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Abstract

We consider the so-called Dickman subordinator, whose Lévy measure has density %
restricted to the interval (0,1). The marginal density of this process, known as the
Dickman function, appears in many areas of mathematics, from number theory to
combinatorics. In this paper, we study renewal processes in the domain of attraction
of the Dickman subordinator, for which we prove local renewal theorems. We then
present applications to marginally relevant disordered systems, such as pinning and
directed polymer models, and prove sharp second moment estimates on their partition
functions.
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1 Introduction and main results

1.1 Motivation

We consider the subordinator (increasing Lévy process) denoted by ¥ = (Y;)s>0,
which is pure jump with Lévy measure

1

Equivalently, its Laplace transform is given by

1
E[e*Y:] = exp {s/ (eM — 1)dt}. (1.2)
0

t
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The Dickman subordinator, renewal theorems, and disordered systems

We call Y the Dickman subordinator (see Remark 1.2 below). It is suggestive to view
it as a “truncated 0-stable subordinator”, by analogy with the well known a-stable
subordinator whose Lévy measure is 19,00 (t) dt, for a € (0,1). In our case o = 0
and the restriction 1(071)(15) in (1.1) ensures that v is a legitimate Lévy measure, i.e.
Jr(# A1) v(dt) < oo,
Interestingly, the Dickman subordinator admits an explicit marginal density
_ P(Y, edi)

fs(t) == —a for s,t € (0,00), (1.3)

which we recall in the following result.

Theorem 1.1 (Density of the Dickman subordinator). For all s € (0,0) one has

ts—l —vs
st fort € (0,1],
I(s+1)
fs(t) = R i (1.4)
st e’ s—1 fS (a‘)
——— — st ———da fort € (1,00),
F(S + 1) 0 (1 + a)s
where T'(:) denotes Euler’s gamma function and v = — fooo logue™"du ~ 0.577 is the

Euler-Mascheroni constant.

Theorem 1.1 follows from general results about self-decomposable Lévy processes
[S99].! We give the details in Appendix B, where we also present an alternative, self-
contained derivation of the density f;(¢), based on direct probabilistic arguments. We
refer to [BKKK14] for further examples of subordinators with explicit densities.

Remark 1.2 (Dickman function and Dickman distribution). The function
o(t) :==¢e" fi(t)

is known as the Dickman function and plays an important role in number theory and
combinatorics [T95, ABT03]. By (1.4) we see that p satisfies

o(t)=1 for te(0,1], to'(t)+o(t—1)=0 for te€ (1,00), (1.5)
which is the classical definition of the Dickman function. Examples where o emerges are:

» If X,, denotes the largest prime factor of a uniformly chosen integer in {1,...,n},
then lim,, o, P(X,, < n') = o(1/t) [D30].

« IfY,, denotes the size of the longest cycle in a uniformly chosen permutation of n
elements, then lim,,_, ., P(Y,, < nt) = o(1/t) [K77].

Thus both (log X,,/logn) and (Y;,/n) converge in law as n — oo to a random variable L,
with P(L; <t) = o(1/t). The density of L; equals t 1o(t~! — 1), by (1.5).

The marginal law Y; of our subordinator, called the Dickman distribution in the
literature, also arises in many contexts, from logarithmic combinatorial structures
[ABTO03, Theorem 4.6] to theoretical computer science [HT01]. We stress that Y; and
L, are different — their laws are supported in (0, 00) and (0, 1), respectively — though
both are related to the Dickman function: their densities are e~ 7p(¢) and t~1o(t~1 — 1),
respectively

In this paper, we present a novel application of the Dickman subordinator in the
context of disordered systems, such as pinning and directed polymer models. We will
discuss the details in Section 3, but let us give here the crux of the problem in an
elementary way, which can naturally arise in various other settings.

1We thank Thomas Simon for pointing out this connection.
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Given ¢,r € (0,00), let us consider the weighted series of convolutions

00 1
_ A . 1.6
ov =4 > (e — )" (g — )" oo

k=1 0<ni<n2<...<np <N

We are interested in the following question: for a fixed exponent r € (0,00), can one
choose ¢ = gy so that vy converges to a non-zero and finite limit limit as N — oo, i.e.
vy — v € (0,00)? The answer naturally depends on the exponent 7.

If r < 1, we can, straightforwardly, use a Riemann sum approximation and by choosing
q = AN, for fixed \ € (0,00), we have that vy will converge to

— N dty - dy IRVl
v.—;/\k{ / / t{(tztl)r...(tktk_l)r}—;)\kr((k+l)r) (1.7)

0<t1<...<tp<1

where the last equality is deduced from the normalization of the Dirichlet distribution.

If » > 1, then, as it is readily seen, the Riemann sum approach fails, as it leads to
iterated integrals which are infinite. The idea now is to express the series (1.6) as a
renewal function. The case r > 1 is easy: we can take a small, but fixed ¢ > 0, more
precisely

1 1
0, = h R = — 0
qE(,R), where ane(’oo)’

nelN
and consider the renewal process T = (74)>0 with inter-arrival law P(r; = n) = % - for
n € IN. We can then write
oo
k qR
UN ];(q ) (7 < N) N—o0 v 1—qR

==

€ (0,00).

The case r = 1 is more interesting?. This case is subtle because the normalization
R=3 cx % = o0o. The way around this problem is to first normalize % to a probability
on {1,2,..., N}. More precisely, we take

N
Ry = Z%zlogN(lJro(l)),

n=1
and consider the renewal process 7(V) = (TliN)) k>0 with inter-arrival law

1 1
P(r™ =n)=— = forne{1,2,...,N}. 1.8
(Tl n) RN n orn { y 4y ’ } ( )
Note that this renewal process is a discrete analogue of the Dickman subordinator.

Choosing ¢ = A\/Ry, with A\ < 1, we can see, via dominated convergence, that

> A
oy =Y NPEY < N) v = € (0,00) (1.9)
k=1

N—o0 1-AX
because P(T]EN) < N) — 1las N — oo, for any fixed k£ € IN. But when A = 1, then vy — oo
and then finer questions emerge, e.g., at which rate does vy — c0? Or what happens if
instead of P(T,iN) < N) we consider P(T]EN) = N)in (1.9), i.e. if we fix np = N in (1.6)?
To answer these questions, it is necessary to explore the domain of attraction of
the Dickman subordinator — to which 7() belongs, as we show below — and to prove
renewal theorems. Indeed, the left hand side of (1.9) for A = 1 defines the renewal

measure of 7V). Establishing results of this type is the core of our paper.

It can be called marginal or critical, due to its relations to disordered systems, see [CSZ17b] for the
relevant terminology and statistical mechanics background.
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1.2 Main results

We study a class of renewal processes 7(V) which generalize (1.8). Let us fix a
sequence (r(n))nen such that

r(n) = %(1—}—0(1)) asn — oo, (1.10)

for some constant a € (0, 00), so that
N
Ry:=> r(n)=alogN(1+o(1)) asN —oo. (1.11)
n=1

For each N € N, we consider i.i.d. random variables (Ti(N))ielN with distribution

P(Ti(N) =n):= %:f) T, ny(n). (1.12)

(The precise value of the constant a is immaterial, since it gets simplified in (1.12).)
Let 7(V) = (T,gN))ke]No denote the associated random walk (renewal process):

V=0, oM=3"1M. (1.13)

We first show that 7(?Y) is in the domain of attraction of the Dickman subordinator Y.

Proposition 1.3 (Convergence of rescaled renewal process). The rescaled process

(N)
<T|_s log N | )
N
s>0

converges in distribution to the Dickman subordinator (Y;)s>o, as N — oco.

We then define an exponentially weighted renewal density Uy (n) for 7(V), which is
a local version of the quantity which appears in (1.9):

Una(n) ::ZAkP(T,EN) =n) for N,nelN, A€ (0,00). (1.14)
k>0

We similarly define the corresponding quantity for the Dickman subordinator:

Gy(t) ::/ e’ fo(t)ds  for te (0,00), ¥ ER, (1.15)
0

which becomes more explicit for ¢t € (0, 1], by (1.4):

G TS 0,1], 9 € R (1.16
t) = — s or te(0,1], 9 €R. .

Our main result identifies the asymptotic behavior of the renewal density Uy »(n)
for large N and n = O(N). This is shown to be of the order E[T"V)]~1 ~ (fon) " in

analogy with the classical renewal theorem, with a sharp prefactor given by Gy ()

Theorem 1.4 (Sharp renewal theorem). Fix any ¥ € R and let (Ay)nven satisfy

9
AN—1+m(1+0(1)) as N — 0. (1.17)
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For any fixed 0 < § <T < oo, the following relation holds as N — oo:

log N
Unaw(n) = ==

Moreover, for any fixed T < oo, the following uniform bound holds, for a suitable
C € (0,00):

Gy(%)(1+o0(1)), uniformly for 6N <n <TN. (1.18)

log N
N

As anticipated, we will present an application to disordered systems in Section 3: for
pinning and directed polymer models, we derive the sharp asymptotic behavior of the
second moment of the partition function in the weak disorder regime (see Theorems 3.1
and 3.3).

We stress that Theorem 1.4 extends the literature on renewal theorems in the case
of infinite mean. Typically, the cases studied in the literature correspond to renewal
processes of the form 7, = 71 + - - - + T;,, where the i.i.d. increments (7});>1 have law

Unan(n) <C Go(F), VO<n<TN. (1.19)

P(T) = n) = ¢(n)n~ 1), (1.20)

with ¢(-) a slowly varying function. In case a € (0, 1], limit theorems for the renewal
density U(n) = > _,~, P(7x = n) have been the subject of many works, e.g. [GL62], [E70],
[D97], just to mention a few of the most notable ones. The sharpest results in this
direction have been recently established in [CD19] when « € (0, 1), and in [B19+] when
a=1.

In the case of (1.20) with o = 0, results of the sorts of Theorem 1.4 have been
obtained in [NWO08, N12, AB16]. One technical difference between these references and
our result is that we deal with a non-summable sequence 1/n, hence it is necessary to
consider a family of renewal processes 7(N) whose law varies with N € IN (triangular
array) via a suitable cutoff. This brings our renewal process out of the scope of the cited
references.

We point out that it is possible to generalize our assumption (1.10) to more general
renewals with inter-arrival decay exponent o« = 0. More precisely, replace the constant
a therein by a slowly varying function ¢(n) such that ) ¢(n)/n = oo, in which case
Ry = 25:1 ¢(n)/n is also a slowly varying function with Ry/¢(N) — oo (see [BGT89,
Prop. 1.5.9a]). We expect that our results extend to this case with the same techniques,
but we prefer to stick to the simpler assumption (1.10), which considerably simplifies
notation.

Let us give an overview of the proof of Theorem 1.4 (see Section 6 for more details).
In order to prove the upper bound (1.19), a key tool is the following sharp estimate on
the local probability P(T,E,N) = n). It suggests that the main contribution to {T]EN) =n}

comes from the strategy that a single increment Ti(N) takes values close to n.

Proposition 1.5 (Sharp local estimate). Let us set log™ (z) := (logz)". There are con-
stants C € (0,00) and ¢ € (0,1) such that for all N,k € N and n < N we have

P(r™) =n) < CkP(T™ =n) (T < n)" " e miner 108" mnrr (1.21)

We point out that (1.21) sharpens [AB16, eq. (1.11) in Theorem 1.1], thanks to the
last term which decays super-exponentially in k. This will be essential for us, in order to
counterbalance the exponential weight \* in the renewal density U ~N.a(n), see (1.14).

In order to prove the local limit theorem (1.18), we use a strategy of independent
interest: we are going to deduce it from the weak convergence in Proposition 1.3
by exploiting recursive formulas for the renewal densities Uy, ) and Gy, based on a
decomposition according to the jump that straddles a fixed site; see (6.13) and (6.14).
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These formulas provide integral representations of the renewal densities Uy  and Gy
which reduce a local limit behavior to an averaged one, thus allowing to strengthen
weak convergence results to local ones.

