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Abstract

The objective of this paper is to establish the decomposition theorem for supermartin-
gales under the G-framework. We first introduce a g-nonlinear expectation via a kind
of G-BSDE and the associated supermartingales. We have shown that this kind of
supermartingales has the decomposition similar to the classical case. The main ideas
are to apply the property on uniform continuity of Sg(O, T), the representation of the
solution to G-BSDE and the approximation method via penalization.
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1 Introduction

The classical Doob-Meyer decomposition theorem tells us that a large class of sub-
martingales can be uniquely represented as the summation of a martingale and a
predictable increasing process. This is one of the most fundamental results in the theory
of stochastic analysis. This theorem was firstly proved in [9] for the discrete time case.
Then [16, 17] proved this result for the continuous time case. This theorem is important
for the optimal stopping problem used to solve the pricing for the American options
(see [1],[14]). Besides, it can be applied to study the problem of hedging contingent
claims by portfolios constraint to take values in a given closed, convex set (see [6]). A
general case of Doob-Meyer decomposition theorem was introduced in [20] when the
supermartingale Y is defined by a nonlinear operator. It was proved that the nonlinear
version of Doob-Meyer decomposition theorem also holds.
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Supermartingale decomposition theorem under G-expectation

The objective of this paper is to solve the problem of decomposition theorem of
Doob-Meyer’s type for nonlinear supermartingales defined in the G-expectation space.
In order to understand the motivation of this objective, let us recall its special linear
case, namely, in a framework of Wiener probability space ({2, F, (F):>0, P) in which
the canonical process B;(w) = w(t) for w € 2 = Cy([0,)) is a d-dimensional standard
Brownian motion. Given a function g = g(s,w,y,2) : [0,00) x 2 x R x R? — R where
9(-,y, z) satisfies the “usual Lipschitz conditions” in the framework of BSDE (see [18]),
such that, for each T € [0, 00), the following BSDE has a unique solution on [0, 77,

T T
yt:£+/ 9(57y3azs)d5+(AT_At)_/ 2,dBs, s € [O,T},
t t

where ¢ is a given random variable in L?(Q), Fr, P) and A is a given continuous and
increasing process with Ap = 0 and A, € L?(, F;, P) for each t € (0,7]. We call y a
g-supersolution. If A = 0, then y is called a g-solution. For the latter case, since for
each given t < T, the F; measurable random variable y; is uniquely determined by the
terminal condition yr = £ € L?(Q, Fr, P), then we can define a backward semigroup
[19, 21]

EgT[S] =y, 0<t<T < oo. (a)

This semiproup gives us a generalized notion of nonlinear expectation with correspond-
ing F;-conditional expectation, called g-expectation [19]. By the comparison theorem
of BSDEs we know that any g-supersolution Y is also a g-supermartingale (i.e., we
have £f7t[Yt] < Y, for each s < t). But the proof of the inverse claim, namely, a
g-supermartingale is a g-supersolution, is not at all trivial (we refer to [20] for detailed
proof). In fact this is a generalization of the classical Doob-Meyer decomposition to the
case of nonlinear expectations, and the linear situation corresponds to the case g = 0.

Moreover, this nonlinear Doob-Meyer decomposition theorem plays a key role to
obtain the following representation theorem of nonlinear expectations: for a given
arbitrary F;-conditional nonlinear expectation (&; +[{])o<s<t<oo With certain regularity,
there exists a unique function g = ¢(-, y, z) satisfying the usual conditions of BSDE, such
that,

Erl€) =Elp[¢], forall 0<t<T <oo, and ¢ e L*(Q, Fr,P).

We refer to [4], [21], [22] for the proof of this very deep result, also to [7] where a wide
class of time consistent risk measures are identified to be g-expectations.

It is known that volatility model uncertainty (VMU) involves an essentially non-
dominated family of probability measures P on (2, 7). This is a main reason why
many risk measures, and pricing operators cannot be well-defined within a framework
of a single probability space such as Wiener space (2, Fr, P). [23] introduced the
framework of (fully nonlinear) time consistent G-expectation space (£, L% (Q), ) such
that all probability measures in P are dominated by this sublinear expectation and such
that the canonical process B.(w) = w(-) becomes a nonlinear Brownian motion, called
G-Brownian. Many random variables, negligible under the probability measure P € P,
as well as under other measures in P, can be clearly distinguished in this new framework.
The corresponding theory of stochastic integration and stochastic calculus of 1t6’s type
have been established in [23, 25]. In particular, the existence and uniqueness of BSDE
driven by G-Brownian motion (G-BSDE) have been established in [10]. Roughly speaking
(see next section for details), a G-BSDE is as follows

T T
n :§+/ g(s,ys,zs)ds—/ zsdBs — (K — Ky), t€]0,T],
t t

where ¢(-,y, z) and ¢ satisfy very similar conditions with the classical case. The solution
of this G-BSDE consists of a triplet of adapted processes (y, z, K) where K is a decreasing
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G-martingale with Ky = 0. We then call y a g-solution under IE. From the existence and
uniqueness of the G-BSDE, we can also define IAEZTE] =y, which forms a time consistent
nonlinear expectation. If K is just a decreasing process then we call y a g-supersolution
under B.

By the comparison theorem of G-BSDE obtained in [11], we can prove that a
g-supersolution under E Y is also an [29- -supermartingale, i.e., we have ]Eg | Y:] <Y, for
each s < t. The objective of this paper is to prove its inverse property: a continuous
I9- supermartingale Y is also a g-supersolution under . Namely, Y can be written as

T T
Yt=YT+/ g(s,Ys,z‘ads—/ ZydB+ (Ap — Ay, te[0,T],
t t

where A is a continuous increasing process. A special case of this result is when g = 0.
In this case Y is a G-supermartingale and it can be decomposed into the following

t
}/t = YO +/ stBs - At7
0

where A is an increasing process. This is still a new and non-trivial result.
The proof of this decomposition theorem involves a penalization procedure,

T T
yr =Yr +/ g(s,y2, z)ds — / 20dBs — (K}t — K + (L — LY), t€]0,T],
t t

forn =1,2,---, where L} = ”fo — yM)ds and K" is an decreasing martingale. In
order to prove that y" 1 Y itis necessary to show that y” < Y. A main problem is that
the corresponding Doob’s optional sampling is still an open problem. We overcome this
difficulty by proving that, for each probability dominated by P, we have y™ < Y. We
also need to introduce some new methods, see Lemma 3.7 and Lemma 3.8, to prove the
uniform convergence of y”. Generally speaking, the well-known Fatou’s lemma cannot
be directly and automatically used in this sublinear expectation framework. Besides, a
bounded subset in Mg(O, T) is not necessarily weakly compact. Many proofs become
more delicate and challenging.

