n b
Electr® 8biljty

Electron. J. Probab. 23 (2018), no. 62, 1-20.
ISSN: 1083-6489 https://doi.org/10.1214/18-EJP189

On the Liouville heat kernel for k-coarse MBRW*

Jian Ding' Ofer Zeitouni* Fuxi Zhang®

Abstract

We study the Liouville heat kernel (in the L? phase) associated with a class of loga-
rithmically correlated Gaussian fields on the two dimensional torus. We show that for
each € > 0 there exists such a field, whose covariance is a bounded perturbation of
that of the two dimensional Gaussian free field, and such that the associated Liouville
heat kernel satisfies the short time estimates,

e b
exp | —t T2 <pl(z,y) <exp|—t 'Tz7 ,

for v < 1/2. In particular, these are different from predictions, due to Watabiki,
concerning the Liouville heat kernel for the two dimensional Gaussian free field.
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1 Introduction

In recent years, there has been much interest and progress in the understanding of
two dimensional Liouville quantum gravity, and associated processes. We do not provide
an extensive bibliography and refer instead to the original (mathematical) articles and
surveys [10, 11, 5] for background. A starting point for this study is the measure which
is the exponential of the Gaussian free field and is constructed rigorously using Kahane’s
theory of Gaussian multiplicative chaos [19].!
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1with some abuse, we refer in the sequel to this measure as the LQG measure. Thus, in our terminology, the
LQG measure is the Gaussian Multiplicative Chaos (GMC) built from a logarithmically correlated Gaussian
field. As pointed out to us by Remi Rhodes and by an anonymous referee, in the physics literature the LQG
measure is often meant to represent a modification of this measure, e.g. by normalizition with respect to the
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One aspect that has received attention is the construction of Liouville Brownian
motion using the Liouville measure and the theory of Dirichlet forms. Mathematically,
this has been achieved in [13] (see also [4]), and properties of the associated Liouville
heat kernel have been discussed in [14, 17, 2]. One important motivation behind the
study of the Liouville heat kernel is that it can be used to study the geometry (and critical
exponents) of Liouville quantum gravity. Indeed, a particularly nice application of the
construction of the Liouville heat kernel is that it allows for a clean derivation of the
so-called KPZ relations [3]. Another important motivation, discussed in [17], are the
predictions of Watabiki [20] concerning the short time behavior of the Liouville heat
kernel. (We emphasize that the paper [20] is a physics paper, and its results are not
formulated as precise theorems and in particular do not refer explicitly to heat kernel
exponents. What we refer to as “Watabiki’s predictions” are reasonable extrapolations
from the formulae in [20], under the common mapping of exponents from dimensions to
heat kernels. This point is discussed in greater detail in [17].) See [17, 2] for existing
(weak) estimates on the diffusivity exponents of the Liouville heat kernel.

An important aspect of the class of logarithmically correlated Gaussian fields, that
is fields whose covariance is a bounded perturbation of the logarithmic covariance, of
which the 2D Gaussian free field is arguably the prominent example, is the universality of
many quantitites. We mention explictly Hausdorff dimensions, statistics of the maximum,
etc., see [19, 7]. One could naively expect that for Gaussian fields in this class, the
predicted exponents of the Liouville heat kernel would be universal. If that is indeed the
case, we would say that the heat kernel exponents are universal.

Our goal in this paper is to provide an example where the explicit predictions on
Liouville heat-kernel exponents (which can be extrapolated from [20] and discussed
in [17, 2]) do not hold for some two dimensional logarithmically correlated Gaussian
fields which are bounded perturbations of the Gaussian free field. Namely, we study in
this paper the heat kernel for Liouville Brownian motion constructed with respect to a
particular logarithmically correlated field, introduced in [6] under the name k-coarse
modified branching random walk (MBRW for short). Given k£ > 0 integer, this is the
centered Gaussian field on the torus T = R?/(4Z)?, denoted h = {h(z)}scr, With
covariance

G(z,y) = klog2 > A(z,y;27H),
=0

where A(z,y; R) = |B(z, R) N B(y, R)|/|B(z, R)|, B(z, R) is the (open) ball centered at z
with radius R with respect to the natural metric on the torus, and |B| is the Lebesgue
measure of a set B. The particular choice of the scaling of the torus T = R?/(4%)?
(rather than R? / 7Z?) is not important and only done for convenience.

We will show in Section 2.1 that for all £,

1
G(z,y) =logm+k(lx—yl), (1.1)

where ) is continuous in (0, 2] and |\| < 6k. Fixing v € (0,2), we introduce in Section 2.3,
following [13], the Liouville measure u”, Liouville Brownian motion (LBM) {Y;}, and
Liouville heat kernel (LHK) p/(z,y), associated with (v,h). Formally, the Liouville

1

measure on T is defined as x7 (dz) := e?(*)~ 57"ER(®)* Iz one then introduces the positive

total mass of the GMC, adding point singularities, etc. In this paper we follow the terminology established
in [10], and only note that global, absolutely continuous modifications such as a normalization by the area
would not change the main results. For more on this issue from the mathematical perspective, see [12] and
references therein.
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continuous additive functional (PCAF) with respect to u” as
v 2
Flv) ::/ V(X )= F BR(X)? g
0

where {X;} denotes a standard Brownian motion (SBM) on T. The LBM is then defined
formally as Y; := Xp-1(;), and the LHK p/(z,y) is then the density of the Liouville
semigroup with respect to 7, i.e.

B f(Y;) = / P (@, ) f (0)” (dy),

where the superscript x is to recall that Yy = Xy = «.
Let IP denote the Gaussian law of h. The main result of this paper is as follows.

Theorem 1.1. Suppose 0 < v < % and xz,y € T with ¢ # y. For any ¢ > 0, there
exist k(e, z,y) and a random variable Ty depending on (z,y,~, k,&, h) only so that for any

k> k(e,z,y) and t < Ty,

“t=e —rite
exp [ —t ‘T2 <p/(z,y) <exp |-t '*3z7 , P-as.. (1.2)

Remark 1.2. The results of this paper shows that the exponent of the LHK with respect
to the k-coarse MBRW is for large k and small ~, roughly (1 + ox(1))/(1 + 42%/2). In
particular, it does not match values one could guess from Watabiki’s formula, see [20, 17],
based on which one would predict that for « small, the exponent is (1 +o(7))/(1 + 772%/4).

In a forthcoming paper [9], the present authors relate the heat kernel exponent
to the exponents of distances derived from the LQG itself. Together with [8] and
the results of this paper, this shows that the heat kernel estimate for the LQG built
from the standard GFF is not the same as the one for the k-coarse MBRW, and both
differ from Watabiki’s prediction. This is yet another manifestation of the expected
non-universality of exponents related to Liouville quantum gravity, across the class of
logarithmically correlated Gaussian fields. See [6, 8] for other examples. We do not
know what are the different universality classes for the exponents. In particular, as
pointed out by a referee, it is possible that fields with a certain regularity (i.e., such that
f(z,y) = G(z,y) + log |z — y| is a bounded continuous function, also on the diagonal) all
belong to the same universality class.

