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Abstract

We study the V¢ model with uniformly convex Hamiltonian #H(¢) := > V(V¢) and
prove a quantitative rate of convergence for the finite-volume surface tension as well
as a quantitative rate estimate for the L?-norm for the field subject to affine boundary
condition. One of our motivations is to develop a new toolbox for studying this problem
that does not rely on the Helffer-Sjostrand representation. Instead, we make use
of the variational formulation of the partition function, the notion of displacement
convexity from the theory of optimal transport, and the recently developed theory of
quantitative stochastic homogenization.
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Quantitative homogenization of the disordered V¢ model

1 Introduction

Many physical phenomena exhibit a transition between two pure phases, especially
at low temperature. The first mathematical model to understand the macroscopic shape
of the interface separating the two phases was introduced by Wulff in 1901 in [45]
to describe the shape of a crystal at equilibrium: it characterizes the interfaces as
minimizers of the Wulff functional, defined by, for a subset £ C R4,

W (E) := /é)Ea(n(x)) dzx, (1.1)

where n is the outward normal to OF at x, ¢ is a surface tension, under a volume
constraint vol(E) = v. The minimizer of the Wulff functional is called the Wulff shape.
From a mathematical point of view, the interfaces are macroscopic objects, and one
would like to describe them using models from statistical mechanics which are defined
on a microscopic level. Many important results in this direction were obtained on various
models in the 90s; in [1], Alexander, Chayes and Chayes derived a Wulff construction for
the two dimensional supercritical Bernoulli bond percolation. In the monograph [21],
Dobrushin, Kotecky and Shlosman, studied the two dimensional ferromagnetic Ising
model at low temperature with periodic boundary conditions. These results were later
extended to every temperature below the critical one, and we refer to the works of
Toffe [33, 34], Schonmann, Shlosman [43] and Pfister, Velenik [42] and by Ioffe and
Schonmann in [35]. In dimension 3, Cerf proved in [14] a Wulff construction for the
supercritical Bernoulli bound percolation. Bodineau in [13] proved a similar result for
the Ising model in any dimension d > 3 at low temperature. Cerf and Pisztora in [15]
proved a Wulff construction for Ising in dimension larger than 3 for temperatures below
a limit of slab-thresholds.

In this article, we consider the discrete Ginzburg-Landau or V¢-model in dimension
d > 2, which is a model of stochastic interface defined as follows. We assume that the
interface is a discrete object which has only one degree of freedom; it is represented
by a set of the form {(z,¢(z)) : v € Z4} C Z? x R, where ¢ is a map from Z? to R
which encodes the height of the interface. We associate to a configuration ¢ an energy
computed through the Hamiltonian,

H(¢):= Y V(o) -o)),
le—y|=1
where V : R — R is an elastic potential satisfying the properties
(i) Viseven: V(z) = V(—xz) foreach z € R,

(ii) V is uniformly convex: there exists an ellipticity parameter X € (0, 1] such that for
eachz,y € R,

)\|x—y|2§V(x)+V(y)—2V (x—;y) < §|x—y|2. (1.2)

To this system, one can associate a Langevin dynamics, given by the stochastic differen-
tial equation

dop(z) =~ Y V' (6e(x) = de(y)) dt + V2dB, (2), x € Z,
ly—z|=1
where (B; (7)),czq is a family of independent normalized Brownian motions. This dy-
namics has an invariant Gibbs measure formally given by the formula

~exp (—H (9) [[ do(z). (1.3)
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where the parameter 7 is the partition function, chosen such that the measure (1.3) is a
probability measure.

A typical result one wishes to prove is that a properly rescaled version of the interface
approaches, over large scales, a deterministic shape and to characterize this determinis-
tic object in the spirit of a Wulff construction (see [10, 24, 20]). A quantity of interest is
thus the surface tension of the model which is defined by the following procedure. We
first define the finite volume surface tension according to the formula, for every p € R¢,

v(Qp,p) = —T—ldlog /e_H(q” H do(x) H Ope (dop(z))

TEQ, T€0Q,

In [24], Funaki and Spohn proved that as the size of the cube tends to infinity, the
finite-volume surface tension converges, i.e.,

v (@r,p) — V(p). (1.4)
r—00
The limit v is the surface tension of the model. The proof relies on a subadditivity
argument and is thus qualitative. The main result of this article is to obtain an algebraic
rate of convergence for the finite-volume surface tension and is stated below.

Theorem 1.1 (Quantitative convergence of the finite-volume surface tension). There
exist a constant C := C(d,\) < oo and an exponent « := «(d, \) > 0 such that for each
peRY,

v(Qr,p) — 2(p)| < Cr=*(1+ |p*). (1.5)

The second main result of this article is to deduce a quantitative L? sublinearity
estimate for the field ¢ distributed according to the Gibbs measure (1.3), in a cube with
affine boundary conditions.

Theorem 1.2 (L? contraction of the Gibbs measure). For each p € R¢, we let [, be the
affine function of slope p, i.e., for each z € Z%, l,(z) = p-x. Welet ¢,.,, : Q, — R be a
random variable distributed according to the Gibbs measure

P (d6) i= e "0 T] do(a) T oo (dot))

TEQ, r€0Q,

where Z is the partition function chosen such that IP is a probability measure. Then
there exist a constant C := C(d, \) < oo and an exponent « := «(d, \) > 0 such that

1 |1 .
—E ] Z 6rp(@)*| < Cr= (1+p]?).

r
z€Q,

These theorems are the first quantitative results for convergence of the surface
tension of the V¢-model and should be seen as a first step to develop a quantitative
theory on this model. A first reasonable objective would be to extend these results to more
general conditions, instead of the affine boundary condition presented in Theorem 1.2.
Such a result would prove that the properly rescaled version of the interface ¢ converges
quantitatively to a deterministic interface, which is a critical point of the Wulff functional
involving the surface tension .

The result obtained is suboptimal since we only obtain an algebraic rate of conver-
gence for some small exponent o > 0. In the specific case of the Gaussian free field, i.e.,
when V,(z) = 22, the finite volume surface tension can be computed explicitly and the
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convergence takes place at the following rate

lvarr(Qr,p) — Darr(p)| ~ Cr~ L.

We expect that this rate should also be the optimal rate in the case of uniformly convex
potentials considered in this article.

The V¢-model and its large-scale properties have already been studied in several
works. A common tool to study this model is the Helffer-Sjostrand PDE representation
which originates in the work of Helffer and Sjostrand [32]. Naddaf and Spencer in [40]
proved a central limit theorem for this model by homogenizing the infinite dimensional el-
liptic PDE obtained from the Helffer-Sjostrand representation. Funaki and Spohn in [24]
studied the dynamics of this model and proved that the suitably rescaled version of the
dynamic field ¢; converges toward a deterministic field which is solution to a parabolic
PDE involving the surface tension. Deuschel Giacomin and Ioffe in [20] established the
large scale L? convergence of the interface to some deterministic function, which can be
characterized as a minimizer of a Wulff functional, as well as a large deviation principle.
These result were later extended by Funaki and Sakagawa in [23]. In 2001, Giacomin,
Olla and Spohn established in [25] a central limit theorem for the Langevin dynamics
associated to this model. More recently Miller in [39] proved a central limit theorem for
the fluctuation field around a macroscopic tilt.

The Helffer-Sjostrand representation is a very powerful tool, but may also face some
limitations. The PDE operator arising in this representation contains a divergence-
form part whose coefficients are given by V”. In case when V" is singular, or of
a varying sign, then it is rather unclear how to proceed (see however [17, 12, 16]).
Besides the specific results to be proved in this paper, we are interested in developing
new tools to study the V¢ model that completely forego any reference to the Helffer-
Sjostrand representation. We rely instead on the variational formulation of the free
energy, and of the displacement convexity of the associated functional; to the best of
our knowledge, it is the first time that tools from optimal transport are being used to
study this model.

The mechanism by which we obtain a rate of convergence is inspired by recent
developments in the homogenization of divergence-form operators with random coef-
ficients. The first results in this context date back to the early 1980s, with the results
of Kozlov [36], Papanicolaou-Varadhan [41] and Yurinskii [46] who were able to prove
qualitative homogenization for linear elliptic equations under very general assumptions
on the coefficient field. These results were later extended by Dal Maso and Modica
in [18, 19] to the nonlinear setting. Obtaining quantitative rates of convergence has been
the subject of much recent study over the past few years. Some notable progress were
achieved by Gloria, Neukamm and Otto [30, 31, 29] and by Armstrong, Kuusi, Mourrat
and Smart [4, 5, 6, 8, 7].

While most of the theory developed to understand stochastic homogenization focuses
on linear elliptic equations, the closest analogy with the V¢ interface model is the
stochastic homogenization of nonlinear equations. In this setting, the results are more
sparse: one can mention the work of Armstrong, Mourrat and Smart [7, 8] who quantified
the works of Dal Maso and Modica [18, 19]. More recently, Arsmtrong, Ferguson and
Kuusi [3] were able to adapt part of the theory developed in the linear setting to the
nonlinear setting.

While the theory is usually presented in the case of uniformly elliptic environment,
the extension of the theory to the setting degenerate or perforated environment has
been a subject of attention (see for instance [37, 9, 27, 26, 2]). We hope that ideas
and strategies presented in these works could be useful to obtain information on some
V¢-models with non-uniformly elliptic potential.
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1.1 Notations and assumptions

1.1.1 Notations for the lattice and cubes

In dimension d > 2, let Z% be the standard d-dimensional hypercubic lattice, B, :=
{(x, y) v,y €2 |xr—y| = 1} the set of unoriented nearest neighbors, or bonds, and
FE,; be the set of oriented nearest neighbors, or edges. We denote the canonical basis
of R? by {ey,...,eq}. For z,y € Z4, we write = ~ y if  and y are nearest neighbors. For
x € Z¢ and r > 0, we denote by B(z,r) C Z¢ the discrete ball of center x and of radius r.
We usually denote a generic bond by e. For a given subset U of Z¢, we denote by B4(U)
the bonds of U, i.e.,

By(U):={(z,y) €Byg : z€U,ycUand z ~ y}.

If we wish to talk about edges, we use an arrow to distinguish them from the bonds. We
denote by ©a generic edge. Similarly, we denote by E; the edges of U,

EyU):={z)€Ey : xeU,ycUandz~y}.
We denote by OU the discrete boundary of U, defined by
oU := {mEU:HyEZd, y~zandy ¢ U}
and by U° the discrete interior of U,
U°:=U\oU.

We also denote by |U| the cardinality of U, we refer to this quantity as the (discrete)
volume of U. For N € IN, we write NZ? to refer to the set {Nx : z € Z?} C Z°. A cube
of Z% is a set of the form

Z0 (z+[0,N]%), z € Z% N € N.

We define the size of a cube given in the previous display above to be the integer N + 1.
For n € IN, we denote by [, the discrete triadic cube of size 3",

d
3n 3"
On = —=,=) nz<
(-%%)
We say that a cube [ is a triadic cube if it can be written
0= (z+0,), forsome n € N, and z € 3"Z".

Note that two triadic cubes are either disjoint or included in one another. Moreover for
each n € IN, the family of triadic cubes of size 3" forms a partition of Z¢. A caveat must
be mentioned here, the family of triadic cubes (2 4+ ,,), 5.4« forms a partition of 7 but
the family of edges (B (2 + 0,)),c3nyq does not form a partition of By, indeed the edges
connecting two triadic cubes are missing, i.e., the edges of the set

{(z,y)€By : 32€3"Z%, z € (:+0,) andy ¢ (= +0,)}.

We mention that the volume of a discrete triadic cube of the form z + 0, is 39".
Given two integers m,n € IN with m < n, we denote by

Zpm = 3"Z4 N0, (1.6)
we also frequently use the shortcut notation
2= Znpt1 =32 N 01

These sets have the property that (z + 0,;,) is a partition of (J,,. In particular

(2 +0),cz, is a partition of ;41

2€EZm,n
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1.1.2 Notations for functions

For a bounded subset U C Z<, and a function ¢ : U — R, we denote by (¢)y its mean
defined by the formula

1
(D) = m Z P(z).

We let h}(U) and h'(U) be the set of functions from U to R with value zero on the
boundary of U and mean zero respectively, i.e.,

h(U):={¢:U =R : u=0o0n0dU}
and
RYU) ={¢:U—-R : (¢), =0}.
These spaces are finite dimensional and their dimension is given by the formulas
dim h$(U) = |U \ 8U| and dim h'(U) = |U| — 1.

We sometimes need to restrict functions, to this end we introduce the following notation,
for any subsets U,V C Z satisfying V C U, and any function ¢ : U — R, we denote by
¢|v the restriction of ¢ to V. A vector field G on U is a function

G:E U) =R
which is antisymmetric, that is, G (7)) = —G (y&) for each z,y € E4(U). Given a function
¢ : U — R, we define its gradient by, for each ¢ = zj € E4(U),
Vo () = oly) — dla).
The divergence of a vector field G is the function from U to R defined by, for each « € U,
divG(z) = > G(@)).
yeU,y~x

We also define the discrete Laplacian A of a function ¢ : U — R by the formula, for each
xzeU,

yeU,y~zx
For p € R%, we also denote by p the constant vector field given by
p(z,y):=p-(z—y). (1.7)

Given two vector fields F' and G, we define their product to be the function defined on
the set of unoriented edges by

F-Gla,y) = F@)C(@).

This notation is frequently applied when F' is a constant vector ¢ and when G is the
gradient of a function V), so we write, for each (z,y) € By,

q- Vw(l‘,y) = Q(x’ Z/)VW%ZJ)

We also often use the shortcut notation

Z to mean Z

eCU e€B4(U)

If one assumes additionally that U is bounded, then for any vector field F : E4(U) — R,
we denote by (F),, the unique vector in R¢ such that, for each p € R¢

p(Fly = %' S p-Fle).
eCU
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1.1.3 Notations for vector spaces and scalar products

Let V be a finite dimensional real vector space equipped with a scalar product (-, )y,
this space can be endowed with a canonical Lebesgue measure denoted by Leby . This
measure is simply denoted by dxr when we integrate on V, i.e., we write, for any
measurable, integrable or non-negative, function f : V — R,

/f(;c)dyc to mean/f(x) Leby (dx). (1.8)
% 1%

For any linear subspace H C V, we denote by H' the orthogonal complement of H.
Given H, K C V, we use the notation

1
V=H®KifV=Ha®KandV(h,k) € Hx K, (h,k)y =0.

Note that from the scalar product on V, one can define scalar products on H and H*
naturally by restricting the scalar product on V to these spaces. Consequently, the
spaces H and H* are equipped with Lebesgue measures denoted by Leby and Leb . .
These measures are related to the Lebesgue measure on V' by the relation

Leby = Leby ® Leby ., (1.9)

where the notation ® is used to denote the standard product of measures. Note that we

used in the previous notation the equality V = H éH  to obtain a canonical isomorphism
between the spaces V (on which Leby is defined), and the space H x H' (on which
Leby ® Lebgt is defined).

Given a bounded subset U C Z¢, we equip any linear space V of functions from U to
R with the standard L? scalar product, i.e., for any ¢, € V, we define

(6. 0)v =Y p(z))(x).

xeU

This in particular applies to the spaces h}(U) and lozl(U ). From now on, we consider
that these spaces are equipped with a scalar product and consequently with Lebesgue
measure denoted by Lebhé(U) and Leb;ll(U), or simply by dx when we use the notation
convention (1.8).

1.1.4 Notations for measures and random variables

For any finite dimensional real vector space V, we denote by P(V) the set of probability
measures on V equipped with its Borel o-algebra denoted by B(V'). For a pair of finite
dimensional real vector spaces V and W, and a measure = € P(V x W), the first marginal
of 7 is the probability measure p € P(V') defined by, for each A € B(V),

p(A) i=m(AxW),

we similarly define the second marginal as a measure in P(WW). Given two probability
measures u € P(V) and v € P(W), we denote by II(u, v) the set of probability measures
of P (V x W) whose first marginal is ;1 and second marginal is v, i.e.,

M(p,v) ={mre P(VxW) :VY(A,B)e (B(V),BW)), 1(AxW)=pA)
and 7 (V x B) =v(B)}.

We define a coupling between two probability measures p € P(V) and v € P(W) to be a
measure in II(y, v). For a generic random variable X, we denote by Px its law. Given
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two random variables X and Y, a coupling between X and Y is a random variable whose
law belongs to II(Px, Py ).

We mention that in this article we do not assume that there is an underlying probabil-
ity space (2, 7,IP) on which all the random variables are defined. We use the random
variables as proxy for their laws to simplify the notations. A consequence of this is that
given two random variables X and Y, we have to be careful to first define a coupling
between X and Y if one wants to work with the random variables X 4+ Y, XY etc.

Given a measurable space (X, F) and two o-finite measures p and v on X, we write
1 < v to mean that p is absolutely continuous with respect to v, and denote by % the
Radon-Nikodym derivative of p with respect to v. If we are given a second measurable
space (Y, F') and a measurable map 7' : X — Y, we denote by T, the pushforward of
the measure p by the map 7.

1.1.5 Notations for the V¢ model

We consider a family of functions (V;);=1... 4 € C*(R) satisfying the following assump-

tions, for each i € {1,...,d},

.

1. Symmetry: for each x € R, V;(z) = V;(—x);
2. Uniform convexity: there exists A € (0,1) such that A < V' < §;
3. Normalization: The value of V; at 0 is fixed: V;(0) = 0.

Assumption (2) implies, for each p;,ps € R,

p1+p2
2

1
Alplpﬁgvi(plwm(pz)zm( >§A|p1p2|2. (1.10)
From the first and second assumptions, we see that the functions V; have a unique
minimum achieved in 0. The third assumption is not necessary and can be easily
removed, but thanks to this assumption we have the convenient inequality, for each
x eR,

1
Alz* < Vi) < S,

For each bond e € B,, we define V, := V; where i is the unique integer in {1,...,d} such
that e can be written (x,z + ¢;) for some z € Z¢. We then define the partition function,
for each bounded subset U C Z? and for each p € R¢,

Z, (U) ::/hé(U)exp — Y " Velp(e) + Vo(e)) | do, (1.11)

eCU

where we recall that the notation p(e) denotes the constant vector field introduced
in (1.7) and d¢ stands for the Lebesgue measure on h}(U). Note that thanks to the
symmetry of the functions V;, even if the vector field p + V¢ is defined for edges, the
quantity Ve(p(e) + V¢(e))) can be defined for bonds. From this, one can define the
finite-volume surface tension

Lz, w) (1.12)

V(va) = |U‘

and the probability measure on h}(U)

exp (= X.cp Velple) + Vo(e))) do

Fraldo) = 7, 0)
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We also denote by ¢y, a random variable of law Py,,. These objects are frequently used
with triadic cubes, we thus define the shortcut notations, for n € NN,

P, , =P

nsP?

and by ¢, , a random variable of law IP,, ,. We also define the quantity, for each q € R,

Z;0)y= [ e | =X (90D~ Vule) | dos (1.13)

eCU
as well as the quantity
1

nZ; (U), (1.14)
and the probability measure

exp (= Loco (VelVU(€)) — a- Vib(e)) ) dv

) = 70

We denote by ¢y, a random variable of law P7; , and we frequently write P}, - and v, 5,

n,q
g *
instead of Pr;  and ¢, .

1.1.6 Convention for constants and exponents

Throughout this article, the symbols ¢ and C' denote positive constants which may vary
from line to line. These constants may depend solely on the parameters d, the dimension
of the space, and ), the ellipticity bound on the second derivative of the function V..
Similarly we use the symbols « and 8 to denote positive exponents which may vary from
line to line and depend only on d and A. Usually, we use C for large constants (whose
value is expected to belong to [1,00)) and ¢ for small constants (whose value is expected
to be in (0, 1]). The values of the exponents « and 3 are always expected to be small.
We also frequently write C := C(d, \) < oo to mean that the constant C' depends only
on the parameters d, A and that its value is expected to be large. We may also write
C :=C(d) < o or C := C()\) < oo if the constant C depends only on d (resp. A). For
small constants or exponents we use the notations ¢ := ¢(d,\) > 0, o := a(d,A) > 0,

B = B(d,\) > 0.

1.2 Main result

The objective of this article is to obtain a quantitative rate of convergence for the
finite-volume surface tension v(J,,, p). We also obtain an algebraic rate of convergence
for the quantity v* and prove that the two surface tensions v and v* are, in the limit,
convex dual. This is stated in the following theorem.

Theorem 1.1 (Quantitative convergence of the surface tensions). There exist a constant
C := O(d,\) < oo and an exponent a := a(d, \) > 0 such that for each p,q € R?, there
exist two real numbers 7(p) and 7*(¢) such that

(0, p) = 2(p)| < C37"(1+ [pl?), (1.15)

and
V" (Onq) — 7 (q)] < O3 (1 + [qf?). (1.16)

Moreover the functions p — 7(p) and ¢ — 7*(q) are uniformly convex, i.e., there exists a
constant C := C(d, \) < oo such that for each p;,p; € R?

1 _ _ _ +
cln=ml oo v -2 (P52 <Clp-pf A
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for each ¢i1, ¢2 € R,

1 —% —% —% q +q
Glo— el <7 (@) + 7" (@) -2 (122) <Cla —af, (1.18)
and are dual convex, i.e., for each ¢ € R?
7*(q) = sup (=2(p) +p-q)- (1.19)

peR4

Remark 1.3. The uniform convexity property (1.17) is already known and was proved
by Deuschel, Giacomin and Ioffe in [20, Lemma 3.6].

Remark 1.4. To build some intuition on the quantities v and v* and see that they are
convex dual, one can consider the specific case of the Gaussian free field, i.e., when
V() := B2, for some strictly positive coefficient 3. In this case, the value of the surface
tensions can be explicitly computed and one has, for each p, ¢ € R?,

" 1
V(Dnap> = 5|P|2 + Cn,Dir and 14 (Dnvq) = @‘QP — Un,Neu,

where the constants C;, pir and C,, neu can be computed explicitly in terms of the param-
eter 8 and of the eigenvalues of the discrete Laplacian on the cube (J,, with Dirichlet and
Neumann boundary conditions, respectively. As the size of the cube [1,, tends to infinity,
these two constants converge to the same constant which we denote by C := C(3,d) < .
From this argument, one deduces the following formula for the surface tensions v and
v*, for each p,q € R¢,

1
v (p) := Blp|* + C and v* (q) := @IQ\Q -C,

which shows in particular that the two functions 7 and v* are convex dual.

Remark 1.5. These results give a quantitative rate of convergence for the surface
tension which is suboptimal: we only obtain an algebraic rate of convergence for some
small exponent « > 0. The reason which justifies this exponent « is the following. The
main idea of the proof is to obtain an inequality of the form

V(Dn+l7p)_17(p) SC(V(DTL7P)_V(DH+17P))> (120)
which implies the algebraic rate of convergence thanks to the two following arguments:

1. the inequality (1.20) can be rearranged to obtain

v (Ony1,p) — o(p) < (v (On,p) = v(p)); (1.21)

C+1

2. since the sequence (v (O, p)), < is decreasing (see Proposition 3.1 or [24, Lemma
11.1]), the value (v (O,,p) — 7(p)) is non-negative and we deduce from the esti-

mate (1.21),
C n
v (O —v(ip) < | =—— v (O - .
Co) =20 < (557 ) 0Coun) ~50)
Since the number CLH is strictly smaller than 1, we obtain an algebraic rate of
convergence with the exponent a := Xz In “t!. Since we do not have a good
control on the value of the constant C' in the proof, the exponent « obtained is not
explicit.
EJP 24 (2019), paper 90. http://www.imstat.org/ejp/
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The precise statements are more involved and make use of the dual surface tension v*.
We refer to Section 4.3, and more specifically to the result of Proposition 4.5, and to
Section 4.4 for the details.

From this, we deduce that the random variables ¢, , and 1, , are close to affine
functions in the expectation of the L2-norm. Before stating the result, we note that (1.17)
and (1.18) imply that the functions p — (p) and ¢ — 7*(q) are C!'! and we denote their
gradients by V,v and V,v*.

Theorem 1.2 (L2 contraction of the Gibbs measure). There exist a constant C :=
C(d,)\) < oo and an exponent « := a(d, \) > 0 such that for each n € I, p, ¢ € R,

1 1
: Z I
(diam O,) |

> (I6np@)P + [tna(@) = V" (0) - 2

nl zel,

S 03—(171, (1 + |p|2 + |q‘2) .

Remark 1.6. While the results of the two theorems are stated for deterministic poten-
tials V., we expect that similar results, with similar proofs, should hold in the case of
random potentials, with a stationary law and strong enough mixing conditions. Indeed
the techniques developed in [6], which we try to adapt here and which rely on similar
subadditive quantities, are designed to work in a random setting and their methods
should be applicable to treat the random potential case. This generalization will affect
the proofs by adding an additional layer of notations; moreover some concentration
inequalities will be required to conclude.