Finally, we establish fine asymptotic properties of the continuum renewal density Gy.
Proposition 1.6. For any fixed ¥ € R, the function Gy(t) is continuous (actually C*)
and strictly positive fort € (0,1]. Ast | 0 we have Gy(t) — oo, more precisely

1 29 1

Remark 1.7. Our results also apply to renewal processes with a density. Fix a bounded
and continuous function r : [0,00) — (0,00) with r(t) = $(1 4 o(1)) as t — oo, so that
Ry = fON r(t)dt = alog N(1 4 o(1)). If we consider the renewal process T,SN) in (1.13)
with 0
N r(t
P € dt) = 2= Lpv(H)dt,

N
then Proposition 1.3, Theorem 1.4 and Proposition 1.5 still hold, provided P(T,EN) =n)
denotes the density of T,EN). The proofs can be easily adapted, replacing sums by

integrals.

1.3 Organization of the paper

In Section 2 we present multi-dimensional extensions of our main results, where we
extend the subordinator and the renewal processes with a spatial component. This is
guided by applications to the directed polymer model.

In Section 3 we discuss the applications of our results to disordered systems and
more specifically to pinning and directed polymer models. A result of independent
interest is Proposition 3.2, where we prove sharp asymptotic results on the expected
number of encounters at the origin of two independent simple random walks on Z; this
also gives the expected number of encounters (anywhere) of two independent simple
random walks on Z2.

The remaining sections 4-8 are devoted to the proofs. Appendix A contains results
for disordered systems, while Appendix B is devoted to the Dickman subordinator.

2 Multidimensional extensions

We extend our subordinator Y by adding a spatial component, that for simplicity
we assume to be Gaussian. More precisely, we fix a dimension d € IN and we let
W = (Wi)tejo,0) denote a standard Brownian motion on R?. Its density is given by

1 =2
Gy P, (2.1)

9u() = (2nt

where |z| is the Euclidean norm. Note that /c W has density g..(z), for every c € (0, c0).

Recall the definition (1.1) of the measure v. We denote by Y := (Y5)>0 = (Y5, V) s>0

the Lévy process on [0,00) x R? with zero drift, no Brownian component, and Lévy
measure

Lio,1)(?)

V(dta d(E) = l/(dt) gct(x) dr = P

get(z) dt dx . (2.2)

Equivalently, for all A € R'*? and s € [0, 00),
E[e<>"yi‘>] = exp {s / (e<>"(t"z)> -1) M dt dx} . (2.3)
(0,1) xR t

We can identify the probability density of Y for s € [0, 00) as follows.

EJP 24 (2019), paper 101. http://www.imstat.org/ejp/
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Proposition 2.1 (Density of Lévy process). We have the following representation:

c d
(YS)SG[(),OO) = ((Y97 \ﬁWYS»se[O,oo) )

with W independent of Y. Consequently, Y has probability density (recall (1.3) and
(2.1))
fs(tvx) = fs(t) gct(x) : (2.4)
We now define a family of random walks in the domain of attraction of Y. Recall
that r(n) was defined in (1.10). We consider a family of probability kernels p(n,-) on
7, indexed by n € IN, which converge in law to y/c W; when rescaled diffusively. More
precisely, we assume the following conditions:

(1) Z z;p(n,x) =0 fori=1,...,d

T€eZ
(i) > |#[*p(n,2) =0(n) asn— oo (2.5)
zeZ

(iii) sup ‘nd/Q p(n,x) — gc(%)‘ =o0(l) asn—oo.
xeZd

Note that c € (0,0) is the asymptotic variance of each component. Also note that, by
(iii),

1
sup p(n,z) = 0(11/2) asn — o0o. (2.6)
TEZ n

Then we define, for every N € NN, the i.i.d. random variables (Ti(N), Xi(N)) e N x 74
by

PN, X)) = () o= LD ), @.7)

with 7(n), Ry asin (1.10), (1.11). Let (™), S()) be the associated random walk, i.e.
AN =™ ™ g x W x (N (2.8)

We have the following analogue of Proposition 1.3.

Proposition 2.2 (Convergence of rescaled Lévy process). Assume that the conditions in
(2.5) hold. The rescaled process

(N) (N)
(Tl_slogNj SleogNJ )
N qu: s>0

converges in distribution to (Y := (Y5, VE))s>0, as N — oo.

We finally introduce the exponentially weighted renewal density
Una(n,z) =Y APV =n, SN = 2), (2.9)
k>0

as well as its continuum version:
o0
Gy(t,x) := / eV £ (t,x)ds = Gy(t) gu(x)  fort € (0,00), 2 € R, (2.10)
0

where the second equality follows by (1.15) and Proposition 2.1. Recall (1.14) and
observe that
Z Una(n,z) =Unx(n) (2.11)

xreZ4
The following result is an extension of Theorem 1.4.
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Theorem 2.3 (Space-time renewal theorem). Fix any ¢ € R and let (Ay)nyen satisfy

¥
=14+—(1 1 N .
AN +logN< +0(1)) asN — oo

For any fixed 0 < § <T < oo, the following relation holds as N — oo:

log N
Unan(me) = Siras Go(5) geg (F) (L 0(1)

uniformly for 6N <n <TN, |z| < %\F

(2.12)

Moreover, for any fixed T < oo, the following uniform bound holds, for a suitable
C € (0,00):

logN 1

Unay(n,z) <C—— N nd/2

Go(%), NYO<n<TN,VzeZ’. (2.13)

The bound (2.13) is to be expected, in view of (2.12), because sup,cpa gt(2) < td%

Finally, we show that the probability %n)) is concentrated on the diffusive scale

O(V/n).

Theorem 2.4. There exists a constant C' € (0, 00) such that for all N € IN and X € (0, 00)

IN

> Unalmz) - C o N v >0, (2.14)
Un,a(n) M?
TEZ: |x|>M+\/n ’

3 Applications to disordered systems

In this section we discuss applications of our previous results to two marginally
relevant disordered systems: the pinning model with tail exponent 1/2 and the (2 + 1)-
dimensional directed polymer model. For simplicity, we focus on the case when these
models are built from the simple random walk on Z and on Z2, respectively.

Both models contain disorder, given by a family w = (w;);er of i.i.d. random variables;
T = IN for the pinning model, T = IN x Z? for the directed polymer model. We assume
that

Elw;] =0, Ew?] =1, A(B) :=log Elexp(fw;)] < 0o V5 >0. (3.1)

An important role is played by

02 1= ACH-NE) _ 1| (3.2)

Before presenting our results, in order to put them into context and to provide
motivation, we discuss the key notion of relevance of disorder.

3.1 Relevance of disorder

Both the pinning model and the directed polymer model are Gibbs measures on
random walk paths, which depend on the realization of the disorder. A key question
for these models, and more generally for disordered systems, is whether an arbitrarily
small, but fixed amount of disorder is able to change the large scale properties of the
model without disorder. When the answer is positive (resp. negative), the model is called
disorder relevant (resp. irrelevant). In borderline cases, where the answer depends on
finer properties, the model is called marginally relevant or irrelevant.

Important progress has been obtained in recent years in the mathematical under-
standing of the relevance of disorder, in particular for the pinning model, where the

EJP 24 (2019), paper 101. http://www.imstat.org/ejp/
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problem can be cast in terms of critical point shift (and critical exponents). We refer
to [G10] for a detailed presentation of the key results and for the relevant literature.

The pinning model based on the simple random walk on Z is marginally relevant,
as shown in [GLT10]. Sharp estimates on the critical point shift were more recently
obtained in [BL18]. For the directed polymer model based on the simple random walk
on Z?, analogous sharp results are given in [BL17], in terms of free energy estimates.

In [CSZ17a] we proposed a different approach to study disorder relevance: when a
model is disorder relevant, it should be possible to suitably rescale the disorder strength
to zero, as the system size diverges, and still obtain a non-trivial limiting model where
disorder is present. Such an intermediate disorder regime had been investigated in
[AKQ14a, AKQ14Db] for the directed polymer model based on the simple random walk on
7, which is disorder relevant. The starting point to build a non-trivial limiting model is
to determine the scaling limits of the family of partition functions, which encode a great
deal of information.

The scaling limits of partition functions were obtained in [CSZ17a] for several models
that are disorder relevant (see also [CSZ15]). However, the case of marginally relevant
models — which include the pinning model on Z and the directed polymer model on Z?
— is much more delicate. In [CSZ17b] we showed that for such models a phase transition
emerges on a suitable intermediate disorder scale, and below the critical point, the
family of partition functions converges to an explicit Gaussian random field (the solution
of the additive stochastic heat equation, in the case of the directed polmyer on Z?).

In this section we focus on a suitable window around the critical point, which
corresponds to a precise way of scaling down the disorder strength to zero (see (3.9) and
(3.22) below). In this critical window, the partition functions are expected to converge
to a non-trivial limiting random field, which has fundamental connections with singular
stochastic PDEs (see the discussion in [CSZ17b]).

Our new results, described in Theorems 3.1 and 3.7 below, give sharp asymptotic
estimates for the second moment of partition functions. These estimates, besides pro-
viding an important piece of information by themselves, are instrumental to investigate
scaling limits. Indeed, we proved in the recent paper [CSZ18] that the family of partition
functions of the directed polymer on Z? admits non-trivial random field limits, whose
covariance exhibits logarithmic divergence along the diagonal. This is achieved by a
third moment computation on the partition function, where the second moment estimates
derived here play a crucial role.

3.2 Pinning model

Let X = (X,,)nen, be the simple symmetric random walk on Z with probability and
expectation denoted by P(:) and E[], respectively. We set

u(n) == P(Xap, =0) = 22% (2:> = % % (1+0(1)) asn—oo. (3.3)

Fix a sequence of i.i.d. random variables w = (w,)nen, independent of X, satisfying (3.1).
The (constrained) partition function of the pinning model is defined as follows:

Z]ﬂ\/' =R {ezg;f(ﬁwn—k(ﬁ))ﬂ{x%:o} 1{X2N:0}i| 7 (3.4)

where we work with X5, rather than X, to avoid periodicity issues.
Writing Zf, as a polynomial chaos expansion [CSZ17a] (we review the computation
in Appendix A.1), we obtain the following expression for the second moment:

E[(Z3)%] =) (03)F? > u(ni)?u(ng —ny)? - u(ng —ng—1)?, (3.5)
k>1 0<ni<...<np_1<ni:=N
EJP 24 (2019), paper 101. http://www.imstat.org/ejp/
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where ag is defined in (3.2). Let us define

= (1+0(1)), (3.6)

) ™n
n

u(n)? =
nzN:lT(n) = XN: {Qin (25) }2 = % log N (1+0(1)), (3.7)

=1

r(n) :

RNZ

and denote by (T,EN)) keN, the renewal process with increments law given by (1.12). Then,

recalling (3.5) and (1.14), forevery N € N and 1 <n < N we can write

1 k N
E[(2)’] = = Y (03 Bw) " P(r") = n)
B k>1
1
= — Una(n), where A= 0/23 Ry .
]

(3.8)

As a direct corollary of Theorem 1.4, we have the following result.

Theorem 3.1 (Second moment asymptotics for pinning model). Let fo, be the partition
function of the pinning model based on the simple symmetric random walk on Z, see
(3.4). Define 0’% by (3.2) and Ry by (3.7). Fix9 € R and rescale = Sy so that

1 9
2 _
Ohy = e (1 + Tog N (1 + 0(1))> as N — oco. (3.9)

Then, for any fixed § > 0, the following relation holds as N — oo:

(log N)?

Bl(Z)?) = 22T

Gy(Z)(1+0(1)), uniformly for 6N <n<N. (3.10)

Moreover;, the following uniform bound holds, for a suitable constant C' € (0,00):

E[(Z0¥)?] < C = Gy(%), VI<n<N. (3.11)

In view of (3.7), it is tempting to replace Ry by % log N in (3.9). However, to do this
properly, a sharper asymptotic estimate on Ry as N — oo is needed. The following
result, of independent interest, is proved in Appendix A.3.

Proposition 3.2. As N —»

N 2
1 (2n log N + « .
Ry =) {2%( )} =80T8 01),  with a=v+logl6—7, (3.12)

n ™
n=1

where v = — fooo logue™ du ~ 0.577 is the Euler-Mascheroni constant.

Corollary 3.3. Relation (3.9) can be rewritten as follows, with o := v 4+ log 16 — 7:

9 T Y-«
=——(1 1+o(1 N : 1
03y logN( +logN( + of ))) as N — oo (3.13)

We stress that identifying the constant « in (3.12) is subtle, because it is a non
asymptotic quantity (changing any single term of the sequence in brackets modifies the
value of a!). To accomplish the task, in Appendix A.3 we relate a to a truly asymptotic
property, i.e. the tail behavior of the first return to zero of the simple symmetric random
walk on Z2.

