used Lemma 3.1. Therefore,

) 2
. sin”((ta —t1)|&:])  sin™((t — tn)[énl)
an(t) < T n'/{o<t1<,..<tn<t}/n &F e p(dey) ... p(dey)dt.
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From Lemma 2.2 of [4], we know that for any § > 0 and £ € R,

v [ e 21
13(0): /0 2 T F Eraee

Using the change of variables t; — t; = uy,...t — t, = u,, we obtain:

/ sin®((t2 — t1)|&1]) . sin®((t — tn)[¢n) dty ...dt,
{0<t1<...<tn <t}

&1 €n]?
:/ o Mus SinQ(u1|£1|) | Muy, Sin2(un‘€n|) ekl(u1+"'+u")du1. du,
{(useeesun) €0, 07y <t} €112 |Enl?
< M f[ /t M, sinQ(Uj|§j|)d N\ < Mt ﬁIw (&) = Mt 2\" ﬁ 1
= L e g )= WSy = ar ) Uaegep
j=1 Jj=1 Jj=1

It follows that

an<t>geMtn!(2“) ([ smrggena) =t (imn) - @0

where K, = f]R m w(d€). By the dominated convergence theorem and (1.3), Ky —
0 as M — oo. Hence, using the fact that n < e for any n > 0, we have:

k T, or "

Z%an(t)geMth (MKM> <eMtZ (e tKM) < 00,
n>0 n>0 n>0

if we choose M sufficiently large. O

Lemma 3.3. Let u be the solution of equation (1.1) and fix (t,z) € R4 x R. Then
u(t,z) € D*P forany k > 1 and p > 1.

Proof. We apply (3.1) to the variable F' = u(t, z). Let J,, (¢, z) := Jyu(t,x) = L, (fn(:, ¢, 2)).
Then E|J,, (¢, 2)|2 = n!|| fu(- ,2)[13,00 = San(t). By (3.7), we have:
1 1/2 oT n/2
S b2 (p - 1) (an(t)> (M2 gnk/2( 1o/ ( tKM) <.
n!
n>1 n>1
if we choose M large enough. O

Remark 3.4. Lemmas 3.2 and 3.3 remain valid in the case d = 2.

We begin now to examine the Malliavin derivative of the variable u(¢, z). Recall that
the solution u has the chaos expansion:

u(t,2) =1+ Y L(fa(t.2) =1+ > Ln(fult2

n>1 n>1

where fn( -, t, x) is the symmetrization of f,, (-, ¢, z). By Proposition 2.4 of [1], the Malliavin
derivative of u(t¢,x) has the chaos expansion:

Du(t,z) = Zn[n,l(ﬁl(~7*,t,x)), (3.8)

n>1
where * denotes the missing (r, z)-variable and the convergence of the series is in

L?(Q;H). We emphasize the presence of the symmetrized kernel fn(, t,x) in this relation.

EJP 24 (2019), paper 106. http://www.imstat.org/ejp/
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We now examine the series >, -, nlp_1(fn(- 7, 2,t,x)) for fixed (r, z) € [0,] x R. Note

that f?n(, 7,2,t,z) is the sum of n terms corresponding to the possible positions of (r, 2)
among the n variables of f, (-, ¢, z):

h n)(-,r,zgt,a?), (3.9)

1

ﬁl(~,r7z,t7x): ;

n

Sl

J
where hg.”)(-, r,z,t,z) € H®(1 is a symmetric function given by:

hg")(tl,xl,...,tn_l,asn_l,r,z,t,x): (3.10)

1
(n—1)! Z fn(t,,(l),a:p(l), e lp(=1)1 Zp(i=1)s Ty 2y Lp(3)> Tp(h) s - - - 7tp(n—l)7xp(n—1)atvx)~
T pESn_1

Clearly, hgn) (-,7,2,t,2) is the symmetrization of the function f](") (-,7,2,t,2) given by:

f;n)(tl,wl,...,tn,l,wn,l,r,z,t,x) (3.11)

= fn(thxlv'"atj—hxj—larazvtj')xja"'atn—laxn—htax)
= G(t*tn_hl’*fﬂn_l) G(t] - 7Z)G(7’7tj_1,2713j_1) G(tg 7t17l‘2 71’1)

1{0<t1<...<tj_1<r<t,~<...<tn<t}~

We have the following result, whose proof uses in an essential way the form of the
fundamental solution G of the wave equation for d = 1. In its proof, we will use the space
Po, which is defined as the completion of D(R) with respect to the inner product

(o, )0 = /R /}R (@) () f( — y)dady. (3.12)

Similarly to Theorem 2.3, it can be proved that P; coincides with the space of dis-
tributions S € S’'(R) whose Fourier transform F5S is a measurable function such that
151§ := [ 1FS(E)?u(d€) < oco. But Py includes the space |Po| of all measurable functions
¢ : R — R such that [lo]l+ = fy i [#(@)lle(y)|f(z — y)dedy < oo. Note that [l¢]lo < [le]l+
for all ¢ € |Py|. By Lemma A.1 (Appendix A), for any ¢, € L'(R) N [Py

’

(oo = /R /R o)) f(x — y)dzdy.

Lemma 3.5. For any (r,2) € [0,#] x R, fu(-,7,2,t,2) € H®("=1 . Moreover, the series

Z nly_1(fa(-,r,2,t,2)) converges in L%(9),

n>1
uniformly in (r,z) € [0,t] x R.
Proof. Fix (r,z) € [0,t] x R. Due to (3.9), to prove that f;(-,r,z,t,x) e H®(=1) it is
enough to show that f;n)(-,r,z,t,x) e H®=D for any j = 1,...,n. If j = n, this is
clear since fﬁ”)(-,r,z,t,x) =Gt —rx—2)fn1(,r2). Soweletj < n—1. Since

f;") (-,r, z,t,x) > 0, and similar to the proof of the fact that |H| C H, it is enough to show
that the following integral is finite:

n—1 n—1

”fj(n)('vrv 2, tvx)H%-L@("_l) - / H 'Y(tk o Sk) H f(xk B yk)

([Ovt]XIR‘)2(”71) =1 k=1

f;n) (t1,21, .oy tne1,Tn—1,7, 2, t, x)f;n)(sl, Yls- vy Sn1,Yn—1,T 2, t, x)dxdydtds,

EJP 24 (2019), paper 106. http://www.imstat.org/ejp/
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where here x = (z1,...,2,-1), t = (t1,...,t,—1) and similarly for y and s. The problem
in this integral is caused by the terms G(t; — r,z; — z) and G(s; — r,y,; — z) for which
there is no corresponding integral drdz. Due to the form of G in dimension d = 1, we
can bound these terms by 1/2. The remaining terms can be separated into two integrals,
one on ([0,7] x R)2U~1 and the other on ([r,t] x R)>("~7), The second integral can be
written as an integral on ([0, — ] x R)?("~9), using a change of variables. It follows that

1
1A ozt 2) Byon sy < 10507 2) Bl (o = 1,2) oy < 0.
Next, we treat the summability of the sum. We denote
An(ryz, t,x) = n[n_l(ﬁl(‘,r, z,t,x)) = an_l(hgn)(,n z,t,x)). (3.13)
j=1
Using the inequality (3°}_, aj)? <nd ", a?, we have:

Jj=1"3"

E|An(r,z,t,2)? < 0> Bl 1 (B (7, 2,t,2)) 2
j=1

(n = DYR Cor 2t )20

n

-

<
Il
—

|

Il
-

1 n
n ll(n — 1)!h§- )(-,r,z,t,x))||§_[®(n,1>. (3.14)

2 (1)

To evaluate ||(n — 1)!h§-”)(-, T, 2, t, 95))”3_[@(”71), we proceed as in the proof of Lemma 3.2.
Fort = (t1,...,t,—1) € [0,#]""!, we denote

géz.)’r’z(a:l, T, t,x) = (n— 1)!h§-n)(t1,x1, oyt 1,Tp_1,T, 2, , ).

Then

n—1
I = D (o2t ) sy = /[ sy L0 = 50050 (6 s,
0,208 ey

where (") (t,s) = <g£7})r z(-,t,x),g(".) (+t,x)) pe(n-1). Using Cauchy-Schwarz inequality
i, , ¢

Jyryz S,J,7,%

and Lemma 4.3 in [3], it follows that

(= DS o, 2,8, 2)) |2y < T3 /[ . [ O |
A
n—1
—r -y [ [ Ie-w
0<t1<...<tj1<r<t;<..<tp_1<t JR2(n—1) -7
X fn(th T1y.-. 7tj717 Z‘j,]_,’l”,Z,tj,l'j7 s 7tn717x’n717t7x)

X f’n(tlayh o 7tj—17yj—17’r7zatjayj7 o 7t7l—17yn—17ta'r)dxdydt'

Similarly as above, we bound the terms G(t; — r,xz; — z) and G(s; — r,y; — z) by 1/2.

The remaining terms can be separated into two integrals, one on {t; < ... < t;_1 <
r} x R26-1) which is bounded by eM” ()" KJ;', and the other on {r < t; < ... <

tp—1 <t} x R*"~9) which is bounded by e (*-") (%)n_j K377, for any M > 0. Hence,
foranyj=1,...,n,

, 1 2 n—1
R K o -9 I
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Coming back to (3.14), we obtain that for any (r,z) € [0,t] € R

1 2 n—1
E|A,(r, 2, t,x)|* < " n?Tp— 1Mt (M) Kyt

By choosing M large enough (M may depend on t), and using the orthogonality of the

Wiener chaos spaces, we see that

sup
(r,2)€[0,t] xR

—0 as n,m — 0. O

Remark 3.6. (The case d = 2) The proof of Lemma 3.5 does not work for the case
d = 2. Unfortunately, we could not find another argument to prove that f (n) (,rz,t,x) €
H®=1) for j < n, when d = 2. To see where the problem appears, consider n = 2 and
j=1

(2 )(tl,xl,r zt,x) = Gt —t1, o —21)G(t1 — 71,21 — 2) ey, <ty

Even in this case, we could not show that the function fl(Q) (-,r,2,t,x) is in H when d = 2.

Our next goal is to establish the measurability of the function (w, r, z) — D, ,u(t, z)(w),
which will be needed for the application of Corollary 2.4 (in the proof of Theorem 1.2).
We recall the following definitions.
Definition 3.7. A random field {X(¢,z);t > 0,2 € R} defined on a probability space
(Q, F,P) is measurable if the map (w,t,z) — X (w,t,z) is measurable with respect to
F x B(R4+) x B(R).
Definition 3.8. The random fields {X (¢, z);t > 0,2 € R} and {Y (¢, z);t > 0,2 € R} are
modifications of each other if X (¢t,2) =Y (¢,z) a.s. forallt > 0 and = € R.

Theorem 3.9. The process {D, ,u(t,z);r € [0,t], z € R} has a measurable modification.

