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Abstract

We characterize recurrence and transience of nonnegative multivariate autoregres-
sive processes of order one with random contractive coefficient matrix, of subcritical
multitype Galton-Watson branching processes in random environment with immigra-
tion, and of the related max-autoregressive processes and general random exchange
processes. Our criterion is given in terms of the maximal Lyapunov exponent of the co-
efficient matrix and the cumulative distribution function of the innovation/immigration
component.

Keywords: autoregressive process; branching process; excited random walk; frog process;
immigration; Lyapunov exponent; max-autoregressive process; product of random matrices;
random affine recursion; random difference equation; random environment; random exchange
process; recurrence; super-heavy tail; transience.

AMS MSC 2010: 60J05; 60J80; 37H10.

Submitted to EJP on December 31, 2016, final version accepted on February 16, 2018.
Supersedes arXiv:1608.01394.

1 Introduction

The classification of irreducible Markov chains as recurrent or transient is one of the
fundamental objectives in the study of Markov chains. Scalar nonnegative autoregressive
processes (X, )nen, of the form

X,=aX,_1+Y,, where 0 < a < 1 and (Y, )nen is i.id.,

and, closely related, subcritical Galton-Watson processes (Z,)nen, With immigration
(Y,)nen and average offspring a € (0,1) are classical Markov chains. The study of these
processes has a rich history which started more than half a century ago. However,
most of the literature on these processes deals only with the positive recurrent case,
i.e. the case where there exists a stationary probability distribution. To the best of our
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Recurrence and transience of autoregressive processes

knowledge there is at present no complete classification in simple terms of recurrence
versus transience of these processes although this problem has been investigated for
several decades, see [30], [31], [21, Part I], [15, p. 1196], [39], [4], and the review below.

In the present article we characterize recurrence and transience of these processes
in terms of a and the cumulative distribution function of Y;. More precisely, we show
that either process is

n
recurrent  iff > [ PV <ya " =0 (1.1)

n>0m=0

for some y € (0,00), see Theorem 3.1. (For the branching process we need to assume
a certain moment condition on the offspring distribution.) Note that the divergence or
convergence of the series in (1.1) can often be easily checked by ratio tests.

We also extend this result to certain multidimensional cases in random environment
by classifying nonnegative multivariate autoregressive processes of order one with
random contractive coefficient matrix and subcritical multitype Galton-Watson processes
in random environment with immigration, see Theorem 4.2. The same criterion also
applies to two other related processes, sometimes called max-autoregressive process
and general random exchange process.

We first introduce these four processes and review the existing literature on the
subject. (The precise definition of recurrence and transience is given in the next section.)

Autoregressive processes. Autoregressive models are among the most widely used
stochastic models, see e.g. [23], [7], [29], [8]. We consider nonnegative multidimensional
autoregressive processes X = (Xn)nZO of order one (AR(1) processes) with random
coefficient matrix, defined as follows. Fix a dimension d € N. Let Y = (Y,,),,>0 be a
sequence of [0, co0)%-valued random vectors, called innovations, and let (A,),>1 be a
sequence of [0, 00)?*%-valued random matrices. Assume that (4,,Y,),>1 is i.i.d. and
independent of Y. To avoid cases which are not interesting in the present context we
suppose that the support of the law of Y; is unbounded. Set X, := Y, and

X, =A,X,_1+Y, forn > 1. (1.2)
Relation (1.2) is sometimes called a random difference equation or random affine
recursion, see also [8, p. 1]. Solving this recursion we obtain the explicit expression

n
Xn=Y AnAn ... ApY,  forn>0. (1.3)
m=0

We only consider the subcritical (contractive) case where the maximal Lyapunov exponent
of A, is strictly less than 0. For convenience we phrase our statements in terms of the
negative A of the Lyapunov exponent, defined as

A= supw, where S, :=—1In||4;...4,], (1.4)

n>1 n

see also (4.1) for alternative expressions for A. It has been shown for the subcritical case
(A > 0) that under various conditions X is positive recurrent iff

E[lny [|V1]]] < oo, (1.5)

see e.g. [38, Theorem 1.6 (b)], [21, Part III, Theorem (8.5)], [15, Corollary 4.1 (b)], [8,
Theorem 2.1.3] for d = 1 and [39, Proposition 2] for d > 1 and constant coefficient matrix
A = A,,. For the multidimensional case with random A,, see [6] and [11]. (Note that the
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equivalence of positive recurrence and the existence of an invariant probability measure,
which is well-known for countable state spaces, also holds in this setting, see e.g. [22,
Section 6].) The case where (1.5) fails is sometimes referred to as super-heavy tailed,
see [39].