EJP 24 (2019), paper 101. http://www.imstat.org/ejp/
Page 10/40


https://doi.org/10.1214/19-EJP353
http://www.imstat.org/ejp/

The Dickman subordinator, renewal theorems, and disordered systems

Remark 3.4. From (3.8), we note that E[(Z’~)?] is in fact the partition function of a
homogeneous pinning model, see [G07], with underlying renewal 7(™), which has inter-
arrival exponent a = 0. Theorem 3.1 effectively identifies the “critical window” for such
a pinning model and determines the asymptotics of the partition function in this critical
window. Analogous results when o > 0 have been obtained in [S09].

Remark 3.5. Relation (3.13) can be made more explicit, by expressing 0/23N in terms of
3% . The details are carried out in Appendix A.4.

Remark 3.6. If one removes the constraint {Xsy = 0} from (3.4), then one obtains
the free partition function Z f,’f. The asymptotic behavior of its second moment can be
determined explicitly, in analogy with Theorem 3.1, see Appendix A.2.

3.3 Directed polymer in random environment

Let S = (S, )nen, be the simple symmetric random walk on Z?2, with probability and
expectation denoted by P(-) and E[], respectively. We set

an(z) :=P(S, = x), (3.14)
and note that, recalling the definition (3.3) of u(n), we can write
1 /2n\)?
3" Gu(2)? = P(S2, = 0) = {2% (:)} = u(n)?, (3.15)
€72

where the second equality holds because the projections of S along the two main
diagonals are independent simple random walks on Z/+/2.

Note that COV[SY), S%j)} = % 14—y, where Sf) is the i-th component of Sy, fori =1, 2.
As a consequence, S, //n converges in distribution to the Gaussian law on R? with
density 91 () (recall (2.1)). The random walk S is periodic, because (n,.S,,) takes values
in

ngcn = {Z = (21722,23) S AR 21+ 29+ 23 € QZ}

Then the local central limit theorem gives that, as n — oo,

ng.(r) = g1 (%) 21 {(nz)ezs,. 1+ + o(l),  uniformly for z € Z?, (3.16)

even

where the factor 2 is due to periodicity, because the constraint (n, z) € Z3,., restricts =
in a sublattice of Z? whose cells have area equal to 2.

Fix now a sequence of i.i.d. random variables w = (Wn ) (n,z)enxz> satisfying (3.1),
independent of S. The (constrained) partition function of the directed polymer in random

environment is defined as follows:
Z%(;p) = K [625;11(5wn,5n—)\(ﬂ)) ]I{SN::L’}:|

. (3.17)
=EK [ezn:l 2ez2 (Bun = AN s, =2) ]]'{SN:m}:| '

In analogy with (3.5) (see Appendix A.1), we have a representation for the second
moment:

]E[(Z]BV(m)>2] = Z(U%)k_l Z q’ﬂl(ajl)Q qnz*’ﬂl(‘TQ _xl)Q'

k>1 0<ni<...<np_1<np=N
T1,..., mkeZz: T=x (318)

o Qng—ng 4 (zk - zk’—l)Z .

To apply the results in Section 2, we define for (n,z) € N x Z?

p(n, ) = 4n(2)” ,  where wu(n):= 22% (2:> .
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Note that p(n, ) is a probability kernel on Z?2, by (3.15). Since g;(z)? = 12 9;/2(z) (see
(2.1)), it follows by (3.16) and (3.3) that, uniformly for x € 72,
np(n,aj) = g1 (%) 2 ]1{(n7fﬂ)€Z§wn} + O(l) . (3.19)
Thus p(n, -) fulfills condition (iii) in (2.5) with ¢ = i (the multiplicative factor 2 is a minor
correction, due to periodicity). Conditions (i) and (ii) in (2.5) are also fulfilled.
Let (r), Sy = (7™ 5!V, ) be the random walk with increment law given by
(2.7), where r(n) and Ry are the same as in (3.6)-(3.7). More explicitly:

P((Tl(N),SiN)) = (n,x)) = Bin qn(oc)2 Tg,. ny(n). (3.20)

Recalling (3.18) and (2.9), we can write

1
E[(27)] = 5 >_ (3 Bn) P =n, 5" =)
B k>1

1
= =5 Una(n,2), where A := O’%RN.

95

(3.21)

As a corollary of Theorem 2.3, taking into account periodicity, we have the following
result.

Theorem 3.7 (Second moment asymptotics for directed polymer). Let va(x) be the
partition function of the directed polymer in random environment based on the simple
symmetric random walk on Z?, see (3.17). Define ag by (3.2) and Ry by (3.7). Fix9 € R
and rescale [ = By so that

9 1 9
=—11 1 1 N . 22
N e + logN( +0(1)) as N — oo (3.22)

For any fixed § > 0, the following relation holds as N — oo:

o 2
B[(28@)°) = PEI 6 () 0.0 () 2L nmreziny (1 +0(),

(3.23)
uniformly for 6N <n < N, |z| < %\/N

Remark 3.8. Relation (3.22) can be equivalently rewritten as relation (3.13), as ex-
plained in Corollary 3.3. These conditions on o/%N can be explicitly reformulated in terms
of 3%, see Appendix A.4 for details.

Remark 3.9. Also for the directed polymer model we can define a free partition function
Zﬁ;f, removing the constraint {Ssy = «} from (3.17). The asymptotic behavior of its
second moment is determined in Appendix A.2.

4 Preliminary results

In this section we prove Propositions 1.3, 1.6, 2.1, and 2.2.

We start with Propositions 1.3 and 2.2, for which we prove convergence in the
sense of finite-dimensional distributions. It is not difficult to obtain convergence in the
Skorokhod topology, but we omit it for brevity, since we do not need such results.

Proof of Proposition 1.3. We recall that the renewal process TlgN) was defined in (1.13).

We set
L)
|s log N |

YN .=
8 N

(4.1)
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Note that the process Y(N) has independent and stationary increments (for s €
Toa N]No) hence the convergence of its finite-dimensional distributions follows if we show
that
YN — Y, in distribution (4.2)

s N—o0
for every fixed s € [0, 00). This could be proved by checking the convergence of Laplace
transforms. We give a more direct proof, which will be useful in the proof of Proposi-
tion 2.2.
Fix ¢ > 0 and let Z(°) be a Poisson Point Process on ¢, 1] with intensity measure s%
More explicitly, we can write

2@ = {9}y v

where the number of points N(¢) has a Poisson distribution:
boat
NE ~Pois(A®)),  where A = / s— =slogl/e, (4.3)
€

while (tge))iG]N are i.i.d. random variables with law

1
P > ) = fos® logw zele ). (4.4)
f Q ~ loge
€ t
We define
NE
Y=Y t= Zt’” (4.5)
te=(e)

which is a compound Poisson random variable. Its Laplace transform equals

1 —At
€ 1 -
E[ef)‘ys( )} = exp ( s/ fe dt) ,

from which it follows that lim._,( YS(E) = Y¥ in distribution (recall (1.2)).
Next we define

y(Ve) Z T where  I{N9) = {1<i<|[slogN|: TN >eN}.
I(N ,€)
(4.6)
Note that, by (1.10)-(1.11), for some constant C € (0, c0) we can write
1 |slog V|
N N, _ (M| _ g (N)
BY™M -y =B 3 1V = ES B 1100 ]
igI{e) “.7)
1slogN| ' r(n) _ |slogN| [eN] '
= Tg Z n <C ] < (Ces.

Ry — N logN —

Thus YS(N) and Y;(N’E) are close in distribution for € > 0 small, uniformly in NV € IN.
The proof of (4.2) will be completed if we show that limy_, vV — yv©) in distribu-
tion, for any fixed € > 0. Let us define the point process

e 1
E(Nvf) e {tENa ) — NTZ(N) = [(N s)}

so that we can write

YW= 3 = 3

teT(N.e) ie1Ne)

=(N,e)

It remains to show that converges in distribution to =) as N — oo (recall (4.5)).
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* The number of points |I. §N’E)| in Z(*) has a Binomial distribution Bin(n,p), with

log1/e
logN ’

n=|slogN]|, p:P(Tl(N)>€N)~

hence as N — oo it converges in distribution to N'(¥) ~ Pois(\(¥)), see (4.3).

« Each point £ € 204 has the law of L7\ conditioned on T\ > ¢N, and it
follows by (1.10)-(1.11) that as N — oo this converges in distribution to t&s), see
(4.4).

This completes the proof of Proposition 1.3. O

Proof of Proposition 2.2. We recall that the random walk (T,EN)7 S,(CN)) was introduced in
(2.8). We introduce the shortcut

Tlatog ) Sl tog v
YWV = (v vy = [ 8 2o > 0. 4.
S ( S )‘/& ) N J \/N ’ S O ( 8)

In analogy with (4.2), it suffices to show that for every fixed s € [0, 00)

YWY 5y, := (Y, V) in distribution. (4.9)

S
N—oc0

Fix ¢ > 0 and recall that YS(E) was defined in (4.5). With Proposition 2.1 in mind, we
define
V) = VeW, o, (4.10)

where IV is an independent Brownian motion on R?. Since lim._, YS(E) =Y in distribu-
tion, recalling Proposition 2.1 we see that for every fixed s € [0, c0)

Y = (v, V) s v, = (v, V).
S S ’» 'S c0 S Sy Vs

Recall the definition (4.6) of Y.V'?) and IV'?). We define similarly

1
yVe) . Z XN (4.11)
° VN !

ier{™e)

We showed in (4.7) that YS(N’E) approximates YS(N) in L1, for € > 0 small. We are now
going to show that V;(N’E) approximates V;(N) in L2. Recalling (2.7), (2.5), we can write

2
E [|X£N)| |T1(N) =n| = Z lz|? p(n,z) < cn. (4.12)
reZ?
Since conditionally on (TZ.(N))Z,W(N@, (XZ.(N))MI(N,E) are independent with mean 0, we
have ‘ ‘
N Ney2p o 1 (N) |2
B[V —viNP = ZE] Y XM
Z‘%I‘SN’E)
¢ o - ) (4.13)
< jv?E [ j{: j; ] ::CEHY; 47}; ’ ] < CC7557
ig 1<)

where we have applied (4.7). This, together with (4.7), proves that we can approximate
YgN ) by YgN ) in distribution, uniformly in N, by choosing € small.
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To complete the proof of (4.9), it remains to show that, for every fixed £ > 0,

y Ve = (v v Ne) 5 v = (v, V) in distribution, (4.14)

N—o00
where Vs(a) was defined in (4.10). In the proof of Proposition 1.3 we showed that =(V.e)
converges in distribution to Z(¢) as N — co. By Skorohod’s representation theorem, we
can construct a coupling such that Z(V-¢) converges almost surely to =(¢), that is the
number and sizes of jumps of YS(N’E) converge almost surely to those of YS(E). Given a
sequence of jumps of (YS(N’E))NGW, say tg’e) — tEE) for some jump tz(-s) of Y%, we have
that X Z(IIVV) /V'N converges in distribution to a centered Gaussian random variable with
covariance matrix (c t,ge) I), by the definition of X I(IIVV) in (2.7) and the local limit theorem

in (2.5). Therefore, conditionally on all the jumps, the random variables VS(N’E) in (4.11)
converges in distribution to the Gaussian law with covariance matrix

N©
Yt =cyOr,

i=1
which is precisely the law of VS(E) = \EWY@. This proves (4.14). O

Proof of Proposition 1.6. Note that P(Y, < 1) = e™7%/T'(s + 1), by the first line of (1.4).
With the change of variable u = (log %)s in (1.16), we can write

1 oo
Gy(t) = 5/0 sel1o8t)s s p(y, < 1)ds

1 > u 9 p
= e/ P(Y, /10 <1)du.
t(log 1)2 /o tes Fuproyn < 1) du
Note that P(Y,/10g(1/) < 1) = 1 — O(W) as t | 0, for any fixed v > 0, by (B.7).
Expanding the exponential, as ¢ | 0, we obtain by dominated convergence

1 > b, > 1
Go(t) = ——— / we “du + 7/ u?e " du + O<> ,
o) t(log1>2{ . oa(1/0) Jo (log(1/1))2
which coincides with (1.22). O

Proof of Proposition 2.1. It suffices to compute the joint Laplace transform of
(Ys, v/cWy.) and show that it agrees with (2.3). For o € R?, s > 0, t > 0, by inde-
pendence of Y an W,

E[e{eVeWr) |V, = t] = E[e{@VeWr)] = BleVel (@Wh)] = eaclel’t
Then for A € R,

1
E[eMHevewy)] = gl taclel®)Ys] = exp {5 / (e Faele)t _q) 1 dt}
t )
0

where we have applied (1.2). It remains to observe that, by explicit computation,

eQtaclel®t g — / (M) _ 1) gy (z) da, (4.15)

RZ
which gives (2.3). O
EJP 24 (2019), paper 101. http://www.imstat.org/ejp/
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5 Proof of Proposition 1.5

This section is devoted to the proof of Proposition 1.5. Let us rewrite relation (1.21):
P(ri™ =n) < CkP(T™) =n) P(TN) <) teminm o8 minm . (5.1)

The strategy, as in [AB16], is to isolate the contribution of the largest increment TZ-(N).
Our analysis is complicated by the fact that our renewal processes 7(V) varies with
N e N.