Proof. We use definition (3.8) of D, ,u(t, x), and relation (3.13) in which we separate the
term corresponding to j = n. More precisely, we write:

D, u(t,x) = ZA*TZ +ZA(” (r,2z) =:T(r,2) +T(r,2), (3.15)
n>1 n>1
with A% (r,2) = Y07 AV, 2) and A (r,2) = Lo (f77 (2, t,2) for j = 1,...,m

We treat separately the two terms on the right-hand side of (3.15).

Step 1. (The first term) We will show that the random field T' = {T'(r, z);r € [0, ],z €
R} has a measurable modification. By Proposition B.1.a) (Appendix B), it suffices to
show that T is L?({2)-continuous. Let T,(r,z) = > ,_, A;(r, z). The same argument as
in the proof of Lemma 3.5 shows that T}, (r.z) converges to T'(r, z) in L?(2), uniformly in
(r,2) € [0,] x R%. To prove that T is L?(Q2)-continuous, it suffices to show that T}, is L?({2)-
continuous for any n > 1. For this, it is enough to prove that A% is L?(Q)-continuous for
any n > 1.

We prove that A;") is L?(2)-continuous, foranyn > land j =1,...,n — 1.

We fix j = 1,...n — 1. We will prove two things:

(i) ash — 0,
E|AM (r + R, 2) — A (r,2)]2 = (n = DR (r 4 By 2) — B (7, 2) e — 0,

uniformly in z € R.

EJP 24 (2019), paper 106. http://www.imstat.org/ejp/
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(ii) as |k| — 0,
E[A (r, 2 + k) — A (1, 2)2 = (n = DR (o2 + k) — B, 2) e — 0,
for every r € [0, t] fixed.

We sketch the proof of (i), the continuity in time. The proof of (ii) can be performed
in a similar way. As in the proof of Lemma 3.5, this involves a difference of the form

fn(tlaxlﬂ"'7tj71axj71771+hvzvtjvxjv'"7tn717xn717t7m)_

f’n(thxla oo ,tj,]_,xj,]_,’r,z,tj,l'j7 .o 7tn717x’n717t7x)7
which is equal to

Gt —th—1,2—xp_1) - [Gt; —r—hxj—2)G(r+h—tj_1,z2—x;_1)
- G(tj —Tr,T; — Z)G(’I“ — tj_1,Z — .Z‘j_1)] R G(tg — f,l,xg — .131).

We examine the difference [...] above. By inserting plus and minus the mixed term
G(tj —r—h,x; —2)G(r —tj—1,z — xj—1), the modulus of this difference is smaller than

G(t]‘ - Tr— h,{I?j - Z)‘G(T’ + h —t]‘,hZ - QI}]‘,1) - G(T’ - tj,l,z - $j,1)‘
+|G(t; —r—h,x; —2) = G(tj —r,z; —2)|G(r —tj—1,z —xj_1) =: A+ B.

When we take the norm in H®™=1 of the term involving A, we proceed as follows. First,
we bound the term G(t; — r — h,z; — z) by 3 (indeed, we bound two terms of this kind,
because we have a norm in |Py|). The remaining expression splits into a product of
two integrals, one of which on {r < t; < ... < t,_1 < t} x R?"7J) and is bounded by
eM=r) (23" |7 for any M > 0. Regarding the other term, using the arguments in
the proof of Lemma 3.2 it can be bounded, up to some constant, by

t
t/ @ — )G+ h =ty 2 — 251) = Glr — tj_1, 2 — ;1)
0 R2

X |G(T + h — tj—l? z — I;_l) — G(T‘ — tj—17 z — I;_1)|de_1d$;v_1dtj_1

t
=/ zf(xj—x;)|G(r+h—tj,1,a:j,1)—G(r—tj,17xj,1)|
0 JR
X |G(7’+ h — tjfl,{E;-il) — G(T — tjfl,$;71)‘d$j,1d$;71dtj,1, (316)

where we have applied a change of variables in order to get rid of z. Finally, in (3.16) we
apply the bounded convergence theorem thanks to the continuity of the map ¢ — G(¢, x)
for fixed = and taking into account that, assuming 0 < h < 1,

Gr+h—tj1,01) = Glr—tj-1,2; )| SGr+h—tj1,2;1) < G(T,x5-1),

for some T > 0.

We now deal with the norm in #®™~1 of the term involving B. In this case, this
norm can be directly written as a product of two terms, one of which is an integral on
{t; <...<t;_1 <r}x R2-D that is bounded by ™" ()" KJ;!, for all M > 0. The
other term is given by

[ ) fan =l )IG = iy = 2)=Glls g )
0,173 (R2)n=3

X Gtjy1 —tj, 01 — ) Gt —tp1, 2 — 2, 1)|G(tj—1 — h, 2 — 2) = G(t; —r, 2 — 2)]
X G(thrl - tj, (E;-Jrl - .’L';) s G(t - tn,1,$ - (E;l71) d.%'j ce diCn,ld(E;- s d;v;%ldtj tee dtnfl.
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In order to get rid of the dependence on z, we make a series of changes of variable and
move z from the terms involving z; and z’; to those involving z,,_; and z;,_;. Another
change of variable allows us eventually remove the variable z. In the remaining term,
one can easily apply the bounded convergence theorem, because the differences in
absolute value can be bounded by a constant. This would let us conclude the proof of
item (i).

Step 2. (The second term) Note that T'(r,z) = >, -, A%")(r, 2)=G{t—r,x—2)F(r z2),
where -

Fr,2) = S 0l 1(faoi(r,2) = S (04 1)Ju(r,2),
n>1 n>0

and J,(r,z) = L,(fn(-,7,2)). Since the map (r,z) — G(t — r,x — z) is measurable on
[0,t] x R, it suffices to show that F' has a measurable modification. This will follow by
Proposition B.1.a) (Appendix B), once we show that F' is L?({2)-continuous, for any p > 2.
For this, we use the same argument as in the proof of Theorem 7.1 of [3]. We denote by
|l - |lp the LP(Q2)-norm.

Using the equivalence of norms || - ||, for random variables in the same Wiener chaos
space (see last line of p.62 of [26]) and (3.7), for any r € [0,¢] and z € R4, we have:

1/2
92l < (0= D210 2 = = 172 (s

n/2
20,
< (p—1)"/2eMr/? (M KM) .

Using the fact that n + 1 < e™ and choosing M sufficiently large, it follows that

or n/2
SS 1) sup ()l < M2 3 enp - 1) (tm) < .
n>0 (r,2)€[0,t] x R4 n>0 M

Hence, the sequence {F),(r,z) = >, _,(k+1)Ji(r, z);n > 1} converges to F(r, z) in L?(12),
uniformly in (r,2) € [0,¢] x R?. Note that F}, is LP(Q2)-continuous for any n, since J,, is
L?(Q))-continuous for any n (by Lemma 7.1 of [3]). Therefore, F is LP(f2)-continuous. O

Remark 3.10. For the remaining part of the article, we fixt > 0 and x € R, and we work
with the measurable modification given by Theorem 3.9, which will be denoted also by
{D, u(t,z);r €0,t],z € R}.

We aim to prove that for any fixed r € [0, ¢], the Malliavin derivative D, .u(t, z) satisfies
an equation in L?(2; L?(R)). For this, we first need to prove that D, .u(t, z) belongs to
L?(R) a.s. This fact is established by the following result.

Theorem 3.11. Forany T > 0,

sup sup E/ |D,.u(t,z)]?dz < Cr,
(t,z)€[0,T]xR re(0,t] R
where Ct > 0 is a constant depending on T'.
Proof. Using the orthogonality of Wiener chaos spaces, we have
~ 2
IE/ | D, - u(t, z)2dz = / ]E' Z nl,—1(fu(,r, z,t,x))’ dz
R R 3

:Z/]E‘n[n_l(ﬁl(~,r,z,t,x))’2dz. (3.17)
R

n>1
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The proof of Lemma 3.5 shows that f;")(~, rz,t,x) € H®=1 and

Elnlu 1 (fulr 2, t2)|

n 1 n
< nz 1)l [(n — 1)!h§' )(~,r,z,t,x))||§_[®<n,1)
j=1

n n—1
1
<n)y_ rg*l(n—m/ / [1f(i—w)
j=1 (n— 1! 0<t1 <. <tj_1 <r<tj<..<tp—1<t JR2ZM—D STy ' '

X fn(tl,l'l, . ,tj,1,$j,177“,2,tj,xj, . ,tn,1,$n,1,t,$)

X fn(thyh R 7tj71ayj71774727tj7yj3 R 7tn717yn717t7$>dXdydt'

Taking the integral dz and applying Fubini’s theorem, we have

n

[ BitasGatorz )Pz < ari S [
R

o1 0t <<ty <r<ty <o <tpoa <t
{/ / H f@i —ya) falts, on, 1, 51,1, 2,5, @5, o1, B, 8, )
R2(n—1) i=1
X fn(tl,yl,...,tj_l,yj_l,r,z,tj,yj,...,tn_l,yn_l,t,x)dxdydz}dt. (3.18)

Observe that the expression inside {...} above has the same structure as ¢,(t,t) in
the proof of Lemma 3.2, except that one of the covariances f is replaced by a Dirac
delta (that is a white covariance), whose spectral measure is the Lebesgue measure on
R. Equivalently, expression inside {...} can be seen as a norm in |Py|®V " ® L2(R) ®
|Po|®("~9) (since everything is non-negative). Hence, using inequality (4.16) of [3], we
obtain that {...} in (3.18) is bounded by

(sup [ 176t - e+ n>|2u<dfl>) xoox (sup [ 1760 -t + n)l2u(d§j—1))

neRJR neRJR

x (sup [ 176 e n)l2d£> x (sup 176t - ) + 71)|2u(d£j))

neR neR

(sup/ FG(t — tor) (s + 1) PuldEn n).

neR

Moreover, applying a change of variable and Plancherel’s formula, it holds that

/ FG(t; — 1) (€ + ) Pde = / FG(t; — r,)(€)2dE = 2 / G(t; — r2)da
R R R

T
= 5/B&1{\$\<tj—7"}dx:ﬂ—(tj —T) < 7t. (3.19)
Therefore, using Lemma 3.1 we have proved that:
/ Elnly_1(ful, 7, 2, t, 2))[2dz < wtnl} ! ZH(" (3.20)
j=1

where

7™ .:/ / sin((ta —t)[G])  sin®((r —t;21)1€ 1)
’ 0<ty <...<tj_1<r<t;<...<tp_1<t JR"—1 |§1|2 |§j71‘2

sin®(tyen — IED  sin®((t — t-1)lEuc)
€512 |€n—1/?

u(dfl) PN M(dé}»dtl .o dtn—l- (321)
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Next, we make the change of variables
uy = to —tl,...,’LLj_l Z’I"—tj,u]‘ :tj+1 —tj,...,un_1 :t—tn_1.
Note that Z?@: up =1 —t1, ZZ;; up =t —t;, and hence Zz;ll ur < 2t. In the previous

integral, after we change the variables, we insert the terms e ™™ fork=1,...,n — 1,
and we use the fact that eM(u1+Fun—1) < ¢2Mt Thep,

(n) M(Zn:lu,)
Hj S/[Ot]n 11{2 “lup<2t)y k=1 Uk

y / oM S G a0 (1)
Rr-1 & €512
o~ Mu; sin® (u;¢;]) —Mun_lSin2(un—1\§n—1|)

eGP [6naf?