Among the few works which deal with recurrence and transience of AR(1) processes
are [39], [4], and the unpublished preprint [21, Part I]. All three articles deal with the
one-dimensional case and both [21, Part I] and [39] consider only the case of constant
coefficients A; = a € (0,1). In [21, Part I, Theorem (3.1)] Kellerer shows that X is

transient if litm inft-PllnY; >t > —1Ina and (1.6)
—00

recurrent if limsupt¢-PllnY; >t < —Ina. (1.7)
t—o00

Note that (1.6) and (1.7) follow from (1.1) and Raabe’s test.

In [39, Theorem 1] Zeevi and Glynn consider log-Pareto distributed innovations Y,
whose common distribution is given by P[ln(1 + Y;) > t] = (1 + t)"? for some § > 0
and p > 0. For this case they completely characterize recurrence and transience by
showing that X is positive recurrent if p > 1, null recurrent if p = 1 and S1ln(1/a) > 1,
and transient otherwise. Note that in this example the distinction between recurrence
and transience also follows from Kellerer’s result (1.6) and (1.7) except in the critical
case p = 1,831In(1/a) = 1. In the critical case the result follows from (1.1) and Raabe’s
test. Moreover, in [39, Lemma 1] the authors provide a (strictly) sufficient condition for
recurrence in terms of the divergence of an integral, which resembles our criterion (1.1).

In the proof of [4, Theorem 2.2, pp. 642, 643] Bauernschubert shows that Kellerer’s
transience criterion (1.6) can be extended to the case of random coefficients by proving
that under some moment conditions X is

transient if litminft -PllnY; > t] > —E[ln 44]. (1.8)
—00

We postpone the discussion of the recent work [2], which appeared as a preprint
several months after the present work, to Appendix B, where we also comment on
assumption (BA) of our second main result, Theorem 4.2.

Branching processes with immigration. The classical Galton-Watson model as
a basic model for branching populations, see e.g. [16] and [3], has been extended in
various directions, for example by allowing finitely many different types of individuals
with different offspring distributions [3, Chapter V], by letting the offspring distribution
depend on time in a random way [3, Chapter VI.5], or by allowing immigration [3,
Chapter VI.7]. Following e.g. [24], [35], and [36], we consider a combination of these
three generalizations, namely multitype Galton-Watson branching processes Z = (Z,,),>0
in random environment with immigration.

We postpone the precise definition of Z to the next section and first give an informal
description of the model. Let d € IN and (Y,,),,>0 be as above and let us assume for the
moment that all Y;, are IN¢-valued. There are d different types of individuals, enumerated
by 1,...,d. The i+-th component of the ]Ng—valued random variable Z,, is the number of
individuals of type ¢ present in generation n. Given Z,,_1, the n-th generation is obtained
as follows. Each member of generation n — 1 gets independently of the other members
of that generation a random number of children of the d different types. The distribution
of the number of children of a certain type may depend on the type of the parent. It may
also depend in an i.i.d. way, called the random environment, on the number n — 1 of the
generation. The n-th generation consists of the children of the individuals of the previous
generation and additional immigrants of type 1,...,d, whose numbers are given by Y,,.

This process Z is closely related to AR(1) processes in the following way. Define the
(i,7)-th entry of the matrix A4,, as the conditional expectation of the number of children
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of type i in generation n of a parent of type j given the random environment. Then the
conditional expected value of Z given the random environment and given the numbers
of immigrants satisfies the recursion (1.2) and is therefore an AR(1) process, see (2.3)
below.