Before proving Proposition 1.5, we derive some useful consequences. We recall that
the renewal process (T,EN));CZO was defined in (1.13).

Proposition 5.1. There are constants C € (0,00), ¢ € (0,1) and, for everye >0, N, € N
such that for all N > N., s € (0,00) N N, t € (0,1] N +IN we have

log N
(N) _ Ls —e)s _—cs logT (cs
P(Togn = tN) < O pt7memerloni(e), (5.2)
Recalling that f5(t) is the density of Y;, see (1.4), it follows that for N € N large enough
1
P(TS(JI\([))gN :tN) < C/Nfcs(t)- (5.3)

Proof. Let us prove (5.3). Since I'(s + 1) = e*(logs=1)+1oe(v27s)(1 1 o(1)) as s — oo, by
Stirling’s formula, and since v ~ 0.577 < 1, it follows by (1.4) that there is ¢; > 0 such
that

£t > e gts e~ 12" () wre(0,1], Vs € (0,00). (5.4)

Then, if we choose ¢ = 1 — ¢ in (5.2), we see that (5.3) follows (with C' = C/(cey)).
In order to prove (5.2), let us derive some estimates. We denote by ¢y, co, ... generic
absolute constants in (0, c0). By (1.12)-(1.11),

R log r
P(T™) <) = 2 < ¢ BT Vr,N € N. 5.5
()= prsapy Ve .
At the same time
_ Ry —Ryp
P(TfN)ST):&:1,M§6_7%N , (5.6)
RN RN

By (1.10), we can fix > 0 small enough so that RI\EVR" > lof';g]vjér) for allr, N € IN with

r < N. Plugging this into (5.6), we obtain a bound that will be useful later:

n
Tog N

p(TfN)sv")s(@ . YNEN ¥r=1,...N. (5.7)

We can sharpen this bound. For every ¢ > 0, let us show that there is N. < co such
that

1—¢
T

(N) et _
P(T;" <r) < N , VYN>N.,V¥r=12,...,N. (5.8)
We first consider the range r < N?, where ¢ := 6,1/61. Then, by (5.5),

P <r) <PV < N') s v =e! = (1) < (§) ™7 < (5)"

Next we take » > N”. Then RJ}%’NRT >(1-¢) % for N large enough, by (1.10),
which plugged into (5.6) completes the proof of (5.8). We point out that the bounds (5.7),
(5.8) are poor for small r, but they provide a simple and unified expression, valid for all
r=1,...,N.

We can finally show that (5.2) follows by (5.1) (from Proposition 1.5) where we plug
k = slog N and n = tN, for s € (0,00) N 15, xNo and ¢ € (0,1] N N Indeed, note that:
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* by (1.12)-(1.11) we have kP(I{™) =n) < cr ot = 2 & 55

t
e since 1oglfz+1 > oz Jk\,ﬂ > c3s for n < N, the last term in (5.1) matches with the
corresponding term in (5.2);
* by (5.8) we have P(T\") < 0= ¢ mw < 4198 (L)y"mew = ¢g(1-9)s,
because t > 1 , hence (5.2) is deduced. O

)k—l

Before starting with the proof of Proposition 1.5, we derive some large deviation
estimates. We start by giving an upper bound on the upper tail P(T,E,m) > n) for arbitrary
m, k,n € IN. This is a Fuk-Nagaev type inequality, see [N79, Theorem 1.1].

Lemma 5.2. There exists a constant C' € (1,00) such that for allm € IN and s,t € [0, o)

(m) —¢logt _t
P(T logmyn) = tm) < e "% (%), (5.9)

Proof. We are going to prove that for all m,n,k € IN

n

m C k "
P(ri™ >n) < [—— A1), (5.10)
' n (logm + 1)
which is just a rewriting of (5.9). For some c¢; < oo we have E[’Tl(m)] < ¢ gy See

(1.10)-(1.12). Since Tl(m) < m, we can estimate

E[e’\Tl(m]zl—i—Z)\ E[(r(" <1+Z ™ S 14— Z(M_”)j

= SR 1ogm+1 = 4!
c
<1+ 1ogmﬁ erm
This yields, by Markov inequality, for all A > 0,
P(r™ > n) < e B[7]" = e (14 g e)”
< e Mexp (i) (5.11)

We now choose \ such that

k Am _ n . A _ mk ™
logm+1 € —m> that is € - (n(log m+1)) '
If #jzﬂ) > 1 relation (5.10) holds trivially, so we assume W <1, sothat A > 0.
This choice of A\, when plugged into (5.11), gives (5.10) with C' = e“1 1, O

Remark 5.3. Heuristically, the upper bound (5.10) corresponds to requiring that among
the k increments Tl(m), TQ(m), . ,T,Em) there are / :=  “big jumps” of size comparable

to m. To be more precise, let us first recall the standard Cramer large deviations bound
P(Pois(A) > ) < e t0osX-D — ()" yx ¢ >0,

Now fix a € (0,1) and note that P(Tl(m) > am) ~ Py = (where ¢ = log 1). If we

log m

denote by Nj 4, the number of increments Ti(m) of size at least am, we can write

kpm\*
P(Njm > €) = P(Bin(k, pp) > £) ~ P(Pois(k p) > ) < (e Ep ) .
If we choose ¢ = % we obtain the same bound as in (5.10). This indicates that the
strategy just outlined captures the essential contribution to the event {T,gm) > n}.

We complement Lemma 5.2 with a bound on the lower tail P(T,Sm) <n).
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Lemma 5.4. There exists a constant ¢ € (0,1) such that for all m € IN and s,t € [0, c0)
(m) —cs logT (<
P(r Tls(logm+1)] = tm) < e e (%), (5.12)

Proof. We are going to prove that there exists ¢ € (0,1) such that for all m,n, k € IN

ck

log m+1

p(r (m) < n) < (n(logkm—kl) /\1> ¢ 7 (5.13)
CRM

which is just a rewriting of (5.12). For A > 0 we have
P(Tlgm) <n)= P(e_’\Tfim> > e A < e E[e_/\Tl(m') k. (5.14)
Next we evaluate, by (1.10)-(1.11),

(m) = r(n) - r(n) ¢ Tl —e M
ATm i —An 1 —
A <1-
Z Z( ¢ )Rm - logm—&—l; n ’

n=1 n=1

for some ¢; € (0,1). Since the function = —

is decreasing for x > 0, we can bound

" m+1l 1 =\t A(m+1) "
E[e—)\Tl( >]S1_671/ 176(1,5:1_671/ ="
logm + 1 t logm + 1 x

We are going to fix % < X < 1. Restricting the integration to the interval 1 < x < Am
and bounding 1 — e~® > (1 — e~!) we obtain, for c; := (1 — e~ 1)cy,

()
(m) c2 Tog m+1
—\T. _ co — log(Am) __ 1 gm+
E[e ! ] < 1 log m+1 log()\m) < e PosmiT — \m :

Looking back at (5.14), we obtain

C N — T
P(r™ < n) <M (ﬁ) P roEmEn (5.15)
We are ready to prove (5.13). Assume first that £k < n and let A := m <1. We

may assume that A > -, because for Am < 1 the right hand side of (5.13) equals 1 and
there is nothing to prove We then have 7}1 < A < 1. Plugging A into (5.15) gives

1 [ —

ec2 n (logm + 1) Tog m+1

Al ,
km

P(Tlgm) <n) < (

where we inserted “Al” because the left hand side is a probability. Since z > e~ /% for
x > 0, in the exponent we can replace ¢, by ¢ := e~'/¢2, which yields (5.13).
Finally, for k¥ > n the left hand side of (5.13) vanishes, because T,gm) > k. O

Remark 5.5. For renewal processes with a density, see Remark 1.7, the proof of
Lemma 5.4 can be easily adapted, replacing sums by integrals. The only difference is
that we no longer have T( ™) > k, so the case k > n needs a separate treatment. To this
purpose, we note that

Ele "] = / W gy oo / M= 1
0 R, logm+1 J, logm+1 A

for some co € (1,00). If we set A = £, by (5.14) we get

k k
m) <y < () (e
P(r! _n)_<k> (1ogm+1 . (5.16)
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We now give a lower bound on the right hand side of (5.13). We assume that the fraction
therein is < 1, otherwise there is nothing to prove. Since ¢ € (0, 1), for ¥ > n we can
bound

ck ck

n logcn}:«#l logm + 1 Tog m—+1 n k 1 Tog m—+1 n k n k
- e >(2) (= = (Z) eek s () en
k cm k m+1 k k

This is larger than the right hand side of (5.16), if we take m > mg := |exp(e? cp)] (so
that loge;{’“ < e~1). This shows that (5.16) holds for k£ > n and m > my.

It remains to consider the case k > n and m < mg. Note that lowering c increases
the right hand side of (5.13), so we can assume that ¢ < loeg(j:igx}l. Since m — log%*l is
decreasing for m > 1, we can bound the right hand side of (5.13) from below (assuming

that the fraction therein is < 1) as follows, for k£ > n and m < mg:

ck ck ck
n log mo + 1 log m+1 n log m+1 n e cy log m+1
=S > | —eco >l )
k' cmyg k klogm+1

which is larger than the right hand side of (5.16). This completes the proof of (5.13) for
renewal processes with a density, as in Remark 1.7.

Proof of Proposition 1.5. We have to prove relation (5.1) for all N, k,n € IN with n < N.

Let us set
MY .= max T ),
1<i<k
and note that {T,SN) =n}C {M,EN) < n}. This yields
P(r™ =n) (V) ) (n)
— = = P(T1 =n|M <n)=P(r, ' =n), (5.17)

where the last equality holds because the random variables Ti(N), conditioned on {TZ-(N) <
n}, have the same law as TZ-("), see (1.12). Let us now divide both sides of (5.1) by
P(Tl(N) < n)k The equality (5.17) and the observation that P(T\"") = n)/P(T\") < n) =
P(T™ = n) show that (5.1) is implied by

]. ck -+ ck
P+ =) < Ck TTogntl 198" TogniT .
(" =n) < Ch o ¢ ™ : (5.18)
Note that there is no longer dependence on N.
It remains to prove (5.18). By Lemma 5.4, more precisely by (5.13), we can bound

ck
Tog nt1
P =) <P <) < (L AL) T et e
This shows that (5.18) holds for every k € IN if we take C' = C(n) := n (logn + 1). Then,
for any fixed 7 € IN, we can set C := max, <5 C(n) and relation (5.18) holds for alln <@
and k£ € IN. As a consequence, it remains to prove that there is another constant C' < oo
such that relation (5.18) holds for all n > n and k € IN. Note that n € IN is arbitrary.

We start by estimating, for any m € (1,n] (possibly not an integer, for later conve-
nience)

P(T]i") =n, M,in) € (eflm,m})

<k Z P(Tl(") :T)P(Tlgi)l =n-—r, M,Si)l <r)
re(e=tm,m] (5.19)
<k max P(Tl(n) =r) P(Tl(n) < m)kf1 Z P(T,S_L)l =n-—r M,Ei)l < m) .