Heuristics. We describe the strategy behind the proof of the lower bound, and the
upper bound is similar. First, represent hierarchically the k-coarse MBRW as follows.
Let h; be independent centered Gaussian fields on T with covariance

Eh;(z)h;(y) = klog2 x A(z,y;27%) =: g;(x, ). (1.3)
Formally, h = Z;’;O h;. For given ¢, choose r such that ¢t = 2*’”(”%72*0(1)), and decom-
pose the field h into a coarse field ¢, and a fine field v,., with

r—1

Pr ::Zhj Py ::Zhj7 (1.4)
Jj=r

with respective covariances

r—1

GV (w,y) = klog2)  A(w,y;27%), GP(w,y) =klog2) Alw,y;27%).  (1.5)
7=0 j=r

Note that much like the MBRW, the fine field is not defined pointwise but only in the
sense of distributions.
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With &, r fixed, we partition T into 22(*7+2) boxes of side length s = 2%, elements of
BD, = {[a27*", (a+ 1)27*) x [p27*", (b+ 1)27)} e atr2) .

We call the elements of BD, s-boxes. Similarly to [6], we will find a sequence of
neighboring s-boxes B;, 1 < ¢ < I (with I < 2kr(1+6) ' § chosen below) connecting x to y,
so that the following properties (of the B;’s) hold. The coarse field ¢, throughout each
B; is bounded above by §krlog 2, where ¢ > 0 is small and will be chosen according to ¢
in Theorem 1.1. With probability at least s°, the LBM associated with the fine field v,
crosses each B; within time s?>~°. Forcing the original LBM to pass through this sequence
of boxes, we will then conclude that it spends time at most 287(1+8) x 20vkr—37%kr s2—5 _
9—kr(1+37°=(2+7)9) = $14+0(4) crossing from x to the s-box containing y. This happens with

1
o e
probability at least (s‘s)? s exp(—t 't27? E), and, modulo a localization argument,
completes the proof of the lower bound.

Structure of the paper. The preliminaries Section 2 is devoted to the study of the
covariance of the k-coarse MBRW h, and in particular to verifying that its covariance
is a bounded perturbation of that of the Gaussian free field. We also discuss the power
law spectrum of x” and the construction of the LBM with its corresponding PCAF. In
addition, Section 2.2 is devoted to a study of the coarse field ,, and results in estimates
on its fluctuations and maximum in a box. Section 3 is devoted to a study of the fine field;
we introduce the notions of slow and fast points/boxes and estimate related probabilities.
(The property of being fast is used in the proof of the lower bound, and that of being slow
is used in the upper bound.) Finally, the proof of lower bound is contained in Section 4,
and that of upper bound is contained in Section 5. Both these sections borrow crucial
arguments from [6].

Notation convention. Throughout the paper, we restrict attentionto 0 <y < 1/2. T
is equipped with the natural metric inherited from the Euclidean distance. We choose
d > 0 small and k large integer (as functions of €) and keep them fixed throughout. We
let C;, ¢ =0,1,... be universal positive constants, independent of all other parameters.
With r as described above, we let BD, (x) denote the unique element of BD, containing
x. For £ > 0, an {-box means a box of side length ¢. Let By(x) denote the ¢-box centered
at z, and let B(z,¢) denote the ball centered at « with radius ¢. For any box B, let cp
denote the center of B. If B is an {-box, denote by B* the (5¢)-box centered at cg. We
use P and IE to denote the probability and expectation related to the Gaussian field h.
Let P” and E” be the probability and expectation related to the SBM starting at . We
let F'* and F)¥ be the PCAFs for the LBM and ¢,-LBM started at x, respectively. When
the starting point x needs not be emphasized, we drop the superscript x.

2 Preliminaries

Section 2.1 is devoted to the proof of (1.1). In Section 2.2, we study the coarse field
o, and bound its maximum on small boxes as well as the fluctuation across such boxes.
Section 2.3 is devoted to a quick review of the construction and existence of the LBM
and the LHK.

2.1 Proof of (1.1)
Let d denote the T distance between z,y, and fix r := ro(d) > 0 integer so that

2—/€(T0+1) < g < 2—/477‘0.
5 =
Denote

0.4 = arcsin(2¥9d/2), j=0,1,...,7.
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We compute the covariance gj(z, y), c¢.f. (1.3). For j < rg, note that R := 2= ki > %; set
0 = 0, 4. Then |B(z, R)NB(y, R)| = (7 —20)R? —2R?sin(0) cos(0) = nR? — R*(20 +sin(26)),
which implies that A(z,y; R) = 1 — 1(20 + sin(26)). It follows that with j € Z,

_ f klog2— "1°82(20, ; +sin(26;4)), ifj < ro,
95(@:y) = { 0, otherwise. (2.1)
We now write
o0 To 1 To
G(z,y) = Zgj(x, y) = Zgj(:c,y) =klog2 | (ro+1)—— (26,4 + sin(26; 4))
=0 7=0 ™ i=o
(2.2)
Since ¢ = r¢(d), we obtain that
G(z,y) = g(d) for some function g : (0,2] — R. (2.3)

We now show that g is continuous. Indeed, note that for any fixed j, d — 0;4 is
continuous (in d € [0,2'*/]). Thus the only possible discontinuities of g on (0, 2] are
whenever —log,(d/2)/k is an integer (i.e. equals r(d)); however, for such d we obtain
that 0, (4),q = 7/2, which together with the continuity of d — 0; 4, yields the continuity of
g.
To estimate g(d), note that for all & € [0, 5], 0 < sin(26) < 2sin(f) and 6 < 2sin(¢), and
therefore
0 < 20 + sin(26) < 6sin(6). (2.4)

In particular,

70

1 6= o b 12
—| (2050 +sin(20,,4))| < =Y 27H0T) < =N Pamh < S <y
s ™ Vs ™

=0 i=0

Jj=0

On the other hand, |k(rg + 1)log2 + logd| < (k + 1)log2 < 2k. Combining the last two
displays with (2.2) shows that

l9(d) + log d| < 6k,
yielding (1.1).

2.2 The coarse field
Note that g;(z,y) is a positive definite kernel on L?(T), since, with R = R; = 27,

Qj(%y) = |B(O,R)|g](x,y) = ~/JI‘dZ 1{\z—x\§R}1{|z—y|§R}

and therefore, for any f € L?(T),

/(T)2 1@ f(y)g; (@, y)dedy = /sz (/T dx f($)1{1z|<R}>2 >0.

Since g;(z,y) is Lipshitz continuous, Kolmogorov’s criterion implies that the associated
Gaussian field « — h;(z) is continuous almost surely (more precisely, there exists a
version of the field which is continuous almost surely). Consequently, the coarse field ¢,
is also smooth. In this section, we estimate the maximum value as well as the fluctuations
of ¢, in a box.

We begin by recalling an easy consequence of Dudley’s criterion.

EJP 23 (2018), paper 62. http://www.imstat.org/ejp/
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Lemma 2.1. ([1, Theorem 4.1]) Let B C Z? be a box of side length ¢ and {n,, : w € B}
be a mean zero Gaussian field satisfying

E(nz - 7711))2 < |Z - w‘oo/e for all z,w € B.

