n b
Electr® 8biljty

Electron. ]J. Probab. 23 (2018), no. 58, 1-47.
ISSN: 1083-6489 https://doi.org/10.1214/18-EJP183

Sample path properties of permanental processes”*

Michael B. Marcus’ Jay Rosen?

Abstract

Let Xo = {Xa(¢),t € T}, a > 0, be an a-permanental process with kernel u(s,t). We
show that X}/ *isa subgaussian process with respect to the metric

o(s,t) = (u(s, s) + u(t, t) — 2(u(s, t)u(t, s))/*)2.

This allows us to use the vast literature on sample path properties of subgaussian
processes to extend these properties to a-permanental processes. Local and uniform
moduli of continuity are obtained as well as the behavior of the processes at infinity.
Examples are given of permanental processes with kernels that are the potential
density of transient Lévy processes that are not necessarily symmetric, or with kernels
of the form

ﬂ(x7y) = U(J}, y) + f(y)7

where u is the potential density of a symmetric transient Borel right process and f is
an excessive function for the process.
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1 Introduction

An R™ valued a-permanental random variable (X,(1),...,X,(n)) is a non-negative
random variable with Laplace transform

n ) 1
E( ’Zizls"X“(l)) =G 1.1
¢ IEEE (1-1)
for some n x n matrix U and diagonal matrix S with positive entries sq,...,s,, and a > 0.

We refer to the matrix U as the kernel of (X, (1),...,X4(n)).
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Sample path properties of permanental processes

An a-permanental process X, = {X,(t),t € T} is a stochastic process that has finite
dimensional distributions that are a-permanental random variables. In this paper 7 is
usually R*, a subset of Rt or IN, the set of integers.

An a-permanental process X, is determined by a kernel {u(s,t),s,t € T} with
the property that for all ¢1,...,t, in 7, {u(t;,t;),4,5 € [1,n]} is the kernel of the
a-permanental random variable (X, (¢1), ..., Xa(t,)). To avoid trivialities we restrict our
attention to kernels with the property that for all § > 0, sup,.su(t,t) > 0.

An extensive class of examples of kernels of permaneﬁtal processes is given by
U = {u(s,t),s,t € T} when U is the potential density of a transient Markov process with
state space 7T, with respect to some o-finite measure m on 7 and u(s, t) is finite for all
s,t € T. In this case U is the kernel of an a-permanental process X, for all a > 0; see
[5, Theorem 3.1], and for all distinct (t1,...,%,) in 7, the n x n matrix {u(t;,t;)}7;_, is
invertible; (see [18, Lemma A.1]). We refer to these permanental processes as associated
a-permanental processes because they are associated with the transient Markov process.

The following observation about bivariate a-permanental random variables is the key
to the results in this paper: Suppose that (X, (s), X,(¢)) is an a-permanental random

variable with kernel
_( u(s,s) wu(s,t)
Vot = ( ult,s) ult,t) ) ' (12
It follows from [20, p. 135] that u(s,s), u(t,t) and u(s,t)u(t,s) are all greater than

S
or equal to 0. Furthermore, one can see from (1.1) that (X,(s), X(t)) also has the
symmetric kernel

~ u(s, s) (u(s,t)u(t,s))1/2

Use = ( (u(s, t)ult, s))1/? u(t,t) ) (1.3)
and B

|Us.t| = |Usi| = u(s, s)u(t, t) —uls, t)u(t,s) >0, (1.4)

(see (3.73)), so that the symmetric kernel [757,5 is positive definite.
Let X, be an a-permanental process with kernel {u(s,t),s,t € T}. It follows from
(1.4) and the inequality between arithmetic and geometric means that

u((s, s) +u(t, t) — 2(u(s, t)u(t,s))/? > 0. (1.5)

We then define the function {o(s,t),s,t € T} by

o(s.) = (uls, ) + u(t, 1) — 2u(s, u(t, s))1/2)1/2 > 0. (1.6)

We refer to {o(s,t),s,t € T} as the sigma function of X,. Note that although we don’t
require that u(s, t) is symmetric, o(s,t) obviously is symmetric. When X, is an associated
a-permanental process then{o(s,t),s,t € T} is a metric, [11, Lemma 4.2].

When u(s,t) is symmetric and is a kernel that determines a 1/2-permanental process,
aw

Y12 = {Y1,2(t),t € T}, then Y7 o o {G?%(t)/2,t € T} where {G(t),t € T} is a mean zero
Gaussian process with covariance u(s,t). In this case

o(s.t) = (B G0 - 6)7) " = 16 - Gs)a 1.7)

In [11] and [16] we use these observations to show that many properties of Gaus-
sian processes which are obtained using their bivariate distributions also hold for
1/2-permanental processes. In this paper we show how such properties also hold for
a-permanental processes, for all o > 0. Theorem 1.1 is the critical step in this work.
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Let 12(x) = exp(z?) — 1 and | - ||y, be the Orlicz norm in the corresponding Banach
space. A fundamental relationship in the study of Gaussian processes is

1G(s) = G(O)|ly, = 2|G(t) — G(35)]2- (1.8)

We extend this result to a-permanental processes.

Theorem 1.1. Let X, = {X,(t),t € T} be an a-permanental process with kernel
U = {u(s,t),s,t € T}. Then

1X2/2(s) = X3 2 ()l gy < Cao(s,t) :=dc, o(s,1), (1.9)

for some finite constant C,.

As we just stated, when u(s,t) is symmetric and is a kernel that determines a
1/2-permanental process, the process is {G%(t)/2,t € T}, where {G(t),t € T} is a
mean zero Gaussian process with covariance u(s,t). In this case (1.9) gives

MG = 1G] llws < C"IG(E) = G(s)]l2- (1.10)

for some absolute constant C’, which is just a bit weaker than (1.8) because
LG = 1G@)] | < 1G(s) = GBI
1

Theorem 1.1 shows that {dc , (s, t), s,t € R*} dominates || Xa'%(s) — X3/ ()|, There-
fore the proof used in [11, Theorem 3.1] to obtain results for the uniform modulus of
continuity of 1/2-permanental processes extends immediately to a-permanental pro-
cesses for which (1.9) holds. Similarly, the results in [16, Theorems 4.1 and 4.2] on the
local modulus of continuity of 1/2-permanental processes, extend to all a-permanental
processes for which (1.9) holds. These are given in Theorems 8.1 and 8.2 in the Appendix.

The reason we present these theorems in an appendix is because the results for the
uniform modulus of continuity and local modulus of continuity in (8.6) and (8.8) are quite
abstract. However, as we show in [16, Example 4.1], when T = RT and there exists an
increasing function ¢ such that for all 0 < s, < o0,

a(s,t) < (|t —s|), (1.11)
where 12
p(u)
/0 7u(log1/u)1/2 du < oo, (1.12)

then (8.6) and (8.8) give results for 1/2-permanental processes, that are the same as
familiar results for Gaussian processes, although we don’t get the best constants.

In order to get precise results with the best constants, we examine more closely
permanental processes with kernels that allow (1.11) and (1.12) to be satisfied and obtain
stronger versions of (8.6) and (8.8) by generalizing a classical inequality of Fernique.
Here are some examples of results we obtain.

Theorem 1.2. Let X, = {X,(t),t € [0,1]} be an a-permanental process with kernel
u(s,t) and sigma function o(s,t) for which (1.11) and (1.12) hold for some function ¢(t)
that is regularly varying at zero with positive index. Then,

. | Xa(t) — Xa(0)] 1/2
limsup su < 2Xa/ 0 a.s. (1.13)
h—)OpOStIS)h ¢(h)(loglog 1/h)1/2 ( )

Ifu(0,0) = 0, and if in addition to the conditions on ¢ above, ¢*(h) = O(u(h,h)), then

Xa(t)
li ) <1 as. 1.14
H0” ult ) loglog 1/t - (14
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and X (1)
t
limsup su - <1 a.s. (1.15)
h_mpogfgh u*(h,h)loglog1/h
where
u*(h,h) = supu(t, t). (1.16)
t<h

Note that when X/, is 1/2 times the square of Brownian motion, its kernel v satisfies
u(h, h) = h. In this case the upper bounds in (1.14) and (1.15) are well known to be best
possible. (This is also why we get loglog 1/t in the denominator of (1.14) rather than
(2loglog1/t)1/2.)

The reason we get (loglog 1/h)'/?

in the denominator of (1.13) is because
Xo(t) — Xa(0) = (Xg/Q(t) - X}/Q(O)) (X}/z(t) + Xg/Q(o)) . (1.17)

Ast — 0, Xém(t) + X!;/2(0) — 2X§/2(0), so that the denominator in (1.13) only has to

control ( ,;1/2(15) — Xé/z(O)). (See Lemma 3.9 for details.)

The next theorem gives uniform moduli of continuity.

Theorem 1.3. Let X, = {X,(t),t € [0,1]} be an a-permanental process with kernel
u(s,t) and sigma function o(s,t) for which (1.11) and (1.12) hold. Assume furthermore,
that o(t) is regularly varying at zero with positive index. Then

. | Xa(s) — Xa(t)] 1/2
limsup sup ————— <2 sup X 12(¢ a.s. (1.18)
hoo e tisn @(h)(log 1/h)Y/2 = " yej0y “ ©
s,te|0,

We also investigate the behavior of permanental processes at infinity. The following
simple limit theorem is best possible for the squares of some Gaussian processes with
stationary increments.

Theorem 1.4. Let X, = {X,(t),t € R} be an a-permanental process with kernel u(s,t)
and sigma function o(s,t) that satisfies (1.11) and (1.12). Then

1imsuan7(t) <1 a.s. (1.19)

too  W*(t,t)logt —
Under additional hypotheses we get the familiar iterated logarithm in the denomina-
tor.

Theorem 1.5. Under the hypotheses of Theorem 1.4 assume furthermore that u(t,t) is
regularly varying at infinity with positive index and ©*(t) = O(u(t,t)) ast — oo. Then
X (t
lim sup # <1 a.s. (1.20)
t—oo  u(t,t)loglogt
We require (1.12) because we are considering the processes on R* so in order for
them to behave well for all 0 < t < oo they must be continuous. We also want to study
the behavior of permanental sequences X, = {X,(¢,),n € IN} in which {¢, } has no limit
points, or in which lim,, .. t, = ty but X, is not continuous at ty,. Processes of this sort
are treated in the next theorem.

Theorem 1.6. Let X, = {X,(t,),n € IN} be an a-permanental sequence with kernel
u(t;, tx) and sigma function o (t;,ty).
Assume also that 3% := lim,, o, 0%(t,,0) logn exists. If 3 = oo,

Xa(tn)

limsup ———+— <1 a.s. (1.21)
n_wop 02 (tn,0)logn
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If0 < 8 < oo then

limsup | Xo (t,) — Xo(0)] < B2 +28XY2%(0)  a.s. (1.22)

n—oo
If3 =0,

. | Xa(tn) — Xa(0)] 1/2
1 <2X 0 .S. 1.23
l;risolip U(tn7 0)(10g n)1/2 = o ( ) a.s ( )

The reader may wonder why (1.9) is given in terms of X;/ 2 when we are really

concerned with the permanental processes X,. The reason is that for X, we only have
[Xa(s) = Xa(t)lly, < Cho(s,t), (1.24)

for some finite constant C/,, where 91 (z) = exp(z) —1 and || - ||,4, is the Orlicz norm in the
corresponding Banach space. Sufficient conditions for the continuity and boundedness
of processes satisfying (1.24) are weaker than those for processes satisfying (1.9). See,
e.dg., [12, Theorem 11.4]. (It is much easier to obtain (1.24) than (1.9), we do this in [11,
Lemma 3.2 and Corollary 3.1].)

We apply the results above in the following examples:

Example 1.7. FBMQ" Let Z,, 3 = {Z;,t € R, } be a Lévy process with characteristic
function
Ee%v8 = g %8Nt (1.25)

where
¥y 5(N) = [A"TH(1 — iB sign () tan(y7/2)), (1.26)

for 0 <y < 1and |f]| < 1. Consider the transient Markov process that is Z, 3 killed at the
first time it hits zero and let ur, . g(z, y) denote its zero potential. Therefore, ur,.,,s(x,y)
is also the kernel of a-permanental processes for all a > 0. These permanental processes
belong to the class of processes FBMQ’“B. (See page 30 and [11, Section 5.1] for the
explanation of this notation.)

Theorem 1.8. Let Y,., 3 = {Ya,,,3(2z), 2 € RT} be an a-permanental process with kernel
UTy:y,3- Then forallT >0

Y. —-Y,. t
limsup sup Yoir 5(5) ~,8(1)] <

h—0  |s—t|<h (h/’y log 1/h)1/2 -
s,t€[0,T]

1/2
WE((1+ )Ty 5) 2 (sup Ymmt)) (1.27)
teT

almost surely,

Yoy 5(t)
20, 5 <limsup sup —22A <91 1 |8))C a.s. (1.28)
V7B — h—>0p0§t1§)h h/\/ IOgIOgl/h — ( |6|) V7B
and v
iy (1
limsupﬁ =2C, 3 a.s., (1.29)
t—oo t7loglogt ’
where

O p— SO DET) (1.30)

m(1+ 52 tan?((y + 1)7w/2))
Example 1.9. We also consider the transient Markov process that is Z, g killed at the
end of an independent exponential time with mean p. Let u,. g(x,y) denote its zero
potential. Therefore, u,., g(x,y) is also the kernel of a-permanental processes for all
a > 0. The next theorem is similar to Theorem 1.8 except that Y,,., 3 = 0, whereas

Ya.p4,8 > 0 almost surely.
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Theorem 1.10. Let Y., , 3 = {Ya,p,,5(2),2 € R"} be an a-permanental process with
kernel u,.~ g. Then for allT > 0

Ya. — Y, t
limsup sup | O"”V'Yﬁ(s) aﬁ,'y,ﬁ( )|

h—0  |s—t|<h (h'Y 1og1/h)1/2
s,t€[0,T]

(1.31)

1/2

< 2VA(L+ B0 (500 Yoy s(8)

almost surely,

. Yaipr,8(t) = Yaip,800)] 1/2
1 b 2L < 2v2((1 C, 5%y, 0) a.s. (1.32
msup sup R i V2((L+18)C5,8)*Yaip,6(0) s (1.32)

and 0
Yaipoy.a(t

lim sup 22200 — p 5. 1.33

msup = pyB S (1.33)

Dy L [T Relpt )
R N PR OVIE

The potentials in Examples 1.7 and 1.9 are not symmetric when § # 0. Prior to
this paper there have not been examples of permanental processes that do not have
symmetric kernels other than this case, i.e., when the kernel is the potential of a Lévy
process. The next theorem shows how we can modify a very large class of symmetric
potentials so that they are no longer symmetric but are still kernels of permanental
processes.

d. (1.34)

Theorem 1.11. Let S a be locally compact set with a countable base. Let X =
(Q, F, X¢, 0+, P”) be a transient symmetric Borel right process with state space S and con-
tinuous strictly positive potential densities u(x,y) with respect to some o-finite measure
m on S. Then for any excessive function f of X and a > 0,

u(z,y) = u(z,y) + f(y), T,y €5, (1.35)

is the kernel of an a-permanental process.