- 1
re(e=tm,m] re(e—Trm,m]
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Since T( n) conditioned on T(") < m is distributed as T(m) T(Lmj) we get, by (1.12)-
(1.11),

P( ,E") =n, M,g") € (eilm,m])

1 . o1 (5.20)
< e oy PO < m) T Pl m < <n—elm).
We bound P(T\™ < m)k-1 < (%)7]1(5;) <e(Z )109»” by (5.7). Choosing m = e ‘n in
(5.20) and summing over 0 < ¢ < logn, we obtain the key bound
[logn ]
P(T,i") =n) = Z P(T,En) =n, M,En) € (e_é_ln,e_én])
=0
1 g (n) k=1 (e~"n)
¢ n _¢ — ) e ‘n —(0+1
§C4km geP(T1 <e'n) P((l—e m <1, <(1—e(+))n).
(5.21)

To complete the proof of (5.18), we show that, for suitable C' € (0,00) and ¢ € (0, 1),

llog n|

— —£ ck ck
> P <en) TP((L - e <Al <) < e L (5.22)
£=0

Let c € (0,1) be the constant in Lemma 5.4. We recall that we may fix n arbitrarily
and focus on n > . We fix ¢’ € (0,1) with ¢/ > ¢, and we choose 7 so that, by (5.8) with

N=nandr=e"’n,

o

P(Tf”)ge‘fn) < (e H)men VYn>n,V=0,1,...,|logn].
Then (5.22) is reduced to showing that foralln >nand k=1,...,n
[log ]

¢/ (k—1) —t ck + _ck
Z el (e7%) Ttoxn P((l —e Hn< T,Eil " < n) < Ce  Teni1 1987 gnet | (5.23)
=0

We first consider the regime of k € IN such that

k>1+ C, - (logn +1). (5.24)
We use Lemma 5.4 to bound the probability in (5.23). More precisely, we apply relation
(5.12) with m = ¢~ 'n, s = log(e’iﬁ, t = e’ and with log™ replaced by log, to get an

upper bound. Since e~‘n < n, we get by monotonicity

__c(k=1) —£ __c(k—1) c(k—1) —¢ c(k=1)
P(T,ieln <n) < ¢ los(e=Tm)+1 1°g<e 1Dg<e4n)+1) < e Togntl log(e™* f55571)

(5.25)

c(k—1) c(k—1) e(k=1) ¢

— {e_logn+1 IOg log;+1} (6 login ) .

Since k —1 > g for k > 2, if we redefine ¢/2 as ¢, we see that the term in brackets in
(5.25) matches with the right hand side of (5.23) (where we can replace log™ by log, by
(5.24) and > ¢). The other term in (5.25), when inserted in the left hand side of
(5.23), glves a contrlbutlon to the sum which is uniformly bounded, by (5.24):

[log n|

oo
/(k—1) c(k—1) 1)
Z ee (e_g) Tog n e “Togn < Z 1- (C 70 105 n Z e_z o0 .
=0 =0
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This completes the proof of (5.23) under the assumption (5.24).
Next we consider the complementary regime of (5.24), that is
k< Alogn+ B, (5.26)

for suitably fixed constants A, B. In this case the right hand side of (5.23) is uniformly
(e=%n) < n) <C, (5.27)

Tk—1

bounded from below by a positive constant. Therefore it suffices to show that
[log n ]

> e'p(3 <

=1
where, in order to lighten notation, we removed from (5.22) the term ¢ = 0 (which

1
T

contributes at most one) and then bounded (1 — e“’)n > 5 for £ > 1.
We apply Lemma 5.2 (with the constant C' renamed D, to avoid confusion with (5.27)).
t = 1e gives
) } (5.28)

Relation (5.9) with m = e ™ *n, s = m,

P(Tlge_/’n) > %) < e—%ee log*(%log"gul) _ e—e[{% log+(ﬁ - ’
where we have introduced the shorthand
. ke !
Xy = W . (529)
For ¢ such that 2, < 37— the right hand side of (5.28) is at most e—¢". We claim that

= |log (4(A+ B)De?)| + 1. (5.30)

Ze—ee <

2y < 55>  forall ¢ > (, where
This completes the proof of (5.27), because the sum is at most "%, ef + 322, 1€
It remains to prove that relation (5.30) holds in regime (5.26). We recall that we may

0.
assume that n is large enough. Consider first the range % logn < ¢ < |logn|: then
—L k Alogn+B
zp < ke Sﬁﬁiﬁ mov
for n large enough. Consider finally the range ¢ < % log n: then

_1
2De?
O

hence we have z; < 55—
Te § k 672 S AlloigO'rH—B efé S 2(A+B) efé <
3 logn

3 logn
by the definition (5.30) of ¢. This completes the proof.
We conclude this section by extending Proposition 5.1 to the multidimensional setting.
Z% we have

Proposition 5.6. There are constants C € (0,00), c € (0,1) and, for everye >0, N. € IN
1 1
N, te (O,l]ﬁﬁ]Nande VN
(5.31)

We recall that (T,gN), S,iN)) is defined in (2.8).
1
log N

s (1—e)s e ¢ log™ (cs)

such that forall N > N, s € (0,00) N
) N 1
N =1tN, Sjon=aVN) < C it vl
(5.32)

1

(

N
P(Ts log
It follows that for N € N large enough
tN, S v =a2VN) < ¢

P(Ts(Jl\cl))gN =

=
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Proof. We follow closely the proof of Proposition 5.1. Relation (5.32) follows from (5.31)
with € = 1 — ¢, thanks to the bound (5.4), so we focus on (5.31).

We will prove an analog of relation (5.1): for all N, k,n € IN with n < N and for all
ze 74

— k + k
k-1 eilogcn«#l ]Og logcrz+1 ) (5.33)

P(T,EN) =n, S,(CN) = z) <C % P(Tl(N) = n) P(Tl(N) < n)
n2

Note that the only difference with respect to (5.1) is the term n? in the denominator.
In the proof of Proposition 5.1 we showed that (5.2) follows from (5.1). In exactly the
same way, relation (5.31) follows from (5.33), by choosing k = slog N, n = Nt, z = 2V N.
It remains to prove (5.33). Arguing as in (5.17), we remove the dependence on N
and it suffices to prove the following analog of (5.18): for all n, k € IN and for all z € Z¢

k 1

P(r™ =p ™ =) < c X = menrT logl mim .
(7 N, O z) < g nlogn+ 1) € (5.34)

To this purpose, we claim that we can modify (5.20) as follows:

P(T]gn) =n, S,in) =z, M,gn) € (e"'m,m])

k 1 _ m (5.35)
<epg—g ———— P(Tl(") < m)k ! P(n —m < T,g_’i <n-— eilm) .
m3z m(logn+1)
This is because, arguing as in (5.19), we can write
P(Tlgn) =n, S,(fn) =z, M,En) € (e 'm,m])
<k > PO =r X" =y P =n—r S" =c—y, M <7)
ré(e~tm,m],yczd
<k{ max (T =, x™ = }PT(")<m ot
- e(e~1m,m],y€eZ? ( 1 L y) ( L - )
Z P(T,Eﬁ)lzn—r‘Mlgﬁ)lgm),
ré(e=tm,m]
and it follows by (2.7), (2.6) and (1.10)-(1.11) that
C 1
P =, xW o)<~ —
re(efl?nl,%r)z(],yezd ( . " y) - logn—i- 1 m1+%

We can now plug m = e~‘n into (5.35) and sum over £ = 0, 1,..., |logn|, as in (5.21).
This leads to our goal (5.34), provided we prove the following analog of (5.22):

e dye (n) e, \k—1 ‘ (e”'n) o logt

Z e(1+2) P(T;" <e ‘n) P((1—€7 n <71y <n> < Ce Tosntl %8 TogniT

£=0

The only difference with respect to (5.22) is the term e(1+%)¢ instead of ¢/ in the sum. It

is straightforward to adapt the lines following (5.22) and complete the proof. O

6 Proof of Theorem 1.4: case /' =1

In this section we prove Theorem 1.4 for 7' = 1. The case T > 1 will be deduced in
the next Section 7. We prove separately the uniform upper bound (1.19) and the local
limit theorem (1.18), assuming throughout the section that n < N (because T' = 1).

For later use, we state an immediate corollary of Lemma 5.4.

Lemma 6.1. There is a constant ¢ € (0,1) such that for all N € N and s,t € [0, 00)

(N) s—cslog 2
P(T ogn) StN) e & (6.1)
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6.1 Proof of (1.19)

Recall the definition (4.1) of Y(N). From the definition (1.14) of Uy x(n) and the
upper bound (5.3) (which we can apply for < 1), we get for large N

Una(n Z/\k ( _%) SClogN{ NZ AR f ClogN (%) } (6.2)

E>0
We now choose A = Ay as in (1.17). Then for some A € (0,00) we have

A e , VN e,

hence

IOgN 1 kA9 .
Una(n) < C = {logNI;)elogN fclogN(AL,)}. (6.3)

The bracket is a Riemann sum, which converges as N — oo to the corresponding integral.
It follows that for every NV € IN we can write, recalling (1.15),

log N C' log N
Uy (n) < O 2520 {/O S”fcs(}(,)ds}c B Gay(2), (6.4)

N N

for some constant C’. (The fact that C’ is uniform over 1 < n < N is proved below.)

To complete the proof of (1.19), we can replace G 4 19( ) by Gy (%), possibly enlarging
the constant C’, because the function t — Gy(t) is strlctly positive, continuous and its
asymptotic behavior as ¢ — 0 for different values of ¢ is comparable, by Proposition 1.6.
(Note that in Theorem 1.4 the parameter ¢ is fixed.)

We finally prove the following claim: we can bound the Riemann sum in (6.3) by a
multiple of the coresponding integral in (6.4), uniformly over 1 < n < N. By (1.4) we
can write

e f () = % exp ((logt + éﬂ —7)es — log I‘(cs)) . (6.5)

Since logT'(:) is smooth and strictly convex, given any ¢ € (0,00), the function s
es4? f_.(t) is increasing for s < 5 and decreasing for s > 5, where 5 = 5(t, A9, ¢) is
characterized by

A
(logT')'(c3) = logt + — 9 — . (6.6)
c
Henceforth we fix t = % with1 <n < N.
Let us now define s := IOLN and write
g
1 A0 ook AD
a2 T ey () = X mw e S (R) (6.7)
k>0 k>0

If we set k := max{k > 0: s, < 5}, so that s; < 5 < s;,,, we note that each term
in the sum (6.7) with k < k — 1 (resp. with k£ > k + 2) can be bounded from above by
the corresponding integral on the interval [sy, sy+1) (resp. on the interval [s;_1, si)), by
monotonicity of the function s — e*4? f,,(¢). For the two remaining terms, corresponding
to k =k and k = k + 1, we replace s; by 5 where the maximum is achieved. This yields

1 A9 % sav ; 2 _5AD :
lOgN elogN fcﬁ(%) < /O' e’ fcs(%) ds + logNes fcg(%) (6.8)
k>0
It remains to deal with the last term Recall that s — e*4V f., (%) is maximized for
s = 5. We will show that shifting s by Toa ™ ~ decreases the maximum by a multiplicative
constant: -
e’ A9 fc?(%)
c:= sup < 00. (6.9)

5+ A9 n
v ey I )
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Since s — eSAﬁfcs(%) is decreasing for s > 5, we can bound the last term in (6.8) as
follows:

2 5A9 , i A9 * saw
wiw N ) <20 [T e () ds <2 [ et pu(g) ds,
5 0

which completes the proof of the claim.
It remains to prove (6.9). By the representation (6.5), the ratio in (6.9) equals
exp{ — (log + £ 19 7) logN + (logf‘(cs + 1OgN) log I‘(c§))}
<exp{O(1 Jr@(logf) (cs+m)},
by 1 < n < N and by convexity of log I'(-). It follows by (6.6) that s is uniformly bounded

from above (indeed 5 < A¥/c — v, because t = & < 1 and (logI')’(-) is increasing). Then
(logT)(cs + o5 ) < (logT')'(AY — ¢y + 555 ) is also uniformly bounded from above. O

6.2 Proof of (1.18)

We organize the proof in three steps.

Step 1. We first prove an “integrated version” of (1.18). Let us define a measure GE\N)
on [0, c0) as follows:

1
GWV() = logNZUN/\ n)ds(-), (6.10)

n=0
where §,( - ) is the Dirac mass at ¢, and Uy () is defined in (1.14). Recall also (1.15).