Remark 1.7. Qualitative versions of the previous statements, and in particular a quali-
tative version of Theorem 1.1 can be obtained by a (much softer) subadditivity argument
and was established by Funaki and Spohn in [24, Lemma II.1]. Their result is stated in
this article in Proposition 3.1. Obtaining quantitative rate of convergence is a different
problem since the subadditivity arguments are purely qualitative. To obtain such results,
one has to work with the two subadditive quantities v and v* together; the idea is to
show that they are approximately convex dual, to quantify the defect of convex duality
and to deduce a rate of convergence for these quantities.

1.3 Strategy of the proof

The strategy of the proof is to use the ideas from the theory of quantitative stochastic
homogenization, and in particular the ideas developed by Armstrong, Kuusi, Mourrat
and Smart in [6] and [8] to the setting of the V¢ model. To this end, we introduce the
two quantities v and v*, which are in some sort equivalent to the subadditive quantities
with the same notation used in [6, Chapters 1 and 2].

The idea is then to find a variational formulation for these quantities to rewrite them
as a minimization problem of a convex functional, this is done in Section 2.2. This
functional involves a term of entropy and it is not a priori clear that it is convex. To
solve this issue, we appeal to the theory of optimal transport and more specifically to the
notion of displacement convexity to obtain some sort of convexity for the entropy.

Once this is done, we are able to collect some properties about v and »* which match
the basic properties of the equivalent quantities in stochastic homogenization, and one
can for instance compare Propostion 3.1 with Lemma 1.1 of [6]. One can then exploit
the convex duality between v and v* to obtain a quantitative rate of convergence for
these quantities as it is done in Section 4.

EJP 24 (2019), paper 90. http://www.imstat.org/ejp/
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1.4 Outline of the paper

The rest of the article is organized as follows. In Section 2, we collect some prelim-
inary results which are useful to prove the main theorems. Specifically, we introduce
the differential entropy of a measure and state some of its properties, we also record
some definitions from the theory of optimal transport and state the main result we need
to borrow from this theory, namely the displacement convexity of the entropy, Propo-
sition 2.10. We also introduce the variational formulation for v and 7* in Section 2.2.
In Section 2.4, we state and prove a technical lemma which allows to construct suit-
able coupling between random variables. We then complete Section 2 by stating some
functional inequalities on the lattice Z¢, in particular the multiscale Poincaré inequality
which is an important ingredient in the proofs of Theorems 1.1 and 1.2.

In Section 3, we use the tools from Section 2 to prove a series of properties on the
quantities v and v*, summarized in Proposition 3.1.

In Section 4, we combine the tools collected in Section 2 with the results proved in
Section 3 to first prove that the variance of the random variable (V¢ 4)5 contracts,
this is done in Lemma 4.2. We then deduce from this result and the multiscale Poincaré
inequality that the random variable 1, , is close to an affine function in the L?-norm, this
is the subject of Proposition 4.4. We then use these results combined with a patching
construction, reminiscent to the one performed in [8], to prove Theorems 1.1 and 1.2.

Appendix A is devoted to the proof of some technical estimates useful in Sections 2
and 3.

Appendix B is devoted to the proof of some inequalities from the theory of elliptic
equations adapted to the setting of the V¢ model. More precisely, we prove a version of
the Caccioppoli inequality, the reverse Holder inequality and the Meyers estimate for
the V¢-model.

2 Preliminaries

2.1 The entropy and some of its properties

In this section, we define one of the main tools used in this article, the differential
entropy, we then collect a few properties of this quantity which are used in the rest of
the article.

Definition 2.1 (Differential entropy). Let V' be a finite dimensional vector space equipped
with a scalar product. Denote by B(V') the Borel c-algebra associated with V. Consider
the Lebesgue measure on V and denote it by Leb. For each probability measure P on V,
we define its entropy according to the formula

1 ifP <L S (=) er!
H(P) = /V dLep 0 (dLeb (x>> dv if P < Leb and Zr2-In (dLeb> e L' (V),

+o00 otherwise.

Remark 2.2.  In this article we implicitly extend the function z — zInz by 0 at 0.

*« We emphasize that the usual definition of the differential entropy is stated with
the function x — —x In x instead of the function x — zInz. Adopting the other sign
convention is more meaningful in this article because we want the entropy to be
convex in the sense of displacement convexity as it is explained in the following
sections.

We now record a few properties about the entropy. We first study how the entropy
behaves under translation and affine change of variables. These properties are standard
and fairly simple to prove, the details are thus omitted.

EJP 24 (2019), paper 90. http://www.imstat.org/ejp/
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Proposition 2.3 (Translation and linear change of variables of the entropy). Let X be a
random variable taking values in a finite dimensional real vector space V equipped with
a scalar product. Denote by Px the law of X. For each a € V, we denote by Px_, the
law of the random variable X + a. Then we have

H(Pxia) = H(Px). 2.1)

Now consider a linear map L from V to V. We denote by Py x) the law of the random
variable L(X). Then we have

H (Ppx)) = H(Px) —In|det L| . (2.2)

In particular if L is non invertible then det L = 0 and H (P x)) = oo.

Let V, W be two finite dimensional real vector spaces equipped with scalar products
denoted by (-,-),, and (-,-);;,. Denote by Leby and Leby, the Lebesgue measures on V
and W. Consider the space V x W. Define a scalar product on this space by, for each
v,v’ € V and each w,w’ € W,

((an)a(vl7w/))V><W = (Uavl)v+(w7w/)W' (23)
Then the Lebesgue measure on V @ W satisfies
Leby xw = Leby ® Lebyy .

The following proposition gives a property about the entropy of a pair of random vari-
ables.

Proposition 2.4. Let V, W be two finite dimensional real vector spaces equipped with
scalar products. Consider the space V- x W equipped with the scalar product defined
in (2.3). Let X and Y be two random variables valued in respectively V and W. Assume
that H (Px) < oo, H (Py) < oo and that we are given a coupling (X,Y’) between X and
Y. Then we have

H (Pxy)) > H(Px)+ H (Py),

with equality if and only if the random variables X and Y are independent.

Remark 2.5. This inequality states that the entropy of two random variable is mini-
mal when X and Y are independent. This is due to the sign convention adopted in
Definition 2.1.

Proof. These estimates can be obtained using the convexity of the function z — zInx
and the Jensen inequality. The proof is standard and the details are omitted. O

Frequently in this article, the previous proposition is used with the following formula-
tion.

Proposition 2.6. Let U be a finite dimensional vector space equipped with a scalar
product and assume that we are given two linear subspaces of U, denoted by V and W,
such that

U=V é w.
Assume moreover that we are given two random variables X and Y taking values
respectively in V and W. Assume that H (Px) < oo, H (Py) < oo and that we are given
a coupling (X,Y) between X and Y. Then we have

H(Px.y)>H (Px)+ H (Py),

where the entropy of X +Y (resp. X and Y) is computed with respect to the Lebesgue
measure on U (resp. V and W). Moreover there is equality in the previous display if and
only if X and Y are independent.
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Proof. This proposition is a consequence of Proposition 2.4 and the fact that there exists
a canonical isometry between U and V x W given by

.{VXW—>U 2.4)
(v,w) = v+ w. -

2.2 Variational formula for the surface tensions v and v*
One of the important ingredients of this article is to introduce a convex functional
Funp (resp. F ) defined on set of the probability measures on the space h{(O,) (resp.

;Ll(Dn)) such that IP,, , (resp. IPn’q) is the minimizer of F,, , (resp. n,q). The convexity
of Fy, , (resp. F, ,) allows to perform a perturbative analysis around its minimizer, i.e.,
the measure P, ;, (resp. P}, ), and to obtain quantitative estimates which turn out to be
crucial in the proof of Theorem 1.1.

Definition 2.7. For each n € IN and each p, ¢ € R?, we define
P (h(0n)) = R

Fup:
? PoE| Y Vilp-e+Vee)| +H(P),

eCl,

where ¢ is a random variable of law P. Similarly, we define
P ((0) = R
Fog '
P B | Y (Ve (Vi(e) —g- Vo)) | +H (P,
eCO,
where 1) is a random variable of law P*.
The main property about this functional is stated in the following proposition.

Proposition 2.8. Let V be a finite dimensional real vector space equipped with a scalar
product. We denote by B(V') be the Borel set associated to V. For any measurable
function f : V — R bounded from below, one has the formula

—lo exp (— = f P(dz) + H (P 2.5
¢ [ ew-sa)de= it ([ s@pw) 1), @5)
where the integral in the left-hand side is computed with respect to the Lebesgue
measure onV.

As a consequence, one has the following formula, for each n € IN and each p € R?,

PeP(h}(0)) |D | eczuzn

H(P) |, (2.6)
where in the previous formula, ¢ is a random variable of law IP. Moreover the minimum
is attained for the measure P, ,,. Similarly, one has, for each q € RY,

1

v* (Op,q) = sup ﬁE

PreP (Rl (0,))

— 3 (Vo) —a- Vele)) | — 58 (@) )
eCO, n
(2.7)
where in the previous formula, v is a random variable of law P*. Moreover the minimum
is attained for the measure Pj, |
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Proof. We first prove (2.5) and decompose the proof into three steps.

Step 1. Let P be a probability measure on V', we want to show that

/ f(@)P(dx) + H (P) > —log/vexp(—f(x)) dx. (2.8)

First note that if H(P) = oo, then the term on the left-hand side is equal to infinity
and the inequality is satisfied. Thus one can assume H (PP) < oo, this implies that P is
absolutely continuous with respect to the Lebesgue measure on V and we denote by h
its density. In particular, we have

H (P) :/ h(z)In h(z) dz.
v
Similarly, one can assume that [|, f(z)h(z)dr < oo otherwise the estimate (2.8) is

automatically verified. Using that h is a probability density and the Jensen inequality,
one obtains

exp( / F@)h(z)de — H (1?)) < /V exp (— f(2) — In h(x)) h(z) da.

We then denote
A:={z eV : h(z) >0} € B(V),

exp( | rehta)ds - n (JP))S

so that

This is precisely (2.8).
Step 2. We assume that

/ exp (—f(z)) de < oo and / |f(z)|exp (—f(x)) de < 00 (2.9)
1% \%

and construct a probability measure P € P (V) satisfying

/f P(dz) + H (P) = —1og/vexp(—f(1:)) dx. (2.10)

In this case, we define
_exp(—f(@)
[ exp (= f(x)) dx

It is clear that PP is absolutely continuous with respect to the Lebesgue measure Leby
and, from the assumptions (2.9), that H (IP) < co. An explicit computation gives

/f P(dz) + H(P /f —n </Vexp(—f(a?)) dx) P(dz)
— I (/Vexp(—f(x)) dx).

This completes the proof of (2.10).
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Step 3. In this step, we assume that

[ exp (@) de=ooor [ |f@)]ep (~f(@)) do = oc
1% 1%

and we construct a sequence of probability measures IP,, such that

n—oo

[ s@Pu(de) + H(®) 5 ~log [ exp(-f(a) da,
%4 %4
where we used the convention

flog/vexp(ff(x)) dx = —o0 if / exp (—f(x)) dz = oo.

|4

To this end, we define, for each n € NN,

exp (—f (@) L1 <n and s()<n)

P, =
fv exp (—f(z)) ]l{mgn and f(z)<n} dz

dz.

With this definition, we compute

/Vf(x)IPn(dx) +HP,) = (/v oxp (—f () L p1<p and f(a)<n) dz) :

Sending n — oo gives the result. This completes the proof of (2.5).

We now deduce the equality (2.6) from the identity (2.5). We first note that, thanks
to the bound V. () < 1|z|?, there exists a constant C' := C(d, A) < oo such that, for each
n € IN and each ¢ € h} (O,),

Y Velp-e+Vo(e) <ClpP+C Y o). (2.11)

eCl, zel,

Using this inequality, we deduce that one can apply the identity (2.5) with V = A} (O,,)
equipped with the standard L? scalar product and f(¢) = >eco, Ve (p-e+Vo(e)).
Moreover, using the estimate (2.11), one has

/ exp (—(4)) dx < o0 and / 1£(6)] exp (—F()) dé < oo.
h$(On)

ho(Bn)

Thus applying the result proved in Steps 1 and 2, one obtains

1
v(d,,p) = inf
(O, p) PeP(h(@n)) [Oal

E| Y Velp-et+Vole)| +

eCln

and the minimum is attained for the measure

exp (= Yocp Velp- e+ Vo(e) ) do

Pn,p(d¢) = .

fh})(Dn) exp (* Decu Velp-e+ V¢(€))> d¢
The proof of (2.7) is similar and the details are left to the reader. O
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2.3 Optimal transport and displacement convexity

In this section, we introduce a few definitions about optimal transport and state
one of the main tools of this article, namely the displacement convexity. We first give a
definition of the optimal coupling. We refer to [44, Proposition 2.1 and Theorem 2.12]
for this definition.

Definition 2.9. Let U be a finite dimensional real vector space equipped with a scalar
product. We denote by |-| the norm associated to this scalar product. Let X andY be two
random variables taking values in U and denote their laws by P x and Py respectively.
Assume additionally that Px and Py have a finite second moment, i.e.,

E [\X|2] <ocandE [\Yﬂ < 0, (2.12)

and that they are absolutely continuous with respect to the Lebesgue measure on V.
Then the minimization problem

inf z —yl? dx,d
oot el .y
admits a unique minimizer denoted by p(x y). This probability measure is called the
optimal coupling between X and Y .

For t € [0, 1], we denote by 7; the mapping

T UxU—=U
T (@) = (- D+ ty,

and for two random variables X and Y taking values in U with finite second moment, we
denote by

e = (Tt), 1(x,v)-

This is the law of (1 — ¢)X + tY when the coupling between X and Y is the optimal
coupling. The main property we need to use is called the displacement convexity and
stated in the following proposition. We refer to [44, Chapter 5] for this theorem but it is
due to McCann [38].

Proposition 2.10 (Displacement convexity, Theorem 5.15 of [44]). Let U be a finite
dimensional real vector space equipped with a scalar product, let X and Y be two
random variables taking values in U with finite second moment, i.e., satisfying (2.12),
then the functiont — H (u.) is convex, i.e., for each t € [0,1],

H () < (1 — t)H (Px) + tH (Py).

2.4 Coupling lemmas

Thanks to optimal transport theory and particularly thanks to Definition 2.9, we
are able to couple two random variables. The next question which arises is to find
a way to couple three random variables. Broadly speaking, the question we need to
answer is the following: assume that we are given three random variables X, Y and
Z, a coupling between X and Y and another coupling between Y and Z, can we find a
coupling between X, Y and Z? This question can be positively answered thanks to the
following proposition.

Proposition 2.11. Let (E1, By), (F2, B2), (E3,Bs) be three Polish spaces equipped with
their Borel o-algebras. Assume that we are given three probability measures Px on
Ey, Py on E; and Pz on E3 as well as a coupling Pxy) between Py, Py and a
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coupling ]P(Y,Z) between Py, P, that is to say two measures on (E; X Es,B; ® Bs) and
(Ey x E3, By ® B3) satisfying, for each (B, Ba, Bs) € (By, Ba, Bs),

]P(X,Y) (Bl X EQ) = IPX (Bl), IP(X’y) (E X BQ) = IPY (BQ) and
Py,z) (B2 x E) = Py (Bz), Pry,z) (E x Bs) =Pz (B3),

then there exists a probability measure P x y,z) on (Ey X Eo x E3,B1 ® By ® Bs) such
that for each B3 € B1 ® By and each Bas € By ® Bs,

Pixv,z) (Bi2 X E3) = P(x y) (Bi2) and P(x y,z) (E1 X Baz) = Py, z) (B23).  (2.13)

Remark 2.12. As was mentioned earlier, in this article we think of random variables as
laws and we do not assume that there is an underlying probability space (2, F,P) on
which all the random variables are already defined. For instance, we say that we are
given two random variables (X,Y’) and (Y, Z) to mean that we are given two measures
P(x,y) and Py, z) such that the marginals of P x y) are Px and Py and the marginals
of P(y,z) are Py and P without assuming that there exists an implicit probability space
on which X,Y and Z are defined, indeed in that case the statement of the proposition
would be trivial.

This convention allows to simplify the notation in the proofs and has the following
consequence: when we are given two random variables X and Y, we need to be careful
to always construct a coupling between X and Y before introducing the random variables
X +Y, XY or any other display involving both X and Y.

The proof of Proposition 2.11 relies on the existence of the conditional law which is
recalled below.

Proposition 2.13 (Theorem 33.3 and Theorem 34.5 of [11]). Let (E, &) and (F,F) be
two Polish spaces equipped with their Borel o-algebras. Assume that we are given
two probability measures IP; and P, on FE and F respectively. Let P15 be a probability
measure on (E x F,E ® F) whose first and second marginals are IP; and P, respectively,
then there exists a mapping v : E; x F — R4 such that

1. for each x € E, v(z,-) is a probability measure on (F, F);

2. for each A € F, the mapping

b A) {(E,5> = (R, B(R))
x> v(z, A)

is measurable;
3. For each A, € £ and each A5 € F,

]Plg (Al X AQ) = / 14 (.T,‘,AQ) IPl(d.'E)
A
We can now prove Proposition 2.11.
Proof of Proposition 2.11. The idea is to apply Proposition 2.13 to the two laws P(x y)

and Py, 7). This gives the existence of two conditional laws denoted by vx and vz such
that for each By, By, B3 € (Bl, 627 63),

Pxy)(B1 x Ba) = /
Ba

We can the define for each By, Bs, Bs € (B, B2, B3),

vx (4, By) Py (dy) and Py, 7)(Bz x Bs) = / vz (y, Ba) Py (dy).
By

P(xy,z) (B1 X By x Bg) = / vx (y, B1) vz (y, B3) Py (dy).
B2

Using standard tools from measure theory, one can then extend P x y,z) into a measure
on the o-algebra B ® B, ® Bs and verify that this measure satisfies the property (2.13). O
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2.5 Functional inequalities on the lattice

In this section, we want to prove some functional inequalities for functions on the
lattice Z¢, namely the Poincaré inequality, and the multiscale Poincaré inequality. These
inequalities are known on R? so the strategy of the proof is to extend functions defined
on Z to R?, to apply the inequalities to the extended functions and then show that the
inequality obtained for the extended function is enough to prove the inequality for the
discrete function.

The second inequality presented, called the multiscale Poincaré inequality, is a
convenient tool to control the L?-norm of a function by the spatial average of its gradient.
It is proved in [6, Proposition 1.7 and Lemma 1.8]. The philosophy behind it comes
from the theory of stochastic homogenization and roughly states that the usual Poincaré
inequality can be refined by estimating the L?-norm of a function by the spatial average
of the gradient. This inequality is useful when one is dealing with rapidly oscillating
functions, which frequently appear in homogenization. Indeed for these functions, the
oscillations cancel out in the spatial average of the gradient, as a result these spatial
averages are much smaller than the L?-norm of the gradient. The resulting estimate
is thus much more precise than the standard Poincaré inequality. Before stating the
proposition, we recall the definition of the set Z,, ,, given in (1.6).

Proposition 2.14 (Poincaré and multiscale Poincaré inequalities). Let (0 be a cube of
7% of size R and a function v : 0 — R, then one has the inequality, for some constant
C:=C(d) < o0,

> u(z) — (wgl* < CR? Y [Vu(e)|?. (2.14)

zeld eCO
If one assumes that v = 0 on 90J, then one has

> Ju(@)P < CR* > [Vu(e)]”. (2.15)

el eClO
For each n € N, there exists a constant C := C(d) < oo such that for each function
w:0, - R,

BT 2 @) -, [ <€ X VP + €338t [ = 3 (T,
k=1 ’

zed, eCO, YEZk n
(2.16)

If one assume that u € h}(0,,), then one has

1 L 1
o S lu@)P < Y [Vule) +o3n Y3k Z S (Vg M) @17
n zcl, k=1 i

eCl, YEZk,n

Proof. The idea is to construct a smooth function u which is close to u by first extending
it to be piecewise constant on the cubes z + (—%, %)d, where z € [J,,,. We then make this
function smooth by taking the convolution with a smooth approximation of the identity
supported in the ball B; ;. It follows that @(z) = u(z) for each z € [,, and that the

following estimate holds: for each z € (J,,,
sup Vii(z)] < C > fuly) — ulz)].

a+(=3.% y~z

One can then apply the Poincaré inequalities to the function @ and verify that this is
enough to obtain (2.14) and (2.15). The proof of (2.16) follows the same lines, a proof of
this inequality can be found in [2, Proposition A2]. We note that the version stated here
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is a slight modification of the one which can be found there but can be deduced from it
by applying the Cauchy-Schwarz inequality.

The version of the multiscale Poincaré inequality with 0 boundary condition given
in (2.17) cannot be found in [2, Proposition A2]. Nevertheless the continous version of
this inequality is a consequence of [6, Proposition 1.7 and Lemma 1.8]. The transposition
to the discrete setting is identical to the proof given in [2, Proposition A2]. O
3 Subadditive quantities and their basic properties

The goal of this section is to study the quantities v and v* introduced in the previous
sections. We prove a series of results about these quantities, which are reminiscent
of the basic properties of ¥ and v* in stochastic homogenization, see [6, Lemma 1.1
and Lemma 2.2]. We first state these properties in the same proposition. Most of them
are already known in the literature and in Remark 3.2, we provide references for these
results. We then prove the remaining results.

Proposition 3.1 (Properties of v and *). There exists a constant C' := C(d, ) < oo such
that the following properties hold:

» Subadditivity. For each n € IN and each p € R%,
v (On1,p) <v(0p,p) +C (14 |p?) 37 (3.1)
For each q € R,
v (Opt1,q) < v* (On,q) + C (14 g?) 37 (3.2)
¢ One-sided convex duality. For each p,q € R¢ and eachn € IN,
v(ln,p) + v (On,q) 2 p-q—C37" (3.3)

* Quadratic bounds. there exists a small constant ¢ := ¢(d, \) > 0 such that, for each
n € IN and each p € RY,

—C+clpl* <v(On,p) <C(1+1pl*), (3.4)
and for each g € R?,
—C+clg? <v* (Onq) <C(1+q?). (3.5)
» Uniform convexity of v. For each py,p; € R?,

Po +p1

5 > <Clpo—ml>. (3.6)

1 1 1

6|P0 —P1\2 < iV(Dn,po) + *V(Dmpl) -V (Dn»
 Convexity of v*. The mapping q — v*(0O,,, q) is convex.
« L? bounds for the minimizers. For each p € R¢, one has

1
I [N} Z Vonple)*| <C1+ |pf). (3.7)

eCl,

For each q € R?, one has

! > I Vngle)l?| < C+g). (3.8)

E
_| d eCOn
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Remark 3.2. The reader can find in the literature the proofs of the following results.

1.

The subadditivity of v stated in (3.1) is essentially proved by Funaki and Spohn
in [24, Lemma II.1].

. In Proposition 3.9, we prove a quantitative version of the subadditivity inequal-

ity (3.2) which is strictly stronger than the estimate (3.2).

. The quadratic bounds for v stated in (3.4) are elementary and we refer to the

monograph of Funaki [22, Section 5.2].

. The uniform convexity of the finite volume surface tension v stated in (3.6) was

established by Deuschel Giacomin and Ioffe in [20, Lemma 3.6].

. The convexity of the mapping ¢ — v* (d,, q) is a straightforward application of the

Cauchy-Schwarz inequality.

. The L? bounds for the minimizers (3.7) and (3.7) can be obtained the following way.

Using the explicit formula for v and v* together with a computation similar to [20,
Lemma 2.11], one derives the bounds

E |exp | e Z ‘vqsn,q|2 <exp (C “:ln| (1 + |p|2))
eCO,

and B [exp | £ Y [Vinof* | | <exp (C|0](1+|pl*)) .
eC,

for some ¢ := £(d,\) > 0 and C := C(d,\) < oo. By the Jensen inequality, this
implies, and is in fact much stronger than, the desired estimates.

The two statements of Proposition 3.1 which remain to be proved are the one-sided
convex duality (3.3) and the quadratic bound (3.8) for v*. They are established in
Propositions 3.6 and 3.7 respectively.

Remark 3.3. From the subadditivity properties and the quadratic bounds, we obtain that
for each p,q € RY, the quantities v (CJ,,,p) and v* ((J,, q) converge as n — oo. Moreover
the limit satisfies the convexity and one-sided duality properties. This is summarized in
the following proposition.

Proposition 3.4. For each p € R? and q € R, the quantities v (0,,p) and v* (O,,q)
converge as n — oo. We denote by v(p) and v*(q) their respective limits. Moreover, there
exists a constant C := C(d, \) > oo such that the following properties hold

 One-sided convex duality. For each p, q € R,

v(p) +7"(q) =2 p-q.

¢ Quadratic bounds. There exists a small constant ¢ := ¢(d, A) > 0 such that, for each

p € RY,
—C+clpl’ <v(p) <C(1+p]?),

and, for each g € RY,

—C+clg? <" (q) <C(1+]q).

