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Abstract
We compute the exact decay rate of the hole probabilities for S-ensembles and deter-
minantal point processes associated with the Mittag-Leffler kernels in the complex
plane. We show that the precise decay rate of the hole probabilities is determined by
a solution to a variational problem from potential theory for both processes.
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1 Introduction and main results

Let U be an open subset of the complex plane. The probability that U contains no
points of X, a point process (see [DV]08, p. 7]) in the complex plane, is called hole/gap
probability for U. The hole probability for various point processes in the complex plane
has been studied extensively in the literature.

The hole probabilities for zeros of Gaussian analytic functions have been considered in
[BNPS16, GN16, Nis10, Nis11, Nis12, ST05]. The asymptotics of the hole probabilities
for the eigenvalues of the product of finite matrices with i.i.d. standard complex Gaussian
entries have been calculated in [AS13]. For the asymptotics of the hole probabilities
for the finite and infinite Ginibre ensembles, we refer to [AR16] and [Shi06]. In this
article, we calculate the asymptotics of the hole probabilities for finite S-ensembles and
determinantal point processes associated with the Mittag-Leffler kernels in the complex
plane, which we describe in the next sections.

1.1 Finite S-ensembles in the complex plane

The finite B-ensembles are generalization of the joint probability distribution of
eigenvalues of random matrix ensembles. Let XT(LQ[)? denote the finite S-ensemble with n
points in the complex plane, where 5 > 0 and g satisfies Assumption 1.1.
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Assumption 1.1. The function g : [0,00) — [0, 00) satisfies the following conditions:

(A1) g(r) is an increasing function in r such that s 0asr — oo.
(A2) g is a twice differentiable function on (0, c0).

(A3) lim,_+ r¢’(r) = 0 and r¢’(r) is strictly increasing on (0, 00).

(Ad) ¢ = [;° r#+le 90 dr < oo forallk =0,1,....

Observe that, for a > 0, g(r) = r* satisfies Assumption 1.1. The joint density of the set
of points of X (9) (w1th uniform order) is defined by

(g) H\Zz—zﬂﬁ —n 3 k-1 9(zk)) (1.1)
,ﬂ 1<y

with respect to Lebesgue measure on C”, where fo% is the normalizing constant,

Zr(ng)a—/ /H|Zz—2]|’8 —n3h_ 1‘7|Zk|)Hdm (z1),

1<J

where m denotes Lebesgue measure on the complex plane.

These ensembles appear in physics to explain the 2-dimensional Coulomb gas models
(see, [HM13, Blol14]). In this model the coordinates of a point are the positions of
particles, the parameter S corresponds to the inverse temperature and g corresponds to
the external potential. If § = 2 and ¢(|z|) = |2|*, (qg has the
same distribution as the eigenvalues of n x n random matrix with i.i.d. complex Gaussian
entries with mean zero and variance % known as n-th Ginibre ensemble (see [Gin65],
[HKPVO09, p. 60]).

Moreover, for § = 2, XT(L?Q) is a determinantal point process (see, [HKPV09, p. 48]) in
the complex plane with the kernel

=2 (2w)* (D) _ ng(w))
ng(|z ng(lw
g _na(z) _ na(wl)
K9 (z,w) = g o ¢ 2z
k=0 Ck

with respect to Lebesgue measure on the complex plane, where the constants cé”) =

[ |z*ke=m9U2Ddm(z) for k = 0,1,...,n — 1. In particular, we define A nié\f(TG)

{néz P zE€zE€ X( 2 )} for o > 0, i.e., X" is a determinantal point process with the

kernel
n—1 k

(@) I W G0 A B
Ky (2, w) QWZF(%(k+1))6 ,

k=0
with respect to Lebesgue measure in the complex plane.

We calculate the hole probabilities for X (g ) and X" (@) for two classes of domains.
Before stating the result, we introduce a few notatlon and definitions. Let D(0,T") denote
the disk of radius T' centered at the origin. Tz denotes the unique solution, by (A3), of

tg'(t) = B. The weighted energy R(g) associated to p and the minimum weighted energy
Rg{ ?3 for U¢, where U is an open subset of C, with the external field 2 59 are defined by

R(g) // log

where P(U¢) denotes the set of all compactly supported probability measures with
support in U¢. A probability measure p with support in U° is said to be weighted

du2)dntw) + 5 [ o(l2)dutz) and B, =t Y,
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equilibrium measure of U¢ with the external field % g if RI&% = Rg)ﬁ. For simplicity,
we write equilibrium measure and minimum energy instead of weighted equilibrium
measure and weighted minimum energy.

We consider the following two classes of domains. Let U be an open subset of D(0,73)
such that

(C1) there exists a sequence of open sets U,, such that U c U,, C D(0,Tp) with
Up+1 C Uy, for all m and the equilibrium measure p,, of U, with the external field
% g converges weakly to the equilibrium measure i of U with the external field % g.

(C2) there exists € > 0 such that for every z € QU there exists a n € U¢ such that

U® D> B(n,e) and |z —n| = (1.2)

Disks and annuli satisfy (C1) for general g (see Example 3.3 and Example 3.4). For
g =t if U is an open set such that U C rU := {rz : z € U} forall r > 1, then U satisfies
(C1) (see Remark 3.1 (3)). All convex domains satisfy (C2) with any ¢ > 0. Annulus is
not a convex domain but it satisfies (C2). In general verifying (C1) is much harder than
verifying (C2). The following two results gives the hole probabilities for Xé,gg.

Theorem 1.2. Let U be an open subset of D(0,13). The following statements are true:

(A) IfU satisfies (C1), then

1
lim sup — log P (U) =0] = RY),. (1.3)

n—o0

(B) IfU satisfies (C2) and ¢’ is bounded on 0,75 + 1], then (1.3) holds.

As a corollary of the above result we get the hole probabilities for X,Sa). For simplicity,
z|%)
2

we use the term Rg’) instead of RS’

Corollary 1.3. IfU is an open subset of D(0, (%)i) satisfying (C1) (or (C2)), then

1 a o
lim — log P[X( (n=U) = 0] = Ry — R\,

n—oo 1

for a > 0 (or a > 1 respectively).