We believe that the proof of our new decomposition theorem of Doob-Meyer’s type
under G-framework will play a key role for understanding and solving many important
problems. Note that the Doob-Meyer decomposition theorem for g-supermartingale is
the builing block to obtain the representation theorem for "enough regular" filtration
consistent nonlinear expectations. Since our new result is the generalization of the
g-expectation case which represents the drift uncertainty, the decomposition theorem
under G-framework is a key step towards the understanding and solving a general
representation theorem of dynamically consistent nonlinear expectations, as well as
dynamic risk measures and pricing operators in the volatility uncertainty model.

The paper is organized as follows. In Section 2, we set up some notations and results
as preliminaries for the later proofs. Section 3 is devoted to the study of the so-called
o -supermartingales. The representation theorem is established with detailed proofs. In
Section 4, we present the relationship between the ]Eg-supermartingales and the fully
nonlinear parabolic PDEs.

2 Preliminaries

2.1 G-expectation and G-It6’s calculus

The main purpose of this section is to recall some basic notions and results of
G-expectation, which are needed in the sequel. The readers may refer to [10], [11], [24],
[25] for more details.
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Definition 2.1. Let () be a given set and let H be a vector lattice of real valued functions
defined on 2, namely ¢ € ‘H for each constant c and | X| € H if X € H. H is considered as
the space of random variables. A sublinear expectation £ on H is a functional : H — R
satisfying the following properties: for all X,Y € H, we have

(a) Monotonicity: If X > Y, then ]E[X] > ]E[Y];

(b) Constant preserving: [c] =

(c) Sub-additivity: B[X + Y] < B[X] + E[Y];

(d) Positive homogeneity: B[AX] = AE[X] for each A > 0.

The triple (2, H, IE) is called a sublinear expectation space. X € H is called a random

variable in (2, H, ]E) In the following, unless otherwise stated, we consider the following
sublinear expectation space (2, H, ]E) ifYh,...,Y, € H, then ¢o(Y1,...,Y,) € H for each
¢ € CpLip(R™). We often callY = (Y1,...,Yy),Y; € H a d-dimensional random vector in
(L, H, B).
Definition 2.2. Let X; and X, be two n-dimensional random vectors defined respectively
in sublinear expectation spaces (21, H, ]El) and (g, Ho, Eg). They are called identically
distributed, denoted by X; < X, if B [p(X1)] = Ba[p(X,)], for all ¢ € Cpi,(R™), where
Crip(R™) is the space of real continuous functions defined on R™ such that

lo(x) —w(y)| < Clz —y| forallz,y € R",

where C' depends only on ¢.

Definition 2.3. In a sublinear expectation space (Q,H, IFJ), a random vector Y = (Y1, - -
+Y,), Y € H, is said to be independent of another random vector X = (X1, - -, Xy),
X; € H under E[], denoted by Y L X, if for every test function ¢ € Cp;,(R™ x R™) we
have IAE[‘)O(X7 Y)] = E[E[gp(l‘, Y)];:X]-

Definition 2.4. (G-normal distribution) A d-dimensional random vector X = (X1, -+, X4)
in a sublinear expectation space (2, H, ]E) is called G-normally distributed if for each
a,b > 0 we have

aX +bX L Va2 £ 12X,

where X is an independent copy of X, i.e., X < X and X_LX. Here the letter G denotes
the function )
G(A) := 51E[<AX,X>} 19— R,

where S, denotes the collection of d x d symmetric matrices.

It is proved in [24] that X = (X}, - -, X4) is G-normally distributed if and only if for
each ¢ € Cp;p(RY), u(t,z) := E[p(z + VtX)], (t,x) € [0,00) x RY, is the solution of the
following fully nonlinear parabolic equation:

Ou — G(D?*u) =0, u(0,z) = ¢(x).

where D3u = {07, u}{ ;.
In the case d = 1, the function G : R — R is a given monotonic and sublinear function
of the form

Gla) = 5(6%" ~o%a"), a€R, @)

where 52 = B[X?2] and 02 = —E[—X?]. In this paper we only consider the non-degenerate
G-normal distribution, i.e., ¢ > 0 in the 1-dimensional case.
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We present the notion of G-Brownian motion in a sublinear expectation space. For
notational simplification, we only consider the case of 1-dimensional G-Brownian motion.
But the methods of this paper can be directly applied to d-dimensional situations.

Let Q = Cy([0,0); R) be the space of real valued continuous functions on [0, co) with
wo = 0 endowed with the following distance

1,2 -N 1 2
wh,w) = E 2 max |w; —wyil|) A1,
p( ) P [(te[O,N]| t i) A1

and Bi(w) = wt, t > 0, w € Q be the canonical process. For each 7' > 0, set Qp =
{w(-AT), w € Q}. We denote by B(Q?) the collection of all Borel-measurable subsets of (2.

Definition 2.5. i)Set

Lip(QT) ::{(p(Btl, ---;Btn) n > 1,t1, ...,tn e [O,T],(p S CLip(Rn)},

Lip() := | Lip(Qr).
T>0

Let G : R — R be a given monotonic and sublinear function of the form (2.1). G-
expectation is a sublinear expectation defined on the space of the random variable
(Q, L;,()) in the following way: for each X € L;,(?) in the form X = (B, — By,, Bi, —

By, -+ ,By, — By, ,) € Lip(Q), withtyg < t; < --- < tp, we set
E[X] = IE[SO( \% ty — t0£17 TV tm — tm—1 m)]7
where &1, - - -, &, are identically distributed 1-dimensional G-normally distributed random

vectors in a sublinear expectation space (Q,?—l,]ﬁ)) such that &4, is independent of
(&1,--+,&) foreveryi=1,--- m— 1.