A function f is said to be excessive for X if E* (f(X:)) 1 f(z) ast » Oforallz € S. It
is easy to check that for any positive measurable function h,

@)= [utntdmt = £ ([~ nixo ar) (1.36)
0
is excessive for X. Such a function f is called a potential function for X. All the potential
functions considered in this paper are continuous. This is discussed at the beginning of
Section 6. We describe other excessive functions, some of which are not potentials, in
the next two examples.

Example 1.12. Let B = {B;,t € R*} be Brownian motion killed after an independent
exponential time with parameter \2/2, or, equivalently, with mean 2/\%. The process B
has potential densities,
e~ Ay—z|
A )
and f is excessive for B if and only if f is positive and is a A\? /2-superharmonic function,
[4, p. 659]. In particular, f € C? is excessive for B if and only if it is positive and
f"(x) < A\2f(x) for all x € R'. Examples of such functions are e"* for |r| < X and ¢ + |z|?

au(x,y) = x,y € R, (1.37)
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for § > 2 and q > qo, where ¢y depends on 5 and A. It follows from Theorem 1.11 that for
functions f that are excessive for B,

Us(s,t) = e M=t f(1), st e0,1], (1.38)

is the kernel of an a-permanental process on [0, 1] for all « > 0.
The function e **~*l, st € R*, is also the covariance of a time changed Ornstein-
Uhlenbeck process.

Theorem 1.13. Let X, s = {X, f(t),t € [0,1]} be an a-permanental process with kernel
Uy(s,t) where f € C? and is excessive for B. Then

i [Xas(t) = Xa s (0)] s
limsup su d ! <2V22AX./5(0) a.s. (1.39)
heopogtlg)h (hloglog1/h)1/2 o,f(0)

and, forallT > 0,

i | X, p(s) — Xa (1) ( o )1/2
limsup su ) ) < 2v2)\ ( su Xar(t , (1.40)
h—»Op \s—t[\z;z] (thg 1/h)1/2 tE’ZE 7.f( )
s,t€[0,T

almost surely.
We now obtain an upper bound for the behavior at infinity.

Theorem 1.14. Let )?a,f = {)?a,f(t)7t € [0,00)} be an a-permanental process with
kernel us(s,t) in (1.38) but for s,t € [0,00), where f € C? and is excessive for B. Then

, Xo.s(t)
lim su el g a.s., (1.41
P (I+ f(t)logt — )

and when lim;_, ., f(t) =0,
Xa,z(t)

lim sup =1 a.s. (1.42)
t—o00 logt

In particular this holds if f is a potential for B, with h € L} (0,00). (See (1.36).)

Example 1.15. Let B = {By,t € R"} be Brownian motion killed the first time it hits 0.
B has state space D = (0, 00) and potential densities

u(z,y) =2(x Ay), x,y>0. (1.43)
Theorem 1.16. For any positive concave function f on (0,00), and o > 0,
us(s,t) =sAnt+ f(t), 5,t > 0. (1.44)

is the kernel of an a-permanental processes, Zl,f = {Z%Jc(t)7 t > 0}, and
Zo s (t
1 < limsup ﬂ <14+ Cy a.s., (1.45)
oo tloglogt

where Co = lim;_, f(t)/t, which is necessarily finite .
If f is a potential for B, with h € L} (0,00), (see (1.36)), then f(t) = o(t) and

Zo t(t
lim sup Zagl) (1.46)
t—oo tloglogt

The next theorem describes the behavior of {Z, ;(t),t > 0} as t — 0 in the case that
lim; 0 f(t)/t = o0.
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Theorem 1.17. Let Zayf be the a-permanental process defined in Theorem 1.16, for f a
positive concave function on [0, c0), with the additional property that for some § > 0

du < 00. (1.47)

J 1
/0 f(u)(log1/u)t/?

Then there exists a coupling of Za,f with a gamma random variable £, 1, with shape o
and scale 1, such that
Zo s (t
iy 2t ()
t—0  f(t)

With an additional condition on f we can describe the behavior of Zw ¢ near &, 1 more
precisely.

=&a1 .S (1.48)

Theorem 1.18. Let Za,f be the a-permanental process defined in Theorem 1.16, for f a
positive concave function on (0, co) that is regularly varying at zero with index less than
1. Then

1ZY3(t) — (f(t)€an) ]
lims d . <1 .S. 1.49
TP T (loglog /i S (149

where . is defined in Theorem 1.17.

Other examples are given in the body of this paper.
Theorem 1.1 is the main result in this paper. It deals, simply, with pairs of permanental
random variables. Let Z, = (Z4(1), Z,(2)) be an a-permanental random variable with

kernel
K:(b 7), (1.50)
v a

We point out in the paragraph containing (1.2) that a, b and | K| > 0. In addition we can
take v > 0.! We point out in the paragraph containing (1.6) that o = (a + b — 27)/2 > 0.
The next theorem is the main ingredient in the proof of Theorem 1.1.

Theorem 1.19. Let X, = (X,(1),X,(2)) be an a-permanental random variable with
kernel K in (1.50). Set

ocl=a+b—2y. (1.51)

Then forall A > 1,

g

/204y _ v1/2
P <Xa (1) = X/ 7(2)] > /\> < 0, A\(da=2)v0 e—/\z7 (1.52)

for some constant C,, depending only on «.

Note that by inequality between arithmetic and geometric means and the fact that
K| >0,

Ot (@) > 4, (1.53)

Hence if 0 = 0 we have equality throughout (1.53) which implies that « = b and |K| = 0.
We point out prior to the statement of Lemma 2.1 that this implies that X2/ (1) = x/ %(2)
almost surely. We take the quotient 0/0 in (1.52) to be 0. (See Lemma 2.1.)

1 An a-permanental random can have more than one kernel. In particular if it has kernel (1.50) then it also
has the kernel with v replaced by —~.
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We are interested in local moduli of continuity and rate of growth of Xol/ % and X, It
follows from Theorem 1.19 that when o < 1/2,

1/2 _ 1/2 2
P <|Xa (i)(s j)(a UINS A) <Ce (1.54)

for some constant Ca, d~epending only on «. It is well known; (see, e.g., [15, Lemma
5.1.3]), that for G = {G(t),t € T}, a mean zero Gaussian process with covariance

u(s,t)/2,
P <W > /\) <e N, (1.55)

Comparing (1.54) and (1.55) it is clear that upper bounds for the rates of growth of
Gaussian processes that are proved solely by using the Borel-Cantelli Lemma applied
to increments of the process, should also hold for the square roots of permanental
processes when « < 1/2. This is the case even when « > 1/2 and the exponential in
(1.54) is multiplied by a power of .

An extensive treatment of moduli of continuity of Gaussian processes is given in [15,
Chapter 7]. However the proofs use properties of Gaussian processes more sophisticated
than (1.55). Earlier treatments give many of the same results and are obtained solely
from (1.55). In Lemma 3.1 we modify an inequality of Fernique, (see, e.g., [8, Chapter
IV.1, Lemma 1.1]), and use it to obtain the results in Theorems 1.2-1.6.

Since most of the results in this paper only give upper bounds for the asymptotic
behavior of permanental processes the question arises, how good are they? We can
answer this by noting that when the kernel u(s, t) is symmetric, it is the covariance of a
Gaussian process, and the 1/2-permanental process with kernel u(s,t) is 1/2 times the
square of the Gaussian process. Therefore, we know that the upper bounds are best
possible if they are also lower bounds for 1/2 times the square of the corresponding
Gaussian process.

However, the reader probably knows that majorants for the increments variance of a
Gaussian process, as in (1.11), do not give the whole picture for sample path behavior
of Gaussian processes. For that one has to consider metric entropy with respect to the
right-hand side of (1.10). Then one can get precise results such as [15, Theorems 7.1.2
and 7.1.4]. The problem here is that to get reasonable estimates of the metric entropy
integrals, on has to require some smoothness conditions, such as, that the Gaussian
processes have stationary increments and that the two terms in (1.10) are asymptoticly
equivalent as s,t — 0. Then we get results like [15, Theorem 7.2.14]. Since our general
results include the processes considered in [15, Theorem 7.2.14] and we get the same
upper bound for the limsup, we say that generally, the upper bounds in this paper are
best possible.

We do give precise results for the limsup in (1.29), (1.33), (1.42) and (1.48). To get the
lower bounds we use a version of Slepian’s lemma given in [18]. Slepian’s lemma is the
key to finding necessary conditions for the asymptotic behavior of Gaussian processes. It
applies equally well to the process and to increments of the process because increments
of a Gaussian process are themselves a Gaussian process. Our version of Slepian’s lemma
applies to permanental processes, but not necessarily to their increments, because we do
not know whether increments of a permanental process are a permanental process. This
is why the the precise results we have are for the permanental process alone. We are
currently writing a paper in which we use [17, Corollary 3.2] to get equality in (1.39) for
1/2-permanental processes with kernels given in (1.38) and certain excessive functions

f-
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The proofs of Theorems 1.1 and 1.19 are given in Section 2. The proofs of Theorems
1.2, 1.3 and 1.13 are given in Section 3. Theorem 1.10 and the proof of the upper bounds
in Theorem 1.8 are proved in Section 4. Theorems 1.4-1.6 and the proof of upper bounds
in Theorems 1.14-1.18 are proved in Section 5. The proof of Theorem 1.11 is given in
Section 6. The proof of the lower bounds in Theorems 1.8, 1.14 and 1.16 are given in
Section 7. The extension of [11, Theorem 3.1] and [16, Theorems 4.1 and 4.2] to all
a-permanental processes for which (1.9) holds is given in Section 8.

2 Proofs of Theorems 1.1 and 1.19

Let £, , denote a gamma random variable with probability density function

,Uaxa—le—'uac

f(aav§$> = T’

z>0and a,v >0, (2.1)

and equal to 0 for z < 0, where I'(a) = fooo r% le~® dz is the gamma function.
l
It is easy to see that &, , (faw) v1¢,1 and

sty 1
E (e %t1) = o (2.2)

so that £, 1 is an a-permanental random variable with kernel 1. We also note that

1 DO a—1_—z
P (5(11/12 > A) =P ((a1 > N?) = mA 2o e du. (2.3)

2

Let A > 1. For a < 1, (2.3) is bounded by

\2(a—1) poo A2(a—1)g—2?
—_ Tdr = ——r——. 2.4
ta S ) @y

For a > 1, we see by integration by parts that (2.3) is bounded by C,\2(@=De=*’_ Thus,
for A > 1,
P(e/f 2 0) < careDe Y, (2.5)
Let X, = (X4(1),X,(2)) be as in Theorem 1.19. Then
[T+ KS| =14 s1b+ s2a + s152| K]. (2.6)

If |[K| = 0 it follows from (1.1) that

1
Efe(G1XaWM+s2Xa2)) = =~ 2.7
(e ) (14 $1b + s2a)® @7

(law)

Let (X, (1), X0 (2)) (b,a)€u,1- Then

E (e—(slxa(1)+52xa(2))) — E (e—(81b+82a)5a.1) (2.8)
_ 1 /oo 6—(slb+52a)zxa7167:r dx
I'(a) Jo
1

_ = >~ —(14s1b+s2a)z ,.a—1 d
= e X €Z
I'(a) /0

1
(1+ s1b+ s2a)®
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(law)

Therefore, when |K| =0, (X,(1), X4 (2))
ab = v? we see that 02 = (Vb — a)>.
When a # b

(b,a)éq,1, and since |K| = 0 implies that

[Xo?(1) ~ Xa"(2)] aw) |VD ~ Vala,
g Vb — /al
Thus, when |K| =0 and a # b, (1.52) follows from (2.5).
When |K| = 0and a = b, X,(1) = X,(2) so the numerator on the left-hand side of
(2.9) is equal to zero. Of course, o is also equal to zero. We take 0/0 = 0 and get (1.52)
in this case also.
For general | K

(PR e (R0 (7220

=&a,1- (2.9)

, assume that v < (a A b)/2. It follows that 02 > a V b. Consequently

g
pl/2 1/2 al/? 1/2
<P <§‘“ >A|+P @ >\ | < 20,020 D=A? (2.10)
g g
where we use the facts that X, (1) (fgw) ba.1, Xa(2) (taw) a&y,1 and (2.5). Thus we get

(1.52) when v < (a A b)/2.

We collect these observations into the following lemma:

Lemma 2.1. If |K| = 0 or ify < (a A b)/2, Theorem 1.19 holds. In particular Theorem
1.19 holds when v = 0.

We continue with the proof of Theorem 1.19. From now on we assume that v > 0 and
| K| > 0 which implies that o > 0. We use the probability distribution of (X, X3) that is
given in [13, Theorem 1.1] in terms of

_ 1 a —v
K 1( ) 2.11
K[ \=y b @1

Theorem 2.2. Let X = (X1, X») be an a-permanental random variable with kernel K.
The probability density function of X is

’Yl—oz Ta-1 (2’7\/ iL’y/(S) e—(am/é-{-by/é) (2.12)
[(a)d  (ay)t-o)/2 :

gla; (z1,22)) =

on R?, and zero elsewhere, where § = |K| and

o0

1 z 2n+v
L) = 3 oy ) 2.13)

is the modified Bessel function of the first kind.
We use the notation F(£; A) = E(£14) for sets A.