The process Z is called subcritical iff A > 0, where ) is defined as in (1.4). As for
AR(1) processes, positive recurrence of a subcritical Z is related to the validity of (1.5),
see e.g. [33], [12, Corollary 2], [31, Theorem A], [24, Theorem 3.3], [35], and [36].

In the one-dimensional case the results in the literature concerning the distinction
between recurrence and transience of Z are more complete than the corresponding
results for autoregressive processes. Pakes considers in [30] and [31] subcritical single-
type processes with immigration in an environment which is constant in time. He gives
several sufficient conditions for recurrence or transience in terms of generating functions
and provides several examples.

For subcritical single-type branching processes in random environment Bauernschu-
bert shows in [4, Theorem 2.2] that (1.8) also holds for Z and derives in [4, Theorem 2.3]
the analogous condition for recurrence by showing that under suitable assumptions 7 is

recurrent if limsupt¢- P[lnY; > t] < —E[ln 44]. (1.9)
t—o0
For a different but similar model in continuous time, Li, Chen, and Pakes [26, Theorem
3.3 (ii)] give a necessary and sufficient criterion for recurrence and transience in terms
of generating functions. Unfortunately, “it is not easily applicable in specific cases” [26,
p. 136]. This raises the question whether a modification of our criterion (1.1) also holds
for that model.
Max-autoregressive processes. By replacing the sum in (1.2) with the maximum
we obtain the process M = (M,,),>o defined by M, := Y, and

M, = max{A, M, _1,Y,}, n>1 (1.10)

Here the maximum is taken for each coordinate of R? separately. Such processes have
been studied e.g. in [14] and [34] and are sometimes called max-autoregressive. They ap-
pear naturally in our proof. If d = 1 then similarly to (1.3), M,, = max}’,_¢ A, ... Ap11Yn
for all n > 0. For general dimension d > 1 we have

Xn > My 2 Ny o= max A A1 Y (1.11)

componentwise. We are not aware of any results in the literature on the classification of
recurrence versus transience of max-autoregressive processes.

General random exchange processes. These are one-dimensional processes R =
(Rn)n>0 which have been studied e.g. in [17] and are defined as follows. Let (W,,),>0 be a
sequence of nonnegative random variables with unbounded support and let (7},),>1 be a
sequence of real-valued random variables such that (T,, W,, ), >1 is i.i.d. and independent
of Wy. Set Ry := Wy and

Rn = maX{Rn—l - Tnawn}a n 2 L (112)

The starting point of our investigation were the recurrence/transience conditions given by
Lamperti and Kesten in [25] in the special case where T,, is a positive constant (random
exchange process). Their results were phrased in terms of long range percolation. While
Lamperti derived the counterparts of (1.6) and (1.7), Kesten gave in the appendix to
[25] a necessary and sufficient criterion. Later Kesten’s criterion was stated in a more
general form in terms of Markov chains by Kellerer [22, pp. 268, 269].
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Proposition 1.1 (Random exchange process; Kesten, Kellerer). Let W,,n > 1, be i.i.d.
INy-valued random variables satisfying P[W; = 0] > 0. Then the state 0 is recurrent for
the Markov chain R satisfying R,, := max{R,_1 — 1, W, } if and only if

> ﬁ P[Wy < m] = co. (1.13)

n>0m=0

Proof. It is well-known, see e.g. [9, Theorem 6.4.2], that 0 is recurrent iff Zn>1 P[R, =
0] = oo. Solving the recursion with initial state Ry = 0 yields R,, = max?,_;(W,, —n+m)
for all n > 1. Since (W,,),,>1 is i.i.d. we have foralln > 1,

n n—1
PR, =0l= [[ PWm <n-m]= ] PW <m].
m=1 m=0
The claim follows. O

The significance of Proposition 1.1 in the present context is that on a heuristic level
one can easily deduce from it in several steps the recurrence/transience criterion for our
processes X, Z and M introduced above. However, our actual proof will not follow these
steps.

Step 1. If R satisfies only the more general recursion R,, = max{R,_1 — ¢, W,,} for
some constant ¢ € IN then the event {WW; < m} in (1.13) has to be replaced by {W; < mc}.