The canonical process Bi(w) = wt, t > 0, is called a G-Brownian motion on the
sublinear expectation space (£, Li,(Q), E[-])

ii) Let us define the conditional G-expectation o of £ € Ly, (Qr) knowing L;, (),
fort € [0,T]. Without loss of generality we can assume that { has the representation
¢ =¢(By, — By, B, — Bt,,- -+, B, — By,,_,) witht =t;, for some 1 < i < m, and we put

Eti [@(Bh - Btm Btz - Bt1 T Btm - Btm—l)]

= @(Btl - Bt()?Btz - Bt17 te ';Bti - Bti,l)v

where

@(‘/Eh ) xi) = E[@('rl» cy T, Bti+1 - Btw ) Bt'rn, - Btm—l)]'
Define || X ||z, = (B[|£[P])'/? for X € L;y(2) and p > 1. Then for all ¢ € [0, T], B[] is
a continuous mapping on L;,(Q2r) w.r.t. the norm || - |- . Therefore it can be extended

continuously to the completion Lg,(Qr) of L;,(€2r) under the norm || - ||z . Denis et al.
[8] proved that the completions of C,,(§27) (the set of bounded continuous function on

Qr) under the norm || - || .2, coincides with LY. ().

Let 7V = {t),--- ,tN}, N = 1,2,---, be a sequence of partitions of [0,¢] such that
p(m) = max{|t}, —tN]:i=0,--- , N — 1} — 0, the quadratic variation process of B is
defined by

N-1
(B)e =L~ lim Z(Btj.\;l - Btj.")2~
=0

p(m)—0 =
Let us denote the set of all probability measures on (Qr, B(Q2r)) by M; (7).
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Theorem 2.6. ([8, 12]) There exists a tight set P C M; (1) such that

E[X] = ;EI;EP[X] for all X € Lip(Qr).

‘P is called a set that represents .
Let P be a tight set that represents I£. For this P, we define capacity

¢(A) := sup P(A), A € B(Qr).
PeP

The set A C Qr is said to be polar if ¢(4) = 0. A property holds “quasi-surely” (q.s. for
short) if it holds outside a polar set. In the following, we do not distinguish two random
variables X and Y if X =Y q.s..

Remark 2.7. Let (2, F, P%) be a probability space and (W;);>o be a 1-dimensional
Brownian motion under P°. Let F = {F;} be the augmented filtration generated by W.
[8] proved that

t
Pui={P|P,=P’o X' X, = / hsdWs, h € Lg([0,T]; [2,3])},
0

is a set that represents £, where L2 ([0, T]; [¢,7]) is the collection of F-adapted measur-
able processes with values in [g,7].

For ¢ € L;,(Qr), let £(¢) = IAE[supte[()’T] (€], where I is the G-expectation. For
convenience, we call £ the G-evaluation. For p > 1 and £ € L;,(Q2r), define ||{||,e =
[£(|€|P)]V/P. Let L%(Q7) denote the completion of L;,(27) under || - ||,¢. We shall give an
estimate between the two norms || - || .2, and || - [|,.¢.

Theorem 2.8 ([30]). Forany o > 1 and § > 0, Lg+‘5(QT) C Lg(Q2p). More precisely, for
anyl <y < f:=(a+d)/a, v <2, we have

« * a a+§
€18 <AL uns + 14175 [E11277), forall € € Lip(@r),
where Cg/, = > 0 i P/, v =~/(y - 1).
Independently, [28] proved L& (Qr) C LZ(Qr) for a > 2.
Definition 2.9. Let Mg(O, T') be the collection of processes in the following form: for a
given partition {to, - -,tn} = np of [0, T,

N —

Ut(w) = Z gj(w)l[tj;tj+1)(t)’

Jj=

_

where &; € Li,(,),i=0,1,2,---,N — 1. Foreachp > 1 andn € M2(0,T), we denote by

T T
\In\\Hg={E[(/O s 2dsyP2IYP, lnllagg :=(1AE[/O s [P ds]) /.

We use H¢,(0,T) and M{,(0,T) to denote the completion of M¢,(0,T) under norms | - || g
and || - ||z, respectively.

For two processes 77 € M2 (0, T) and £ € Mk (0, T), the G-1td integrals ([}, 7sdBs)o<i<r
and (fot &sd(B)s)o<i<r are well defined (see Li-Peng [15] and Peng [25]). Moreover,
by Proposition 2.10 in [15] and the classical Burkholder-Davis-Gundy inequality, the
following property holds.
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Proposition 2.10. Ifn € Hg(0,7) with a > 1, then we can get sup,c(; 1y | [ nsdBs|P €
L{(Q27) and

T u T

oo Bil( [ nds)??) < Bl sup | [ ndBl?) < P CE([ Ineds))
t uelt,T) Jt t

where p € (0,a], ¢, and C), are the classical B-D-G constants.

Let S2(0,T) = {h(t, Biyats-- - Bi,at) t t1ye .oty € [0,T),h € Cprip(R™1)}. Forp > 1
and 7 € SG(O 1), set ||n||sz, = {E[supfe[o ] \nt|p]}1/p Let S%(0,T) denote the completion
of S%(0,T) under the norm || - sz,

We consider the following type of G-BSDEs

=£+/Tg(s,Ys,Zs)ds+/T f(5,Ys, Z,)d(B), — /T ZsdBs — (Kr — Ky),  (2.2)
t t t
where g and f are given functions
g(t,w,y,2), f(t,w,y,2) : [0,T] x Qr x RxR—= R
satisfy the following properties:

(H1) There exists some 8 > 1 such that for any v, z, g(-, -, 4, 2), f(*,-,y,2) € M§(07T);

(H2) There exists some L > 0 such that
\g(t,y,Z) - g(ta y/azl)| + |f(tayvz) - f(tvylvz/)l S L(|y - y/‘ + |Z - Z/|)

For simplicity, we denote by &%(0,7") the collection of processes (Y, Z, K) such
that Y € S&(0,7), Z € H&(0,T), K is a decreasing G-martingale with Ky = 0 and
Kr € L%(QT)

Definition 2.11. Let £ € Lg(QT) and g and f satisfy (H1) and (H2) for some 3 > 1. A
triplet of processes (Y, Z, K) is called a solution of Equation (2.2) if for some 1 < a < 8
the following properties hold:

@ (Y,Z,K) € 8(0,T);
®) Y, =&+ [ g(s. Vs, Z)ds + [ f(5,Ye, Z)d(B)s — [ Z.dB, — (Kr — K,).