2 n—1 —
< 2Mt <M) /}Rn 1 1;[ +4|£ |2u(d§1)...u(d§n—1)
ey 9 n—1 n—1
= 2Mt (M) (/}R W#Wﬁ))
n—1

2
= 2M? <M) Kt (3.22)

p(d€r) -+ p(d€n—1)duy - - - dun—s

where we have applied the same arguments used in the proof of Lemma 3.2 (and the
same notations). Note that the above estimate provides an upper bound for H J(") which
does not depend on j.

Using (3.20), it follows that

_ ’ ) n—1
/ Enl,_1(fu(- 7 2,t,2))|?dz < mtnTp—te2M? (M) Kt (3.23)
R

We now return to (3.17). We use the fact that n < e” for all n > 1. We conclude that
forany M > 0,t € [0,7], z € Rand r € [0,¢],

n—1
/ Dy cu(t,z)[Pdz < nTe*™ ey ( 2FTKM) :

n>1

Choose M = My > 2 large enough such that ezI‘TKMT < 1/2. Then

n—1
/ |D, u(t, z)|?dz < 7Te*MrTe 22( ) . (3.24)

n>1

The conclusion follows with Cp = 27T e2MrT o2, O

Remark 3.12. Fix 0 < r < t and z € R. Theorem 3.11 shows that with probability 1,
the functions z — I,_1(fu(-,7,2,t,2)) and z D, ,u(t,z) belong to L?(R). We denote
by Fullp—1(fu(-,7r,- t,x))] and F, [D,..u(t, z)] the Fourier transforms of these functions.
Similarly to the proof of relation (4.18) below, it can be proved that for almost all ¢ € R,

FolDroult, )] (€) = Yo 0 [T (Falor o) [(©) = D2 nhaa (FoFalms 8, 2)(8)),

n>1 n>1
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which gives the chaos expansion of the Fourier transform of D, .u(t, z). Hence,
BID, u(t.a)|} = E [ 71D, u(t.a))(©) P u(at)

= Y =) [Tt ) Ol ()

n>1

= Z’I”LQ(TL - 1)' ||fn('vr7 '7t7x)|‘3-[®("*1)®7>01

n>1

where for the last equality we expressed the norm in #®("~1 using the Fourier transform
with respect to the variables (¢1,x1),. .., (tn—1,%,—1). Similarly to the proof of Theorem
4.6 below, it can be shown that E||D, u(t,z)||3 < oo, and hence D, .u(t,z) € Py a.s.
Moreover,

sup sup E||D, .u(t,z)|]2 < co.
(t,z)€[0,T]xR re[0,t]

These facts will not be used in the present article.

4 The second order Malliavin derivative

In this section, we study the second order Malliavin derivative of the solution.
Note that

D%@,w),(r,z)u(tv ‘T) = DQ,w (Dr,zu(t; :17)) = DO,w ( Z nIn—l(fn('v T, 2,1, I)))
n>1
= Z n(n — D Ih_o(fo(-0,w,7, 2,1, 7)). (4.1)

n>2

We will show below that fn(, 0,w,r, z,t,x) € #®("=2) and the series above converges
in L?(12). First, note that forany j = 1,...,n

n 1 n
WY 0w tw) = 37 B 0w ), (4.2)
i=1,i%j
where
W (b1, 21, g, o, 0w, 7, 2, 2) =
1
(n — 2\ Z fn(tp(l)a Tp(1)s -« -1 bp(i—1)s Tp(i—1); 0,w, Lp(i)s Tp(i)s -+ s bp(i—1)s Tp(i—1)5 T 25
(n—2)
T pESn_2
o) Tp()s - - - > Ep(n—2)s Tp(n—2): 1, T)-

In the definition of hfjn) (,0,w,r z,t,x), (§,w) is on position i and (r, z) is on position j,
as arguments of the function f, (-, ¢, z). Since the function f, (-, ¢, z) contains the indicator
of the set {0 < t; < ... <t, < t}, this means that if § < r, then hz(;)(-,ﬁ,w,r,z,t,x) =0
for all 7 > j; on the other hand, if # > r, then hgl)(, 0,w,r, z,t,x) =0foralli < j.

For § < r and i < j, hE;L)(, 0,w,r, z,t,x) is the symmetrization of the function
fi(;l) (-,0,w,r, z,t,x) defined by:
fi(;) (1,21, tpno,Tp_o,0,w,7r 2,t,x)

= fu(ti, 1, .. tic1, @iz, 0, W, b, gy oo tm1, T—1, T 2, 6, Ty e Ep—2, Tp—2, E, X)
=Gt —th—2,x —Tp_2) -Gt — 0,2, —w)G(O —ti_1,w—zi_1) - G(t; —r,z; — 2)

G(T*xj—la Z*‘xj—l) T G(tQ —t1,22 — ml)1{0<t1<...<t,-,1<9<ti<...<tj,1 <r<tj<..<tn_o<t}:
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If r < 0 and j < i, the function fi(f')(~, 0,w,r, z,t,x) is defined similarly and contains the
indicator of theset {0 < t; < ... <tj_1 <r<t; <...<ti_1 <O<t; <...<tp_o <t}
By (3.9) and (4.2),

n

Z hg;)(-,ﬁ,w,r,z,t,a:). (4.3)

i,j=1,i%j

fn(-,ﬁ,w,r,z,t,x) = m

n(n—1)

5 terms.

If § < r, then hz(»?)(, 0,w,r, z,t,x) = 0if i > j. So the previous sum has only

Lemma 4.1. For any (r,z), (6,w) € [0,t] x R, fu(-,0,w,r,2,t,2) € H®"=2) . Moreover,
the series _

Z n(n — DI _o(ful-,0,w,7,2,t,2)) converges in L*(Q),

n>2

uniformly in (r, z), (0, w) € [0,t] x R.

Proof. For the first statement, we fix (r, 2), (6,w) € [0,¢] x R. Say 6 < r. To prove that
fa(0,w,7, 2, t,2) € H®("=2), it suffices to show that fi(]n)(~79,w,r,z7t,x) e H®(=2) for
any 1 <1 < j < n. We proceed as in the proof of Lemma 3.5. In the computation of the
squared H®("~2)-norm of fi(f)(-, 0, w,r,z,t,z), we bound by 1/2 the terms G(t; — r,z; —
2),G(t; — 0,z;, —w),G(s; —r,y; — 2),G(s; — 0,y; —w). We obtain that:

||f7,(jn)(a 9, w,T, 2, t? ]") ||3—[®(n—2) S

1
el GO ) e 1 fi=i o = 0, )30l famg 1 (ot =7 2) [0 < 00

To prove the convergence of the series, we let

B0, w,r,z,t,x) = n(n—1)L_o(fn(-,0,w,7, 2,t,2)) = Z In_g(hz(;)(,H,w,r,z,t,x)).
ij=1,i#j

Using the inequality (327, ;)2 < N YV | a2, we see that

BBy (0, w,r,z,t,2)? <nn—1) Y ElLi_ao(h{}(.0,w,r,2t,2))P

i,J=1,i#j
n 1 .
=nn=1) 3 ——gln- DG (- 0,w,7, 2,6, 2)) 3o caa-
4,J=1,i#j '
(4.4)
Proceeding as in the proof of Lemma 3.5, we see that forany i < j and 6 < r,
I = 205, 0,0,7, 2,8, 0)) 30 < (4.5)

n—2
02 [ T st
1< <t —1 <0<t < <t <r<t <<ty o<t JR2(n=2) 1T

G(t — tn_Q,CC — .Z‘n_z) e G(tj -, l‘j — Z)G(T‘ — tj_l, z — 1?]‘_1) e G(tt — 9,567; — w)
G(9 — ti_l,w — xi_l) e G(tg — tl,l'g — $1)G(t — tn_Q,ZL' — yn_g) e G(tj -, yj — Z)
Gr—tj—1,z2—yj—1)--Gti —0,y; —w)G(O — ti—1,w —yi—1) - G(t2 — t1,y2 — 1)
dxdydt (4.6)
We bounded each of the terms G(t; — r,z; — 2), G(t; — 0,x; —w),G(t; —r,y; — 2z), G(t; —

0,y; — w) by 1/2. The remaining integrals are separated into three integrals, one on
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{t; < ... < ti.1 < 6} x R~ which is bounded by ™" (%)Fl Ki;', the second on
{0 <t; <...<tj_1 <r} xR/~ which is bounded by M~ (2} ™" K7, and the last
oneon {r <t; <...<t, 5 <t}xR"~! which is bounded by eM(t=") (2)" /7 groi-l,
for any M > 0. A similar bound holds for j < i and r < 6.

Hence, forany ¢,j = 1,...,n with i # j,

" 1 B 2 n—2 B
0= 200 072t ) o < 1T 2 (2 gy

Coming back to (4.4), we obtain that for any (0, w), (r,2) € [0,t] € R

1 B 92 n—2 B
E|B,(0,w,r, z,t,z)]* < E[n(n — )PP 2eMt (M) K2,

By choosing M = M, large enough, and using the orthogonality of the Wiener chaos
spaces, we see that
m 2
Z Bi(0,w,r, z,t,x)

k=n

sup E —0 as n,m — . O

(0,w),(r,2)€[0,t] xR

Theorem 4.2. Forany T > 0,

sup sup ]E//|D(29w) (,.Z)u(t,x)|2dwdz§C’T,
(t,z)€[0,T)xR 0,r€[0,t] JRJR Y

where C/, > 0 is a constant depending on T'.