Step 2. If we do not require the minimum y of the support of W; to be 0 then the
event {W; < mc} in Step 1 has to be replaced by {W; < y+mc}. In fact, one may choose
any y satisfying P[W; < y] > 0.

Step 3. It is easy to guess but much harder to prove that for the general random
exchange process satisfying (1.12) and E[T}] > 0 the event {W; < y + mc} from Step 2
has to be replaced by {W; <y + mFE[T1]}, see Corollary 4.4 below.

Step 4. The process e” is a one-dimensional max-autoregressive process M which
satisfies the recursion M, = max{A,M, 1,Y,} with A, = e 7» and Y,, = ™. It
follows from Step 3 that if y is such that P[Y; < y] > 0 then M should be recurrent iff
S uso 11h o P[Y1 < ye~™ElnAil] is infinite.

Step 5. By the strong law of large numbers, A = —E[ln A;] if d = 1. Thus for multi-
dimensional max-autoregressive processes one should replace —FE[ln A;] in Step 4 by A
and get that for all y satisfying P[||Y1]| < y] > 0, M is recurrent iff

ST Plvill < ye™) = . (RR)

n>0m=0

Step 6. 1t is a well-known phenomenon (max-sum-equivalence) that the sum of heavy
tailed random variables tends to be comparable to the largest summand. Thus one might
expect that the recurrence criterion for M derived in Step 5 also applies to X and, due
to the relation between X and Z described above, to Z as well.

That the conclusion of this heuristics is indeed true under suitable conditions is the
content of our main results, Theorem 3.1 and Theorem 4.2.

Remark 1.2. Since positive recurrence implies recurrence, (1.5) should imply (RR). This
implication can easily be derived directly as follows. Note that (1.5) is equivalent to
>0 P [IY1] > ye™*] < oco. This in turn is equivalent to [],,», P [[|Y1] < ye™] > 0,
which implies (RR).

Let us now describe how the remainder of the present article is organized. In the next
section we provide additional definitions and collect some elementary statements. In
Section 3 we first treat the special case of constant, deterministic environments because
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in this case our proof is shorter and requires weaker assumptions than in the genuinely
random case. We also provide an application to so-called frog processes on the integers.
The general case of random environments is dealt with in Section 4, where we also
give an application to random walks in random environments perturbed by cookies. In
Appendix A we collect some general bounds which we need for the multidimensional
case with random environment. Appendix B comments on [2] and our condition (BA).

2 Preliminaries

2.1 Notation

The {,-vector norms (1 < p < o0) on RY and their associated matrix norms are
denoted by || - |,. We abbreviate || - || by | - ||. Recall that for a matrix A, || A is the
maximum row sum and ||A|; is the maximum column sum. The i-th coordinate of a
vector z is denoted by [z]; and the (4, j)-th entry of a matrix A by [A]; ;. For z,y € [0, 00)?
we write <y (ory > z) iff [z]; < [y]; foralli =1,...,d. By ¢1, ca, ... we mean suitable
strictly positive and finite constants which may depend on other constants.

2.2 Branching processes

While branching processes are most often defined and studied in terms of generating
functions we prefer to use a different, but equivalent definition which allows us to couple
the branching process in a natural way to the AR(1) process introduced above, see (2.3)
below.

Fix d > 1 and let D be the set of all cadlag functions % : [0,1] — IN¢. Endow D with
the o-field generated by the Skorohod topology. An environment for a multitype Galton-
Watson branching process is a sequence (¢,)n>1 = ((¥1);=1,...a)n>1 € (DY)N. Here ¢,
determines the reproduction behavior of the individuals in the (n — 1)-st generation,
namely, if U is distributed uniformly on [0, 1] then P[yJ(U) = (z1,...,24)], 5 =1,...,d,
is interpreted as the probability that an individual of type j in the (n — 1)-st generation
gets z; children of type i, i =1,...,d.