 Convexity and uniform convexity. The mapping ¢ — v* (q) is convex and, for each

p1,P2 € Rd/

_ 1_ _(po+Dp
v(po) + 51’(]91) —-v <021) < Clpo — p1|*.

DN | =

Lipo—pil? <
Cpo P1l” =
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Proof. The properties mentioned in the proposition are valid for the quantities v (O, p)
and v* (O, ¢). Sending n to infinity implies the results. For the surface tension v, this
result was originally obtained by Funaki and Spohn [24, Proposition 1.1 (i)]. O

Remark 3.5. The previous proposition proves the estimate (1.17) of Theorem 1.1. By
the previous proposition, to prove (1.19), there remains to show the upper bound

v (q) < sup —v(p) +p-q,
pERA

since the lower bound follows from the one-sided convex duality. This upper bound will
be proved later in the article. The uniform convexity of 7* stated in (1.18) can then be
deduced from (1.19) and (1.17).

3.1 Convex duality: lower bound
We now turn to the proof of the one-sided convex duality for v and v*.

Proposition 3.6 (One-sided convex duality). There exists a constant C' := C(d, \) < oo
such that for each p,q € R? and eachn € N,

v(Op,p) +v*(0n,q) 2p-q—C37".

Proof. We recall the notation d0J,, and [J; to denote respectively the boundary and the
interior of the cube [J,,. We decompose the space h'([J,,) into three orthogonal subspaces

. . 1. 1
R (O,) = ' (00,) @ h' (O°) & R, (3.9)
where we use a slight abuse of notation and denote by
ht(a0,) = {¢ e hY(D) : Ppme = o} and il (0°) := {1/) e WM (0,) ¢ Y, = o},

and where v is the function defined by

1 [1000,] [ 10,
V== s lpe — “—1on, |,
"y ( onl 1000,

Z v(x) =0 and Z v(z)? =1.

zeld, zel,

so that it satisfies

Since it is important in the proof, we note that, for each n € NN,
dim A' (00,) = |00, — 1 < €3, (3.10)
We split the proof into 4 steps:

* in Step 1, we show that, for some constant C' := C(d, \) < oo,

v (On,q) >

1
log / exp | — Ve(Vi(e dyp | —C37 " (3.11)
|00 | 1(02)@Ro Z (Vo(e))

eCly,

* in Step 2, we show that, for some constant C' := C(d) < oo,

1
(O 0) 2~ tog | exp |~ 32 V(Vue)) | dv | — on3=
|0, h1(02) @ Ro o,
(3.12)
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* in Step 3, we combine the results of Steps 1 and 2 and prove that there exists a
constant C' := C(d, \) < oo such that

v*(Op,q) + v (0,,0) > -C37™,
+ in Step 4, we remove the assumption p = 0 and prove that, for each p, ¢ € R?,

v (On,q) +v(On,p) > p-q—C37".

Step 1. First, by the identity (3.9), any function v € lozl(Dn) can be uniquely decom-
posed according to the formula

Y =1 + P2 + to,

with ¢ € Al (80,), 1y € h' (%) and ¢t € R. We note that, since each function ¢ in
h' (O°) is equal to 0 on the boundary of the cube [J,,, we have, for each ¢q € R¢,

> g Viba(e) = 0.

eCO,

Since the function v is constant on the boundary d1,,, we also have

Z q-Vu(e) =0.

eCln

To prove the inequality (3.11), it is sufficient to prove, for each ¢, ¢ h (O7) and each
teR,

[ ep (= X (V0 v+ ) (@) - Via(e) |
hi(e0,)

EQDH
> e [ = Y Ve (Vi +t0)(e) |, (3.13)
eCO,

for some constant ¢ := ¢(d,\) > 0. Indeed, the estimate (3.11) is then obtained by
integrating the previous inequality over h' (O7) @ Rv. To prove (3.13), we use the
following Taylor expansion

Ve(V (%1 + 12 +tv) (€)) < Ve (V (2 + tv) (€)) + VI (V (¥2 + tv) (e)) W}l(e)+% V()]
This implies

exp | = Y (Ve (V (b1 + 2 +t) (e) — g~ Vihi(e)

eCO,

>exp | = Y (Ve(V (2 +tv) (e) + (V] (V (¢ + tv) (e)) — q(e)) Vi (e))

eCO,
1 2
xexp [ — Y o Vi (o)l
eCO,

Using the inequality, for a bond e = (z,y) C O,

(Vi (e)|? = [h1(z) — 1 ()]° < 2|1 (@) + 2 1 ()],
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and summing over all the bonds of the cube [J,, yields

S Ven(e)f <24 Y ().

eCl, xeoll,

We then note that, for each a € R,

d 2 l)\
/ exp (al‘ )\.r ) dx d

With the previous estimate and the equality (3.10), one deduces

/}”Ll(amn) P Z (VZ (V (wQ + tv) (6)) Vi/h (6) —q- le(e))

eCO,
d 2 3(d—1)n
xexp [+ D [i(@)* | dyn >
zeol,

for some constant ¢ := ¢(d, \) > 0. Combining the few previous displays gives

[ e |- S VT @t ve k) @) - Via(e) | din
hi(80,)

eCO,
(d—1)n
> exp (= D Ve (V (2 + t) ()
eg‘:ln
This is precisely (3.13).

Step 2. We denote by
1

1o
V4=

so that ) . #(z)* = 1. Note that the two functions v and ¢ are related by the formula

1 o 1 0, as
ot EAN ( 00| u)hz

Dn: o
Bl | 1000] IO [m |00,
_ VB ( feol, (o,
O [ |00, |

To shorten the notation, we denote by

- ﬁ(\/WDM |D;1|>.

"0 [y 600,
Combining the two previous displays we obtain, for each edge e C [J,,,
Vu(e) = a, Vi(e). (3.14)

Note that, there exist two constants ¢ := ¢(d) > 0 and C := C(d) < oo such that

(d=1)n (d=1)n
3

372 <a,<C3” (3.15)
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. L
We then use the orthogonal decomposition A} ((J,,) = k! (%) ® Ro and the decomposition
of the Lebesgue measure stated in (1.9) to obtain

[ ew|= X viwole) | ao

o(Hxn) eCO,

:/]R/le(lil?q,)exp = D Ve(Vo(e) + tVi(e)) | dt.

EQDn

Using the identity (3.14), we obtain

/ o, = 3 ot | a0

eCO,

t
= /]R/ /m(uz)exp - Z Ve <V¢)(e) + %Vv(e)) dodt

eCO,,

=, /}R /h I(D%)exp — ) Ve (Vé(e) +tVu(e)) | dodt

eCl,

s /ial(Dz)ea]Ru exp | = D Ve(Ve(e)) | do.

egDn

Taking the logarithm, dividing by the volume |0, | and using the estimate (3.15), we
obtain the inequality (3.12).

Step 3. Combining the main results of Steps 1 and 2 gives
v*(On, q) + v (0,,0) > —C3™" — Cn3~" > —C37™",
Step 4. Let p € RY, define V, := V. (p(e) + -) and denote by

1 -
v(d,,0) = — log/ exp | — Ve(Vo(e de,
)= —pphs [ e | = 3 Vv
and, for every ¢ € RY,
7Ot = g log [ ew | = 30 (VAo —q- Vo)) | do.
||:|n| ﬂl(Dn)

eCln

The functions V, satisfy the same property of uniform convexity property (1.10) as the
functions V,, thus one can apply the result of Steps 1, 2 and 3 with these functions. This
gives, for every ¢ € R¢,

v(0,,0) +*(0,,q) > —C37".

We then note that

1 ~
H0n0) = ~mloe [ e [ = 30 TVl | do
|0, | R§(Or) eCU
1
S / exp (= S Vlp-e+Ve(e)) | do
L (=) ;U
= V(Dnvp)
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Note also that, by translation invariance of the Lebesgue measure on izl(Dn), one can
perform the change of variables ¢ := ¢ — [,,, where [, € h'(0J,,) is the affine function
defined by I,(z) = p - . This gives, for each ¢ € R,

. 1 )
7O = gy lo8 [ ew | = 30 (Vo) ~q-Vo(0) | do

eCl,
—moloe [ e | = X (Vlpek Vo) — g Vole) | do
O, hi(0,) cO,

1
[

g [ ew |~ 3 (THO) + @) —a- T4 |

eCln

=v*(0Onq) —p- ¢
Combining the few previous displays yields, for each p,q € R¢,
v(Op,p) + v (On,q) = p-q—C37"
The proof of Proposition 3.6 is complete. O

3.2 Quadratic bounds for v*
In this section, we prove the quadratic bounds for v*.

Proposition 3.7 (Quadratic bounds for v*). There exist two constants ¢ := ¢(d,\) > 0
and C := C(d,\) < oo such that, for each q € R? and eachn € NN,

—C +clg]* <v*(On,q) <C(L+q). (3.16)

Proof. We now prove the estimate (3.16). We start with the upper bound. By the
inequality (3.2), we have, for each integer n € IN and each ¢ € RY,

v (O, q) <v*(0Or,q) + C(1+[g]?).
A straightforward computation gives the bound
v*(O1,9) < C(1+g?),

Combining the two previous displays gives the upper bound of (3.16).

We then prove the lower bound, the idea is to use the one-sided convex duality proved
in Proposition 3.6 combined with the upper bound estimate (3.4). By Proposition 3.6, for
each p,q € RY,

v(On,p) +v*(On,q) >p-q—C37".

Using (3.4) and the bound 37" < 1, the previous estimate becomes
v (On,q) > p-q—C(1+ p).

Choosing p = ¢/2C gives
s
(O >——-C.
v ( 7L7q) - 40 C

This is the desired lower bound. O
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3.3 Two-scale comparison

The goal of this section is obtain a quantitative version of the subadditivity for the
quantities v and v* stated in Proposition 3.1. More precisely one wishes to derive a
second variation type of statement, following the techniques of the calculus of variations:
the objective is to construct, for m < n, a coupling between the random variables ¢, ,
and ¢, , (resp. ¥y, , and ¥, ,) such that the L?>-norm of the gradient of their difference
is controlled by the difference v(0,,,p) — v(O,, p).

An interesting consequence of this estimate is that, since the sequence v (0, p)
converges, the difference v(0O,,,p) — v(O,,p) is small when m and n are large: this
implies that the gradient of the fields on two different scales are close in the L?-norm.

For any pair of integers m,n € IN with m < n, the triadic cube [J,, can be split into
3(n=m)d cubes of the form (z + 0,,), with z € Z,,, ,,. We denote by (¢.).cz,, , a family of
random variables such that

« for each z € Z,, ,, ¢, takes values in h{ (z + [,,) and the law of ¢ (- — z) is Py, ,;
e the random variables ¢, are independent.

We can then, for each z € Z,, ,,, see ¢, as a random variable taking value in i} (O,,),
by extending it to be 0 on 0J,, \ (z + 0,,). We also denote by ¢ :=> . -  ¢..

Proposition 3.8 (Two-scale comparison for v). Given m,n € IN with m < n and p € R,
we consider the random variable ¢ defined in the previous paragraph and taking values in
h$(Oy). Then there exists a coupling between ¢ and ¢,, , and a constant C' := C(d, \) < 0o
such that,

1
||

E | Y [Vé(e) = Vonp(e)| < CW(0m q) — v(n,q) + C375 (1 +[p]?). (3.17)
cd

Proof. We first introduce the set of vertices 0;,:0, » C O,, which are on the boundary
of one of the cubes (z + [J,;,) but not on the boundary of the cube 0J,, i.e.,

aintDm,n = U 0 (Z + Dm) \ oa,. (3.18)
2EZm,n

Note that the cardinality of this set satisfies the upper bound estimate
|a7lnt|:|m,n| S C3dnim-

An idea to obtain (3.17) relies on the second variation formula from calculus of
variations applied to the functional 7, ,: by considering the optimal coupling between
the laws of ¢ and ¢, ,, one can use the displacement convexity of the entropy and the
uniform convexity of V. to obtain uniform convexity for the functional F,, , and then
apply the standard proof of the second variation formula for uniformly convex functional.

Unfortunately a technical problem has to be treated along the way: with the definition
of the function ¢, one has

V& € OintOmn, ¢(z) =0.

A consequence of the previous identity is that the law of ¢ is not absolutely continuous
with respect to the Lebesgue measure on h}(0J,)) and thus its entropy is infinite. Never-
theless, this is the only obstruction and to remedy this, the idea is to add a few additional
random variables which are small and whose only purpose is to make the entropy of
¢ finite. We consequently introduce a random variable X taking values in h}((J,,) and
satisfying
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 for each z € 0;0, n, the law of X (x) is uniform on [0,1] and for each z €
Dn+1 \8int|:|m,n: X(J?) = 0,'

* the R-valued random variables (X ()),c5 [ are independent;

* the random variables X and ¢ are indepeh/den/‘t./

We then consider the random variable ¢’ := ¢ + X. It is a random variable taking values
in the space h(l)(Dn). Moreover, by construction, we see that this random variable is
absolutely continuous with respect to the Lebesgue measure on h}(0J, ). We denote by
P, its law. The idea to keep in mind is that the random variable ¢’ is a small perturbation
of the random variable ¢ and thanks to that it is possible to obtain estimates on ¢ from
estimates on ¢’. This is carried out in Steps 3 and 4 of the proof.

We then split the proof into 6 steps.

* In Step 1, we compute the entropy of P, and prove that
H(Py)=3""™H (Py,,), (3.19)

where the entropy on the left-hand side is computed with respect to the Lebesgue
measure on h$([J,,) and the entropy on the right-hand side is computed with respect
to the Lebesgue measure on h}(0,,).

 In Step 2, we consider the optimal coupling between the random variables ¢’ and
¢n,p and prove that, under this coupling,

1
T 2 Ve — Vo)’
n eCl,

<C

ZV e)+Ve'(e)| + H(Py)—v(O,,p)|. (3.20)

1
||

e In Step 3, we estimate the term on the right-hand side of (3.20) and prove

|D RIS S Vi (ple) + Vo' (€) < E| Y Veple) + Vole)) | +C37% (1+|p)).

eQ:ln eCDn
(3.21)
e In Step 4, we combine the main results of Steps 1 and 3 to obtain

E | Velple)+Ve¢'(e)| +

eCl,,

1 m
o Be) < v (Onp) + O3 (14 pP)
e In Step 5, we estimate the term on the left-hand side of (3.20). We replace the

random variable ¢’ by the random variable ¢ and show that this operation can be
performed up to a small error term: we have the estimate

| > IV(e) = Vonp(e)

eCO,

STV (€) = Vonple)| +C37E (1 +p|). (3.22)

n‘ eCO,

We note that to compute the expectation on the left-hand side, we used the coupling
between the random variables ¢ and ¢,, , which is induced by the coupling between
the random variables ¢’ and ¢, .
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e In Step 6, we combine the main results of Steps 2, 3, 4 and 5 to obtain (3.17).

Step 1. The idea to obtain (3.19) is to use Proposition 2.4 pertaining to the entropy of a
pair of random variables. To this end, we note that one has the orthogonal decomposition

€L
hé(D") = ZEEB h(l)(z + DnL) S Ramtum’"7

where R9ntHm.n stands for the set of functions from OintUm,n to R.

Using the previous remark, one can apply Proposition 2.6 with Y := ¢, Z := X and
consequently Y + Z = ¢'. This leads to

H(Py)=H(Py) + H (Px),

where the entropy of the random variable ¢’ (resp. ¢ and X) is computed with respect to
the Lebesgue measure on hj(C),) (resp.  @©  h}(z +0,) and R%ntBmn),

Z0intUHm ,n
On the one hand, since the random variables (X (7)).es,,.0,,, are independent and
of law uniform on [0, 1], one has

H(Px) = 0.

On the other hand, one also has the equality ¢' =} _ 9,,0,, ,, ¢=- Using the indepen-
dence of the family of random variables (¢.),. z ., that for each z € Z,, , ¢.(- — z) has

law IP,, ,, and Proposition 2.6, with 3(n=m)d random variables instead of two, one deduces
H(Py)= Y H(P,)=3""""H(P,,).
2E€E2Zm.n
Combining the few previous displays yields (3.19) and completes the proof of Step 1.

Step 2. Consider the optimal coupling with respect to the L? scalar product on i} ((J,,)
between ¢’ and ¢,, , and denote by P 41, , the law of the random variable % under

2
this coupling. Using Proposition 2.10 about the displacement convexity of the entropy,
one obtains

1 1
H (IP ¢/+¢n,p) < iH (Iqu’) + iH (Pn,p) .
2

By the uniform convexity of V,, one has

ME | 3 196/(€) = Von(e)l’

eCl,

SE| Y Vple)+ Ve )| +E| Y. V(ple) + Vonyple)

eCO, eCO,
—2E| YV (p(e) + V%p(e); V(b/(e))
eCO,

By definition of v, the following equality holds

E Z Vv (p ce+ V¢n,p(e)) +H (IPn,p) = I/(Dmp).
eCO,
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Using the variational formulation for v given in Proposition 2.8, one derives the inequality

WOnp) <E| SV <p(€)+ V¢n/,p(e)+V¢’(e)> +H(P%).

2
eCl,

Combining the few previous displays provides the inequality

E| > Ve (e) = V(o)

eCln

<C

E| Y Vel(e)+ V(@) | + 57 (By) ~v(@op)
eCl,, "

This is precisely (3.20) and the proof of Step 2 is complete.

Step 3. The main goal of this step is to prove the following estimate

E| > Ve +V¢<>>§ E | Y Velp(e)+ Vo(e) | +C375 (1 + p|).

eCO, eCO,
To this end, we recall that the field ¢’ is defined from the field ¢ according to the formula
¢ =¢+X,

and that the random variable X is supported on the vertices of 0;,,:[1,, .. We denote by
Bﬁ » the set of bonds of [1,, where the gradient of X is supported, i.e.,

B,),f’n ={(z,y) € B4(Oy,) : © € 0intOmn 0r y € OintThnn } -

One can estimate the cardinality of BX ~according to the formula

m,n
|Bx | < €3, (3.23)

We then split the sum and use that the gradient of X is supported on the set Bﬁ’n to
obtain

Y Velpe)+ V()= D Velpe)+Vd(e)+ Y. Velple)+Vd'(e)

egDn ECDn\Bm n eEBm n
(3.24)
= > Velple)+ Vo) + > Velple) + V' (e)).
egDn\By)ys,,n SGBX,,

The second term on the right-hand side can be estimated by using the uniform convexity
of V. and a Taylor expansion,

> Velple) + Vd'(e)

eeBX

m,n

= Y Ve(ple) + Vo(e) + VX (e))

eecBX

m,n

< Y Velple)+ V(e ))+Ve’(p(€)+V¢(6))VX(€)+§|VX(€)\2~

e€BX
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By definition of X, its gradient is bounded by 1, and by the assumption made on the
elastic potential V., one has

1
Ve R, |V/(2)] < el
Using these ideas, the previous estimate can be rewritten

Yo Ve + V(@) < Y (Velple) + Vole) + Vo)) + C| By .| (1 +[pl).

e€BX e€BX

Using the estimate on the cardinality of Bf,in given in (3.23) and the Cauchy-Schwarz
inequality, one has

D Velple) + Ve () < D Velple) + Vole))

ee BX e€BX

m,n

[N

dn—m
+3720 | >0 IVe(e)P |+ 31+ Ip)).
eergm

Taking the expectation and dividing by the volume |, | gives

1

E

S V(ple)+ V()| <E |ml| SV (ple) + Vé(e))

ecBX " eeB%,n

m,n

||

Nl=

+37 2B | [ Y Vo) | | + 031+ b))

e€BX

By the Cauchy-Schwarz inequality, we further obtain

Z Ve@(©)+ V(@) SE |57 D Velp(e)+ Vo)

GBX EBX

+37 7T E | Y [Ve(e)l?| +037™(1+ [p).

e€BX

Combining the previous display with (3.24) gives

H|ZV e)+Vd'(e)| <E H|ZV e) + Vol(e))

eCO, eCO,
1
2

+3 R Y (VeEP| +03 (14|,

eeBX

The proof of the estimate (3.21) is almost complete: we note that by the bound (3.7)
stated in Proposition 3.1 and by the definition of the random variable ¢, one has the
energy estimate

Z IVo(e)?| <C+ [p?). (3.25)

eCDn
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This immediately implies the desired result since the following estimate holds

E| Y Vel | <E|> [Vée)?

eEBﬁ,n eCl,

Step 4. With the same proof as in Step 2, we can decompose the following sum

Zv e) + Vo(e))

:|D1n|]E S0 Vele) + V() + D> Vel

2E€EZm,n €Q(Z+Dm) e€Bm n
Using the estimate V(z) < }||? and the bound on the cardinality of the set B, ,,
|Bm,n| S CSd”_m,

one obtains

Zv e) + Vo(e))

Y OB X Vel +Toue)| + 051+ b

2€Zm,n ™ eC(z+0m)

Combining this inequality with the main result (3.21) of Step 3, we obtain

E|S Velple) +V'(e)) < ZE > Ve(ple) + Vés(e)

eCO, O 2€Zm.m eC(z4+0m)

+C37™ (1 + |p|*) + C37 % (1 + |p|).

The error term can be simplified according to the formula

Zv e) + V' (e))

1

< § :

= |0, Z E Ve(p-e+Vo.(e))| +C37 % (1+[p).
2E€EZm n eQ(z-{-Dm)

Adding the entropy of the law Py and using the equality proved in Step 1, we obtain

B 32 Vi) + V4e) + i H ()

|l

< 3=d(n—m) Z E ! Z Ve (p(e) + Vo.(e)) | + LH (Prp)

2€Zm.n [ eC(z+0m) |Ern|
+C37%(1+ |p).
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Since the law of ¢, in the cube (z + 0,,) is the probability measure P,, ,, we have, for
each z € Z,, ,,,

Bl S V() + Ven(e)) +ﬁH<Pmm>=u<Dm,p>.

Combining the two previous displays shows

1

=N H(Py) <v(Op,p) +C37% (14 [p]?)

E| Y Velle) + Vo@)| + o

st |0 |
and the proof of Step 4 is complete.

Step 5. We proceed as in Step 3 and use that the gradient of X is supported on the
set Bf,f’n to decompose the sum

V()= Voupe) = D Vo(e) + VX(e) = Vo ,(e)

egDn GEBYXn,n

+ > |Véle) = V(o). (3.26)

eCO,\BX

m,n

We then expand the first term on the right-hand side

Y Véle) + VX(e) = Vo yu(e)”

eEBr)rg,n
= D V(o) = Vonp(@l’ +2 D (Vo) = Voun(e) VX(e)+ D VX (o).
EEB;)r(L,n eeBr)r(L,n eeB;x”"”

Using that the gradient of X is bounded by 1, the Cauchy-Schwarz inequality and the
upper bound on the cardinality of BX , one further obtains

m,n’

> [Vé(e) + VX(e) = Von,(e)
e€BX

> 37 Vele) — Vonp(e) — 37T [ N [Vole) — Vgn,(e)f* | —C3inm,

ee BX ee BX

m,mn m,n

Dividing by |J,,| on both sides of the previous inequality and taking the expectation gives

B |D1| > 196(0) + VX () = Vony(o) | B |5 >0 I96(6) = Von(e)f
n eEBffLm " eEBy)r(L,n

Ell S IVéle) = Von(e)? | | —C37m

ecBX

N

_dn+4+m
2

- C3

By the identity (3.26) and the Cauchy-Schwarz inequality, one obtains

E| 3 96(e) - Vonp(f | 2B | 2 3 [Vé(e) = Vonp(e)?
|Dn| ecO,, ||:|"| eCl,

[N

_dntm
2

-C3 E| > [Vé(e) = Vonp(e)| —C37™

eeBX |
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There remains to estimate the second term on the right-hand side of the previous
equation. To do so, we recall the energy estimate already introduced in Step 4,

> Va(e)?| < L+ [pl?).

| eCO,

Using this estimate and the inequality (3.7) of Proposition 3.1, one obtains

| Z‘ Pnple 2 §C(1+|p‘2)-

eCO,

Combining the three previous displays shows

Z IV (€) — V(o)) | > |Z IVé(e) — V()] | —C37% (1+]p)),

eCll, eCl,

and the proof of Step 5 is complete.

Step 6. The conclusion. First, combining the main results of Steps 2 and 4 gives,

STV (€) = Vonp(e) | < CW(Om,p) — v(0On,p) + C37F (1 + [pf).

eCO,

Then by the main result of Step 5, we obtain

> V() = Vénp(e)* | < C@(Om,p) — v(0n,p) + C37 % (1+ |pf)

eCl,

This is the estimate (3.17) and the proof of Proposition 3.8 is complete. O

We now want to prove a version of the two-scale comparison for v*. Similarly to what
was done in Proposition 3.8, we fix two integers m,n € IN such that m < n and define a
family of random variables v,, for z € Z,, ,,, such that

» for each z € Z,, ,,, 1, takes values in h'(z+0,), is equal to 0 in O, \ (z + O,,) and
the law of ¢, (- — z) is the probability measure P’

m,q’

* the random variables (,) are independent.