1.2 Determinantal point processes with Mittag-Leffler kernels

Fix a > 0, let Xé? ) denote the determinantal point process in the complex plane with

_ Lz w]®

the kernel ]K(O‘é‘)(z,w) = 5-F2 2(zw)e” 2 2~ with respect to Lebesgue measure on
the complex plane, where Ea’b(z) denotes the Mittag-Leffler function (see [HMS11]), an
entire function when a > 0 and b > 0, defined by

Eop(z) = kz:o Tk 15"

122] _ Jw|?

If « =2, then Xég ) is the determinantal point process with kernel %em_ 2 2~ with re-
spect to Lebesgue measure in the complex plane, known as infinite Ginibre ensemble (see
[AR16], [HKPVQ9, p. 61 ]). The point process Xég) can be viewed as the distributional
limit of X%, since the kernels ]KEf‘)(z, w) converge to the kernel K )(z, w).

Following the proof of Theorem 1.1 in [Kos92], it can be shown that the set of
absolute values of the points of 2{53‘ ) has the same distribution as {R1, R, ...}, where
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Ry, are independent and Rj ~ Gamma(%k, 1). Using this fact it can be shown, for
U.={z]c<|z| <1} for fixed 0 < ¢ < 1, that

1 a1 2 (1—c%)?
lim — logPX Y rU)=0=—=(-——+———2 ). 1.4
Jm T5g g PAeI(rle) = 0] = =5 (4 1 " 2aloge (14)
The calculations for proving (1.4) in this method is similar to the proof of Theorem 1.1 in
[AR16], we skip the calculations. But we obtain (1.4) using Theorem 1.4 (Remark 5.1).

But the above method can not be applied to calculate the hole probabilities for
general sets. We use a technique from potential theory, developed in [AR16], to calculate

the hole probabilities for general sets. The next result gives the hole probabilities for
x5,

Theorem 1.4. Let U be an open subset of D(0, (%)5) satisfying (C1) (or (C2)), then

. 1 « «@ e
lim - log XL (+U) = 0] = Ry — Ry,

r—00

for a > 0 (or a > 1 respectively).

1.3 Weighted equilibrium measure and weighted minimum energy

Let U be an open subset of C. For the ease of notation, we use the terms Rég), R&g)

and T instead of R,(Jg’)Q, Rfff ) and T, respectively.

The equilibrium measure is the uniform probability measure on the unit disk and Rfif)
is % when g(r) = r? and U = () (see [AR16, ATW14, ASZ14]). In general, when U = () and
g satisfies Assumption 1.1, the equilibrium measure p is given by

du(z) =

{ L") + o' (12Dldm(z)  if |2 < T , (1.5)

0 otherwise
where T > 0 such that T¢’(T') = 2, and the minimum energy is

1 1 /T
RY —log L gy~ 1 / r(g/(r)2dr.
0

T 4
See [ST97, Theorem IV.6.1] for the proof of (1.5). The equilibrium measure for U¢, where
U is an open subset of D, has been studied in [AR16, ASZ14] when g(r) = 2.

In the next result we calculate the equilibrium measure and R(Ug) for U¢, where U is
an open subset of D(0,T), when g satisfies Assumption 1.1. The equilibrium measure
has two components, one component is absolute continuous with respect to Lebesgue
measure and supported on D(0,7)\U, and the other component is singular with respect
to Lebesgue measure and supported on 9U. The singular measure is the balayage
measure associated to |, where p as in (1.5).

A measure 1"?! is said to be the balayage measure associated to a finite Borel measure
1 on a bounded open set U if u*2(0U) = u(U), u**(B) = 0 for every Borel polar set
B c Cand

pupa(2) = pu(z) for quasi-everywhere z € U,

where p,(z) ;= — [log|z — w|du(w) denotes the logarithmic potential of ;1 at the point
z € C. A property is said to hold quasi-everywhere (q.e.) on a set £ C C if it holds
everywhere on E except some polar set. A set F is said to be polarif the energy is infinite,
i.e., — [[log|z — w|du(z)du(w) = oo for all compactly supported probability measures
with support in E.
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Theorem 1.5. Let U C D(0,T) be an open set, where T¢'(T) = 2. Then the equilibrium
measure for U¢ is v = pu°" 4 ;2! and

1 .
Y =80+ 5 [ [ aba o) - [ atepan)]. 1.6)

where ;°* and p'* are restrictions of the measure y, as in (1.5), on to the sets D(0,T)\U
and U respectively, i.e.,

Aot (z) = (9" (2) + 9/ (12]))dm(z)  if 2 € D(0,T)\U
N 0 otherwise
dun(z) = w97 (z) + g/ (12]))dm(z)  ifze€U

H 0 otherwise

bal

and ;”¥ is the balayage measure on OU associated to u'™".

Note that to calculate REJ") we need to compute the balayage measure. In general
computing balayage measure is not easy. In Section 3.1 we compute the balayage
measure associated to 4™ when U is a disk or an annulus centered at the origin.

The rest of the article is organized as follows. In Section 2 we shall recall a few basic
definitions and facts from the potential theory. In Section 3 we present the proof of
Theorem 1.5. In Section 4 we give the proofs of Theorem 1.2 and Corollary 1.3. We
prove Theorem 1.4 in Section 5. In the final section we prove Lemmas 4.2 and 4.1.

2 Preliminaries

A weight function w : E — [0,00), on a closed subset E of C, is said to be admissible
if (a) w is upper semi-continuous, (b) Ey := {z € F|w(z) > 0} has positive capacity, (c)
if E is unbounded, then |z|w(z) — 0 as |z| — o0,z € E. Note that w(z) = 25 is
an admissible weight function when ¢ satisfies Assumption 1.1 ((A4) is not required).
The following fact, which characterizes the equilibrium measure uniquely, will be used

repeatedly.