Let ¥ = (U,)p,>1 = ((U9)j=1,..4)n>1 be an ii.d. sequence of D%-valued random
variables, called the random environment for the branching process, and let ¥ =
(Y,.)n>0 be a sequence of [0, c0)?-valued random vectors such that (¥,,,Y;,),>1 is i.i.d.
and independent of Yj. The vector |Y,,] of integer parts of the components of Y,, gives
the numbers of immigrants of the d possible types who join the population at time n.
Moreover, let (Uj Jo<m<n;1<kii<j<d De ani.i.d. family of random variables which are

m,n,k

distributed uniformly on [0, 1]. Assume that this family is independent of ¥ and Y. Set

&7 e =W U2 i (2.1)
We interpret ffnj .k @S the (random) number of children of type i of the k-th individual of

type j in generation n — 1 whose ancestors immigrated at time m, provided that there are
at least k individuals of this kind. The descendants of the individuals who immigrated at
time m constitute a Galton-Watson process (B, n)n>m il random environment (without
immigration), which is defined by B, ,,, :== |Y;,,] and

d [B'm,nfl]j o
Ban= (X3 @] nzmen
J=b k=1 i=1,...,d
The process (Z,)n>0 defined by
n
Zp = Bun, n>0, (2.2)
m=0
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(and any other process with the same distribution) is called a branching process with
immigration |Y | in the random environment ¥. Here [Z,]; is the number of individuals
of type j present at time n. The random matrix

= (e[ 9]
S 1)) i

contains at position (7, j) the expected value, given the environment, of the number of

children of type ¢ of a member of type j of the (n — 1)-st generation. As above in the

definition of the AR(1) process X, the sequence (A,,Y,,),>1 is i.i.d. and independent of

Yy. It is well-known that for all 0 < m < n,

E[Bmn | U, Y] =A4, ... Apt1| Y],

see for example [16, Chapter II, (4.1)]. It follows from (1.3) and (2.2) that foralln > 0
a.s.
E|Z,|V,Y]=X, ifY,, € N!as. forallm > 0. (2.3)

2.3 Recurrence and transience

We use the notion of recurrence and transience of [0, co)?-valued Markov chains which
was used by Kellerer in [22] in a more general setting. Let H be the set of continuous
functions from [0, c0)¢ to [0, 0c0)? which are monotone with respect to the partial order <
and endow H with the o-field generated by the topology of compact convergence. Then
a [0, 00)?-valued Markov chain (V,,),,>¢ is called order-preserving if it fulfills a recursion
of the form V,, = H,(V,,—1) for an i.i.d. sequence (H,),>1 of H-valued random variables
which is independent of the initial value V4. Observe that all four processes X, Z, M, and
R defined above are order-preserving Markov chains.

Let 7 be the transition kernel of such an order-preserving Markov chain. Then 7
(and any Markov chain with transition kernel 7) is called irreducible for the state space
[0,00)¢ iff for any = € [0,00)? there is some n > 0 such that P[V,, > x| > 0, where
V = (Vi)n>0 is a Markov chain with kernel = starting at 0, see [22, Definition 1.1].

Proposition 2.1. Let K € IN be such that P[A;...Ax € (0,00)%9 > 0. Then the
processes X, Z, and M are irreducible for the state space [0, oo)d.

Proof. Without loss of generality we assume that a.s. Y] € ]Ng. Let p be the minimum of
the entries of the matrix A1 Ak ... A; and choose € > 0 such that P[u > ¢] > 0. Then
we have for all = € [0,00)? due (2.3) and (1.11) that

PlEZk41 |0, Y] >2] = P[Xkg41 > > P[Mgy1 >a] > P[Ngy > a]
> PlAxAx ... oYy > a] > Plp[Ya|| > [|zf, p > €]
> PlIYall > [|=||/e]lPlp > €]

by independence. Therefore, P[Vx41 > a] > 0forall V € {Z, X, M }. O

If 7 is irreducible then 7 (and any Markov chain with transition kernel 7) is called
recurrent iff there exists b € (0, c0) such that

> P[|Vall < 8] = o0, (2.4)

n>0

where V is a Markov chain with kernel 7 starting at 0. In fact, the initial state is not
important here. Condition (2.4) holds either for all Markov chains with transition kernel
7w or for none, see [22, Definition 2.5]. A Markov chain V is recurrent iff there is a
finite b such that a.s. |V,| < b infinitely often. If 7 is not recurrent then it is called
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transient. Transience is equivalent to the almost sure divergence of the Markov chain
in all components to oo, see [22, Section 2]. (For the definition and characterization of
positive recurrence in this context see [22, Section 6].)

