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A central limit theorem for the gossip process
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Abstract

The Aldous gossip process represents the dissemination of information in geographical
space as a process of locally deterministic spread, augmented by random long range
transmissions. Starting from a single initially informed individual, the proportion of
individuals informed follows an almost deterministic path, but for a random time shift,
caused by the stochastic behaviour in the very early stages of development. In this
paper, it is shown that, even with the extra information available after a substantial
development time, this broad description remains accurate to first order. However,
the precision of the prediction is now much greater, and the random time shift is
shown to have an approximately normal distribution, with mean and variance that can
be computed from the current state of the process.
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1 Introduction

A model for the dissemination of information in space, in which random long-range
contacts facilitate spread, was introduced in Aldous [1]. In an idealized version, pro-
posed by Chatterjee & Durrett [6], individuals are represented as a continuum, evenly
distributed over a two-dimensional torus of large area L. Information spreads locally at
constant rate from individuals to their neighbours, so that a disc of informed individuals,
centred on an initial informant, grows steadily in the torus. However, information is
also spread by long range transmissions to other, randomly chosen points of the torus,
according to a Poisson process, whose rate is proportional to the area of currently
informed individuals. Any such transmission initiates a new disc of informed individuals.
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CLT for the gossip process

The process can also be interpreted as a model of the spread of an SI disease, in which
local infection is supplemented by occasional long-range contacts.

With L; denoting the area of informed individuals by time ¢, Chatterjee & Durrett [6]
showed that, after some randomness in the initial stages of the process, the proportion of
the torus L;/L that has been informed by time ¢ closely follows a particular, deterministic
path. The times at which L;/L increases from almost zero to almost one is relatively
short, and occurs around a time t;, which is a fixed multiple of log L. In what follows, we
therefore concentrate on times relative to ¢t;,. Roughly speaking, Chatterjee & Durrett [6]
showed that, for large L, we have

LtL+u//\

7 ~/l(u+U) foranyueR

for some function ¢, where X is a scaling factor related to the speed of spread of
information, and where U is a random variable. The path £ is the same for all realizations
of the process, but the position on the path at a particular time varies from realization
to realization because of the random time shift /. This result was generalized to
gossip processes on rather general homogeneous Riemannian manifolds by Barbour &
Reinert [5], hereafter referred to as [BR], as well as to related ‘small world’ processes;
they also derived a uniform bound on the approximation error. In addition, the equation
describing the deterministic development was interpreted in terms of the Laplace
transform of the limiting random variable corresponding to an associated Crump-Mode-
Jagers (CM]J) branching process (see Jagers [9]).

By analogy with the theory of Markov population processes (Kurtz [11, 12]), one might
expect that the fluctuations around the deterministic path of the proportions informed
would be approximately Gaussian, with standard deviation O(Lil/ %), at least while the
proportion informed is not too small or too close to 1. Here, however, the random
quantity of most interest — the difference between the actual course of the process and
a prediction of the course based on information available early in its development —
involves the fluctuations of the process while the proportion informed is rather small,
and the standard analogy does not apply. Instead, in view of the approximation already
established, it seems reasonable at times v < t1, to predict the value of L;, ,/\/L by
((u+U(v)), where U(v) is the expected value of U, given the information at time v, and to
augment the point prediction with a confidence interval around /(u+ U (v)), derived from
the (approximate) conditional distribution of L,, ;,/5/L, given the current information.

The validity of the procedure is justified in detail in Section 3. The broad argument is
to exploit the fact that L;; |,/ /L is the probability that a point K, chosen independently
and uniformly at random in C, belongs to the informed set £, ,/x:

Liyyun/L = PIK € Ly yuyn|Lipvusnl

As it stands, this changes nothing. However, it indicates that a good approximation
might be obtained by replacing P[K € L, 1/ | Li,4u/r] by PIK € Ly, yu/a|Ls], or,
equivalently, replacing L;, ;. x/L by E{L;, 4 r/L|Ls}, for s < tr, 4+ u/A chosen so
that s is close enough to t; + u/A. In particular, for prediction from v, we need to
choose s € (v,tr, +u/\) so that

Ey| (Lo, +u/n/L) — B{Lt, 4upn/ D1 £} < SDu(Leysuin/D), (1.1)

where IE, and SD,, denote expectation and standard deviation given the information at
time v.

The advantage of using E{L;, 1, 5/L|Ls} is that P[K € L;, 1,/x|Ls] can be ap-
proximated as the probability of at least one of many small balls, with centres chosen
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independently and at random in C, intersecting £,. These balls are the islands in an inde-
pendent ‘backwards’ gossip process, run for a length of time ¢y, + (u/A) — s from K. There
are many such balls if ¢;, + (u/A) — s is not too small, and the intersection probability can
be approximated by a Poisson probability, using the Stein-Chen method; see Lemma 3.4.
The mean of the Poisson distribution can, with considerable effort, be shown to be
close to ¢(log[CW (s,v)] + u), where W(s,v) is a quantity that can be simply expressed
in terms of a carefully chosen branching process, and C' is a constant. Now, given
the information available at time v, the quantity W (v, v) (which loosely corresponds to
exp{U (v)}) is known, and the conditional distribution of the difference W (s, v) — W (v, v)
is approximately normal, as is shown in Theorem 2.8 in Section 2. This, in turn, leads to
a normal approximation for the difference between ¢(log[CW (s,v)]+u) and its prediction
£(log[CW (v,v)] + u) at time v. This implies the main result of the paper, that

0" (Liytuyn/L — €(1og[CW (v,v)] + 1)) ~a N(0,1), (1.2)

for suitable choice of the standard deviation o depending on u and W (v,v); a precise
statement is given in Theorem 1.1. The error in the normal approximation is shown to be
small if the number of individuals informed at time v is large, even if their proportion in
the whole population may be very small. For practical purposes, in an epidemic, the very
earliest development may well pass almost unnoticed — the origins are often obscure —
but prediction on the basis of the information gained from the first few hundred cases
is an important public health goal, in which case using the normal approximation is
reasonable.

1.1 Detailed formulation

We now describe the problem in more detail. We consider the gossip process (L, ¢t >
0) evolving on a smooth closed homogeneous Riemannian manifold C of dimension d, such
as a sphere or a torus, having large finite volume |C| =: L with respect to its intrinsic
metric. An individual at point P € C informed at time 0 gives rise to deterministic
local spread that informs the set (P, s) by time s > 0; in addition, random ‘long range
transmissions’ to independent and uniformly distributed points of C occur at rate p times
the intrinsic volume of the set currently informed. Thus the process can be constructed
from knowledge of the points 0 = 7y < 71 < --- of a point process Il on R, (characterized
immediately below), together with an independent sequence of independent points

Py, P, ..., uniformly distributed in C, and an initial point P = F,. The informed set and
its volume are denoted by
L= |J K(Pjt—m) and L; = |Ly]. (1.3)
jrTi<t

The point process 1l is simple, and has conditional intensity pL; at time ¢ with respect to
the filtration (%, t > 0), where F; := o((75, P;), j > 0,7; < t).

The sets K(P, s) are assumed to be closed balls, centred at P and of radius s, with
respect to a metric that makes C a geodesic space: P’ € (P, 2t) exactly when K(P,t) N
K(P’,t) # 0. Since C is assumed to be homogeneous, the volume of K (P, s) is independent
of P, and we will therefore denote it by vs = v,(K). The sets IC(P, s) are also assumed to
be locally almost Euclidean in the sense that v, ~ s?v for some constant v = v(K) > 0.
More precisely, we will assume that, for constants ¢y, v, > 0,

d, N\ Ve/d
v 1‘§cg<s”) ., s>0. (1.4)

sdy L

The quantity » > 0 has physical dimensions (length/time)¢, so that ©'/¢ can be inter-
preted as a local velocity of spread of information in any particular direction. Assump-
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tion (1.4) is satisfied, for instance, for balls with respect to geodesic distance on the
surface of a (d + 1)-dimensional sphere of large radius R, when L = c;R¢ and

Vs dRd /R s ond—1 2
1= 20 /O (sint)*1dt — 1 = O((s/R)?),
(Li, 2011), in which case we can take -, = 2 in all dimensions d > 2.

Using (1.4), the probability of there being no long range transmission before time u
is given by

exp{/oupz/sds} ~ exp{/oupsdz/ds} = exp{—pyud+1/(d+1)},

so that the mean time to the first long range transmission is approximately

/ exp{—pru®™/(d+ 1)} du = (pr)~ /(@D / e D) gy,
0 0
Thus
A= (pdly)Y/ D), (1.5)

having physical dimensions (1/time), is such that 1/ represents the time scale for the
first long range transmission, and then A\~?v reflects the size of the initial neighbour-
hood when the first long range transmission occurs; the exact specification of X is to
make it equal to the growth rate of the associated CM]J process ([BR], p.986). For our
approximations to be good, the size of the initial neighbourhood when the first long
range transmission occurs should be small compared to L, so that, defining

A = L)Xy, (1.6)

a quantity without physical dimension, we shall take A to be large. Note that, if this is
so, the approximations made above have small error, in view of (1.4).

To start with, the points of II closely match the birth events of a CM]J process X,
whose birth intensity as a function of age s is given by pv,. In fact, the approximation L;
of £, constructed by using the CM]J process X to approximate II and with the same
sequence of points (P;, j > 1), is excellent for times ¢t < aA~!log A if « < 1/2 ([BR], §2.2),
and still gives an approximation to the volume L; of £; at time ¢ that is accurate to the
first order if a < 1 ([BR], Theorem 3.2 and (2.23)). This CM] approximation takes the
form

Li/L ~ KA teMHloeW p s oo, (1.7)

for a constant K, where W is a limiting random variable associated with the CM]
process X. Taking
t = ta(u) := A t(log A +u), (1.8)

with u < (o — 1) log A large and negative in the range in which this approximation holds,
this implies that L;, (,_10g w)/L closely follows the curve

u — Lo(u), (1.9)

where {y(u) := Ke".
In [BR], Theorem 3.2, an analogous approximation

Ly, (u—togwy/L = {(u+logéy)
is established, with uniformly small error, for all values of u, with ¢4 defined before (1.11),

and with the time shift U given by A~!logW + ¢, for a suitably chosen constant c.
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Clearly, to be compatible with (1.9), ¢(u) ~ Ke* as u — —oo, as follows from ([BR],
following (2.23)).

For any fixed u, the distribution of L, (,)/L is close to that of £(u+log W +log ¢4), and
is a bounded random variable. Hence it can only be approximately normally distributed,
after appropriate centring and normalization, in circumstances in which the distribution
of log W is concentrated close to some fixed value. This is not true of the distribution
of W at time 0. However, when predicting from a time v = aA~!log A for any fixed a,
0 < a < 1, the conditional distribution of W, given the information up to time v, is
concentrated close to an approximation W (v, v) provided only that o > 0, even though
the size of the informed set is still relatively small when compared to L for any o < 1.
The aim is now to show that the difference A(v) := W (v, v) — W, suitably normalized, is
approximately normally distributed.

It turns out to be easier to work with a ‘flattened’ CM] process X , rather than with
the original CM]J process X. The process X has birth rate at age s given by ps?v, and
is thus the same process for all L, whereas X depends implicitly on L through the
function vs. The quantity A then turns out to be the Malthusian parameter of X.Ina CM]
process with Malthusian parameter p, at large times, a randomly sampled individual has
average age approximately 1/u. For X, @ = A, and replacing s by 1/X in (1.4) confirms
that the two CM] processes X and X have birth rates that are close to each other if A
is large. The essentials of the proof of the normal approximation to A(v) are carried
out in Section 2. The argument hinges on examining a collection of (complex valued)
martingales (W, (-), 0 < j < d) associated with X, that are defined in (2.13) below. In
particular, W (t,v) := Wy(¢), t > v, is non-negative and square integrable, having limit
Wop(oo) =: W. It is then shown that Wy(v) — W, suitably normalized, is close enough to
the integral of a function f(Wy(v), u) with respect to an independent standard Brownian
motion B(u), giving the normal approximation.