=D

Fact 2.1. If w(z) = e~ “2 is an admissible weight function and U is an open subset
of the complex plane, then there exists an unique equilibrium measure v, for U¢ with
external field ¢g(|z|). The equilibrium measure v has compact support and RY is finite.
Further, v satisfies the following conditions

9(lz])

pu(2) + B C forqg.e. z € supp(v), and (2.1)

z
py(z)+@ >C forqge zeU°, (2.2)
for some constant C. Also, the above conditions uniquely characterize the equilibrium
measure, i.e. a probability measure with compact support in U¢ and finite energy, which
satisfies the conditions (2.1) and (2.2) for some constant C, is the equilibrium measure

for U¢ with external field g(|z|).

For a proof of Fact 2.1 see [ST97, Chapter I Theorem 1.3 and Theorem 3.3]. The
following fact (an application of Theorem I1.4.7 in [ST97], to bounded open sets) is about
the existence and uniqueness of the balayage measure.

Fact 2.2. Let U be an bounded open subset of C and p be a finite Borel measure onU (i.e.,
u(U¢) = 0). Then there exists a unique measure ;”* on U such that p**(0U) = u(U),
p*(B) = 0 for every Borel polar set B C C and p,va1(z) = pu(z) for q.e. z € U, P is
the balayage measure associated to p on U.
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We use the following well known fact, see [ST97, Example 0.5.7].
Fact 2.3. Foreachr > 0,
2”1 1 d logl  if[z| <7
— og ————df = .
27 Jo & |z — ret| logﬁ if|z] >r

Fekete points: Let £ C C be a closed set and w = e~ 5" be an admissible weight

function. Define

2
n(n—1)

O (E) = sup [ 12 = zjlw(z)w(z) :
21,29 5eues Zn€E i<j
for a fixed positive integer n. A set F,, = {z],23,...,25} C E is said to be an n-th

weighted Fekete set for E if

2
n(n—1)

5 (B) = § [T12 = 2 lw(z)w(z))
i<j
The points =7, 23, ...,z in a n-th weighted Fekete set F,, are called n-th weighted Fekete
points. We write Fekete points instead of weighted Fekete points. The set {7, 23,...,25}
always exists, since F is a closed set and w is an upper semi-continuous. But the sets
need not be unique. Observe that, forn € E,

wm)" T [T 1n =25l TT 12 = 2 lw(ehw(z) < T 1e = 2 lwlz)w(=)).
j=2

2<j i<y

Which implies that, forn € E,
wm)" [ In— 25l w125 - 7). (2.3)
Jj=2 j=2

It is known that the sequence {§%(E)}2 , decreases to e~R, where v is the equilib-

rium measure, i.e.
. _R( 3 (9)
lim 0%(E) = e B = ¢~ infuerm B (2.4)
n—oo
Moreover, the discrete uniform probability measures on n-th Fekete sets converge weakly
to equilibrium measure v, i.e.

lim vy, =v, (2.5)
n— 00

where vz, is the discrete uniform measure on F,,. For the proofs of (2.4) and (2.5), see
[ST97, Chapter III Theorem 1.1 and Theorem 1.3].

3 Proof of Theorem 1.5

In this section give the proof of Theorem 1.5 and some examples of the balayage
measures. Before that we make some remarks, which will be used in calculating the
hole probabilities for X and ngg

Remark 3.1. 1. If g(r) = r* then T = (%)é From (1.5) we have the equilibrium
measure is du(z) = % |z/*~2dm(z) on D(0, (2)#) and Ré)a) =2.2_1lg2 In
particular if a = 2 then 7' = 1. The equilibrium measure p is uniform measure on
D, i.e., du(z) = Ldm(z) on D and R} = 3 .

T
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2. If g(r) = r® and « > 0. Then the constant

R =3 [ ot - [ al:haunca)

satisfies the scaling property R((;?J)l = aQO‘Rga)/.
3. Theorem 1.5 implies that the equilibrium measures pu.,, of U,, converge to the
equilibrium measure y of U iff the balayage measures ;?* associated to ji,, U

m

converge to the balayage measure ;" associated to /L|U and p2" converges to

In particular, for g = t®, if U is an open set such that U C rU for all » > 1, then U
satisfies (C1). Because the balayage measure p?* on 9(rU) is given in terms of
the balayage measure ;" on 9U as pP?!(rB) = r*;P?!(B) for any measurable set

T
B C 9(U). Therefore ;°* converges weakly to u"* as r — 1.

T

out

Remark 3.2. Replacing g by %g in (1.5) and Theorem 1.5, we have

1. The equilibrium measure for C associated to the external field % is supported
on D(0,7T;3) and given by

dw@ziﬂﬂw+ﬁﬂMWM@MMM<%-

The minimum energy is given by

1

R(Q) =1 7
og Tg

Ts
o) +%%%§A|mmwmn

2. Let U be an open subset of D(0,73). Then from Theorem 1.5, we have

ﬁ%zR&+;{/maMWWa—/MVMWwﬂ,

where " is the balayage measure on JU associated to ™ = pg|,,.

1
3. If g(t) = t*. Then Ts = (g) “ is the radius of the support of the equilibrium

measure. In particular for a = 2, 3 = 2 we have T, = 1, the radius of the support of
the equilibrium measure associated to the quadratic external field.

Proof of Theorem 1.5. Let i be the equilibrium measure for C, as in (1.5). Let u =
po + 1", where 1"t and p'™ are p restricted to U¢ and U respectively. Fact 2.2 implies
that there exists a measure ;! on OU such that ;" (9U) = ™ (U), u®*(B) = 0 for every
Borel polar set and

puvat(2) = puin(2) q.e. on U°.