In order to deduce from the recurrence of one process the recurrence of another
process we will need to infer from the divergence of a series of the form ) . a, the
divergence of another series ) .,b,. Sometimes we will do this by showing either
sup,, a, /b, < oo or inf,, b,/a, > 0. Sometimes we shall use the following lemma instead.

Lemma 2.2. Forn > 0 let U,, and V,, be R%-valued random variables. Assume that there
areb,c > 0 such that ) P[|Uy,|| < b] = oo and E[||V,||; [|[U,|| < b] < cP[||Uy|| < b] for all
n > 0. Then ) PI||V,] < 2c] = oo.

Proof. By Markov’s inequality,

Pl|Vall < 2] = P[|Vall < 2¢,[|Unl| < 8]
P{IU]| < 8] = P[IVa]l > 26, U] < ]
_ EllVal: [IUnl < 8] o PlIUn| < ]
2c - 2 ’

vV

Pl|Un| <]
which is not summable in n by assumption. O

3 Constant environment

Recall that a matrix A € [0,00)?*? is called primitive iff there is a K € IN such that
A € (0,00)4%4,
Theorem 3.1 (Subcritical case, constant environment). Assume that there is a primitive
matrix A with spectral radius ¢ < 1 such that a.s. A,, = A foralln > 1. Lety € (0,00) be
such that P[||Y1]| < y] > 0. Then the following three assertions are equivalent.

The autoregressive processes X is recurrent. (XR)

The max-autoregressive process M is recurrent. (MR)
n

oI Pl <yo ™) = oo (RC)

n>0m=0

If we assume in addition that there is a ¢ € D? such that a.s. V,, = 1) for alln > 1 and
that E[¢5) ; In&g) 1] < oo foralli,j € {1,...,d} then (XR), (MR), and (RC) are equivalent
to the following assertion.

The branching process with immigration Z is recurrent. (ZR)

Proof. By Proposition 2.1, X, 7, and M are irreducible since A is primitive. When
checking (XR), (MR), and (ZR) we assume without loss of generality that Y, has the same
distribution as Y,,, n > 1, since the initial state does not matter, see Section 2.3. Recall
from (1.11) that N,, := max]’,_, A"~ ™Y, and note that

| N = m%}g |A"~™Y,,|| foralln > 0. (3.1)

We consider the following auxiliary conditions.

(NR) There exists b € IN such that > -, P[[| Ny < b] = oc.
(RC’) There exists b € IN such that 3 - [[;,,—o P [[|Y1]l < bo™™] = oo.
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We shall prove the equivalence of the conditions (XR), (MR), (ZR), (RC), (NR), and (RC’)
as indicated in the following diagram.

(MR)

Z
(XR) <= (NR) < (RC’) < (RC)

> ~
(ZR)

(XR)=(MR)=-(NR): These implications follow from (1.11).
(NR)=(XR): Dueto o < 1,

o= [|A™] < o (3.2)
m>0
In particular, there exists b € IN such that P[||A™Y1|| < b] > 1/2 for all m > 0 and, due to
(NR), >,,~0 P[l[Nn|| < b] = co. By (1.3), (3.1) and since Y is i.i.d. we have for all n > 0
that B

EUIXal [ INu] <8 < 3 B [[JAm,0
m=0

(1A Y| < b}
=0

EfA™Y: || [[A™ Y4 || < b]

3.3
Pl <o &2

= D E[ATYal AT Y <0 < Y

m=0 m>0

Note that T := inf{m > 0: ||[A™Y}]| < b} is a.s. finite due to (3.2). Therefore and by our
choice of b, the right-hand side of (3.3) can be bounded form above by

(3.2)
2 | > |A™|| = 2B | > IA™ | < 2E [o|ATY] < 20b =: ¢ < 0.

m>T m>0

Applying Lemma 2.2 to (U, V) = (N, X) we obtain the claim (XR).