Then E max,,cp 1, < Cy, where C is a universal constant.

The next lemma is usually referred to as the Borell, or Ibragimov-Sudakov-Tsirelson,
inequality. See, e.qg., [16, (7.4), (2.26)] as well as discussions in [16, Page 61].

Lemma 2.2. Let {n. : z € B} be a Gaussian field on a finite index set B. Set 0? =
max,cp Var(n,). Then for all A\;a > 0,

2,2

Ao a?
E - <ez2 P - >q) < 2e 27,
[exp{A(max . — Emaxn.)}] <e™=", and P(|maxn, — Emaxn.| > a) < 2e72
Proposition 2.3. Suppose k is large. For allr > 1,

E(e,(x) — ¢r(y)® < 2F |z —y|, Vo,yeT.

Proof. Use the notation in Section 2.1. Letd = |z — y

, 70 = ro(d). By (2.1) and (2.4),

2klog2 (9. 1 +sin(20; 4)) < 2kd2%7, V5 < rq,
Bihye) — 1) < { e T < G

Vi > ro,
where we use sin(6; 4) = 2¥7d/2 in the case j < ro.
Ifrg>r—1,
r—1 r—1 ‘
Ep, (2) — ¢ (y)? = S B(hy(2) — hy(y))? < 2kd 3 29 < 2¥7d.
j=0 j=0

Otherwise, rg < r — 2.
70
E(op(z) — @r(y))? = 2k(r —ro — 1)+ Y _ 2kd2" < 2k(r — ro — 1) + 4kd2"™.
§=0
Note 2k7d > 2k(r—ro=1+1 gnd y — 1y — 1 > 1. It follows that

E(r—ro—1) 4 4k - ”
E(pr(x) — Sﬁr(y))Q < WQIC d+ Qk(r—ro)Qk d< ok d,

since k is large enough. O

Corollary 2.4. Suppose k is large. Let B denote a box of side length ¢, and set M :=
max.cp ¢, (2). Then, EM < v/2CoV/2F7¢.

Proof. We discretize B by dividing B into 22" identical boxes B’s and identifying the
lower left corner ¢ of each B as a point in Z2. Denote by M,, the maximum value
of ¢, over these ¢’s. By the continuity of the coarse field, M, increases to M as
n — oco. By Proposition 2.3, we can apply Lemma 2.1 to ¢,./v2*¥72¢ and conclude that

EM,, < v/2CyV/2*¢. The monotone convergence theorem yields the result. O
Corollary 2.5. There exist ro = ro(k,d) such that the following holds for k large and
r > ro. Enumerate the boxes in BD, arbitrarily as B;, i = 1,...,22(,"*2) Denote
M; = max;ep: or(x), Mif = SUp,ep: or(z) — @or(cB,)|, and M¥ = MAX) <;<2(kr+2) sz
Then
1527.,. .
P(M; > 6krlog?2) < 2e~ 50 Frloe2 (AT > §krlog2) <e .
EJP 23 (2018), paper 62. http://www.imstat.org/ejp/
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Proof. Note that, for all z, Eg,(z)?> = krlog2. By Corollary 2.4, EM; < v/2Cyv/5 <
30krlog?2 for r > ro(k, ). By Lemma 2.2,

P(M; > 6krlog2) < P(M; — EM,; > %5k7’ log 2) < 2¢(2%krlos2)”/(2krlog2) _ 9,—§8%krlog2

Denote le = sup,¢ep+(@r(x) — @r(cp,;)). Similarly, we have ]P(le > O0krlog2) <
2¢ 32 (0kr1082)* noting BN = EM,; and by Proposition 2.3, E(¢p,(z) — (¢, ))? < 2+ |z —
cp,;| < 4 for all z € Bf. Furthermore, by a union bound and symmetry,

92(kr+2)
(5klog2)2 2
32 T

P(M! > dkrlog2) < Y 2P(M/ > dkrlog2) <64 x 22e™ w " <,
=1

where in the last inequality we use r > ro(k, d). O

2.3 Construction of the LBM and LHK

There are several ways to construct the Liouville measure ¥ with respect to h, say,
via the method of Gaussian multiplicative chaos [15]. In our case, since we deal with
v < 1/2, it is particulaly simple by applying L? methods. So, in the rest of this section
we concentrate on the construction of the LBM and LHK.

Suppose € = o= kr, Noting (2.3) and d < 2, we can assume z,y € [—1, 1]2, which is
regarded as a subset of T. Then,

G(z,y) =GP (ex,ey), ie. Glew,ey) = G(z,y) + G (ex,ey) (2.5)
since A(ex,ey; 27 *019)) = A(x,y;27%7). By (2.1),

1
G (ex,ey) < GV (ex,ex) = krlog2 = log -

It follows that 1
G(ex,ey) < G(z,y) + logg . (2.6)

By a standard reasoning (see [19, Theorem 2.14] for example), one has
]E/ﬂ(B(O,g))q < Cv(q)gé(cz)7

where C (¢) is a constant depending on ¢ (as well as ), and

2 2
gl 7 2
= 2 —_— —_—— .
€a) =2+ 5)a- 5a
For any 2~ %("t1) < ¢ < 27%", we take C(q) = C(¢)2~*(® and conclude that
Eu(B(0,))? < Eu” (B(0,27%7))7 < C(g)27 €@ < O(q)et@, (2.7)

Recall that the coarse field ¢, is smooth, so
H,(u) := / eer (X =3 Ber (X% gy
0

is well-defined.

With (2.6) and (2.7), one can follow the arguments in [13, Section 2] and obtain the
following conclusions. Let F' denote the PCAF associated with p7. Then, P-a.s., the limit
of H, in P?-probability exists and it is the PCAF F;; that is, P*(supy<;<p |F (u) — H,(u)| >
a) =00 0, forall @ > 0 and T > 0. Further, the process Y; = B(F_l(t) is a strong
Markov process, which is called the LBM with respect to ;7. The LHK p; (z,y) exists and
satisfies E* f(Y;) = [ f(y)p:(x,y)p" (dy). Furthermore, by [14, Theorem 0.1] and parallel
arguments in [17], p (z, y) is continuous in (¢, z,y).
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3 Fast/slow points/boxes of the fine field

This section is devoted to the study of properties of the fine field. For the lower bound
on the LHK, we need to construct regions which are fast to cross for the LBM, while for
the upper bound we will need to create obstacles, i.e. regions which force the LBM to be
slow. Toward this end, we introduce in Definitions 3.1 and 3.2 the notions of fast/slow
points and boxes, and estimate, in Lemmas 3.3 and 3.4, the probability that a point/box
is fast/slow.

Throughout, we fix s = 27*" for an appropriate integer » > 1 (as explained in the
introduction, r, and hence s, are chosen so that ¢t = sl+%72+°(1)). This choice determines
the fine field v, see (1.4). With this choice, one can construct the PCAF F,. based
on ¢, in the same way as F' was constructed, by replacing the measure " with the
truncated measure u) written formally as p) (dz) = (@)= B (2)* gy (as before, the
actual construction involves the smooth cutoff 1), ,, := ij: ,» h; and taking the limit as
w — 00). Formally, we write

v
FT-(U) :/ e’er(X“, _%szwr(X“)Qdu.
0
We note also that the sequence of approximating PCAF

v
Frw(v) = / V¥ () =37 Erw (X gy
' 0
converges as w — oo, in the sense described at the end of Section 2, to F..