Define v = ;°"* + !, Then we have that the support of v is D(0,T)\U and
Pu(2) = puout (2) + pypar (2) = ppout (2) + puin (2) = pu(z) gq.e. on U°. (3.1)
By Fact 2.3, for |z| < T, we have

U—lf]ﬁ1<ﬂwlmmw
pNZ—47r0 ; Og|z—rei9|g r)+ g (r))rdr

|2 T
[Jﬁ log - (rg" (1) + ¢/ ()dr + [ log 1(rg" (1) + ¢ (r))dr

|2| E

2108 1+ (1) ~ (1)

N~ N
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where the last equality follows from the facts that lim,_,q+ 7¢’(r) = 0 and T¢'(T) = 2.
Therefore we get

pu(z) + g(|2z\) = % {2 1og% +g(T)} for |z| < T. (3.2)

On other hand, for |z| > T

Pu(2) 47r/ /% |Z_WQ'( g"(r) + g( ))rdrdf

1
-1 / log —(rg" (r) +¢'(r))dr
2 |Jo 2]
1
2|’
we get last equality by using the facts lim,_,¢+ r¢’(r) = 0 and T¢'(T) = 2. The function

f(r) =logl+ @ is increasing function on [T, cc0). Indeed, f'(r) = —1 + @ > 0 for
r > T, as r¢’(r) is increasing. Therefore

(by Fact 2.3)

= log

9(lz)) Loz S8
=log — = |2log = T)| fi T. .
pu(2) + =5 g+ 25 ogT+g< )| for|z| > 3.3)
Therefore from (3.1), (3.2) and (3.3), we have
1 1
pu(2) + @ = 3 [2 log Tt g(T)] for g.e. z € supp(v)
1 1
pu(2) + 9(2]) > —|2log=+g¢g(T)| forq.e.zeU°".
2 2 T
The energy of the measure v,
1 1 1
L = / Po()dv(z) = 5 [2 log = + g(Tﬂ -5 / g(l=])dv(2), (3.4)

is finite. The second equality follows from the fact that v(B) = 0 for all Borel polar sets
B. So, v has finite energy and satisfies conditions (2.1) and (2.2). Therefore, by Fact 2.1,
v is the equilibrium measure for U°.
Value of Rég) : We have
Ry = /pu(Z)dV(Z) + /9(\Zl)dV(Z) =1, + /g(IZDdV(Z)-
Therefore, by (3.4), we have
1 1 1
(99 — = — -
Ry = 3[2os g +am) 45 / o(l<l)av(z)
1 1 out bal
= 5 |2lg = +9(T)| +5 [ 9(lz))dp”™(2) + 5 [ g(|z])dp>*(z)
2 T
1 lIl
= BY =5 [ aehann @)+ 5 [ alndie)
U

1
= RP 5 | [ alehanie) / (I2dpin (=
2 LJou

The result follows from the fact that REJQ )= RY. O
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3.1 Examples of balayage measures

We calculate the balayage measures for disks and annuli centered at the origin
v where p as in (1.5).

Example 3.3. Let U = D(0,a) be a disk of radius a < T centered at origin. Then the
- where p as in (1.5), is

1 / :
bal _ 1. a9 (a)do if 2| = a,
dp(z) { 0 otherwise.
Example 3.4.1et U = {z# : 0 < a < |2|] < b < T} be an annulus centered at the
origin with the inner radius a and the outer radius b. Then the balayage measure on oU
- where p as in (1.5), is

2 (bg'(b) — ag'(a))do if |z| = a,
dp*(z) = § U2 (bg'(b) —ag'(a))dd if |2] =,
0 otherwise,

where ) is given by

(9(b) — g(a)) — ag'(a)log(b/a)
(bg'(b) — ag'(a))log(b/a)

Example 3.5. Suppose ¢g(t) = t%, for « > 0 and U = D(0, a), where a < (%)i. Then the

balayage measure on OU and minimum energy are given below:

La*df  if |z| = a, a*«a

bal( \ _ J r (@) _ pla) _
dp (Z)_{ 0 otherwise, and - Fy " — Ry 8

(3.5)

Example 3.6. Suppose g(t) =t% fora>0and U ={z : 0<a<|z|<b< (%)é} is an
annulus centered at the origin with the inner radius a and the outer radius b. Then the
balayage measure on 9U is

%(ba —a®)df if |z] = a,
B b* — a®) — aa® log(b/a)
d bal — w a i — h A= (
1P (2) (b —a%)d0  if|z| =b, where a(b® — a*)log(b/a)
0 otherwise,

The minimum energy is given by

b2a a2(x (ba _ aa)Q
R _ (g _ (0 _a O —a) . 3.6
v~ F 2\ 4 4 2alog(b/a) (3.6)

We show the computations for the Example 3.4 and we skip the (similar) calculations for
the other examples.

Computations for Example 3.4. If |z| < a, then by Fact 2.3 we have

Puin(z =1 / /2” €ZQ| [g”(r) + ig’(r)] rdrf
= 1/ "(r)] log dr

2
1 b
=3 —bg'(b)logb + ag’(a)loga + / g (r)dr
1 /
= 5 [(9(b) = g(a)) = bg'(b) log + ag’(a) log a] .
EJP 23 (2018), paper 48. http://www.imstat.org/ejp/
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Again for |z| < a, the logarithmic potential of ;2! at z is

2m 1

1 / /
bal = - 1 1o _ o 0i0]

pyvar (2) i ), A(bg'(b) — ag'(a)) log 2 — aeze|d9

+ S 27T(1 — A)(bg'(b) — ag'(a))lo e
4 Jo g g ® |z — be®|

=2 109/ (8) — ag/ (@) 108(b/a) — 1 b/ (V) — ag'(a) log,

where the last equality follows from the Fact 2.3. By equating p,in(2) = p,ba(z) for
|z| < a, we get

5 = (9(b) — g(a)) — ag'(a)log(b/a)
(bg'(b) — ag’(a)) log(b/a)

Similarly, it can be shown that p,in(2) = p,»a1(2) for |z| > b for all choice of \. Therefore
puin(2) = pypai (2) if 2 € U€ for the above particular choice of \. Hence the result. O

4 Proofs of Theorem 1.2 and Corollary 1.3

In this section we give the proofs of Theorem 1.2 and Corollary 1.3.