Lemma 2.3. Let X = (X1, X») be an a-permanental random variable with kernel K as
in Theorem 2.2. Then when v > 0 and p > V2,

E (exp (g (le - X§/2)) s X1 Xp > (5/2v)2) < Ca (%)Ma?m /A (2.14)

for some constant C,, depending only on «.
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Proof By Theorem 2.2

l-«

E (eXp (3 <X11/2 - X21/2>) LX) X > (5/27)2) _— (2.15)

o ['(a)d

0o oo ep(wl/z—yl/z)/ol.o‘_l (2’}’\/xy/5) 6_(al/6+by/6)1
= TY>
o Jo (wy) 1=/ {

(8/2v)2} dx dy.

We make the change of variables = u?/2, y = v?/2 and see that (2.15)

2 11—« [eclylde ] ,
:(&L)d /0/0 (uv)*e” Loy (un/8) e @Y sy dude (2.16)

where p' = p/(v/20). Over the range yuv/§ > 1, we bound

1/2 yuv /s
Lo 1 (qun/s) < ¢, 228 (2.17)

¢V 2yuw

for some constant C/,, depending on «; see [7, 8.451.5]. Therefore (2.16)

o) (1/2) =gy poo poo ,
( 7) a / / (uv)(x—l/er (u—?))e—(auz—2'y11,1)+b112)/261{‘\/“”/521} dudv. (2.18)
0 0

I'(a)d/2
(1/2)—agr  poo poo ,
< (27) Ca / |U’U|a_1/26p (u—'u)e—(au2—27uv+bv2)/26 du dv (2.19)
I'(a)d1/2 oo oo
Consider ) b2
—2
o —v) = B2 o (2.20)
20
Let w = (u,v) and z = p/(1,—1), and write this as
Kfl
(2,w) — M (2.21)
Let w = s + Kz. With this substitution (2.21) is equal to
K K-t
(2,K2) _(sK7s) (2.22)

2 2

It follows from this that if we make the change of variables u = s; + K(z); and v =
s+ K(2)2, and a > 1/2, (2.19) is less than or equal to

C” oo OO 1/2 -1
2|K|1/2/J (Js1+ K (2)1ls2 + K (2)o)* 72 em K702 sy dsg €922, (2.23)
™ —

in which W)
2) (2 e
o = 2 ?(a) Ca (2.24)
(Recall that § = |K|.)
Note that (2.23)
< Ol (Bl(&] + K (1)) (€] + [K (2)2])]271/2) e 5272, (2.25)

where (&1, &2) is a mean zero 2-dimensional Gaussian random variable with covariance
matrix K. Furthermore, by Lemma 2.8,

a— (11/2 bh— b1/2
K (2)1] = \/'0; U”' < p\/ﬁ and |K(2)s| :\% 07‘ < pﬁ . (2.26)
EJP 23 (2018), paper 58. http://www.imstat.org/ejp/
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Therefore,

(el + 1K el + 1l < @ (|55 + 25 (|385]+ %) . @2n

Note that &; /a'/? and &, /b'/? have variance 1. Using this, (2.27) and the Cauchy Schwartz
Inequality, and the fact that
2
(2, Kz) = (po)? = %, (2.28)
we see that (2.25)

2a—1
< O”(ab)2-V/AR (| |+ £ /4, (2.29)
V2

where 7 is a standard normal random.
Since o > 1/2, this is

2a—1
< 92t (gh)2ab/4 (E (jn>=1) + (\%) ) er’/4 (2.30)

2a—1
< 921 (yp)(20-1)/4 20-1) (1 4 (P) p°/4
< Cq2**7!(ab) (I~ NG e

Note that
Cr92e1 (gh)2a-1/4 — 2“;/( :)r Ca <(“b31/2>(a_1/2). (2.31)
Therefore, if v > (ab)'/?/1/2, the left-hand side of (2.15)
9(5a+1)/4 - v o1 P 2a—1 -
< TO‘E(W a1 <1+ (ﬁ) )e”/ . (2.32)

We now obtain an upper bound for the left-hand side of (2.15) when « > 1/2 and
v < (ab)l/z/ﬁ. To begin note that left-hand side of (2.15) is bounded by the integral in
(2.18), in which the integrand is restricted to the region, yuv/é > 1. On this region

1 uv\ «—1/2
e ()

Using this inequality we can bound the integral in (2.18) by

D,
(MW/ / U’U 2a 1 e (u—v) 7(au —2yuv+bv? )/251{'yuv/5>1} dudv (2 34)

where
2rCY,

ga—1 / 2F( a) :
Following the argument from (2.18)-(2.30), and in particular focusing on (2.23) we see
that

D, = (2.35)

1 &0 L ) (a2t be?
27rK|1/2/ / (uv)2*er (u=v) o —=( 2yuv+b )/251{7%/521} du dv
o Jo

2(2a—1) )
< 2L (ah)e 2 (e D) (1 + (%) ) e/, (2.36)
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Therefore (2.34)

q2a=1 v ab\ (@~ 1)/2 ) P 2(2a—1) )
< a wy (2a—1) p /4. )
= 201721 (a) ( 5 ) E (In\ ) 1+ (\@) e (2.37)

Now, note that v < (ab)'/2/y/2 implies that § > (ab/2). Consequently, (2.37)

q2a—1 v ) P 2(2a—1) )
< @ (2a-1) 1 p /4_ X
< T E(Inl ) ( W e (2.38)

Using (2.32) and (2.38) we see that when aw > 1/2, v > 0 and p > V2,
da—2
E(exp (2 (%172 - x37%)) i X1 X2 2 (6/29)7 ) < Ca (”) e, (2.39)
o V2
for some constant C,, depending only on «.

To obtain an upper bound for the left-hand side of (2.15) when « < 1/2 we follow the
argument from (2.18)-(2.23) and use (2.28) to see that it is

1 1/2—a 24
(& + K(2)1)(& + K(2)2) ‘ ) € (2.40)

) 1 1/2—a 2/,
= <E‘(§1+K(2)1)(§2+K(Z)2)‘ ) /

e () ) () )] e

where, as we point out above, &; is mean zero normal random variable with variance a
and &, is mean zero normal random variable with variance b. Let n be a standard normal
random variable. The last line of (2.40) is equal to

<o (E‘

<cy

2(3/2)—an (1/2)—a l 1 1 1—2a
J mCa El(— e?*/4 (2.41)
['(a) (ab)(t/D=(/2) ul
3/2)—a 1-2a .
L 2 ency <1> s
INGY) ]
where we use the fact that v < v/ab. Using (2.39) and (2.41) we get (2.14). O

We use the next lemma in the proof of Lemma 2.5.
Lemma 2.4. For K and ¢ in (1.50) and (1.51),

|K| < (aAb)a?. (2.42)
Proof To prove (2.42) we first show that |K| < ac?. This is
ab—~% < a® + ab — 2a, (2.43)

which is equivalent to (a — v)? > 0. The same argument works with a replaced by b. O

Lemma 2.5. Fory>0and A > 1,

g

/2 _ xl/2 R
P ('12 >\ X1 X5 < (6/29)% | < G272 e (2.44)
where éa is a constant depending only on «.
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Proof Let (U, V) := 21/2(X11/2,X21/2) so that the left-hand side of (2.44), without the
absolute value signs, can be written as

P(U—VZ\/?AJ; UV§5/7> §P(U2\/§)\a; UVgé/v). (2.45)
Using (2.16) we see that
(29)' —(au?+bv?) /25
« _ au v 2.4
T(a) (u0)*Tp—1 (yuv/o ) e (2.46)

is the joint probability density function of (U, V). To find an upper bound for (2.45) we
note that by (2.13)
To1(w) < Couw®™t, (2.47)

for w < 1, where C,, is a constant depending on «. With this substitution (2.45) is less
than or equal to

-« o0 © 2 2
Cy2 / / (uv)Qaflef(au +bv®)/26 dv du. (2.48)
D(a)o™ Jyare Jo

/ v2a—1e—bv2/2(5 dv = \/z <Z> E (|Z‘2a—1) , (24:9)
0

where Z is a normal random variable with mean zero and variance 1. In addition

We have

/OO u2a7167au2/2§ du — <5> /OO g20—1 6752/2 ds
V2\o a (a/ﬁ)l/Zﬁ/\o’
S\ [ :
< <> / s20=1o=5"/2 4o (2.50)
a V2X

since ao?/§ > 1 by Lemma 2.4. Setting = = s2/2 in (2.3), it follows from (2.5) that for all
A>1land a >0,

/ s201 =512 gg < 0 \2o=1) =N (2.51)
V2

Using (2.49)—(2.51) in (2.48) we see that (2.48) is bounded by

Dg\/j ((fb) E (|72 1) A2027A, (2.52)

where D! is a constant depending only on «. Since ¢/(ab) < 1, we get (2.44). (We can
include the absolute value sign by multiplying the probability on the right by 2.) O

Proof of Theorem 1.19 When v = 0 or |K| = 0 this follows from Lemma 2.1.
Now suppose that v > 0 and | K| > 0. We write

P (le x> 0)\) <P ()(11/2 ~ X2 >0 XX, < (5/27)2) (2.53)
+P (X172 - X} > 0n XX > (6/29)?).

Using Lemma 2.5 we see that we have the upper bound in (1.52) for the first probability
on the right-hand side of the inequality in (2.53).
By Lemma 2.3 the second term on the right-hand side of the inequality

1/2 1/2
P<X1/ *Xz/)

<e P E | exp s X1X2 > (5/27)? (2.54)
o
p (4a—2)VO0 )
<Cu | — e Prer /4,
<e (%)
EJP 23 (2018), paper 58. http://www.imstat.org/ejp/

Page 15/47


http://dx.doi.org/10.1214/18-EJP183
http://www.imstat.org/ejp/

Sample path properties of permanental processes

Taking p = 2\ the upper bound in (1.52) for the second probability on the right-hand
side of the inequality in (2.53). O

We need the next two lemmas in the proof of Theorem 1.1.
Lemma 2.6. If

P(Z] >\ < Ke ™ (2.55)
then
1Z]y, < 7, (2.56)
where c* is the value of ¢ > 1 such that
2
Kl/czczci_l —2. (2.57)

Proof Forc>1and K = eyg,
Z2
FE (exp <2> — 1) (2.58)
C
- _/ (X ~1) aP(1z) = 5 =/ P(1Z] > \) de*/
0 0
Yo 2,2 o0 2 2,2
s/ de?’ /¢ +K/ e de /e
0 Yo

o
—evol/e 1 + K/ e e’ /e,
Yo

We have
F N a2 1 /OC “X2(1-1/c?) 2
e " de = — e 2(1 =1/ )AdA
/yo (1 —=1/c%) Jy,
e—vo(1-1/c%)
= 2a-iay (2:59)
so that (2.58)
. —yg(1—-1/¢?)
Y R L e 2.60
€ te c2(1-1/¢?) (2.60)
2/.2
:eyg/02_1+ eyo/C :ey3/02 02 1
(1-1/¢?) -1 ’
which gives (2.57). O
Lemma 2.7. If
P(Z| >N <KA\"+1e™, A>0, (2.61)
forn > 0, then
12y, < ", (2.62)
where c* is the value of ¢ > 1 such that
K oo
e/ 4 7/ A" + 1)e M =1/ gy = 2, (2.63)
¢ Yo
for yq, the solution of ,
Kyje Y0 =1. (2.64)
EJP 23 (2018), paper 58. http://www.imstat.org/ejp/

Page 16/47


http://dx.doi.org/10.1214/18-EJP183
http://www.imstat.org/ejp/

Sample path properties of permanental processes

Proof Forc > 1 and Ky(}(fyg =1,

2
E (exp <f2> — 1> (2.65)
- —/ (ev/cz - 1) dP (1Z] > \) :/ P(1Z] > A) de¥/
0 0

2K [~

=/ 14 T [ A+ 1)e N gy,
C

Yo

which gives (2.63). O

Proof of Theorem 1.1 By hypothesis (X,(s), X(t)) is an a-permanental random

variable with kernel
_ o uls,s) ulst)
Ks¢ = ( u(t,s) u(tt) > (2.66)

We point out in (1.3) that (X,(s), X,(t)) also has the symmetric kernel

- u(s, s) (u(s, t)u(t, s))1/2
Ve = ( (u(s, tult, )1/ w(t.t) ) » (2.67)

and that the function o(s,t) corresponding to this is as given in (1.6). Therefore, it
follows from Theorem 1.19 that for A > 1

/2,y y1/2
P <|th (S) Xa (t)| 2 )\) S CQ >\(40¢_2)VO e_/\Q, (268)

o(s,t)

for some absolute constant C,, that depends only on a. Theorem 1.1 follows from (2.68)
and Lemmas 2.6 and 2.7. O

The next lemma is used in the proof of Lemma 2.3.
Lemma 2.8. When |K| > 0,

_ b—
la - N 2 and % < B2, (2.69)

Proof Since a and b are interchangeable, it suffices to prove the first inequality in
(2.69). Suppose that a — v > 0. Then if, in addition, b > -,
a—y a—"

1/2
s laxb—29)7 " (a=)"2. (2.70)

(Note that since ¢ > 0, this holds when a = ~.)
Next, suppose that a > v and b < v. Then, since

d _ 2 —b _
d((a=9)"\_,0r=b(a-1) >0, 2.71)
dy \a+b—2y (a+b—27)2
we see that because v < (ab)'/?,
7 B _ 1/2
a-v _ a—" < a — (ab) (2.72)
o (@+b—27)Y2 = (a+b—2(ab)t/2)1/2
a— (ab)1/2 1/2
T oz _piz Y
Ifa <, thenb >+, and
y—a Y—a
= . 2.73
o (a+b—2v)t/2 ( )
EJP 23 (2018), paper 58. http://www.imstat.org/ejp/
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Then, since by (2.71),

d ( (y—a)?
_— 0. 2.74
dy (a +b—2y ~ ( )
It follows, as in (2.72), that
v —a (ab)1/2 —a — (ab)1/2 —a _ a1/2 (2 75)
o = (atb—2ah)/2)i/2  pi/2 _qij? ' :
[}

3 Upper bounds for the local moduli of continuity and rate of
growth of permanental processes, I

All the results in this section follow from the next lemma which is a modification of
an inequality of Fernique as presented in [8, Chapter IV.1, Lemma 1.1].