Proof. Fix 6 < r < t. Using (4.1), Fubini’s theorem and orthogonality, we have:

IE)//|D(97w),(m)u(t,x)|2dwdz:Z//E|n(n—1)In,2(fn(-,9,w,r,z,t,m))fdwdz.
RJ/R nso /R JR

4.7)
To estimate the second moment of n(n — 1)L, —o(fn(-,0,w, 7, 2, ¢, x)), we will use (4.4).
Let 1 <7 < j < n. Using (4.5) and Fubini’s theorem,

/ / 11— DU (0,0, 7, 2,1, 2)) 2y ayduvd
RJR

<TP2(n — 2)!/

t1<...<t1‘71<9<ti<...<t]’71<7‘<t]‘<...<tn72<t

/ / fn(tla'rla-“7ti—17xi—179aw7ti7xi7"'atj—hxj—lvTaZ)tj)xja"'7tn—27xn—27ta'r)
R2JR2(n—2)

fn(th Yiy--- 7ti—1a yi—1797w7tiayi7 DR 7tj—1ayj—17r7 Z, t]7 Yjs-o- 7tn—27yn—27t7 x)dXdyddedt

We evaluate separately the inner integral dxdydwdz above, for fixed t = (¢1,...,t,—2).
This integral is equal to the norm in Py @ L2(R) @ PI " @ L2(R) ® P! of the func-
tion fr(t1,+ ..., tic1, 0, tis o tj—1, Tty ey oy tn—2, -, t,2), which in turn is equal
to:

/Rn |FG(ty —t1,)(E)[* -+ | FGO — timr, ) (& + .. 4+ &1)

|FG(ti —0,)(& + ...+ &1+ O
e |FGr =t ) (&t + G FOPIFGE =) (Gt + o )P

n—2
c|FG( =ty )G+ bna + CH P ] w(dée)dCde.
k=1
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To estimate this norm, we use Lemma 3.1 for the integrals u(d¢;) with k =1,...,n — 2,
the bound (3.19) for the d¢ integral, and a similar bound for the d¢ integral:

sup/ FG(t: — 0,-)(C +)[2d¢ < =T
neR JR
Therefore, the norm mentioned above is bounded by
(7rT)2/ sin®((ta — t1)|&1]) sin®((0 — ti1)]&i—1) sin((r —t;-1)1€; 1) .
Rn—2 112 |€i—1]? |€—1]?
sin ((t = tn—o)|én—2]) TT

TE H (k).

k=1

We now come back and take the integral dt; . ..dt,_>. We use the change of variable
Uy = to — tl, ey U1 = 0 — tifl, ey Uj1 =T — tjfl, ey Up 2 = t—1t,_9o. Inserting
the terms e MUk for k = 1,...,n and using the fact that eM (1t Fun—2) < 3Mt gnd
proceeding similarly as in the proof of Theorem 3.11, we see that

n—2
n _ ) 2 _
/R/]R ||h1(-j)(~,9,w,T,z,t,x)||7_[®<n72)dwdz <TIP2(n — 2)N(xT)2e3M! <M) Ky 2,

for any M > 0. Using (4.4), it follows that
E [ [ 00— D007,z 0,0) P
RJ/R

n—2
< [n(n — D)PTP2(xT)2e3M! <1\24> Ky 2. (4.8)

Coming back to (4.7), it follows that

) 2 n—2
B [ [ 1080 utto)Pduds < T2 St - 0Pre (2) wi
n>2

The conclusion follows as in the last part of the proof of Theorem 3.11. O

Remark 4.3. Fix 0 < r < t and = € R. Taking the integral df on [0, ] in (4.8), we infer
that with probability 1, for almost all z € R, the map (0, w) — Ln—o((fa(-,0,w, 7, 2,t,2)))
belongs to L?(R?). We denote by Fo . [Ln—2((fn(,*,7, 2, t,2)))] its Fourier transform with
respect to the missing (6, w)-variable, denoted by .

Similarly, by Theorem 4.2, with probability 1, for almost all z € R, the map (0, w) —
DYy ) (ryu(t, 7) belongs to L?(R?). We denote by Fp,,[D? (, . u(t, )] the Fourier trans-
form of this function. We claim that:

fg,w[Di(Tyz)u(t, z)] = Z n(n —1)Fow [In,g(fn(~, *,7,2,t,2))]. (4.9)
n>2
Indeed, using the proof of Theorem 4.2 one verifies that the series on the right-hand side
of (4.9) converges in L?(Q; L?(R)); for this, it suffices to prove that
Z n(n — )| Fo.w [Tn-a(fa (s %, 7 20t 2)] | 20 £2(R)) < 00-

n>2

Next, fix N > 2 and observe that

N N
f@,w |: Z ’I’L(’I’L - 1)In72(fn(7 *, T, 2, tv :E)):| = Z n(n - 1)]:9,11) [In72(fn('7 *,7, 2, ta .’E))] .
n=2 n=2
EJP 24 (2019), paper 106. http://www.imstat.org/ejp/
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In order to conclude that (4.9) holds, it suffices to prove that the left-hand side above
converges to Fy ,,[D? r z)u(t,as)], as N — oo. This follows by applying Plancherel’s
theorem and using the arguments in the proof of Lemma 4.1.

Lemma 4.4. For any t > 0, x € R and (t1,21),..., (tn—2,2Zn-2),(r,2) € [0,t] x R, the

function (0, w) falti, @1, .. ta_g,Tn_s2,0,w,r, 2 t,z) is in L*(R2). If we denote by
Fowfn(t1,@1,. .., th_o, Tn_2,*,,7,2,t,x) the Fourier transform of this function, then
f&wﬁl(’, s, .1, 2, t, ) (1, &) € HOM=2) (4.10)

for almost all z € R and for almost all (1,£) € R2.

Proof. By (4.3), it is enough to prove that (6, w) fi(;’) (t1, 1,y tn_2,Tn_2,0,w,7r, 2,1, )
is in L?(R?) for any 4,j = 1,...,n with i # j. This is clear since, if for instance i < j,

t
/ / G(tj — 9,£Ej — U))G(g — tjfl, w — xj,l)dwdg < 00.
0 JR

We now prove (4.10). By (4.8), fot I E|Li_o(fn(-,0,w,7, 2, t,2))|2dwdd < oo, for almost
all z € R. This integral is equal to (n — 2)! multiplied by the following quantity:

[ 1Rt 0) By s
RJR
- /2/2( 2 |ft1,x1,...,tn,2,mn,2fn('v97w7T7Zat7x)(7—17£17'"7Tn727§n72)|2
R2?2 JR2(n—

n—2 n—2
x [ vian) [ wi(dé&:)dwdo
i=1 i=1

where F;, 4. tn_27$n_2ﬁ1(~, 0,w,r, z,t,x) denotes the Fourier transform with respect to
the variables t1,x1,...,t,_2,2,_o. We apply Fubini’s theorem, followed by Plancherel’s
theorem:

/ |]:t1,11,m,tn,2,a:n72ﬁl('a 97 w,r,z, ta x)(Th 617 ey Tn—2, §n72>‘2dwd9
RQ

1

- W /]RZ |]:0,w[]:tl,:cl,...,tn,g,a:nfzﬁt(H *, rvzatvx)(Tlvgla R 77—n72a€n72)](77 5)‘2d7d§a

where * denotes missing (6, w)-variable and Fj ., is the Fourier transform with respect to
this variable. Since f,, (-, *,7,2,t,2) € L'(R"~!), we can switch the order of the variables
(t1,21)y ..., (tn—2,n—2) and (¢, w) when calculating the Fourier transform, i.e.

f@,w[]:tl,zl ..... tn_g,xn_zﬁt('a *,7, 2, ta x)(Tla 517 vy Tn—2, £n72)](71 ’g)
= ‘Ftl,fl:l,...,tn_z,zn_g [-Feﬂl)ﬁL('a *, T2, t7 I’) (T7 5)](7—17 517 ey Tn—2, én—Q) (411)
= ]:.]?;L('ara Zatax)(Thgla cee 77-n—27£n—2a T, 5) (412)

Applying Fubini’s theorem again, we conclude that for almost all z € R,

/ / |‘Ft17$17---,tn,277;n72[]:Q,wfn('a*7T7Zat7x)(7—7£)}(7-17£17"'77-77,—25577,—2)‘2
R2 JRR2(n—2)

n—2 n—2
< [ v(dr) I wi(d&)drds < oc.
i=1 i=1
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Hence, for almost all z € R and for almost all (7, &) € R?, the integral

||-F(9,w [fn(7 *,7, 2, L, CE)] (T7 6)) ||’3-[®("*2) (413)

- /2( 2) |]:t1’$1»-~~7tn72,9§n72 [‘FG,wfn('v *, 7, 2, .’E)(T, g)](Th 517 <oy Tn—2, 67172)'2
R n—

x H v(dr;) [] wi(dé) (4.14)

is finite. Relation (4.10) follows using a characterization of the space H®(""~2 (in terms
of the integral of the squared Fourier transform) similar to the one given by Theorem
2.3 for space H. O

The next result shows that in our context, we can interchange the order of the Fourier
transform and the multiple integral, a fact which is highly non-trivial in the general case.
Lemma 4.4 shows that the integral I,, o (Fp,w fn(:, %, 7, 2,t,2)(7, €)) is well-defined.

Lemma 4.5. With probability 1, for all r € [0,t] and for almost all = € R and (7, ) € R?,
\FQ,w[In—Q(}Tn('a * 7,2, ta I))](Ta 5) = In-2 (fe,wﬁ('a * T, 2, t7 1’) (T7 E))

Proof. Let hl(T,f) = f@,w[In72(}’;’L('7 *,T,Z,t,ZE) ](T7 5) and h2(7-a 5) = n72(]:07w.]7‘n('7*7
r,z,t,2)(r,€)). For an arbitrary function g € L?(RR?), we denote

X, = [ O Fgirgird and Y, = [ halr.Folr Eiarde

We will show that for any g € L%(R?) fixed,
E(GX,) = E(GY,) forall G e L*(Q), (4.15)

which implies that X, = Y, a.s., the negligible set depending on g. Since L?(R?) is
separable, there exists a countable dense set S in LQ(RQ). Hence, there exists an event
Qo of probability 1 on which X, =Y, for any g € S. Since {Fg;g € S} is dense in L?(R?),
it follows that on Qq, (h1, ) r2(r2) = (h2, @) r2(r2) for all ¢ € L?(R?), and hence hy = hy
a.e.

First, we prove that X, € H,_». (A similar argument shows that Y, € H.) For this, it
suffices to prove that E[I,,(h,,)X,] = 0, for all m # n — 2 and all symmetric h,, € H®™.
By Plancherel’s theorem,

X, = (QW)/ In—o(fn(-0,w,7, 2,t,2))g(0, w)dwdd, (4.16)
]R2
and hence,

B[l (hm)X,) = 2m)E {/}R Ly (ho) In—2 (i (-, 0, w, 7, 2, t, %)) (60, w)dwdd | . (4.17)

2
Now, we would like to apply Fubini theorem, for which we need to check that
E [ V(i) e (P 8,01, 2,8,0))g 6, 0) ) < oc.
R2

But we have, by Fubini theorem (because the integrand is now non-negative) and
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Cauchy-Schwarz inequality (applied twice),
E/}Rz Lo (o) T2 (P -+ 0, 0,7, 2, £, 2)) g (6, w) | duwdB
= [ BT a0, 2,0, 2) 906, ) s
< [ (@®l0n)?)