Fix 61, 02,03,£1,62,e3 > 0 small, possibly depending on k,~v and s. Fix z € T and

recall that By(z) denotes the ¢-box centered at z. Let o, o denote the time that the SBM
(starting from z) hits 0By(z).

Definition 3.1 (Fast points and boxes). A point z is said to be fast if
PZ(FT(S2 /\O-Z_rﬁs) S 82/51) Z 1-— 62.

The set of fast points is denoted by F. An s-box B is said to be fast if |B N F| > §3s2.
Definition 3.2 (Slow points and boxes). A point z is said to be slow if

P*(Fr(0,,5) > 5152) > g9 (3.1)

The set of slow points is denoted by S. An s-box B is said to be slow if |[B N S| > e35°.

We emphasize that the notions of fast/slow points and boxes depend on the fine field
1, only. Further, a point (or box) may be fast and slow simultaneously.
Our fundamental estimate concerning fast/slow points is contained in the next lemma.

Lemma 3.3. There exist universal positive constants Cy, C3 such that the following hold.
() P(zeF)>1-4.
(ii) Fore; < Cy and &5 < C3e~ %7, we have P(ze8) > 120C3e =657,

Proof. (i) Set £ = F7(s> Ao, 6s) and n = P*(£ > s%/6;). By definition,
P(z ¢ F)=P(n > ) < En/ds.
Note that

01

z z 6 z
En = E*P(¢ > $2/6)) < B = S%E (s Aoags) < 01

Combining the last two displays, one obtains P(z ¢ F) < d;/d2, completing the proof.

EJP 23 (2018), paper 62. http://www.imstat.org/ejp/
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(ii) We use the abbreviation o = o, ; and set now £ = F?(0) and n = P*(£ > £15?).
Without loss of generality, we suppose z = (0,0) and consistently drop z from the notation,
writing B, = Bs(z). Since < 1, we have En = Enl{,>.,1 + Enlg, .,y <P(n > e2) + €.
By definition,

P((0,0) € S) =P(n > e3) > En — ey = EP(€ > £15%) — . (3.2)

We are going to estimate IP(¢ > £1s?) via the second moment method. Recall that E¢ = o,
which is of order s?. To compute the second moment, note that since v < 1/2, the
sequence of squares of approximating PCAFs (Fr’w)2 are uniformly (in w) integrable (see
the argument just after (3.3) below) and therefore

E2 = EF,(0) = /U /a e (X =5 B ()T () =370 (6" gy y
0 0

/ / e’ystQ)(X"’X“)dudv:/ e”Qng)(w’w/)z/(dw)l/(dw') =: 1,
o Jo w'€B,

where {X,} is the SBM starting from (0, 0), G?) is defined in (1.5), and v denotes the
occupation measure of { X, } before exiting B, i.e.

[ twptdn) = [ f(xu)du
wE B 0
Let @ = 2" w and @' = 2*"w’, with @, %’ € T. By (1.1) and (2.5),

46k =log —— +6k.

1
ng) (’LU,U}/) = G(ﬁ),ﬁ}/) < log | |
w—w

=8 % — ]

Consequently,

1 2 2 g g 1
L. < Sk’ 572/ — = _v(dw)v(dw') = 557 g7 / / ——dudv.
! wawes, |w—w|r’ (dw)v(dw) o Jo |Xu— X,

Let X, = 1X,2,, and let 6 = o /s? be the time that the SBM {X,} started at (0,0) exits

[—1/2,1/2]%. Then
o8 ol 1
L. < 661”234/ / ——————dudv.
0 0 |Xu - Xv|’y

Note |X\EX 7> |X\;§X /4 since | X, — X,| < v/2 and 42 < 1/4. Thus,
Ky = Rl 2 51K, — X,
It follows that
Lo <2e%7°5'f, where [ = /& /& e (3.3)
o Jo | X, — X,|1/4

Note that I is a random variable depending only on the SBM {Xu}. By [18, Theorem 4.33],
EI < co. Consequently, there exists a universal constant C; such that P(I < 1C1) > 3/4.
Hence, the event E; := {E¢2 < C1¢5%7° s1} has probability P(E;) > 3/4. By the scaling
invariance of the SBM, there exists a universal positive constant C5 such that the event
Ey = {0 > 2035} has probability > 3/4. Thus, P(E; N Ey) > 1/4.

Assume FE; N E5 happens. On the one hand, on F1,

(B€Lgese,y)”

2
IP(f > 5152) > Ec2 = CLefk st (Egl{ﬁzslsz}) :

EJP 23 (2018), paper 62. http://www.imstat.org/ejp/
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On the other hand, on Ej, & = F.(0) > F,(2C,s%) =: (. Note that 2Cys?> = E( <
EC]'{CZ€132} + 6182. We have E€1{£261s2} > IEC]-{CZQL@} > (202 — 61)82 > 0282, where we
use the assumption ¢; < Cs. Thus,

(0282) ’ C 76k’y

2
IP(&Z&S)ZW*CI s

on El N EQ.
Consequently,

C? 2 C? 2
P& >e15%) > E(P(E > e15°)1{pnm) = € 7 x P(E1 N Ey) > —2-¢ %7,
Ch 4C1
Take Cs := C2/(484C}). Then EP(¢ > £152) > 121C5e %" This, together with (3.2) and
2
the assumption 5 < C5e=%7", implies the result. O

The next lemma estimates the probability that an s-box B is fast/slow.
Lemma 3.4. (i) P(B is fast) > 1 — & — §3.

—6ky2g—2k

(ii) Suppose 5 < C3e~ %7 and g5 < C’ge_l%"fz. Then, P(B is slow) > 1 — e3¢ if

€1 is less than some constant 1(7, k).

Proof. (i) By Lemma 3.3(i) and the translation invariance of the fine field ¢,., E|B N F| >
(1—%)52. Since |Bﬂ]—"\ < ‘B‘ < 82, 1{|Bﬂ]—'\<6352}+‘Bmf|1{\Bﬁ}'|26332} <
0357 + 52 1{|pnF|>s,s2}- Hence, B|B N F| — d3s* < s’P(|B N F| > d35?) = s*P(B is fast).
Therefore, P(B is fast) > % (E[B N F| — 635%) > 1 — § — ds.

(ii) Our strategy is as follows. We will divide B into n? identical boxes B of side
length § = s/n, where n is to be chosen properly to support the following arguments.
In each box B, one can find O(s2/n?) slow points in average, by Lemma 3.3(ii). Then,
we would like to use large deviations to show that, with high probability, there are at
least 352 slow points in B, i.e. B is slow. Unfortunately, the random variables
measuring the size of the cluster of slow points in the smaller boxes B, are heavily
dependent. To obtain the appropriate large deviation estimates by independence, we
will replace Tz in (3.1) by 0 5, and use a new parameters £; to define the property of a

point to be slow. Let S consist of slow points. Then, the random variables |B; N S |'s are
almost independent, and good large deviation estimates for their sums can be obtained.
Finally, we will show that by choosing &; properly, B N S C BN S with high probability,
completing the proof.