Theorem 2.12 ([10]). Assume that £ € Lg(QT) and g, f satisfy (H1) and (H2) for some
B > 1. Then Equation (2.2) has a unique solution (Y, Z, K). Moreover, for any 1 < a < f8
we haveY € S2(0,T), Z € H&(0,T) and Kr € L&(Qr).

We also have the comparison theorem for G-BSDEs.

Theorem 2.13 ([11]). Let (Y}, Z}, K})i<r, i = 1,2, be the solutions of the following two
(G-BSDEs:

T
vi=¢ +/ gi(s)ds + / fi(s)d(B)s + Vi — Vi — / ZidB, — (Kb — K,
t t

where gi(s) = gi(s,Y!, Z2), fils) = fi(s, Y], Z1), € € LE(Qr), {Vitiep.r) are RCLL
processes such that E[supte[O’T] [Vi®] < oo, gi, f; satisfy (H1) and (H2) with 3 > 1.
Assume that &' > €2, f1 > fa, g1 > g2 and {V;} — V;?} is a nondecreasing process, then

AR )
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2.2 Some results of classical penalized BSDEs

In this subsection, we will introduce some notions and results following Peng [20].
The probability space and filtration is given in Remark 2.7. For a given stopping time 7,
we now consider the following classical BSDE:

T

Yt = § + / g(&ys, Za)ds + (AT - At/\‘r) - / stWs; (23)
t

AT tAT

where ¢ € L?(9, F,) and g satisfies the following conditions:
(A1) g(-,y,2) € L2(0,T;R), for each (y, z) € R?%;
(A2) There exists a constant L > 0 such that

lg(t,y,2) — g(t,y',2")] < L(ly = ¢/ + |z = &)

Here A is a given RCLL increasing process with Ay = 0 and E[A42] < co. We call (y;)
the g-supersolution on [0, 7] if (y, z) solves (2.3). In particular, when A = 0, (y;) is called
a g-solution on [0, 7].

Definition 2.14. An F;-progressively measurable real-valued process (Y;) is called a
g-supermartingale on [0, T in strong sense if, for each stopping time v < T, E[|Y;|?] < oo,
and the g-solution (y;) on [0, 7] with terminal condition y, = Y, satisfies y, < Y, for all
stopping time o < T.

Definition 2.15. An F;-progressively measurable real-valued process (Y;) is called a
g-supermartingale on [0, T] in weak sense if, for each deterministic time t < T, E[|Y;|?] <
oo, and the g-solution (y;) on [0, t] with terminal condition y, = Y, satisfies ys < Y; for all
deterministic time s < t.

It is obvious that a g-supermartingale in strong sense is also a g-supermartingale
in weak sense. [3] proved that, under assumptions similar to the classical case, a
g-supermartingale in weak sense coincides with a g-supermartingale in strong sense.
This result is a generalization of the classical Optional Stopping Theorem. If (Y;)
is a g-supersolution on [0,7], it follows from the comparison theorem that (V;) is a
g-supermartingale. In fact, [20] proved that the inverse problem, i.e., nonlinear version
of Doob-Meyer decomposition theorem, also holds. The method of proof is to apply the
penalization approach and the first step is the following lemma.

Lemma 2.16 ([20]). Let (Y;) be a right-continuous g-supermartingale on [0, T] in strong
sense with E[SUpogth |Y;]?] < oo. Assume that g satisfies (A1) and (A2). For each
n =1,2,---, consider the following BSDESs:

T T T
i =Yoo+ [ glsp s tn [ (V- gds = [ szaw,
t t t

Then, foreachn =1,2,---,Y; > y".

Remark 2.17. Set M; = fot hsdWs, where h € L%([0,T}];[c,7]). If the BSDE (2.3) is
driven by M,

T

Yt = 5 +/ g(S, Ys, ZS)dS + (AT - At/\T) - / ZSdM37
t

AT tAT

then, we can define a g;,-supersolution (also g,s-solution) and a g,/-supermartingale in
strong sense (also in weak sense). Furthermore, we have a similar result as Lemma 2.16.
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3 Nonlinear expectations generated by G-BSDEs and the associ-
ated supermartingales

For simplicity, we only consider the following G-BSDE driven by 1-dimensional
G-Brownian motion. The result still holds for multi-dimensional cases.

T T
Y =¢ +/ 9(5, .5, 205 )ds — / Z4dBs — (K = K[, (3.1)
t t

where ¢ satisfies the following conditions:
(H1’) There exists some § > 2 such that for any y, z, g(-,,y,2) € Mg(O,T);

(H2) There exists some L > 0 such that
lg(t,y,2) — g(t, 9, 2")| < L(ly — /| + |z = &)
For each ¢ € Lg(QT) with 8 > 2, we define
{116 =Y,

Definition 3.1. A process {Y; };c0,1) is called an 59-supermartingale if, for eacht < T,
Y, € LE(Q) with B> 2 and B, [V}] < Y, VO < s <t < T.

Remark 3.2. ()If g = 0, the B9-supermartingale (Y;) is in fact a G-supermartingale.
(ii)If the decreasing G-martingale (K) in (3.1) is replaced by a continuous decreasing
process A with Ay = 0, E[42] < oo, then (V;) is called a g-supersolution under I on [0, T].
It follows from the comparison theorem of G-BSDE that a g-supersolution under E is
also an &9 -supermaringale.

(iii)If there exists a generator f corresponding to the d(B) term in (3.1), we can define
the operator Ef,’%[-] and the associated 29/ -supermartingales.

The following theorem, which is a main result of this paper, tells us that an I59-
supermartingale is also a g-supersolution under . It generalizes the well-known decom-
position theorem of Doob-Meyer’s type to a framework of fully nonlinear expectation-G-
expectation.

Theorem 3.3. Let Y = (Y})icjo,1] € Sg(O,T) be an 9-supermartingale with 8 > 2.
Suppose that g satisfies (H1’) and (H2). Then (Y;) has the following decomposition

t t
Yrt = YO - / g(sv}/s7 Zs)ds + / ZSdBS - At7 q.s., (32)
0 0

where {Z;} € MZ(0,T) and {A;} is a continuous nondecreasing process with Ay = 0 and
Ar € L%(Q2p). Furthermore, the above decomposition is unique.

We divide the proof into a sequence of lemmas. For P € P,;, F-stopping time 7,

and F,-measurable random variable n € L2(P), let (Y, ZF) denote the solution to the
following standard BSDE:

vP =y +/ g(r,Y,P . ZP)dr —/ zPdB,, 0<s<7, P-as.