Proof of Corollary 1.3. Recall X,(LO‘) is the determinantal point process with kernel
]K%a)(z, w) with respect to Lebesgue measure in the complex plane. Equivalently, the

[e3
n

vector of points of &, (@) (in uniform random order) has density

S | (PP

i<j

a'l’L

nt(2m)m [TrZg T(2 (k + 1))

with respect to Lebesgue measure on C”. Therefore we have

P (n=U) = 0]

n

_ o / / S S 2 T
= - L e k=t |zi — 24 dm(zx)
nE@OP [ T2 (k+1) Jwdvye  Jmbuye 11 ;};[1

i<j

1 —n Y 0 |zkl” -
:ﬁ/c-n/ce 2ii= |2l H|Zi—zj|2Hdm(Zk)

n k=1

i<j

where Z,(,a) denotes the normalizing constant,

7L = / / e~ k=1 lzkl” H |2 — 72 H dm(z,).
C C bl

i<j
Therefore, for g(t) = t*, we have
1

P (n=U) = 0] = PIX(U) = 0]. (4.1)

The function g(t) = t* gives T = (%)i, the solution of t¢’(t) = 2. If U satisfies (C1), then
by Theorem 1.2 from (4.1) we get
1 @), L (a) _ pla)
Tgngoﬁlogp[xg J(n=U) = 0] = Ry" — RyY”,

for all @ > 0. On the other hand, for g(¢t) = t*, ¢’ is bounded on [0,7% + 1] only when
a > 1. Therefore if U satisfies (C2), then the last equality holds for o > 1. O

EJP 23 (2018), paper 48. http://www.imstat.org/ejp/
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Proof of Theorem 1.2. The proof follows from the following steps:
(I) If U is an open subset of D(0,73), then

1 (9)
5 log P, [X73(U) = 0] < —

lim sup .

n—oo 1

(IT) If U satisfies (C1), then

B |
5R§% — llnrggf 3 log fo%.

.1 g
lim inf — loan[X,E?g(U) =0]>—

n—oo 2

@ 1 (9)
RUﬁ — hrrlnﬂsotip 3 log Zn,ﬂ. 4.2)

(I1) If U satisfies (C2) and ¢’ is bounded on [0, 73 + 1], then (4.2) holds.

(IV) The normalizing constant ZT(LQ% has the following asymptotics

L1 9) e)
w3, 2 108 Znp = 3 o
In the next two subsections we give the proofs of (I), (II), (III) and (IV). O

4.1 Upper bound
Proof of (I). From (1.1) we have

1 —ny r 2k -
Pn[X,E,gg(U) =0] = —/C . ../C e~ 2k=1 9(12k]) H |2i — 2P H dm(zx)
' k=1

(9)
Z"!iﬁ 1<j
B
1 n
= ﬁ/ / H |zi — zj|lw(z:)w(z;) H e 9D dm(z,), (4.3)
Zn,p U i< pule]
EI(ED)
where w(z) = e~ 7 . Let 27, 25,..., 2% be n-th Fekete points for U° with weight w(z).
Therefore we have ,
-1

52(U) = ¢ [T 12 = 25 lw(z))w(z))
i<j
Therefore from (4.3), we have

n

PO =0 < —rw )t T ([ et hami )

2% ki

1 n w C é’ﬂ n—
= S Gy,
n,B
where a = |, e efg(|z|)dm(z). (A4) implies that a is finite. By taking logarithm and diving
by n? in both sides, we get
: 1 (9) : 1 w(rre\y Sn(n—1) C 1 (9)
lim sup o log P[X 72 (U) = 0] < limsup —; log(dy; (U€)) 2 — lim inf 2 log Z,5.

2
n—oo P n—oo N n— o0

Therefore by (2.4), we get

N (9) B (@) e 1 (9)
limsup 75 log Pul, 5(U) = 01 < =5 f0d ) B — liminf 75 log 2,7

B @ _qiove 1 (9)
= _§RU,[3 — hgggcl)f 2 log Z,5.
Hence the upper bound. O
EJP 23 (2018), paper 48. http://www.imstat.org/ejp/
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Note that, by the same arguments it can be shown that
Z(g) <a (50.}(([]))%71(n71)7

where a = [ e~ 92 dm(z). Therefore by (2.4), we have

li 71 Z(‘J) é inf (9) — _é (‘1) 4.4
TP 2 08 Fns S Ty By s T T 0 @y

4.2 Lower bound

We prove (II) using the following lemma, we give the proof of the lemma in Appendix.
Lemma 4.1. Let U C D(0,T3) be an open set. Then

lim 1nf— log P[Xflgg(U) =0] > _B inf R, — lim sup g log 79

n—00 ? 2 peAa M s n—o00 B
where A = {y € P(C) : dist(Supp(u), U)> 0}.

Proof of (II). Let U,U,Us, ... be open subsets of D(0,73) as in (C1). By Lemma 4.1, we
have

hmmf—logP[Xégg(U):O] > _B mng) hmsup logZ(g)

n—o0 ’ 2 peA w8 n—00 B

> —gﬂg}f R(Ef) hmsup logZT(lgg7

where A = {u € P(C) : dist(Supp(u),U)> 0}, A, = {u € P(C) : u(Uy) = 0}. The last
inequality follows from the facts that U C U,, and A,, C .A. We have

1
RY ;= / Pu (2)dpim (2) + 5 / (12dpim(2) = Cig + / g(l2Ddum(z),  (4.5)

where the last equality follows from (2.1). Observe that the constant Cg , does not
depend on the domain U,, (see the proof of Theorem 1.5 for the details). Since p,,
converges weakly to u and g is continuous function, we have

/ 912 dpim () = / o(2)du(z)
(9)

as ¢(|z[) is a bounded continuous function on D(0, Ts)\U,. Therefore, from (4.5), Ry;’ 5

converges to RE}‘] )5 as m — oo. Therefore we have

@) (rry _ B 9 (9)
hnnilgf n— 5 log P[X,"5(U) = 0] > 7§RU7 - hm sup — log Z, s
Hence the result. O

Now we prove (III) using the following lemma, which provides separation between
n-th Fekete points. The lemma says that two Fekete points cannot be too close. This
is not the tightest separation result but it suffices for our purpose. The separation of
Fekete points has been studied by many authors, e.g., see [AR16, AOC12, BLW08] and
references therein.