The arguments in Section 3, as outlined before (1.2), rely heavily on comparisons
between birth and growth processes. The actual process (£, t > 0) is compared with
the branching approximation X, and X is compared to its flattened version X. Further
(flattened) CM]J processes X+ and X~ are then introduced, to act as upper and lower
bounds for X; the comparison is formalized in Lemma 3.1. All the detailed computations
in Section 3 are made using these processes, including the reduction of the intersection
probability in Lemma 3.4 to a tractable form in Lemma 3.7.

To state our theorem, we take

d l
TN fAlw—m7)}
W) = Ny S A (1.10)
=0 je7,
as an approximation to W, where the set fv indexes the set of all non-intersecting

neighbourhoods of £,. For each of these, the radii (v — 7;) can be determined, and
so W (v) can be derived from £,. Then let é; := d!/(d + 1), and

1/2 ifd <6,
d) = 1.11
(@) {1 —cos(2r/d) ifd>7, ( :

and define
l(u) == 1—¢o(e"), where ¢(0) := E{e "}, (1.12)

where W is as above; see also (2.13) and (2.18). Let dgw denote the bounded Wasserstein
distance between probability measures on R:

daw(P.Q) i= sw {| [ rap~ [ raq|}.

fEFBW
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where Fpyw consists of all Lipschitz functions f: R — [—1, 1] whose Lipschitz constant is
at most 1. The theorem is as follows.

Theorem 1.1. With the above definitions, suppose that v = aA~!'logA for 0 < a <
2min{v,/d,{(d)/(1 + ((d))}, where ~, is as in (1.4). Then, for any u1 < ug € R, there
exists ay > 0 and an event E*(v) € o(L,) with P[E*(v)¢] = O(A~7) such that
disw (L{e/*{ Ly, () /L — £(u + logleaW (v)])} | Fo 0 E*(0) }, N (0,02 (u, W (0))))
= O(A™7),

uniformly in u; < u < ug, where tj(u) = \"!(log A + ) as in (1.8) and

) o DM+ lozle])
O (d+ 1w

So, for instance, for spherical neighbourhoods in d < 6, it is possible to take any « strictly
between 0 and 2/3 in Theorem 1.1. The order statements can be replaced by inequalities,
valid for all A sufficiently large, in which the constants depend only on d,u; and ug;
however, the lower bound on the value of A then also involves o and the constants ¢,
and vy, from (1.4).

In fact, the proof shows a little more: that we could realize the normal random
variables N (0, 0% (u, W (v,v))), for different values of u, as o(u, W (v,v))N for the same
standard normal random variable N. The interpretation of this is that the fluctuations in
Ly, )/ L are essentially those of £(u+log[¢;W]), and that the remaining randomness after
time v is overwhelmingly that of the difference W — W (v, v), a single random variable.
This, at first sight surprising, result reflects the phenomenon common to branching
processes, that the randomness determining the growth of a super-critical branching
process occurs at the very beginning of its development.

2 The branching process

In this section, we investigate the limit W, as ¢ — oo, of a martingale W (¢) associated
with a particular CM]J branching process. We show that (W (¢) — W) is approximately
normally distributed, and give an explicit bound on the accuracy of the approximation.
Although, for a (multitype) Galton-Watson process, a central limit theorem of this sort
is not difficult to establish (Asmussen & Hering [2, Theorem 7.1]), the corresponding
theorems for general CM] processes seem not to be available. Here, we are able to
exploit the particular structure of our CM]J process to prove what we need.

We start by identifying the branching process that we work with, which can be
expressed as a Markov process in a (d + 1)-dimensional space. The properties of the
coordinate processes (Hj(t)7 0 < j < d), and of some equivalent (complex valued)
martingales (W;(t), 0 < j < d) are established in Lemma 2.1. The component W is a
non-negative real valued martingale, and W is its limit as ¢t — co. Using Kolmogorov’s
inequality, the fluctuations of the sample paths of the processes W; are controlled in
Lemma 2.2, and this in turn gives control over the processes H;.

The martingale difference Wy(v + t) — Wy(v) is written in (2.23) as an integral of
an explicit function of the process Hyi1(u) := A foh H,(w) dw with respect to a standard
compensated Poisson process. Using the control that we have over the H;, we determine
successively simpler approximations to this process, in (2.29) and (2.31), at each stage
making sure that the error incurred is sufficiently small (Lemma 2.4 and Corollary 2.6).
Finally, in (2.35), an expression is obtained in which integration with respect to the
compensated Poisson process has been replaced by integration with respect to standard
Brownian motion, and this can be used with an error controlled in Lemma 2.7. The
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results of these steps are collected as a functional approximation in Theorem 2.8. The
version that is used to prove Theorem 3.10 in Section 3 is given as Corollary 2.10.

2.1 Properties of the flattened process

The first step is to determine a suitable W. We do so by way of a ‘flattened’ version X
of the CM]J branching process X. The process X is the counting process associated
with a point process (7;, j > 0) on Ry, with 7y = 0 a.s., whose compensator is given by
A(t) == fot a(u) du, where a(u) == pv 32, - -, (u— #;)¢, and where p, as before, denotes
the intensity per unit volume. At time ¢, X (t) can be thought of as consisting of My(t) :=
1 +max{r > 0: 7. <t} neighbourhoods, whose volumes at time ¢ are given by (¢ — 7,.)%,
asymptotically close to, but not the same as the volume v;_; . The intensity a is then
precisely that of a CM]J process, in which neighbourhoods play the part of individuals,
and the point process ¢ of an individual’s offspring is an inhomogeneous Poisson process
with rate prs? at age s. The mean number of offspring of an individual is thus infinite,
but the Malthusian parameter ), chosen so that the equation

/ e Mpvstds = 1
0
is satisfied, is finite, and is given by A := (d!pr)/(*+1), Note that

(&), t>0) =4 (£'(\t), t >0), 2.1)

where ¢! is the inhomogeneous Poisson process with rate s?/d! at age s.

We can immediately deduce some useful general properties of the process X. To start
with, because the variance of the discounted offspring number fooo e~ ¢ (ds) is finite,
being given by [ e~2**pus? ds, it follows from Ganuza & Durham [7, Theorem 1] that
there exist finite constants ¢; and ¢, such that, for all © > 0,

e MEMy(u) < e e PME{MZ (1)} < e (2.2)

in view of (2.1), ¢; and ¢, depend only on d. Then the intensity a(u) can be expressed as
pvMy(u), where

My(u) = u? +/ (u—v)eMy(dv) = d | (u—v)¥My(v) do. (2.3)
(0,u] 0

This in turn implies from (2.2) that
e MEM(u) < ad\™ e PME{M2(u)} < ep{dND2 u>0, (2.4)

using Cauchy-Schwarz for the second inequality.
However, X also has special structure that will prove useful in what follows, relating
to the sums

Mo(t)
M) = > (t—7),, 1>1, (2.5)
j=1

of the I-th powers of the ages of the neighbourhoods. Note that M;(¢) is as defined
previously, and that

pn 1(t) = My(t) fora.e. t;
p (2.6)
SM(t) = iM_1(t), i>2.
dt
EJP 23 (2018), paper 123. http://www.imstat.org/ejp/
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Since M, has intensity a = prv My, letting Z denote a unit rate Poisson process, we can
write

t
My(t) = My(0)+ Z <p1// My (u) du) . (2.7)
0
Defining H;(t) := M;(t)\/i!, for any X > 0, the equations (2.6) reduce to
d
—H(t) = MHo(t) fora.e.t;
dt
d (2.8)
CH() = AH,_ (1), i>2
2 10 (0. i
with the particular choice \ := (d!pr)'/(?+1), equation (2.7) becomes
t
Holt) = Mo(0) + Z (pu [t du) = HO0) 4 Z(Han (D), (2.9)
0

so that A\(t) = Hy41(t). In particular, from (2.8) and (2.9), it follows that the process H
defined by _
H(t) := (Ho(t), Hy(t),...,Hu(t)) (2.10)

is a Markov process. It also follows directly from (2.8) and (2.9), or as a consequence
of (2.1), that B N

{H(t),t >0} =4 {H'(M),t >0}, (2.11)
where H! denotes the process with A = 1. Note that p may depend on L, as also may A

In order to describe the properties of the process X in more detail, we introduce the
(complex valued) processes

W;(t) =1 —|—/ e Mo (du) — A(du)}, (2.12)
(01]

where z; := exp{2mj/(d+ 1)} € C, j € {0,1,...,d}, which are martingales with respect
to the natural filtration (F;, ¢t > 0) of X. In particular, for j = 0, we have z; = 1, and

W(t) == Wo(t) = 1+/(0f] e Mo (du) — A(du)} (2.13)

is a real valued, cadlag martingale, and plays a key part our arguments. It is shown in
the next lemma that it is also non-negative, and the rest of the section is then devoted
to proving a normal approximation to e*/?(W (t) — W (cc)), which is the basis for the
central limit theorem for the gossip process itself. Note that the distribution of W(:) can
be derived from the corresponding martingale W!(-) for the process with A = 1, since,
from (2.11),

{W(t), t >0} =4 {WHt), t > 0}; (2.14)

from this, it also follows that the distribution of W (co) is the same for all A. The remaining
martingales W; are useful, because they enable the quantities H;(-) to be expressed in a
tractable form, as in the next lemma.

Lemma 2.1. With notation as above, we have

d
W(t) = > e MH.(t) > 0, t>0,
r=0

and
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Proof. It follows from (2.8) that, for any = € C,
a{e"\”xTHr(t)} = dze MYz "H.(t)+ 2" H,_1(t)}, r>1,
and, by partial integration, that
ot

/ e MU Ho(du) = 67)‘th0(15)+/\:17/ e~ Hy (u) du.
[0,¢] 0

Hence J
% Z{e_)“”th'Hr(t)} = Aze MYzl Hy(t) + Ho(t)},
r=1
and thus .
;{e”\‘”ﬂHr(t)} = /M e MU Ho(du) — At Hy(u) du}. (2.15)

Taking z = x; for any j € {0,1,...,d}, we have z%*! = 1, making the right hand side
equal to W;(t), because AH(u) du = Hgy1(du) = A(du), by (2.8) and (2.9); hence

d

Wit) = > {e ' aiHo(1)}. (2.16)

r=0

The first statement of the lemma follows by taking j = 0, and the second by using the
orthogonality relation Z?:o ahay = (d + 1), |

Now, writing 7; := Rz, and noting that a(u) = AHg(u) < Ae MW (u), it follows
from (2.12) that, for 0 < j < d and for v < t < w,

E{ W (w) — W;(t)|* | Fu }

/ e Vv E{a(u) | Fy} du
(t.w]

IN

W(v)/ Ae™A@ri=Du gy, (2.17)
(t,w]

Using this bound with v = 0, we see that the variances of the terms with 1 <[ < d in the
sum in Lemma 2.1 converge to zero as t — co. However, the term with [ = 0 remains
significant as ¢t — oo, since, by (2.17) with v = 0 and j = 0, it follows that W (-) is square
integrable, and that

W = W(o0) = tlim W(t) existsa.s.; and EW = 1, VarW <1. (2.18)
— 00
Note that the distribution of W, through its Laplace transform ¢, as in (1.12), already

appears in the statement of Theorem 1.1, and is the same for all A\, as remarked
following (2.14). Thus each of the H; satisfies

e MH;(t) —p W/(d+1) ast— occ. (2.19)

We shall exploit more detailed versions of these asymptotics in Section 3.