Lemma 6.2. Fix ¢ € R and choose A\ = Ay as in (1.17). As N — oo, the measure
GE\JIVV) converges vaguely to Gy(t)dt, i.e. for every compactly supported continuous
¢:[0,00) = R

/qs GV (dt) —— Ooqs() Gy(t)dt. (6.11)

o0 0

Proof. Recalling the definition (1.14) of Un x(n), we can write

/0 o(1) G&?(dﬂ = loglN Z:UN,A(”W(%)

(6.12)

|
o
09 | =
=
~
2
=
=
<
—
2?3

% L)
:/0 (w)Le1os ) B [ (Teenty | ds

Note that limy o (Ax)!*1°8N) = ¢, by (1.17). Similarly, by Proposition 1.3

(N)

lim E [o(120) | = E[o(v.)].

N—oc0

Interchanging limit and integral, which we justify in a moment, we obtain from (6.12)

: = Ny [ s
ngnoo/o o(t) G (dt) = /0 ¢* E[$(Y:)] ds.
If we write E [¢(Y,)] = [}~ ¢ t) dt, we have proved (6.11) (recall (1.15)).

Let us finally justify that we can bring the limit inside the integral in (6.12). Since
(An)Ls1og NI < ¢Cs for some constant C, by (1.17), and since ¢ is bounded, we can apply
dominated convergence on any bounded interval s € [0, M]. It remains to show that
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the integral restricted to s € [M, c0) is small for large M, uniformly in N € IN. To this
purpose, we use Lemma 6.1: since ¢ is compactly supported, say in [0, A], the bound
(6.1) yields

S N > S —c log =
'W”w/ €% P(7{Jlog vy < AN)ds < 9] /M eH(CH1—c o8 ) g
If we take M large, so that clog > C + 2, the integral is at most f]\/[ —sds=e-M O

Step 2. We now derive representation formulas for Uy \(n) and Gy(t): for any n,t €
(0,00)

Unam)=x Y UvaP@Y =m—1)Uya(n—m) Vne NN (a,o0), (6.13)
0<i<n<m<n

1 _
Gy(t) = / Gy (u) To,1)(v —u) Gy(t —v)dudv, Vit € (t,00). (6.14)
O<u<i<v<t v—uo

(Note that for ¢ € (0, 1] the indicator function 1 )(v — u) = 1 disappears.)
Relation (6.13) is obtained through a renewal decomposition: if we sum over the
unique index ¢ € {1,...,k} such that 7, ( 1) < n while T( ) > 7, we can write

K2

k
P(T,EN) =n)= ZP(Ti(ivl) <n, ™M >n, T,EN) =n)

SO D s Tt e P -

o0<li<n<m<n i=1

Plugging this into the definition (1.14) of Un x(n), we obtain (6.13).
Next we prove (6.14). Define the stopping time 7 := inf{r € [0,00) : Y, > ¢} and note
that Y;_ <, Y, > t. The joint law of (7,Y,_,Y;) is explicit: for r € (0,00) and u < ¢ < v

P(redr, Y, €du, Y; € dv) = drP(Y, € du) v(dv — u)

1
=drP(Y, € du) — Lo,y (v —u)dv,

by a slight generalization of [Ber96, Prop. 2 in Ch. III]. By the strong Markov property

P(Y, e dt) = / P(redr, Y, €du, Y; € dv) P(Ys—, € dt — v)
(0,8) x(0,) X (£,t)

/ dr/ P, € du)
O<u<t<v<t

which yields a corresponding relation between densities:

8 1
= / dr/ fr(uw) To,1)(v —u) fs—r(t —v)dudv.
0 O<u<t<v<t v—u

Multiplying by ¢?* = ¢’7¢”(*~") and integrating over s € (0, 00), we get (6.14) (recall

(1.15)).

]1(01)(U7u)dUP( sr €dt —0),

Step 3. The final step in the proof of (1.18) consists in combining formulas (6.13)-

(6.14) with Lemma 6.2. First of all we note that in order to prove (1.18) uniformly for

6N < n < N, it suffices to consider an arbitrary but fixed sequence n = ny such that
ny
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and prove that

i
N log N

Unay(nn) = Gy(t). (6.16)

This implies (1.18), as one can prove by contradiction.
Let us prove (6.16). Recalling (6.10), we first rewrite (6.13), with 7 = ny/2, as a
double integral, setting u := [/N and v := m/N, as follows (we recall that ty = %):

N
gV U (ny) = An / GV (du) 6N (u,v) GV (ty — dv),  (6.17)

0<u< M <v<ty
where we set, for 0 < u < v <1,
oM (u,v) := (N 1og N) P(TSN) = [Nv| — | Nu)) .

Note that, by (1.12)-(1.11), we have

lim ™) (u,v) = ¢(u,v) = !

Nooo v—u

(6.18)

By Lemma 6.2 and (6.15), we have the vague convergence of the product measure
G (du) G5 (tn = dv) —"— Go(u) Go(t = v) dudo. (6.19)
—00

Since Ay — 1, see (1.17), by (6.18) and (6.19) it is natural to expect that the right hand
side of (6.17) converges to the right hand side of (6.14) with = % This is indeed the
case, as we now show, which would complete the proof of (6.16), hence of Theorem 1.4.
We are left with justifying the convergence of the right hand side of (6.17). The
delicate point is that ¢(u,v) in (6.18) diverges as v — u | 0. Fix ¢ > 0 and consider the

domain
D, = {(u,v): fufqut}. (6.20)

The convergence in (6.18) holds uniformly over (u,v) € D., and the limiting function
ﬁ is bounded and continuous on D.. Then, by (6.19), the integral in the right hand
side of (6.17) restricted on D. converges to the integral in the right hand side of (6.14)
restricted on D..

To complete the proof, it remains to show that the integral in the right hand side
of (6.17) restricted on D¢ = {v — u < ¢t} is small for € > 0 small, uniformly in (large)
N € IN. By the definition (6.10) of G{"(-), as well as (1.12)-(1.11), this contribution is
bounded by

C Z Unay(Nu) 1 Unay(N(ty —v))
! log N V—U log N ’ (6.21)

u,ve %]Ng:
0<u< N <v<tn, v—u<et

where Cp, Co, ... are generic constants. By the upper bound (1.19), this is at most

1 1
C2 532 Z:]N Go(u) ——— Go(tn —v). (6.22)
u,ve€ 77 No:

O§u<tTN§v§tN , v—u<et
Since tx — t, see (6.15), we can bound this Riemann sum by the corresponding integral:

Cs / Gy(u)

0<u<%§1)<t , v—u<et

Gy(t —v)dudv.

v—1u
Finally, if we let ¢ | 0, this integral vanishes by dominated convergence (recall (6.14)). O
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7 Proof of Theorem 1.4: case 7 > 1

In this section we prove Theorem 1.4 in case 7' > 1. Without loss of generality, we
may assume that 7' € IN. The case T" = 1 was already treated in Section 6. Proceeding
inductively, we assume that Theorem 1.4 holds for some fixed value of 7' € IN, and our
goal is to prove that relations (1.18) and (1.19) hold for TN <n < (T +1)N.

Let us rewrite relation (6.13) for n = T'N and (6.14) fort =1T':

Uvam) =X Y Uva@POY =m—1)Uya(n—m), V¥n>TN, (7.1)
0<I<TN<m<n

1
Go®) :/ Golu) —— Lon(w—u) Cot —v)dudv, Vt>T.  (7.2)
O<u<T<v<t v—u '

7.1 Proof of (1.18)

Since we focus on the range TN < n < (T 4+ 1)N, in (7.1) we have both [ < TN
and n —m < N, hence we can bound Uy, (!) and Uy, (n — m) using (1.18), by the

inductive assumption. Bounding P(Tl(N) =m —1) by (1.10)-(1.12), we get

(log N)? o Lo (m—=1) B
< - 7 § } Glo (2
Unan(n) < Gy N2 A Golw) (log N)(m —1) o (55%)
0<I<KTN<m<n

for some constants C7, Cs (possibly depending on 7'). By Riemann sum approximation

log N 1 . o
Unpy(n) < C1—o3 Y Gol%) s Lo (R Go (™)
0<I<TN<m<n (%)

log N 1
<0, 2% Go(u) -

h N Jocucr<ocn —u

Lon(v—u)Gy(% —v)dudv.

The integral equals Gy(5;) by (7.2), so relation (1.18) is proved.

(To check that the Riemann sum approximation constant C5 is uniform for TN <
n < (T + 1)N, one can argue as in Step 3 of Section 6: just repeat the above steps for
an arbitrary but fixed sequence n = ny such that 5¥ — t € [T,T + 1]. We omit the
details.) O

7.2 Proof of (1.19)

We can follow Step 3 of Section 6 almost verbatim: the only difference is that for
TN <n < (T+1)N we have 5¥ — t € [T, T + 1]. To pass from (6.21) to (6.22), we can
apply the upper bound (1.19), by the inductive assumption. O

8 Proof of Theorems 2.4 and 2.3

We first prove Theorem 2.4, i.e. relation (2.14), which is easy. We then reduce the
proof of Theorem 2.3 to that of Theorem 1.4, given in Section 6, proving separately the
upper bound (2.13) and the local limit theorem (2.12). We assume for simplicity that
T =1, i.e. we focus on n < N, because the case T' > 1 can be deduced arguing as in
Section 7.

8.1 Proof of (2.14)

By (2.7) and (2.5), conditioned on the Ti(N)’s, the random variables Xi(N) are inde-
pendent with zero mean and E HXi(N)‘2 ’Ti(N) = nl] < ¢n; for some ¢ < oo, see (4.12).
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Recalling (2.8), we then have
2 b 2
B[IsMP 1 =ni 1 =] = STB[IXNP | TN =] < elnn ),
=1
for any choice of nq,...,n; € IN. It follows that E HS,(CN) |2 | T,EN) =n| < cn, hence

Z P(TIEN) =n, SI(CN) =z) = P(TIEN =n, |S(N)| > M+y/n) < 7P(T;£N) =n),
TEZ2: |z|>M+\/n

by Markov’s inequality. Multiplying by \* and summing over k, we obtain (2.14). O

8.2 Proof of (2.13)

Recall the definition (4.8) of YgN ). From the definition (2.9) of U ~.a(n,z) and the
upper bound (5.32), we get for large N and n < N

N n oz logN 1 1 "
Unaln) = 3 XP(YN = (5, 5)) <075 nd/2{1ogN,§Akf%:N(N) :

log N
k>0 N

The bracket is the same as in (6.2). We showed in Subsection 6.1 that, if A = Ay is chosen
as in (1.17), the bracket is at most a constant times Gy (% ). This proves (2.13). O

8.3 Proof of (2.12)
We proceed in three steps.

Step 1. We first prove an “integrated version” of (2.12). We define a measure G’&N) on
[0,00) x R? by setting

a\M(.

ZZUN“M(S(”L(-) (8.1)

where we recall that UN’A(-) is defined in (2.9). Recall also the definition (2.10) of
Gy(t,x).

Lemma 8.1. Fix ¥ € R and choose A\ = Ay as in (1.17). For every bounded and
continuous ¢ : [0,00) x R? — R, which is compactly supported in the first variable,

/[O - o(t,z) GV (dt,dx) = S o(t,x) Gy(t,z)dtdx. (8.2)
Proof. Arguing as in (6.12), we can write
o (N) (N)
(N) = [slog N Tistogn) Slsios v
/[O o P G ) [ o tron ) B (L, S ]

We can exchange limy_, ., with the integral by dominated convergence, thanks to
Lemma 6.1, as shown in the proof of Lemma 6.2. Then we get, by Proposition 2.2,

lim é(t,z) G (dt, dz) = / e’ E [¢p(Y,,VE)] ds
g [ et e B lo(v)]
:/ e?s </ o(t,x) f(t,x) dtda:)ds7
0 [0,00) xR2
which coincides with the right hand side of (8.2) (recall (2.10)). O
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Step 2. Next we give representation formulas for Uy \(n,z), Gy(t,z): for any n,t €
(0,00)

UN,)\(nam):A Z UN,)\(l7y)P(T1(N) :m_l7X1(N) :Z—y) UN,)\(n_m7x_Z>
0<i<n<m<n
y,z€Z2

¥n € NN (71, 00), (8.3)

) Je(v—u) (Z - y)
v—Uu

Gy(t,x) = / Gy(u,y Gyt —v,z—2)dudv  Vte ({,00). (8.4)

O<u<t<v<t
y,z€R2

These relations are proved in the same way as (6.13) and (6.14).