Lemma 4.2. Let ¢’ be bounded in [0,T3 + 1] and U C D(0,15) be an open set satisfying

a(lz])
(C2). If 27,25, ...,z are the n-th Fekete points for U¢ with weight w(z) = e~ “5°, then

for large n,

1
min{|z;‘—2,’;\:1§i§ék§n}20.f3
n

for some constant C' > 0 (which does not depend on n).

EJP 23 (2018), paper 48. http://www.imstat.org/ejp/
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We give the proof of Lemma 4.2 in Appendix.

Proof of (III). Let 27, z5,..., %, be n-th Fekete points for U¢ with the weight function
9UzD)

w(z) = e” 7 . Since the support of the Fekete points is contained in support of
equilibrium measure (see [ST97, Chapter III Theorem 2.8]), it follows that |z;| < T} for
{=1,2,...,n. Let By =U* ﬂB(zZ,—) for ¢ =1,2,...,n. Then, for large n, we have

P[;cg}a((]):o] = & / / e i 905D T |24 fzjlﬁHdm =)

n,B i<j
B n

= 79 / / H'ZZ zjlw(zi)w(2;) He_g(lz’“l)dm(zk),
n,B 1<j —

e—9(Tg+1)n
/ / H|zl—zj\w zi)w(zj) Hdm 2k)-

i<J

By Lemma 4.2, for large n, we have [z} — 27| > % for ¢ # j, for some constant C
independent of n. Suppose z; € B(z} n—) and z; € B(z], n4) for i # j, then for large n

2C 2 2
-l 2 st - 551 - 5 2 st = 51— 2l - 512 - 551 (1- 7).
Therefore we have
(T5+1

/ / I11= —zl(l—) w(z)w(z) ﬂ]ﬁdm(%)

1<J

Z(‘])

Since ¢’ is bounded on [0, 75 + 1], therefore |g(|z|) — g(|w|)| < K.|z — w| for some constant
K, for all z,w € D(0,Ts + 1). Therefore for large n,

cl
e=49(l=D) > o=dalziN G

for z; € B(2},%),i=1,2,...,n, where C' = CK/2. Hence for large n, we have
P[X,%(U) = 0]
e~ 9(Ts+1)n 9\ A=), o )
ZT (1 - n) e n? H |2:Z — Zj |w(zl )w(zj) H dm Zk
n,B 1<j

For large n, we have fB dm(z;) > 7r(2n4) ,t=1,2,...,n (condition (1.2) implies that B;
contains at least a ball of radius 2n4 ). Hence we have

—g(Ts+1)n ) Bn(n—1) , C 2\ "
(9) _ e s _ = —f w(rreVy 2n(n—1) ~
P[Xnﬁ(U) =0] > Z(g{)} (1 n) e 2 (62(U°))2 T 5, .
Therefore by (2.4), we have

)

lim 1nf — log P[X(g) (U)=0] > £ inf  RY), —lim sup —3 log Zfzg.ﬂ

n—od n? T 2per@w) PP TN
_ B : (9)
= —§RU}B — hrrlnﬁsotip ﬁ log Z,”5.
Hence the result. O
EJP 23 (2018), paper 48. http://www.imstat.org/ejp/
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Proof of (IV). By the same arguments as in the proof of Lemma 4.1 it can be shown that

B po)

.. 1 (9)
hmlnfﬁlogZTfﬂ > —5Bus

n— 00

(4.6)

for all compactly supported probability measures p in the complex plane. The result
follows from (4.4) and (4.6). O

5 Proof of Theorem 1.4

Before proving the theorem we have following remarks.
Remark 5.1. 1. Choose a > 0 such that a < (2)=. From Theorem 1.4 we have

1 1 T
: () _ 1 (e) _
lim ——log P[AY (rD) = 0] = Thm o log P[XLS (EGD) = 0]

T—00 T

1 R((Y) R((X)

1 1 2a
lim ——log P[X(rD) = 0] = R

r—oo T a?> 8

a
2
2. Letb > Osuchthatb < (2)~ and U, = {z : 0 < c < |2| < 1}. Then

1 1 T
i (@) -0l = lim — () (Z —
lim ——log P[AY (rU.) = 0] = Thm 20 log P[XSS (bbUc) =0]

T—=00 T
1

= B -

where bU, = {z : 0 < ¢b < |z| < b} is an annulus with the inner radius c¢b and the
outer radius b. Therefore by (3.6), for a = cb, we get

1 a b2a a2a (ba _ aa)2
lim — logP[X Y (rU,) =0] = — . S
oo p2a 08 [ (rUe) = 0] 2h2 ( 4 4 2 log(b/a))

a1 n (1—cv)?
2\4 4 2alogle) )
3. In particular a = 2 gives the asymptotics of the hole probabilities for infinite

Ginibre ensemble Xg), proved in [AR16]. Let U be an open subset of D satisfying
(C1) or (C2). Then

.1 2 2
lim 7 log PX2(rU) =0 = R — RY.

r—00

Proof of Theorem 1.4. Fix a > 0. Since X,ﬁ‘” converges in distribution to Xég )

therefore we have

asn — oo,

PX()(rU) = 0] = lim P[X\(rU) = 0]. (5.1)

n— oo

Again XT(LQ) is a determinantal point process with kernel ]Kgla)(z,w) with respect to

Lebesgue measure. The kernel ]KS?) (z,w) can be expressed as

n—1
K@ — or(w) wh Sy G
2 (z,w) kZ:O vr(2)er(w) where pi(2) 2ﬂr(%(k+1))e ’
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The joint density of the points of X,S“), with uniform order, is