The actual proof is in four steps. In the first step, we set the parameters n and &,
and give the definition of being slow. In the second step, we will show |B N S | > 0382
with high probability. In the third step, we will show BN S C BN S with high probability.
In the last step, we collect the results obtained and show (ii).

Step 1. Let

1
k:=+/—loge;, rp:= L% logy k|, m:= 2", (3.4)

Equivalently, we write €; in the form of e, pick r¢ such that 2#70 < x < 2k(0+1) and
set n = 2k Take ,
& =t (3.5)

The parameters n and &; depend only on ¢; (and k,7v). As e; — 0, we have Kk — oo, and
ro — oo as well as n — co. Furthermore, &, — 0, since &, < e(27n+7%/242)logno—r* <
e(n+7?/242)logn—n® and p, — co. Therefore, there exists a constant £;(, k) such that
&1 < Cqif ey <eq(v, k). Furthermore, we pick £; (v, k) such that

n logn— )2 —6k~2 _ak~2
267% < e—nz log n’ 6—2036 6k7" 2 + e—nz logn < e—Cge 6k" 2 (36)
EJP 23 (2018), paper 62. http://www.imstat.org/ejp/
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as 1 < e1(7, k). Note that £; and e, satisfy the assumptions in Lemma 3.3(ii) for ¢;
and es.
Let 5 := s/n, and 7 := r + r( such that 5 = 27*". We say that

a point z is slow if P*(Fy(0.5) > £5%) > e,.

Denote by S the set of slow points.

Step 2. Suppose B is an 3-box. Applying Lemma 3.3(ii) to the slow points, we obtain
~ = 2
E|B N S| > 12003e~ %732 = 2432, where we denote

a = 60C5e= 0k (3.7)

Note that |[B N S| < 52, which implies that E|B N S| = E|BN SN‘l{|Bﬂs~|2a§2} +E|BN
S|1{|Bﬂ§|<a§2} < $P(IBNS| > as®) + a5>. It follows that

P (|J§ ng| > a§2> > s% (E|B ns| - a§2) > a. (3.8)

Without loss of generality, we suppose B = [0,s)?. We next partition B into n?

identical s-boxes, from which we pick those of the form [4i5, (4i 4+ 1)3) x [448, (45 + 1)3),

i,j € ZN[0,n/4), and enumerate them arbitrarily as B;, i = 1,--- ,(n/4)?. Note that

B; NS depends on the restriction of the fine field ¢ to the (25)-box centered at cj3 , and

Yi(w) is independent of ¥ (w’) if |w — w’| > 23. It follows that the random variables
|l§i NS|’s are mutually independent. Let

x; = 1if \Bi ﬁS| > a§%, x; = 0 otherwise.

n?/16 2 /0, 22\ : ; S =2 2 /(32 — 2
Then >, |7 xi > €35°/(a8”) implies | BN S| > a5* x €35%/(as”) = e35°. It follows that

8382

(3.9)

as?

n?/16
P(|BNS| > e3s?) > P Z Xi >
i=1
Now we estimate the right hand side of (3.9) via large deviations. Note that the x;’s
are Bernoulli random variables, with P(y; = 1) > q, see (3.8), and therefore
EeX=1-(1-e " HP(i=1)<1-(1—-eYa<exp(—(1—e1)a).
Using independence and Chebyshev’s inequality we get

n’/16 2 2 2 2
€3S €38 _y.\n%/16 €38 n _
P E Xi < a2 <exp(a§2) (Ee Xl) <exp<a}§2 —E(l—e 1)a) . (3.10)
i=1

S

Recall that § = s/n, a = 60C3e~ 7", see (3.7), and g5 < C:fe*u’wz = (&)? by assumption.
Thus,

as® 16 602 16
Combining (3.10) and (3.9), we conclude that

2 2 1 1—¢e ! .
s (1—eNa< < - c > an? < —2C5e~%" p2.

n®/16 9
5 €38 —2Cae— kY2
P(|BNS| < e3s?) <P ;< e 2Cse T 3.11
(1BNS|<ess) <P | 3 xi<— o | < (3.11)
=1
EJP 23 (2018), paper 62. http://www.imstat.org/ejp/
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Step 3. Abbreviate 0 = 0, , and & = o, ;. Recall that z € S if P*(F,(0) > £15%) > e
while z € S if P*(F:(6) > £,5%) > &,. Since § < s, it holds that ¢ < 0. Consequently,
FZ?(5) < F?(o). Therefore,

P*(F.(0) > e15%) > P*(F,(5) > e15%), forall z. (3.12)
We are going to compare F?(5) with F?(5), and show below that

P(£)>1—e ™ 198" where £ = {P*(F,.(5) > £15%) > P*(F:(5) > £,82) for all = € B}.
(3.13)
Combined (3.12), it follows that if £ occurs then 2 € S = 2 € S, for all z € B, and in
particular £ C {BN SCBN S}. It follows then from (3.13) that

P(BNS ¢ BNS) <P(E°) < e losn, (3.14)

which we will use in the next step. Before doing that, we first complete the proof of
(3.13).
Let ¢ = ¥, — ¥, which has covariance

71
Gr (w1, ws) = klog2 Z A(wy, we; 2787,
j=r
Set L3
M = max(—¢(w)), where B= [_58’ 55)2 is the 2s-box centered at cp.
weB

Set B = 25" B, which has side length 2. Note that A(wy, wa, 27%) = A(dy, iy, 2750~ "),
where ; = 2¥"w;. Therefore, {¢(w), w € B} is a copy of the coarse field {¢,, (1), w € B},
with w being identified as @ = 2*"w, where we recall that ry = # — r and is defined in
(3.4). By Corollary 2.4, EM < /2Cyv/2k70 x 2 = 2Cy+/n. Since E¢(w)? = krglog2 = logn
for all w, we have

(2nlogn—2Cy ﬁ)Q

P(M > 2nlogn) < 2e~ 2logn <e ™ logn (3.15)

where we use Lemma 2.2, and the last inequality holds by (3.6). Noting for all z € B,
the 5-box centered at z is contained in B, we have X, € B for u < &, where we drop the
superscript z in X,,. Therefore, on the event {M < 2nlogn}, it holds that for all z € B,

o
Fio) = / V) =B B (X0)? o 16 (Xa) = BR(X)? g,
0
5 2
> e*’YM*WTkTO ]ogQF’F(&) > e*Vanogn*%logan(&%

where in the first equality we use the independence of ¥; and ¢. By the definition of &;
in (3.5),

72
P*(F.(6) > 15%) > P*(F;(5) > e¥?nloentyloeng 2y — p2([5(5) > £,5%).

Therefore, we conclude that {M < 2nlogn} C £. This, together with (3.15), implies
(3.13) and completes the proof of (3.14).

Step 4. If [BNS| > 352 and BNS C BNS, we have |[BNS| > €352, i.e. B is slow. Hence,

1-P(Bisslow) <P(|BNS| <e35°) +P(BNS ¢ BNS).