In order to use Lemma 2.1 to describe further the behaviour of the H;(t), we need
good control of the fluctuations of the processes (W;, 0 <[ < d). As indicated by (2.17),
their asymptotic behaviour depends substantially on whether or not r; > 1/2. Note, for
future reference, that min{(1 — r1),1/2} = {(d), where ¢(d) is as in (1.11).
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Lemma 2.2. Forany 1 <! <d and0 < n < min{(1 —r;),1/2}, and for any K > 0, define
the events

Bl K) = {sup{e MWL) - W)} < K )

t>v

similarly, for 0 < n < 1/2, define

Ely(v; K) 1= {sup{e " |W(t) - W(o)[} < K }.

t>v
Then there exist constants C(l,n), 0 <! < d, such that, for all K > 0,
P{E}(v; K)} [ Hw)] < C,n)K W (v)e =210,

Proof. Combining (2.16) with (2.10), it follows that £((Wy(s),..., Wa(s)), s > v|F,)
depends on ]?U only through the value of H (v). Then, noting that, forr+7<1,1<1<d
and for any w >t > v,

sup {e”UTTTIW(s) — Wi(v)|} < e MU sup [Wi(s) — Wa(v)),

t<s<w t<s<w

and using Kolmogorov’s inequality on the real and imaginary parts of W, it follows that

P sup {e MO (s) — Wio)l} 2 K | H(v)]

t<s<w

< 4K 2T (w) — Wi(v)|? | H(v)}
For r; > 1/2, taking w = oo, it follows from (2.17) that

P [sup{e 1= (IWi(s) - W)} = K | Aw)

s>v

< 4K 22y () e AR f(9p — 1) = AKT2W (0)e A2 /(20 — 1).
For r, = 1/2, taking ¢t = v + jA~! and w = v + (j + 1)\ 7!, it follows from (2.17) that

P sup {e M W(s) = Wi)} 2 K | H(v)] < 4K 2w (0)e OO0 (54 1),

t<s<w
and adding over j € Z, gives

4w(v)e—/\v(1—2n)
- K2(1 _ 67(17277))2 ’

P [sup{e_’\s(l_”_") Wi(s) — Wi(v)[} > K ‘ Er(u)}

s>

For r; < 1/2, taking t = v + jA "t and w = v + (j + 1)\ 7L, it follows from (2.17) that

el — ~ 4W(v)e_(/\“+j)(1—277) el—2m
P As(1—r;—m) W, W S K ‘ i <
ngw{e [Wite) = Wite)l} 2 (v)] - K2(1—2r) ’

and adding over j € Z, gives

Nl ~ 46‘/‘/ (v)e_)‘v(l_277)
As(l—r;—n) W — W, > ‘ < .
P[igg{e | l(s> l(v)|} > K H(U)jl = K2(1 - 67(17277))(1 7 2rl)

For [ = 0, the result is proved in analogous fashion, starting from

sup  {eM*|W(s) — W(o0)[} < 2e"HV sup [W(s) - W (1)),

t<s<t+A—1 s>t

EJP 23 (2018), paper 123. http://www.imstat.org/ejp/
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and observing that, from (2.17),

P[ig§|W(s)—W(t)| >a|lH®)] < a?B{W(t)e ™| Hv)} = a2 MW (v). N

As a result of this lemma, we can sharpen (2.19) by giving an explicit bound on the
error made when approximating e * H;(t) by W(v)/(d + 1) for any ¢ > v. To state the
bound, we define

d d
Q) = d+2+ ) e X)) EY(v) == () E} (v 1), (2.20)
I=1 =0
noting that, on EY(v), Q(t) < Q(v) +d forall t > v. Then forallt > v and 0 < j < d, and
if n < ¢(d), we have

AT (1) W(v)
¢ () (d+ 1)‘
d
< {|W<t> = W)+ 3 eI W)+ [Wi(E) - Wz(v)|}}
1=1
< I {Ze“”’” [Wiw)] + <d+2>€m} : eijznin(v) ’ (22D
=1
on E}(v). Furthermore, from Lemma 2.2,
d
PUE@)Y | AO)] < 6i() = W 020 (co.m+ Y ctm).  222)

=1

2.2 Approximating an integral representation of W (v +¢) — W(v)

The aim of this section is to prove an approximation theorem, when v is large, for
the process XS” (t) :=W(w+t)—W(v)int > 0. We recall (2.7) and (2.9), and use the
representation (2.12), writing

v+t
XO0 = [ e M) - Hasa(dw))
Hay1(v+t) .
= / e Ma (W 7 (du) — dw} (2.23)
Hay1(v)

where Z() is a unit rate Poisson process, with increments independent of ]?v, starting
with ZW (Hyy1(v)) = My(v) = Hy(v), and where H;(u), I > 0, are constructed in u > v
from the Poisson process Z!), using (2.8) and (2.9), with initial values H;(v), 0 <[ < d.
Once again, the process Xz(,o) depends on its past ]?v only through H (v). Since the
expression (2.23) is too complicated to use directly, we simplify it in a series of stages.

We start by approximating derl1 (w) in w > Hgqq(v). In view of (2.21), we have
Hyr(t) ~ MW (v)/(d+1), or w ~ eMais T (1) /(d + 1); the precise result is as follows.
Note that, for our purposes, 7"(v) can be thought of as small.

Lemma 2.3. Fix any n < ((d). Then, on the event EY(v), we have
WO =7"0) _ | asgtweiry o W +970)
w(d+1) - - w(d+1)
for all w > {W(v)/(d + 1)}e*’, where v"(v) := (d + 1){Q(v)/W (v)}e ", H*(v) :=
Hyi1(v) —e*W(v)/(d+ 1), and Q(v) is as defined in (2.20).

EJP 23 (2018), paper 123. http://www.imstat.org/ejp/
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Proof. We begin by noting that Hy1(u) = fou AH,(t) dt, so that, from (2.21), for u > v,

uU—v UW v
o) = Hya o) - (@0 - e
u d
< / e {Z W (v)|e A=)t 4 (d + 2)e>"7”} dt
v =1
< Q(v)ek(u—v)e)\(l—n)v. (224)
So, defining
-1 s(d+1) -1 o GAUW(U) Au
ty(s) == A log{l—i—eMW@) and ¢, (u) := S (e 1), (2.25)
it follows that, on E{(v),
{Har1(to(s) +v) = Hapar(v)} — s
_ d+1)
< s [y sAED L 2.2
< Qv)e { + AT (o) hy(s) (2.26)

Now substitute s = ¢, 1 (u) into (2.26) for u > 0, giving

IC/;/T(?GA(U+U)(]_—7W(U))+H*(U) S Hd+1(u+fu) é 1/;/—"(_1)1)

A (14 (v) + H* (v).

Writing w = Hg41(u + v) and inverting, it then follows immediately that

[ H@)d 4 ) . [ H@)d+ )
A bg{tvwx1+www>} < Hip(w) <2 bg{‘wal—vWW)}’

establishing the lemma. |

This now allows (2.23) to be rewritten in the form

67,\H;+11(w+Hd+1(v)) (2(2)(dw) — dw), (2.27)

Hg1(v+t)—Hay1(v)
x00 = [

0

where Z?) is a unit rate Poisson process, with respect to which both upper limit and
integrand are predictable, the latter being decreasing in w and bounded between

W -"w) W) +47()
w(d+ 1)+ W(v)erv w(d+ 1)+ W(v)er’

(2.28)

for all w > 0, on the event £} (v). In order to show that we can replace both the integrand
and the upper limit of integration in (2.27) with simpler expressions, without making too
great an error, we use Lemma 4.1 from the Appendix.

We first replace the integrand in (2.27), showing that XI(,O) is close to Xf,l), defined by

xM(t) = (Z®) (dw) — dw), (2.29)

Hap1(v+t)—Haq1(v) W(v)
/0 w(d+ 1)+ W(v)eM

using (2.28). We set

v_(n) = max{0,[A(1—n)] 'log{e *(d+ 1)}}.
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Lemma 2.4. With the above definitions, for any n < ((d) and any v > v_(n), we have

Pt/ sup |X1(,0)(t) _ Xél)(t)\ > {W(U)Q(v)y'?(v)}l/Q ‘ f[(v)

t>0

< O3(v) == 01(v) + ég(’U),
where 6, (v) is as in (2.22), and ég(v) = 9o~ W (W) /{2¢}

Proof. 1t follows from (2.27) that X(¢) = x40 (t) — Xf,l)(t) is an integral of the form
considered in Lemma 4.1, albeit with a random upper limit, and its corresponding
function F' satisfies

7" ()W (v)

‘F(U)‘ < G(u) = u(d—l—l)—FW(U)e)‘v’

for all u > 0, (2.30)

on E{’(v), in view of (2.28). We can thus apply~Lemma 4.1 to the process X with
F(t) := F{O)1{|F(u)| < G(u), 0 < u < t} and with G(u) := G(u) as in (2.30), noting that
then, recalling (2.22),

P[X(t) = X(t) forall t > 0| F,] > P[EI(v)|H(v)] > 1—6;(v).

Now, from (2.30), we have G5(0,00) = {7"(v)}2{W (v)/(d + 1)}e~**. We can then choose
a:=e M/ 2{W(v)Q(v)y"(v)}*/? in Lemma 4.1, because

0 < €Ga(0,00)/G*(0,00) = ex"(v){W(v)/(d+ 1)}
if v > v_(n), and the result follows. |

The next step is to simplify the upper limit in (2.29), using Lemma 4.1 to show that,
with ¢,(s) as defined in (2.25), (Xgl)(tv(s)), s > 0) is close to the process (X,EQ)(S), s>0)
given by

_ [ W(v)
XP(s) = /0 w(d+1) + W(v)er (2% (dw) — dw). (2.31)

For this, we need to control sup >, |.|<p,(s) |X1(,2)(s +z)— XqSQ)(s)
in (2.26).

Lemma 2.5. With the definitions given in (2.26), (2.29) and (2.31), and for any n < ¢{(d),
we have

, for h,(s) defined

P2 sup XD (st 2) = XD (s)] > 4"(0) | H(0) | 1B (v)]
>0, |z|<hy(s)

W(’U)] + 8e e/ }ew(u)e*’“’/s/{ze(dw)}
g() | Qv)(d+1)? 7

where "(v) := {W (v)Q(v)}/2e= /3, g(v) := Q(v)(d + 2)e~*" and

< O3(v) = {2 [1+

E}(v) = {W(v) < e(d+ 2)2Q(v)e>‘”/3} N{Q) < 2e(d+ 1)_262”\"”/3} € U(ﬁ[(v)).
(2.32)

Proof. We consider the ranges 0 < s < W (v)e*” and s > W (v)e’” separately. In the first
range of s, define s; := je*g(v) for 0 < j < M := |[W(v)/g(v)], and set spr41 := W (v)e?:
then sj 1 — s; > h,(s;) for each j. By Lemma 4.1, with G(u) the constant e~*¥ and
a = e /2 (v), we have

Pl swp M2XO ()~ X2 (sy)| > €(0) | H©)|[TEL (0)] < 2exp{—e"(0)?/(2eg(v))},

55 <8841
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for 0 < j < M, since a < eg(v) = eG(s;)(sj4+1 — s;) on EJ, (v). Hence, by a standard
argument,

P wp  MXD(s 4 2) - XD ()] > 30) | H(w)| 113, ()
0<s<W (v)erv, |z|<h,(s)
< 2{1+ W(v)/g(v)} exp{—W (v)e /3 /{2e(d + 2)}}. (2.33)

In the second range of s, we define
s; = W(0)er(1+g(v))?, where §(v) := g(v)(d+1)/W(v),

noting that s;11 — s; = s;G(v) > hy(s;). By Lemma 4.1 with G(u) := 3;1{W(v)/(d +1)},
we have

Pl sup  eM2XP(s) = X(P(s))] > e"(v)

v
sj<s<sjy1

H)| 1123, (v)

< 2exp{—{e"(0)}*(d + 1)*(1 + §(v))’ /(2eW (v)g(v))}, 5 >0,

since a := e /2 (v) < eg(v) = e{W (v)/(d + 1)}§(v) = eG(s;)(sj+1 — s;) on E3; (v), and
hence

Pl swp XD (s 2) - X (s)] > 4e"(0) | H (o) | 1T, (v)]
s>W (v)eAv, |z|<hy(s)
< 2exp{=W(v)(d+ De*/?/{2e(d +2)}} Y exp{—j{e"(v)}*(d +1)*/(2eW (v))}
Qe e27\1v/3 =
< Wexp{fW(v)(dJr 1)eM/3 /{2e(d + 2)} ), (2.34)

since also {e"(v)?}(d + 1)?/(2eW (v)) < 1 on E3, (v). We need 4¢"(v) here as the bound
on the supremum difference, rather than the usual 3¢"(v), because it is possible to have
s(1 — g(v)) < sj—1 for some s; < s < s;41; however, it then has to be the case that, for
such s, s(1 — g(v)) > s;_2 if g(v) < 1/2, which is the case on E3, (v). |

In view of Lemma 2.5 and (2.26), we immediately have the following corollary.
Corollary 2.6. With the definitions of Lemma 2.5,

P [/2 sup [ X (1 (s)) = X (5)] > 42"(0) | H)|T[ER (0)] < 01(0) + 3(0).