= (M2 || hop || 30m /}R (Blln—2(fal,0,w, 7, 2,t,2))%))

1
2

Nl

(ElL—o(ful-, 0,0, 7, 2,t,2))%]) * (8, w)|dwdd

[N

196, w)|dwdd

1
— 2
< ()Y B || g </ E[InQ(fn(',9,w,r,z,t,x))2]dwd9> ll9llL2(m2) < o0,
]R2
where we have applied (4.8). By Fubini’s theorem, we obtain that for any m # n — 2,
E( (h) X, = / BlL () T2 (Fa (- 0,10, 7, 2, £, 2))]g (6, w)dwdd = 0.
RZ

We now prove (4.15). Since both X, and Y, are in H,,_», it is enough to assume that
G = I,,_5(gn_») for some symmetric g, _» € H®("~2), Using Fubini’s theorem and (4.16),

E(GX,) = (277)/

E |:In—2(gn—2)ln—2(fn('a 97 w,rT,z, t7 .T})) 9(97 w)dew
R2

= (277)/ (n— 2)!<gn_2,fn(-,9,w,r,z,t,x)>7.[®<nfz>g(9,w)d9dw
R2
and
E(GYy)
_ /}R Bl o (g2 2 (FouFales #7208, 2) (r, ) Fg(7, e
= /]RQ (’I”L - 2)!<gn—Qa fe,wﬁb('v *, 7, 2, t, .’13)(7', f))>7{®(n72’)]:g(7, g)def

= (TL—Q)'/ / p )‘Ftl,wl,..-,tnf%wnfz(fQ,wfn('?*7Tazvtam)(7-a€))(7-1’£17'"a77l—27§n—2)
R2 R2(n—2
n—2

n—2
Fona(m, &1, Ta2,6n2) Fo(r,8) [ vldn) [ w(dsi)drde.
i=1

i=1

We use (4.11), followed by Fubini’s theorem. For the drd¢ integral, we use Plancherel’s
theorem to eliminate the Fourier transform in the (0, w)-variable. We obtain:

E(GY,) = (n—2)!/

(271' ftl,xl ..... tn_Q,:l)n_an(.’a’w7/"723t7l.)(7—17£1’"'77—/’7«7275"172)
R2(n—2) p

n—2 n—2

g(G,w)dew) Fgn—2(m1,81,. -, Tn2,én—2) H v(dr;) H p(dé;)

i=1 i=1

=(n— 2)!(271')/ <gn_2,ﬁl(',a,w,T,Z,t,l‘)>7_£®(n72)g(6,UJ)d9dw.
Rz

This proves (4.15). O

In summary, relation (4.9) and Lemma 4.5 show that for all » € [0,¢] and almost all
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z € R and for almost all (7, ¢) € R?,

Fo,w [Df,(m)u(t, z)|(7,€) = Z n(n —1)Fgw [In_g(fn(-, *,T, 2, t, x))] (1,€)

n>2

= Zn(n - 1)-[77,72(—;'9,10};7,(" *7r,z,t,x)(7',§)), (418)

n>2
which gives the chaos expansion of the Fourier transform of Df (r z)u(t, x).

Theorem 4.6. Let Dju(t,z) denote D? , |, where x is the missing (0, w)-variable and -
is the missing z-variable. For any T > 0,

sup  sup Bl D}u(t, 2) |35 12m) < CFs
(t,z)€[0,T) xR re[0,t]

where C’. > 0 is a constant depending on T

Proof. By (4.18), we have:
B D2u(t ) By = B | D2 eyttt
=B [ [ 1ZalD2 ult )] (O Prtdrta)d:
=Y =1 =2t [ [ 1FouFalnr s n) () sl

n>2

Using relation (4.13) for expressing || Fg.u/fn(-, % 7,2 t,2)(r, )3, 6nz, followed by
(4.12), we see that

/]R2 H‘FG,wﬁL('a *,T,Z,t,l’)(T, f))||’2}{®("—2)y(d7-):u(d£) = Hﬁl('arathax)Hi[@)("—l)'

Hence,
B D2u(t, 2)|3s 1y < S 030 — 120 — 2)! /}R 1FaCors 2t ) By .
n>2

By (3.23), forany ¢t € [0,7], x € R, r € [0,¢] and M > 0,

n—1
~ 2
n?(n —1)! /R [ £y ms 2,8, 2)) 1301y dz < Ty 1e2ME (M) Kyt

and hence,

2 n—1
E||Dfu(t,$)||§i®L2(]R) < mte2Mt Z n?(n —1)Ipt <M) Kt
n>2

We use the fact that n < e” for all n > 1. We conclude that for any M > 0, ¢t € [0, 7],
x € Rand r € [0,t],

2 n—1
B D2u(t,2) ey < 7T T3S (eSFTMKM) .
n>2

Choose M = M. > 2 large enough such that BBFTKM'T < 1/2. Then

. 1 n—1
2 2 2M4T 3
E|D2u(t, 2) 3o r2m) < 777> <2> . (4.19)
n>1
The conclusion follows with C% = 2rTe2MrTe3, O
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5 Equation satisfied by D, .u(t,z)

In this section, we show that D, .u(¢, z) satisfies an integral equation.

By Theorem 6.7 of [1], we know that Malliavin derivative Du of the solution satisfies
the following equation in L?(Q;H):

t
Doult,z) = Gt — -2 — Ju(") +/ / Ul(s,y)W (65, 5"y) (5.1)
0o JR
where U = Ut*) ¢ L?(Q; H ® H) belongs to the domain of the §* and is given by:

U((?“/, Z/)a (Say)) = G(t P y)DT’7Z’u(57y)'

Here 0* is the Skorohod integral with values in H.

In what follows we will show that D, .u satisfies an equation similar to (5.1), but in
L2(9; L%(R)) for fixed r € [0, ].

Let § be the L2 (R)-valued Skorohod integral defined in Section 6 of [1] with 4 =
L?(R). By Proposition 6.2 of [1], D*?(H ® L?(R)) C Dom &. Let (u,),>0 be the sequence
of Picard iterations given by: uy(¢,z) = 1 and

un (b, 2) =1+ Z Ie(fr(st,x)).
k=1

We fixt >0, z € R? and r € [0,1]. For any s € [0,t], y € R? and z € R¢, we let

K(T) ((87 y)7 Z) = 1[0,15] (S)G(t — 5T — y)DT,zu(sa y)7

K7(lr) ((87 y)7 Z) = 1[0,t] (S)G(t — 5T = y)DT,zun(s7 y)

We denote
P(t) :== /[0 o G(s,y)G(s",y' )v(s — &) fly — ' )dydy'dsds’ = o (t), (5.2)
7t 2 2

where we recall that «;(¢) has been defined in (3.4).
The following result is similar to Lemma 6.5 of [1].

Lemma 5.1. For any r € [0,t], K € D'*(H ® L2(R)) and K" € DY2(H ® L%(R)).
Hence, K" and K\ belong to Dom 6, for any r € [0,¢].

Proof. To prove that K(") € D'?(H®L?(R)) it suffices to show that || K| 3,5 12(r)) <
0o, where

I D120 22y = BIK T s p2my + EIDK g 1o m)-

It suffices to show that both terms above are finite. Note that ||K"||lygr2m®) <
||K(T)||‘H‘®L2(R). Applying Cauchy-Schwarz inequality twice and Theorem 3.11, we
have
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E|E e m)
= E/ Gt —s,x—y)G(t—s, 2 —y)(Dy.uls,y), Dr.u(s',y)) L2(w)|
0,2 JR2
x (s —&')f(y —y')dydy'dsds'
<p [ [ 60 sm =)= ID ) Dyl
0,42 JR:
xy(s = s") f(y — y')dydy'dsds’
! / 2 1/2
< / Gt—s,z—y)Git—s,z—y )(EHDT’.u(S,y)HLQ(R))
0,42 Jr?

1/2
X (EHDT’.U(S/, y’)||%2(1R)) v(s =) fly — ¢ )dydy'dsds’
< C(t) < 0. (5.3)

A similar calculation shows that E| K" 1 @r2m) < Cto(t). For the second term, we
proceed similarly. First, note that ||DK(T)||H®H®L2(R) < HDK(T)H"H|®’H®L2(]R). Applying
Cauchy-Schwarz inequality twice and Theorem 4.6, we have

E”DK(T)”\QH\@H@B(R)
= E/[ - G(t —S5T = y)G(t - 3’7;(; — y')|(Dfu(s,y), D?“(S/yy/»?{@m(]}{)’
0,t
x (s — ) fly —y')dydy' dsds’
< E/[ ’ 2G(t_s’x_y)G(t_s/yx_y/)HDfu(&y)||H®L2(]R)||D$U(S/7y/)”H®L2(R)
0,612 JR
x (s =) f(y — y')dydy'dsds’
/ 7 2 2 1/2
< Gt —sz—y)Gt—s,0—y )(EHDTU(S7y)||H®L2(]R))
[0,4]2 /R?

1/2
% (BID2u(s' o ) usray) - ¥(s = )y — ' )dydy dsds’
< CVo(t) < . (5.4)

A similar calculation shows that E|| DK I ensrem) <

We use the following more suggestive notation:
p— t p— p—
S(KM) = / / G(t — s,z —y)D, .u(s,y)W(ds, 0y)
0o JR

S(K,(f)):/o /RG(tfs,xfy)Dr,.un(s,y)W(Ss,Sy).

By Lemma 5.1, these stochastic integrals are well-defined.
The following result establishes a recursive relation involving the Malliavin derivative
of the Picard iteration scheme (see Proposition 6.6 of [1] for a similar result).

Proposition 5.2. For any r € [0,], the following equality holds in L*(; L?*(R)):
t p— p—

D, up(t,x) :G(t—r,x—-)un_l(r,~)+/ /G(t—s,x—y)Dr,.un_l(s,y)W((Ss,(5y). (5.5)
o Jr

Proof. For clarity, we split the proof into several steps.
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Step 1. To prove (5.5), we will show (in Step 2 below) that for all ¢ € L2(1R) fixed,
the following equality holds in L?():
(@, Dy un(t, ) r2r) = (@, G(t = 17,2 — Jup_1(r,-)) L2(R)

// (t —s,2 —y){@, Dy up_1(s, y)>Lz W(ds,0y). (5.6)

The integral on the right-hand side of (5.6) is a real-valued Skorohod integral. In this
step of the proof, we show that this integral is well-defined. For this, let

’Un(S,y) = G(t - 5T = y)<507 Dryunfl(svy»Lz(]R)'

Since D"?(#) C Dom 4, it is enough to prove that v,, € D*?(H), i.e. E|jv,[|3, < oo and
E| Dvy, 3,42 < oo. By Cauchy-Schwarz inequality and Theorem 3.11, it follows that

E||vn|l3, < Ellvnll?y,
:IE/ (s —=8)Vfly—y )Gt —s,z—y)GEt—s,x—y)
([0,t]xR)?

X (@, D tn—1(58,9)) L2w)| - {0, Do, un—1(8",y")) L2 (w)y | dydy’ dsds’
<l 72y Ceo(t) < o0

We now prove that:
E|Dv, |30 < . (5.7)

Note that

Do,wvn(s,y) = /]RG(t —S5T - Z/)SD(Z)D%a,w),(r,z)Unfl(57y)dz-
Then, we have
EHDvnH%@H < E”DUHH\QH@H

:E/ Y(s =8 fly—y )Gt —s,x —y)G(t —s',x — ')
[0,¢]x R)>2

X

</]R<p(z)Df)(T,Z)un1(s,y)dz,/R<p(z)Df)(T,Z)un1(3’,y’)dz> ‘dsds’dydy'.

H
By Cauchy-Schwarz inequality, in order to have (5.7) it suffices to check that

2

< 0Q.