(NR)<(RC’): Since Y isi.i.d. and due to (3.1), (NR) is satisfied iff there is a b € IN such
that > [ _, P[|A™Y1]| < b] = co. Recall from Perron-Frobenius theory, see e.g. [20,
Appendix, Theorem 2.3], that there is a matrix H € (0, 00)9*? such that lim,,_,,, 0 " A" =
H. Therefore, there exist k, L € IN such that k= 1p™ < [A™]; ; < ko™ for all m > L and all
i,j =1,...,d. Hence, k~1o™||Y1| < ||A™Y1]|| < dko™|Y:]| for all m > L. This implies the
claim.

(RC")<(RC): The implication <« is trivial. For the reverse implication let b € (0, c0)
be according to (RC’) and k£ € INy be such that yg*k > b. Then

2 ﬁ PlIvill<ve™] = 3. ﬁ PlIvil <yo™]

n>0 m=0 n>k m=0
k—1 n
) (H Pl < ye‘mJ> S IIPIml < (o) o) =ce.
m=0 n>0m=0

(XR)=(ZR): Let b € (0,00) be such that ) P[||X,| < b] = co. Due to monotonicity
we may assume without loss of generality that a.s. Y7 € ]Ng. Note that for all z € [0, 00),
Iz < ||lzlli = 1 + ... + zn < d||z|. Therefore, by (2.3),

E(|Zall; 1 Xnll <0 < E[|Znll1; 1Xnll < 0] = |BE[Zn; | Xall < b @, Y]][l1

= [EEZ, | O Y] | Xl < bl < [[E[X0: [ Xall < blfl1
Eld[Xnll; [ Xall <] < bdP[[|Xn ]| <.

IN
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Lemma 2.2 applied to (U, V) = (X, Z) implies (ZR).

(ZR)=(RC’): Since (RC’) holds iff it holds for | Y7 | instead of ¥; we assume without
loss of generality that Y; is a.s. IN¢-valued. Denote by gj,, the probability that a given
individual of type j does not have any descendants k generations later, i.e. with a slight
abuse of notation, ¢; 1 := P[Bor = 0 | Yo = ¢,], where e¢; € Z? is the j-th standard
unit vector. Due to the moment assumption on §é’7i71 and [18, Theorems 2 (3.6) and 4],

0 %(1 —gj) tends as k — oo for all j = 1,...,d, to a strictly positive and finite limit. In
particular, there are ¢,/ € IN such that
0<qjp<1—0"/c forallk>/andj=1,...,d. (3.4)
Set ZL = ZZ;EO B, » forn > £. By (ZR) and subadditivity there is some z € ]Ng such that
> P[Z, = z] = co. Then on the one hand by the Markov property and independence,
d
S PZy=01>Y PlZyo=2[[dV = (3.5)
n>¢ n>{ j=1

by our choice of z and (3.4). On the other hand, since the processes (B, m+n)n>0, M > 0,
are i.i.d., we have for all n > ¢,

P[Z,=0] = P

n—~¢ n
) {Bun = 0}] = [] ElP[Bo.x = 0]Y5]]

m=0 k=¢

(3.4) ™
ol | g HE[(1—Q’“/C)“Y0”}
k=t

)

I I
—= 1=
&=

_E&

1 noo
/ P[(l—gk/c)“Y(’” zt} dt < H/ G(c(—1Int)o™") dt,

0 wp /0

where G is the cumulative distribution function of ||Y;||]. Choose b € IN such that

G(b) > 1/2 and set G := 1 — G. Then by the above for all n > ¢,

P[Z, = 0] m PG (e(—Int)o")
M Ghe ™) ~ H/o ORI

k={

IN
@
o]
ko]
/
[\
(]
S—
2
—~
Q
—
>~
fbl
e
S—
|
Q
—
S0
E
=
fbl
e
N—
N—
+
Q
~
~

exp(=b/c) _
= exp 2/ > Gbo™) = G (c(~Imt)e*) dt ). (3.6)
0 k=¢
We set f(t) := (In(c¢/b) +In(—1Int)) /(—Inp) and use the telescopic form of the sum in
(3.6) for estimating this sum for all ¢ € (0, e~%/¢) from above by

nV(e+[f (1)
Z G(bo™) = G (c(—Int)o™F)
k=¢
(n=Tf®)Hve
< O+ Y GetHIOD) G (e~ ) < SO +1 (3)
k=¢

exp

since all the differences in (3.7) are nonpositive. Since fo (=b/e) f(t) dt < oo, the right-
hand side of (3.6) is bounded from above uniformly in n. Therefore, (3.5) implies that
> nse [Tre G(bo™F) diverges. The claim (RC’) follows. O
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3.1 An application to frog processes