We now show that XSQ) is close in distribution to the process X1(,3) defined by

s W (v
X0 = /0 w(d+1)+(1)4/(v)em B(dw), (2.35)

) has

where, for the integrator, the compensated Poisson process AS) (w) — w from quz
been replaced by a standard Brownian motion B(w). Note that e**/ 2x{®

time-changed Brownian motion:

is itself just a

({d+ 1)/ W@)2 X (W (@)/(d+1)}eNs), s> 0) =4 (Bls/(s+1)), 5 >0), (2.36)

and so, conditional on W (v), Xl(,g)(oo) ~N(O0,W(v)/(d+1)).

Lemma 2.7. Fixr > 1. Then there are constants c,; and c¢,2, depending only on d, with
the following properties. For all v such that Av > c¢,1, it is possible to construct ng)
and qu?’) on the same probability space, in such a way that

P {e/\”/Q sup [ X (s) — X2 (s)] > era(1 + W(v)))\ve*/\”/ﬂ < By(v) = e,
s>0
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Proof. For any r > 1, there are constants C., K, with the property that, foranyn > 1, a
standard Poisson process Z and a standard Brownian motion B can be constructed on
the same probability space in such a way that P[A¢(n)] < K,n~("*+1), where

A (n) = { sup 12(8) — 5= BE)| SO,-}.

0<s<n logn

This follows from Komlds, Major & Tusnady [10, Theorem 1 (ii)], together with elementary
exponential bounds for the fluctuations of the standard Poisson process and Brownian
motion over the time interval [0, 1]. Fix r, and take n := €32 for v > vy, where v; is chosen
so that e3*' > 2K, implying that P[AS(n)] < e **". Then use the corresponding
choices of Z and B to realize X§2) and Xé?’), which we express, by partial integration, in
the form

2 _ Z(s)—s s Z(u) —u
X2) = W) {s(d+ )+ W) +/0 (W(d+ 1) + W(0)er)? d”}’
_ B(s) ’ B(u)
X0s) = W) {s(d—|— 1) + W(v)erv N /0 (u(d +1) + W (v)erv)? du} - (2.37)

Taking the difference, it is immediate that, for 0 < s < eV and on A4, (e*'V),

|Z(s) — s — B(s)] 3 v
AL+ = O imew
and that 12 B(w) -
/0 A+ )+ Woene S O s nes

This shows that, on A, (e3'\V),
X (s) — X (s)] < 6C e for 0< s < e,

Then, taking F'(u) = W (v)/{u(d+1)+ W (v)e*’}, a = eC.{W (v)/(d+ 1)} ve??, t; = 3V
and t5 = oo in Lemma 4.1, with the choice of a permissible for all v > vy, where vy > A1
is chosen such that \vge 2 < 1/C,, we have

1?[ sup |X52)(5)7X7(,2)(63)‘”)\>6CT{W(U)/(d+1)})\1}e*)‘”}§2exp{f(e/2)(CN\v)26)‘v}.

e3 v <g< oo

The same bound is satisfied also for supsav<s< oo |X1(,3)(s) —Xq(,g)(e?”\”) , as can be deduced
from the representation (2.36). Now choose v3 > A~! so that 8 exp{—(e/2)(C,\v3)2e v} <
e~3" v and set vy := max{vy,va, v3}. ]

Summarizing the conclusions Lemmas 2.4 and 2.7 and of Corollary 2.6, we have the
following theorem. In the error terms, 6;(v) is defined in (2.22), 62(v) in Lemma 2.4,
f3(v) in Lemma 2.5 and 64(v) in Lemma 2.7.

Theorem 2.8. With the definitions (2.12), (2.25) and (2.35), fixing any n < ((d), we can
construct W and a time changed Brownian motion X£3) on the same probability space,
in such a way that, for allv > A 'cy.,

P [/ sup {W (urko) =W ()} =X (¢ ()| > K (0)e ™" | H)| 1B (0)] < Y 0i(w),

u>0 =1

where K(v) := 4{W(©)Q(v)}/? + Q(v)Vd + 1 + cou(1 + W(v)e /3, EJ, (v) € o(H(v))
is as defined in (2.32), and the constants c1,. and cs., which depend only on d, can be
deduced from Lemma 2.7 with r = 1.

EJP 23 (2018), paper 123. http://www.imstat.org/ejp/
Page 15/37


http://dx.doi.org/10.1214/18-EJP248
http://www.imstat.org/ejp/

CLT for the gossip process

2.3 Consequences for the gossip process

Theorem 2.8 is not yet in a form easily applied to the gossip process. To start with,
the statement of the theorem involves the o(H (v))-measurable random variables W (v),
Q(v), K(v) and 0;(v), 1 < i < 4, and it is useful to have some idea of their magnitude. It
is also useful to specify how big the probability P[EJ, (v)] may be. To derive appropriate

statements, we begin with the random elements W (v) and W;(v), 1 <1 <d.

Lemma 2.9. For any 0 < n < ¢(d), we have

e—2>\v(17r1777)(27.l _ 1)71 if r>1/2;
P[efA(l—nfn)u Wi(v)| > 2] < v e—Av(1—2n) if r=1/2; (2.38)
e=Mw=2m) (] _ 9p)~1 if r<1/2,

for 1 <[ < d. Furthermore, for any s > 0,

PW(v)>1+s] < 52 and P[W(v) <s] < exp

for a suitably chosen wqy > 0.

Proof. The first part follows from (2.17) and Chebyshev’s inequality, and, for W (v), the
bound on the upper tail holds because Var W (v) < Var W(o0) < 1 and EW (v) = 1. For
the lower tail, note that W(oco) > 0 a.s., so that, because W(-) is cadlag and positive
on R, we have W, := inf;~o W (t) > 0 a.s. also. Suppose that wy > 0 is chosen so that
P[W, > wp] > 1/2. Then, for 0 < z < wy, W(t) > x if any of the offspring of the initial
individual that are born before time ¢, generate families with W, > wg, where e M =
x/wo. The probability that there are no such offspring is just exp{—pvtd+!/{2(d + 1)}}.
Hence, for ¢t > t, and =z < wy,

P <1] < exp {pu{log(wo/m}d“} _ exp{ {log(wo/z)} ! }

22X+ (g 4 1) 2(d+1)!
|
In view of (2.20), if 0 < n < {(d), then Q(v) < 3(d + 1) on the event
d
Ef(v) = (e X [ (v)] < 2}, (2.40)
1=1
and the first part (2.38) of Lemma 2.9 directly implies that
P{EL(v)}] < e(d)(1+ Mlgegy) e 2D, (2.41)

for a suitable constant ¢(d); of course, by definition, Q(v) > d + 2. The second part
of Lemma 2.9 implies that Ea(v) := {W(v) < 14 e?/3} is such that P[{Fa3(v)}¢] <
e~2M1v/3 From these observations and (2.32), it follows that

Egy(v) N Eaz(v) C By (v),
if v is such that e**"*/3 > (d + 1)3, and hence, for such v,
PH{E, (0)}] < (d)(14 hv)e A0 D= 4 g=2hnv/3, (2.42)

in addition,
K(U)e‘Mv/3 < \/(m{zl\/? +2(d+1) + 3c2.} e~ Av/6
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on E,(v) N Ea3(v) also.
For the quantities 6;, 1 < ¢ < 4, note that, from (2.22),

01(v) < C(d,n)e D=1 on the event EJ,(v) := {W(v) <14 D=1 (2.43)

and that P[{EY,(v)}¢] < e~ 22 ((d)=1) Then, as in Lemma 2.7, 04(v) = e 3" if we take r =
1. From Lemma 2.4, 6 (v) = 64 (v) + 60, (v), and both ,(v) and 65(v), defined in Lemma 2.5,
are super-exponentially small in A\jv on the event Egs(v) := {W(v) > e~*""/6}, Finally,
by the last inequality in Lemma 2.9,

P{E3s5(v)}] < exp{—(1/2){log(wo) + Anu/6}*/(d + 1)!},
which is also super-exponentially small in Anv. Hence, taking
E"v) = Ef,(v) N Ea(v) N EJ(v) N El(v), (2.44)

for which P[{E"(v)}°] < C(d)(Ave 2 (=) 4 =2Mv/3) and assuming that v is such
that e?*1%/3 > (d 4 1)?, we have the following consequence of Theorem 2.8. To state it,
and for future use, we define

tmax(A) := (3/2)A ! log A, (2.45)

an upper bound for the times to be considered in proving the central limit theorem.
Corollary 2.10. For any 0 < n < ((d) and v < tya.(A) such that e2*"*/3 > (d +1)® and

Av > ¢1,, there are constants C = C(d,n) and C' = C’(d) and an event E"(v) € o(H (v)),
with P[{E"(v)}¢] < C' e~ 22 (d)=n) 4 =22v/3) such that, for any u > 0 such that

tA (u) S tmax (A)/

IE{f(eX/{W (u+v) = W)} | Fo } — E{f(eN2 XDt (w)) | Fo }HI[E(v)]
< C{e—/\nv/ﬁ + e—/\v(C(d)—n)}’ (2.46)

uniformly for all f € Fgw.

Taking any co,...,cq € R4 and setting C(z) = sz:o cx!, we also observe from
Lemma 2.1 that
c@)

d
‘Zcle_)‘st(S)—(d—i—l)_lC’(l)W(s)’ < i1 D e (s)] < C(1)e M (2.47)
=0 =1

S

on E;’Q(s), the probability of whose complement is bounded in (2.41).

3 The central limit theorem

In this section, the central limit theorem is proved much as outlined in the introduc-
tion. With 0% (v, u) := Var {L;, (/L | F,}, we show in Lemma 3.2 that

B {|(Lin /D) = B{Ley /LI FY | 7o} < on(o,u), (3.1)

if s is chosen to be sufficiently long after v. The approximation of IE{L;,,)/L|Fs} as
a Poisson probability is then accomplished in Lemma 3.4, with an error that is small
if tp(u) — s is sufficiently large. Lemmas 3.5-3.7 approximate the mean of the Poisson
distribution by successively simpler quantities, and bound the errors involved in the
approximations. The combined result of these steps is summarized in Corollary 3.8,
showing that, given F,, the distribution of L, ,,/L is close to that of /(log[cqaW (s, v)] 4 u).
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Now the normalized difference e**/2(W (s, v) — W (v, v)) can be shown, using Corol-
lary 2.10, to have a normal approximation. Because of the normalization, it is important
at this point to check that the approximation errors in the previous steps are all much
smaller than e~*?/2; this places some restrictions on how large v may be. The lineariza-
tion of the difference ¢(log[¢qW (s, v)] + u) — £(log[éaW (v, v)] + u), needed to show that it
is itself approximately normally distributed, is accomplished in Lemma 3.9, and the final

result is given in Theorem 3.10.