Zezm,,n

We also denote by ¢/ := 3" _ z,, , Y. and by Py its law, it is a probability measure on
R (O,).
Proposition 3.9 (Two-scale comparison for v*). Given a pair of integers n,m € N sat-
isfying m < n and q € R?, we consider the random variables v, and 1’ defined in the

previous paragraph. Then there exist a coupling between v’ and v, , and a constant
C := C(d,\) < oo such that,

Yoo D IVea(e) = V()

’I’L| Zezm n EC(Z+D171)

< C W (@Omg) ~ v Oy ) + C(L+ 237, (3:27)
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Proof. The first idea of the proof is to consider the following orthogonal decomposition
of the space h'((J,):

o ° 1
RMO,)= @ h'(z+0,)@H, (3.28)

2E€E2Zm.n

where we denote by
;Ll (Z + Dm) = {’l/} € iLl(Dn) : '(/}‘Dn\(z"!“:lm) = 0}7

with a slight abuse of notation: we extend the functions of h! (z + O,,) by 0 outside the
cube (z+ 0O,,).

The remaining space H is the space of functions of izl(Dn) which are constant on the
subcubes (z + 0,),. . Itis a space of dimension 3%"~™) — 1 and each function h € H
can be written in the following form

h = Z )\z]lz+Dm>

2EZm.n

for some real constants (\.),., satisfying> .- A, =0.
For z € Z,, ,,, we denote by 1/’2@ the orthogonal projection of the random variable 1, 4

on the space h'! (z + [,,). This defines a random variable taking values in i (z + O,,).
We also let h the orthogonal projection of the random variable v, , on the space H.
Finally, we introduce the notation

Uhg= > Vi,

2E€EZm,n

This is a random variable taking values in & h'(z+0,) C A'(0,). Its law is a
2€EZm n

probability measure defined on the vector space @ h! (z + 0,,) and is denoted by

Z€Z7n,n
Py .

Aqs in the proof of the previous proposition, we introduce B,,, the set of edges
connecting two subcubes of the form (z + 0,,), i.e.,
By i={(z,y) : 32,2/ € Z,, n, 2 # 2’ such thatz € z + O,,andy € 2’ + 0,,}, (3.29)

so as to have the decomposition of the sum

= > + > . (3.30)

eCO, 2€Zm neCz+0,, €e€EBmn
We note that for every h € H, the gradient Vi is supported on the edges of B, ,, and
for eachz,z’ € Z,, , withz # 2’ and for eache C (2 +0,,) , Vi (e) = 0. (3.31)
This implies, for each z € Z,, ,, and each e C (2 +0,,),
Vi, q(e) = Vibr, (e).
The same result is valid for the field ¢’: for each z € Z,, ,, and each e C (2 +0,,),
Vi'(e) = Vi (e).

We now split the proof into 5 Steps. In Steps 1 to 4, we assume ¢ = 0. We then
remove this additional assumption in Step 5.
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 In Step 1, we show that the law of the random variable 1)’ is the minimizer of the
variational problem

i%f E Z Z Ve(vw(e)) + H (IP)v

2EZm,n eC(z+0,,)

where the infimum is chosen over all the probability measureson & ht (z+0On)
2EZm,n

and the entropy is computed with respect to the Lebesgue measure on this space.
 In Step 2, we consider the optimal coupling between the random variables v/’ and
¥y, o and prove the following inequality,

NP> V4 (e) — V2 o(e)]”

zEZm neC(z+0,,)

) 1
<C|v'(@,,0)+E |D‘ ST Ve(Vile) +mH(ng,o)

2€EZm,n eC(2+0,,)

* In Step 3, we prove the following estimate pertaining to the random variables ¢, ,,

1 g
Z B | Z 4 (VQZ}'Z,O(G)) + “:l |H (Pwn 0) < _V*(Dm70) + Cm3—drn.

2E€EZm n n eC(z+0.m) n
(3.32)

e In Step 4, we complete the proof and show that there exists a coupling between
the random variables v, o and ¢’ such that

\m S Y V() - Vi)

2€Zm,n eC(z+0,,)
< C(v* (O, 0) — v*(0,,0)) + Cm3~ 9™,

e In Step 5, we remove the assumption ¢ = 0 and prove the more general result: for
each ¢ € R?, there exists a coupling between the random variables ¢’ and Yn.q
such that

ST IVa(e) = Vingle))?

‘D | 2€Zm . n eC(z+0,)

< CW*(Om,q) — v*(On,q)) + C(1 +q|*)3™

Step 1. By Proposition 2.8, one has

inf | B ST Ve(Vi(e) | + H (P)

2€2Zm,n eC(z+0,,)

_log/@ ,;l(zmm)eXp S Vu(Vile) | dv, (3.33)

seZmom 2€EZm n eC(2+0,)

where the infimum is considered over all the probability measures on & ht (z+0m).
2E€E2m.n
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But on the one hand, one has the equality

/ N PR SRR CLLCI K

2€EZm,n eC(z+0,,)

Z€EZm,n

gd(n—m)

= /;;l(mm)eXp = 3" Vu(Vle)) | du . (3.34)

eClp,

On the other hand, since by assumption the random variables (1.),. are independent,
one has |

H(Py)= Y H(Py)=3""H(P],).

2EZm ,n
As a remark, we note that the entropy of P/ is computed with respect to the Lebesgue
measure on $.¢z,, , h' (z + 0,,), while the entropies of the laws P, and Py, o are com-

puted with respect to the Lebesgue measures on h! (z+0,,) and on h! (O,,) respectively.
The energy part of the random variable v’ can be computed explicitly and one derives

El > > VW)= > E| > ViVele)

2€Zm,n eC(z+0m) #€Zmn e )
— gdn—m)[p Z Ve(Vihno(e))
eCO,

Consequently

El Y Y VuV¥(e)| +H(Py)

2€2Zm,n eC(z+0,,)
=370 B S Vo(Vmo(e) | + H (P0)
eCl,,

By definition of law P, , the term on the right-hand side can be explicitly computed,
and one obtains

El Y Y VuV¥(e)| +H(Py)

2EZm,n eC(z+0,)

— st mog ([ e | = 3 V(Vele) | du
hl(D'm)

eClm

Combining the previous display with (3.33) and (3.34), we obtain

El Y Y VuV¥(e)| +H(Py)

2€Zm n eC(z+0,)

—wf (B[ Y Y Vvee)| +H (@)

2€EZm n eC(z+0,,)
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The proof of Step 1 is complete.

Step 2. The idea of this step is similar to the strategy adopted in Step 2 of Proposi-
tion 3.8: one uses the uniform convexity of the elastic potential V, and the displacement
convexity of the entropy to prove a uniform convexity result for the functional 7 ,
defined in Definition 2.7.

First, we consider the optimal coupling between the random variables ¢’ and ij.
In particular, by the displacement convexity of the entropy, the law of the random

variable % satisfies the inequality
H(Py) + H (Py, )
H <1Pw’+1/z' 0) < —. (3.35)
2 o 2
Moreover, by the uniform convexity of V., one has
Vi)' (e) + Vi, o(e)

21E . : 3.36
Y () 339

2€2Zm,n eC(z+0,,)

<El Y Y V(W) | +E] Y Y Ve (ve(e)

2€EZm n eC(z+0,) 2€Zm,n eC(z+0,)

DB Y Y V() - V(o)

2€Zm.n eC(240m)

We can then use Step 1 to compute

E| Y Y VuV¥(e)| +H(Py)

2€EZm,n eC(2+0,,)

= inf ST Ve(Vi(e) | +H (P)

2€2Zm,n eC(z+0)

v/ (e) + Vi,
By T )Ve( v+ w,o<e>> +H<]PM>

2€EZm,n eC(z+0,,

One can then apply (3.35) and (3.36) to deduce

El Y Y VuV¥(e)| +H(Py)

2€EZm,n eC(z+0,,)

INA
N | =

E|l > Y VuVY(e)| +H(Py)

2€Zm n eC(z+0)

Bl S X @@+ (py,)

2€EZm,n eC(z+0,)

2Bl Y Y VO - V@

2
2€Zm,n eC(z+0)
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From Step 1, one also has

n 2€2Zm n eC(z+0,,) .
—v* (O, 0)..

Combining the two previous displays and dividing by |(J,,| gives

5 |D | Z Z ‘Vw Vz/};,o(e)f

2€EZm,n eC(z+0,,)

<

1 1
v (O, 0) + BT Y X Ve(Tuhe@)| + 5o (Pu)

i 2€Zm n eC(z+0m)

l\DM—‘

This completes the proof of Step 2.

Step 3. Before starting this step, we recall the notation B,, ,, for the bonds connecting
two subcubes introduced in (3.29) and the decomposition of the sum (3.30). This step is
the most technical one, and the main difficulty is to compare the entropies of the random
variables 1, o and ¢7/z,0- The only property which is known about these random variables
comes from their definitions: one has

Yo — 1/41,0 € H,

where H is the space of functions of mean zero which are constant on the cubes z + [,,,
it was first introduced in (3.28). In this situation, it is difficult to compare the two
entropies but one can use the elastic energy of the random variable V1), o on the edges
of By, », where the gradient of 1, o — 7%,0 is supported, to obtain some information: more
specifically, we prove the inequality

1 1 * _ —dm
E |Dn‘6€§mve(vwn,o(e)) +|D7L|H(1Pn,0)z|DH|H(1P%0) Cm3~4m. (3.37)

The previous inequality is the main argument of this step. In the next paragraph, we
explain how to obtain the main result (3.32) of this step, assuming that (3.37) holds.
First one deduces from the estimate (3.37)

3 Y Ve(Veple)| +E

zEZm neC(z+0,,)

1 —dm
> \DI Yo Y Ve(Vduole) +mH(P%O)—cm3 dm.

ZeZTY‘L n eg(z-‘rD )

> Ve(Vino)| +

eEBm n

1
H (P,
ENA

Inl

By the decomposition of the sum stated in (3.30), the term on the left-hand side can be
rewritten

El Y > Ve(Vino@)| +B | DY Ve(Vinole)| =E | Y Ve(Venole)

2€EZm,n eg(erDm) _eeBm,n eCO,

We then use the equality

Y Ve (Vino(e) | +H (P o) = —Balv” (E,,0).

eCO,

EJP 24 (2019), paper 90. http://www.imstat.org/ejp/
Page 39/99


https://doi.org/10.1214/19-EJP347
http://www.imstat.org/ejp/

Quantitative homogenization of the disordered V¢ model

Combining the few previous results and dividing by the volume term |0, | yields

v (0,,0) > E

Z Z e (VT/)n,o(E)) + ﬁ]{ (IP,/};HJ) — Cm3_dm.

|D | 2€EZm,n eC(z+0,,
(3.38)

This is the estimate (3.32) up to two points:

1. First there should be a term ¢y, , instead of a term ¢, ¢ on the right-hand side.
By definition, the random variable ¢} , is the orthogonal projection of ¢, o on the

space ht (z +0,,), and using the property (3.31), one has
for eachz € Z,, ,and eache C z + Oy, Vb o(e) = VY7 ().

With this identity, the inequality (3.38) can be rewritten

Z > Ve(VUi) +|D—1H|H (JP%) — Cm3~m,

’I’L ZEZ,,L n 6C(Z+Dm)

2. The second point which needs to be addressed is the entropy which is not exactly
the same as in (3.32). By Proposition 2.6, one has

H (Pw;,o) > > H (szo)v
2€EZm n
which provides a solution.

We now turn to the proof of (3.37). We recall the notation Z;(0J,,) introduced in (1.13).
We also let p be the density associated to the law P} ; it is defined on h! (0J,) by

nO'

R (3,) — R

p: 1
) — exp Z Ve (V(e
eCO,
Using the orthogonal decomposition (3.28), and the definition of zpn 0, We can compute

the density p’ of the random variable ¢/, . It is defined on the space @ A (z + Om)
’ 2€EZm.n

according to the formula

® h'(z+0n) — R
2€EZm n

1

eCO,

where the integral is considered with respect to the Lebesgue measure on the space H
defined in (3.28). Using that for every h € H, Vh is supported in Bm n, We can split the
sum according to the formula (3.30) to obtain, foreach v € & ht (z+0n),

ZEZm n

, €xXp (_ Zzezm,n Zegz-&-[lm 14 (V?/)(@)))
p() = Z: (O,)

X/Hexp — Y Ve(V¥(e) + Vh(e)) | dh. (3.39)

e€Bm n
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We now prove an upper bound for the term inside the integral and show that its logarithm
is relatively small: there exists a constant C' := C(d, \) < oo such that, for each function
ve @ hl(z+0,),

2€EZm,n

log / exp | — > Vo(Vi(e) + Vh(e)) | dh < Cm3n=m. (3.40)
H

e€Bm n

The proof of this estimate is essentially technical and relies on the fact that the dimension
of H is equal to 3¢"~™) — 1, which justifies the form of the right-hand side. The proof is
postponed to Appendix A, Proposition A.1. We now show how to deduce (3.37) from (3.40).
We first compute the entropy of the law PP, ;. This gives

H(Po)= [ o) lomoty) dy

:/hl(mn)p(w) = S V() | dve—log 7 (O,).

eCln

Adding the term E {Zee B Ve(Vw(e))] and splitting the sum according to the for-
mula (3.30) gives

Elmr 3 VVanole) | +H (Pr)

||
€€EBm n

:/mu -3 S V() | dv—log Zg (D)

2EZm,n eCz+0,,

We focus on the integral on the right-hand side: using the decomposition (3.28), one

can apply Fubini’s Theorem and first integrate over H then over & h! (2 +0,,). This
2€Zm.n

gives

/ﬂl(mn)mw YR AN

Zeznl,n 6g(Z+Dm)

:/ a / W+h) | = > D Ve(Ve) | dhdy.
@  hl(z+0nm)

Zez?n n 6C(Z+D7n)

ZEZm,n

Note that here we have used that the gradient of an element of H is supported on B,, ;.
Using the definition of p’ stated in (3.39), the previous equality can be rewritten

/ﬂl(mn)mvm YR AR

Zeznl,n Cg(Z+Dm)

:/ B P - > S V(v | aw.
& L(z4+0.m)

g ’ 2€Zm . eC(240m)
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Combining the few previous displays then gives

E| D Vi(Vinole)| +H (P )

CeBm,n

:/ e s [— 3 S Vv | de—logzy,. (B4
& hl(z+0)

2€2Zm.m eC(z+0m)

z€EZm,n

By the definition of p’ in (3.39) and the estimate (3.40), one has, for each function
ve @ hl(z+0,),

2EZm,n

logp/(W) <= > D V(Ve(e) dy —log Z5 (Op) + Cm3 =,

2€Zm n eC(2+0m)

This allows to perform the following computation

Ho,)= [ o @ emp (3.42)

2E€EZm,n

S/ ® ill(z+|:|m)pl(w) = D V() | dv

2€2Zm,n eC(z+0,)

2€Zm,n

—log 7 (O,,) + Cm3dm=m),

Combining (3.41) and (3.42) gives

H (113%10) <E ee; Vo(Vibno(e) | + H (P ) + Cm3dr—m),

This is (3.37) and the proof of Step 3 is complete.

Step 4. Combining the main results of Steps 2 and 3, one obtains the existence of a
coupling between the random variables 1’ and 1;, ,, such that

|D | S Y 1 Veale) - VY@’ < C (@, 0) - v¥(0,,0)) + Cm3 =™,
2€Zm,n eC(z+0,,)
(3.43)
The objective of this step is to find a coupling between the random variables v, o and ¢,
instead of ¢;, 5, and ¢". Recall that we denoted by h the orthogonal projection of 1, o on
the space H. Denote by IP;, its law, it is a probability measure on H.

By Lemma 2.11, there exists a coupling between the three probability measures
Py, Py, and P, such that, under this coupling, the law of (¢',4;, o) is the optimal
coupling between Py, and Py, ~and the law of (Yn.0:h) is P}, 4. This provides the
desired coupling between the random variables v’ and v, o: under this coupling the
inequality (3.43) is satisfied. Step 4 is complete.

Step 5. We remove the assumption ¢ = 0. This can be achieved by applying the result
obtained for ¢ = 0 with the tilted elastic potential

Veq(w) :=Ve(x) — gq(e)z.
This new elastic potential satisfies the same uniform ellipticity assumption as V., and one

can do the same proof with V, , instead of V,, the difference is mostly notational: the
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only place where it as an impact is in the estimate (3.40) and it provides an additional
error term which can be proved to be bounded by C(1 + |¢|?)3%~™. Dividing by the
volume of the triadic cube |0,,| eventually shows

B |D1n| Z Z |V¢/(e)_vwn7q(e)‘2

2€EZm,n eC(z+0,,)
< C (W (Omrg) — v (O ) + O34 1+ C(1 + |23

This can be simplified into

1 2
Elgy 2 2 V(0= Vi)
Moz n eC(z+0)
<C(V(Om,q) — v (On,9) + C(1+ |¢*))37™.
The proof of Proposition 3.9 is complete. O

4 Quantitative convergence of the subadditive quantities

The main goal of this section is to use the tools developed in Section 3 to prove
Theorem 1.1. To this end, we first introduce a notation for the subadditivity defect of the
surface tensions v and v*.

Definition 4.1. For each p € R? and each n € IN, we define

n(p) == v (O, p) = v (Ons1,0) s

and, for each q € RY,
72(q) = V" (On, @) = v (Ont1,9) -

We also recall the following notation from the introduction: for a bounded subset
U C Z% and a vector field F : E4(U) — R, we let (F),, be the unique vector in R? such
that, for each p € RY,

PPl = 7 S0 FC)
eCU
In the rest of this section, this is applied in the case where U is a triadic cube and where
F is the gradient of a function. We may also refer to the quantity (V¢),, as the slope of
the function ¢ over the set U.

This section is organized as follows. We first prove, using Proposition 3.9, that
the variance of the slope of the random variable v, , over the cube U, converges
to 0 as n tends to infinity. More precisely, we bound the variance of the slope by the
subadditivity defect 7;5(¢), which is expected to be small as n tends to infinity. This is
proved in Proposition 4.2 and essentially relies of the two-scale comparison for v* stated
in Proposition 3.9.

Once the slope of the random variable v, 4 is controlled, we apply the multiscale
Poincaré inequality, stated in Proposition 2.14, to prove that ¢, 4 is close, in the expecta-
tion of the L?-norm over the cube [J,,, to an affine function. With all these tools at hand,
we prove the technical estimate of this article, Proposition 4.5, thanks to a patching
construction. This proposition, combined with the one-sided convex duality property
proved in Proposition 3.6, shows that on a large scale, the functions p — v(0,,, p) and
q — v*(d,, q) are approximately convex dual, i.e., they satisfy up to a small error

v* (On,q) =~ sup —v (Op,p) +p-q.
pERA
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Once such a result is established, we turn to the proof of the quantitative convergence
of the surface tension, Theorem 1.1.

4.1 Contraction of the variance of the slope of the field v, ,

We first prove the contraction of the variance of the slope of the random interface
¥n,q. This is stated in the following proposition.

Proposition 4.2 (Contraction of the slope of the field v, ,). There exists a constant
C := C(d,\) < oo such that, for eachn € N and each g € RY,

(m=n)
2T

<C(+g)3™"+C> 3 > (q). 4.1)

m=0

Var [(Vini1,4)

n+1

Proof. The proof of this inequality relies on Proposition 3.9 and it is necessary to
reintroduce the objects used in the statement of this proposition. This is the subject of
the following paragraph.

Consider the family of random variables (v, ), Znmit and the random variable v’ :=
Do Znmit 1, which were introduced before the statement of Proposition 3.9. We recall
that they satisfy the following properties:

» for each z € Z,, 41, ¥, is a random variable valued in iozl(DnH). It is equal to 0

outside the cube (z + [J,,) and has law P},  in the cube (z + [, );

e the random variables 1), are independent.

We also consider the coupling between ¢’ and 1), 11,4 which was introduced in Proposi-
tion 3.9. In particular estimate (3.27) holds.

The main idea of the proof is the following. By Proposition 3.9, one knows that, up to
an error of size 7, (g¢), the gradient of the random interface 1,11 4 is close to the gradients
of 3% independent random variables: the random variables ),. As a consequence, the
slope of the random interface 1,11 4 can be written, up to an error of size 7;}(¢q), as a
sum of independent random variables. One can then apply a concentration inequality for

the variance of independent random variables to show the contraction of the slope.
We split the proof into 2 steps:

* in Step 1, we use Proposition 3.9 to prove

Vard [(Vonsina)n, | <37#Vart [(Ven(e)p, | +Cria) +C37 3 (1+1g)); (4.2)
* in Step 2, we iterate the inequality obtained in Step 1 to derive (4.1).

Step 1. First we recall the definition of the set of bonds connecting two cubes of the
form (z +0O,),
By, = {(z,y) : 32,2 €3"Z* N0, 41 suchthatz # 2/, € 2+ O, andy € 2/ + 0, }

and the decomposition of the sum (3.30),
D=2 D> >
eClpny1 2€Zn eCz+0, e€B,

The set B,, is equal to the set B,, ,,1 from the previous sections, but since it depends only
on one parameter, we use the shortcut notation B,,. From the previous decomposition of
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the sum, one has the estimate

(Vinirado,,, =374 D (Vg = V), =37 > (V)40

zEZ, z2€EZn,

1
< Vihnt1,4(€)] -
||:|n+1| eeZBn | +1,q9 |

Taking the square-root of the variance and using the triangle inequality, one obtains

Var? [<V¢n+1,q>mn+1} < Var: [3_01 Z (Vibni1 = Via). 1, ]

2EZ,

272
+ 1B <|Dn+1 Z |V¢n+1,q( )|> :

e€EB,

+ Var? [3d Z (V¥:),.0,

z2EZ,

We then estimate the three terms on the right-hand side separately. The first term is an
error term which can be estimated by Proposition 3.9,

Var [Sd Z (Vi1 =Vbo) g | <

zZEZ,

= mnmz > IVeni(e) = Ver (o)l

2€EZ, eCz+0,
< Cry(q) + C(1+g*)37".

To estimate the second term, we use the independence of the random variables v, and
the concentration inequality for a sum of independent random variables,

Var l?)_d Z (Vo),.o,

zEZ,

=372 3" Var (Vi) 0, ]

ZEZ,

Using that the law of ¢, on the cube (z +[,,) is P¥ , one obtains

n,q’
Var lS_d Z (V¢Z>Z+Dn

2€EZ,

= 3 9Var {(Vi/Jn,th :

The third term is also an error term and can be estimated thanks to the Cauchy-Schwarz
inequality together with the bound |Bn| <370

<E

|Dn+1|2 Z [Vibnsale 1

> |wn+1<e>2] :

ecB,

\Dnm Z Vinr(e

<C3"E

| n+1|

By the bound on the L?-norm of the gradient V1), obtained in Proposition 3.1, one

obtains
2

< C37"(1+ g,

> Viniale)

‘Dn+1| c€By,

for some constant C := C(d,\) < oo. Combining the few previous displays gives the
estimate

art [(Vnina)g, | <374 Var [(Von(e)), ] + Cila)t + C375 (1 +1q).
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Step 2. Iteration and conclusion. We denote by
1
oy := Var? [(Vz/)n>mn] .
The main estimate of Step 1 can be rewritten with this new notation
Tnp1 <3 %0, + C1(g)? + C37E(1 + |q)).
An iteration of the previous display gives

d(n m) d(n—m) m

on <3 20—0+023 (@ +CA+g) Y 37T T3 E

m=0 m=0

d

n d(n—m) n
§3—700+CZ3—7 = (@)% +C(1+ |q)37%.

m=0

To simplify the previous estimate, we note that by the estimate (3.5) of Proposition 3.1,
one has the bound oy < C(1 + |¢|). This implies

o0 < C(1+ |q))3 2+CZ3(M = (g3

Squaring the previous inequality gives

n 2 n
—n n-n) 1 —-n mon)
<C(1+q*)3 +C<Z3 2 Tm(q)2> SCA+[gP)B3™+CD> 377 75(0)

m=0 m=0

The proof of Step 2 is complete. O

To end this section, we record another useful property of the slope of the random
interface v, 4: thanks to an explicit computation, one can relate the expectation of the
slope of the random interface 9, , to the gradient in the ¢ variable of the dual surface
tension v* according to the formula

Vo (O @) = B [(Vena)g, |

This has some interesting consequences: first one derives the bound, for each ¢ € R?,

1
2

V" (B, )| < | > Vi gle))? (4.3)
" eCl,

< C(1+ lql).

Second, and for future reference, we note that the difference of the gradient of v*
on different scales can be controlled by the subadditivity defect. This is stated in the
following lemma.