—det< )(Z“ZJ))lgi,an’

with respect to the Lebesgue measure in C". Therefore

n

1
P (1) = 0] = /‘ ~-1/ det(K (21, 23)) 1<t jn [ [ dm(z:)
(rU)e (rU)e

nl
=1

1 7 n

== / det(r(2i)1<i,k<n det(pr(z0) 1<inen [ [ dm(z:)
e Ju)e (ru)e i=1
1 / —r

=— sgn(o)sgn(7) | | poei)(2i)er(2i) | | dm(z:)
Jevye  Jauye a,Tze:sn 1_[1 1:[1

= 3 san(o H / () oo (2)dm(2)
o€eSy, TU)L

Let us define

My (rU) = </(TU)C @i<z)¢j(3)dm(z)> T (M’%)("U)C)lgi,m’

where (0i, ;) (,irye = Jipu)e i(2)@;(2 ©;(2)dm(z). Therefore, for all z = (z1,...,z,)T € C",

we have
My (rU)z = <Z$k80kazxk§0k> > 0.
k=1 k=1

(rU)e

Hence M, (rU) is a positive definite matrix. Similarly, we have M, (rU) — M, (rD) =
(“"i’“0j><rU>°\<rD>“')1gi,jgn‘ where (i ;) )\ oy = Jpvyerrp)e #i(2)95()dm(2)- So,
we have that M, (rU) > M, (rD) > 0forall n and U C D = D(0, (a)ﬁ). Again, for a

B] we have

ositive definite matrix A
P B* F

det [A B} — det(A — BF~'B*)det(F) < det(A) det(F),

B* F

since BF~!'B* is positive definite. Therefore (by taking F' as 1 x 1 block matrix) we have

det (M, (rU)) <det(Mn1(rU))/(U)cgo (z )apn( )dm(z) < det(M,,—1(rU)),

since [ ¢n(z 2)n(2)dm(z) = 1. So P[X(“)(TU) = 0] = det(M,(rU)) is decreasing to (5.1).
Therefore, for all n > 2r%, we have

P (rU) = 0] > P (rU) = 0] > P[XL)(rU) = 0], (5.2)
Again for n > 2r®, we have

P[X()(rU) = 0] = det(M,,(rU)) = det(Mapa (rU)) det([My, (rU) /Maya (rU)]),  (5.3)

EJP 23 (2018), paper 48. http://www.imstat.org/ejp/
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where [M,, (rU)/May«(rU)] is the Schur complement of the block My« (rU) of the matrix
M, (rU). Recall, the Schur complement of the block F' of the matrix

[A B] . B 4
M=o p| i [M/F]=A— BF'C.

The inverse of block matrix M is given by

e[ yEe —A—lB[M/Arl]
-FoCyE (jA ]

where [M/A] = F — CA~'B. For n > 2r®, we have

M. r“(rU) * 1= i '
2 *} and (M, (rU))"" = [ *  [Mp(rU)/Mae (rU)] 71 |

*

M 00) = |

Since M, (rU) > M, (rD) > 0, we have (M,,(rD))~! > (M,(rU))~!. Which implies that
[M,,(rD)/Maye(rD)]=t > [M,(rU)/Ma.(rU)]~!, since any principal block matrix of a
positive definite matrix is a positive definite matrix. Therefore the Schur complements
satisfy the inequality

(M, (rU)/Mape (rU)] > [My(rD)/Maye (rD)].

Therefore, the min-max theorem for eigenvalues we have that the i-th largest eigenvalue
of [M,,(rU)/Mz,«(rU)] is greater than the i-th largest eigenvalue of [M,,(rD)/Mz,«(rD)].
Hence we have

det([M,,(rU)/Maye (rU)]) > det([M,,(rD)/Maya (rD)]). (5.4)

As D is rotationally invariant, we have
/( , FEIREHNE) =0 foralli £
Therefore M, (rD) = diag ( Jopye ler@Pdm(z). ... [ . |<pn(z)|2dm(z)). From (5.4)
det([My, (rU) /Mo (PU)]) > ] / w(2)Pdm(z)
> I [ le)Pime). (5.5)

Again, for k > 2r®, we have

2 2
/(D)C \gok(z)|2dm(z) =P [Rgﬂ > aro‘] =1-P {R?H < r”‘]

[0}
k+1 R, 1
> — « _— = — —_
>1 P{k+1< a} 1 P{k+1<a

>1—e ¢F

where the last inequality follows from the probability of errors in strong law of large

number (Cramer’s bound) for Gamma(%, 1) random variable, as R 4 Xi+Xo+- -+ X,
and EX; = % (where X1, ..., Xy are i.i.d. Gamma(%, 1) distributed). Therefore, for large
T

[I [ el ze? SR 2050
k=271 (rD)e
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Using the last inequality in (5.5) we get
det([M,, (rU)/Mapo (rU)]) > C.
Which implies, from (5.3), that

PXU)=0 = lim PX®U)=0] > CPXY(U)=0], (5.6)

n— oo

for large r. Therefore from (5.2) and (5.6), we get

lim —logP[X(o‘)(rU) =0] = lim —logP[ x50 )(TU) 0]

r—00 7’ r—00 7’

= lim —logP[X(a)(naQ aU) =0]. (5.7)

n—oo n2

Since U satisfies (C1) (or (C2)), by Corollary 1.3, we have

lim —— logP[X(o‘ FU)=0] = 4 (Ré;‘) - R, U) = —4R;‘féU — —R\Y = R\ — Rl

r—oo 12

for a > 0 (or, a > 1 resp.), the third equality follows from (1.6) and R((IO{])/ = azo‘Rgl)/. O

6 Appendix

In this section we prove Lemmas 4.1 and 4.2. The proofs are similar to the proofs of
Lemmas 5.1 and 1.2 respectively in [AR16], for the completeness we give the proofs.