/ @(Z)Df}(r’z)unfl(& y)dZ
R H

sup E ’
(s,y)€[0,t] xR

Observe that

2
i

[ D2 (s,
R H

—E [ V| [ A0 yinns ()| (7.6 Prtamntas)

One verifies that, with probability 1, for all » € [0,¢] and (s,y) € [0,¢] X R, the function
(0,w) = [ ©(2)Dfy 1y (r.2yUn—1(5, y)dz belongs to L*(R?) and

fe,w |:/ cp(z)ny(m)un_l(s,y)dz} :/ @(Z)fng [Di(r,z)un—l(say)]dz'
R R
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Indeed, for the latter equality to be fulfilled, it suffices to show the equality of the
respective inner products against an arbitrary element of L?(R?). Thus, by Cauchy-
Schwarz inequality and Fubini theorem,

2
EH/ <p(z)Df’(r12)un,1(s,y)dz
R

R2

< ||80||2L2(R)E/RZ/R‘]:9,1U (D2 (L un—1(s,9)] (77§)|2dZV(dT)M(d§)

H
‘ 2

/]RSO(Z)]:G,w [Dz’(r’z)un—l(& y)] (T’ 5)d’z U(dT)},L(df)

el B /R 1D2 12y tn1 (5, ) 12,2

< llolliag) — sup sup B[ Dlun—1(t,2)|[50 12 ()
(t,z)€[0,t] xR re0,t]

and this is finite by Theorem 4.6. This concludes the proof of (5.7).

Step 2. We now give the proof of (5.6). By (3.8) and (3.13), D, u,(t,z) =
Soney A(r, z,t,z) with A, (r,z,t,2) = Z?Zl Agn)(r z,t,x) and

) 7

A§”)(r,z,t,$) — / G(t —tp—1,x — xnfl) L. G(tj —Tr,x; = Z)
0<ty <...<tj_1<r<t; <..<tnp_1<t
G(’I" - tjfl, zZ — .fj,l) NN G(tQ - tl,(EQ - lCl)W(dthd(El) [N W(dtnfl, d.%n,l),

where the integrals are taken on the set ([0,¢] x R)".
We take n = 3 for simplicity. The general case is similar. We drop (¢, z) from the
notation. We proceed as in Step 2 in the proof of Proposition 6.6 in [1]. We have

<<P7Dr,‘“3(ta$)>L2(]R) :/DT,ZUS(t’m)w(z)d‘Z
R

- /]R (Al(r, z) + zi: Ag_z) (r,z) + zi: A§-3) (r, z))gp(z)dz

In this sum, we put together the terms which have the common factor G(t — z,z — 2):
Ai(ryz) =Gt —ryx — 2),

Ag)(r,z) =Gt —rz—2) G(r—ty,z —x)W(dty,dxq)

t1<r

and
Agf)(r, z)
== G(t —r,T— Z) / G(T‘ - tg, z — IQ)G(tQ - tl,.’,EQ - Il)W(dtl, d.fCl)W(dtQ, dﬂjg)
t1<ta<r
It follows that for every z € R fixed,
Ay (2) (3) _ _ _
1(r2) + Ay (r2) + Ay (r,2) = Gt — e — 2)us(r, 2).

Multiplying by ¢(z) and taking the integral dz on R, we see that
/]R2 (Agl)(r, z) + Aéz)(r, z)+ A:(,,S)(r, z))go(z)dz = (o, G(t —r,x — Jua(r,-)) L2(R)-
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For the remaining terms, we perform some changes of notation. If we denote (¢1,z1)
by (s,y), then

Agz) (r,2) = / Gt —t1, v —21)G(ty — 7,01 — 2)W(dty, dzy)
<ti<t
:/ Gt —s,x—y)G(s —r,y—2)W(ds,dy).
<s<t
Similarly, if we denote (t2,x2) by (s,y), then

A(?’) (r,2)

)

/ t — tg, xr — CEQ)G(tQ — tl, T — 1’1)G(t1 —Tr,r — Z)W(dtl, dxl)W(dtg, dirg)
r<t1<tz2<t

/ Gt —s,z—y)G(s—t1,y — x1)G(t1 — r,x1 — 2)W(dty,dx, )W (ds, dy),
r<t;<s<t
)(T

/ Gt —ta,x —x2)G(ts — 1,20 — 2)G(r — t1, 2z — x1)W(dt1, dz )W (dta, das)
t1<r<te<t

W

A

N~

/ Gt—s,2—y)G(s—r,y—2)G(r —t1,z — t1)W(dty,dz,)W(ds, dy).
t1<r<s<t

With this change of notation, G(t — s,z — y) becomes a common factor in the integrals
W (ds,dy) above. The remaining factors in these integrals are easily recognized as
Ai(r, 2, 8,9), Agz)(r, z,8,y), respectively Ag)(r,z,s,y). We obtain that, for any z € R
fixed,
A(Q) (r,z) + A(S) (ryz) + A(g)(r 2)

/ths x — )(Al(rzsy) A()(rzsy)JrA (rzsy))W(ds,dy)
/Gt—sw Y) Dy ua(s, y)W(ds, dy)

:/ G(t — s,z —y) D, yua(s, y)W(ds, 0y).

r

We multiply by ¢(z) and we take the integral dz on R. Using stochastic Fubini theorem,
we obtain:

[ (4202 + 4P02) + 49 ) ) ol2)a
R
t
= / G(t — s,z —y)(p, Dy ua(s,y)) 2m)W (s, 0y).
s
This concludes the proof of (5.6) for n = 3.
Step 3. Finally, we give the proof of (5.5), based on (5.6). By the duality relation
characterizing §, we have to prove that for any F' € D2(L2(R)),
E(F, Dy un(t,2) — G(t — 1,2 — Yun_1(r,-)) 2wy = B(DF, K Vor2m)-

Using a density argument, it is enough to show that this holds for F' = Fyp with ¢ € L?(R)
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and F, a smooth random variable. By (5.6), and the duality relation characterizing J,

E(F, Dy un(t,x) = G(t —r,2 — Jup_1(r, ")) L2(R)
= E[Fo(p, Dpun(t,z) — Gt — 1,2 — Jun_1(7, ) 2(R)]
= E[Fod(vn)] = E[(DFo, vn)n]

B E/ On(8,Y) (D y Fo)v(s — 8') f(y — ¢ )dydy'dsds’
0,t] ><]R

7E/ot /R/ (t = 5,2 = y)Droun-1(s,9)9(2) (Dot Fo)
x (s —s")f(y —y')dydy'dsds'dz

= E(DF, Kn71>H®L2(]R).

For the third last equality we used the fact that v,, € |H| a.s. (since E HU”HIQH\ < 00) and
we assumed (without loss of generality) that DFjy , so that the inner product in
H can be expressed as an integral on ([0,t] x R)?, according to Lemma A.1 (Appendix
A). O

In the following theorem, we prove that the Malliavin derivative Du(t, z) satisfies an
equation in the space L?(R).
Theorem 5.3. For any r € |0, t], the following equality holds in L?(Q; L?(RR)):

¢
D, u(t,z) =Gt —r,x — )u(r,) + / / G(t — s,z —y)D,.u(s,y)W (s, y). (5.8)
0 JR

Proof. Recall that the stochastic integral on the right-hand side of (5.8) is §(K (™). By
duality, it suffices to prove that for any F' € D'2(L?(R)),
E(D, u(t,z) — G(t —r,z — Ju(r, "), F) 2ry = E(DF, K"} 3012 (w).- (5.9)
By Proposition 5.2, we know that for any F' € D%2(L?(R)),
E(D, un(t,2) — G(t — 1@ — Yup—1(r, ), F) 2y = B(DF, K Vporzmy.  (5.10)

Relation (5.9) is obtained by taking n — oo in (5.10). We justify this below.
On the right-hand side, using duality and Cauchy-Schwarz inequality, we have:

E(DF, K, — KO)yor2m) = EGET | — KO, F) 12

< (BIBE = KO 22 my) " (EIF 22 ry)

By applying Proposition 6.2 of [1] with A = L?(R),

1/2

EI3(K ) — KO) 2 < BIKY — K30 2@ + BIDK ) — DKO|20000 00 m)-

Repeating the same calculations as in the proofs of Theorems 3.11 and 4.6 for the
series u(t,z) — up—1(t,x) = Y .5, Ie(fu(,t,x)), we arrive at the following estimates
(similar to (3.24) and (4.19) with ¢t = T)): for any r € [0, t],

k—1
1 1
B Dy ut, ) = Dy tn_1(t,7)[|2 () < mte*™le? Y (2) = 5Citin, (5.11)
k>n
I |
B[ Du(t,) = Diun 1 (t:0) s 2y < e e’ 0 (5 ) = 5C an,
k>n
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where a, = 3",-.,, ()" Using these bounds, and proceeding as in the proof of Lemma

3.8 for relations (5.3) and (5.4), we obtain that:
r 1
EIKD, = KOy e < 5Ciand(t) =0 as n— oo
and 1
E|DE", — DK m0rem) < 5Cland(t) =0 as n— .

We now treat the left-hand side of (5.10), which is a difference of two terms. For the
first term, by the Cauchy-Schwarz inequality,

1/2 1/2
E(Dy, t (t,2) — Dy, u(t, ), F 1y < (Il Dr i (8,2) =Dy ult, )3y ) (BIF32(r )

which converges to 0 as n — oo, by (5.11). For the second term, we use again Cauchy-
Schwarz inequality, and we observe that

E|G(t —r,x — ) (up—1(r,-) — u(r, -))||2L2(R) = /]RGQ(t — 1,2 — 2)Bluy_1(r,2) —u(r, 2)|*dz

which converges to 0 as n — oco. This follows by the dominated convergence theorem,
using the fact that [, G*(t — r,2 — z)dz < o0 and

sup E‘un<s7y) —U(S,y)|2 — Oa
(s,y)€[0,t]x R4

which was shown in the proof of Theorem 7.1 of [3]. O

Remark 5.4. In what follows, we will use the following important consequence of
Theorem 5.3. If we denote by B(r, ) the right-hand side of (5.8), then obviously

t
E [ 1Dsult,2) = Br)ldr =
0

Hence, there exists a measurable set N C Q x [0,¢] with (P x A)(/N) = 0 (where X is the
Lebesgue measure on R), such that for all (w,r) € (© x [0,¢])\N

1Dy ult, z) (W)l 2(r) = [ B(r, ) (@)l L2(w) - (5.12)

6 Proof of Theorem 1.2

In this section, we give the proof of Theorem 1.2, which is based on Corollary 2.4 and
Lemma 6.3 below.

We begin with a general result about absolute continuity of the law of a random
variable, which corresponds to the remark right after the proof of Theorem 2.1.1 in [26].
We include the proof for the sake of completeness.