Lemma 3.1. Let Y = {Y (t),t € R*} be a stochastic process. For s,t € [0,S5] and a > 0,

let
Y(s) =Y ()] )
F = Pl—————— > 3.1

(@) s,tseu[(IJ),S] < o(s,t) = G-

for some positive function o(s,t) on [0, S] x [0, S]. Assume furthermore, that there exist
an increasing function ¢ such that for S > 0 and all 0 < s,t < S,

a(s,t) < ([t = s]). (3.2)

Let n be an integer greater than 1. Then

Pl sup |Y a r(p)e(S/n(p 3:3
(te[o%]| (t) = Y (0)| > ap(S +; (S/n( )) (3.3)
<n’F(a)+ ) _n*(p)F(r(p)),

where n(p) = n?" and « is a positive function with x > 1.

To give the reader some idea of where we are heading we mention that in using (3.3)
we take both a and S to depend on n in such a way that the right-hand side of (3.3) is a
converging sequence in n. This enables us to use the Borel-Cantelli Lemma to get upper
bounds for the limiting behavior of |Y'(¢) — Y (0)|.

Proof of Lemma 3.1 Consider [8, Chapter IV.2, Lemma 1.1]. This lemma is proved for
S = 1. (It also assumes that Y is a Gaussian process, but only uses F'(a) as defined in
(3.1), in which case the right-hand side of (3.1) is independent of s and ¢.)

Let us first assume that S = 1. The only other thing in [8, Chapter IV.1, Lemma 1.1]
that might be confusing is the term « which is

sup 0(0,t) < p(1). (3.4)
t€[0,1]

Thus we get (3.3) with S = 1. In particular we require that
a(s,t) < ([t — s)), V0 <s,t<1. (3.5)
Now replace ¢(-) by ¢(S ). We have forall 0 < u,v < S

o(u,v) < @(S|(u/S) — (v/S)),  VO< (ufS),(v/S) < L. (3.6)
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If we replace ¢( - ) with ¢(S - ) we get (3.3) for arbitrary S. Here we also use the fact that
the right-hand side of (3.1) is defined for all s,t € [0, S]. O

Lemma 3.1 can used to find upper bounds for the local and uniform moduli of
continuity of Y and the behavior of Y (¢) as t — co. This is done in [8, Theorem 1.3,
Chapter IV.2] for the local and uniform moduli of continuity of Gaussian processes
G = {G(t),t € RT}, but the same proof also gives the behavior of G(t) as t — oco. We
generalize [8, Theorem 1.3, Chapter IV.2] in the case of local modulus of continuity and
behavior at infinity by applying Lemma 3.1 to stochastic processes with the property
that

F(A\) < Cm (A" +1) e, (3.7)

where m > 0 and C,,, is a constant.

Lemma 3.2. Let Y = {Y(¢),t € R"} be a stochastic process for which (3.7) holds.
Assume that there exist an increasing function ¢ such that for all 0 < s,t < oo,

o(s,t) < (|t — s)), 3.8
where » .
/0 W du < 00. (3.9)
Consider the condition ov)
b Z(WV) =1 (3.10)

Assume that (3.10) holds uniformly in 0 <V <V, for some V; < 1. For h near zero,
set

1 1/2 o(hu)
h) = ¢(h)(loglog 1/h)/? / du. 3.11
7(h) = ¢(h)(loglog 1/h) +log2 o u(log1/u)l/? u ( )
Then v Yo
limsup sup M <V3  as. (3.12)

h—0 0<t<h T(h)

Similarly, assume that (3.10) holds uniformly in V > V; for some V; > 1. For T large, set

1 1/2 o(Tu)
F(T) = o(T)(loglog T)*/? / du. 3.13
7(T) = ¢(T)(loglog T) +1og2 o u(log1/u)t/2 Y ( )
Then v V(o
t —_
limsup sup |(>~7()| <V3 a.s. (3.14)
T—oo 0<t<T T(T)

Proof We first prove (3.14). Fix 1 < 8 < 2 and set V = ™. Choose ng such that ™ > Vj.
Consider Lemma 3.1 with S = 6" for n > ng. Let € > 0 and take

a=((3+ €)loglog™)*/2. (3.15)
Note that by (3.7) there exists a constant C' such that

(logn)™/? + 1

F(a)gl/\(] 37 (3.16)
n €
Therefore )
2
for all n > ng sufficiently large.
EJP 23 (2018), paper 58. http://www.imstat.org/ejp/
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Consider the last term in (3.3). Take x(p) = (3logn(p))'/2. We have that

= ~ o= (2P logn)™/? 1
;n (p)F(x(p)) SC; o S (3.18)

for some constant C and all n sufficiently large. Considering (3.17) and (3.18) we see
that the right-hand side of (3.3) is a converging sequence in n.

Now consider the sum in the first line of (3.3). We have

> (3logn(p)"/*e(0" /n(p)) (3.19)

p=1

IA

V3> (logn(p))!/*e(6" /n(p))

p=1

VB gl
“log2 Jy u(logl/u)t/z2 "

(This is obtained by replacing the sum by the integral with respect to p, from zero to
infinity, and making the change of variables n(p) = 1/u). We can now use the Borel-
Cantelli Lemma to get

Y(#t)-Y(0
limsup sup M < V3 a.s. (3.20)
n—oo 0<t<o” T(Gn)

To prove (3.14) it suffices to show that

limsup sup L~ Y(O)

- <V3(1+e? as., (3.21)
T—oo 0<t<T 7(T) ( )

for all € > 0.
Fix € > 0. We show below that we can find 1 < 6; < 2 and n; < oo such that

(07

=R <l+e (3.22)

for all n > n,. Furthermore, by (3.20) for all w € () for some set 2 with probability one,
we can find ny = ny(w) < oo such that

Y (#) = Y(0)]

sup  sup T <V3(1+e) a.s. (3.23)
n>nay 0<t<Op 7(07)
Then, for any 07 < p < 077! with n > ny,ny
Y(t)—-Y(0 Y({)-Y(0
sup LO_YOL -, O YO (3.24)
0<t<p T(p) 0<t<ort! 7'(01)
Y (t) - Y(0)| 7(o7 !
e ap YOYOIEET g e
o<t<opt! T(077) 7(07)

where the final inequality uses (3.22) and (3.23). This gives (3.21).
To obtain (3.22) let

1/2
[ etrw
= /0 u(log 1/u)1/2 du. (3.25)

EJP 23 (2018), paper 58. http://www.imstat.org/ejp/
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We have )
A0 = (07 ) loglog 07 )2+ s T(07), (3.26)
Note that )
loglog 67 = log(n + 1) + loglog §; = loglog 67 + O (n) . (3.27)
Also
/2 (07u)
(o7 = / e d 3.28
=, ullogi/u+ loghryiz ™ (5:28)
1/2 n 91/2 .
S/ p(07u) du+/ p(07w) du.
o u(log1/u+logb)'/? 172 u(log1/u+log6)!/2

The last integral above

91/2 1
< (071 /2) / du < 20(07 V) (log 61)!72. (3.29)

172 u(log 1/u)l/2
Combining (3.28) and (3.29) we have
Z(O7FY) < Z(67) + 20(67 1) (log 1)/ (3.30)

Using this and (3.26) and (3.27) and the fact that @(9?“)/@(9{") > 1 we get

77 (3.31)
IN\Y2 O Z07) 20071 ) (log 61) /2
< n+1y [ oglog O™ 2z 1 1 1
< (] )(og og 67 +O<n)> + Tog 2 + og2
e+ ( n iz Z(07)
< 07) (loglog 0 + —= (3.32)
n 2(10g01)1/2 1
+ 0 (07) < log 2 +0 nl/2
P07 -
= T gn + o(T Gn
R (7(07) + o(7(67)))
Or, equivalently,
FOTT) _ (0t
~ o S o (L+o(1n)). (3.33)
7(07) @(07)
It follows from (3.10) when V' > 1}, that we can choose 6; > 1, sufficiently close to 1, so
that 6.V)
204!
——=<1+¢/4 vV > V. (3.34)
V) / 0

We next choose n; so that 7' > V;, and large enough so that for all n > ny, (1 +
€/4) (14 0(1,)) < 1+¢€. (Here (1+ o(1,)) is the expression in (3.33)). This completes
the proof of (3.22) and hence of (3.21).

The statement in (3.12) follows similarly by taking 6 less than 1. O

Remark 3.3. A proof of (3.12), the local modulus of continuity, is essentially given in
[8, Chapter IV, Theorem 1.3]. But there are some differences with what is given here.
Condition [8, (2.5.9)] is with regard to a different metric than o(s,¢) but that doesn’t
matter since what is used in [8, Chapter IV, Theorem 1.3] is (3.7). (There is also the
requirement that ¢(2t) < 2p(¢) in [8, Chapter IV, Theorem 1.3].) We don’t actually prove

EJP 23 (2018), paper 58. http://www.imstat.org/ejp/
Page 21/47


http://dx.doi.org/10.1214/18-EJP183
http://www.imstat.org/ejp/

Sample path properties of permanental processes

(3.12) here but only point out that it basically the same as the proof of (3.14). The result
in (3.14) is not contained in [8]. Also contained in [8, Chapter IV, Theorem 1.3] is a
uniform modulus of continuity of the type given in Theorem 3.8. We do not use it because
it doesn’t give the constant 1 on the right-hand side of (3.74).

Examples of the processes Y that we are studying are the processes Xol/ % in Theorem
1.1. We see from (2.68) that (3.7) holds. Therefore, we can use Lemma 3.2.

In Theorem 3.5 we consider an important class of processes for which we can lower
the upper bound in (3.12) so that it is best possible. It uses the next lemma which is an
immediate consequence of (2.68).

Lemma 3.4. Let X, = {X.(t),t € [0,1]} be an a-permanental process with bounded
kernel u(s,t) and sigma function o(s,t). Then for any sequence {s,,t,} in (0,1] x (0,1],
such that s; # t; forall j € N,

X1/2 X1/2
g X2 (t) = X12(5,)

D o ) (g 1)1/2 (3:35)

Theorem 3.5. Let X, = {X,(t),t € [0,1]} be an a-permanental process with kernel
u(s,t) and sigma function o(s,t) for which (3.8) and (3.9) hold for some function o(t)
that is regularly varying at zero with positive index. Then,

XYt - X420
limsup sup | ®) (0)i

"o 3.36
h—o o<t<h @(h)(loglog1/h)1/2 = a.s ( )

If u(0,0) = 0, and if in addition to the conditions on ¢ above, ©*(h) = O(u(h,h)), then

X2 @)
li <1 .8. 3.37
P (e, loglog L)z =1 G357
and 1
Xt
limsup sup ol (1) <1 a.s., (3.38)

h—o o<t<n (u*(h,h)loglog1/h)t/2 =
where u* is defined in (1.16).

Proof We first prove (3.36). Let # < 1 and consider Lemma 3.1 applied to Y, (t) =
X2 (0m+1 1) — XY2 (9 +1), with S, = 6™ — 6", We have
sup  |YL2(t) — Y. 1/2(0) (3.39)
te[0,0m —On+1]

= sup[XNROM 40— X000
te[0,0m —gn+1)

= sup |XNP(6) - X400,
te[ont,om]

Since it follows from (2.68) that (3.7) holds we see by Lemma 3.1 that

P( sup X2 () — X3/2(07H)] > ap(Sn +if€ P (Sn/n( ))>
[

te(on+1,0m] =1

a)+ > n*(p)F(x(p))- (3.40)

If we take a = ((3 4 €)logn)'/? and k(p) = (3logn(p))'/?, as in the proof of Lemma 3.2,
we see that for all n sufficiently large, the second line of (3.40) is a term of a converging
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sequence. Consequently, by the calculations in (3.16)-(3.19), the event

V3t P(Shu)
log2 Jo  u(log1/u)t/2

sup | X0/2(t) — X2 (07| > (aw(Sn) +

te[ont1,om]

du) (3.41)

infinitely often, has probability zero.
Note that by the condition that ¢(t) is regularly varying at zero with positive index

©(Spu) B

< Cu Vue|0,1/2 (3.42)

©(Sn) 0,172

for some constant C and all n sufficiently large. Therefore,

1/n 1/2 B—1

©(Snu) / U ,

—————du < n ———du < n 3.43
| st ooy [ g imm s ey @a)

for some constant C’ and all n sufficiently large. This shows that the integral in (3.41) is
o((logn)'/%¢(S,)) as n — oo.
Using the regular variation hypothesis again we see that

©(Sn) <2007 = 1)Pp(0m ), (3.44)

for some § > 0 and all n sufficiently large. Therefore, for any ¢ > 0, by taking 1 — ¢
sufficiently small, the right-hand side of (3.41)

< ep(™ 1) (logn)'/?, (3.45)

for all n sufficiently large. It follows from this that for all ¢ > 0 we can choose 6 < 1 such
that the probability that

sup | XY2(1) — X207 > 2e0(0™ ) (log(n + 1)) /2 (3.46)
te[omt1,om]

infinitely often, is zero, for all € > 0.
By Lemma 3.4, since o(s,t) < ¢ (|t — s]|),

. X% (071 — X% (0)]
lim sup <
oo (07+1)(log(n + 1))1/2

Combining this with the statement in the sentence containing (3.46), we get

a.s. (3.47)

1/2 1/2
s Srcion ny [Xe (1) — X (0)
mSup 2(67+1)(log log §—(nD)1/2

<14 2¢ a.s. (3.48)

Since ¢(t) is asymptotic to a monotonically increasing function near zero we get,

XA () — x4 (0
limsup  sup | ®) (1 2| <142 a.s. (3.49)
n—o00 tg[gn+l on] ¢(t)(loglog 1/t) /

and since this holds for any € > 0 we get (3.36).
By (3.46) and the fact that p(6"11) < Cul/2(9"+1, 67 +1),

X% (1) — X297+

lim's s <2C, as. 3.50
lﬂbo%pte[a’}}};ﬂ"] (u* (67F1, 07+ 1) log n)1/2 = € a.s (3.50)
for all ¢ > 0. By Lemma 5.1
. X;/Q(G”'H)
hrr:ljogp u(0"+1,9”+1)1/2(logn)1/2 <1 a.s. (3.51)
EJP 23 (2018), paper 58. http://www.imstat.org/ejp/
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Hence

limss Xa* () <142cC (3.52)
11m su su € a.s. .
n*}oop t€[9'7L+I1)79n] (u* ((9"""1, 9n+1) log n)1/2 - ’
which gives (3.38).