Proof of Lemma 4.1. From (1.1), the density of the set of points of XTEQA, we have

PXY)(U) =0 = / / R EYIEUN | [ _ZJ|BHdm (28)

(9)
Znﬁ i<j
> (19) / / B> RTICTI § F |BH PG s
Zn c c i<

where f is a compactly supported probability density function with support in U¢ and
uniformly bounded by M. Applying logarithm on both sides we have

log P[X\)(U) = 0]

> —log(Z\9)M") + log / / e Zi= 905D TT )z — 2517 H Flzr)dm(z)
¢ N i<j
> oz + [ o [ g e S50 T - 07 ) T] fan)dmCar)
¢ ¢ 1<j k=1

_1og(z< ( )// (Blog |z — 22| — ( ) g()z1]) ﬁ f(zr)dm(z),

where the second inequality follows from Jensen’s inequality. Therefore by taking limits
on both sides, we have

9 () = 1 @) _ B p
hnH—l>gf 1ogP[ BU)=0 > —IITILD_?Ol(l)p log Z,'5 2RH5 (6.1)
EJP 23 (2018), paper 48. http://www.imstat.org/ejp/
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for any probability measure p with density bounded and compactly supported on U°.
Let i be probability measure with density f compactly supported on U¢. Consider the
sequence of measures with bounded densities

_ _fu(z)dm(z)
)= T oo

where fy/(z) = min{f(z), M'}. From the monotone convergence theorem for the positive
and the negative parts of the logarithm, it follows (as positive part of logarithm is
bounded) that

2 2
M}linoo/c/clogkl _ZQ‘Ef]\/[(Zi)dm(Zi) = /UC /Uc log |21 —22|£[1f(zi)dm(zi).

From monotone convergence theorem, it follows that lima/—o0 [ far(w)dm(w) = 1 and
since g is continuous function, limp;_. [ g(|2]) far(z)dm(w) = [ g(|z]) f(z)dm(w). There-
fore ( (

: 9  _ pl9)

lim R 5= Ru,ﬁ'

M—oo MM,
So (6.1) is true for any measure with density compactly supported on U°.
Let 1 be a probability measure with compact support at a distance of at least ¢ from
U. Then the convolution u * o, where o, is uniform probability measure on disk of radius
e around origin, has density compactly supported in U¢, if € is less than 6. We have

o, = [ [0l — wldu s o) (@)l a0 w)

1 1 2T 2w
. ) dridfy rodrodf

r1=072=0601=06>=0
// log |z — wldp(z)dp(w),

where the inequality follows from the repeated application of the mean value property of
the subharmonic function log |z|. In addition, we have

v

Ten, < [ [ 08llz = ul + 2ddu(2)dut).

Therefore, lim._,0 I,,.,. = I, and hence lim._,o thi)dﬁﬁ = Rff)ﬁ. Thus (6.1) is true for all

u € A. Hence the result. O

Proof of Lemma 4.2. Let P(z) = (z — 23) -+ (2 — z;). Now we show that
1
min{|z] —2;[:2<k<n}>C—
n

for some constant C. Suppose |z] — 25| < n% By Cauchy integral formula we have

|P(z1)] = [P(z]) = P(23)]
1 P 1 P
_ | © 4 L ©) 4
271 ‘szf :% (C — Zl) 271 |§7ZT|:nl2 (C — 22)
<L Pt = =31,
T2m Jiemap =2 €= A1IC — 25
1 * n * * 2 *
< %\P(C )|7”2‘21*22|2Wﬁ7 (as ‘C*Z2|Z$)
EJP 23 (2018), paper 48. http://www.imstat.org/ejp/
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where (* € {¢ : | — 2{| = %} such that P(¢*) = sup{|P(¢)| : |2] — (| = % }. Therefore
we have

|P(2})] < n®|2f — 23| |P(¢Y)]. (6.2)

Since ¢’ is bounded on [0, Tg], therefore |g(|z|) — g(Jw|)| < K|z — w| for some positive
constant K, for all z,w € D(0,T3). Therefore for z,w € D(0,Tp) and |z — w| < 2,

g(lw])
B

e~ (DY o o m(nm1) R (6.3)
where C is a constant. Indeed, if z,w € D(0,73) and |z — w| < 2, we have
e~ UFR D —0(wD) < JUFE Kl —w] o JUERKE 3
Case I: Suppose (* € U°. Since 27, 23,..., 2 are the n-th Fekete points for U¢ with the
weight function w(z) = 6_%, then by (2.3) we have
Pl VM < (gl D
Then from (6.2) and (6.3) we get
P)e " DEE < w2t - PO
< CunPlaf — PGl
And hence we get
5 -5l 2 g
Case II: Suppose (* € U. Therefore dist(z],0U) = inf{|z — 2{| : 2z € U} < 3.

Choose large n such that % < e. Since U satisfies (C2), we can choose 1 € U° such that

27 € B(n, %) C U*°. By taking the power series expansion of P around 7 and by triangle
inequality, we get

. . PP o e PV (0
1P < 1P+ 16— e e 0L g g
1! (n—1)!
where P(T)(~) denotes the r-th derivative of P. From the Cauchy integral formula we
have ")
[P ()| _ 1 / [P(2)l
< — dz| < |P(n*)|n"
rl = or rpl=1 |Z_n|r+1| Z| = | (77 )|n y
where 7* € {z : [z —n| = 2} such that P(n*) = sup{|P(2)| : | —n| = +}. Note that
I —n| <[¢* = 25|+ |21 —n| < & + L, therefore we have

p) 2\"
e = a0 < (14 2) e < o,

forr =1,2,...,n — 1. Using the above estimate in (6.4) we get
[P(CH)] < [P(m)] + e*n] P(y7)].

By (6.2), (6.3) and (2.3), we have

g(nD

—(n—1)9U=D N . Cn— vl —(n—1) 2D
Ple” " VTET < n?eg = 5100 (1Pm)le VIR 4 ne?| Py le D TET)

)
< 2z = 5101 (14 ne?) |P(a) e VT
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_1y8UzD
n=1)%5 and n,n* €

since 27,23, ..., z; are the n-th Fekete points for U¢ with weight e (
Uc¢. Therefore we get

1

- > =
71 2l 2 20 e2n3

By Case I and Case II we get that if |2} — 25| < %, then |2} — 25| >
|27 — 2f| < J5 fork=2,3,...,n, then |2} — 2| >

375 Similarly, if

1
56,5 - Therefore we have
: *_ 4 =93 S 1

min{|z] — 2| 1 k=2, ,...,n}im,

Similarly it can be shown that |z} — z,’:\ > m forall 1 < /¢ # k <n and hence

1

Hence the result. O
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