Lemma 4.3. For each m < n and each q € R
Vo (O q) = Vo™ (O, q)|* < C Z 7i(q) + C(1+q|*)3” (4.4)

Proof. The arguments for the proof of this lemma are essentially contained in the proof
of Proposition 4.2. The main idea is to apply Proposition 3.9. We thus consider the
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coupling between the random variables v, , and 1, introduced in this proposition. With
this notation, one has

2

1
V" (Om, @) = Vv (O, @) = |E <V¢n,q(e)>mn_m > (V) aa,

2€EZm,n
(4.5)
We reintroduce the set of bonds connecting two cubes of the form (z + 0,,),

By = {e: (z,y) COp : 32,2/ €3™ZN0,, 247, 2 €2+ 0, and y € z'—l—Dm}.
We also recall that its cardinality can be estimated according to the formula
|Bm7n| S 03—7” ‘D’ﬂ| ?

and that one has the decomposition of the sum

2= 2> >

eCl, €€EBm n 2EZm n eCz+0,,

Combining this with the equality (4.5), one obtains

Vo' @) = Vo' Qo) €2 |5 30 30 [Vohnle) = Vs(e)f

2€Zm,n eCz+0,,

+2E |D| Z wnq

e€B,,

The first term on the right-hand side can be estimated by Proposition 3.9, and the second
one by the Cauchy-Schwarz inequality, similarly to what is written in Proposition 4.2.
This implies the estimate (4.4). O

4.2 [* contraction of the field v, , to an affine function

The main objective of this section is to combine the multiscale Poincaré inequality
with the contraction of the variance of the slope of the field v, ; proved in the previous
section, to obtain that the field ¢, , is close in the L?-norm to an affine function. The
right-hand side of the estimate still depends on the subadditivity defects 7,5 (¢) which are
small as n tends to infinity. This is stated in the following proposition.

Proposition 4.4. There exists a constant C := C(d, \) < oo such that, for everyn € N
and every q € RY,

* n " (m—n) n)
O 2 [Pna®) = Vo' @) - af’ | < 03 (<1+q| +23 )

-Le‘:ln m=0

(4.6)

Proof. By the discrete version of the multiscale Poincaré inequality stated in Proposi-
tion 2.14, one has

* 2
al v (On,q) - x\ 0 | Z [Vipnq(€) = Vv (On, ) - €|
ze[’n eCly 41
n 1 2
+o3m Y 3 3 ’<wn,q>z+D VO] | @
= 1Zmnl 5 "
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By Proposition 3.1 and the inequality (4.3), we can bound the expectation of the first
term on the right-hand side,

1 *
E Z |V¢n,q(e)7vqy (DnaQ)'e|2
‘D"|egmn
2
<E | 2 [Vnalo) + VG
eCO,
C(1+ |q?)

We then split the proof into 2 steps:

* in Step 1, we estimate the expectation of the second term on the right-hand side
and prove the estimate, for any integer m < n,

ﬁ Z E U<V¢n,q>z+mm - VqV*(Dn,(J)ﬂ

m

CL+l]g?3m+C> 373

k=0

9)+C Y Tilg); (4.8)

* in Step 2, we deduce the estimate (4.6) from the previous display.

Step 1. To prove the inequality (4.8), the two main ingredients are Proposition 4.2
and Proposition 3.9. To apply Proposition 3.9, we first recall the definition of the family
random variables ., for z € Z,, ,, introduced in its statement as well as the coupling
between the random interfaces v and 1, which satisfies

E ‘D| S IVei(e) = Vibngle) <CZTk )4+ CA+1g?)3™ ™. (4.9)
2€EZm,n eCz+0,, k=m
We decompose the term in the left-hand side of (4.8)
. 2
B | Y [(Ven)sn, — Vo' Onsa)

2E€E2Zm n

3 1
< > ﬁE > [ Vingle) = Viba(e)?
2€Zmm eCz+0m

3
SramipS E [[(Ve:)..0, = Vo' (O, )]
m,n 2€E2Zm . n

+ 3 |vq1/*(|:|n, Q) - VCIV*(DTI’H q)|2 )

and estimate the three terms separately. The first and third terms term on the right-hand
side are an error terms which can be estimated thanks to (4.9) and (4.4) respectively.
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This gives

1 2

| Zm.n]

E Z ’<vwn7q>z+ljm = Vv (Un, q)

2EZm.n

3 1
S Bl 2 Bl | 2 700 Ve O

2€EZm ‘ m| eCz+0,,

+szk )+ C(1+q/*)37™.

Using the identity V,v*(0,,,¢q) :=E {<V¢m,Q>Dm} and Proposition 4.2, one can estimate
the remaining term,

b Z E D<V'¢)z>z+[|m - VqI/*(Dm,q)|2} = Var |:<an7(1>[:‘7,1:|

|Zm7n| Z2EZm . n
—m )
<CO(1+q*)3 i (q)-
k=0
Combining the previous displays yields
. 2
R ——
mnl ez,
C(1+g/?)3~™ 9)+C > Tilg)
k=0 k=m
The proof of Step 1 is complete.
Step 2. To ease the notation, we denote by, for each m € {1,...,n},

X, = 1 3 ‘<w}n,q>z+mm — V" (O, q)

U 2€Zmn

‘ 2

The main result of Step 1 can be reformulated with this new notation
n
9)+C > ()
k=m

By the multiscale Poincaré inequality stated in (4.7), one has

E[X,,] <C(1+|q*)3™™

k=0

Z [¥nq(2) = Vo (On,q) - 2> < C(L+1gl*) + C3" > 3" X,

xED m=0
Taking the expectation gives
n

E |3™ Z 3" X,,

m=0

@ +C Y T (Q)>
k=m
s sw—n»,:@) |
k=0

<C3”23m< (1+|g*H3™™

k=0

< (3™ <(1 + |g|*)n3™"
k=0
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The previous inequality can be further simplified by appealing to the estimates n < C3%

and 3~ “3* and we deduce
* 2 n " (m n)
‘D | ZD |w7l q vql/ (D'IL7 q) : I‘ S 032 ((1 + ‘q| Z ’HL > °
xelly, m=0
The proof of Proposition 4.4 is complete. O

4.3 Convex duality: upper bound

The objective of this section is to use the results of the previous sections, and in par-
ticular Proposition 4.4, to show that the two surface tensions v and v* are approximately
convex dual to one another. We first introduce the following notation: for each n € IN, we
denote by (I} the triadic cube [J,, to which one has added a boundary layer of size 1, i.e.,

O (3L 3l ¢
no 2 72

It is a cube of size 3" + 2 and satisfies the following property
(O0))° = O,

The statement of the next proposition can be formulated as follows: if the coefficients
77*(¢) are small, then for each ¢ € RY, there exists p € R? such that

v (03,.p) + v (On,q) —p-q  is small,

and one can choose the value of p = V,v*(0,, ¢) in the previous display. In a later
statement, we remove the condition [J;, and prove that, for each ¢ € R?, there exists
p € R such that

v(Op,p)+v*(On,q) —p-q is small.
Combining this result with the lower bound on the convex duality proved in Proposi-

tion 3.6, one obtains

v* (Op,q) = inf (—v(Oy,p)+p-q) up toasmall error.

The main argument in the proof of Proposition 4.5 is a patching construction: we need
to patch functions defined on the cubes (z + ,,) of laws P} . in the (much larger) cube

[03,,, to construct a random variable on the space h{ ({03, ) whose law is then used as a

test measure in the variational formulation for v stated in (2.6).

Proposition 4.5. There exist a constant C' := C(d,\) < oo and an exponent  :=
B(d,\) > 0 such that for each ¢ € R and eachn € N,

( 2n7v v*(On ))_’_V*(DnaQ)_qu*(qu)'q

(mn)
<o a0,

Proof. Fix q € R? and for each p € R, we denote by I, the linear function of slope p. To
simplify the notation, we also write, for each ¢ € R? and each n € IN,

Vvi(q) = Ve (Op,q) € RY.
We also recall the notation (1.7) introduced in Section 1 which is used in the proof with

the value p = Vv (q).
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The strategy of the proof is the following. We construct a random variable taking
values in h{ (03,), denoted by «3, in the proof. This random variable is essentially
constructed by patching together independent random variables, which are defined on
the triadic cubes (2 + 0,), for z € Z,, 5, and whose laws are the law of ¢, ; — lvyﬁ(q). We
then prove that the random variable «3 satisfies

Z Ve Vl/ )+V/$2+n(e)) —l—mH (IP + ) <—v*(0,,9) +Vv:(q) ¢

| 2’f74| CD+
m >
+

2n
We finally use k3, as a test function in the variational formulation of v (Djn, Vvi(q)), to
obtain the inequality

+C<( + |q?)37F"

v (05, V@) < B e 30 Ve (Vi) + V() | + i 7 (P )

O3 echf,
Combining the two previous displays completes the proof.
We split the proof into 4 steps:

« in Step 1, we construct the random variable 3, taking values in i} (0F,);

* in Step 2, we show that the entropy of /ﬁn is controlled by the entropy of P, |
Precisely, we prove

|D12+n|H (P ) < |D1n|H (P} ,) +Cn3™", (4.10)
where the entropy on the left-hand side is computed with respect to the Lebesgue
measure on h} (0j,) and the entropy on the right-hand side is computed with
respect to the Lebesgue measure on Iczl(Dn);

+ in Steps 3 and 4, we show that the energy of the random variable 3, is controlled
by the energy of the field ¢, ,. Precisely, we prove

ST Ve (Vuig) + Vas,(e) | < Z Ve (Vi q(e))

2n| +
ecOf, PCD

m=0

+C ((1+ q|?)3=°" )T;;(q)>; (4.11)

¢ in Step 5, we combine the results of Steps 3 and 4 to prove

v (04, Vvi(q) = v* (O, q) + - Vi(g) < C ((1 +la)3 Y 3“"2"%:;@)) .

m=0

Step 1. Denote by hl(Dzn) the set of functions from the cube [J,,, to R. There exists
a canonical bijection between the spaces h!((z,) and h}(03,,) obtained by extending
the functions of h!((z,) to be 0 on the boundary of the cube [J],. We first explain the

strategy to construct the random interface H;L. We consider a family (1.), . z, ,, Of
random variables satisfying:
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» for each z € Z, 9, ¥, is valued in ht (z +0,) and its law is Py
* the random variables ¢, are independent.

We recall the definition for the set of edges connecting two triadic cubes of the form (z +
0O,) in the cube Oy,

Bponi={e=(x,y) COyy, : 32,2 € Z,, 0y, 2 #2, x €2+ 0,andy € 2’ + 0,},
as well as the corresponding partition of edges of the cube [y,
eCy, = F2€3"ZN0yy, e Cz+0,0re € Byop.

We then construct a random vector field f defined on the edges of the cube [,, by
patching together the vector fields Vi, — Vv (¢q) defined on the edges of the cube
(z+0O,). Precisely, the vector field f is defined as follows, for each edge e C (s,

Vi, (e) — Vv, ife Cz+0,, f € Zpom,
(o) :{ Y. (e) vi(q)(e)ife C z or some z 2 4.12)

0 ifee Bn,2n-

The objective is to construct a random variable x5, which belongs to the space h} (D;n)
and whose gradient is close to the vector field f.

A first obstruction is that the vector field f(e) is not in general the gradient of a
function in h$ (O3,). To remedy this, we consider the orthogonal projection the vector
field f on the space of gradients of functions in A (03,). This corresponds to solving the
Dirichlet boundary value problem

{Aﬁ; =divf in Oy, (4.13)

A second obstruction is that the random variable x defined in (4.13) almost surely
belongs to a strict linear subspace of h} (D;’n), consequently its law is not absolutely
continuous with respect to the Lebesgue measure on h} (D;rn) and its entropy is infinite.
To remedy this we add some independent random variables whose law uniform on [0, 1],
as was done in Proposition 3.8.

We now give the details of the construction. We consider the orthogonal decomposi-
tion with respect to the standard L? scalar product

o 1
RY(Os) = @ h'(z+0,) ©H, (4.14)

2€EZn 2n

1
where H := ( D hl(z + Dn)> is the vector space of functions which are constant
2€EZn 2n

on the subcubes (z + [0,,). Its dimension is 3.

We then consider a linear operator denoted by L defined on & hl(z +0,) valued
2EZn 2n

in h{ (00F,,) defined according to the following procedure.
Foreachy € & h'(z+0,), we let L(1) be the unique solution to

2€E2n 2n

AL(y) = div f in Oy,

(¥) = div im0, wis
L(U’) S hO (DQH) )
where f is the vector field defined by, for each e C (s,
1) Vi(e) if e C z+ O, for some z € Z,, o,
e) =
0 ife € Bop .
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We first verify that the operator L is injective. To this end, we check that the kernel of L
is reduced to {0}. Letyy € @ h'(z+ 0,) such that L(y) = 0, we want to prove that

2€Zn 2n
P = 0.
First by definition of L, the condition L(¢)) = 0 implies div f = 0. The function div f
can be computed explicitly and we have, for each z € Z,, o,

AZ—Q—DW,I/J = O ln (Z —+ I:ln),

where A, .o, is the Laplacian on the graph (z + [J,,) and is defined by, for each = € 0J,,,

Ao = > (W) —d).

y~z,y€z+0,

Note that this Laplacian is different from the standard Laplacian on the cube (1], which
is used in (4.15) and defined by, for each x € [y,

Ap(z) =D (b(y) — ¥(x)).

y~z

This difference comes from the fact that f was set to be 0 on the set By, ,. For the
Laplacian on the cube (z + ,,), one can apply the maximum principle to obtain, for each
S Zn,2n:

A,i0,¥=0in (¢ +0,) = ¢ isconstantin z + [,,.

Combining the previous remark with the assumption that the function ¢ belongs to the
space @ hl'(z+0,) gives v = 0 and thus ker L = {0}. In particular, if we denote by

2€Zn 2n
im L the image of L, one has

dim(im L) = dim ( o hl'(z+ Dn)> — 32dn _ gdn

2€EZn 2n

We then extend L into an isomorphism of h!(0s,) into hf (03,). We consider the
orthogonal decomposition

o 1
RY(Oz) = @ A'(z+0,) ©H,

Zezn.Zn
and we let hy,. .., hyne be an orthonormal basis of H. Consider now the L? orthogonal
decomposition
h'(Ogp) =im L @ (im L)*. (4.16)
By the injectivity of L, we have dim (im L)* = 39". We let hy, ..., h3.a be an orthonormal

basis of (im L) and extend the linear operator L to the space h'((,,) by setting
L(h;) = h, Vie {1,...,3%}. (4.17)

By construction, the linear mapping L is an isomorphism between h!((y,,) and h} (Djn)
We now construct the random variable 3, using the operator L. To this end, we

consider two families (v,) and (X;) _3na Of random variables satisfying:

2EZn 2n i=1,..

* for each z € Z,, 2, ¥, is valued in ht (2 +0,) and its law is P}, .. We extend it by 0

outside the cube (z + 0,) so that it can be seen as a random variable taking values
in hl (DQn),‘

« foreachi € {1,...,3"4}, X; is valued in [0, 1] and its law is Unif[0, 1];

¢ the random variables ¢, and X, are independent.
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We also define, for each z € Z, 2,, the random variable ¢, taking values in ht (Oa)
defined by subtracting the affine function of slope Vv*(q) to v, i.e., for each x € Oy,

ou(z) = {1/)7(50) —Vi(q) (z—2z)ifz € Z.Jr O,, 4.18)
0 otherwise.

Let x and x3,, be the random variables valued in k' ((y,,) defined by the formulas

3nd
k=L Y o and  kf, c=L| > o+ Xihi|. (4.19)
2€2n 2n 2€EZn 2n i=1

With this definition, it is clear that x3, is a random variable valued in h§ (03,) and that
its law is absolutely continuous with respect to the Lebesgue measure on this space.
Moreover by construction of the operator L, the random variable ], is one of the
functions of h$ (OF,) which is the closest in the L?-norm to the vector field f defined
in (4.12).

Step 2. In this step, we compute the entropy of the random variable n;“n.
Using the canonical bijection between h' ((z,,) and h} (D;rn), one can see the operator
L as an automorphism of A (03, ). Combining this remark with the change of variables

formula for the differential entropy, one computes the entropy of the random variable

+
Kop»

H (Pﬁg—n) =H (IPZzeZ",ZH Uz+2?:(1i Xihi) —In |detL| ’ (420)

We first focus on the first term on the right-hand side. By construction of ¢, X;, h; and
using the formula to compute the entropy of two independent random variables given in
Proposition 2.4, one has

3nd
& (Pzzezn,zn UZ+Z?:11 Xihi) - GZZ H (]P”z) + zl H (IPX7) :
z n,2n 1=

Using that the law of X; is uniform in [0, 1] and since the entropy of a random variable is
translation invariant the previous display can be further simplified

H <Pzzezn o o433 Xihi> = Z H(IPVJZ).

2€EZn 2n

*

g One obtains

Since the law of the random interface v, is IP

H (]P@ ) = 3% H (P7) — In|det L] (4.21)
We now focus on the second term on the right-hand side of (4.20). More precisely, we
prove that the logarithm of the determinant of L is small compared to the volume of the

cube [,,: more precisely, we show the bound
In |det L|| < ¢33d=Dny, (4.22)

Combining (4.21) with (4.22) gives the main result (4.10) of Step 2.

To prove (4.22), note that the dimension of the vector space h{ (03, ) is 329", Denote
by (I1,...,l324n) the (potentially complex) eigenvalues of L. Note that since L is bijective,
none of these eigenvalues is equal to 0. With this notation the determinant of L can be

computed,
32dn

In|det L| = ) " In|i;]. (4.23)
=1
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To prove that the logarithm of the determinant of L is small, the strategy relies on the
two following ingredients:

1. we prove that most of the eigenvalues of L are equal to 1;
2. we prove that the remaining eigenvalues are bounded from above and below by
the values C3*" and 37", respectively.

We focus on the first item. To prove this result, we consider the interior of the

cube [,,:
d
n_9 3" _2
e .= <_3 3 ) nzi=0,\od,.

" 2 72

In particular, one has the inclusion 1) C U,, and thus the vector space ht (O9) is a linear
subspace of k! ({J,). This implies that the space @ h! (2 + [9) is a linear subspace

2€EZp 2n

of @ h'(z+0,). The important observation is that for each ¢y € & Al (z +[1°)
2EZn 2n 2EZn 2n

and each edge e € By, p,
Vi(e) = 0.

This is due to the fact that, by definition of the space & ht (z+[2), any function

ZeZn,Qn
belonging to this space is equal to 0 on the boundaries of the cubes (z + J,,), for any
z € Z, 2n. Consequently the vector field f defined from 1 according to the formula

Viy(e) if e C z+ 0O, for some z € Z,, 2,,
f@)={ (4.24)

0 ife € By,
satisfies
f=Vy.
Thus L(v) is the solution of
AL(y) = Ay in Ogy,
{uwehMD;y

This implies L(v) = 1. This proves

ve @ h(z+03), L) = 9.
2EZn 2n

Consequently, the vector space & h! (z + O9) is an eigenspace for L associated to
2E€EZn 2n

the eigenvalue 1, its dimension can be estimated by the following computation

dim< @ fll(z+mg)>= 3 dim(hl(z+mg))

#€2n,2m 2€Zn 2n
:3men(ﬁ(mzn
— 3003 — 1).

The volume of [J) can then be estimated according to
09| > 3% — ¢3td=1m,

Combining the two previous displays gives

dhn( P Elu-kD30:>3%”—cw@*4m. (4.25)

2EZn 2n
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Thus we can, without loss of generality, assume that for each ¢ > C3@2d-1)n, l; = 1. The
equality (4.23) can be rewritten

C3<2d71)”
Infdet Ll = > Infl].

i=1

We then use the inequalities

_1 71 1 . .
HETT s ink, il < e < TIEA

where |||L||| (resp. |||L~!|||) denotes the operator norm of L (resp. L~') with respect to
the L*-norm on A} (004, ). A combination of the two previous displays gives

|In [det L|| < 3@~ Y™ max (In ||| |||, In || [Z7}]|]) - (4.26)

To complete the proof, there remains to prove an estimate on the operator norms of L
and L~!. Specifically, we prove,

I[|L]||<C3*™ and |[||L7}]|| < C3*™ (4.27)
We first focus on the estimate of the operator norm of L. Let ¢ € h{ (O3,) such that
> weny #(x)? < 1, one aims to prove
Y L@@ <3 (4.28)
zeOyF,

To this end, we decompose the field ¢ according to the orthogonal decomposition (4.14).
This gives
¢p=1v+h, withype @& h'(z+0,)andhe H.

2€2n 2n

S @+ Y B@P = Y @ <1

zedyf, zedyF, zedyf,

In particular,

By definition of the operator L, the functions L(¢) and L(h) are orthogonal in i (O03,,)

and
STILm) @)= D> k(=)

0y, 0y,

2

From this we deduce

Yo L@@F= Y L@@+ Y [Lm)@) = Y L)@+ Y k@)

ve0}, v, »e00y, »e0}, v},
2
< )L () + 1.
ze0},

Thus to prove (4.28), it is sufficient to prove:

Vip € @ h'(z+0,) such that x2<1, I 22 < o34
Ve, L, METO gg;|¢& )P < 2%; L) (@) <
TE-2n reliay

Foreachy € & hl(z+0,), we know that the map L(1) is a solution to
2€2n 2n

{AL(¢) = div f in O, (4.29)

L(y) € hg (O3,) »
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where the vector field f is defined by the formula

fe) Vi(e) if e C z+ 0O, for some z € Z,, 2,,
e) =
0 ife e Bgnm.

Using the function L(v) as a test function in (4.29) shows

STVL@) ) = D VL@)(e)f(e).

+ +
eCl, eCllz,

By the Cauchy-Schwarz inequality, this implies
Y IVL@W) @< D f(e)l.
eg:l;n eQD;n

By definition of f, one obtains

YVL@EP< > Y Vel (4.30)

eg];" 2€2Zn 2n eCz+0,

Using the inequality, for each bond ¢ = (x,y) C Oy,
V() = [v(z) — v < 2[¢(@)]* + 2[¢(y),

we derive the estimate,

Y Y WP Y @)l

z€3nZaN0sy, eCz+0, zels,
Combining the previous displays and using the assumption > 4 l(z)]* < 1 shows
2 2
Y IVLW)OPF<C Y W) <C.

eQD;n zels,

Since L(¢) € hj (O0F,,), the Poincaré inequality implies
Do L@@ <3 Y VL) (o).
xED;rn EQD;,rn
Combining the two previous displays gives
Y @) @) < o3t
zel:’;'n

This is the desired result.
We now turn to the bound on the operator norm of L~!, we aim to prove

27| < o3,
To this end, let ¢ € b} (O3,). We first prove
> W@ <estt Y L) (@) (4.31)
zeOyg, zcO3F,

Using the same idea as in the proof of the bound for the operator norm of L, we see that
it is enough to prove (4.31) under the additional assumptiony € & hl(z+0,). In

2€EZn 2n

this case, one has

AL(Y) = div f in Oay,,
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Testing this equation with the function v gives

S AL@))Y(z) = Y divf(@)d@) = > fe)Vi(e).

xels, xels, eCOs,

We then use the definition of the function ¢ to get

doorEvee)= > D V(o).

eClay 2E€Zn 2n eCz+0,

Since the function v belongs to the space & hl(z + 0,), it has mean 0 on each of
2€E2Zn 2n

the subcubes (z 4+ 0J,,). We can thus apply the Poincaré inequality on each of the cubes
(z+0,) to get, for some constant C' := C(d) < oo,

S @< > Vi), Vz€ Zuon.

zez+0, eCz+0,
Summing the previous inequality over z € 2, 5, gives
2
Yo @ <ot Y Y (Ve
zelay, 2€EZp 2n eC2z+0,

Combining the few previous displays gives

S @) <03 YT AL®W) (@) ().

z€ls, zelsay,

By the Cauchy-Schwarz inequality, one further obtains

> @) <3 Y AL«

z€lay, z€lsy,

But by definition of the Laplacian, one has, for each = € Uy,

<CY [+ Cl(@).

y~

IALW)(@)* = ) (W(y) — v(2))

Yy~

From this we obtain

Yo AL @ <C Y L) (@)

zels, zelsyy,

and consequently

S @) <ostt > L))

z€lay, zelay,
This is (4.31).

We now complete the proof of the bound |In | det L|| stated in (4.22). Combining (4.26)
and (4.27) gives

IIn|det L|| < C3?4=Y" max (In|||L]||, n ||| Z7Y]|])
< C3d-Dny (320
S 03(2(1—1)77,,”“

The proof of Step 2 is complete.
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Step 3. The goal of this step is to show the following estimate

B 7D1+ > [fe) - Vit (o) §C<(1+|q| '8"+23“" =1t (g ) (4.32)

| 2“’ EQD;L m=0

where we recall that f is the random vector field defined in (4.12). To prove this estimate,
we proceed as follows:

» we first remove the additional random variable L <Zf’:§ thz) Precisely we prove

B S0 (@) - r(@) | <370,

| 2n| +
CDZn

where the random variable x is defined in (4.19);
* then we construct a random function ¥ taking values in h{ (003,,) such that

E |D1+| > f(e) — VU(e)|? <C<(l+q| )38 4 23“” = (g )), (4.33)
2n QQD;L m=0

for some small exponent § := 3(d) > 0;
* we deduce from (4.33) that

= > If(e) - Vr(e)? sc<<1+|q|2>3ﬁ”+23“’¢‘“r;;,<q>>.