We recall from [29] that every P € Pj; satisfies the martingale representation
property. Then there exists a unique adapted solution (Y, ZF) of the above equation.
We define Eif[n] =Y. For P € Pyyand t € [0,T], set P(t, P) := {Q € Pu|Q|F, = P|x}.
The following lemma provides a representation for solution Y 7*¢ of Equation (3.1).
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Lemma 3.4 ([29]). For each ¢ € Lg(QT) with § > 2, we have, for P € Py andt € [0,T]
kY ,[¢] = esssup PESQ[¢], P-as.,
’ QeP(t.P)
where esssup? means that the essential supremum is taken under the probability P.

For reader’s convenience, we give a brief proof here.

Proof. By the comparison theorem of classical BSDE, for Q € P(t, P), we have E} 79 [€] <

IAEf,T[g], Q-a.s.. Consequently, we have Eﬁf[g] < IAEf,T[g], P-a.s.. Besides, by Theorem

16 in [13] (see also Proposition 3.4 in [28]) and noting that (KtT’g) is a decreasing

G-martingale, we have

0= Et[K;’E - Kf’g] = esssup PE'tQ[K;’5 — K%, P-as.,
QEP(t,P)

where P(t, P) is the closure of P(t, P) with respect to the weak topology. Then there
exists Q € P(t, P), such that EQ[K-* — K**] = 0. Choose {Q,} C P(t, P) such that
@, — Q weakly, by Lemma 29 in [8], then we obtain

T, T, a n T, T =1 1-« n T, T, o
B K7 — K870 < {BEO | Kp® — KPS = o B9 [|K7 — K4 — 0,

where0 < a<1— % By Proposition 3.2 in [2], we derive that

BY (6] — BEn €] < CaB2[|KLS — KSM0], Queaus..

Consequently, the above inequality holds P-a.s.. Then we have
EP[[E] £[¢] - BIE (€] < CaBO[[Kp® — K0 = 0,
The proof is complete. O

Lemma 3.5. Let Y = (Y3)cp0,1] € Sg(O,T) be an 9-supermartingale with 3 > 2. Sup-
pose that g satisfies (H1’) and (H2). For each n = 1,2,---, consider the following
GG-BSDEs:

T T T
i =Yt [ glstadsn [ (V- ytas - [ dB- (Kp KD, G3)
t t t
Then, forn=1,2,---,Y; > y7, q.5..

Proof. Suppose the lemma were false. Then we could find some ¢ € [0,T] and P* € Py,
such that P*(y! > Y;) > 0.

Applying Lemma 3.4 and the definition of ]Eg-supermartingales, we have for any
PePyand s <t,

ESLIV] < esssup PEZL V] = B, [V] <Y, P-as..
P'eP(s,P)

This shows that, under the measure P € Py, (Y;) can be seen as an gg-supermartingale
in weak sense (see Remark 2.17). Since (V;) € Sg(O,T) is continuous, it is an gg-
supermartingale in strong sense. For any Q € P(t, P*), let (Y%, Z%) denote the solution
to the following standard BSDE:

T T
l7362 =Yr +/ gn(r, }77"@3 ZVQ)dT - / Z?dBT’ Q-CL.S..

where g,(s,y,2) = f(s,y,z)+n(Ys;—y). Since (Y}) is an gp-supermartingale and g satisfies
the assumptions in Lemma 2.16, then it is easy to check that Y; > Etgg:Q[YT](: Y9, Q-
a.s.. By the definition of P(¢, P*), we obtain that ¥; > Eg"T’Q [Yr], P*-a.s.. Again by Lemma
3.4, we have ess Sng;P(t,P*) EZ"fQ[YT] =y, P*-a.s.. This leads to a contradiction. O
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It follows from the comparison theorem that y* < y**. Thus foralln = 1,2,---, |y?|
is dominated by |y}| V |Y;|. Then we can find a constant C independent of n, such that for
l<a<p, andforalln=1,2,---,

E[ sup [y9'*] <E[ sup (Jyi| Vv |¥i])?] < C. (3.4)
te[0,T) t€[0,T

Now let LY = nfot(YS — yi')ds, then (L}'):cp0,7) is an increasing process. We can
rewrite G-BSDE (3.3) as

T T
g =Yy - / rdB, + / g(s,y, 20)ds — (K — KP) + (Lt — L),
t t

Lemma 3.6. There exists a constant C independent of n, such that forl < a < 3,

R T . R . A T
B[ / (e)2dt)%] < C, BIKR] < C, BL3 = noT[( / ¥, — y7lds)?] < C.

Proof. By a similar analysis as Proposition 3.5 in [10], we have

~ T o ~ ~ 1, T 1
E[(/ |20 2ds) %] < Co{E[ sup |yp'|*]+ (B[ sup nyla])E(E[(/ 9(s,0,0)[ds)*])= },
0 te[0,T] te[0,T] 0

T
B3 — Kp|"] < CafB[ sup [y|"] + B / 19(5,0,0)|ds)]}.
te[0,T] 0

where the constant C', depends on o, T, G and L. Thus we conclude that there exists a
constant C independent of n, such that for 1 < a < g,
A T A
E([ larPan®)<C. BlLy - KpP) < C
0
Since L7 and — K} are nonnegative, we get
. . A T
E[|K7|*] <€, E[[Lz[*] = n“E[(/ Yy —yllds)*] < C. O
0

For 1 < a < f3, we obtain the following inequality.

T
nIE[/ (Ys —y)ds]
0
e T
< CnB{ [ (¥, — g lYafe ]+ Cnl [ (v - )z
0 0

. . T
< Cn(E[ sup IYeI(“’l)p])l/p(E[(/ (Yo — y2)ds)?]) '/
s€[0,T] 0

T
+ Cn(IE[ sup Iyé‘l(“’”p])l/”(E[(/ (Yo = y2)ds) )9,
s€[0,T] 0

where p,q > 1 satisfy % + % =1, (o« —1)p < B and ¢ < 3. By Estimate (3.4) and Lemma
3.6, there exists a constant C independent of n, such that

T
nB([ (v < .