The proof of (3.37) is more subtle. We use the following lemma.

Lemma 3.6. Let X = {X(¢),t € T} be an a-permanental process with kernel u(s,t) and
sigma function o(s,t) and such that u (t,t) > 0 forallt € T. Let

X(t) = . (3.53)

Then X = {X(t),t € T} is an a-permanental process with kernel

(s, t) = (u(&:)(jg’)t))m, (3.54)
Let &(s,t) be the sigma function of (X,, X;). Then
2
5 (s,1) < (u(s,i)zﬁi%%))lﬂ' (3.55)
Proof To verify (3.54) note that for any ¢1,...,%,,
B (e i) = B (3.56)
[T+ UA|~

where U is the n x n matrix with entries u(¢;,¢;) and A is a diagonal matrix with entries
Ai, 1 <i <n. Let D be is the diagonal matrix with entries u(¢;,¢;), 1 <i < n. Then

E(e—z;;w?u) — E(e—ZE‘:MiXu/um»tw) (3.57)
1 B 1
I+ UAD1|® |1+ D 2UD-1/2A[’

which gives (3.54).
Note that u(s, s) = u(t,t) = 1. By the inequality between geometric and arithmetic
mean,

2(u(s, lf)U(t,S))”2

o°(s,t) = 2-— (uls, 5)u(t, 1)1 (3.58)
_ o 2(u(s, s)u(t, )2 — 2(u(s, tu(t, s))'/?
(u(s, s)u(t,1))/?
< u(s, s) 4+ u(t,t) — 2(u(s, t)u(t,s))/?
- (u(s, s)u(t, 1))!/? ’
which is (3.55). U

Proof of Theorem 3.5 continued To prove (3.37) we consider X, (t) and (s, t) as
defined in (3.53) and (3.55) for t € (0,1]. Let § < 1. Then by Lemma 3.6, for all
ot < st <6m,

p?(t=sh) _

~2
o7(s,t) < w0, ) Pn(lt = sl), (3.59)
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since u* ("1, ontl) = infyefgnt1,9n) u*(h, h). Since ¢ is regularly varying with index, say
B > 0 we see that for all e > 0, there exists an n{, such that for all n > nj,

;)
(" — ") < (1+¢) <99> (™). (3.60)

Also since ¢ regularly varying it is asymptotic to an increasing regularly varying function
with index 5. To simplify the proof let us simply take ¢ to be increasing. By hypothesis
©2(h) < Cu*(h,h) for all h sufficiently small. Therefore for all i € [9" 11, 6],

(O™ < *(h) < Cu*(h, h), (3.61)

which implies that ©?(§"*!) < Cu* ("1, §"*+1). Using (3.60) we see that for all ¢ > 0
and 6 sufficiently close to 1, and 1! < s,t < 47,

P2(t—s]) <€ (3.62)

It follows from this that the right-hand side of (3.41) applied to )Z'a with dominating func-
tion &,, is less than ¢ (logn)'/? for all n sufficiently large. Consequently, the probability
that
sup | XY2(t) — X22(0")| > € (logn)'/? (3.63)
te[ont1,om]
infinitely often, is zero, for all ¢ > 0.
It follows from Lemma 5.1 that

)Z'é/Q (9n+1)
hﬂsolip 7(105; )12

Combining (3.63) and (3.64) we get

<1 a.s. (3.64)

sup  XM2(t) < (14 ¢€)(logn)/?, (3.65)
te[ont1,om]

almost surely as n — oo. This gives
X2 @)
li <1 .S. 3.66
ISP Cult, D loglog /)12 =1 “° (5:60)
which is (3.37). |

The next lemma gives relationships between the sigma function of a kernel and its
majoring function .
Lemma 3.7. Let X be an a-permanental process with kernel u(s,t) and suppose that
u(0,0) = 0. Then

a%(0,t) = o%(t,0) = u(t,t). (3.67)
If, in addition, 02(s,t) is a function of |t — s| then, necessarily,
o?(s,t) = u(|t — s|, [t — s]). (3.68)
In general, if ¢ satisfies (3.8)
Q2 (|t — s|) > (u?(t,t) — u'/?(s, )% (3.69)

Therefore, if lim;_, - u(t,t) = co, necessarily

2
lim P (t)

> 1. 3.70
AR Ut © (570
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Proof Note that for any a-permanental process X
E[(X(s) = E(X(s))(X(t) — E(X(t))] = au(s, t)u(t, s), (3.71)

[20, p. 135]. Clearly, this is equal to 0 when s = 0 since u(0,0) = 0 implies that X (0) = 0.
This shows that u(¢,0)u(0,¢) = 0. This and «(0,0) = 0 gives (3.67).
If, in addition, 02(s,t) is a function of |t — s|, then by (3.67), when ¢ > s,

o%(s,t) = 0%(0,t — 8) = u(t — s,t — s), (3.72)

which gives (3.68).
The statement in (3.69) follows because

u(s, t)u(t,s) < uls, s)u(t,t), (3.73)
which, itself, follows from (3.71) and the Schwartz Inequality. O

The next theorem is an analogue of Theorem 3.5 for the uniform modulus of continuity.

Theorem 3.8. Let X, = {X,(t),t € [0,1]} be an a-permanental process with kernel
u(s,t) and sigma function o(s,t) for which (3.8) and (3.9) hold. Assume furthermore,
that ¢(t) is regularly varying at zero with positive index. Then

. 1Xa/%(s) — Xa* (1)
limsup su <1 a.s. (3.74)
ho0” s (R (log 1/h)/?

s,t€[0,1]

Proof Theorem 1.19 asserts that X, has subgaussian increments. Then (3.74) follows
from [14, Theorem 4]. In this reference the theorem is proved for Gaussian processes
with stationary increments but it only uses the estimate in (1.54), along with the fact
that ¢ is greater than the L? estimate for the increments of the Gaussian process. The
difference of the factor 2 is explained by the observation in the line prior to (1.55).

(Of course we don’t have (1.54) for X, but only (1.52). It is easy to see that the
additional powers of A do not affect the estimates used in [14, Theorem 4].)

There is another item in the proof of [14, Theorem 4] that needs explanation. In
[14, Theorem 4] which deals with the Gaussian process {G(t),t¢ € [0, 1]}, with stationary

increments
1/2

o(h) = (E(G(t v h) - G(t))Q) (3.75)

is written as o(h) = exp(—g(log1/h)) and it is required that 1/¢'(log1/h) = o(log1/h).
Note that when o(h) = Ch®, for some constant C, 1/¢’(log1/h) = 1/«, much weaker than
what is allowed. However it isn’t necessary to require that o is differentiable. All the
estimates in the proof of [14, Theorem 4] that use the condition 1/¢'(log1/h) = o(log 1/h)
follow easily form the condition that ¢ is regularly varying at zero with positive index.
For example when ¢ is regularly varying at zero with index 3, instead of [14, (2.16)], we

have . . s

1 Fo(u) / p(tru) du / u 1+e

du = — < (1+ —du = , 3.76
e Al e e Bl L 79

asty — 0, forall e > 0.

It is also required that o(h) is concave, but wherever this is used it is easy to get the
same estimates when ¢ is regularly varying at zero with index g < 1, which is always
the case. O

Our interest in {X&/Q(t) - Xém(s); s,t € R} is primarily to use the results obtained

to study the behavior of { X, (t) — X,(s);s,t € RT}. The next lemma does this.
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Lemma 3.9. Assume that
(X2 () — X1/2(0)]

limsup sup <1 a.s. (3.77)
h—0 0<t<h w(h)
for some function w with limy,_,o w(h) = 0. Then
X)) - X
limsup sup M < 2X1/2(0) a.s. (3.78)
h—0 0<t<h w(h)
and if X(0) =0,
X(t
limsup sup # <1 a.s. (3.79)
h—o o<t<h w2(h)
Furthermore, if
X2 (s) - xV2
lmsup sup 122 QI (3.80)
h—0  |s—t|<h p(h)
s,t€[0,1]
then X x
a - @ t
limsup sup M <2 sup Xl/z(t) a.s., (3.81)
h—0  |s—t|<h p(h) t€[0,1]

s,t€[0,1]
Proof The statement in (3.79) is trivial. For (3.78) we note that

X(1) = X(0)] < IX2(0) = X72(0)] (IX/2(1) - X2(0)] +2X2(0)) . (3.82)
Therefore, the left hand side of (3.78) is bounded by

X2 (t) — X1/2(0)]
limsup sup
h—0 0<t<h w(h)

(|X1/2(t) — X2(0)| + 2X1/2(0)) . (3.83)

However, (3.77) implies that X (¢) is continuous at ¢ = 0, almost surely. Therefore

limsup sup |[XY2(t) — XV2(0)]=0 a.s. (3.84)
h—0 0<t<h

Using this and (3.77) we get (3.78).
The result for the uniform modulus follows similarly since
|X (1) — X (s)| < | XY2(t) — XV2(s)|| X2 () + XV2(s)]. (3.85)
O

Proofs of Theorems 1.2 and 1.3 The proofs follow immediately from Theorems 3.5
and 3.8 and Lemma 3.9.

4 Upper bounds for the local moduli of continuity and rate of
growth of permanental processes, 11
The next corollary exhibits different upper bounds for the local modulus of continuity
that are larger than the ones that hold under the hypotheses of Theorem 1.2 .

Corollary 4.1. Let X = {X (t),t € [0, 1]} be an a-permanental process with kernel u(s, t)
and with sigma function o (s, t) for which (3.8) and (3.9) hold and for which (3.10) also
holds uniformly in V < Vi for some Vy < co. Then

X(0) = X(O) _ 42 1)

limsup su < 0 a.s. “4.1)
haopogtlg)h O(h) log 2 (0)
where
) "
O(h) = —————d h)(logl/h)*/=. 4.2
(h) /0 u(log 1/u)1/2 u+ ¢(h)(log1/h) (4.2)
EJP 23 (2018), paper 58. http://www.imstat.org/ejp/
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The proof follows from Lemma 3.2 applied to Y (t) = X '/2(t), Lemma 3.9 and the next
lemma.

Lemma 4.2. )
1/2
o(hu)
/0 wlog 1/u)i7z 44 S 20(h) +0(O(h). (4.3)
Proof We have
1/2 h
_plhe) / o(u/2)
/0 u(log 1/u)'/? = o u(log1/u—log1/(2h))/2 du (4.4)
Note that
h2
p(u/2) / o)
/0 u(log1/u —log1/(2h))'/2 du <2 u(log 1/u)1/2 du, (4.5)

since log 1/(2h) < (1/2)log 1/u for u € [0, h?]. Furthermore,

' (u/2) " 1
/hQ ullog 1/u — log 1/ Ry2 ™ = A /h w(log 1/u—tog 1/2hnie - (49

The integrand of the last integral above is the derivative of —2(log1/u — log 1/(2h))/2.
Consequently,

h
1 1/2 1/2
/hz o T g Ty = 208 /1) 4 o((log1/)?) ash 0. (47)

Combining these relationships we get (4.3). O

It is interesting to note that for certain functions ¢, except for a multiplicative factor,
we can reverse the inequality in (4.3).

Lemma 4.3. Suppose that

, p(h?) _
tmsup 2y = ¢ (4.8)
Then /
1/2
p(hu)
/o w(log 1/u) 172 = COR) +0(6(h). (4.9)

Proof We have

1/2 h/2
/ (so(hu) PR / ple) o (4.10)
0 0

u(log 1/u)1/2
h? h/2
> / &du—}—/ &du
o u(log1/u)t/2 ne u(log1/u)l/2

and
h/2
¢(u) /
————du > du 4.11
/hz u(log 1/u)t/2 vo= B2 logl/u u(log 1/u)1/? (10

= @(h*)((log 1/h)"/? + o(h))

~ Cp(h)((log1/h)'/* + o(h)).
Consequently, we get (4.9). O
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Example 4.4. Let v > 1/2. Then if

1 23/D=7 2y -1
o(h) = W7 O(h) = 2y — 17 o(h)(log 1/h)1/2- (4.12)
Let 8 > —1. Then if
loglog 1/h)? 1
o) = SEEUUE () = (15 + o)) wlittog /1) g og /b @.13)

Note that in both these cases C =1 in (4.8).
For more examples see [15, Lemma 7.6.5 and Example 7.6.6].

We now examine the relationship between o(s,t) and the L, metric for Gaussian
processes. Let
02 (s,t) == u(s,s) +u(t,t) — (u(s,t) + ult,s)). (4.14)

Although we don’t require that u(s,t) is symmetric, when u(s,t) is symmetric p(s,t) =
o(s,t). In general we get the next lemma.

Lemma 4.5. Let o(s,t) be as defined in (1.6). Then
o2(s,t) = p2(s,t) + (u/?(s,t) — u'/?(t, 5))% (4.15)
In addition, when u(s,t) V u(t,s) < u(s,s) Au(t,t) forall s,t € T,
o(s,t) < V2p(s,t). (4.16)
Proof We have

o2(s,t) = p*(s,t) 4+ u(s,t) +ult,s) — 2(u(s, t)u(t,s))/? (4.17)
p2(s,t) + (u'/?(s,t) — u'/?(t, 5))2.