271 C|:l+ m=0

Step 1. We first prove that, up to a small error, we can remove the additional random
nd
variable L (2?21 Xz-hi) which was added to « to obtain x3,. These random variables

were added so that the law of 3, is absolutely continuous with respect to the Lebesgue
measure on i} (03,), in order not to obtain an infinite entropy. They were also chosen in
a way that their role in the energy is negligible. More precisely, we prove the following
statement
1 2 —d
= > k@) — s’ | <37

Ca] &5,

We first recall the definition of the operator L on the linear subspace H given in (4.17).
The previous estimate is then a consequence of the following computation

371(1
1 2 1 ~
A Do K@) —h@)[ | =B o D0 > Xihi(e)

’ 2n ze0f, ‘ 2n zeOf, |=1

r 1 gnd
=B D+ Z |XZ|2
‘ 2n’ i=1
Since the family h;, for i € {1,...,3"} is orthonormal with respect to the L? scalar

product in 2$ (33,,). Since the random variables (X;)
in [0,1], one can complete the computation

ie{1,...,3nay are ii.d. of law uniform

E| > | (x) - k(@) | = I c3~dn, (4.34)
‘ 2n’ 2 3 ’D;rn B
zcOy,
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Using this and the inequality, for each e = (x,y) C Os,,

IV (13, = 5) ()" = | (53, — 5) (x) = (5, — 5) ()]
< 2|(k3, — &) (@))" + 2| (x5, — ) W),

one derives

B > Vi, (e) — Vi(e)|*| <37 (4.35)

+
Ca] o,
The proof of Step 1 is complete.

Step 2. We now prove (4.33) and construct the random variable V. We recall the
definition of the family (v,), for z € Z,, 3,,, and extend it to each point z € 377Z¢ according
to

(i) for each point z € 3"Z¢, 1), is a random function from Z? to R equal to 0 outside
(z+0,) and the law of ¢, (- — z) restricted to O, is P

n,q’

(ii) the random variables 1, are independent.

It is the same family as in Step 1, except that it was extended to each z € 3"Z? and not
only for z € Z, »,,. The reason behind this extension will become clear later in the proof.

We also define
1/1 = Z wz
z€3nzZd

Moreover for each z € Z,, 5,,, we let ¢, .1 be a random variable such that
¥z n+1 is valued in ht (z+0Op41) and the law of ¢, 41 (- — 2) is IP:erl,q'

We extend this function by 0 outside the cube (z + [,,11) so that one can think of the
random variable v, 1 as a random function from 7% to R.

The goal of the following argument is to construct a suitable coupling between the
random variables v, 1, for z € Z, oy,

For some fixed z € Z,, 2,, we apply Proposition 3.9 and Proposition 2.11, with the
random variables X = ¢, Y =} cs.7a\(.40,,,) V> @and Z = 9. ,41; We obtain that
there exists a coupling between the random variables ¢ and v, 1 such that

1 ) 3
Bl X X V() - Ve | £0m+ 00+ o
n Z/€3W'Zdﬁ(z+|:|n+1) egz/+|:’”

(4.36)
This is where we used that v,/ is defined for some 2’ outside the cube [I,,. Indeed for
some z € 3"Z< N Oy,, close to the boundary of the cube (s, the set 3"Z N (z + 0, 11)
is not included in the cube [y, .

Thanks to the previous argument, we have constructed, for each z € Z,, 2,, a coupling
between ¢ and v, ,+1. Let (21, ..., 23na) be an enumeration of the elements of Z,, .

Applying Proposition 2.11 with X =4, Y = 4, 41 and Z = 1, »,4+1 constructs a
coupling between 1), 9, n4+1 and v, ,,41 such that (4.36) is satisfied.

We then apply Proposition 2.11 a second time, with this time the random vari-
ables X = (Y2 n+1,Yzy.nt+1), ¥ = ¢ and Z = t,, ,4+1 to construct a coupling between
Y, V21 mt1s V2o nt1 @and ., n41 such that (4.36) is satisfied.

Iterating this construction 3"¢ times constructs a coupling between the random
variables ¢ and 1, ,,4+1, for z € Z,, 2,, such that (4.36) is satisfied.
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From the previous construction, we derive a coupling between the random variables
V2 n+1, for z € Z,, o, which satisfies the estimate (4.36).

We now build the function ¥ by patching together the random variables %, ,,+1. The
argument relies on a partition of unity: we let xo € h$(0,,) be a cutoff function satisfying

1
0<xo <3 Y xo(@) =1, [Vxo| £C37I" 0 supp o € 50,

z€Z4

We then define, for each z € Z¢

X)) = > xoly—x).

zel,

Note that the function y is supported in the cube %Dnﬂ, satisfies 0 < x < 1 and the
translations of y form a partition of unity:

Z x(-—2z)=1
z€3" 74

Moreover, one has the bound on the gradient of x
Vx| <C37". (4.37)
We next consider the cutoff function ¢ € h$ (O3,) satisfying
0<(¢<1, ¢(=1on {z €Uy, : dist(x,00s,) > 3"}, V¢ <3, (4.38)

which is used to remove a boundary layer in the patching construction. We also define
the following discrete set

Zpon={z€ 3"Z . 2 € Z, 9, or dist(z,00s,) < 3"},

It represents the set Z, 5, with an additional boundary layer of size 1 of points in 3"Z¢
around it. This set is useful in the proof because it satisfies the following property

vwedf, > xly—z)=1
zezt

n,2n

We then define the function ¥ by the formula

V(@) =Cla) Y x(@—2) $en1(@) = V() - (@ = 2)).

zeZF

n,2n

Now that ¥ has been constructed, we prove (4.33). The main ingredients to prove this
estimate are the inequality (4.36), Proposition 4.4 and the interior Meyers estimate,
Proposition B.5 stated in Appendix B.

We first compute the derivative of . An explicit computation gives, for each edge
e=(z,y) C Oan,

VU(e) =Cy) D, xW—2) (Vienri(e) = Vi (a)(e)) (4.39)
zez:,?n
+CW) D VX = 2)(e) (Yemir(@) = Vi (g) - @)
ZGZ,'th
+VC¢e) D x(@=2) (Yanra(@) = Ve (g) - @)
ZGZI,%
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The second and third terms in the previous display are error terms, which will be proved
to be small: the interesting term is the first one. The L?-norm of second term can be
estimated thanks to the bound (4.37) on the gradient of ¥,

Bleer Y ) X a2 (Ganeal@) — V() 2)

‘ 2”’ ez(z,y)g:l;rn 2zt

n,2n
< C37"E ‘D Yo > @) - V() 2l
i zEZJr 7$€Z+Dn+1
1
SOFPE |5 3 [nra(e) = Vviata) o’

zel, 41

We then apply Proposition 4.4 to obtain

2

E Z (W) Y VXC = ) (Yo (2) — Vo (a) - 2)

||:| ‘ CD+ ZEZ+

n,2n

n ('mn)
gc(<1+|q| ey )

The third term of (4.39) can be estimated in a similar manner, using (4.38) this time,
2

Bl X V0 Y e 2) (s (0) — Vo) - 2)

| 2n e=(z,y)COZ,

om 2€ZT

n,2n

< 3R | Y Y @) - Vi) ol
” zezt,, r€z+lnpy

1
‘Dn+1|

We then apply Proposition 4.4 again to obtain

ST [nsrgle) = Vi (@) 2’

z€lp41

< C372"E

2

1
B 2|0 X o) (e ) - Tria(0) )
n e=(z,y)COyF, 2€ZF

n,2n

n (m=—n)

<C ((1 +1]g*)37% + ) 37> Ti%(tﬁ) .

Combining the few previous displays then yields

1
BliEr Do VIO W) Y Xy —2) (Vienti(e) = Vi (9)(e)
2l e=(ay)Cs, AP

<C ((1+|q| )37% + Z
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Thus to prove (4.33), it is sufficient to show

2

E |D1+ Y 0 - T X 2) (Vo) - Vi (@)(e)

e=(z,y)COF, 2€zt

n,2n

<C7i(q) +C(1+[q*37P", (4.40)

for some small exponent 5 := 3(d, \) > 0. We simplify the previous display by removing
the function (. Note that if we denote by

0Zp on 1= {z € Z;[)Qn : dist(z,00s,) < 2- 3"} ,

then we have the following computation, using the properties of the functions ¢ and y,

2

E ’D12+ Do |0=<w) D xw—2) (Vieniile) = Vuii(a)(e))

e:(m7y)§D2+n z€ZF

n,2n

SEBlEr 2| 2 M= 2 (Vemn(e) = V1 (@)
e:(m,y)QD;n 2€0Zp,2n

<E ||:|1+ Z Z x(y — 2) |V7/Jz,n+1(€) - VV;,+1(Q)(€)|

e=(z,y)COy, 2€9Zn,2n

2

The previous display can be simplified by using that the function ( is equal to 1 on the
set {x € Oy, : dist(x,00s,) > 3"}. We obtain

2

El e S 0=¢w) 3 x0—2) (Veneile) = Vi (@)(e))

|03,
e:(w,y)QD;n zeZF

n,2n

<E |D1+ S Y V(@) - V@)

20l 2€82, 20 eCz+0ptr
Using that all the random variables ¢, 1 have the same law, which is P}, ,, one has

2

E |D1+ S 0= X My =) (Ve () = Vi (0)(e))

e:(z,y)gD;'” zezt

n,2n

102020 > [Vnirgle) = V() (e)]

>~ |:|+
’ 2n €gun+1

2

A

But by the estimate (3.8) of Proposition 3.1, the term on the right-hand side is bounded
and one has

2
1

E | S 0-¢w) Y X 2) (Veamsle) — Vi (@)(©)
2n e:(x,y)gﬂ;" 262:;2”
aZn,Zn : Dn 1
< OZnanl Bl oy gy,
|D2n|
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One then appeals to the estimate |02, 2,| < C3(¢~Y" and the equality |, ;| = 3%"+1)
to obtain

B |Dl+‘ Y= Y My —2) (Ve () = Vi (0)(e)
2n e=(x,y)§D2+n ZEZIan

< C37"(1+qf).

By the previous display and (4.40), it is enough to prove (4.33) to show

B ’Di Y- Y My —2) (Vo) - Vi (@)(e)

2n e:(m,y)gm;n 2€ZT

n,2n

<C7i(q) +C(1+ g3, (4.41)

for some small exponent 5 := 5(d, \) > 0. We now prove this estimate. Using that the
map Yy is a partition of unity, we rewrite

2
LY - Y x—2) (Veenii(e) - Vi (0)(0)

|03,
Ml em(zy)cOy, 2€Z,,
2

—E| L Y > x(y—2) (fe) = Vibompa(e) + Vi 4 (a)(e))

DJr
o2 e=(zy)CO3, |z€27 5,
Using that the function x is supported in the cube %Dn_i'_l, one obtains

2

LS Y w2 () = e (€) + Vi (0)(e)

(=
e=(z,y)C0, |s€2

n,2n

<B|l Y SR - Ven(e) + Vi @)@

T4
n zEZ:z“ eg(z+%|jn+1)ﬂ|:|2n

Using the definition of the vector field f given in (4.24), and splitting the sum according
to the partition of bonds,

eClyy, = e€ By, or Fz€ 2,09, e C2z+0,,

one derives

’DH S 0= 3 - 2) (Tamri(e) = Vi (0)(0))

2l e(zy)COy, 2€Zn2m
1
=B 05,1 Z Z Vi (€) — Vb i (e)] (4.42)
n 2,2 €2y om, 2€2'+0, 41 €eC2/+0,
1
=3 > Ve @P
2n| 5

€Zn,2n e€Ban,nN(z+ 300 41)

+C V() - Vi)
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The first term on the right-hand side is estimated thanks to (4.36). This gives

1
o 2. S Ve (e) - Ve (o) (0.43)
| 2n| 2,2' €Zp o, 2€2' + 0,41 eCa/+0,
1
= >, E > > [Veemii(e) = Vb (e)?
| 27L| 2EZp 2n 2/63"Zd0(z+|]n+1)egz’+|:|n

<Cti(q) +C(1+ |g/*)37™.
The third term can be estimated thanks to (4.4),
* * 2 * —
Vvnia () = Vvs(a)]” < Cri(q) + C(1 + [g*)37™

To estimate the second term on the right-hand side of (4.42), we first use that all the
random variables v, 11 have the same law, which is P}, .. This gives

|D12+n 3 S V(o)

2EZn 2n eGBgn,nﬁ(zqt%Dn_H)

|D1+ SE Y [V

2n 2€Zn 2n QEBQ‘,,/,”Q%D"_'J

< CE
|Dn+1|

S [ Vengag(e)f

e€Ban nNE0, 11

We then estimate this term by the Meyers estimate, Proposition B.5 with v = i. We
denote by 0 the exponent of Proposition B.5 and compute

1 2
E O Z [Vibnt1,q4(e)]
‘ n+1| 3
e€Ban nN300 41
C 2
< m Z E [|V¢n+1,q(€)| }
4—n e€Ban nNE0, 11
C|B 30 ’1% w7
2n,n ns n+1 1+6
S -l DS (ARCY
4 ol eg%Dn+1
5
B2n,n N §|:|n+1 e
<C ‘3—4’ (14 [q]?).
| 350n+1]
We then use that 5
Ba,., N 20,
’ 2 73 4 +1’ S 037’”’,
|30+
to derive
1 _5 .
Bl L [Vun@f| <03 mHm(1+1qP)

€€B2n,nN200 41

Combining the few previous displays gives the following estimate for the second term on
the right-hand side of (4.42)

1 _ b
AR S V(@ | <03 T [g).

2€Zn 2n eGBgnynﬂ(Z—i-%Dn-*-l)
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Combining (4.42) with (4.43), the previous displays and setting 5 := % yields
2
1 *
E m Z fe) - Z x(y — 2) (Vl/}z’nJrl(e) = Vrp4(9) - e)
Ml e=(a,y)cOf,, ze3n 74

< Cri(q) + C(1+ [q*)377™.
This is precisely (4.41). The proof of (4.33) is complete.

Step 3. In this step, we deduce from (4.33) the estimate
" (m—n)
3 I#0) - R | <0 ((1 D S T;<q>) .
‘ 2n| g:|+ m=0
We recall that « is defined as the solution of the problem

Ak = divf in Oy,

This implies the almost sure inequality

If(e) — VH(€)| mf If(e) )| (4.44)
< Z |f(€) - v‘I’(e)|2~
eCD+

2n

Taking the expectation and using the inequality (4.33) gives

—Bn n (m—n) %
> If(e) = Vi(e) §O<(1+ql2)3 fryy o3t Tm(q))-

‘ 2n CD* m=0
). (4.45)

Step 4. The goal of this step is to use the main result (4.45) of Step 3 to prove

Combining the previous display with (4.34) proves the estimate

E D% > () = Vi, ()] <c<<1+lql o

0| eCOy,

|D1+| S Ve (Vi) + Vi) | <E |5 3 Ve (Thn(e)
on ecOlf "ecO,

m=0

+C ((1 +laP)3 "+ Y 3(""2")7;;@)) . (4.46)

We recall the definition of the random variable o, (z) = ¥.(z) — Vv (q) - (x — 2)
introduced in (4.18). The proof relies on the following technical estimate, the proof of
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which is postponed to Appendix A, Proposition A.2.

E ﬁ Z Z Ve (Vvi(g)(e) + Vk(e)) wan
2n zezn,zn 5g2+Dn
SE ‘D:L ‘ Z Z ‘/;(V’(/Jz(e)) +C(1+|q|2)3_%

2€2Zn 2n eC2+0,

L CE ﬁéiT S 3 [Va(e) - Vau(o)?

2€2Zn 2n eC2z+0,

We now show how to deduce (4.46) from the previous inequality. First, since all the

random variables 1, have the same law, one can simplify the first term on the right-hand
side,

1
|D2n|

> Ve(Vii(e)) _ Enanlp > Ve (Vibngle))

|D2n|
2€2Zn 2n eCz+0, eCO,

1
=B |57 D Ve (Vibngle))
Bl 55
We now estimate the last term on the right-hand side of (4.47). One has

1
‘D%‘

E > > IVoule) - Vk(e))? (4.48)

2€Zn 2n eC2z+0,

1 2
<E Tanl Z |f(e) — Vi(e)|

EQD;L
<BE|—— 3 If(e) - Va(e)
L' " ecOy,
‘DQn| - ’D; | 2
+ | —E If(e) — Vk(e)]

ecOt,

We first estimate the second term on the right-hand side of the previous display. Note
that

|Bon| = |03,] _ —on

||:|3_n| ’ |D2n‘ B |D2n|’
and using the estimate (4.44), one has

1 2 1 2
Bl o X060 - Ve | <E [ 3 e

ecCH, ecOH,

1

<E|E S > Vou(e)?

2€2Zn 2n eCz+0,

1
<CE
[

Z |v¢n,q(e)‘2

EQDn
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We can then bound the last term on the right-hand side thanks to Proposition 3.1. This
gives

B 2o )~ VROF | < CB | o 37 [Whng(e)f | <CO+1al)

eCD;n eCl,

Combining the few previous displays shows

E

YooY Voule) = Vr(e)*] < Z [£(e) — Vi(e)|®

|D2”| 2€Zn 2n eCzt0, ecOy,

+C372(1 4 |q]?).
We then use (4.32) to deduce the estimate

E |D2| S > IVkle) = Vou(e))?

2€Z5 2n eC2+0,

(m—m
C<(1—|—|q| Mzg . >

Combining this estimate with (4.47) shows

BT Y X (6) + Vh(e)

ZEZp 2n GCZ"FD

< ‘%ﬂ S Ve(Viba(e

2E€EZp 2n eCz-‘an

+C<(1+|q| 5”+Z3(’"")* )

To complete the proof of (4.46), it is thus sufficient to prove

B D% S VL (VUi (9)(e) + Vada(e) (4.49)

2] eCOf,

YD) (e) + Vk(e))

2€EZp 2n eC2z+0,

+C<(1+Iq| ﬂ"+23(’"”’* )

for some constant C := C(d, \) < oo and some exponent 3 := 3(d, \) > 0. To this end, we
prove the two following inequalities:

- |D2n|

1. we first prove the inequality

E|—— S V.(V¥i(a)e) + Vie)) (4.50)

<Blg= ¥ YW (6) + Va(e))

2€2n 20 eCz+0,

+C<(+ﬂ —on
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2. we then prove

El = > Ve(Vui(a)(e) + Vri,(e))
O3 &,
<F |Dl2| S Vo (Vii(a)(e) + Va(e))| +C37 801+ Jq)). (451)

eg:l;n

Proof of (4.50). We define B, to be the set of edges of D;n which do not belong to

n,2n

a cube of the form (z +0,), for z € Z, oy, i.€.,

By, ={eCO], : Vz€ Z,on, e z+0,}.

n,2n

This set has been defined to have the following decomposition of the sum

=2 >t

ecOf, 2€Zn 2n eC2+0,  eceBt

n,2n

Note also that the set B:[’ on 1S almost equal to the set B,, ,,, the only difference is that

we added the bonds which belong to the cube [, but not to the cube [y, which is
a small boundary layer of bonds. Additionally, one has the estimate on the cardinality
of B

n,2n’

|B 5| < C37™ |0l -

We first prove the estimate

]E Y Ve(Vi(a)(e) + Vi(e)) | <C <(1 +lal?)3 30"2”)721@)) -

e€ B} m=0

2n,n

1
‘DQn‘
We first use that, for each = € R, one has the inequality V. (z) < %x? This shows

1

E|——
|D2n|

Y Ve(Vun(a)(e) + Vale))

ecBJ

2n,n

|B3ynl
‘DQn‘

1 *
SCE | g 32 IVs(eP| +CE g Vv @)
" CeB;n,n

1
< CE Tl > VR +C1+ )37
2n

eeB;nyn

For each bond e in the set B3

2n,n’

one has the equality f(e) = 0. This implies

1

E|—
|D2n|

S Vs <B|—=— 3 [f(e) - Vn(e)?
‘D2n‘

ecBS eCOt

2n,n 2n

Using the exact same computation as in (4.48), one obtains

| S If(e) - Va(e)? sc<<1+|q|2>3"”+23(m5"’r;<q>>.
m=0

O
| 2n| egD;n
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Combining the few previous displays shows

1
‘D?n‘

E 3 Ve (Vii@)(e) + Vk(e)| < C ((1 +lg?)37Pm + 203“"2 - T:;<q>> ,
eEB+ m=

2n,n

and consequently

|D12n| > Ve(Vui(g)(e) + Vile))
ecOy,
-b |D12n| Y. D Ve(Vri(@)(e) + Va(e))

2€Zn 2n eC2z+0,

+ % > Ve (Vyi(a)(e) + Vale)

| 2n| ecBJ

2n,n

1
<k
- |D2n|

S Ve(Vri@)(e) + Vale)

2€2Zn 2n eC2z+0,

+C <(1 g3+ Y 3 T:n(q)> .
m=0

This is (4.50).

Proof of (4.51). The main tool is the estimate (4.35), which we recall

E| S | Vkd(e) — Va(e)|*| < 037,

O] ech;,

Using this inequality and a Taylor expansion, together with the assumption V" < 5, one
obtains

ﬁ > Ve (Vug)(e) + Vg, (e)

ecOf,

Bl ¥ ViV + Tra)

ecOy,

+E Z V! (Vvy(q)(e) + Vi(e)) (VkS, (e) — VE(e))
||:|2n| eCOZ
1 1 + 2
+ ﬁE o] Z V3, (e) — VE(e)]
eQD;rn
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First combining the two previous displays, one has

1 . 1 .
E m% Ve (VVi(@)(e) + Vi, () | <E m% Ve (V03 (0)(€) + Vran)
+037 "+ E 3" VI(Vri(a)(e) + Va(e) (Vri,(e) — Vale)) |, (4.52)

‘DQn‘

ecOt,

so that there only remains to study the last term on the right-hand side of the previous
display. This is achieved thanks to the Cauchy-Schwarz inequality

T X VTR0 + Tr(e) (Vi (€) ~ V(o)
oCOF,
<E |5127,| ST V(YY) (e) + Vae)?| E ‘Dlz‘ > Vi (e) — Vi(e)|”
) eglilg'n n EQD;—"
<os B |5 T V(W + Trle)]

ech,

We then use that, for each z € R,

V/(z)| < }|z| to obtain

1

E
|D2n|

SV (V@) + Vae)P | <OV @P +CB | —— 3 [Va(e)?
D+

[l
eglj;'n | 271,| eC

="2n

and by the definition of x given in (4.19), we have

Yo IVREPF < Y e

ecOH, ecOH,

< >3 (ve(e).

2€2Zn 2n eC2z+0,

Taking the expectation and using the estimate (3.8) of Proposition 3.1, one derives

1 1
Bl 2 IVeOF| <Blm— 30 > Ve
n eg‘:l;n i n

2€2Zn 2n eCz+0,

1

<K 0 Z |v¢n,q(e)|2
| n‘ eg‘:ln
< O(1+ g?).

2

Combining the few previous displays and the bound |Vv}(q)|” < C(1 + |q|?) proved

in (4.3) gives

1 * —dp
E o] Z V! (Vvi(q) + Vk(e)) (V3 (e) — Vk(e)) | | < C372"(1+ |q]).
2n eg:l,jn
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Combining this with the estimate (4.52) gives

1 *
E ||:| | Z Ve (Vyn(q) + v’k‘-’;n(e))
2n egDQ’n
1 d,
<K Tanl Z Ve (Vp(q) + Vkgn) | +C(1+ |g[)372".

eChy,

We complete the proof of (4.51) by noting that V. is positive and that |Js,| < |03, |. This
implies

1 1
Bl 2 V" (Va@+ Vebh@) | <Bmn D Ve (Vvila) + Vs, ()
2nl ey, | ecy,
<p |2 V. (Vo2 (g) + Vi(e))
|D2n| T+
L egDQn

+C375(1 + |q)).

This completes the proof of (4.51).
We can now conclude this step. Combining (4.50) and (4.51) implies (4.49) and thus
completes the proof of (4.46).

Step 5. The conclusion. Combining the main results (4.10) of Step 2 and (4.11) of
Steps 3 and 4, one obtains

1 . n 1
@ Z Ve (VVn(Q) + v“2n(€)) + ’I:TH (IPH;)
m eg:I;rn "
<E| 3 V(T |+ H (P,
Ol & ’ Ol
e ((1 +g?)3 7P Y 3T T;;(q)> .
m=0
But one knows that
(O V@) = il B —— 3 V.(Via)e) + Vo(e) | + ——H (P)
Pep(hé(‘:‘;n)) |D2n eCD;r ||:|2”
1 * + 1
<E| = 3 Ve (Vri@)(e) + Vb () | + =1 (P )
‘DQTL‘ eg':l;n ‘DQH n

Moreover, by the definition of P}, and the equality Vv;;(q) = [ﬁ >ecn, Vzﬁn,q(e)} ,
one has

v (On0) = —B | 5 D> Ve(Vengle)| +a- Vii(a) - w ‘H(an,q)
n egDn n
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Combining the three previous displays shows

v (03, Vi(a) +v*(Onya) —q- Vry(a) £C ((1 + |3~ 4+ Y 3 TZE((D) :

m=0

The proof of Proposition 4.5 is complete. O

4.4 Quantitative convergence of the partitions functions

Now that Proposition 4.5 is proved, we can deduce the main result of the article. The
theorem is recalled below.