This implies that y™ converges to Y in M&(0,T). In fact, this convergence holds in
S&(0,T). In order to prove this conclusion, we need the following property on uniform
continuity for any Y € S%(0,7T) with p > 1.
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Lemma 3.7. ForY € S.(0,T) with p > 1, we have, by setting Y := Yr for s > T,

F(Y) :=limsup(E[ sup sup [V; — Y&|p])% =0.
e—0 te[0,T] s€(t,t+e]

Proof. ForY € S52(0,T), the conclusion is obvious. Noting that for Y, Y’ € S%(0,7) we
have
[F(Y) - FY) <CIY =Y'|sn,

which implies that F(Y) =0 for any Y € SZ.(0,7). O
Lemma 3.8. For some 1 < a < 3, we have

lim E[ sup [Y; —y/'*] = 0.
n—oo tE[O,T]

Proof. By applying G-It6’s formula to e~ "y, we get

T T
Yl = "B le T Yy —|—/ ne "*Y,ds —|—/ e " g(s,yy, 2z )ds].
t t

Then we obtain .
0< Y, —yp < B[V / et g(s, 47, 1) ds],
t

where Y, = e"*"T)(Y; — Y7) + ftT ne™*=*)(Y, — Y,)ds. By Hélder’s inequality, it follows
that

T T
1
n(t—s) n o n 2 n o n 1/2
€™ Vg(s,yd, 20 )ds| < ﬁ/ 9" (5,45, 2 )ds
|/t ) ‘ 2n( 0 ) )

C T
<% (Cowp P+ / (62(5,0,0) + 27[2)ds) /2.
VN sefo,m) 0

Then for 1 < a < 8, we have

T
B[ sup | et g(s,y", 2M)ds|*] — 0, as n — co. (3.5)
tel0,7] Jt

For € > 0, it is simple to show that

T
7 = D - Yo + [
t+e
<e"DY, —Yp|+e™ sup |V - Y|+ sup |V, - Y.
s€t+e,T) SE[t,t+e]

t+e
nen(t—s) (th _ Y’S)ds 4+ / nen(t—s)(Yt - Ys)ds‘
t

For T > § > 0, from the above inequality we obtain

sup [¥"[ <e™™ sup |Y;-Yr[+ sup  sup [V, - Y
te[0,7—46] te[0,7—46] te[0,T—46] s€(t,t+e]

+e " sup  sup |Y; Y|
t€[0,T—6) s€[t+e,T)

<2 sup [Vi|(e™™ +e ™)+ sup  sup |Yi—Yil.
t€[0,T] te[0,T] s€[t,t+e]

It is easy to check that for each fixed ¢,§ > 0,

B[ sup V")) < Cle™ + e P)E sup [Vi|°] + E[ sup  sup |V, = Yi|7]]
te[0,T—46] t€[0,T) t€[0,T] s€[t,t+e] (3.6)
— CE[ sup sup |V —Y|%], asn — .
te[0,T] s€[t,t+e]
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Forl <a < fand0<d < T, noting that y} <y <Y;,n=1,2,---, we have

E[ sup |Y; —y'|°]
e[0T

<E[ suwp Y-yl +E[ sup ]\Yt—yfla]

te[0,7—46] te[T—6,T
A A ~ T A
SB[ sup B[y - / (s, ys, 2 )ds| + Bl sup Vi =% (3.7
te(0,T7—46] t te[T—46,T]

<E[ sup B[ sup [VPIU+E[ sup [V —y/|"]
te[0,7—6] u€[0,T—6] te[T—4,T)

T
+ B[ sup B sup |/ "= g s,y 2M)ds|¥]| = T+ IT + ITI.
te[0,T—46] wel0,T] Ju

Theorem 2.8 and (3.5) yield that [/ — 0, as n — co. Note that Y — y! € S&(0,7) and
Yr — y4 = 0. By Lemma 3.7, we obtain /7 — 0, as § — 0. Then by applying Theorem 2.8
agian and (3.6), we derive that

I<C{E[sup sup [Vi=Yy|’]+(E[ sup sup [Y;—Yi|’])*/"}, asn— oo
t€(0,T] s€ft,t+e] t€[0,T] s€(t,t+e]
First let n — oo and then send ¢, § — 0 in (3.7). The above analysis proves that for
l<a<p,

lim E[ sup |Y; —yP|%] = 0. O
n=o0 4ef0,T)

Lemma 3.9. The sequence {y", 2", A"}2° ; of the solutions of G-BSDE (3.3) satisfies the
following properties:

lim IF][ sup |yp —y*|*] =0, for 1<a<p, (3.8)
m,n—oQ tE[O,T]
A T A
lim E[/ |27 — 2"%ds] =0, lim [ sup |A]" — A7?|?] =0, (3.9)
m,n—00 0 MM=O0 40,7

where we set AP =n [)(Y, —y)ds — K}

Proof. By Lemma 3.8, it is easy to check (3.8). Set 4, = y* — yi"*, 2t = 2{* — z{", K, =
K — K", L, =L} — L and g, = g(t, 97", 21") — g(t,yi", 2;"). Applying It6’s formula to
[9:)?, we get

T
al+ [ aPa).
t
T T R T N T
= / QQSngS - / 2gdes +/ 2gdes - / QQsésst (310)
t t t t
T T R T . T
S 2L/ |gs|2 + |gs||25‘ds - / 2:gsdi(s +/ Q?SdLS - / 2:‘)323st~
t t t t
Note that for each ¢ > 0,

T T T
2L/ 95|25 |ds < LQ/E/ |QS|2ds—|—5/ |2s|ds.
t t t
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By simple calculation, we have
T R T
b= [ = v - ) = m(Y. — o7ds
t t
T
< [ m)e - Y. 2.
t

Choosing ¢ < ¢? and taking expectations on both sides of (3.10), we get

[/OT |5,[2d5] < O [/0T<m+n><ys (Ve — y)ds + /T 195 2ds — /OTgsdm]

< CE[ sup |Vi —y2l|LF|+ sup |V —y||[L3|
s€[0,T] s€[0,T)

T
+ / lGaPds + sup [g: (KR + KR
0 t€[0,T)

By Lemma 3.6 and Lemma 3.8, we obtain the first convergence of (3.9). For the second
one, we observe that, for each n, the process A} is nondecreasing in ¢, and

AP — AT = (g — o) — <yz”—y?>+/<M—"dB / Sy ™) — g(s,yl 27))ds.