Lemma 6.1. If I is a random variable such that F € D?? for some p > 1, then the
measure (|[DF|3, - P) o F~! is absolutely continuous with respect to the Lebesgue
measure on R. In particular, for any Borel set B C R with Lebesgue measure zero,

P(F € B,|DF||3 > 0) = 0. (6.1)

Proof. Let ¢ € C°(R) be arbitrary. By the chain rule for the Malliavin derivative (see
Proposition 1.2.3 of [26]), p(F) € DY? and D(p(F)) = ¢/(F)DF. Taking the scalar
product with DF, we obtain that

(D(p(F)), DF)3 = ¢'(F)|| DF|[3,.
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Note that F' € D*? implies that DF € D'?(#). (Recall that D"?(#) is the completion
of the space S(H) of “smooth” H-valued random variables F' with respect to the norm

| F|lproe) = (E|F|5, + IE)HDFH?_[@H)UP.) Since D?(H) C Dom , it follows that DF €
Dom §. By definition (3.2) of Dom d, we have

[B(IDFIB (F))| = [E((De(F), DF)3)| < c(Elp(F)P)* < cllglloc-

We have thus proved that, for all ¢ € C;°(R),

\ [ #@ DRI B0 F )| < el

By Lemma 2.1.1 of [26], the measure p = (|| DF||3, - P) o F~! is absolutely continuous
with respect to the Lebesgue measure.

To prove the last statement, let B C R be a Borel set with Lebesgue measure zero.
Then [} |DF||3,dP = p(B) = 0, which implies (6.1). O

We continue with a result about existence of density of a truncated random variable.
First note that if I" is a Borel set in R such that 0 ¢ T", then the law of the truncated
variable G = Fl{pcry is a probability measure P¢ on I'U{0} given by Pg(A4) = P(F € A)
for any Borel set A C T, and Pg({0}) = P(G =0) =P(F ¢TI).

Lemma 6.2. Let I be a Borel set in R such that 0 ¢ I". Let F' € D*>? for some p > 1 be
such that
|IDF|lx >0 as.on {FeTl}. (6.2)

Then, the restriction of the law of the variable G = F'lipcry to the set I' is absolutely
continuous with respect to the Lebesgue measure on I'.

Proof. Let B C R be a Borel set with zero Lebesgue measure. By (6.2), we have
P(F €T, ||DF|3 =0) = 0. (6.3)
By (6.1) and (6.3), we obtain:
P(FeB,Fel')=P(FeB FeTl,|DF|y>0)+P(FeB FeTl,|DF|y=0)=0.0

Lemma 6.3. Let (I',,,),,>1 be a sequence of open sets in R such that 0 ¢ T, and
[y, C Tpya, forallm > 1. Let T = Up,>11,,. Let F' € D?? for some p > 1 be such that,
forallm > 1,

|IDF|3 >0 as.on {FeTl,}.

Then, the restriction of the law of the variable Fl;pcry to the set I' is absolutely
continuous with respect to the Lebesgue measure on I'.

Proof. Let B C R be a Borel set with zero Lebesgue measure. By Lemma 6.2, P(F €
B,F €T,,) =0forall m > 1. By taking m — oo, we inferthat P(F € B,F €T')=0. 0O

In the proof of Theorem 1.2, we will use the following notation:

t t
P(t) == / / G(r,2)%dzdr = 1/ / L{|z)<rydzdr = 1t2 (6.4)
0 JR 4 0 JR 4
and
t t
wit) = [ [ 626016 - i = [ [ 76 ©Putd)ar
0 JR? 0 JR
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By relation (A.3) in [32], for any ¢ € (0,1),
Yo (t) < cot, (6.5)

where ¢o = 3 [ 1+Elz,u(d@
Recall that ¢(t) is defined by (5.2) and T'; = 2 fo ~(s)ds. We will use the following
lemma.

Lemma 6.4. Foranyt > 0,
o(t) < Tyapo(t).

Proof. By Cauchy-Schwarz inequality and the inequality ab < %(a2 +b?),

(65,1, G5, Mo < G (s ol G(s', Vo < 5 (16, MR + G (', )IR)-

By symmetry, it follows that

0= | t / (s — (G5, ), G(s', Nodsds' < / t / (s — )Gl Y Rdsds’

The last integral is bounded by I';¢)(t) by Lemma 4.3 of [3] (with n = 1). O

Proof of Theorem 1.2. We will apply Lemma 6.3 in the case ' = u(t,z) and I'y, = {v €
R;[v| > L}. For any m > 1, let Q,, := {|u(t,z)] > L} N Q, where Q is an event of
probability 1 which will be defined below By Lemma 3. 3 u(t,z) € D*P for any p > 1. We
will prove that

|Du(t,x)]|3 >0 a.s. on Q.

In view of Corollary 2.4 (applied to S = Du(t, z)(w) for fixed w), it is enough to prove that
t
/ / |D,u(t,z)|*dzdr >0 a.s. on Q,,. (6.6)
0 JR

By Remark 3.7 the map (r, z) — D, ,u(t, z)(w) is measurable on R, x ]R for any w € Q.
We use Remark 5.4. By Fubini’s theorem, (P x A)(N) = [, A(N,)P(dw), where
N, = {r € [0,t]; (w,r) € N} is the section of N at pomt w 6 Q. S1nce (lP X A\)(N) =0,
A(N,) = 0 for P-almost all w € ). Say this happens on the event Q of probability 1.
Let A = (Q x [0,])\N. Note that the section of A at w €  is the set

A, ={re[0,t];(w,r) € A} = {r € [0,t]; (w,r) € N} =[0,t] — N,.

Fix w € (. For the remaining part of the proof, we use an argument similar to the
proof of Theorem 5.2 of [27] (for the white noise in time).

For any r € A, equality (5.12) holds. Using the inequality ||la + b||L2(]R) > %||a||%2(R) -
||b||L2(]R), we obtain:

2

Dt )y =[G = o= utry + [ t [ Gl = s D)W G5

L*(R)

1
> Gt = r,w = Julr, ) gy

/Gt—s x —y)D,.u(s,y)W(ds, 5y)

L2(R)

Let § € (0,1) be arbitrary. Taking the integral with respect to r on A, (and using the
fact that A\(N,) = 0), we obtain that on €,

t t
/0||Dr~u(ta$)”2L2(R)d7"Z/t 5||Dr-u(t’95)H%2(1R)dr

1 t
25/ 160 = rw = e dr — 1), 67)
t—
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where

¢ ¢ 2
= / / G(t —s,x —y)D,.u(s,y)W(ds,dy) dr
t—s1lJo JR L2(R)
t t o ?
= / / / G(t — s,z —y)Dr.u(s,y)W(ds, dy) dr.
t=5 |lJt—6 JR L2(R)

The second equality is due to the fact that D,.u(s,y) = 0 if » > s, and so we must have
s>r>t—94.

On the event (2,

/t§/|Gt—rx—z) (rz|dzdr>—/té/Gt—rm—z) dzdr — J(9)

= U0 - I0) =

4m?2 52 - J(a)a

where

90 = [ @t s)utta? - a2z

So, by (6.7), we have that

t
9 1 5, 1
: P, L — ) )
/0 / | Dy ,u(t, z)|*dzdr 8m26 2J(5) 1(9) (6.8)

Let us now estimate the first moment of J(§) and I(§), respectively. To start with, we
have

E[|J(5)]] < /t_é/]RG2(t o — E[lult,2)’ — u(r, 2)?|] dedr,

and we have

E[|u(t,x)2 fu(r,z) ] = Uu t,x) +u(r, z)| x Ju(t,z) — ( )|]
< (B[lu(t,z) + u(r, 2) ])5( [u( z)|2])§
<2 sup ( [|usy|2])§( [|utm ) —u(r, z)ﬂ)§
(s,y)€[0,t]x

N

— 207 (B[Ju(t, z) — u(r,2)[?])

)

using the fact that C; := sup(, ,)c(0.4xr Bl[u(s,y)|?] < oo, by Theorem 7.1 of [3]. Thus,

E[lJ(9)|] < 2Cf [76/B{G2(t —rz—z) (Ef|u(t,2) — u(r, z)|2])% dzdr

t 1
<20} / / G*(t —r,x —z) sup sup  (E[|u(t, z) —u(s,y)|*]) ? dzdr
t—6

t—0<s<t |z—y|<t—s
<207 9t,2(8 / /Gzt—rx—z)dzdr

1
=§@mﬁﬂﬁ’ (6.9)

with

N|=

Gto(8) ;== sup  sup (E[\u(t,x) - u(s,y)|2])
[t—s|<d |[z—y|<d
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Note that lims_, g¢ »(6) = 0 because u is continuous in L?(f2), by Theorem 7.1 of [3].
Now we proceed to bound E[I(4)]. By Fubini’s theorem,

2
dr.
L%(R)

E@) - | ; E] / ; | Gt =s.0 =)Dy s, )W (5. 5)

Note that the integrand of the divergence operator § appearing above is the L?(R)-
valued process K(gr) defined by

Kér)((s,y), ) = 1p—s4(8)G(t — 5,2 —y) D, u(s,y).

This process is similar to K", but contains the indicator of [t — 6,t] instead of L0,

Similarly to Lemma 5.1, it can be proved that K"’ € Dom 3.
At this point, we apply Proposition 6.2 of [1] (with A = L?(R)) to get that:

ElS(KMIP < BIKS 3002 m) + BIDES 120 m2 qsr )

Hence
E[1(5)] < 11(0) + I2()

where

t t
L(6) = / 6E||K§r)||§_[®L2(R)dr and I>(5) = /t 6IE||DK§T)H%@,Lz(m@p(mdr.

Similarly to (5.3) and (5.4), using Theorems 3.11 and 4.6, we obtain:
EIKS" Ihyersm

1/2
< / Gt —s,2—y)G(t — s,z — y’)<1EHDr7-U(S7 y)ll%mm)
[t—4,t]2 JR?

1/2
X (E||DT7.u(s’, y/)||2L2(R)) v(s — 8" fly — v )dydy'dsds’
< Cyo(9),

and
E||DK§T)”|2H\®H®L2(R)
/ / 2 2 1/2
< Gt = 5,0 = )Gt — 5,2 — o) (BN D2uls, 1) B 2w )
[t—5,62 JR2
2 /A AN TV 1/2 / / / /

% (BID2u(s',y) sz ) (s = 5)F(y — y)dydy'dsds

< CY(9).

Here Dju(t,z) denotes D? , ,, where * is the missing (6, w)-variable and - is the missing
z-variable. By Lemma 6.4 and relation (6.5), ¢(0) < I's(6) < ¢oI'sd, and hence

I,(6) < ¢gC:0°Ts and I(8) < coCy8°Ts.

We obtain:
E[I(0)] < co(C; + C')6°T ;. (6.10)

Taking into account the later estimate and the one obtained for E[|J(¢)|] (see (6.9)),
we will be able to conclude the proof, as follows. Using (6.8) and Markov’s inequality, for
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any n > 1, we have

' ({/ot JoipesstiaP asar < LY 0) < (16 360> g0t 1)

< (g - 1)_1 (BU©) + SENG))

n

8m?2

1 1\ ! , 1,
< (52 - n) 52 (co(ot +C)hs+ G gt,m(a)).