3.1 Comparisons of processes

The detailed calculations make heavy use of comparisons between a number of
processes, that we justify in Lemma 3.1 by realizing them on the same probability spaces.
The process L itself can be realized by starting with the times (7;, j > 0) of the branching
process X, paired with a sequence of independent uniform points (Fj, j >0)of C. This
yields a process

Y(t) = {(fj,ﬁj), J Gjt}, t >0, (3.2)

in terms of which we define

Jo={j>0:7 <t} Ny:= |J|; My := Z(t—?j)d. (3.3)

We can then define the set valued process

L) = |J K@ t—7), (3.4)

JET:

obtained by taking the unions of the neighbourhoods generated by Y (¢). The process Y’
can be augmented to a process Y of quadruples, by including a set of pairs (K(5), @j),
j >0, where 0 < K(j) < j and @, € C, denoting the subsets from which the long range
contacts were made and the positions of the individuals within them: given Y (7;—),

PIK(j)=1] = — 2 0<l<j,

J
=0 Y7 -7y

and @j is then chosen uniformly from the set IC(?K(J-), T; — Tk(j)). The process L is

derived from Y sequentially, by thinning. The pair (%j,ﬁj) is not included in £ unless
K(j) = min{l > 0: Q; € K(P;,7; — 7)}. This thinning process ensures that, when
neighbourhoods overlap in C, only contacts from the neighbourhood that was informed
earliest are allowed, ensuring that the rate of long range transmissions from £; remains
equal to pL,. Note that, if P; € Lz, the pair (7j, P;) is included in defining £; however,
it is redundant in (1.3), the newly informed individual having previously been informed,
and it never contributes to further transmission, because of the definition of the thinning
step. The resulting set of times and positions we denote by ((7;, P;), 7 > 0), with

Jo = {j=0:m<sh Ny o= L M, =) (s—7), (3.5)
jeJs

and £ is as given by (1.3); it satisfies £; C L;, with strict inclusion for all large enough
times.

The process £ acts as a tractable upper bound for £, and it is useful also to have
tractable lower bounds. In particular, when calculating the probability that a neighbour-
hood K(P, s) intersects L;, where s is fixed and P is a uniform random point of C, the
way in which the neighbourhoods of £; intersect one another enters in a complicated
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way. However, if £, happened to consist of a union of non-intersecting neighbourhoods,
which were also separated from one another by distance at least 2s, then the probability
could be deduced by simply adding the intersection probabilities for the individual
neighbourhoods. Then, because the neighbourhoods K are balls in a geodesic metric
space, the probability of two neighbourhoods K(P, s) and K(Q, t) intersecting, if one or
both of P and @ are chosen uniformly and independently in C, is given by

qr(s,t) = L™ vy, (3.6)

where v4 can be estimated in terms of v(s + t)d, in view of (1.4). Of course, as t grows,
intersections occur in £;, but, at least for a while, their effect may not be too large. So
the next step is to construct subsets of £; with the necessary separation properties, and
which are amenable to analysis.

Fix any s,¢ > 0, and thin the process Y to obtain a set valued process L% as follows.
Start with 7;* = 0 and P;"* = P, defining

ﬁi’t = ’C(Po,u) for 0 <wu < 7q;

let RS’t := () denote the initial set of indices of censored points of Y. Then proceed
sequentially. Suppose that the quadruples ((7, P;, K(1),Q,), 0 < [ < j —1) C Y have
already been considered. If K (j) € R} *, set R;’t = R;fl U {j} and proceed to the next
quadruple; descendants of censored points are also censored. If not, thin much as in the
construction of £, except that a point ?j is also thinned if it belongs to Nosyi—7; (£§;t_),

where, for V C C and u > 0,

U ]C(yau); (37)
yeV
set
j
Ly = U LygryK(PLu—7), 7 Su<Tipn. (3.8)

The extra thinning in (3.7) ensures that the neighbourhoods in £;* are at distance at
least 2s from one another. If J$! denotes the set of indices of the points of Y that
enter £%! up to time u, then £ consists of the collection of disjoint neighbourhoods
(K(Pj,u—7j), j € J2!), and new pomts are generated at rate p ) ot Vy—r, (1 — 737),
where the censoring probability 7% is given by

’/TZst = L*l Z V2s+(t_7ij)+(t_u). (39)
jeJit

In our applications, we can find suitably small bounds for 75!, so that the growth of the
numbers of neighbourhoods in £ is still reasonably close to that of the CM] process X.
In view of the ‘hard core’ censoring, the points (P]7 j € J5t) are no longer independent
of one another, but their marginal distribution is still uniform on C if F, is chosen at
random. Note also that £5* C £, for each s,¢t > 0and 0 < u < ¢.

We shall also use comparisons between the CM] process X and ‘flattened’ versions
X_, )/(\’0 and X + that are of the form discussed in the previous section. We start by noting
that, from the inequality (1.4),

vs{1 —ma} < v < vs1+m}, 0<5<tnax(A), (3.10)

where tmax(A) := 3 log A is as in (2.45), and

3log A\
nan = CQ(ZAI/d) . (311)
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Hence, up to time t,,.x(A), the process X is stochastically dominated by the flattened
process )?Jr, defined as in the previous section, having intensity p; := p(1 + na) per
unit volume, and hence growth rate Ay = M1+ 77A}1/ 4, similarly, it stochastically
dominates the flattened process X_ with p_ := p(1 —na) and A_ := A1 — 5 }/4. We
also define the flattened process Xo with intensity p per unit volume, and with growth
rate A. The quantities M, M JQ and M, and their standardized versions Hj H]Q and H,
correspond to these processes. We make the relationships between the processes precise
with the following construction.

Lemma 3.1. Let the success1ve birth times in the branching processes X, X_, )?0
and X+ be denoted by (7;, T 7 ,7' Tj , j > 0), respectively, and let (T;, T, , T?,T,") denote
the sets of birth times up to time t in each of the processes. If, for some 0 < 8 < tmax(A),
T; CT,C T andT; C T° C T, then the processes X, X_, X, and X, can be defined
on the same probability space, in such a way that, for all s <t < tyax(A),

T, CT, CT;" and T, CT) CT; as.

Proof. The birth rate of X at time ¢ is given by

T(Yat) =p Z Vi—7;5

g €Ty
and of X, by
r(Xo.0) = AHY(D) = ANT (=)t = v DT (t- )"

ji T)ETY ji )ETY
with analogous representations for r(X_,t) and (X, t). Thus, for any time ¢ such that
T, cT, T}t and Ty cT? C T/, (3.12)

we have r(X_,t) < r(X,t) < r(X4,t) and r(X_,t) < r(Xo,t) < (X4, t). Hence, for s
as given, we can construct all four processes on the same probability space, for s <
t < tmax(A), by realizing )?Jr on [s,tmax(A)] together with an independent sequence
of independent random variables (U;, j > 1) uniformly distributed on [0, 1], and then
thinning in the following way. At each successive point f-j* > s, include it as a point of X
if Ujr()A(Jr,t) < r(X,t); similarly, if Ujr()A(Jr,t) < r(X_,t), include i-j* as a point of X_,
and if Ujr()A(Jr,t) < r(Xo,t), include %j+ as a point of X,. This construction preserves
the inclusions (3.12) for all times up to ta.x(A), and, because independently thinned
Poisson processes are again Poisson processes, also yields the right distributions for the
processes X, XO and X_. [ |

In what follows, we shall use }'f ¥ to denote the filtration for the combined construction
in Lemma 3.1. We shall henceforth only consider times in [0, ¢,,.x(A)], and will take A
large enough that

exp{3natmax(A)} < 2 and 7y < 1. (3.13)

3.2 Relating the proportion informed to the function /

_ The first step in our detailed calculations is to replace L;/L with E{L;/L | F.}, where

Fs = a(ffu, 0 <u < ), for suitable s < ¢; this conditional expectation is easier to handle.

We start by bounding the conditional variance Var {L;/L | F}, for suitable values of s < t.
The basis for our argument is given by the observations that

E{1 - Li/L|F.} = P[K ¢ L;|F,] and E{(1-L/L)*|F} = P[K,K' ¢ Li|F,),
(3.14)
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where K and K’ are chosen independently and uniformly in C, implying that
Var{Li/L|F,} = PIK,K' ¢ L,|F,]—{P[K ¢ L,|F]}>. (3.15)

On the other hand,
{K ¢ L1} = {LENnL, =0}, (3.16)

where E{i denotes the set of all points at time s that, if informed, would inform K

by time ¢. Now, for the gossip process, L‘ t.s is independent of ]t"s, and has the same
distribution as £;_s. In view of (3.16), we thus have

PIK ¢ £i| F] = PIL{,N L =D|F), (3.17)
where L is fs-measurable and E{g is independent of ]T'S, and
P, K' ¢ L,|F) = PULE, N L, =0} n{LE nLy =0} F), (3.18)

with EN{{Q and ZtK; independent of .7?5, but not of each other. Indeed, in view of (3.15), it
is the extent of their dependence that measures Var {L;/L | F,}.
Writing ts :=t — s, our argument now involves bounding the differences

PILE NL,=0|F)—PL"(t)NL,=0|F,] and (3.19)
PHLE N Ly =0yN{LE NL, =0} | F]
CPUZN(t) N Ly = 0y N {2 (8 N £y = 0} | F] (3.20)

between the probabilities (3.17) and (3.18) and the smaller ones obtained by replacmg

ﬁfs and K{{S by their related (independent) branching and growth processes £ andZ
These, as observed in the joint construction at the beginning of the section, give rise to
stochastically larger sets than E . and »’3{(5 If both of the d1fferences (3.19) and (3.20)

are smaller than some ¢, then the 1ndependence of ﬁ and ﬁ 1mmed1ately implies that
Var{L;/L| Fs} < 4e. Using this strategy, we prove the following lemma.

Lemma 3.2. Under the above assumptions, there is a constant C3 5 = C5.2(d) such that
Var {Li/L|F,} < Cs2A72(1+ (As))eP =) (XM, + N,).

Proof. To control the differences (3.19) and (3.20), we begin by running a process YK ,
defined following (3.2), until time ¢,, and thin to obtain Zf(s. As in (3.3), define 7K =
{j > 0: 7/¥ < u}, and set Wf = |7f\ and Mf =>. er<(w =1 K)d We then thin YX
further to construct the process (£%% (u), 0 < u < t,), by the method used to construct
L%t in (3.8).

We now consider the difference

Agy = ]P[EO’tS’K(ts) NL, = ®|]?S] - P[Zi NL;=10 | ]T—SL

which is an upper bound for the real quantity (3.19) of interest to us. The quantity A, ;
is no larger than the conditional expectation given ]T" s of the number Z,Kg of intersections
between censored islands of ij and the islands of £,. If an island born in YK at u is
censored, the expected number of censored islands that result at ¢, is at most ¢; e (ts—u)
by (2.2) and because YK is stochastically dominated by X +. These islands each have
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radius at most (¢t; — u). Hence, given ]T's, the expected number of intersections resulting
from a censored island born at u is at most

e TN L
j€JTs

< e BTyl ) LT Y (s =) + (8 —u)?
Jj€Js
28 e ver+ LY M, + Ny (ts —u)?),

IN

in view of (3.6), (1.4) and (3.13); N and M are as in (3.3). Similarly, using (3.9), the
conditional probability 7%*:*X of an island born in X" atu being censored for £%t:X,

u

given the history up to u, is bounded above by

(1+77A)VL_1/(0 s+ -0+ — )N (dv)

< 2.3yt / {(28)4 + (2(ts — u))? + (u— U)d}WK(dv)
(0,u)
= 230 L NL {(28)7 + (2(ts — )Y} + M}

—K )
Hence, again using N as an upper bound for the number of uncensored islands, and
—K . .
noting that the birth intensity in X  at time u is at most

p Z l/uf?K S QVPMfa

JE€EJu
we have
E{Z/ | Fs}
ts —K —K
< E {/ 2.3 WL N, _{(2s) + 2%(t, —w)} + M,,_}
0
9 ey v =W L=V T, 4+ Ny (ts — ) N (du) ] frs}
< 2d+13d7101p{y}3L72 (3.21)

ts o . . .
E {/ (N2 {(25)" + 2%t — )} + Mo Ye e (M, + No(ts — u)) M du ’ ]—"S} .
0
Now, by (2.2), (2.4) and Cauchy-Schwarz, and because YK is stochastically dominated
by X+,
~ K d dv o rE\TrE 1y —d d Y —d1 2A 1 u
E{(N,{(28)" + (ts —w)*} + M, )M, } < cad\7{(25)" + (ts — u)? + dIN{ e .