Step 3. We finally prove (2.12) by combining formulas (8.3)-(8.4) with Lemma 8.1. It

suffices to fix arbitrary sequences n = ny € {1,..., N} and 2 = 2 € Z? such that
tyi= N e (0,1], wyi=-X s weR? (8.5)
N —00 R \/N N—00 ’

and prove that

N1+d/2
I
Nooso log N

Unay (v, wy) = Gy(t,w) = Gy(t) gew(w) - (8.6)

To prove (8.6), we rewrite the sums in (8.3) with n = % as integrals, recalling (8.1):
N1+d/2
log N
=N / G&JIVV) (du,dy) ¢(N) (u, v; y, 2) GE\ZZ) (tN — dv,wy — dz) 7 (8.7)

O§u<t’TN§v§tN
y,zG]R,2

Un )y (nn,wn)

where we set, for 0 < u < v < 1 and y, z € R?,
o™ (u,viy, 2) 1= N2 1og NP(TY) = [Nv| — [Nu, X(M = [VNz] - [VNy]).
Note that by (2.5), (2.7) and (1.12)-(1.11) we have

. (N) . _ . — e(v—u) (Z - y)
Jm @ (u,viy, 2) = Bu, vy, 2) =

(8.8)
Moreover, by Lemma 8.1 and (8.5) we have the convergence of the product measure

N

G&N) (du,dy) G()\JIVV) (tN—duwN—dz) ~ = Gy(u,y) Gy(t—v,w—2z)dudydvdz. (8.9)
— 00

Since \y — 1 (see (1.17)), we expect by (8.8) and (8.9) that the right hand side of (8.7)
converges to the right hand side of (8.4) as N — oo, proving our goal (8.6).

The difficulty is that the function ¢ )(u, v;y, z) converges to a function ¢(u,v;y, z)
which is singular as v — u — 0, see (8.8). This can be controlled as in the proof of
Theorem 1.4, see the paragraphs following (6.19).

* First we fix ¢ > 0 and restrict the integral in (8.7) to the domain D, = {v —u > et}.
Here we can apply the convergence (8.9), because ¢(u,v;y, z) is bounded and the
convergence ¢(N) (u,v;y,2) = ¢(u,v;y, z) is uniform.
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» Then we consider the contribution to the integral in (8.7) from D¢ = {v —u < et}.
Recalling (8.1), this contribution can be written as follows:

Z Un,ay (Nu, VNy)

log N &™) (u,v; y, 2)

u,vE%]No, y,zGﬁZz
0§u<tTN§U§tN, v—u<et

UN,)\N (N(tN — ’U), \/N(U)N — Z))
% log N ’

(8.10)

We need to show that this is small for € > 0 small, uniformly in large N € IN.

By (2.13) we can bound, uniformly in z € WZ ,

UNy)\N(N(tN—'U),\/N(wN—Z)) <C 1 1
log N - Nt% (ty —v)

2 Gﬂ(t]\] —’U),

and note that ty — v > % — ¢. Next, by definition of ¢ and by (1.12)-(1.11),

N
Y 6™ (u, v y.2) = N (log N)P(TY) = [No) — [Nuf) < Oy ——
zeﬁZQ v
Finally we observe that, by (1.14), (2.9) and (1.19),
U Nu, VN U, N 1
Z N (Nu, VNy) = Ny (V) < C = Gy(u).
- log N log N N
ZJEWZZ
These bounds show that (8.10) is bounded by a constant times
1 1 1
—_—— G Gylty —v). 8.11
NE (& )t Z 19(u)viu o(ty —v) (8.11)

U,UG%]N[)
0§u<tTN§v§tN , v—u<et

Since ty — t, we have %N > % for N large, and if we take ¢ < % we see that the
prefactor (4 —¢)~%/2 < (£)~%/2 is bounded (recall that ¢ is fixed). The sum in
(8.11) is the same as that in (6.22), which we had shown to be small for £ > 0 small,
uniformly in large NV € IN. This completes the proof. O

A Additional results for disordered systems

In this appendix we prove some results for disordered systems, stated in Section 3.

A.1 Proof of relations (3.5) and (3.18)

We recall the polynomial chaos expansion used in [CSZ17a, CSZ17b]. Let us introduce
the random variables

Bw;—=A(B)
M = N , where a% = A -2AB) _ 1, (A.1)
op

so that (7);) are i.i.d. with zero mean and unit variance (recall (3.1)).
Recall the definition (3.4) of Z f, and note that we can write

ePon=ABNxy, =01 — 1 4 051 L{x,,=0) - (A.2)
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We now write the exponential in (3.4) as a product and perform an expansion, exploiting
(A.2). Recalling the definition (3.3) of u(n), we obtain:

N—-1
Zy =E | [] ePer 2= 1y, g
n=1
N
(A.3)
= Z (o) Z u(ni) u(ng —na) - u(ng —ng-1)
k=1 0<ni<...<np_1<ng:=N

"My Mg " Mgy -

This formula expresses Z f, as a multilinear polynomial of the random variables. Since
the monomials for different k£ are orthogonal in L2(]P), we get (3.5).
The proof of (3.18) is similar, because we can represent Zﬁ,(ax) in (3.17) as follows:

N
Zﬂ ( ) (05) - Z qnl(xl)qnszh(xQ —3;‘1) an*nk—l(xk _xkfl)
k=1 0<ni<...<n_1<ng:=N (A‘4)
xl,...,fckGZQ: Tp=x
“ M,z Mngye * 0 Mng—1,ap 1
This completes the proof. O

A.2 Free partition function

For the pinning model, one can consider the free partition function Z 5f in which the
constraint { X,y = 0} is removed from (3.4), and the sum is extended up to N:

Z80 =B {ezﬁﬁwwn—x(ﬂ))n{x%zo} , (A.5)
Then we have the following analogue of Theorem 3.1. Let us set, recalling (1.15)-(1.16),
“aaar= [T f 0.1 A6
= t t = _ . .
w) /0 o(t) /0 TGT1) s, or u € (0,1] (A.6)

Proposition A.1 (Free pinning model partition function). Rescale = [y as in (3.9).
Then, for any fixed § > 0, the following relation holds as N — oo:

E[(Z5~%%)% = (log N) Gy(%) (1 +0(1)),  uniformly for SN <n <N, (A.7)
with G(-) defined in (A.6). Moreover, the following bound holds, for a suitable C € (0, 00):
E[(ZE~") < C(logN)Gy(%), V1<n<N. (A.8)

Finally, since E[Z2~f] = 1, relations (A.7) and (A.8) holds also for Var[Z~1].

Proof. Arguing as in §A.1, one can write a decomposition for Zﬁ’f similar to (A.3). As
a consequence, the second moment of Zﬁvf is given by an expression similar to (3.5),
namely

E[(z2H?) =1+ Z 05 Z u(ni)u(ng —n1)? - ulng —np_1)%,  (A.9)

k>1 0<n<...<nr<n

which yields an analogue of relation (3.8):

E[(Z09)2 =1+ (03 Ry) " P(r{M <n) =1+ Z 3 (02 ("N Z g

k>1 (=1k>1
=1+ ZUN),\(E), where A= a%RN.

It then suffices to apply (1.18) and (1.19) to get (A.7) and (A.8). O
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Also for the directed polymer in random environment we can consider the free (or
point-to-plane) partition function Zﬁ,’f, in which the constraint {Sy = z} is removed
from (3.17), and the sum is extended up to NV:

Z%0 = [6257:1(@”,5%4(/3))} —F [625:1 Y.ez2 (Bw—k(ﬂﬂﬂ{snm}} . (A.10)

The second moment of Z ?\,"f turns out to be identical to that of Z ff,’f (pinning model).

Proposition A.2 (Free directed polymer partition function). Rescale = By as in (3.22).
Then relations (A.7) and (A.8) hold verbatim for the free partition function Zﬁ”’f of the
directed polymer in random environment, defined in (A.10).

Proof. Arguing as in §A.1, one can write a decomposition for Z ﬁ’f similar to (A.4). Then
the second moment of Z,B;f can be represented as follows:

E(Z0)] =1+> 03" Y an (@) gnyn, (w2 — 11)*

k>1 0<ni<...<np <N
w1 €72 (A.11)

. an*”k—l('rk - xk71>2 .
Since Y, 72 ¢n(x)? = u(n)?, see (3.15), we can sum Over T, Ty—1,...,o1 in (A.11) to

obtain precisely the same expression as in (A.9). In other words, the free partition
functions of the pinning and directed polymer models have the same second moment:

E[(Z75)?] = E[(Z7)?] .
This completes the proof. O

A.3 Proof of Proposition 3.2

Let T := min{m € IN: S,, = 0} denote the first return time to the origin of the simple
symmetric random walk on Z2. Let (¢;);cn be i.i.d. random variables distributed as 7'/2.
We define

N
Ly =Y g, oy =max{keNo: &+...+& < N},

n=1

so that, recalling (3.15) and the definition (3.12) of Ry, we can write

RN_ZPS%_O E[Ly] =) P(Ly>k)=> P& +...+& < N).
n=1 k=1 k=1

Let (£,§N))i€m be i.i.d. random variables with the law of & conditionally on {¢; < N}.
Then we have the following key representation of Ry :

(A.12)

We are going to show that the first sum gives the leading contribution to the right hand
side of (3.12), while the second sum is negligible.
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We need estimates on the law of &;. By Corollary 1.2 and Remark 4 in [U11], we have

T 1 2y 1
P(& =k) = P(T'=2k) = ¢ ((log 16k)°  (log 16K)° O<(10g16k)4>>
T 27t (y + log 16) 1
Rlogk)?  k(logh)® O((log k)‘*) ’

log 16 1
P(&1 > k) = P(T > 2k) = 107ng - W(V(ljg Z?"’ '+ O((logk)3> ’

(A.13)

as k — oo, where + is the Euler-Mascheroni constant. Then, as N — oo, we can write

PGQ<N) _ 1 mn tO(mgwe) N |, (y+logl6 +o(1)
P(fl > N) T (1 _ (y+log16) JrO( 1 )) s T >
log N (log N) (log N)2

x N — N o 1
P({l < N)N _ (1 ~ oew +O(W)) =e Tog ~ (140(1)) :O(IOgN) .

From this we deduce the asymptotic behavior of the first sum in the last line of (A.12):

P T EL R

which matches with the right hand side of (3.12). It remains to show that the second
sum in the last line of (A.12) is asymptotically vanishing, i.e.

lim oy =0, where oy = ZP(& < N)k P({;N) +...+ E,EN) >N). (A14)
N—o00 P

Denoting by C1, Cs suitable absolute constants, we have by relation (A.13)

N

(N) P& =10) < L~ N A.15
B [61 } (51 <N) ZE (& =0=C — (log () ~ C: (log N)2~’ (A.15)
hence by Markov’s inequality
(N) N) S <
P& +...+¢&, N) _CQ(logN)Q'

Since P(§; < N) < e TN for large N, by (A.13), we can control the tail of oy in (A.14)
by

__k_ k
o= Y PE@sNPE g >N < Y e s
k>Alog N k>Alog N ¢

By a Riemann sum approximation, the last sum converges to [, ze *dz = (1+ A)e~*
as N — oo. In particular, for every fixed A € (0, c0), we have shown that

limsup o3 < (1+ A)e™*. (A.16)

N—o0

Next we focus on the contribution QJ%A of the terms with £ < Alog N, i.e.

o = Y PE<NFPEM 4.+ > N)
k<Alog N (A.17)

< (Alog N)P(E™ +... + € x> V).