It follows from the generalized Burkholder-Davis-Gundy inequality in Proposition 2.10
and Holder’s inequality that

T
Bl sup |47 ~ A7) < OBl s~} + B[ (7 =0 Pas) 0. o
te[0,T] telo, T 0

We are now in the final position to prove Theorem 3.3:

Proof of Theorem 3.3. From (3.8) and (3.9), the sequences of {y"}>2; converges to
Y € S&(0,T), {z"} converges to a process Z € MZ(0,T) and {A"} converges to a
nondecreasing process A € S%(O, T). Thus we obtain the Decomposition (3.2) by letting
n — oo in (3.3).

To prove the uniqueness, let Z, 2’ € MZ(0,T) and A, A’ € S%(0,T) be such that

t t
g(s,Ys, Z)ds —|—/ Z!dBs — A,

t t
n=%—/ﬁm&&m+/ZA&—&:n—/
0 0 0 0

where A, A’ are nondecreasing processes with A, = A, = 0. By applying It6’s formula to
(Y; — Y;)?(= 0) on [0, T] and taking expectation, we get

T
B[ (2. zpas)) ~0.
0
Therefore Z, = Z]. From this it follows that A; = A]. O

Remark 3.10. If g = 0, then the E9-supermartingale {Yi}iepo, 1) is a G-supermartingale.
Theorem 3.3 also holds for this special case which is in fact the Doob-Meyer decompo-
sition theorem for G-supermartinales. The penalized G-BSDE is of the following form,
n = 17 27 .

T T
yf:YT—&—n/ (Ys—y?)ds—/ ZrdBs — (K} — K[).
t t
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We can show Lemma 3.5 in a simple way. Since the above G-BSDE is linear, we can
solve it explicitly by applying Itd’s formula to e~ "'y,

T T T
e "My —|—/ e "7 dB, —|—/ e "dK = e T —|—/ ne” "*Y]'ds.
t t t
According to Lemma 3.4 in [10], {fg e”"dK }se0,7) is @ G-martingle. Thus we get
. T
Y = e"'Ey[e " TYr —I—/ ne” "Y,ds|
t
A T A
< "Dk, [vy] + / ne™t=IE, Y, ]ds
t

T
< t-Ty, +/ ne™t=9Y,ds = Y,.
t

Furthermore, if g is a linear function, the proof is similar.

Remark 3.11. By Theorem 4.5 in [30] (see also Theorem 5.1 in [28]), for a G-martingale
X =€), t € [0,T], where & € Lg(QT) with § > 1, we have

t
X: = Xo —|—/ ZsdBg + Ky,
0

here {K;} is a decreasing G-martingale. Similar to the classical case, given a G-
supermartingale Y, one may conjecture that

t
Yt:Y0+/ Z.dB, + K, — L, (3.11)
0

where {K,} is a decreasing G-martingale and {L;} is a nondecreasing process with
Ly = 0. The problem is that the above representation is not unique unless K = 0: K=0,
L = L — K is a different decomposition. That is why we put the increasing process
{L; — K.} as an integral.

It is worth pointing out that unlike with the classical case, considering the de-
composition theorem for GG-submartingales is fundamentally different from that for
G-supermartingales. Indeed, if Y is a G-submartingale, {L;} in (3.11) should be a nonin-
creasing process. Therefore {L; — K} ends up with a finite variation process. Then this
situation becomes much more complicated. We would like to refer the reader to [27]
which defines a new norm for G-submartingales. As a byproduct, the decomposition is
unique.

Then we establish the decomposition theorem for 9/ -supermartingales.

Theorem 3.12. Let Y = (Y})icjo,1] € Sg(O,T) be an 9/ -supermartingale under with
B > 2. Suppose that f and g satisfy (H1’) and (H2). Then (Y;) has the following
decomposition

t t t
Vi=Yo- [ a(s.YuZ)ds— [ fsYizydB)+ [ 2B~ A qs. G2
0 0 0

where {Z;} € MZ(0,T) and {A;} is a continuous nondecreasing process with Ay = 0 and
Ar € L%(Q2r). Furthermore, the above decomposition is unique.

4 TY-supermartingales and related PDEs

In this section, we present the relationship between the o -supermartingales and the
fully nonlinear parabolic PDEs. For this purpose, we will put the [E9-supermartingales in
a Markovian framework.
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We will make the following assumptions throughout this section. Let b, h, o :
[0,T] xR — Rand g : [0,7] x R* — R be deterministic functions and satisfy the following
conditions:

(H4.1) b, h, o, g are continuous in ¢;
(HA4.2) There exists a constant L > 0, such that

Ib(t,z) — b(t,2")| + |h(t,z) — h(t,2")| + |o(t,z) — o(t,2")| < L|z — 2’|,
\g(t,x,y,z) - g(t,x’,y/,z’)| < L(|.I‘ - $/| + |y - y/‘ + |Z - ZI|)

For each ¢ € [0,T] and £ € L% (), we consider the following type of SDE driven by
1-dimensional G-Brownian motion:

dX5E = b(s, X)) ds + h(s, XL d(B), 4+ o(s, Xb)dB,, XMt =¢. (4.1)
We have the following estimates which can be found in Chapter V in [25].
Proposition 4.1. Let £, ¢ € LY, (Q;, R) with p > 2. Then we have, for each é € [0,T — t]

Bel| X755 — Xp5IP) < Cle - €')P,

Bl sup X5 — 7] < O(L+[¢)6v/2,
s€E[t,t+0]

Bl sup |XDEP] < O(1+[¢P),
s€[t,T]
where the constant C' depends on L, p, T and the function G. Consequently, for each
(x7ya Z) € R? andp > 2, we have {X;"z}se[t,T]v {g(stg’xa Y, Z)}se[t,T] € Mg‘(oaT)
Consider the following type of PDE:

Owu + F(D*u, Dyu,u, x,t) =0, (4.2)
where G(a) = 1(6%a* — oc?a™) and

F(D2u, Dyu,u, x,t) =G(H(D?u, Dyu,u, x,t)) + b(t, 2) Dyu + g(t, z,u, o(t, 2) Dyu),
H(D2u, Dyu,u, x,t) =02 (t, ) D?u + 2h(t,z) Dyu.

Now we shall recall the definition of viscosity solution to Equation (4.2), which is
introduced in [5]. Let u € C((0,T) x R) and (¢,2) € (0,T) x R. Denote by P%~u(t, r) (the
“parabolic subjet" of u at (¢,x)) the set of triples (a,p, X) € R? such that

u(s,y) > u(t,2) + als 1) + ply — ) + 3 Xy — ) +olls — 1] + |y — ).