Using this in (3.21), and noting that Ay < A(1 4+ 1) and that pvd! = \¥+!, gives the
following bound for (3.19):

0 < PILENL,=0|F)-PEL, NL,=0|F] < B{ZE |F.}
< Cid)(1+ Aps)HOATHP L 2P+ (M + AN ) (3.22)
< Cid)ATH1 4+ (Mg s)DeM=(\IM, + N,). (3.23)
We now need to bound (3.20). This can be done by introducing a process Eovtva’K’,

constructed in the same way as £%%+*, but starting from two initial points K, K’ and
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using a CM] process x" , which is the same as using two independent CM] processes
X" and X", by the branching property. Now L0t /K’ (ts) C (,Cf(é U E,{Ks) and the
conditional expection given F, of the number Zt#K of intersections between censored

islands of th o and the islands of £, satisfies
E{ZK | ) < Cold){v}2L72(1 + Ay 5))e s (A, + N,), (3.24)

by an argument exactly as before, but for a larger constant Cs(d) than C;(d) appearing
in (3.23). Since ]E{Zf;’K | Fs} is a bound for the difference in (3.20), we have enough to
prove the lemma. |

Remark 3.3. With s = a; A7 log A and t = ap A~ " log A, where a; < ay < 1, and since
E\M, + N,) = O(e*+*), from (2.4), it follows that Var {L,/L | F,} is typically of order
O(A?*27*1=2(log A)4).

Our main interest is in approximating the distribution of L;/L when
t = ta(u) := A {log A +u}, (3.25)

for u fixed. This is because the times (¢4 (u), v € R) asymptotically represent the period
in which L;/L increases from 0 to 1. Taking a; = o < 1 and ay = 1 in the remark, it
follows that Var {L;, (,)/L | F,} is typically of order O(A~%) for s := aA~! log A. Now pick
v:=a; A 'logA and s := asA ' log A, with oy < as < 1. Then

Var {L;/L|F,} = Var{E(L,/L|F,)|F,} +E{Var (L;/L|F,) | F,},

in which the latter term, again by the remark, is typically of order O(A~%2) if t = t5 (u).
Supposing that Var{L;/L| F, } is actually of magnitude A~“!, this indicates that the
conditional dlStI‘lbuthH of L;/L given F, is essentially that of the conditional distribution
of B(L;/L | F,) given F,. So the next step is to examine E{(1 — L;/L) | F,} in detail, for
t = ta(u), and to express it in more amenable form.

The next lemma once again uses the backward branching process ZK from a randomly
chosen point K. We define F, := F\ F o0, where FX; = o(NY, 0 < u < v) contains
the information about when the islands of ZK were formed, up to time v, but not where
they are centred. We then write Z*! for the number of islands of Zi that intersect L.

Lemma 3.4. With the definitions above, there is a constant C3 4 = C3 4(d) such that

[E{(1 - Li/L) | F.} — B{exp{-ML} | F.}|
< Cy {AT'NoA)Y + A72(1 + (Aps)D) e DN, + N},

where M5, := B{Z*" | F£}.
Proof. We start by using (3.14), (3.16) and (3.23) to show that, fort > s,
B{(1—Li/L) | F}~P[Ly Ly = 0| ]| < Co(d)A2(1+(Ay8))e s (AT, +N,). (3.26)

We now use Poisson approximation to approximate the probability IP[ZE NL;=0] ]T'S],

. s . . . =K .
using the conditional independence between the locations of the islands of £, , given F; ft
as the basis of the approximation.
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=K
We first observe that the conditional probability that an island of £, with radius v
intersects L, given ]-'f(f is at most

Z Veer 4ol ™H < 2NwL™HY = (14 na) A7 N (M), (3.27)
Jj€Js

in view of (3.6), by (1.4), (3.11) and (3.13), and because v < ¢t — s. This, using Z%' to
denote the number of islands of ij that intersect L, implies that

dry (L(Z*" | FE),Po(ME)) < 2A7'N,(At)?, (3.28)

by Barbour, Holst & Janson [4, (1.23)]), where Msfft = ]E{stt

FE}. Hence, from (3.28),
[P[zt = 0| Fy] — B{exp(—ME) | Fs}| < 207N, (\)4,
and combining this with (3.26) gives the lemma. [ |

We now define

ts
ME, = / S vL s — T4ty — VI N (dv), (3.29)
0 je.

as an approximation to M SKt The following lemma bounds the accuracy of the approxi-
mation for ¢ = ta (u).

Lemma 3.5. For any v > 0, there is an event Bs5(7,s) € F, with P{Bs.5(7,s)}¢] <
C3.5A~7 such that, fort = tp(u),

E{|Mf, — ME|| F}H[Bss(r,s)] < Ch5A7e"{A {As} e + ),
where C3 5 and C} ; depend only on d.

Proof. We begin by introducing the censored version L’ of the process L. We denote
the indices of islands in £, by J&° C J,, and write rjs == s — 7;. It then follows that

ts . ts o
/ N L oN(dv) < ME < / S LN (dv),  (3.30)
O jegss O jeu.

with the lower bound using the separation between the islands of £>°. Now, from (3.10),
(3.11) and (3.30),

ts
‘ _ —K
Ms{i Z / Z L 1VTj5+t57’UN (d'U)
0 .= ges
JjeJs
ts K
> (1—77A)/ > Lw(rje 4t —v)'N (dv),
O . 8,8
JEJs
and
ts K
ME < / > L' g, o N (dv)
O jed.
to ok
< (1+77A)/ > LT W(rje 4t — )N (dv).
O jeT,
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Hence

ME-NE < mdE +(4m) [ L+ to—0)' N (),  (3.31)

0
JET\Js

and
ME, - ME, < nAMst+(1+nA/ S LWt —0)t N (dv).  (3.32)
FEJNJIS?®

This implies that

|M5Kt_MsKt| < Mt+ 1—|-77A/ Z L7 w(rjs +ts —v)? " (dv)
JETNTS®
< maME 42t (NS Y LW 4 LTY(N, - NO)M, | (3.33)
JETNIS?

where NJ»* := |J$*|. Thus we need to bound the conditional expectation given F, of the
right hand side of (3.33).
Define Bi(v, s) by

Bi(y,s) = M >0 rd 4 d(N, = N®) < AT she?™ s b e F. (3.34)
JETNIS®

Since ZVK is independent of £ in (3.33), it follows that we can easily take the expectation,
given Fj, of its second term. For ¢t = ¢, (u), and using (2.2) and (2.4), this gives

ofof (35 e ) | oo
JETNIST
< 2eateMt (A ST vl a(N, - N5) | 1By (y, 9)
JeTN\IS*
< 2d+261A71+7€u{/\+3}d€)\5a (335)

where we have twice used e?+—Mt < 2 fort < tmax(A), as follows from (3.13). For the
first term in (3.33), from (3.29), we have

ME < 24L7! Z L+ NI,
JET s
Defining
Bs(v,s) = A4 Z r;-ls +dIN, < AVer+s
j€Js

it thus follows from the independence of £ and ZK that, for ¢t =t (u),
naB{ M, ! K| FH[By(7,5)] < 24 dleynaAre, (3.36)

using (3.13) to bound e+,
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To complete the proof of the lemma, we need to show that
P[(B1(7,5))] + P[(B2(v,5))] = O(A™7).

For P[(Bi1 (7, 5))], we bound E{N, — N;*} and E{}", 7 | js.« ¥, }, and then use Markov’s
inequality. We begin by bounding the conditional probability 7;>°, given the past up to
time u— < s, that an island of X, born to an uncensored parent at u, is censored in >’
Using (3.9), it is no greater than

L[ F(@) < (L (45) R
(O7u)

If it is censored, bounding YK by the branching process )?Jr and using (2.2) and (2.4),
the expected number of its offspring by time s, all of which are also censored, is at most
c1e+ =% and the expected volume censored at most cld!)\jrde’u(sfu). Hence

E{Ns - N?S}

(@ B { [ e N, N |
0

IA

IN

cr(1+na)vL™(4s) B {/ A ETINMF (w)p(1 + na) + v M (u) du}
0

IA

46102P{I/}2d!)\;dL_1(45)d/ A+ (sH0) g,
0

4erea(1 +mpa) A" (4As) e+, (3.37)

IN

again by (2.2) and (2.4), and from Cauchy-Schwarz. Then, by a similar argument,

=

N

Sa
A

S
(1+na)vL~ 1 (4s)? B {/ crd\ "M TN N(du)}
0

< 2cicod! AT (4s) e, (3.38)

Combining (3.37) and (3.38) and using Markov’s inequality, P[{B1(v, s)}°] < cA~7, for a
constant ¢ depending only on d.

For P[(B(v, s))°], we again bound x~ by the branching process X, and use (2.2)
and (2.4), giving

EN, < e’ EQ Y rh b < BEMJ(s) < cdAj%ers. (3.39)

Hence, from Markov’s inequality, P[{B1(v,s)}°] < ¢A~7, for a constant ¢’ depending
only on d, and the lemma is proved by taking By (v, s) = B1(, s) N Ba(7, s). |

We now replace E{exp(—ﬂ Kl F,} by an expression involving the function ¢ defined
in (1.12), and using the quantity W*(s) defined by

S (As—5) -
We(s) = ey ) fj < e MY Hf(s) = XN (s),  (3.40)
’ 1=0

=0 jejg

where the inequality follows from Lemma 3.1, so that, from (3.13), EW*(s) < 2.
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Lemma 3.6. Take s < A\~!log A, and let ]\A/[Z(t be defined as in (3.29), W*(s) as in (3.40)
and ( as for Lemma 1.12. Then, for any v > 0 and 0 < 1 < ((d), there is an
event Bs ¢(v,7, s) € Fs and constants Cs ¢ and C} 4, depending only on d, such that

P[{Bs.6(7,7,5)}°] < Cae(A™7 + Ase 22 (d=m)s)
and that

_MK -~ N *
’]E{e Ms,tA(u) |]:s} - (1 - E(log[ch (S)] + u))‘ I[B3.6<77777 S)]
< Cio(l+e) (A7 (nalog A+ A1) +e77),

uniformly in tx(u) < tmax(A), where éq :=d!/(d + 1).
Proof. We first observe, from (3.29) and (1.6) that

AL, Y / Z( ) )TN ()

Jj€Js

A*E(‘f) > ) (/ (Mt — )} "N (du )), (3.41)

j€Js

with r;, :== s — 7; as before. Now realize X_, X and X' together as in Lemma 3.1, so
that
- ()‘Tjs)l +
Hy(s) < > T < Hf(s)as, for0<s < tmax(A). (3.42)
J€Js ’
Then, for such s, it follows from (2.47), then using Lemma 4.2, (2.40) and (2.41), that, on
an event B (1,s) € Fi+ such that P[{B; (1, s)}¢] < c(d)(1 + As)e~2M(D=ms we have

d d
1
> aHf(s) < C(1) (dHZHr (s) + eW")S) (3.43)
1=0 =0
and
d d
> aH(s) = C <d+ > Hy(s)— e <1—’7>S>, (3.44)
1=0 1=0
for all choices of ¢y, ..., cq, where C(1) := leo ¢;. Define

d
By (7,s) = { Z (H;"(s) — H; (s)) <e’\sA7nAlogA} e Fit. (3.45)
l

Then, on B (1,5) N By (7,s) and for 0 < s < t;,.x(A), we have

d

()\Tjs)l + + Ay (1—n)s
>, - = H (5) < ——=> H(s)+e
JEJs ’ 1=0

< HS Ap(1-m)s AS AV log A
< d—i—l; )+e +e na log

1
< AS‘ 4
< g W*(s) +¢e(v,m,5), (3.46)

forall 0 <[ <d, from (3.42), (3.43), (3.40) and (3.45), where

e(y,m,8) 1= 2 MM 4 A ATy, Tog A.
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Arguing analogously, we also deduce that

()\Tjs)l 1 As *
E > w — .
jeJ l' — d+ 16 (S) 6(7’7778)