The inequality in (4.16) is given in [16, Lemma 5.5]. O
Corollary 4.6. If
u(s,t) = v(s,t) + h(t) (4.18)
and v is symmetric
o2(s,t) < w(s,s) + v(t,t) — 2u(s,t) + |h(s) — h(t)|. (4.19)
If, in addition inf, ;5 u(s,t) > 6, for some interval I, then for all s,t € I,

h(s) = ()

% (s,t) < v(s,s) +v(t,t) — 2v(s,t) + o

(4.20)

Proof The inequality in (4.19) follows immediately from (4.15). To obtain (4.20) note
that fora < b

b
1 b—a
1/2 _ 1/2 _
b a /a RYE du < 5172 (4.21)

Consider u(s,t) in (4.18) and suppose that h(t) > h(s). Then by (4.21), for s,t € T

u(s,t) —u(t,s) _ h(t) — h(s)

1/2 _.1/2
u’?(s,t) —ul(t,s) < 55172 < 25172 (4.22)
Using this and (4.15) and the fact that v is symmetric, we get (4.20). O
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Remark 4.7. The inequality in (4.20) may be smaller than the one in (4.19) even when
u(s,t) has the form of (4.18). For example, suppose

u(s,t) = e At=sl 4 gt r,A> 0. (4.23)

Obviously
le™™ —e " ~ 7|t — s as s,t — 0. (4.24)

Consequently, it follows from (4.20) that o(s, t) is bounded by \|t —s| as s, — 0, whereas
(4.19) only gives that is bounded by (A + r)|t — s| as s,t — 0.

Proof of upper bounds in Theorem 1.8 We show in [11, Section 5] that

UTyivy,8(2,y) = R(x,y)~,p + Hy p(z,y) (4.25)

where I, g is symmetric and H, g is antisymmetric. Explicitly,
Ryp(@,y) = Cop (jo" + [yl” = |z = 9"), (4.26)

H,y p(2,y) = BCy g (sign(@)|z]” — sign(y)|y[” — sign(z —y)|lz —y["), (4.27)
and
—sin ((y+1)5) T'(—y)
7(1+ 2 tan?((y + 1)7/2))
By Lemma 4.5 the sigma function for Y,., g, which we denote by o7,.,3, satisfies

> 0. (4.28)

C%ﬂ =

U%O;W}B(x,y) < uTo;%B(xng) + uTo;%ﬂ(%y) - (UTo;v,ﬁ($7 y) + UTo;%b’(wvy))
Huzyi,8(2,y) = uryiy,p(y, )| (4.29)
= R’Yﬁ(x? I) + R‘Yﬁ(yv y) - 2R7,5(I, y) + 2|H’Yﬂ(x7 y)‘?

where, for the last equation we use the facts that R, 3 is symmetric, H, g is antisymmetric
and H, g(z,z) = 0. It is easy to see that

|H(z,y)| < |B|Cy sz —y" (4.30)

Using this and (4.26), we get
0y, 8(T,y) < (2(1 4 18)Cy8) Pz — y'7? = (|2 — y). (4.31)
Since ¢ is regularly varying at zero with positive index we see that the upper bounds in
Theorem 1.8 follows from Theorems 1.2, 1.3 and 1.5. O

We refer to the permanental process with kernel ur, , 5 as FBMQ™"”. We use this
notation because when 8 = 0, ur, -, is the covariance of fractional Brownian motion of
index v, (i.e. FBM). We add the @, for quadratic, to denote the square of this process, as
one does in the designation of the squared Bessel processes, (BESQ).

Proof of Theorem 1.10 It follows from [11, Lemma 5.2] that

L [* cos Az —y)Re(p + ¥q,5(N))
Upiy.p(T,y) = 7/ J d\ (4.32)
o ™ Jo o+ s (V)2
P [T )
™ Jo o+ ¥y,8(N)]
Consequently, as in (4.29)
2 [ (1—cosA(z —y)) Re(p+ ¥y,8(N))
o2 s(xy) < = / i d\ (4.33)
pralt¥) ST ) PESTRFION]:
™ o o+ y,8(A)]? '
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We write
> (1 —cos Az —y)) Re(p + 1y 5(N))
dA (4.34)
/0 o+ 1y 8(A)]?
(1 —cosA(z—y)) Retpy g(N) /oo gin2 A($;y)
= BNV 2o [ 2
/0 [¥y,8(A)[? P Jo 1o+ Uy sV

It follows from [11, (5.39)] that the first integral to the right of the inequality sign is
equal to 7C, g|lz — y|”. The second integral to the right of the inequality sign is bounded

by
2 /1 A0 /1/9 sin? 22 <
2 2 an 2 7d)\+2p/ . _a (4.35)
P Jo 2 1 [y s(V)? 1/6 |y,8(N)[?
where 0 = |z — y|. The first of these integrals is O(#?) as § — 0. The third is O(#?7*+1)
as  — 0. The second is O(6?) if v > 1/2, O(6?)1log1/0 if v = 1/2 and O(0*+27)1log1/6
if v < 1/2, all as @ — 0. Thus we see that the first integral in (4.33) is bounded by

20, slz — 7.
We now consider the last integral in (4.33)
* sin A& — y)Tma 5 (V)
’ d\ (4.36)
/0 lp+1y,8(N)?
* sin Az — y)Tm 1 5(\) /°° sin A(x — y)Zm iy 5(\)
- : X\ + : dA
/0 [y, (M) [? 0 [9,8(A)[?
where
L ot s P — sV W
(Wy,5(N)[? 14,8(N)I? [p + by, 5 (A2

(p+ Re¢77ﬂ(A))2 - (Rez/)%@(/\))Q
[Ua,8(A) 2 |+ by, 8(N)[?
2p
[y, 8NP+ 9y,8(N)[2

It follows from [11, (5.40)] that the first integral to the right of the equal sign in (4.36) is
equal to 78 sign (z — y)C,, g|r — y|”. We now show that the second integral is little o of
this. Using (4.37) we see that the last integral in (4.36) is bounded by 2p times

> |sin M| 0 /1/9 A /OC 1
— A< — + — = d\+ [ ————d) (4.38)
/0 o+ Wy 8(N)? 202 i |y s(N)P 1/0 [y,8(A)?

It is easy to see that the first integral to the right of the equal sign in (4.38) is O() as
6 — 0 and the second is O(0'727) as § — 0. Therefore, the absolute value of the second
integral in (4.33) is bounded by 2|5|C, sl — y|”.

Using the bounds for the last two integrals in (4.33) we see that

Tpiy,8(,y) < 21+ |8))Cqp) 2w — y"? = |z — y)), (4.39)

the same as in (4.31). Since ¢ is regularly varying at zero with positive index we see that
the upper bounds in Theorem 1.8 follows from Theorems 1.2, 1.3 and 1.5. O

Proof of Theorem 1.13 The a-permanental process Ya’f has kernel u¢(s,t). We see
from (4.20) in Corollary 4.6 that for s,¢ € [0,6/]], the sigma function of Yayf satisfies

U?(S,t) < <2(1 _ e—)\ls—tl) + |f(i)(1_f§‘)9)|2 (4.40)
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for all § sufficiently small. Using this and the fact that f € C? implies that for ¢ > s,

[f(t) = f(s)] < f'(t)|t — s|, we see that
oF(s,t) ~2X[t—s|, ass,t—0. (4.41)
Therefore, Theorem 1.13 follows from Theorems 1.2 and 1.3. O

5 Rate of growth of permanental processes at infinity

We begin by considering another important class of processes for which we can de-
crease the upper bounds that can be obtained by (3.14). First we need some preliminary
results.

Let X = {X(¢),t € R"} be an a-permanental process with kernel u(s,¢) and sigma
function o(s,t). Then by [18, Lemma 3.1], for A > 2(a— 1) V0,

a—1_—X\
P(X(8) > ult,)A) < %rm) (5.1)
and for A > 2
2 b X1 > u(t )N (5.2)
3T(a) - = UHHA)- ‘

(It is interesting to note that since E(X (t)) = au(t,t), if we were to consider the rate
of growth of X (¢)/E(X(t)), it would depend on «. The results we give for the rate of
growth of X (¢)/u(t,t) do not depend on «.)

The next observation is elementary.

Lemma 5.1. Let X = {X(¢,,),n € N} be an a-permanental sequence with kernel u(t;,t;).

Then
X(tn)

li —_— .S., 5.3
172150%13 u(tm tn) logn — s ( )
or, equivalently,
Xl/Q(t, )
lims n .S. 5.4
MSP Caltm, ) log ) 2 =L o4
Proof The statement in (5.3) follows from (5.1) and the Borel-Cantelli O

Proof of Theorem 1.4 The proof follows from Lemma 3.1 similarly to how the results
about the local modulus of continuity are obtained in Section 3. We can assume that
u*(Ty, Tp) > 0 for some Tj. Redefine

XI/Q(S) _ Xl/Q(t)
o(s,t)

F(a)= sup P(

5,t>T

> a) ) (5.5)

It follows from (2.68) that (3.7) holds. Let § > 0. Then, by Lemma 3.1, for all n with
nd > To,

P ( sup [ XV2(t) = X2 (nd)] > ap(6) + 29(29)@(5/”(?)))
tend,(n+1)4] =1

< n?F(@) + Y 0 (D) F(6(p)). (5.6)
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Taking a = ((3 + ¢)logn)'/? and 6(p) = (3logn(p))'/?, as in (3.18), we see that for
all n sufficiently large, the second line of (5.6) is a term of a converging sequence.
Consequently, as in the beginning of the proof of Lemma 3.2, the event

V3 p(du)
log2 J,  wu(log1/u)t/? du (5.7

sup | XV2(t) — X2 (né)| > | ap(d) +
te[nd,(n+1)d]

infinitely often, is zero.
For any ¢ > 0 we can find a § > 0 so that

ap(d) < %(1og n)1/2 (5.8)
and y
" p(du)
/0 u(log 1/u)1/2 du (5:9)

is bounded uniformly in § < 1. Therefore, for any ¢ > 0 we can find a ¢ so that the right
hand side of (5.7) is < ¢(log n)l/ 2 for all n sufficiently large. It follows from this that the
probability that
sup | XY2(t) — XY2(nd)| > e(logn)'/? (5.10)
te[nd,(n+1)d]

infinitely often, is zero, for all ¢ > 0. Note that

X1/2 (t)
sup (5.11)
te[ns,(n+1)s] (u*(dn,on)logn)1/?
X1/2(5n) | X/2(t) — XY2(nd))

< .
= (u*(dn, dn)logn)i/2 + te[nsl(lf_,_l)g] (u*(6n, 0n)logn)t/2
It follows that

X1/2(t) X12(t)
limsup ————— = limsu su . (5.12)
t—>oop (U* (t, t) IOg t)1/2 n—>oop te[ng,(f_t,.l)g] (’LL* (6717 (S?’L) log n)1/2

Therefore, using (5.11) we see that
lim su & < limsu X'/ (9n)
Pre (u*(t,t)logt)/2  — P (u*(6n, on) logn)t/2

+ lim sup sup |X1/2 () = X (o))
n—oo tefns,(na1ys] (W (On,dn)logn)t/2”

(5.13)

Writing logn = lognd + log 1/§ we see from (5.4) that the first term to the right of the
inequality in (5.13) is less than or equal to 1 almost surely. By (5.10), the second term to
the right of the inequality in (5.13) is bounded by ¢/(u*(Tp, Tp))'/? almost surely. Since
this is true for all € > 0 we get (1.19). O

Proof of Theorem 1.5 Let E(tv t) be regularly varying at infinity with index 8 > 0. Let
t, = 6", where 0 > 1 so that S,, = 97! — 9. Since

©*(t) < O(u(t,t)) as t— oo, (5.14)
we see that _ o
©*(Sn) < Cu(Sy, S,) < C(O —1)Pu(d™,0") asn — oo, (5.15)
for some constant C.
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Let a, = ((3 +€)logn)'/2. Asin (5.7), the probability that

1/n Q
V3 2B ) s.16)
log2 Jo  wu(log1/u)!/?

sup X2 (t) - X2(0m)] > (anw(gnH
te[on,ont1]

infinitely often, is zero. Note that by (5.15)
an(Sy) < CO — 1)P/2(u(6™,6™)logn)*/>. (5.17)

We now show that this dominates the integral in (5.16). For all n sufficiently large,
the integral in (5.16) is equal to

Sn/n 1/2
/ plu) _ dug/ LC Ry (5.18)
0 u(log 1/u + log S,,)1/2 o u(logl/u)t/

1 gn/n
S [,
1/2 u(log Sy, )1/2 1 u(log S,, — logu)t/2

Using (1.12) we see that the first two integrals on the right-hand side of the inequality
sign in (5.18) are finite. In addition,

/ mn___ew) du< — / ) g, (5.19)
1 u(log S, —logu)t/2  ~ (logn)l/2 J; U

Using (5.14) and (5.15) and the regular variation of u(¢,t), we see that (5.19) is

C’ Sy, (u(x x))l/Q " ~ =
< : da < Sy Sn))?
—<logn>1/2/1 z S (lognyirz “{5n 5n)

11
[ —
= (logn)1/2
Thus we see that the right-hand side of (5.16) is asymptotic to (5.17) as n — oo. Conse-
quently;,

(0 —1)52(u(6™, 6m))/2. (5.20)

[ XM2() — X2 (0m)]

lims ; <C(H—1)8"? 5. 5.21
Mo (e, o) logmyiz. < (O DT e ©-20)
It follows from this and (5.4), with ¢,, = 6", that
X2t
limsup  sup () <14C6- 1)’6/2 a.s. (5.22)

n—oo tefon,on+1) (w(07,0m)logn)/2 =

Since u(t,t) is regularly varying at infinity it is asymptotic to a monotonic function at
infinity. Therefore,

X1/2(t)

li — = <1400 -1)P7 5. 5.23
Tisololp (u(t,t)logn)t/2 = +0( ) a5 ( )
Since this holds for all § > 1 we get (1.20). O

Proof of upper bound in Theorem 1.14 Let

5 _ Xoy(?)
Var(t) = FROOR t>0. (5.24)

By Lemma 3.6, XA/a,f = {‘7(,7f(t), t > 0} is an a-permanental process with sigma function

2t (s, t)ug(t, 5)'/?
(s (s, 8)us(t,1))1/2

of(s,t) =2— (5.25)
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Note that
Up(s, ugp(tys) e Mol 4 fs) e sl 4 f()
Up(s,s)up(t,t) 1+ f(s) 1+ f(t)
> efQA\tfs\. (5.26)
Consequently
53(s,t) <2(1 — e Moy < (At — s[) A 1= @2 (JE — s)). (5.27)

Therefore, it follows from Theorem 1.4 that

Vst
lim sup ﬁ <1 a.s. (5.28)
t—oo  logt
This is (1.41).
For the last remark in this theorem, suppose that f is a potential for B, with h €
L% (0,00). Then we have

f(t) = / e Mt=sIn(s) ds. (5.29)
0
For any ¢ > 0, choose sg so that f:)o h(s)ds < e. Fort > sq,
S0 o0
fty = / e Mt=sIn(s) ds +/ h(s)ds (5.30)
0 S0
< e Alt=sol IIh]l1 + .