EJP 23 (2018), paper 62. http://www.imstat.org/ejp/
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By (3.11) and (3.14), it follows that

1-P(Bisslow) < exp{—2036_61”2n2} + exp{—n?logn}

CRLA2 CGLA2 oL —6ky2 5—2k
exp{—Cse™ %7 n?} < exp{—Cae %7 2722} = Fae 2

A\

where in the second inequality we use (3.6) and in the last two inequalities we use (3.4).
This implies (ii) and completes the proof of the lemma. O

The next lemma bounds below F? (o, 35) uniformly in z in slow boxes.

Lemma 3.5. There exists a universal positive constant C, such that the following holds.
Suppose B is slow. Then, P*(F, (0, 3s) > £15%) > Cyeqes for all z in the closure of B.

Proof. Abbreviate ¢’ = 0, 35. Let p1(w, w’) denote the heat kernel of the SBM, killed upon
exiting [0, 3]?, at time 1. Let C, := miny, . efo.5,2.52 P1(w, w'), which is positive. Suppose
that the SBM started from z hits BN S at time o, and point w. Since |[B N S| > e352,
we have that P*(0,. < ¢’) > Cyes. On o, < o', F?(0') > o, where o is the time that
the ¢,-LBM started from w exits Bs(w). Since w € S, P¥(c > £15?) > &5. By the
strong Markov property, P*(F,(0') > €15%) > P*(0. < 0/,0 > €15%) > Cye3 X €2, which
completes the proof. O

4 Lower bound

—1 _4o(1
We continue to take s := 27F" = 14377 ol ). To obtain the lower bound on the LHK,

we will force the LBM {Y,”}, started at z € T, to hit y € T according to the following
three steps. First, we will force the LBM to hit inside BD,.(y) a point which is very fast (a
notion to be defined below), then hit inside B(y, 51“’/) (where 8’ > 0 is a parameter to be
chosen), and finally we force the LBM to hit y. We will allow time about ¢/3 for each step,
and show that these steps respectively bring factors e=* ", §2+28+0(1) and O(1) for
the lower bound of the heat kernel. This will give the lower bound e— """ §2+28'+o(1),

1
which is > exp(—timis) as required.

The argument is naturally split according to these steps. In Section 4.1, we compute
the probabilities of the first step in Lemma 4.1 and of the second one in Lemma 4.3, after
introducing the notion of very fast points; in that section, r will be arbitrary, i.e. not tied
to the value of t. We pick the value of r according to ¢ in Section 4.2, where we will deal
with the third step and show the lower bound.

4.1 Lower bound for hitting probability

Suppose ¢ > 0, r > 1 integer, and set s = 27", Take §; = 5%, §, = 5%, §3 = 5%, and
define fast points/boxes with respect to the parameters 4, do and d3.

Lemma 4.1. There exist positive constants ¢, kg = ko(d), co = co(k,d) and rq =
ro(z,y,7,9,k), not depending on r but possibly depending on k,~, such that the fol-
lowing holds for k > kg and r > rg. Suppose D is a random set (i.e. depending on h)
and D C BD,(y). Let ¢; be the hitting time of D by the LBM started from x. Then, with
P-probability at least 1 — e=" — P(|D| < §3s?),

Pl(gl < Sl+%"/2—45—(/”¥5) > 6—87(1+26)

(4.1)

Proof. We construct a sequence of neighboring s-boxes connecting = and y, as follows.
Discretize T by regarding each B € BD, (equivalently, its center cp) as a point in Z2.
We investigate the discrete Gaussian field ® := {¢,(cg), B € BD,.}, together with the
Bernoulli process Z := {{p, B € BD, } defined by £ := 1 iff B is fast. Next we will apply

EJP 23 (2018), paper 62. http://www.imstat.org/ejp/
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[6, Theorem 1.7] to (®,Z). Set N = 2*", and correspond B, ¢,(cp), {5 respectively to
w € Z2, N .w, ENw in [6]. Then,

e = is independent of ®, since = depends on the fine field while ® depends on the
coarse field.

» The collection of random variables {{g}pepp, has finite range dependence, in
particular ¢ is independent of g/ if |cg — ¢B/|o > 9s. (In the language of [6], Z is
q-dependent for ¢ = 9.)

« P(¢g =1) is equal to a same value p for all B.

For constants ¢(> 2), §, r, we introduce the event & = & (¢, d, r, k) defined as the existence
of a sequence B;, i =1,--- ,I of s-boxes in BD,. satisfying the following properties:

(@) ¢r(cp,) <(c—1)0krlog2,i=1,...,1I.
(b) B;isfast (i.e., (g, =1),1=1,...,1I.
(c) I <s (+9),

(d) By = BD,(x), Bf = BD,(y), and B;,, is a neighbor of B;, i.e. |cp,,, — cB,
i=1,...,1—1.

= S,

By Lemma 3.4, p > 1 — 25 — 1 as r — oo. In particular, p is larger than p, defined in
[6, Theorem 1.7], when r > r1(J). As in [6, Theorem 1.7], there exist positive constants
(> 2), ko, ¢o = ¢o(0) and ro = ro(x,y,7,0, k) > r1 so that, for k > kg and r > ro,

P(&) >1— (1 —p)t/400 _ g=%or, (4.2)

where we use ¢ =9 and p - 1 as r — 0.

Remark 4.2. (i) The space is the torus T here, while it is a box in [6]. One can identify
the torus as [0,4)?, and consider the box [1, 3]? where we locate = and y, noting that h(z)
is independent of h(w) if |z — w| > 2. (ii) To achieve (4.2), it is not crucial whether one
uses balls B(z, R) (as in our situation) or boxes Bag(x) (as in [6]) to define A(x,y; R).
That is, the proof of (4.2) is similar to that of [6, Theorem 1.7].

Let & be the event that the following properties hold.
@) |pr(2) —r(cp)| < dkrlog2 forall z € B* and B € BD,..
(b’) z is fast.

By Corollary 2.5, P(a’) > 1 — e~ ". By Lemma 3.3, P(b') > 1 —6,/6, = 1 — 275" Take ¢
such that 27624057 4 e=%" 4 ¢=7 4 2-kT < ¢=co” Then, we have

P(E) >1—e " —P(|D| < 635%), where £ = & NE N {|D] > d35%}.

Next, we are going to show that (4.1) holds on £, completing the proof. Suppose £
holds. We will force the SBM to follow this sequence of boxes; to control the LBM time,
we will force also passage through fast points, and some additional properties, as follows.
Recall that { X7} is the SBM starting from x. Construct a sequence of hitting times o; as
follows. Let 01y = 0. Then Xgl =z € By N F by (b’). Suppose that o; has been defined,
such that z; := X7 € B; N F. Define

Bi NF, ifi<I—2,

=1 >0 X = Oiy1—0; =
o1 :=inf{u >o0; : X7 € A}, and 7; = 0;41—0;, where A {D7 i1

Informaly, 7; is the time it takes for the SBM to cross B; into the next box B;;; and hit a
fast point.
Note that (a) together with (a’) implies that

(@") Forall z € U; B}, ¢,(z) < cdkrlog?2.