Taking n — oo, one gets

t 1 1 1
. ({/0 J 1Preutta dear = 0} “Qm} < (smz 52) 3 (col CCI T+ Can(0)):

Next, we take § — 0. Since lims_,o I's = 0 and lims_,¢ g¢ . (6) = 0, we obtain:

P ({/Ot /R |D,u(t, )|* dzdr = o} N Qm) =0.

This concludes the proof of (6.6) and the proof of Theorem 1.2. O

A A Parseval-type identity

In this section, we give the Parseval-type identity which is used in the proof of Lemma
3.1. We begin by recalling a remarkable result of [21], and comment on a small correction
of a related result from the same paper.

Let f : RY — [0, 0] be a kernel of positive type, i.e. f is locally integrable and its
Fourier transform in S’(R?) is a function g which is non-negative almost everywhere. In
addition, we suppose that f is continuous, symmetric and f(x) < oo if and only if 2 # 0.

By Lemma 5.6 of [21], for any Borel probability measure ;. on R¢, we have:

1
| @ vt = s [ Fu@Po(€s = &),

In particular, if ;u(dz) = ¢(x)dx where ¢ is a density function on R,

/ f(@ — y)p(@)o(y)dedy = / Fo()Pg(©)de = E(p).  (AD)
R JRA (27‘&') R4

It follows that relation (A.1) holds for any non-negative function ¢ € Ll(]Rd).
Relation (5.37) of [21] says that

1

|t pmtdnividy) = s [ Fu©Foigioie (a2)
R4 JR4 (2m)¢ Jga

for any Borel probability measures ;. and v on R?. When v = §; and y = §, for z € R

arbitrary, this relation becomes

1@) = G [ e alde, a ek,

which is not true if g is not integrable. The problem is caused by the fact that in the
proof of (5.37) in [21], on the right hand side of (5.39) therein, we may have co — oc.

But (A.2) does hold for any Borel probability measures x and v on R¢ such that
Er(p) < oo and £¢(v) < oo. In particular,

/ f(& — y)p(@yi(y)dedy = —— / FoO Fh©g(€)de = Er(p.0)  (A3)
R JR4 (2m)? Jpa
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for any density functions ¢ and 1 on R? with £;(¢) < oo and &£;(¢) < o0.

It follows that relation (A.3) holds for any non-negative functions ¢, € L'(R?) with
Er(p) < oo and £¢(1)) < oo. (To see this, we write (A.3) for the density functions ¢/||¢||1
and ¢/||¢|1 and then we multiply by ||¢||1]|%|l1.) Moreover, in this case |£f(p,?)| < 0o
since by the Cauchy-Schwarz inequality

1/2

FeloF@sea] < ([ 17t >|2g(£>d5)1/2 ([ 1Foersea)

In fact, we have the following more general result.

Lemma A.1. Relation (A.3) holds for any functions ¢, € L*(R¢) with £;(|¢|) < oo and
Er(|¥]) < oo, and in this case |E¢(p, )| < 0.

R4

Proof. We write ¢ = ¢t — ¢~, where ¢ = max(p,0) and ¢~ = max(—¢,0). Similarly,
=T —1~, where ¢y = max(+,0) and )~ = max(—,0). Then |p| = p* + ¢~. Since
ot (z) < |p(x)| for any = € R, we have

)= / Fl@ =)™ (2)¢" (y)dady
Rd Rd
< [ [ #@-le@lletldeds = &(lel) <

Similarly, we obtain that £;(¢ ™) < 00, £ (¥T) < oo and E;(¢7) < .
Hence relation (A.3) holds for the pairs (o™, ¢™), (¢7,¢7), (¢7,97) and (¢, ¢™):

1 _
| se—net @ty = o [ FotoFT @t

/ @ -y @ )dedy = —— / Fo (O F-©)gl€)de
Re I @) Ja

/ f(@ - y)ot @ (dedy = —— / Fot (€ F 0 ©)(€)de
ke Jr @) Jr

/ f@ =y~ @t dedy = ——— [ Fom () FoF@g(6)de
R¢ JR4 (27T) R

and all the integrals appearing above are finite. We take the sum of the first two relations
above and from this, we subtract the sum of the last two. We obtain

/ F@ = 1) (9™ (@) — 9~ @) (& () — ¥~ () dady =
Re JRA

1

G L FO — Fe ()T — Fo@Dal)e

which is exactly relation (A.3). Finally, we note that

el < [ [ o= le@lvwldsdy = el 10 < & (o) 2802 < o
O

For complex-valued functions, we have the following result.

Lemma A.2. For any functions ¢, € L§(R?) with E;(|p|) < oo and E(|1h]) < oo, we
have:

/ f(& — y)p(@)d(g)dedy = — / Fol&)FO@g(€)de = Er(p.v),  (A4)
R+ JRA (2m)? Jpa

and in this case,

(¢, ¥)] < 0.
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Proof. We write ¢ = @1 + i@ and ¢ = 9y + i), Where ©1, @o, 1,19 € L'(R?). Note that
l0|? = |p1|? + |p2]?. Tt follows that |p1(z)| < |p(x)| for all z € R, and hence

enlod = [ [ 5= wlo@llontldsdy
: /]Rd /]Rd fl@ = y)le(@)llp(y)ldedy = E(Jo]) < oo

Similarly, £;(|p2]) < 00, E¢(J11]) < oo and Ef(Jhe]) < oo.
Note that

p(x)¢(y)

[p1(z) + iz (2)][th1 (y) — ib2(y)]
= [p1(@)P1(y) + p2(y)2(y)] + ilp2(2)ib1(y) — 1(y)¥2(y)]

Fp)Fp(E) = [Fer§) +iFea(OIF(8) — iFeha(8)]
= For(&)FPr(8) + Fpa(§) Fp2 (&) + il Fpa(§) Fehr(§) — Feor(§) Fha(8)]-

We apply Lemma A.1 to the pairs of functions (1,v1), (¢2,¥2), (p2,%1), (v1,02):

1 I
/W, /R [ =yler@ily)dedy = g /R For©Fbr1(€)g(€)de

1 I
/Rd, o [T (D ly)drdy = g /R For(&)Fa(€)g(€)de

1
/Rd /R fa=yeal@yiny)dedy = 5o /R Foa(§) Fin(©)g(€)de
[ [ 5= ver@rdy
Rd Rd

ﬁ /]R Fe1(©Fga()g(€)de,

where all the integrals above are finite. We take the sum of the first two relations and
then we add the difference between the third and fourth relations multiplied by i. We
obtain:

L L 5@ =@ )+ o)) = ileate)in () + @)oo by =

Go37  Fe T + Fea 0T +ilF o) Fa(®) — For( Fra@a(6)de,

which is exactly relation (A.4). The fact that |£;(p,¢)| < co follows as in Lemma A.1. O

B Existence of measurable modifications

In this section, we prove a result about existence of measurable modifications of
random fields, which is used frequently in the literature on SPDEs using Walsh’ approach
[36]. Parts a) and b) of this result are extensions to random fields of Theorem 30 in
Chapter IV of [13], respectively Proposition 3.21 of [31].

Part a) of this result is used in the proof of Theorem 3.9. Part b) of this result is not
needed in the present article, but we include it here since its proof requires only a minor
modification of the proof of part a). We include the proof for the sake of completeness.

A random field is a collection X = {X(¢,z);t > 0,z € R%} of random variables defined
on the same probability space ({2, F, P). We say that X is stochastically continuous
if it is continuous in probability, i.e. X (t,,x,) £ X(t,z) ift, - tand z, —» z. X
is predictable with respect to a filtration (F;)¢>o if the map (w,¢,z) — X(w,t,z) is
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measurable with respect to the predictable o-field on 2 x Ry x R?, which is the o-field
generated by elementary processes. (An elementary process is a process of the form
Y (w,t,2) = Yo(w)1(ap(t)1a(z), where Yy is F,-measurable, 0 < a < band A € B(R?) is a
bounded set.) X is adapted with respect to a filtration (F;):>¢ if X (¢, ) is F;-measurable,
for any ¢ > 0 and = € R%.

Proposition B.1. a) Any stochastically continuous random field has a measurable modi-
fication. b) Any stochastically continuous random field which is adapted with respect to
a filtration (F;);>o has a predictable modification, with respect to the same filtration.

Proof. a) Let X = {X(¢,z);t > 0,z € R} be a stochastically continuous random field
defined on a probability space (2, F, P). Let (E,,)n>1 be an increasing sequence of
compact sets in R? such that U,, F,, = R%. Fix m > 1 and let I = [0,m] x E,,. Since X is
stochastically continuous, it is uniformly stochastically continuous on I, i.e. for any ¢ > 0
there exists d. > 0 such that for any (¢, ), (s,y) € [ with |t —s|? + |z —y|> < 62,

P(|X(t,z) — X(s,y)| >27™) <27™.

Let0 = t(()m) < tgm) < ... <t{"™ = m be a partition of [0, m] into subintervals of length
smaller than §,, and (Ul(m))lzlﬁ,,,, K,, be a partition of E,, into Borel sets of diameter
smaller than §,,. (The diameter of a set S is defined as sup{|z — y|;z,y € S}.) Let
2™ € U™ be arbitrary. For any t (t,im),t,iﬁ)l} and z € U™,

PX (™, 2™y — X (t,2)| > 27™) <27 (B.1)

Define

Nm—1 Ky
Xm(w,t,2) =Y ZX(w,t,g””,xl(m))1(t£m>,t;m>l](t)1Ul<m> (2).
k=0

+
=

=

Note that X,, is a measurable process, since X(tffm), :cl(m)) is F-measurable.
Let A = {(w,t,z) € Q xRy xR% (X, (w, £, &) ) m>0 converges}. Then A € F x B(R) x
B(RY) and the process X defined by

X(w,t,z) =14(w,t,x) lim X,,(w,t,x)
m—r oo

is measurable. B
We now show that X is a modification of X. Let (t,7) € R, x R? be arbitrary. Then
(t,z) € I, for m large enough, and ¢ € (t,im),tfﬁ)l

some [ = [,,,. Let

] for some k = ky, and z € U™ for

A = {IXE™, 2™y — X (t,2)] > 27"}
By (B.1), >, P(A,,) < oo. By the Borel-Cantelli Lemma, P(£2;,) = 1 where €, , =
liminf,, A%, = U, Nim>me A5,. Let w € Q. Then there exists my = mo(w) such that
X (w, 8™, 2™ — X (w, t,2)] <27 Ym > mg(w).
By the definition of X,,, it follows that
| X (w,t,z) — X(w, t,z)| <27 Vm > mo(w).

From this, we infer that lim,, oo X (w,t,2) = X(w,t,2), i.e. (w,t,z) € A. This shows
that X (w,t,z) = X (w,t,z) for any w € Q4 5. Since P(£2; ;) = 1, we infer that P(X(t,z) =
X(t,z)) = 1, as required.

b) In this part, we assume, in addition, that X is adapted. Then X,, is predictable,
being a linear combination of elementary processes. Hence A and X are predictable. O

Remark B.2. Proposition B.1.a) follows from a general result of Cohn: see Theorem 3 of
[8], and the (first) Remark on page 164 of [8].
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