Therefore, lim;_, f(t) < € for all € > 0. |

We now give some background material that may be needed to understand Example
1.15. A function f is excessive for B if and only if f is positive and concave on D, which
implies that f is increasing. This follows from the fact that f is excessive for B if and
only if f is a positive superharmonic function on D, [3, Section 4.5, Theorem 3]. That is,
f is finite, lower semi-continuous and midpoint concave, which implies that f is concave,
[1, Chapter I, Section 4.4, Corollary 1]. It follows from this and Theorem 1.11 that for
any positive concave function f on D

us(s,t) =sAt+ f(t), s,t >0, (5.31)

is the kernel of an a-permanental processes, for all « > 0. In Theorem 1.16 we denote
this process by Z, ; = {Z, ¢(t),t > 0}.

Since f is positive and increasing, we can define f(0) = lim, ¢ f(¢). It is easy to check
that this extended function f on [0, 00) is positive and concave. Any positive concave
function f on [0, 00) can be written in the form

F(t) = J(t) + Cot, (5.32)

where Cjy > 0 is a constant and f(t¢) is a positive concave function that is o(t) at infinity.
To see this, note that f/ (¢), the right hand derivative of f, is decreasing in ¢t. Let
Co = lim;_, f (t). We must have Cy > 0 since otherwise f could not remain positive.
Let f(t) = f(t) — Cot. This function f is concave and f; (t) > 0, which implies that
fis increasing. Since f (0) = f(0) > 0, we see that f is positive. In addition, since
lim—, oo f1 (t) = 0, f is o(t) at infinity.

Proof of upper bounds in Theorem 1.16 To prove (1.45) it suffices to work with the
a-permanental process {Z, ¢(t), t > 1}. This process has kernel us(s,t) = s At + f(t),
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s,t > 1. Note that uy(¢,t) =t + f(t) is increasing, and by (5.32), is regularly varying at
infinity with positive index. We see from (4.19) in Lemma 4.5 that when f is concave the
sigma function of Z, ; satisfies

f(s.1) s —t|+1f(s) — f(2)] (5.33)
(L+ fi(s AD)) [t = s

L+ fiW) [t = 5] = 3 (It = s),

where f/ (z) denotes the left-hand derivative of f at .

Clearly, ¢} (t) = O(tuy(t,t)) as t — oco. Therefore the upper bound in (1.45) follows
from Theorem 1.5 and (5.32).

To obtain (1.46) note that when

ININCIA

f(t) :/ (sAt)h(s)ds  and he€ L, (5.34)
0
then for all e > 0,
t 1 €t 1 o]
f0) = 7/ (s At)h(s)ds + 7/ (s At)h(s)ds (5.35)
t t Jo t Ja
< e€l|lhl1 —i—/ h(s) ds.
€t
Therefore,
t
lim & <ellh|, (5.36)
t—oo
for all € > 0. This gives (1.46). O

Proof of Theorem 1.17 Let Z%f = {Z%f(t),t > 0} be the a-permanental processes
with kernel wy(s,t) = s At + f(t), s,t > 0. It follows from Remark 6.3, with the isolated
point * replaced by 0, that there also exists an a-permanental processes that extends
Zayf to {Za,f(t),t > 0}, with kernel

up(s,t) =sANt+ f(t), st>0 (5.37)
up(0,t) = f(t), t>0 —and  us(s,0) =us(0,0) = 1.

Let _
o~ Zao 5(
Zo s(t) = f“if() t>0. (5.38)
uf(t, t)
Then by Lemma 3.6, Z, s = {Z4 ¢(t),t > 0} is an a-permanental process with sigma
function "
. 2(ts (s, t)us(t, s))'/? Ug(s,t
(wy(s,s)uyg(t,t)Y/ us(t,t)

when 0 < s <.
Let pf(u) = u/f(u). Note that since ¢s(u)/u = 1/f(u), (1.47) implies that for some
0>0,

5
_ o)
/0 wllog 1 /u)i7z 4 <o (5.40)

Changing variables, u = e~*", we write the integral in (5.40) as

2/ o) ds. (5.41)
a

og1/8)1/2
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Thus, since this integral is finite and ¢ f(e*SQ) is decreasing, for any s > sg

2 2 e 2
spp(e™) < sops(e™® )Jr/ wr(e™ ) du (5.42)
S0
Therefore,
2 2
: —S < —Uu . X
slgroloswf(e ) < /SO pre™™ ) du (5.43)

Since this holds for all sy we get

lim spy (6752) =0, (5.44)
§—00
or equivalently
lim ¢ (t) (log /62 =0. (5.45)
e

In particular, (5.45) implies that lim;_,o ¢/ f(¢) = 0. Therefore, when 0 < s < ¢, for all
e>0,

~ 1/2 1/2 .
(L)) vt w0 e
Therefore,
G3(s,t) < (1+ e)'%j' < (1+ e)fzt_—sl) =@s(t—s) as s,t—0. (5.47)

In preparation for using Lemma 3.2 we first note that by concavity, f(t)/t < f(s)/s
for t > s so that @¢(¢) is increasing. We now show that (3.10) holds. If v > 1, then, since
f is concave, we have

(v—1)V Vv
Consequently
f(V)
—1<~vy-1, (5.49)
fV)
which gives (3.10) when v > 1. If y < 1,
fV) = f(V) < f(vV), (5.50)
1=V W
which implies that
fV) 1—vy
1< —, (5.51)
f(yV) ot
which gives (3.10) when v < 1.
We can now use Lemma 3.2 to see
Z1200 _ 7120
limsup| a’f( ) e O < V3 a.s., (5.52)
t—0 T(t)
where e
n 1 2y (tu)
t) = 34(t)(loglog 1/t)1/2 / ! du. 5.53
7(t) = f(t)(loglog 1/)"/= + log2 J, u(log1/u)'/? u ( )
By Lemma 4.2
1/2 ~
Py (tu)
— = du < 20(t O(t)). 5.54
/0 wllog 1jayi7z 44 = 20() +0(6(1)) (5.54)
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where )
t o~
Py(u) ~ 1/2
ot) = ———d t)(log 1/t)*/=. 5.55
= [ oot du+ @s(0)(0 171 (5.55)
By (5.40) and (5.45)
lim O(t) = 0, (5.56)
t—0
which gives
lim 7(¢) = 0. (5.57)
t—0
Since Z%f(t) = ny(t)/ (t + f(t)), it follows from (5.52) that
- Zag(t) _ 2

The theorem nowAfollows from the fact that an a-permanental random variable with
kernel 1, such as Z, ¢(0), is a gamma random variable &, ; with shape a and scale 1; see
[18, (1.3)]. O

Proof of Theorem 1.18 If f is regularly varying at 0 with index 0 < v < 1, @y is
regularly varying at 0 with index 1 — +. By Theorem 3.5 we get

~>1/2 >1/2
123 - Z)F0)]

lim sup — < a.s. (5.59)
0" §s(t)(10glog 1/0)'7?
Using the fact that Ewc(t) = Zo s (t)] (t+ f(1)), we get (1.49). O

Proof of Theorem 1.6 Using Theorem 1.19 on the pairs {¢,,0}, we see that

X2 - X12(0))
lim sup
nooo  0(ty,0)(logn)t/2

a.s. (5.60)

When /5 = oo, since u(0,0) < oo implies that X (0) is finite almost surely, we immedi-
ately get (1.21).
To consider the case when 0 < 8 < oo, we write

|X (t,) — X(0)] < |X'2(t,) — XV/2(0)] (|X1/2(tn) — XV2(0)| + 2X1/2(0)) (5.61)

Using (5.60) we see that that

lim sup (\X”Q(tn) — X12(0)] + 2X1/2(0)) < B+2XY2(0)  as. (5.62)
n—oo
Combining this in (5.61) with (5.60) we get (1.22).
When 8 =0, (5.62) still holds and using (5.60) we get (1.23). O

Remark 5.2. Let X = {X(¢),t € [0,1]} be an a-permanental sequence with kernel u(s, t)
and sigma function o(s,t). Consider the permanental sequence Y = {Y(n),n € N} =
{X(1/n),n € IN}. Obviously, the results in Theorem 1.6 hold with X (¢, ) replaced by Y (n)
and o(t,,0) replaced by o(1/n,0).

The advantage of Theorem 1.6 is that it doesn’t require that (1.12) holds. This is
significant because (1.12) requires that

lim o (u,0) (log 1/u)/? = 0. (5.63)
u—

(Under the additional assumptions that ¢ = ¢ and o(u,0) = o(u).) Therefore, the results
in (3.78) would not give the results in Theorem 1.6 when 5 > 0. Additionally there are
also some cases when 5 = 0 but (1.12) does not hold.
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Example 5.3. Let {X,(0), Xo(1),...,Xn(n),... n € N} be an a-permanental sequence
determined by the kernel

’LL(0,0) =2, u(j,O) = 1+fj, u(OJ{) =1+ gg, 5 k=1,... (5.64)
and
u(],kﬁ) Z/\j(Sj,k—Fl—‘rfjgk, j,k‘: 1,... (5.65)

where \; — 0,

0<fi=1-p <1, 0<gi=1-¢;<1, pj=0/"), ¢ =0/  (566)

It is easy to show that the inverse of {u(j, k)]’%:l is an M-matrix with positive row sums,
which implies that u is the kernel of an a-permanental sequences. (See [19] for details.)
We have

02(3,0) = u(j, ) +u(0,0) — 2 (u(j,0)u(0, )" (5.67)
= N1+ figi+2-2(1+ )1 +g)"?
No+d—pi—qi+pig; —2(2-p)2—g)"?

which gives

a2(5,0) = A; +o();), as j— oo (5.68)
Using this, it follows from Theorem 1.6 that when 5 = oo,
Xa
lim sup () <1 a.s. (5.69)

n—o0 /\n IOg n

when 0 < 8 < oo,

limsup | Xo (n) — X, (0)] < B2 +26XY2(0)  a.s. (5.70)

n—oo

and when 5 =0,

. |Xa(n) — Xa(o)l

1

s (A logn) 12
We show in [19] that the lim sup in (5.69) is actually equal to 1.

<2X'2(0)  as. (5.71)

6 Partial rebirthing of transient Borel right processes

Let S a be locally compact set with a countable base. Let X =(Q, 7, X3, 6;,
P7) be a transient Borel right process with state space .S, and continuous strictly positive
potential densities u(z, y) with respect to some o-finite measure m on S.

Let ¢ = inf{t| X; = A}, where A is the cemetery state for X, and assume that { < oo
a.s. Let u be a finite measure on S. We call the function

ﬂwzéwmmww> 6.1)

a left potential for X. Since u(z,y) is continuous in y uniformly in = and p is a finite
measure we see that f(y) is continuous. See [6, Section 2]

The next theorem, which is interesting on its own, is also used in the proof of Theorem
1.11. Note that it does not require that u is symmetric. In this theorem we add a point *
to the state space S of X and modify X so that instead of going to A it goes to x. We
then allow the process to return to S from * with a probability p < 1, or to go to A with
probability 1 — p. Let X denote the modified process on the enlarged space. We see that
when X “dies”, X has a chance to be reborn, after which it continues to evolve that way
X did.
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Theorem 6.1. Let X = (Q, 7, X;,0,, P*) be a transient Borel right process with state
space S, as above. Then for any left potential f for X, there exists a transient Borel right
process X= (Q, Fi, )N(t, 0, ﬁw) with state space S=Su {*}, where « is an isolated point,
such that X has potential densities

u(z,y) =u(z,y)+ fly), =z,yeS (6.2)
u(x,y) = f(y), and  u(w,*) = u(*,*) =1,

with respect to the measure m on S which is equal to m on S and assigns a unit mass to
*.

Proof We construct X as described prior to the statement of this theorem. Let p be
the total mass of u. If X starts in S it proceeds just like X until time (, at which time it
goes to *. It stays there for an independent exponential time with parameter 1+ p, p > 0,
after which it returns to S with initial law u/(1 + p). (This is what we mean by partial
rebirthing.)

Once in S, X continues as we just described for X starting in S. Since the measure
11/ (1 + p) has total mass p/(1 + p), after each visit to *, X only has probability p/(1 + p)
to be reborn. With probability 1/(1 + p) the process enters a cemetery state A.

We now calculate the potential densities for X. Let g be a function on S with g(x) =0.
Then for any z € S

E° (/OOO g ()Z’t) dt> (6.3)
_ e (/(fg(Xt) dt) +§j1 (#p)nl/ ‘f’i(zp)E (/ch(xt) dt) .

This is equal to

/U(%y)g(y) dm(y) + 1;}2 (1ip>n_1/ du(Z)/U(Z,y)g(y) dm(y)
~ [ue.aw)dm) + [ fe)as) dm(v).

which gives the first line of (6.2). The first half of the second line of (6.2) follows from a
similar computation, where now we no longer have the first term in the second line of
(6.3). Finally, since at each visit to * the process waits there an independent exponential
time with parameter 1 + p, and then returns to % with probability p/1 + p), we have, for
some sequence of functions h(™ — h.

0o 1 oo P n 1
B Lg_ndt) —+> () — =1 6.4
</0 Xe=) )1+p ;(Hp) L+p ©4

1

The same computation holds if we start at . O

The next lemma is used in the proof of Theorem 1.11.