EJP 24 (2019), paper 101. http://www.imstat.org/ejp/
Page 33/40


https://doi.org/10.1214/19-EJP353
http://www.imstat.org/ejp/

The Dickman subordinator, renewal theorems, and disordered systems

We fix ¢ € (0, 1) and write

k
eM Ly e 2 Zg g(N’§s2N}+Z£i(N) (M seny = U=+ Uy,
i=1

so that we can decompose
PN 4 4™ S N)<PU_>eN)+PUL > (1-¢)N), (A.18)

and we estimate separately each term. In analogy with (A.15) we have

€ 2
(N) gP fl = 2 Cl e“Nk
E|U_| =kE =
{U } K {51 {E(N)<€2N}} kz P(& < N) kzl (log ¢)? (log(EQN))2
hence by Markov’s inequality
ek
P(U_ N)<(Cy——F——= Al
(U= > eN) < O g eamyye (19
Next we observe that
(U > (1N} C (U{5 a-am)u( U 6> engh > ).
1<i<j<k

because either §§N) > (1 — )N for a single i, or necessarily SZ(N) > ¢2N and §J(N) > 2N
for at least two distinct ¢ # j (otherwise U, vanishes). Since for fixed ¢ € (0,1)

(N) 1 Og*
N) < _logy
P& >eN) < G Z 7(og 0)? loch (log N )? Z 7= logeny

it follows that

1 1 2
P(Us > (1-¢)N) < kC, log 1= k(k—1) [ loggz)) }

< +
(log((1 —¢)N))? 2 ! (log(¢2N))2
Recalling (A.17)-(A.18)-(A.19) and plugging k£ = Alog N, we get

liﬁﬁsgop ot < A*(Cye + Oy log ).
By (A.16), since oy = QJSVA + gﬁA, we obtain (A.14) by letting ¢ — 0 and then A — co. O

A.4 Explicit asymptotics in terms of §

Relation (3.9) (equivalently (3.22)) and relation (3.13) can be rewritten more explicitly
in terms of By. To this purpose, we need the cumulants k3, x4 of the distribution of w;
(recall (3.1)), defined by

1 K K -
MB) = 5B°+ 58+ B+ 08 asf 0. (A.20)
By direct computation 03 = % + k3 8% + (5 + 1554)3* + O(8°) as 8 — 0, hence
o= = 62:5—@53/24—(%/{%—1—72,%4—%)52—}—0(52) ase —0. (A.21)

As a consequence, we can rewrite (3.13) as follows, with o := v + log 16 — =:

3 m3/2 7 —a)+ 723k -1 - Tk
ﬁJQV _ ™ o R3 T ( ) ( 3 2 12 4) (1 + 0(1)) )
log N (log N)3/2 (log N )2
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B On the Dickman subordinator

Theorem 1.1 on the density of the Dickman subordinator can be deduced from general
results about self-decomposable Lévy processes, see [S99, §53].

» Let us first derive (1.4) for ¢t € (0, 1]. The law of Y; satisfies the assumptions of [S99,
Lemma 53.2] with n = 1, a; = 1 and ¢ = s, which yields f(t) = Kt*~! for t € (0, 1].
To show that K = e~ 7%/T'(s), as in (1.4), one can apply [S99, Theorem 53.6] which

gives fs(t) = (1+0(1))rt*~" /T(s) as t | 0, with & = exp{s( [, “—tda+ [{° <" dz)}.

The identification k = exp{—~s} follows by [GR07, Entry 8.367 (12), page 906].

* We then deduce (1.4) for ¢ € (1,00). We can apply [S99, Theorem 51.1], which
reads as follows (where v(dt) =  1(0,1)(t) dt, 70 = 0 and f,(t) is the density of Y}):

/Otyfs(y) dy = /Ot (/Oty fs(w) du> y g Lo (y) dy

Differentiating with respect to ¢, for ¢t > 1, we get tfs(t) = s fol fs(t —y) dy, which
already shows that f,(¢) can be deduced from {fs;(u) : v € (¢t — 1,¢)}. To obtain
(1.4), we further differentiate this relation (note that f,(-) € C* on (1, 00), by [S99,
Lemma 53.2]) to get fs(¢) + tfi(t) = s (fs(t) — fs(t — 1)), which can be rewritten as
(175 f5(t)) = —st=° fs(t — 1). Integrating on (0, t), since t! 5 f(t) — K = e~ 7% /T(s)
ast ] 0, we obtain t! S f(t) - K = s Ot w du, which coincides with the second
line of (1.4) (note that f,(¢) =0 for ¢ < 0).

This completes the proof of (1.4).3

We now present an alternative proof of Theorem 1.1, which exploits a key scale
invariance property of the Dickman subordinator Y. Let M, denote the maximal jump
up to time s:

M, := max AY,, where AY,=Y,-Y,_.=Y,—-1limY,_.. (B.1)
u€(0,s] el0

We first prove the following result.

Proposition B.1 (Scale-invariance). Fix s € (0,00), t € (0,1). Conditional on all jumps of
Y up to time s being smaller than t, the random variable Y;/t has the same law as Y, i.e.

P(%e-’Ms<t>:P(Yse-). (B.2)

Proof. We use the standard representation of the Lévy process Y = (Ys)se[o,oo) in terms
of a Poisson Point Process (PPP). Let IT be a PPP on [0, c0) x (0, 1) with intensity measure

T0,1)(y)

p(dz, dy) := Leb(dz) @ v(dy) =dz ® dy. (B.3)

We recall that IT is a random countable subset of [0, c0) x (0, 1), whose points we denote
by (s;,t;). Let us define

oD =10 ([0,s] x (0,1)), YP = 3 1. (B.4)
(si,ti)en(s’t)

Then we can represent our Lévy process Y; in terms of II as follows:

VAESSON (B.5)

3This proof was kindly provided to us by Thomas Simon.
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Let us identify Y with Ys(l). Note that AY; =t # 0 if and only if (s,t) € II, see (B.1).
On the event {M, < t} = {IIN([0,s] x [t,1)) = 0} we have v = v{", hence

p()fe.‘Ms<t) :P(Y‘it) e.‘Hﬂ([O,s]x [t,l)):@) :P(YSM e~)7

t
because V") is a function of II(**), which is independent of IIN ([0, s] x [t, 1)), by definition
of PPP. To prove our goal (B.2), it remains to show that

(t)
P(Yjf € ) =Py e).

By (B.4), it suffices to prove the following property: if we denote by ¢, : R? — R? the
map (z,y) — (z, +y), then the random set ¢, (I1(*")) has the same law as I1(*:1).

Note that II(*Y) is a PPP with intensity measure p(**) given by the original intensity
measure p restricted on [0, s] x (0,t) (see (B.3)). We also observe that the random set
#¢(TI1*Y)) is a PPP with intensity measure given by u(*Y o ¢; !, i.e. the image law of z(**)
under ¢,;. The proof is completed by noting that ¢, sends (> to ;(*!), because the map
y +— y/t sends the measure % 1.+ (y) dy to the measure % Lio,1)(y) dy. O

In our proof of Theorem 1.1, we will also need the following estimate. This can be
deduced from [RW02, Lemma 6], but we give a direct proof in our setting.

Lemma B.2. As s | 0 we have
P(Ys > 1) =o(s). (B.6)

Remark B.3. The bound (B.6) is an intermediate step in establishing Theorem 1.1 and
it is not optimal. Indeed, it is a consequence of Theorem 1.1 that the optimal estimate is

P(Y;>1)=0(s*) assl0, (B.7)
because P(Y; < 1) =e 7 /T(s + 1), by (1.4), and we note that as s | 0 we have
D(s+1)=T(1)+T'(1)s + O(s*) = 1 — ys + O(s?), (B.8)
since I'(1) = fooo logue™"du = —v. Relation (B.7) then follows.

Proof of Lemma B.2. Fix a function a; — oo as s — 0, to be determined later. Recall the
definition (B.1) of AY,, =Y, — Y,,_ and define

N = Z I{ay,>} = number of jumps of Y of size > ai in the interval (0, 5] .
u€(0,s] :

We recall that Y only increases by jumps, that is Y, = ZuE(O,s] AY,. We denote by Y~

the contribution to Y, given by jumps of size > (% and YSS =Y, — Y5>. Then we bound

P(Y,>1) < P(Ny>2)+P(N,=1,Y, > 1) +P(N, =0,Y= > 1) (B.9)

For the first term, we note that Ny ~ Pois(\;) with Ay = s fll/as %dx = slog ag, hence
P(N, > 2) = O(\?) = O(s*(log a,)?).

For the third term, since (Y.=),>0 has Lévy measure 1 Lo, .1 (z)dz, we can bound

S
‘Tag

1
P(YS >1)<E[YS] =5 r—dr=—. (B.10)
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We fix o, = 1/s, so that both P(N, > 2) and P(Y,S > 1) are O(s%/?).
It remains to estimate the second term in the right hand side of (B.9). On the event
{Ns = 1}, the random variable W := Y;” has density 5~ 3 1L 1)(z). Also note that

Y= is independent of N,. If we fix o, € (1,2), to be determined later, we can write

P(N,=1Y,>1) <P(N, =LY > L) +P(N, =1, V7 < L VS>1-1)

Qs Os

< POV, = D{POV > ) + PV > 20}

1
< )\S{ Ong + Qs E[YS]}’

- loga, o0s—1 s

because N, ~ Pois(),). Since A\, = slog o and E[Y.S] = ai see (B.10), we get

1 s 2 1 s 282
P(Ns=1,Y, > 1) < slog as 080 5 = slogos + oga 5
log as as(@s - 1) as s —1
Note that lim,_,g k’i‘?‘s = 0, because we have fixed ay; = 1/s. We now choose g; =1+ /s
to get P(N, = 1,Y, > 1) = O(s%/?), which completes the proof. O

Proof of Theorem 1.1. We start proving the first line of (1.4), so we assume ¢ € (0, 1).
Recall that M was defined in (B.1). Plainly, we can write

P(Y,<t)=P(Y, <t M, <t)=P(M, <t)P(Y, < t| M, <t).

We use the PPP representation of Y, that we introduced in the proof of Proposition B.1.
In particular, if II denotes a PPP with intensity measure p in (B.3), we can write

P(M, < t) = P(IIN([0,8] x [t,1)) = 0) = e #(0s1x[E1) = o=sJi" Ay — 45
Fort € (0,1) we have P(Y; <t|M; <t) =P(Y; <1), by Proposition B.1, hence
P(Y,<t)=t'P(Y,<1) forte(0,1). (B.11)
This leads to
fo(t) = st~ F,(1) forte (0,1), where Fy(t):=P(Y, <t). (B.12)

It remains to identify F,(1). Since (Y;)s>0 has stationary and independent increments,
for any n € IN, the density f; is the convolution of f;,, with itself n times. Then for any
t € (0,1) we can write, by (B.12),

fs(t) = / fe(tr) fo(ta—t1) - fo(t —tp_1)dts...dtn
0<t1<...<tp_1<t
; 21 s _ s _
= (2F:(1)" / 7 (ty —t)n e (t =t ) T Aty Aty
0<t1<..<tp-1<t
- £-1 s s
= (2 F=(1)"t*7! ui (ug —un) T (U= upa) g duy
0<ur <...<up—1<1

eyt TG T A
_(nF;(l)) t F(s) _(Fi(l)) t F(s) ’

where we recognized the density of the Dirichlet distribution (with parameters n and )
and, in the last step, we used the property I'(1 + z) = 2 I'(z). By (B.8)

S

P(14 2)" —— e
n— 00
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Since F, (1) =1 —o(u) as u — 0, by Lemma B.2, we have (F=(1))" — 1. This yields

o noeoq DL+ 2)"  t57te™s  stomles
fo(t) = lim (P (1))t T(s)  TD(s)  TD(s+1)

which proves the first line of (1.4).
It remains to prove the second line of (1.4). We exploit the PPP construction of Y, see
(B.3)-(B.5). By identifying the largest jump M, = u, see (B.1), we have for any ¢ € (0, c0)

tAl
P(Y, € dt) :/ P(Y; € dt| My = u) P(M, € du)
0
tA1 L dz
_ L (tzuyqib Is sl q (B.13)
| e ap{se i a)

tAl
= (/ fs(t_T”) su® 2 du) de.
0

The second equality holds for the following reasons.

* Y; conditioned on {M; < u} has the same law as uY;, by Proposition B.1, hence

P(YSedt\MS:u)zP(YsGdt—u|Ms<u):%fs(ﬂ)du.

u

* 2 is the Poisson intensity of finding a jump of size v in the time interval [0, s], while
e~ Ji ¥ = u® is the probability that all other jumps are smaller than u, hence

P(M, € du) = ([0, s] x du) e #(0s]x (1)) — 2 du e=sfuzde

Making the change of variable a := t=v we can rewrite (B.13) as

=

_ S— > fS(a)
fS(t) =t 1 /(t1)+ mda

st®"te Vs

T'(s+1)
(1.4), that we have already proved. This implies that the first integral must equal
This concludes the proof of the second line of (1.4).

(B.14)

For t € (0,1), the second integral equals 0, while f,(t) = by the first line of

e 7V*®

T(s+1)"
O
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