Similarly, we define P? T u(t,z) (the “parabolic superjet" of u at (¢,z)) by P> u(t,z) :=
P2 (—u)(,2).
Definition 4.2. v € C((0,T) x R) is called a viscosity supersolution (resp. subsolution)
of (4.2) on (0,T) x R if at any point (t,x) € (0,T) x R, for any (a,p, X) € P>~ u(t, ) (resp.
€ P2 Yu(t,z))

a+ F(X,p,u,z,t) <0 (resp. > 0).
u € C((0,T) x R) is said to be a viscosity solution of (4.2) if it is both a viscosity

supersolution and a viscosity subsolution.
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Remark 4.3. We then give the following equivalent definition (see [5]). u € C((0,T) x R)
is called a viscosity supersolution (resp. subsolution) of (4.2) on (0,7) x R if for each
fixed (t,z) € (0,7) x R, v € C12((0,T) x R) such that u(t,z) = v(t,z) and v < u (resp.
v>w)on (0,7) x R, we have

owv(t,z) + F(D2u(t, ), Dyv(t, x),v(t, x),z,t) <0 (resp. > 0).

We state the main result of this section.

Theorem 4.4, Assume (H4.1) and (H4.2) hold. Letwu : [0,T] x R — R be uniformly
continuous with respect to (t,z) and satisfy

lu(t,z)] < C(1+ \m|k), te[0,T],z € R,

where k is a positive integer. Then u is a viscositAy supersolution of Equation (4.2), if
and only if {Y "} cp 1 = {u(s, X07) Yo, is an £9"" -supermartingale, for each fixed
(t,z) € (0,T) x R, where g"* = g(s, X"y, z) and { X"} ¢ 1) is given by (4.1).

To prove this theorem, we introduce the following lemma.
Lemma 4.5. We have, for eachp > 2 and (t,x) € [0,T) x R, {Y*},c;p.m) € S&(0,T).

Proof. Note that

sup |[Y)P < C sup (1+ |X5*|"P).
s€[t,T) sE[t,T]

By Proposition 4.1, we have IAE[supse[tyT] |Y1*|P] < oo. Since u is uniformly continuous,
we get the desired result. O

Proof of Theorem 4.4. For a given function u satisfying the conditions in Theorem 4.4
and foreachn =1,2,---, (t,z) € [0,T) x R, let us consider the following G-BSDEs:

T T
yoht =Y +/ g(r, X P, gt ®, 2t dr + n/ (Yor =yt t®)dr
S S
T
_/ ST IR (Kn7t,$ _ Kn,t,x)
T T T s ’
S

and, correspondingly, the following viscosity solution of PDESs:
0" (t,x) + F(D2v™(t, ), Dyv™(t, ), v" (t, ), 2, t) + n(u(t,z) — v"(t,z)) = 0,
defined on (0,7) x R with the Cauchy condition
(T, x) = u(T, x).

From the nonlinear Feynman-Kac formula obtained in [11] (i.e., Theorem 4.5 in [11]), it
follows that y”-"* = v" (s, X1*), s € [t, T].

To prove the “if" part of the Theorem, we assume that, for each (¢,z), {Y""} is an
k9" -supermartingale on [t,7]. Observing that (Yot 2b®  KH%) ser ) is a special
case of (3.3), we can apply Lemma 3.5 and Lemma 3.9 to prove that y™** < Y/* and
then to get the convergence of {y™"*} to {Y""} on [t,T], similar to (3.8). By the proof of
Theorem 3.3, for any (¢,z) € [0,7] x R, we have

0" (s, XEF) = g < VI = (s, X1,

and v" 1 u. Since u is uniformly continuous on [0, 7] x R, the convergence is also locally
uniform. By Theorem 4.5 in [11] and noting that v™ < u, v™ is a viscosity supersolution of
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PDE (4.2). It follows from the stability theorem of the viscosity solutions (see Proposition
4.3 in [5]) that the limit function « is also a viscosity supersolution of PDE (4.2).

Now we prove the “only if" part of the Theorem. For each ¢; € (0,7, let vtrultn) be
the viscosity solution of PDE (4.2) on (0,¢;) x R with Cauchy condition v**(*1:) (¢, ) =
u(t1,x). By the comparison theorem for viscosity solutions, for each (s,z) € [0,#1] X R,
it is easy to check that v'*"“("1:) (s, 2) < u(s,z). For any t < s < r < T, by the nonlinear
Feymann-Kac formula in [11], we have

B9V = B [ulr, X52)] = B [0 (r, X0

. (4.3)

— Ur7u(r,~)(S’X§7ﬂf) < U(S,Xﬁ’l) _ Y'St,ac7
which implies that {Y*},c(.r) = {u(s, X2)}se(r7) is an 9" -supermartingale. The
proof is complete. O

Remark 4.6. It is worth pointing out that under the Assumptions (H4.1) and (H4.2),
the PDE (4.2) has at most one viscosity solution in the class of continuous functions
satisfying polynomial growth at infinity.

The following result can be considered as the “inverse" comparison theorem for
viscosity solutions of PDEs.

Corollary 4.7. Let V : [0,T] x R — R be uniformly continuous with respect to (¢, z) and
satisfy
V(t,z)| < C( +|z|*), t€[0,T],z €R,

where k is a positive integer. Assume that
V(t,CC) Z utl’V(tlyl)(taI% V(t,x) € [Oatl] X Ra tl € [OaT]a

where u'V (1) denotes the viscosity solution of PDE (4.2) on (0,t,) x R with Cauchy
condition u'*"V (1) (t;, ) = V(t1,x). ThenV is a viscosity supersolution of PDE (4.2) on
(0,7) x R.

Proof. For each fixed (t,z), set {Y"},cpi ) := {V (s, XL")}sep,m- Similar with (4.3),
{Ystvl'}se[t_,T] is an ]Egt’z-supermartingale. It follows from Theorem 4.4 that V' is a viscosity
supersolution of PDE (4.2). O

Conclusion

We obtain the decomposition theorem of Doob-Meyer’s type for 9 -supermartingales,
which is a generalization of the results of Peng [20]. Our theorem provides the first step
for solving the representation theorem of dynamically consistent nonlinear expectations.
Different from the classical case, the decomposition theorem for ]Eg-submartingales
remains open.
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