Lemma 6.2. Assume that for each n € N, u(™(s,t), s,t € S, is the kernel of an
a-permanental process. If u(™)(s,t) — u(s,t) for all s,t € S, then u(s,t) is the kernel of
an a-permanental process.

Proof By the hypothesis, for all £ and z;,...,z; € S, there exists an a-permanental
vector (Xg") (z1), ... ,xgm(xk)) with kernel K" = u(")(x,,2;), 1 < 4,j < k. Therefore,
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by definition, for all sq,...,s; >0,

° n 1
E( - six ><zi>) - - 6.5
e T3 KMSp (6.5)

In addition, since u™ (z;,2;) — u(w;,z;), we have |[I + K™S| — |I + KS|, where
K;; = u(z;,zj), 1 < 4,7 < k. It follows from the extended continuity theorem [9,
Theorem 5.22], that there exists a random vector (X, (z1),...,

Xo(zr)) with

1
B (e BiasXel) - . 6.6
¢ T+ K5 (6.6)
Since this is true for all £ and all z1,...,z; € S, it follows by the Kolmogorov extension
theorem that {u(s,t),s,t € S} is the kernel of an a-permanental process. O

Proof of Theorem 1.11 We apply Lemma 6.2 twice to prove the theorem. Consider a
general excessive function f. It follows from [2, II, ( 2.19)] that there exists a sequence
of functions g,, > 0, with both g,, and

Uga(z) = /S w(,y)gn(4) dy 6.7)

bounded such that f(z) is the increasing limit of Ug,(z). If the g, are in L' then,
since u is symmetric, Ug, is a left potential as in (6.1). Therefore, by Theorem 6.1,
{u(s,t) + Ugn(t),s,t € S} are kernels of a-permanental processes. Consequently, by
Lemma 6.2, {u(s,t) + f(t),s,t € S} is the kernel of a-permanental process.

If g, is not in L' we proceed as follows: Let C,, be an increasing sequence of
compact sets whose union is S. Then g,1¢, € L', so that by Theorem 6.1 {u(s,t) +
U(gnlec,,) (t),s,t € S} is the kernel of an a-permanental process. Taking the limit as
m — oo, it follows from Lemma 6.2 that {u(s,¢) + Ugn(t),s,¢ € S} is the kernel of
an a-permanental process. Since Ug,, — f we can use Lemma 6.2 again to see that
{u(s,t) + f(t),s,t € S} is the kernel of a-permanental process.

O

Remark 6.3. Theorem 1.11 shows that there exists an a-permanental process Z,(t),t €
S with the kernel given in (1.35). The same proof also shows that there exists an
a-permanental process {Z,(t),t € S} U Z,(x) with the kernel given in (6.2) for any
function f which is excessive for X.

7 Lower bounds

We use results from [18] to obtain lower bounds for the rate of growth of permanental
process or for their behavior at 0. There are several different situations that can arise
depending on the kernels of the permanental processes. We give several criteria that
can be used on kernels that behave differently.

Lemma 7.1. Let X, = {X,(t),t € R"} be an a-permanental process with kernel u(s,t)
such that u(t,t) > 0 forallt € R*. Set

~ u(s,t)
1) = . ,te RY. 7.1
U = e et iz (7.1)
Let {t;}32, be a sequence in R*. Set
6°(i,5) =2 = (ulti, t;) +ulty, ) and (¢7)° = inf ¢°(i.j). (7.2)
]
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If
sup ﬂ(ti, tj) + ﬂ(tj,ti) <€ (7.3)
1<i,j<oo
i#]
and
sup [u(t;, t;) =ty ;)| < e2(e)?, (7.4)
1§_i¥_§n
Eav)

for €1, €5 sufficiently small, then

Xal(t;
lim sup (t:)

- = >1-3 .S. 7.5
isoo U(ti,t;)logi — (1 te) as (7-5)

Proof Let {X(t) = X(t)/u(t,t),t € R*}. We show in Lemma 3.6 that X = {X(),¢ €
R*} is an a-permanental process with kernel u(s,t). Now consider the matrix K,, =

i) . is i - sy n))-
{u(ti,tj)}7;=;- This is the kernel of the a-permanental vector (X (t;) X(tn)). Let
{a; »}", denote the diagonal elements of K, '. By (7.3)

(¢5)% >2— €. (7.6)

By (7.4) we can take C' = ¢; in [18, (5.5)] and, since u(t,t) = 1, use [18, Lemma 5.2] to

get
2

2
A5 n é S
T (I—e)(eh)? T (1-e)2—a)
forall 1 <7 < n and all €, e5 sufficiently small.

<1+ 2(e1 + €2), (7.7)

To complete the proof we use the next two lemmas.

Lemma 7.2. Let {&(f,)u »_, be independent copies of &,,. (See (2.1)). Then for all
0<e<1, andl>ly=Ip(e) with (215/(3T'(u)logly)) > 1,

(4)
u,v 1 - 1
P max%zg zl—i. (7.8)
1<i<n log1 v n+1
Proof We have
(1) (4)
u,v 1-— w.v 1-—
P(max’,>(6)> = 1—P<max§’,<( 6)> (7.9)
1<i<n log1 v 1<i<n logi v
. O (1-e
= 1- 1—p 22 .
H log i = v
1=l
For any i >,
(4) _ —(1—¢€)logs
plw  U=9) 2 > - (7.10)
log v 30(u)(1 —e)logi — i

(See e.g. [18, (3.2)].) Using (7.9) and (7.10), we see that

(1) n
u,v 1-— 1 _N\n .
P(maxg’,>( 6)>211_[(1_)>16 i 1/, O
1<i<n log1 v 7

1=l

Lemma 7.3. Let X = (X1, Xs,...) be an a-permanental sequence, and for each n, let
K (n) be the kernel of X = (X1, Xs,...,X,). If (K(n))~! has diagonal elements a,, ; < a;,
10 <1 < n —1ig, for some iy and all n sufficiently large, then

X;
limsup ———— > 1, a.s. (7.11)

. 1 :
isoo @; logi
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Proof Using [18, (1.7)] and then (7.8) we see that for any ¢ > 0 and [ > Iy V ig(€)

X; X;
P( max _11'21—5) > P max %21—5
I<i<n—io q; ~ log1 ISisn—io a,,; log i

(i)
> P( max @21—a> (7.12)
1<i<n—io log 1
> oL
- n—ig+1

It follows from this that for any e > 0 and [ > ly(¢) V o,

Xi
1<i a; logt

We take the limit as [ — oo and use monotone convergence to get

X,
P <1imsup_1z >1- e) =1. (7.14)

i—oo @; logi

Since this holds for all ¢ > 0 we obtain (7.11). O

Proof of Lemma 7.1 continued: It follows from Lemma 7.3 that

X(+:
lim sup # > (1—3(e1 + €2)) a.s. (7.15)
i

i—00 0og

This gives (7.5). O

Proof of lower bounds in Theorem 1.8 We obtain the lower bounds in (1.28) and
(1.29). Following Lemma 7.1 set

UTo,v,B (S, t)

~ _ +
B (eI et ) L 716
Let t; = 67. Then
- i L~ .y R, 5(0%,09
uty (0", 07) + U, ,5(67,60") = 168, 0) (7.17)

(Ry5(6%,0) Ry (67,09))/*
Using (4.26) it is easy to check that for i # j, this is

<CO? forf>1 and < C'9/? forh <1, (7.18)
for constants C and C’. Similarly

2/H, 5(0",07)]

Ury (0%, 607) — g, 5(67,0°) = — AN . (7.19)
" " (Ry(0%,00) R, 5(07,609))"/?
Using (4.27) we see that this is
<|Bl6~7? for6>1 and < |B|07/? forf < 1. (7.20)

Therefore, (7.5) holds for § > 1 or § < 1, and since ur, ,5(0",0") = 2C, g0°" we get

: X(0")
lim sup ———
nooo 0™ logn

>2C,p(l—¢€) a.s. (7.21)
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where ¢ depends on 6 and goes to 0 as 0 goes to 0 or co, depending on whether § < 1
or 6 > 1. Using the facts that for 8 > 1, lim,,_, logn/loglogf™ = 1 and for § < 1,
lim,,—, o log n/loglog 6~™ = 1 we get the lower bounds in (1.28) and (1.29). O

Proof of lower bound in Theorem 1.14 This is an immediate application of Lemma
7.1. Consider {X,, (nj),j € IN}. It is easy to see that

sup Ug(nj,nk) = sup f(nk)+e k=l (7.22)
1<j,k<n 1<j,k<n
%k %k

Therefore, since lim;_, ., f(t) =0, for all e > 0 we can choose n such that (7.3) and (7.4)
hold with ¢; and €5 less that e. Consequently, (1.42) follows from (7.5). O

Proof of lower bound in Theorem 1.16 Let U be a non-singular n x n matrix. We use
U~ to denote the inverse, and U7* to denote the elements of U~'.
Let Uy be the (n+ 1) x (n + 1) matrix

1 ey f(n)
L U+ fQ1) ... Uin+f(n)
v o= | . . , . (7.23)
1 Upi+f(1) ... Upns + f(n)
One can check that
Ltp =Yl fOUR L Y, fHU
_ Z?:l Ul,j Ul’l . Ul,n
Uyt = . : , : , (7.24)
_ Z;’L:l Un,j Un,l L Unn

where
n n

p=:>_ Y fHU. (7.25)

j=1i=1

We now apply this with U replaced by W(n) = {s; A Sk}}l,kzp wheret; >0,i=1,...,n,
and

s =1t1+---+1j, 7=1...,n. (7.26)
That is,
S1 S1 S1 ... S1 S1
S1 S2 S2 ... S92 So
W=+ ¢ 1 o] (7.27)
S1 S2 S3 ... Sn—1 Sn—1
S1 S2 S3 ... Sn—1 Sn
It is easy to check that
1 1 1
“ +1g 1_51 01 0 0
T Ltu & 0 0
W(n) ' = : : S : c | (7.28)
1 1 1
0 0 0 Tt n T
1
0 0 0 —i i
Now, let
Up(n+1) ={s; Asi+ f(k)} k=0 (7.29)
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where sp = 0 and f(0) = 1. It follows from (7.24) that all the diagonal entries of
U¢(n +1)~!, except for the first one, are equal to diagonal entries of W(n)~!, that is
they are equal to 1/t; + 1/tj41, j=1,...,n—1and 1/t,.

Let s; = 67, for § > 1. Then ¢; = 67 — ¢7~! and

o 1 /60+1
3 — ;— _
Uf(n+1) 07 <9_1>, j=2,...,n—1, (7.30)
and
Up(n+1)"" = L i (7.31)
fn _9” 971 . .

It now follows from Lemma 7.3 that

. Zo (0™ _0—1
1 d > .5. 7.32
lﬁsolip 0n logn — 0+1 a-9 ( )

Taking 6 arbitrarily large gives the lower bound in (1.45). O

8 Appendix
In this section we simply write d for the metric d¢, in (1.9).

Let (T, d) be a separable metric or pseudo-metric space. Let B,(t, u) denote a closed
ball of radius » in (7, d) and p a probability measure on 7 we define

a 1 1/2
Iraste) =up [ (s Smeay) oD

The next theorem follows from [11, Theorem 3.1]. The proof of [11, Theorem 3.1]is a
consequence of the fact that a 1/2-permanental process is subgaussian. Using Theorem
1.1 it extends it as follows:

Theorem 8.1. Let X, = {X,(t),t € T} be an a-permanental process with kernel u(s,t).
Assume that T is separable for d with finite diameter D and that there exists a probability
measure p on T such that

J7.d.u(D) < o0. (8.2)

Then there exists a version X! = {X/ (t),t € T} of X, which is bounded almost surely.
If

lim J 4)=0 8.3

v T .d.u(0) ) (8.3)

there exists a version X! = {X/ (t),t € T} of X,, such that

lim sup |X.(s)—X.()]=0, a.s. (8.4)
0—=0 s ieT
d(s,t)<é
If (8.3) holds and
lim J7.4,6(9) = 00, (8.5)
5—0 1)
then /
: |Xa(s) — Xa(0)] ( / )12
lim sup ——-— = <30 (supX,(¢ a.s. (8.6)
w2 T =G

The next theorem follows from [16, Theorems 4.2] and Theorem 1.1.
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Theorem 8.2. Under the hypotheses of Theorem 8.1 assume that (8.3) holds. For any
to € T and § > 0, let Ts := {s : d(s,t9) < 6/2}. Suppose 0 < ¢ < 6y < D which implies
that Ts < Tp. Assume that for some 8 < 1

1(Tgr)

limsup —"— < C, (8.7)
b (Tgeen)

for some constant C, and consider the probability measures pus(-) := p(- N Ts5)/u(Ts),
0 < 6 < do. Then if X, (to) # O there exists a version X/, = {X/,(t),t € T} of X,, such that

X! — X" (t
lim  sup | i‘(s) a(fo)l < CX&1/2(t0) a.s. (8.8)
0=04(s,t0)<s/2  Hy,d,u5(0/4)

where
Hr, a5 (0/4) := 6(loglog 1/6)Y2 4 Jr; ., (5/4). (8.9)

If X, (to) = 0 there exists a version X! = {X/,(t),t € T} of X,, such that

X/
lim sup — a(5) 5 < C' a.s., (8.10)
320 (s t0)<6/2 (Hs,d,5(6/4))

for some constant C'.

Remark 8.3. We have pointed out on page 2, that when {u(s,t); s,t € T} is the potential
density of a transient Markov process, {d¢ ,(s,t);s,t € T} defined in (1.6) and (1.9),
is a metric on 7. In general, if we only assume that {u(s,t);s,t € T} is a kernel of
a-permanental processes, we don’t know whether d¢ , is a metric. Actually Theorems
8.1 and 8.2 still hold if {d¢ +(s,%);s,t € T} is not a metric. We continue to define

By, (t,u) = {s;dc o (s,t) < u} (8.11)

and everything goes through. (This is the approach we took in [16] which we wrote
before we knew that when {u(s,t);s,t € T} is the potential density of a transient Markov
process, {dc,(s,t);s,t € T} is a metric on 7. See, in particular, [16, Theorems 1.1 and
1.2] and the paragraph that preceeds [16, Theorems 1.1 ].)
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