EJP 23 (2018), paper 62. http://www.imstat.org/ejp/
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In order to take advantage of (a”’), we need to also control the path of the SBM when
traveling from z; to B;; N F. Toward this end, define

5’121nf{u201Xﬁ e@B:‘} and 7; = 6; — 0;.

Thus, 7; is the time it takes the SBM to exit B when starting at z;. We will force the
events 7; < s? and 7; < 7; to ensure that the LBM stays inside B and spends a short
enough time to hit B;; N F.

Let p1(w,w’) denote the heat kernel of the SBM, killed at exiting [0, 5]?, at time 1. Let

1 ,
Cy = 5 wl’wr/n€1[11174]2 p1(w,w'), (4.3)

which is positive. Then, for any ¢ > 1,
Pm(Ti S 82 S 7~'Z) Z 20553

since on &, |B; 11 N F| > §352 by (b), and |D| > d352. Let

7i:=1inf{u > 0: X,, 44 € OBss(x;)}.
Recall that x; is a fast point, Vi < I — 1. By the strong Markov property of the ¢,.-LBM,
P (Fp(0; + 82 NFi) — Fu(oy) < 8%/81) = PY (Fo(s* N0y, 65) < 82/61) > 1 — da.
Therefore,
Po(1; < 82 <7, Fp(o; + 82 N73) — Fp(0;) < 5%/81) > 2C563 — 02 > Csd3

for r larger than r3 := r3(x,y,7,9d,k) > ro, where we used that §o = 0o(d3) as r — oc.
By definition, 7; < 7;. Hence, if 7; < s? < 7;, we have 7; < s> A 7; thus F,(0;11) <
F,.(0; +s®> A7), and by (a”),

Fx(5i+1) . FI(O'l) < eWCSkHOgQ*%VQkHOgQ(Fﬁ(a’,;_,_l) o Frz((ﬂ))
Collecting the above inequalities, we have that for:=1,...,7 — 1,
PI(F(O'H_l) o F(O’l) < ewcékrlog27%72krlog252/51) > O563. (4.4)

Finally, note that ¢, < Y./ (F(0,11) — F*(0:)). By (c), (4.4) and the strong Markov
property of the LBM,

_ = (1420

Pm(gl < Ie'ycékr10g27%,y2krlog282/51)) > (6553)1 >e (4.5)

for r > 1o > r3. Note however that Je7ekrlog2=377krlog22 /5, < g14+37°-49-¢78 Together
with (4.5), this completes the proof of the lemma. O

Let 8’ > 0 be fixed. Abbreviate B = BD,.(y), and set A = BN B(y, 81+Bl). Denote by
T4 (respectively, 7*) the times that the SBM hits A (respectively, 0B*). A point z € B is
called very fast if P*(F,(s%) < 527974 < s < 7%) > 1/2. Let VF denote the set of very
fast points. We would like to mention that the very fast property does not imply the fast
property.
Lemma 4.3. (i) P(|[VF| > 035%) > 1 — 3s°.
(ii) Let <5 denote the time that the LBM hits A. Then, there exists ry = r1(0,7, k) such
that the following holds for r > r,. With P-probability at least 1 — 2~ 59 krlog2,

P(gy < s2T27 70770y > 242640y, c PF (4.6)
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Proof. The proof of (i) is parallel to Lemma 3.4(i) combined with Lemma 3.3(i), while
that of (ii) is parallel to (4.4).

(i) Set & = F?(s?) and n = P*(¢ > s>7°|ra < s% < 7*). By a proof similar to that of
Lemma 3.3(1), P(z ¢ VF) = P(n > 1/2) < 2En = 2E*(P(£ > s*9)|ra < s < 7%) < 28°
since P(¢ > s279) < s972IE¢ = s, for all z € B. Then, (1 —2s%)s? < E|VF| < $?P(|VF| >
8352) + 0352, i.e. P(|VF| > 035%) > 1 —2s° — §3 = 1 — 35, where we recall that d3 = s°.

(ii) For any z € V.F,

1
P*(F(s?) <s* % 74y <s*<7%) > S < 52 <),

With C5 defined in (4.3), we have P?(14 < s? < 7%) > 2C5|A| > 2C5 x %st(Hﬁ'), noting
that A contains at least a quarter of B(y, 81+ﬁ/). It follows that, for r large enough,

PHE() < 70 ma < 87 < 1) 2 D028 5 2420745,
By Corollary 2.5, with probability > 1 — 2e~§9°#71°62 we have ¢, (w) < dkrlog?2 for all
w € B*. On this event,
{FT(S2) < 32757771 < 52 < 7_*} - {g; < 675kr10g27%72kr10g25276}

for all z € B. Noting that e7%k7los2—37 krlog242-0 — ¢2+37°=0-73 completes the proof. [

4.2 Proof of the lower bound in (1.2)
We take

i logt —log 3 1
Ty =[— ,
¢ (14 142 =45 — eyd)klog 2
and set s = 2%t 50 that
I S S T
2_k(t/3) 14+542-45—cvs <s< (t/3) 1+592-45-cys . (4.7)

The following lemma is a straight forward adaptation of [17, Corollary 5.20]. We omit
the details.

Lemma 4.4. There exists a constant 8 = (v, k) and a positive random variable Uy =
Uo(7, k; h) such that for all u < Uy,
inf inf 3 > 1.
ZHEIT wET,\}ﬂn—z\guﬁ pu(z, 'LU) -
Set 8 = (1 + 7% — 46 — ¢v8)B. By (4.7), £ := s'*F < 5% < s(+37°—40-cv8)B < (1/3)B,
Let s be the time the LBM hits the small ball B(y, £). It follows that ¢ < u”. Consequently,
by strong Markov property and Lemma 4.4, it follows

pi(z,y) > P"(c <2t/3), Vi< Uy. (4.8)

Next, we estimate P*(¢ < 2t/3). We follow the notations in Lemma 4.1 and Lemma 4.3.
Define very fast points with respect to the parameter 3, and take D as VF. Then, for
any r > rg V r1, (4.1) and (4.6) hold simultaneously, with probability 1 — e~%" — 350 —
2¢~59°kr10g2 Note that t — 0 is equivalent to 7, — co. By the Borel-Cantelli Lemma, we
can find Ty = Ty(=,y,7, &, k; h) < Uy such that for all ¢ < Tj, both (4.1) and (4.6) hold for
r = r¢, and furthermore

1
ems T 242846 exp (—t 14397 E) (4.9)

1426
1+ 572 —45—cvd

Markov property, P%(c < 2t/3) > P%(¢; < t/3) min,eyr P (¢ < t/3) > e~ " g2+26'+0
This, together with (4.8) and (4.9), gives the lower bound in (1.2). O

where we take § (according to ¢) such that

< 1+1%72 + ¢. By the strong
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5 Proof of the upper bound in (1.2)

We begin with the following lemma, whose proof is a slight adaptation of that of [17,
Theorem 4.2]. We omit further details of the proof.

Lemma 5.1. For any ¢ > 0 there exist 5 = 8(g,v, k) > 0 and positive random constants
¢1 = c¢1(h) and ca = c3(h) such that, for all z,w € T and u > 0,

B
¢ |z — w|\#1
pI(z,w) < 1e OXP (—02 ( YL ) .