Theorem 1.1 (Quantitative convergence to the Gibbs state). There exist a constant
C :=C(d,\) < oo and an exponent « := a(d, \) > 0 such that, for each p, ¢ € RY,

(T, p) — 2(p)| < C37°"(1 + [p|?)

and
¥ (O, q) — 7 (q)] < C37°"(1+[q]?).

Before starting the proof, we mention that the argument only relies on the properties
of the surface tensions v and v* stated in Proposition 3.1 together with upper bound
for the convex duality given in Proposition 4.5. In particular, we do not use any specific
properties of the gradient field model in the rest of this section.

Proof. From Proposition 3.4, we know that, for each p,q € R? the two sequences
(v(On,p)) e and (v*(0,, p)),cn converge and that, for each p, g € R?,

v(p)+v"(q) 2 p-q. (4.53)
We split the proof into 5 steps.

* In Step 1, the objective is to remove the D;n condition which appears in Proposi-
tion 4.5: the idea is to appeal to the subadditivity of the surface tension v to prove
the estimate, for each p € R¢,

v(Usn,p) < v(03,,p) + C37" (1 + [p[*). (4.54)

+ In Step 2, we show that, for each n € IN and each ¢ € R?,

* —x —Bn - (m=n) 4
[ (On, q) =" (q) < C ((1 +la?)37m Yy 37 Tm(Q)> :
m=0

 In Step 3, we deduce that there exists an exponent « := a(d, \) > 0 such that
|V (On, q) — 7" (q)| < C37™. (4.55)

* In Step 4, we show that the limiting surface tensions v and 7* are dual convex to
one another: one has the equality, for each ¢ € R?,

v*(q) = sup —v(p) +p-q. (4.56)
peER?

* In Step 5, we show that there exists an exponent « := a(d, A) > 0 such that,

[v(On, q) — 7(q)] < C37". (4.57)
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Step 1. The main idea of this step is to consider a cube O C Z? satisfying the two
following properties:

1. the cube [ is included in [3,, and is almost as large as [J3, in the sense that it
satisfies the volume estimate

|Os,| < O] + €339 x 377, (4.58)

2. the cube [J can be decomposed as a disjoint union of cubes of the same size as the

cube 03, , i.e., a union of disjoint translated of the cube [J] .

More precisely, the cube [] can be constructed as follows: we denote by Z the set
Z:={2e(3"+2)2Z" : 240§, COs,}

and then define

O=J(+05).
zEZ

With this definition, it is clear that the cube [J satisfies the two properties (1) and (2).
Following the proof of the subadditivity of the finite volume surface tension v given by
Funaki and Spohn in [24], on obtains the estimate

|D3n\|:||

z 4+ 07
o] v(DSH\D,pHZMv(zm?ﬂ,p)w?ﬂ"(u\pIQ)- (4.59)
3n

v (D3nap) <

Using Proposition A.3, proved in Appendix A, one knows that v (O3, \ O, p) is bounded
by C(1 + |p|?), thus by the inequality (4.58), one can estimate

|D3n\D‘

v (Os, \ O,p) < C37"(1 + [p|?).
||:|3n|

From the estimate (4.59) and the previous display, one obtains

AEESY v(z +03,,p) + C37" (1 + |p]).

z€EZ
But, one has the equality, for each z € Z, v(z + O3,,,p) = v(O3,,, p). This implies
2403, Oz, \ O
Z |721/(z +0F,p) = w,,@;mp).

zeZ ‘D3n‘ |D3n|

Using Proposition 3.7, we have v(03,,, p) > —C + A|p|>. Combining this bound with (4.58),
the previous display can be refined

B 205, p) < 0(050) + OO+ 3
Combining the few previous displays shows

v (s, p) < v(0,,,p) + C37"(1+ [p]?),
which is the desired result. The proof of Step 1 is complete.

Step 2. First, by the formula, for each ¢ € R?,

1
||

Vo (On,q) =B > Vi gle)

eCl,
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and by the estimate (3.8) of Proposition 3.1, one has
V™ (O, q)| < C(1 +[q)).
As a consequence, by the main result (4.54) of Step 1, one has
v (Ozn, Vor™ (On, q)) < v(03,, Vo™ (On, ) + C37" (1 + lgl*).

Combining the previous display with Proposition 4.5, one obtains

% * * _Bn n (m—n) %
v (Osn, Vo™ (On, ) +v"(On, ) +¢- V™ (On,q) < C ((1+|q|2)3 D R A )
m=0
(4.60)
Moreover using the inequality (4.53) applied with p = V,v* (0,, ¢) and ¢ gives
0 < o(Ver™ (On,q)) +77(q) = Vov™ (Un,q) - q-

A combination of the two previous displays gives
(v (s, Vg™ (On, 0) = (Vgv™ (B, 0))) + (v (O, @) — 77 (q))

<C ((1 + |q)?)378" + Z 3 T:;L(q)> . (4.61)

m=0

By the subadditivity for the surface tension v stated in Proposition 3.1, there exists a
constant C := C(d, \) < oo (in particular larger than the one appearing in the proposition)
such the sequence n — v (0,,p) + C(1 + [p|?)3™ ™ is decreasing. As a consequence, for
each n € IN and each p € R¢,

v (On,p) > 7(p) = C(1L+ [p|*)37".
This implies, for each g € R?,
v (Osp, Vv (Onsq)) — 2(Ver* (O, q)) = —C(1 +|q*)37°™.

Combining the previous inequality with (4.61) shows

v (On,q) —7%(q) <C ((1 + g3 + ) 3("3")7:;@)) : (4.62)

m=0
The proof of Step 2 is complete.

Step 3. Let C := C(d,\) < oo be a constant large enough so that the sequence
v*(0,,q) + C(1 + |q|?)3™" is decreasing. To shorten the notation, we denote by, for
q€RY,

Fu(q) = v* (O, q) + C(1+ [q*)37" = 7" (q), (4.63)
so that the sequence F),(q) is decreasing and tends to 0 as n tends to infinity. Moreover,
one has the following inequality

7';: (Q) < Fn(Q) - Fn-H(Q)-
We can rewrite the main result (4.62) of Step 3 with this notation

(m

Falq) <C <(1 +1g[?)377" + zn: 35 (Fulq) — Fm+1(q))> : (4.64)
m=0
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We then define
Fo(q) =375 3% F,(q).
m=0

We next show that there exist two constants 6 := 6(d, \) € (0,1), C := C(d,\) < oo and
an exponent 5 := 8(d, \) > 0 such that, for every n € N,

Fnii1(q) < 0F,(q) + C37P™, (4.65)

Using the inequality Fy(q) < C(1 + |¢|?), one has

n

Fo(q) = Frya(q) > 37

ISR
&3

3

m=0

(Fin(q) — Fns1(q)) — C(1 4 |g*)37 5. (4.66)

Since (F.(q)),cn is a decreasing sequence, we deduce from the previous display that,
for eachn € IN, ~ :
Fui1(q) < Fa(q) + C(1+[q*)37%.

Using the inequality (4.64) and reducing the size of the exponent exponent /3 if necessary,
one deduces

m=0
<c3i Y s% (((1 a3+ 3785 (Fila) - F’”l(q»))
m=0 k=0

+C(1+1¢*)37 %

SO37% Y Y 3735 (Fule) — Feaa(@) + C(1+[g*)377"
m=0 k=0

<0371 3" 3735 (Fi(q) — Frralq) + C(1 +[g*)3~7"
k=0 m=k

< 0371335 (Fulg) = Frua(0)) + C(1+ )37,
k=0

Comparing the previous display with (4.66) gives

Fota(q) < C (Fulg) = Fara (@) + C(1+[g?)37".
A rearrangement of this inequality gives (4.65). An iteration of (4.65) yields
Fo(q) < 0"Fy + C(1+|q]*) ) oF3Fn=h),
k=0
By making 6 closer to 1 if necessary, one has
Zek?)—[i(n—k) < oo,
k=0

Combining the few previous displays shows

F.(q) < C(1+ [q*)0™.
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Setting a := —% so that § = 37 gives the bound F,(¢) < C3~°". By the definition of

F,(q), one has the inequality
Fo(q) < Fa(a),

and thus
Fu(q) < C(1+g[*)37".

We conclude the proof by noting that F),(q) was defined so that it is decreasing and tends
to 0. In particular, it is positive. By the explicit formula (4.63) for F;, and the previous
display, one obtains

—C(1+1g/*)3™™ < v*(0n,q) — 7*(q) < C(1 +|g*)37°",

for some constant C := C(d, \) < oo and exponent « := a(d, A) > 0. By reducing the size
of the exponent «, one eventually obtains

(O, q) — 7*(q)] < C(1+ |gf*)37".
The proof of Step 3 is complete.
Step 4. First note that, by (4.53), for each p, g € R?
0<wv(p)+v°(a) —p-q (4.67)
This implies
v*(q) > sup —v(p) +p-q.
pERE

The main idea of this step is to use Proposition 4.5 to show the two following results:

1. For each ¢ € RY, the sequence Vq,v*(0,, q) converges as n tends to infinity. We
denote its limit by P(q). Moreover one has that the following quantitative estimate

Vov* @) - Pl)] < C1L+ [q)3~om. (4.68)

Remark 4.6. We would like to say that the limit is equal to V,7*(¢) but at this
point of the argument, one only knows that the function ¢ — 7*(¢) is convex and in
particular we do not know that it is differentiable everywhere. We will prove later
that 7*(¢) is in fact C*(R) and this will imply P(q) = V,7*(q).

2. We deduce from (1) that, for each ¢ € RY one has the following quantitative
convergence estimate

V(s Vo' (O, q)) — 7 (P(q))| < C(1+ [gf*)37". (4.69)

We first prove (1). From the main result of the previous step (4.56), we deduce that,
for each ¢ € RY,

7(q) = v* (On,q) — v* (Ont1,q) < C(1+ |q*)37".
Combining this result with (4.4) gives, for each ¢ € R?,
|VqV*(Dn+17Q) - qu*(Dna Q)| < 0(1 + |Q|2)370m-

The previous display implies that the sequence V,v*(0, 1, q) converges for each ¢ € R4
together with the quantitative rate of convergence stated in (4.68). We denote by P(q)
its limit and the proof of (1) is complete.
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We now prove (2). We first use the triangle inequality to estimate the left-hand side
of (4.69)

V(O3 Vor* (On, q) — 7 (P(q))| < [v(Tsn, Vv ( v (Osn, P(q))|
+|V(D3n, (q)) — v (P(q))]-

@ (On,q)| £ C(1+ g

), one obtains by
taking the limit n tends to infinity,

[P(a)] < C(1+al)- (4.70)

Combining the previous bound with (4.55) gives

[v(O3n, P(q) = 7 (P(0))| < C(1+[q*)37",
To prove (4.69), it is sufficient to prove

|v(Osn, Vor* (On, q) — v (Osn, P(q))| < C(1 + |g*)37"™

To this end, we first prove the following property: for each p,p’ € R¢, and each n € IN,

[v(On, p) — v(On, p)| < CIpl + PP — Pl
The idea to prove the previous inequality is to compute the gradient of p — v(O,,p). A

straightforward computation gives

Vv (O, p)| < E

Z ‘V p-e+ Vonp(e))l

| n|e€D

Using the bound, for each z € R V/(z) < }|z| and the Jensen inequality, we obtain

1
IVpv(Ensp)| < |p| + E ﬁ Z Vénp(e)

Nl

We then apply the estimate (3.7) Proposition 3.1 to derive the bound
[Vp (O, p)| < C(1+ |pl). (4.71)

This implies that, for each n € IN and each p,p’ € RY, v(0,,-) is C( '|)-Lipschitz
in the ball B(0, |p| + |p/|). Since both p and p’ belongs to B(0, |p| + |p'|), one has

[v(On,p) = v(On, )| < COA A+ p + [P')Ip = '] (4.72)

This is the desired result. Applying the previous estimate with p = V,v*(0,,¢) and
P’ = P(q) gives

|v(@sn, Vv (On, @) = ¥(Ozn, P(9)] < C(L+ Vo™ (On, )l + [P()]) Vg (Dns q) — P(g)].
By (4.70), for each ¢ € RY, )
|P()] < C(1+lq))-
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Combining the three previous displays with (4.68) gives
|v(Osn, V' (O, q)) — v(Ozn, Pg))| < C(1+[g*)37" (4.73)

and completes the proof of (2).

We now prove the main result (4.56) of Step 4. By (4.60) and the main result (4.55)
of Step 3, one has, for each g € R¢,

v (D3na qu* (Dnv Q)) + v (Dm‘D - vql’* (Dm Q) -q < C(l + ‘Q|2)370m'
By (4.68) and (4.69), one also has the convergence

v (O, Vv (O, @) + v* (O, q) = Vor* (On,q) - ¢ — 7 (P(q)) + 7" (¢) — P(q) - q.

n—oo

A combination of the two previous displays gives

7 (P(q)) + 7" (q) = P(q) - q < 0.
Together with (4.67), the previous estimate gives

7 (P(q)) + 7" (q) = P(q) ¢ =0,

and thus

v*(q) = sup —v(p) +p-q.
pERA

This is precisely (4.56) and the proof of Step 4 is complete.

Step 5. The main result (4.56) of Step 4 asserts that v* is the Legendre-Fenchel
transform of 7. But by Proposition 3.4, one knows that for each p;,ps € RY,

1 1_ 1_ _ Po+p
6‘p0 _pl|2 < il/(ljn7p0) + 7V(Dn7p1) -V (Dn7 0 2 1) < C'|pO _p1|2~

[N)

With the two previous properties, one deduces that 7* is also uniformly convex. As a
consequence, it is in the space C'!!(R?) and one has the following equalities, for each
p.q € RY,

Vv (Vgv™(q)) = ¢, V7" (Vpr(q)) = ¢, and P(q) = V40" (q). (4.74)

We are now ready to prove (4.57). We start from (4.61), which reads, for each q € R4,

(V (DSna VqV* (D7uq)) - D(Vq’/* (Dna Q))) + (V*(thq) - ﬂ*(q))

<C ((1 +lP)3 o+ 3 3T T:;(q)> . (4.75)

m=0

We then apply the estimate (4.55) which allows to estimate most of the terms in the
previous display. Precisely, one has the inequalities

v*(On,q) = 7*(q) < C(1+]q*)37%"

and

n

(m—n) % —an
> 37T (g) S CO A g3

m=0

With these estimates, the inequality (4.75) becomes

v (Ogn, Vo™ (On,q) = 7(Ver™ (On,q)) < C(1+ [q*)37°".
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Then by (4.73), one has
|v(Osn, Vo (On, ) = v(Osa, P(a))| < C(1+ |g*)37"
Then by sending n to infinity in (4.72), one obtains, for each p,p’ € R?,

With the same proof as the one which gives the bound (4.73), one obtains

NI

(p) —2(")] < C(|pl + [p'Nlp — 9. (4.76)

|7(Vqr* (On,q)) — 7(P(q))] < C(1+|q|*)37°".
Combining the few previous displays shows, for each ¢ € R?,
v (On, P(g)) — 7 (P(g)) < C(L+ |g*)37".
Applying the previous inequality with ¢ = V,7(p) gives, thanks to (4.74),
v (Dan,p) — 7 (p) < C(1+[V,0(p)[*)37".

We then simplify the term on the right-hand side. Thanks to (4.76), one obtains the
bound on the gradient of 7, for each p € R?,

[V (p)| < C(1 + [pl).
A combination of the two previous displays gives, for each n € IN and each p € RY,
v (Ozn,p) =7 (p) < C(1+[p|*)37".

We now want to remove the 3n term on the left-hand side. To this end, we use the
subadditivity of v stated in Proposition 3.1, to obtain, for each p € R¢ and each n € IN,

(O3nt1,p) — 7 (p) + C(1 + |p/)3™™
(Osn,p) — 7 (p) + C(1 + [p/*)3™"

v (Osny2,p) =7 (p) <v
14
C(1+ |p/*)3—o".

<
<
<

From the previous display and by reducing the size of the exponent «a, one obtains for
each n € IN and each p € R¢,

v (On,p) — 7 (p) < C(1+ |p[*)37°".

The proof of (4.57) is almost complete, there only remains to prove a lower bound for
v (Oy,p) — 7 (p). But one knows that there exists a constant C' := C(d, \) < oo such that
the sequence v (O, p) + C(1 +|p|?)3~" is decreasing and converges to # (p). This implies
in particular that, for each n € IN and each p € R¢,

v(On,p) =7 (p) > =C(1+ |p*)37"
and provides the lower bound. A combination of the two previous displays shows
v (Onsp) = 7 (p) | < C(1+ |p|*)3"

and completes the proof of Step 5 and of Theorem 1.1. O
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4.5 Quantitative contraction of the fields ¢, , and v, , to affine functions

Now that Theorem 1.1 is proved, we deduce the L? estimate on the random variables
¢n.,p and 1, 4 stated in Theorem 1.2. The theorem is recalled below.

Theorem 1.2 (L2 contraction of the Gibbs measure). There exist a constant C' :=
C(d,)\) < oo and an exponent « := a(d, \) > 0 such that for each n € I, p, ¢ € R,

1
(diam Dn)

T X (190al@) + Wnale) = 97" (@) )

zecll,
<037 (1+ [p|* +1ql?) -

Proof. We first prove the estimate for the random variable ¢, 4, i.e.,
Z e 7*(q) - 2| < 03" (14 ]q?). (4.77)
.LED

Indeed in that case all the tools have already been developed and this allows for a short
proof. First by Theorem 1.1, one knows that, for each g € R?,

7o (q) <37 (1 + |gI?).

Using the previous display together with Proposition 4.4, we obtain

> Wng(@) = Vor (Onaq) - of* | < C3C=(1 4 gf).

zel,

|
But by (4.68) and (4.74), one also has
IVov*(On,q) — Ve (q)] < C37"(1 +|q|?).

A combination of the two previous displays gives (4.77) and completes the proof.

We now want to prove the estimate with the random variable ¢, ,, i.e.,

> Jbnp(@) —p-af’| < C3EO" (14 [p2) .

7L| xGDn

The proof follows the same lines as the proof of (4.77) except that we have not proved
an equivalent version of Proposition 4.4. The proof of this statement is split into 2 steps.

e In Step 1, we show that, for each m € IN with m < n,

2
5 5 B|[Fonshn, ] <c R
T €2 m

 In Step 2, we deduce from the previous step and the multiscale Poincaré inequality

> bnpl®| < CQA+[p?)3Em,

nl rzell,
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Step 1. Consider the random variable ¢ = __ z,, ., ¢» introduced in Proposition 3.8
as well as the coupling between ¢ and ¢, ;, introduced in the same proposition. The
following estimate holds

E | Y [Vé(e) = Vénp(e)*| <CW(Omq) —v(On,q) +C37% (1+[p).

eCl,

Using Theorem 1.1, the previous estimate can be refined and one obtains

Z |V¢(€) - V¢n,p(€)|2 < C(l + ‘p|2)3—am.
eCl,,

Using this inequality, one has

|zmn| 2 EU Vona)io,, ﬂ

ZEZm n

! 1
< > E U<V¢>z+mm‘2} + =B > |Vo(e)— Vén ()
|Zm,7l ZEZm,n ||:|n‘ O,
1
= |Zm n‘ Z E |:’<v¢>z+|:’m 2:| + C(l + |p|2)3—am,.

2E€E2Zm.n

We then note that, for each z € Z,, »,, one has the equality (V¢), .o = (V¢.), o and
that, since ¢, € h}(z + 0,,), one has (V¢.).,n, = 0. Consequently, the previous display
can be simplified and one obtains

LS B[] s cas e

| m n|
’ Zeznz,n

Step 2. We now apply the multiscale Poincaré inequality stated in Proposition 2.14
for functions in h{(0,,). This gives

> [(Vonasn, |

YEZm,n

|D1n\ D bup@F <C Y IVoup(@)’ +C3"Z3m |z1

zell, eCO,

Taking the expectation and using Proposition 3.7 to estimate the first term on the
right-hand side and the main result of Step 1 to estimate the second term gives

n

Z |¢7zp <C(1+ |p‘2) +C(+ |p|2)3n Z gmg—am

wEDn m=1
< C(1+ [p*)3tn,

This is the desired result. The proof of Theorem 1.2 is complete. O

A Technical estimates

Before stating the first proposition of this appendix, we recall that the space H
mentioned in the following proposition is the space of functions of iozl(Dn) which are
constant on the cubes (z + 0,,), for z € Z,, ,,. It is a space of dimension 3d(n=—m) _ 1 and
each function h € H can be written in the following form

h= Z /\zﬂerDmv

2€EZm,n

for some constants (\.),.; satisfying > . A, =0.
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Proposition A.1l. There exists a constant C := C(d,\) < oo such that the following
estimate holds, for each v € h'((J,,),

log / exp | — > Ve(Vi(e)+ Vh(e)) | dh < Cm3=m),

eEBm n

Proof. By the assumptions made on the elastic potential V,, one has, for each x € R,

Vo(z) > A2
This gives the following estimate, for each ¢ € & h! (z+0Op),
2E€E2Zm n
> Ve (Vile) + Vh(e) < — Y M(Vi(e) + Vh(e))”. (A.1)
e€Bm n e€EBm n

For the rest of the proof, we introduce the following notation: for z, 2’ € Z,, ,,, we write
z ~ 7'if and only if |z — 2/|; = 3™.

That is to say, we write z ~ 2’ if and only if z and 2’ are neighbors in the rescaled lattice
3™7Z%. With this notation, the set B, can be partitioned according to

Bm,n = U Fz,z’a

sz/eZnL,nv z~z!
where we introduce the notation
F..o:={e=(x,y) COp1 : €2+ 0,andy €2’ +0,}.

With this notation, the right-hand side of (A.1) can be rewritten

Y (Vie) + Vh(e)” = > Z (Vo(e) + A — A2)%.

e€EBm . n 2,2/ €Zm n, 2~z €eEF, J

Expanding the square gives, for each z, 2’ € Z,, , satisfying z ~ 2/,

ST Ve) + X =) = Y (Ve +2Vd(e) A — ) + [Ae — ALl
ecF, ecF,
2

1
= |Fz,z’| )\z’ - )‘z + ﬁ Z Vw(e)
22! ecF, ./

fﬁ S vee)| + Y Vel

GEFz,z/ eer,z’

But one has )

|F Z Vi(e) + Y, [Vi(e)> >0,

eer,z/
thus one obtains
2
2
S (V) + N =N 2 F| | A — Z V(e
ecF, z z!
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Note that the cardinality |F, .| is the same for every pair of points z, 2’ € Z,, ,, such that
z ~ 2'. It is indeed the cardinality of a face of the cube [J,, and is equal to 3(¢~1)™_ This
cardinality is denoted by |F},| in the rest of the proof.