Now P[{B; (n,)}] < e(d)(1 + As)e™

d
E{ZH[(S)} = MEW(s) = e,

2A(¢(d)=m¢_ Then, since

and using (3.13), we have

d
E {Z(Hﬁ(s) - Hl_(s))} = M — M < 8eMplog A
1=0
in 0 < s < tmax(A), and hence, by Markov’s inequality,
P{BS(v,5)}] < 8A77. (3.47)
Thus the event
d (i)t 1
Js ASTr7* T
3(7,7, s ﬂ Z o Taew () <ely,ms) b € F (3.48)
=0 | |j€Js
is such that
[{Ba(v,m,9)}] < Cr(d)(A77 + Ase™ D=0y, (3.49)
for a suitable constant C(d).
Now, taking ¢; := A~1Cy(s,t), where
ts d'{)\( )}d l
Ci(s,t) == _ d 3.50
) = [N ), (3.50)
(3.41) implies that
. )\sw* d
‘Mg WS o) 11 79)
=0
d
< A™ 126‘1 (5,8)e {27 + AV log A}.
1=
Hence also
= - )\sw*
E(e M.f,(t|]-"s>—IE)<eXp{ Adt1) ZC’lst}‘}“> I[Bs(vy,m, s)]
(3.51)

d
< A'E {Z Ci(s,t) ’ .7?9} 6)\5{267)\7]8 + A7np log A}
1=0

Now, because X" can also be bounded between copies XX and )A(f of X_ and X,
using Lemma 3.1, we have the inequality

AHYS T () < Ci(s,t) < dHT (t), (3.52)

0<l<d.

http://www.imstat.org/ejp/
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Hence, since the K-processes can be chosen to be independent of fg, it follows that
d ~
E {Z Ci(s,t)eM | ]—"S} < dleM )TN EIWE (1)) < 2dleM, (3.53)
for any 0 < s <t < tyax(A). Thus, from (3.51), it follows that

E(eﬁft}ts)_l[ﬂ(exp{ )\S(I;[i:l ZCJSi}’.F)

< 2dIATTeM {27 4 ATnp log A} (3.54)

B3 Y1, 8 )]

The next step is to examine the difference

)\sw* N
E <exp{ d—|—1 ZC; (s,t) } ‘]—') —gb%\(tA(u)_s)(cde W*(s)|,

where ¢!(6) := E{e=®"'(*)}. To start with, from (3.52) and Lemma 2.1,

d
dler W () < Y Ci(s,t) < dleM W),
1=0
Hence, for any non-negative and fs-measurable random variable O, we have

d
of (O dle™ ) < E{exp (—@sZCl(s,t)> ‘f} < ¢; (Ogdle*1), (3.55)
=0

where

67 (0) == B{e™™ O} = ¢} ,(0) and ¢; (0) = B{e"" O} = ¢} ,(0), (3.56)

and ¢! is as above, with the final equalities a consequence of (2.14). Since A1 —mp) <
A_ <Ay < X(14n,), we conclude from Lemma 4.2 and (3.13) that

max{|¢f (e ") — ¢ (0eM)], oy (0e1) — ¢y (0|} < 2e'madt;
max{|¢; (0) — ¢3,(0)], |67 (0) — ¢35, (0)[} < 6Oe 'y e M, (3.57)

as long as t < tyax(A). Taking O(s) := {(d + 1)A}~1e*W*(s) and t = t5(u), and using
(3.55), (3.57) and (3.13), this gives

)\9 *
E {exp ( g; ) ch 5,1) ) ‘}' } — Pr(r—s) (Cae"W*(s))

detnaNts + 671@(8)61!6)‘*7557)1\ Atge Me

IN

IN

4e na(log A + u) + 3é4eMW*(s)A" 1y, log A. (3.58)
From (3.40), we have E{IWW*(s)} < 2. Thus, defining
Bu(y,s) = {W*(s) SA"} € F, (3.59)

it follows that ]P[{B4(7, $)}¢] < 2A77), and, combining (3.54) and (3.58), that

E{e Ma tA(U) ‘F } QS)\ (ta(u) s)(édeuVV}k (8)) I[Bd('% m, S) N B4(’77 5)]
< Ca(d)(A7nalog A+ e MPAT M), (3.60)
EJP 23 (2018), paper 123. http://www.imstat.org/ejp/

Page 29/37


http://dx.doi.org/10.1214/18-EJP248
http://www.imstat.org/ejp/

CLT for the gossip process

uniformly in ¢5 (u) < tmax(A). But now, from Lemma 4.2, on the event By(y, s),

iégle“W* (s) exp{—=A(ta(u) — 9)}

(@At (w)—s) (Cac W () = b (Ca" W (s))| < o
1
S %Cd[\:Y 16A N

and ¢l (éqe"W*(s)) = 1—L(log(¢qW*(s))+u) by (1.12), (2.14) and (2.18). This establishes
the lemma, with Bs ¢(7,7,s) := Bs(vy,m,s) N Ba(, s), in view of (3.49) and (3.59). |

3.3 Replacing W*(s) by W(s,v)

Our aim is to approximate the conditional distribution of L, ,)/L, given fv, for
suitably chosen v. After Lemma 3.6, the problem has largely been reduced to considering
the conditional distribution of W*(s). However, in order to use the results of Section 2, it
is advantageous to replace W*(s) by a function of a flattened branching process; W*(s)
is constructed from the birth times 7; of the original branching process X. Accordingly,
we define

d
W(s,v) = e_ASZHlO(S—U,v), s>, (3.61)

for HP(~7U), 0 < I < d, corresponding to the (flattened) branching process )A(O of
Lemma 3.1, taken to have initial condition H{(0,v) = 3=, .5 (A(v — 7;))'/I! € o(H(v)),
0 <1< d. Note that W(v,v) = W*(v). The error involved in replacing W*(s) by W(s,v)
is bounded in the following lemma.

Lemma 3.7. Forv < s < A"!'log A, we have
E {‘ﬁ(log[éde“W*(s)] + u) — £(log[éqe" W (s, v)] + u)| ’]—N'v} < 4éqe W (v)na log A.

Proof. We once more use Lemma 3.1 to justify that both W*(s) and W (s,v) belong to
the interval

d
{e_)‘SZHl (s —v,v), _)‘SZH"‘S—UU] (3.62)
1=0

where the processes X_ (-,v) and )Z'Jr(-, v) both have the same initial condition as )A(O(~7 v).
Now

d N d

E {Z Hif (s = v,v) | fv} = M HI(0,0)

=0 =0
and

d N d

{ZH; 5—v,0) ‘]—' } = e’\*(s_”)ZHzO(O,v);
=0 =0
hence
E{|W*(s) = W(s,v)| | Fo}
d
< e ME {Z{Hﬁ(s —v,v) — H; (s—v,v)} ‘ ]T'v}
1=0
d
< e ZHIO(O, v){e()”f_)‘)(s_”) - e()“_’\)(s_”)} < 4AW*(v)nalog A,
1=0
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by (3.13). This, together with (1.12) and Lemma 4.2, implies that
E {|€(oglac”W* (5)] + u) — Llogléac W (s, v)] + w)| | F.}
< E{eqe|W(s,v) — W*(s)| | Fo} < 4éqeW*(v)nalog A,
as required. |

We now combine the results of Lemmas 3.2-3.7 to give the following result, relating
the distribution of L;, (,)/L to that of £(log[cqe" W (s,v)] + u).

Corollary 3.8. Take v := a; A\ 'log A and s := 042/\11 log A for 0 < ay < ay < 1, and fix
0 < n < ((d). Then there is an event Bs s(v,n,v) € F,, and constants C g := C3 4(ug, d),
Ci g = Cl4(uo,d) and C% ¢ := C24(d), such that

E {1/ (Liy /L) = f(€QoglcaW (s,0)] + )| | Fo} < CRllfllocpa + Chsllf oo,
and such that P[{Bss(y,n,v)}¢] < C34ps, where

en = AY{AT2(log A)Y2 4 A2 (log A)? + A~ 4y log A} + A2
pA = A=Y/2 A= (G d)=m) log A.
Proof. We take the results of Lemmas 3.2-3.7 in turn. Using Lemma 3.1, we have
E{\M, + N, | F,} < B{dH](s)+ Hf (s)| H(v)}
< dAE{W*t(s)eM® |H(w)} < 2dW*(v)e. (3.63)

Define the event Bélg (v,v) := {W*(v) < A7}, whose probability is at most A7, by
Markov’s inequality. Then, from Lemma 3.2 and (3.63), it follows that

E{Var {Li/L|F.} | Fo} < C322d!W*()A~2(1 + (As)?)er ),

implying that, on ng (v,v), we have

{1~ (Lia /D) = B{L = (Ley /D) | EH| P} £ Cald)d2e (log A)2. (3.64)
Next, from Lemma 3.4 and (3.63) and on the event Bélg (v,v), we have

E{[B{1 - (Ley /D) | 7} = Bfexp{-ML, ,H E Y| £}
< Cp(d)W*(v)(log A )AL + e2ue™?9))
< Cp(d)A7(log A)H{ A2~ f e2up—er), (3.65)

Turning to Lemma 3.5, we find that
E{|E{exp{_M§tA(u)} | B} = Efexp{~ME, ()} | Fo}| T[Bas(7, 9)] ]f}

< Co(d)A7e“{ A" {log A}2er + np}
= Co(d)Ne*{A*"Hlog A} + 1} (3.66)

Then, from Lemma 3.6, we have
B {[B{e ™00 | £}~ togleaW* (5)] +w)| I[Bs.s(v,m, )] | 7o |

< Cyo(l+e) (A (nalog A+ A7He) +e7)
= Chg(1+e") (A (nalog A+ A7) + A7927), (3.67)
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Finally, from Lemma 3.7, on the event B:g.lg (v,v), we have

E { |e(log[eaW™ (s)] + ) — £(log[eaW (s, v)] + u)] ‘ ﬁ,} < 4égeAplog A (3.68)

Combining (3.64) to (3.68), we deduce that, on the event Bélg('y, v), and uniformly in
u < U,

E{|(Ley /L) — L00gleaW (s,0)] + )| I[B(v,n, )] | 7. }
< Culd, ug) (A {A™2/2(log A)2 + A2~ (log A) + A~ + nalog A} + A~227)
=: Ci(d,up)en, (3.69)

where B(’)/v , S) = B3-6('yv , S) N 33.5(77 S)
For the exceptional set, from Lemmas 3.6 and 3.5, we have

P[B(y,n,5)}] < Caa{A™7 + Ase 22D=ms) 4 05 ;A7)
< Cu(d){A™7 + A2 D= ]pg A},

On the other hand, for any set B € F with P[B] = p, and for any o-field G C F, we have

p = P[B] > PHP[B|G] > Vp}Vp,

by the total probability formula, implying that P[B|§] < ,/p with probability at least
1 —/p. Hence there is an event Bfg (v,m,v) € ]7'1,, whose complement has probability at
most

(Co(d)YHAT2 4 A=CD=D 1og A} =: (C.(d))/?pa, (3.70)

on which P[{B(v,7,5)}¢| F,] < (Ce(d))*?ps. Now define Z, := ((log[éqW (s, v)] + u) and
Yy := Ly, (w)/L. Then, for any bounded Lipschitz function f, we conclude from (3.69)
and (3.70) that, for © < ug and on the event

Bss(y,m,0) = BiR(v,0) N B (v,m,0),

we have
E{[E{/(V.)} - B{/(Z)} | 7}
E{[B{/(Y)} = B{/(Z)HI[B(y,n,5)]
HELf(Ya)} = B{F(Z)NIHB(,m,9))] | o |

1 o BAIYu = ZulT[B(v,m, )] | Fo} + 20lf o PHB(y,m, )} | o]
1 e C(ds uo)en + 2] flloc (Ce(d)) '/ pa.