We turn to the proof of the upper bound in (1.2). Fix « such that

/8 Z 11 b
ﬂ—l 1+§")/2

a>1 and (g—2)

B

and set v = t* in Lemma 5.1. Then, for z ¢ B(y,t?),

5
C1 t2 A1
Pia(2,y) < aire) &P <—C2 (W)

c1 == et
< mexp —caot 2 <exp|—t 2 ,

where the last two inequalities hold for ¢ smaller than some 77 (v, ¢, k, h). It follows that

1
774’,55

/| | 2plta(%Z)p?a(z’y)u”(dZ)SeXp(—t v, (5.1)
z—y|>t

On the other hand, again from Lemma 5.1, pj.(z,y) < ta(ﬁilﬂ) for all z. Thus,

C1 -
/| Pl @ 2R (i) < i P (Vi 9] < ).
z—y|<t

Assume t? < | — y|/2 and set
¢:=inf{u >0:Y) ¢ B(z, |z —y|/2)}.
Note that {|Y;_;« —y| < t*} = {s < t}. In Lemma 5.2 below, we will show
——1 41
P*(¢ <t) <exp (—t 397 26) (5.2)
for ¢t smaller than some Tx(v, k,&; h). It then follows that
_@-ﬁ-%e).

C1
/|z_y<t2 Pile (@, 2)pie (2, y)1 (d2) < ey exp(—

Combining the above inequality with (5.1), we conclude that

pl(z,y) = / DYt (@, 2)p7e (2, )7 (d2)
= / Dy o (2, 2)pla (2, y)u7 (dz) + / Pi_pa (@, 2)pfa (2, y) 1 (dz)
t—t> 9 te 9 t—t> 9 te 9
syl <t? |z—y|212
7++l ,%4,
(14 et 87 ) Sexp(t TET)

for ¢ less than some Tj. This completes the proof of the upper bound in (1.2), modulu the
proof of Lemma 5.2. O
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Lemma 5.2. There exists kg = ko(¢) and a random variable T, = T»(v, k,€; h) such that,
forall k > kg and t < T», (5.2) holds, P-a.s.

Proof. The proof is similar to that of Lemma 4.1. We will discretize T using BD,., and
show that for § > 0 and k large enough,

Pi(s < 2—kr(1+%72+36+c76)) < o210 (5.3)

for all r > r¢(v, k, d; h), P-a.s., where ¢ > 0 is a constant. Then, we will pick a proper ¢
(according to ) and a proper r (according to t), to obtain the lemma.

We begin by discretizing T, fixing r > 1 and s = 27%". We identify each B € BD,
(equivalently, its center cg) as a point in Z?2 in the natural way. We next define inductively
the discrete path associated with the path {X, : u < ¢}, where {X,} is the SBM starting
from z and < is the time {X,} hits dB(z, 1|z — y|). We use the radius 1|z — y| rather than
%|;z: — y| for the convenience that we do not involve the last point in the discrete path
(defined below) to 0B(z, |z — y]).

Let 7 = 0. Suppose 7; has been defined. Set B; := BD,.(X;,). Then, define

Tit1 = inf{u > 7, : X,, € 9B }.

This procedure stops naturally when 7,,; cannot be defined. We call this sequence of
B,’s a discrete path from z to dB(z, |z — yl).

Next, set e; := s°, g5 1= Cye= %7, o3 = 056‘12’“72, and define slow points/boxes
with respect to €1, €2 and e3. Set {p = 1{3 is slow} - We study the discrete Gaussian
field ® = {¢,(cg),B € BD,} and the Bernoulli process E = {(p,B € BD,}. Note
that = is of finite range dependence (4-dependent in the language of [6]), and by
Lemma 3.4, P(ég = 1) =p > 1 — 2‘”“503‘37%%27%, which converges to 1 as r — oo.
For (®, =), similarly to [6, Theorem 1.5], we can find positive constants ¢, kg, ¢y = é(9)
and 1 = ri(z,y,7,9d,k) such that the following holds for k¥ > ko and r» > r;. With
probability > 1 — e~%", we can find boxes B;,, j=1,---,1 in any discrete path from z
to dB(x, |z — y|) such that ¢, (cp,) > —(c — 1)0krlog 2, Vj, and the following properties
hold.

(@) B, is slow (i.e. EBij =1), Vj.
() I>s 0179,
Furthermore, by Corollary 2.5, with probability at least 1 — e~ %" — ¢~", we have (a),
(b) and the following property (c) all hold.
(©) ¢r(2) > —cdkrlog2, Vz € B}, Vj.

Remark 5.3. When a discrete path is identified as a sequence of points vy, vy, - -- on Z2,
v;+1 may not be a neighbour of v;. However, we have |v;11 — v;]o, < 2 for all 7. Then, the
proof in [6, Theorem 1.5] automatically extends to the current setup.

Set 0j = F¥(7i,41) — F*(7i;) and x; := 1{,,>¢,52}- By (a) and Lemma 3.5, P*(y; =
1) > Cyeses for all j, which implies that Ee % < 1 — Cyeqes(l — e 1) < e~ Caszea(l—e™h),
Note that the o;’s are mutually independent by the strong Markov property of the
1,-LBM, and so are the yx;’s. Therefore,

I

pz ZX@ < El[ < (€€1E€7Xj)l < e*(C45263(17€71)751)I < 67%C482€3[7 (54)
j=1
where we use that e; = 2779 < Cyese3(l — e”! — 1) for all r larger than some

ro :=12(7,0) > r1. By (c), x; = 1 implies that

- . ST 120 1o ST L2700
F.L(Tij+1) _FL(Tij) >e ycdkr log 2— 5y kr 10g20_j > 2 yedkr—5y k75182.
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Thus, Z§=1 X; > €11 implies that
¢ > 2—706/€T—%72kr€182 x e ] > 9—kr(1+57*+35+c76)

This, together with (5.4) implies that

I
Po(c < 2—kT(1+%’y2+35+c’y§)) <P ZXj <l < 67%0462(5321”(1_5) <.

— b

_okr(1-25)
Jj=1

for all r larger than some r3 := r3(7y,d, k) > ro. By the Borel-Cantelli Lemma, there exists
a random number ry = 7(7, k, ; k) such that (5.3) holds for all » > r(, P-a.s..
For any t, define

] logt |
Tt = | — .
' (1+ 142 +35 + ¢y0) klog2
Equivalently,
2krt < t_ 1+%«,241r35+c~,5 < 2k(n+1). (5.5)

Note Ehat t — 0 is equivalent to r; — 0. Therefore, there exists a random constant
To = To(7, k, d; h) such that for any ¢ < T, (equivalently, r, > ry), (5.3) holds for r = ;.
This together with (5.5) yields that

Pf(g S t) S exp <_(2—kt_1+%w2+135+u75)1—26> ]

Finally, we pick & such that 1+%7121§%+675 > 1+1%ﬂ{2 — Le, and then pick Ty(7, k, &;h) < Tp

-1 41
such that the right hand side above is less than exp(—t 207 26), completing the
proof. O
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