The next step of the proof is to construct an isometry between the spaces H and
;ll(Dn_m). To do so, we note that the following equality holds

Zm,n = 3m|:|n—m-

In particular if z € Z,, ,,, then z/3™ € O,,_,,,. From this one obtains that the existence of
an isometry between the spaces H and h' (OJ,,_,,) given by

H — ;Ll (anm)
dm
h:= Zzezm,n Az]l{z-i-l:lm} — q)(h) =3z Zzezm,n )\Zéz/g,m,

where §, is the function defined by 6, (¢') = 1 if z = 2/ and 4, (') = 0 otherwise. The
scalar 3“" is here to ensure that

Z h(l‘)QZ Z 3dm|)\z|2

zel, 2€EZm.n

D (A.2)

is equal to

39N, ’

Y eW@P= Y

IGD:ED ZEZm’n

n—m

We also denote by X, the vector field defined on the edges of [J,,_,,, by
z
= \Y
(o) =iy I v
eGF

Performing the change of variables by the isometry ® shows

/ exp | — Y A(Ve(e) + Vh(e)? | dh

€€EBm . n

- 2
< / ep - S A|F,,L|(3*‘l2 Vh(e)—l—Xw(e)) dh.
1 (En—m) eCln—m

Using the equality |F,,| = 3(4~1™, one obtains

/ exp | = Y A(Ve(e) + Vh(e)? | dh

e€EBm,n

2
< exp | — A3d=Dm (3=92gp ) - X, (e dh. (A.3)
Lo > (57 V(o) - Xu(0))

eC D'm n

We denote by V(O,,_,,) the space of vector fields of the cube 0J,,_,, and equip it with
the standard L? scalar product. The idea is then to consider the following orthogonal
decomposition

. L/ i
V() = VA (Ope) & (Vhl(mn,m)) ,
so that the vector field X, can be decomposed according to the formula
Xy = Vhy + X5,
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. . L
where hy, € h' (0, ) and X € (Vhl(Dn_m)) . Using this decomposition, one has

> (5EVRO X)) = 3 (VO -Th) 4 Y ()

eCly—m eClyn—m eCln—m

> ¥ (3_d§‘th(e)—Vh¢)2.

eCln—m

Using the previous inequality, the estimate (A.3) becomes

/H exp (= 3 A(Te(e) + Vhie))? | dn

e€EBm n
m 2
S/ exp | — Z A3(d=Dm (3*(17Vh(e)—Vh¢) dh.
A (On—m) eCOnom

We then use the translation invariance of the Lebesgue measure to prove

—1)m _dTm 2
/ﬁl(mn_m)exp DR (3 Vh(e)—Vhw) dh

EgDn—nL
- exp [ — A37"Vh(e)? | dh.
/;\ll(ljn—mr) ecgn:m

Combining the two previous displays yields

/H exp (= S0 A(Vi(e)+ Vhie)? | dn

6€B1n,n
<[ ew|- 3w he? ) an
h1 (On-m) ecgn:—m

We then perform a change of variables to obtain

/ exp (= 3 A(Te(e) + Vhie)? | dn
H e€EBm n

Sd(n,fm,)il

3m f/’ 9
< | = exp | — Vh(e dh,
< A > AY(On_m) Z (©)

eCln—m

since dim fozl(Dn_m) = 3dn—m) _ 1, Taking the logarithm and applying Proposition 3.7,
one deduces

log / exp | — Y. A(Vi(e) + Vh(e))? | dh < Cm (3d<"*m> —~ 1) + C|Op—m|
H

e€Bm n
< Cm3dn—m),
This completes the proof of Proposition A.1. O
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We now turn to the proof of the second technical lemma of the appendix. This lemma
and the notation are used in Step 4 of the proof of Proposition 4.5.

Proposition A.2. There exists a constant C := C(d, \) < oo such that, for eachn € I,

E

oY Ve(Wria)(e) + Vale) (Ad)

||:|21'L| Zezn 2n eCZ—‘rD,,

< ‘Dﬂ S Ve(Ve(e) | +C1+g*)37E

2E€EZn 2n eC2+0,

cor| g L X 0o

2EZn 2n eCz+0,

Proof. Denote by o the random variable taking values in @,c = Iazl(z +0,) given by

Y o

2€EZn 2n

n,2n

We also recall that the random variable ¢, is defined by the identity
Vz € Zyon, Vo € (2 +0,), 0.(z) =¢.(z) — Vi (q) - z.

Let P be the orthogonal projection from h'((s,) to ®.cz ! (z40,). Note the operator

P satisfies the following property

n,2n

Vg € h'(Oan), V2 € 2,90, Ve C (2 +0,), VPg(e) = Vg(e). (A.5)

Denote by ¢ the random variable taking values in @,cz hl(z +0,), defined according

to the formula

n,2n

¢ =20 — Pk,

so that o0 = #. Using the uniform convexity of the elastic potential V., one has

2. D, Ve(Viile

2€2Zn 2n eCz+0,

Ble= Y Y v (6) + VE(e))

2€Zn 2n eCz+0,

Y Y W () + VPr(e))

2€2Zn 2n eCz+0,

_COE Z Z |Vo.(e) — VPr(e)|?

2€2Zn 2n eCz+0,

|D2n|

|D2n|
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We then use (A.5) to get

M| S V(e(e) (A.6)

‘DZn‘ 2€2Zn, 20 eCz+0,

SE o Y Y V(Vhi)e) + VEle)
| 2n|z€Zn,2negz+Dn
1

+IE
|D2n|

S S V(Vr@)(e) + Vale)

2€2n 20 eCz+0,

—CE| >, Y IVile) = Va(e)

2EZn,2n eCz+0,

Note that the random variable ) 1), is the minimizer of the problem

2EZn 2n

i%f E Z Z (Ve(v¢,) —q- VW(e)) +H (IP) )

2E€EZp 2n eC2z+0,

where the infimum is taken over all the probability measures on @zezn,znill(z +0,) and
1)’ is a random variable of law IP. In particular, using the translation invariance of the
entropy gives

1

E
|D2n|

ST Ve(Vi@)(e) + VE©) — g (V¥i(a) + VE) (o) +®H(Ps)

2E€Zn 2n eC2z+0,
1 1
2B Yo D Ve(Ve(e) —q-Viu(e)| + =—H (Pr,). (A7)
‘DQn‘ 2€2Zn 2n eCz+0, |D”|

We first simplify a slightly the previous display by removing the linear terms in the left
and right-hand side. Using that Vv (¢) = E [<V¢n,q>m } we obtain

E ﬁ S 0 V9] =a- Vi),

2€2Z5 2n eC2z+0,
and, using the definition of o,

1

E
|D2n|

Yoo D a- (V@ + Ve (e)| =q- V(o)

2€2n 2n eCz+0,

+E ﬁ Z Z q- VPk(e)

2€2Zn 2n eC2+0,

We denote by B, the set of bonds of the cube 03, which do not belong to a cube of

n,2n

the form (z + 0,), for z € Z, 2y, i.€.,

B:Qn = {6 - D2+n 1 Vz € Zn,2na € Z Z+Dn} .
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Using this set, one can decompose the sum

2= 2 2t

eCO, 2€Zn,2n eC2z+0, eecBt

n,2n

Note also that the set B:{ on 15 almost equal to the set B,, 2, the only difference is that
we added the bonds which belong to D;n but not [Js,,, which is a small boundary layer of
bonds. Additionally, one has the estimate on the cardinality of B

|B;}

n,2n’

| < C37" |Uayl -

n,2n

Using the decomposition of the sum, the fact that « € h{ (O3,,) and the property (A.5),
one obtains,

1
E -(VPkr)(e)| =E
||:|271,| GZZ CZ d ( )( ) ‘DQn‘
2EZn 2n eCz+0,

2. DL 4 VAle)

2€EZn 2n eC2+0,

1
=E | —— - V(e
O] > q-Va(e)

ecB’

n,2n

We then apply the Cauchy-Schwarz inequality as well as the definition of x given in (4.19)
to obtain

N

1 Bf,, 1
E |5 > q-Va(e)| <lql ’DQ‘ E|5 > V()
| 2n| T ‘ 2n‘ ‘ 2n‘ T
eBnQn EBnQn
_ - 1
1 2
<Clg37 % |E | =— > |Vk(e)]?
Oon,
Ry ]

<ClgI3~ %z | E f(e
< Clq| |DQH| Z I£(

+
CI:’ZH.

Nl

<Clgl3 2 (1+ Iq\)

But using the definition of f given in (4.12) together with the estimate (3.8) of Proposi-
tion 3.1, one has

1 2
E T Z [£(e)] < C(1+ |q]).
2n egD;n
A combination of the previous displays gives

E VPk(e)|| <C372(1+ |q]?).
|D2n| > q (1+1q1?)

2€Zn 2n eC2+0,

Combining the previous estimate with the inequality (A.7), one obtains the simplified
display

1
|D | Z Z (e) + V&(e)) +mH(P£)
n 2€Zn,2n eCz+0, 2n
1
> ‘D | ST Ve(Via(e D)+ gy H (Be) =037 Z(1+g). (A8)
2n 2EZn 2n eCz+0, 2n
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We now show the following estimate comparing the entropies of P¢ and Py,

H (P¢) < (P ,) +C37" (A.9)

1
— ——H
|D2n| ‘Dn|

First we recall the definition of the linear operator L given in (4.15) and that the random
variable k is defined by

k:=1L Z o,
2€E2Zn 2n
We consequently have
¢=(2ld - Po L)},

where 2Id — P o L is seen as a linear operator from @zezn,gnill(z + 0,) into itself. Using
the change of variables formula for the entropy, one obtains

1 1

——H(Pe) = —H (P}, ) —In|det(2ld — Po L)|. (A.10)
T (Pe) =N (P},q) — In | det( )|

Since the dimension of the vector space @ ¢ gn‘Mlczl(z +0,) is 329" — 39", we denote by
l1,...,l32an _3an the eigenvalues (potentially complex and with repetition) of the operator
P o L. We thus have

g2dn _gdn

In|det(2ld — Po L) = Y  In|2—1]
=0

We now prove the two following statements on /;:
1. foreachi € {1,...,3%"n — 3} |I,] < 1;

2. there exists a constant C := C(d) < oo such that at least 32" — C37" eigenvalues ;
are equal to 1.

To prove the first fact, note that, by (A.5), for each ¢ € ®,c= ;zl(z +0,),

n,2n

Yo D> IVPeL@ElP = Y Y VL)

2€EZy 2n eCz+0, 2€2Zn 2n eCz+0,

Moreover by (4.30), one has

YoIVI@)EPF < Do D IVee)l

eCcOf, 2€2n,2n eCz+0,

Since one clearly has

YooY VLW < Y IVLE)(e),

2EZn 2n eCz+0, eg];'"

one obtains

S > IVPoL@EeP < > > V(e

2E€2Zn 2n eCz+0, 2E€2Zn 2n eCz+0,

We consider an eigenvalue [; of P o L and an eigenvector v; (which may be complex)
associated to this eigenvalue. Then one has

LA D S A2 15 | e N W A A1 (] o

2€Z5 2n eC2+0, 2E€Zn 2n eC2z+0,
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which implies [l;| < lassoonas ) .- , > .c..0, |V (e)|? is not equal 0, but since
¥; € @.ez, ,, h' (2 +0,), one also has
S IVUile)P =01 =0.
2EZn 2n eCz+0,

This completes the proof of the first item.
We now prove the second item. To this end we proceed exactly as in Step 1 of
Proposition 4.5, where it is proved proved that if one considers the interior [17,

d
n_9 n__9
Dg:=<—32 ,32 ) Nzt =0,\00,,

h' (z 4+ 2) one has
L(¢) = 4.

Moreover, from (4.25) one has the estimate on the dimension of @,z

then for each v € ®,c=

n,2n

A (z+00),

n,2n

dim < & hl(z+ Dn)> > 3%dn _ C3(2d=bn,

2EZn 2n

This implies that among the [;, at least 32%" — C'3(2¢=1)" of them are equal to 1. Without
loss of generality, we can thus assume that for each i € {1,...,3%" — C3(2d*1)”}, I =1.
Combining (1) and (2), we obtain

1 32dn_3dn
—— |In|det(2Id — Po L)|| < In|2—1;
IDznl‘ | det( I < Z:O |In | |
32dn73dn
< Y mi-y
i=32dn __(3(2d—-1)n
< 03(2d—1)n.
Thus
[In|det(2Id — Po L)|| < C37™.
|D2n|
Combining this estimate with (A.10) gives
1 1
——H (Pg) < H(P; )+C37™
O 7 ) < o, (P

This is precisely (A.9).
We then combine (A.8) and (A.9) to obtain

E ﬁ SO V(vEe)| > E ﬁ D IRANAD)

2€Zn,2n eCz+0, Z2€Zn,2n eC2z+0,
—C(1+q*)37".
Using this inequality together with (A.6) gives

1 1
B m Z Z Ve (Vip(e)) | > E m Z Z Ve (VE(e))

2EZy 2n eC2+0, 2EZn 2n eCz+0,

—CA+ g3 F-CE| Y > [Vi(e) ~ Va(e)f

Zezn,2n e§z+|:’n

This is (A.4) and thus the proof of Lemma A.2 is complete. O
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We then prove the last lemma of this appendix. It gives a quadratic upper bound for
the value of v(U, p) for any bounded domain U C Z¢.

Proposition A.3. There exists a constant C := C(d, \) < oo such that for each bounded
domain U C Z¢ and each p € R¢,

v(U,p) < C(L+ o).

Remark A.4. This statement is a more general version of the upper bound for v than
the one given in Proposition 3.7, since it is valid for any bounded domain U C 74,
nevertheless the argument presented here does not give a lower bound as the one we
computed in the case of cubes. It also does not give bounds on v*, this is why this
statement is presented in the appendix.

Proof. Consider a random variable X, taking values in h}(U) whose law is defined by

+ for each = € U, the law of X (z) is uniform in [0, 1]

* the random variables X (z), for « € U are independent.

Using that the entropy of the law uniform in [0, 1] is equal to 0 together with Proposi-
tion 2.4, one obtains

H (Px) = 0.

Then by Proposition 2.8, one has the following computation

WU.p) < B |U\ZV )+ VX(0))| + 1 (Px)
eCU

<E ‘Zv e) +VX(e))

eCU

We then use the bound V,(z) < 1|z|* combined with the estimate [VX (e)| < 1 for each
bond e C U to obtain

|U\ZV e)+VX(e)| <C(1+1p?).

A combination of the two previous displays completes the proof of the proposition. O

B Functional inequalities

The goal of this second appendix is to prove some classic inequalities from the theory
of elliptic equations in the setting of the V¢ model. These inequalities are proved with
the random variable ¢, , associated to the law P}, , because it is needed in the proof of
Theorem 1.2, nevertheless similar statements, with similar proofs, are available for the
random variable ¢,, , associated to the law PP,, .

Proposition B.1 (Interior Caccioppoli inequality). There exists a constant C' := C(d, \) <
oo such that for every integern > 1, every x € O,, and every r > 1 such that B(z,2r) C
Uy,

c
El Y Vens@P| < SE| D [Yaa®) — @n)sean| |+

eCB(z,r) r€B(x,2r)
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Proof. Let n be a cutoff function defined on the discrete lattice UJ,,, taking values in R
and satisfying

ILB(a:,'r‘) <n< ]lB(LQr) and Ve = ('ray) C Uy, |V77(6)‘2 < OT_Q (77(37) + 77(?4)) .

For ¢t > 0, we denote by L; the following linear operator

L[ RO = BT
L= { " =+t (Y~ () Baar) — (w +in (¢ - (w)B(M’")))

O,
As a remark, we note that the last term on the right-hand side can be rewritten

(vt (= @ngan)), =t(1(¥= @agan)), -

n n

since the function 1 belongs to the space ;Ll(Dn). We note that L, is the identity of
h'(d,). We now show the following inequality which estimates the distance between L;
and the identity of h*(0J,), in the L? operator norm:

Ve BH(On), D (@) — L) (@) < [t D ).
zel, zell,
This is a consequence of the computation

S (@) — L@) (@) < 3 Jtn(@) (9(z) — () pezn)|”

zell, zell,

<t > @) - (¥)p@an

z€B(x,2r)

<It Y @)

z€B(x,2r)

2

This implies in particular that for each ¢ € (—1, 1), the operator L, is bijective. We also
note that by definition of the operator L,

7 € hH(O,), Ve € O, VL(W)(€) = Vii(e) +1V (1 (4 = ($)pazn)) (). (B.D)

We fix a vector ¢ € R and use the random variable L, (¢, ) as a test random variable in
the variational formulation for v* stated in Proposition 2.8. This yields

E =Y (Ve(Vdng(e) —a- Viugle) | — HP; )

eCl,

>E = D (Ve(VLi (¥n) () = q- VL ($ng) (€) | — H (PLs, ) -
eCO,

First note that, since 7 is supported in B(z,2r) C O,,

<VLt ("/}n,q»[ln = <vwn7q>|:|n s

consequently,

E Z q- v¢n,q(e) =k Z q-VL (wmq) (e)

egDn egDn
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Thus one can simplify the previous display

E|= Y Ve(Ving(e)| —HP; ) ZE | = Y Ve(VL () (@) | = H (Pryw,.,)-

eCl, eCO,
By Proposition 2.3, we compute the entropy
H (PLt(wn,q)) = H(IP;*NI) — Indet L;.

Using the previous display and the formula for L;, one obtains, for each t € (—1,1),

E| Y Ve (Véng(e) +tV (1 (Yng — Wng)Bo2n)) (€)) = Ve (Vibng(e)) | —Indet Ly > 0.

eCl,,

It is clear that the function ¢ — Indet L, is smooth for ¢ € (—1,1). In particular, dividing
the previous display by ¢ and sending ¢ to 0 gives

d

E| Y VI(VYna) @)V (1 (Yng — Wng)Ba2n)) (€)| = @ 1o Indet L; =0.  (B.2)
eCO, -

We first deal with the term coming from the entropy. By the chain rule, one has the
formula

d
—  Indet L; = tr L
dt‘tzo ndae t T 0

where L denote the derivative of the operator L; at ¢t = 0, it is given by the explicit
formula

L hY(O.) — hMO,)
o lﬁ = n (d) - (¢)B(.’L‘,2’r'>) - (77 (¢ - (¢)B(w,27')))un :
In particular, for each € h'(0,),

ST L)@ < 3 |n@) (@) — @) paen)|”

zell, zel,

< Y @) - @)@

z€B(x,2r)

< Y R@P

z€B(x,2r)

This implies that every function ¢ supported in J,, \ B(z,2r) is in the kernel of L{ and
thus one has
dimker L, > |0, | — Cr.

Combining the two previous displays shows
ltr L] < dim h*(0,) — dimker L}, < Cr?. (B.3)

We now turn to the first term on the right-hand side of (B.2). To simplify the notation in
the following computation, we set

Xn,q = Pn,q — (wn,q)B(x,Qr)
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and compute

Yo Vi(Vxna)(©) V(xng)(e)

eCB(x,2r)

Z (n(2)Xn,q(2) = 1(Y)Xn,q(y)) V(/m,y) (Xn,q(T) = Xn,q(2))

z,y€B(x,2r),x~y

= Yo @) (nal®) = Xna®) Viay) (Xng(2) = Xng(2))

z,y€B(z,2r),x~y

+ > Xn,a(y) (N(@) = (1) V(o y) (Xn,g(2) = Xn,q(2))-
z,y€B(z,2r),z~y

Using the uniform convexity of V., and (B.2), one obtains, by taking the expectation,

AE Yo @) (@) = Xn(®)?

z,y€B(z,2r),z~y

<E > 0@ (a(®) = Xna®) Vi) Cna (@) = Xn g (@)

z,y€B(z,2r),z~y

<E S na@ (@) = 0 Vi (nig(@) = xng@)| | + |t Ly

Lz.y€B(z,2r),x~y

We then use the bound V/(z) < A|z|. This yields

AE | Y (@) (@) — xna®))?

z,y€B(z,2r),x~y

cop| Y IM@onwl e

z,y€B(x,2r),z~y

A
+E |7 > (0(2) + 1)) (g (@) = Xn.g(¥)* | + [ tr Lo
z,y€B(z,2r),z~Yy

< 37"E Z |Xn,q(y)|2 + gE Z n(x) [Xn.q(T) — Xn,q(y)‘z

z,y€B(x,2r),x~y z,yeU,xz~y
li
+ | tr Lg|.

Absorbing the second term on the right back into the left-hand side and using the
estimate (B.3) gives,

E > () (Xna (%) = Xna ()| < Cr2E +Cr.

z,y€B(x,2r),x~y

> xng(@)

Now we replace the term x, , by the expression v, ; — (¥n,q) B(z,2r) to Obtain

Bl Y Ving@| <Cr2B| > |tngle) = (Wno)pean|’| +Cr

eCB(z,r) eCB(z,2r)

This is the desired result. O
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The next statement one wishes to obtain is a reverse Holder inequality for the random
variable v, ;. It is obtained by combining the Caccioppoli inequality proved in the
previous proposition with the Sobolev inequality recalled below.

Proposition B.2 (Sobolev inequality on Z?). There exists a constant C := C(d) < oo

d

such that for each © € Z%, each r > 1, each exponent s € (ﬁ,

f: B(z,r) — R satisfying
> f@) =0,

xz€B(x,r)

oo) and each function

one has the estimate

Yo @i <ol > VP,

z€B(z,r) eCB(z,r)
where s, is the Sobolev conjugate defined from s by the formula

sd
s+d

Sy 1=

This inequality can be deduced from the continuous Sobolev inequality (on R?) by an
interpolation argument. From the Sobolev inequality and the Cacioppoli inequality, we
deduce the following reverse Holder inequality.

Proposition B.3 (Reverse Holder inequality for P} ). There exists a constant C' :=

C(d,\) < oo such that for every integer n > 1, every x € O,,, every r > 1 such that
B(z,2r) C O, and every q € RY,
d+2
1 1 A\
d+2
B 2 Vena@F| <0 (g S Bveed] ™) o

|B(z,7)] @, 2r
eCB(z,r) eCB(z,2r)

Proof. Fix ¢ € RY, an integer n > 1, and a ball B(z,r) with = € 0, such that B(x,2r) C
(,,. By Proposition B.1, one has the inequality

C
Bl Y [Vungef | < SB[ > |¥na(¥) = Ung) Ba2n|” | +Ord.

eCB(z,r) z€B(x,2r)

We then apply Proposition B.2 with s = 2 and s, = % and obtain

+2
d

C a5z
2 2
E| Y Ve @F| <5 | X E [\wn,q(en ] +Crl, (B.4)
eCB(z,r) eCB(z,r)
Then for each N € N, we introduce the following notation for the half space
Rf = {(xl,...,a:N) eRYN 121 >0,...,zn 20}.

Note that the mapping

RY —
F = d %
(@1, son) = (Secnen |0l ™)
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is concave. We then let N be the number of bonds of the cube [,, and apply Jensen’s
inequality to the random variable (|an7q(e)\2) " which is valued in RY, to obtain

d+2 d+2

d d
d

Ell Y Wow@® | | < > B[IVougF]™

eCB(z,r) eCB(z,r)

Combining this estimate with (B.4) and dividing by ¢ completes the proof of Proposi-
tion B.3. O

We then combine the previous estimate with the discrete version of the Gehring’s
Lemma, which is stated in the following proposition. The continuous version of this
result can be found in [28].

Proposition B.4 (Discrete Gehring’s Lemma). Fixq < 1, K > 1 and R > 0. Suppose that
we are given two (discrete) functions f, g : B(0, R) — R, and that f satisfies the following
reverse Hélder inequality, for each » € Z% and each r > 1 such that B(z,2r) C B(0, R),

1 i K
Baa X V@ISE|poss S @) T ey X @)

z€B(x,r) x€B(x,2r) z€B(x,2r)

then there exist an exponent 6 := 6(q, K,d) > 0 and a constant C := C(q, K, d) < oo such
that

|B(x1,3)’ Z |f(95)\1+(S <C m Z | f(z)]

:cEB(x,g) z€B(x,R)

1 21+
+C B, )| > 9@

z€B(z,R)

From this estimate, one obtains the following version of the interior Meyers estimate
for the V¢ model. The idea is to combine the reverse Holder inequality and the Gehring’s
Lemma to improve the integrability of the expectation of the field v, , (seen as a function
from the triadic cube O, to R) from L2 to L2319,

Proposition B.5 (Interior Meyers estimate for P}, ). For eachy € (0,1] and eachn € N,

denote by v[,, the cube
N d
37L 37L
~0, = (—72 ,72 ) aV/ia

Fix ¢ € R%. For each v € (0,1), eachn € IN, there exist an exponent § := §(d,\) > 0 and
a constant C' := C(d, \,v) < oo such that

o=
1 146 C
— E ||V, 2 <
YO, | Z U (U ,q(e)| } 0,

eCyl,

Proof. The main idea of the proof is to apply the Gehring’s Lemma, Proposition B.4, with
the following choice of functions

Vo € O,, f(x) =Lk Z |1/}n,q(y)|2 and g(:L') =1

y€,  z~y
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By Proposition B.3, one has the following reverse Holder inequality: there exists a
constant C' := C(d,\) < oo such that for each z € Z? and each r > 1 satisfying
B(z,2r) CO,,

1 dt2 C
<C Bz, 20| Z |f(z)] +W Z lg(@)]-

z€B(x,2r) z€B(x,2r)

Applying Proposition B.4, there exist an exponent § := d(d,A) > 0 and a constant
C := C(d,\) < oo, such that for each point z € [J,, and each radius R > 1 satisfying
B(z,2R) C O,,

1 ) c

z€B(z,R) z€B(x,2R)

Jan
i

1 1
+C 1B(z,2R)| Z lg(x)['+°

z€B(x,2R)

The previous display can be rewritten

1

B R > E[ V()] < C Y E[Viug(@)?] + C.

eCB(z,R) |B(z,2R)| z€B(x,2R)

We then conclude that, for each v € [0, 1), the cube [0, can be covered by finitely many
balls of the form B(x, R) such that B(z,2R) is included in 0J,,. The cardinality of this
covering family can be bounded from above by a constant depending only on d and
~. This implies that, for each v € (0, 1), there exist an exponent ¢ := §(d,\) > 0 and a
constant C' := C(d, A\,y) < oo such that

1

> E[|[ Vi) <

| n‘@Qan

Remark B.6. Combining the Meyers estimate with (3.8) of Proposition 3.1, one obtains

1
1+6

N E[IVen @] ] <o+ lg)

eCyO,

1
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