IN

IAIA

This proves the corollary. |

3.4 The main theorem

We now use Corollary 3.8 to compare the conditional distributions, given ]T"U, of the
normalized random variables Y (u,v) and Z(u,v), where

Y(u,v) = e’\”/Q{(LtA(u)/L) —L(log[éaW ™ (v)] + u)};
Z(u,v) = eN2U(loglégW (s, v)] + u) — L(log[éaW* (v)] + u)}, (3.71)
EJP 23 (2018), paper 123. http://www.imstat.org/ejp/
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for a careful choice of s, with the centring constant ¢(log[¢;W*(v)] + u) chosen because
W*(v) = B{W (s,v) | F,}. These are the correct standardizations to achieve a non-trivial
limit. Thus we wish to compare Ef(Y (u,v)) with Ef(Z(u,v)), for Lipschitz functions f
that have || f]lcoc < 1 and ||f'|]lcc < 1. This corresponds to taking ||f|lec < 1 and ||f/||ec <
e*/2 in Corollary 3.8, because of the pre-factors ¢*”/? in the definitions of Y (u,v)
and Z(u,v). Thus, although p, is already small for large A, if n < {(d), we need also
to show that, for v = a1 A" !log A, it is possible to choose ao, n and v so as to make
e /2¢y = A*1/2¢, small with A. Recalling the definition (3.11) of 75, the expression

for €5 in Corollary 3.8 shows that this is the case, for v > 0 chosen small enough, if,
o < gy g < 1—0q/2; y<on/2; a1 <2am and ag < 27,/d.

So, for
a1 < 2min{y,/d,((d)/(1+ ¢(d)},

choose 0 < 7 < ¢(d) so that 2nn/(1 +n) > a; and then ay so that a;/(2n) < as <1—aq/2;
then, if we choose

0 <~y = %min{'yg/d —a1/2, (s —a1)/2,1 —a1/2 — az, a1 /2, 0m — 1 /2},  (3.72)
it follows that there are constants C' = C'(d, ug) and C’' = C’(d) such that
E{f(Y (u,0)) [ Fo} =B{f(Z(u,0)) | F}| < C{AT2(log A)! + A~ @™} (3.73)

for all f € Fgw, except on an event of probability at most C’{A~7/2 4+ A—((d-m1,
Particular choices are to take

1 | 1 o (1
n = 2<<(d)+2_a1), and oy = 2{1+ 5 (77 1)} (3.74)

in which case we can take any 0 < 4’ < min{y/2,(¢(d) — 1)}, and express the error
in (3.73) as C’A*V/, except on an event of probability at most C’ A*W/, albeit with different
constants C' = C(ug,d) and C’(d).

Corollary 3.8 and (3.73) compare the distribution of L,, (,)/L with that of the quantity
{(log[¢4W (s,v)] 4 u), for any u < ug. The path of L;, (/L is approximated, to first order,
by a time shift of the deterministic path ¢(u), and the shift is the same throughout the path,
being determined by the value of the single j-v's-measurable random variable W (s, v). In
the remaining argument, we exploit this to show that, to a good approximation, the path
after time v is that of the approximation ¢(log[é;sW*(v)] + -), together with a perturbation
that can be expressed in the form e~ /2N hy(+), where h,(-) is an fv-measurable function
depending on the value of W*(v), and £L(N | F,) is the standard normal distribution.

To do so, in view of (3.73), we now need a central limit theorem for Z(u, v) as defined
in (3.71). Writing

d
K. = (D¢ loglégW™ w* = k—{L(1 3.75
o(u0) = (DO logleaV* ()W (1) = k- {loga)}| . (375
where the final equality holds for all k& > 0, the next lemma shows that Z(u,v) is close in
distribution to Ks(u,v) e*/2{W(s,v) — W*(v)}.
Lemma 3.9. Let Z(u,v) be defined as in (3.71), and let v := ay A 'logA and s =
asA~!log A; suppose that « is as for (3.72) and v = § min{v/2, (((d) — )}, where n is as
in (3.74). Then there is a constant C = C(d, ug) such that, for all f € Fgw, and on the
event {W*(v) < A"},

E{f(Z(w,0)) | B} — B{f(Ka(u,0) N> {W (s,0) - W @)} F) < CA,

uniformly in u < ug.
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Proof. From (1.12), we have g(z) := {(logx) = 1 — E{e~*"}, so that, by Taylor’s expan-
sion, for any z,y > 0, we can write

l9(x +y) = (9(z) +yg' (@) < 38209 0 = FY"EW? < 592
from (2.17). Thus, in making a linear approximation to
((log[kW (s, v)]) — L(log[kW™(v)]) = g(kW (s,v)) — g(kW"(v)),
the remainder term can be bounded by 1k2(W(s,v) — W*(v))2. Now, because W*(v) =
E{W (s,v)|F,}, we have
E{(W (s,0) - W*(0))2| Fu} = V(s,0) = Var(W(s,0)| F) < W*(v)e™™,

where the inequality follows using (2.17). Hence, for any k£ > 0, and using (3.75), we
have

B[/ {E(log[TV (s, )]) — Eog[kW* (o))} = >/2{W (s, 0) = W* ()} Ka(u,v)] | F.}
< LEV(s,0) < SEPW(v)e M. (3.76)
Thus, taking k = ¢ge* in (3.76), and on {W*(v) < A7}, it follows that
B{ /2 {¢(0glcaW (s, v)] + ) — £(log[eaW* (v)] + u)}
— K (u, 0)e™2{W (s,0) — W (0)}] ’f}
< LeZeuprT /2, (3.77)
and the lemma follows because 7' + v < 3v/2 < ay/2, from (3.72). ]

We are now in a position to prove a central limit theorem, with an error bound
expressed in terms of the bounded Wasserstein distance.

Theorem 3.10. Suppose that v = aX'logA for 0 < a < 2min{y,/d,((d)/(1 + ¢(d)},
where 7, is as in (1.4) and ((d) as in (1.11) (so that ((d) = 1/2 for d < 6). Suppose
that v is as for (3.72) and v/ = min{y/2,(((d) — 1), (a2 — )}, where 0’ and a5 are
as in (3.74), with a; = «. Suppose that A is large enough that (3.13) is satisfied,
and that A**<(4)/T > (d +1)3 and alog A > ci., where c,, is as in Theorem 2.8. Then,
for any uy < ug € R, there exist constants C(d,u1,u9) and C'(d,uy,up) and an event
E*(v) € o(H(v)) with P[E*(v)¢] < C'(d,u1,u9)A~" such that
dw (L{e™/?((Lyy () /L) — L(og[caW™* (v)] + 1) | Fy 1 E*(v)},
N0, (K (u, 0) W (0)/(d + 1))
< O(d, ur,up) A~

uniformly in u; < u < ug, where Ks(u,v) is defined in (3.75), ¢; in Lemma 3.6 and t (u)
in (3.25).

Proof. In view of (3.73) and Lemma 3.9, it suffices to show that
dpw (E(e)‘”/z{W(s,v) —W*(v)} |]?U),./\/(O, W (v)/(d+ 1))) < Cl(d,ul,uo)/\‘”/,

with s = aA~'log A and «y as in (3.74). Corollary 2.10, with = 6¢(d)/7, shows that
there is an event E"(v) € H(v) with P[{E"(v)}¢] < C’(d)A~22¢(4)/T such that, on E"(v),

dpw (L2 (W (s,0) = W* ()} F), £(X2X 0 0,5 — v) | F)
< C(a{Les@/ny,
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provided that A**<(4)/7 > (d + 1)3. Then, from (2.25) and (2.36),

W (v)
d+1

L(PX Pt (s —v)) = N (o, (1—eem)),

and the theorem follows because dw (N(0,07),N(0,03)) = O(|o1 — 02|) and

W*(U)ef)\(sfv) _ W*(U)Af(agfa) < LV’*(O&Q*&)

)

on {W*(v) < A7}, and 7 < i(as — a), from (3.72). |

This theorem is not quite the same as Theorem 1.1, because both mean and variance
are expressed in terms of W*(v) = W (v, v), which, as is seen from its definition in (3.40),
is not necessarily determined by knowledge of £, al/clne, because all the birth times of X
come into its definition. Instead, one can observe W(v) as in (1.10). We now show that
this is enough.

We construct a lower bound W_(v) for W\(v) by summing over the subset of the birth
times fv C J, in (1.10) that belong to J, N fv where J, is defined in (3.5), and

Jy = {jZO:?j ¢ U K(Fj,Qv)},
17,

1<j

with J, the birth times of X before v, defined in (3.3). These give rise to non-intersecting
neighbourhoods at time v, though not necessarily to all such, and they form a subset
more amenable to calculation. Then it is immediate from (1.4) that, for all A sufficiently
large,

[T, \ ol 2E{| T, |(|Jo] — DL~} (20) v}

<
< 2eeMUATL(2)0)4,

the final inequality following from (2.2). Then, using arguments analogous to those in
Lemma 3.2, we have

E|lJ,\ J,| < IE{/ L™ wMF (u) c1e’\+(”7“)MJ(du)}
0

= E{py/ L_ly(M;(u))cheM(”_")du}
0

IN

v
pVZL_101(C2d!)\Id)2/ M) gy, < CATIePAY,
0

Hence, for v < tpax(A),

d
0 < E{(W()-W_(v)} = O{Alze”(logA)d“},

=0

and, for v = a\"llogA, this is of order O(A~'*%(log A)2?). The most sensitive place
where this enters is into ¢(log[¢;W*(v)] + u), when the difference has to be small relative
to A=%/2, because of the factor e*?/2; but this is the case if a < 2/3, as in the statement
of the theorem, by Lemma 4.2. The conversion of F*(v) into an event that can be
determined from £, can be accomplished in similar fashion, by modifying the definitions
of its constituent events in terms of W;(v), 0 < j < v.
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Appendix

We note here two technical lemmas that are used in the previous arguments. The
first establishes a bound on the extreme fluctuations of an integral with respect to a
compensated Poisson process

Lemma 4.1. Let X (t) := fo u){Z(du) — du}, where Z is a Poisson process and the
process F' is pred1ctab1e and a.s. bounded in modulus by the deterministic function G.
Define Gs(s,t) f {G(u)}* du and G*(s,t) := sup,<,<; G(u). Then

IP{ sup \X(t)—X(t1)|>a} < 2exp{—a®/{2eGs(t1,t2)}},

t1 <t<ts

forall 0 < a < eGa(ty,t2)/G*(t1,t2). If G is decreasing, we have

]P[ sup | X(t) — X(t1)| > a} < 2exp{—a®/{2e{G(t1)}*(t2 — t1)}},

t1<t<to
for all 0 <a< €G(t1)(t2 — tl).

Proof. For any 6, the process

Y (t) = exp {HX(t) — /Ot{e”w —1-0F(u)} du}

is a supermartingale (van de Geer [8, p. 1795]), and stopping at a easily yields
to
P| sup (X(t)— X(t1)) > a} < e R {eXp (/ {7 1 — 9F(u)} du)}
11 <t<ts t1
< e %exp (gGQGQ(tl, ta) du) ,
if 0 < 6G*(t1,t2) < 1. The corresponding bound for inf;, <;<¢, (X (t) — X (¢1)) is proved

in analogous fashion. Now, if a < eGs(t1,t2), choose 0 = a/{eG2(t1,t2)}, giving the first
conclusion of the lemma. The second follows by choosing 0 = a/{eG(t1)*(t2 —t1)}. 1

The second lemma establishes some smoothness of the function ¢! (6) := E{e=" ()},
Lemma 4.2. With ¢! defined as above, and for any s, h, > 0, we have

6240 (0) = 04(0)] < e le™*(1—e™");
|62(0(1+6)) — ¢5(0)] < dmin{e”",0}.

Proof. We note that W1(s) > 0 and that EW(s) = 1 for all s. Then, writing X(h) :=
Wl(s+ h) — W!(s) and using (2.17), we have

E{X,(h)|F} = 0; E{(X,(h)?|F} < Wis)e (1 —eM), 4.1)

for any s, h > 0. Hence, using (4.1), and taking expectations first conditional on ]?S, we
have

wn(0) = 61(0) = E{e O M — 140X, (h) - 0X,(h)}}
_ E{e*"Wl(S)E{(e*"Xs(h) —1+6X,(h)) |]?é}}

This implies that

0L (0) = 8L(6)| < AB{e W ORW (s)e (1 - e M)} < et (1 e,
e
since ze~* < e~!, proving the first inequality.
For the second, since e *(1 — e %) < e~ 'in 2z > 0 and EW'(s) =1,

601 +8)) — oL(8)] = [E{e ™" (1 —e W Y < gminfe !, 0} n
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