For a survey on frog processes we refer to [32]. The following application is related
to [32, Theorem 4.3]. Let (Y},),>0 be an i.i.d. sequence of INy-valued random variables.
Put on each n > 0 a number Y,, of sleeping frogs. Fix r € (0,1) and p € (0, 1] such that
r < 1/2 or p < 1 holds. Wake up the frogs at 0 (if there are any). Once woken up, every
frog performs a nearest-neighbor random walk, jumping independently of everything
else with probability r to the right and with probability 1 — r to the left, until it dies after
an independent number of steps which is geometrically distributed with parameter 1 — p
and may be 0. (If p = 1 then the frog never dies.) Whenever a frog visits a site with
sleeping frogs those frogs are woken up as well and start their own independent lives.

Theorem 3.2. Lety € (0,00) be such that P[Yy < y| > 0. Then the following statements
are equivalent.

Almost surely only finitely many different frogs visit 0. (3.8)
Almost surely only finitely many frogs are woken up. (3.9)
- 1—+/1—4p%r(1 —
S [[PYo<yo ™ =co, where o:= prri—r) (3.10)
2p(1 —1r)

n>0m=0

Proof. Let ax € (0,1) be the probability that a frog which starts at 0 ever hits +1 before
it dies.

(3.9)=(3.8): This implication is obvious.

(3.9)<(3.10): By conditioning on the first step we see that a satisfies a; = pr+p(l—
r)ai and get ay = p < 1. Assign to each frog the trajectory which the frog will follow
once it has been woken up. For any 0 < m < n let B, ,, be the number of frogs originally
sleeping at m whose trajectories reach the site n. Then for all m > 0, By, ,, = Y.,
and (B, m+k)k>0 is @ Galton-Watson branching processes with offspring distribution
Bernoulli(a4 ). Moreover, the processes (B, m+k)k>0, m > 0, are independent. Hence,
if we denote by Z,, n > 0, the total number of frogs originating in {0, 1,...,n} whose
trajectories visit n then (Z,,),>0 is a subcritical branching process with immigration.
By Theorem 3.1, (Z,,),>0 is recurrent iff (3.10) holds. On the other hand, (Z,),>¢ is
recurrent iff there is a.s. an n > 1 such that Z,, = Y,,, i.e. iff there is a site n which is
never visited, which is equivalent to (3.9).

(—(3.99A—(3.10))= —(3.8): Since the frogs jump between nearest neighbors, —(3.9)
implies that with positive probability all frogs are woken up. Moreover, as shown in
Remark 1.2, =(3.10) implies E[ln Yy] = oo and hence a.s. ) ., Yra” = oo, see e.g. [27,
Theorem 5.4.1]. Since a” is the probability that a frog starting at n ever reaches 0, —(3.8)
follows from the Borel Cantelli lemma. O

4 Random environment

For the case of genuinely random environments we need the following bounds on the
coefficient matrices A,,.

If d =1 then In A; — E[ln A,] is sub-Gaussian.
If d > 2 then there exist K,y € IN and x > 0 such that a.s. (BA)
|A1]] < vand A; ... Ak € [k, 00)?¥4.

For an introduction to sub-Gaussian random variables see e.g. [37] and [5]. If (BA) holds
then X defined in (1.4) can be expressed in various ways, as we state next. In fact, for
this much weaker assumptions would suffice, see [13].

EJP 23 (2018), paper 27. http://www.imstat.org/ejp/
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Proposition 4.1. If (BA) holds then E|[|S,|] < oo for alln > 1 and
Sn ESn] E[Sh]

2% s XNi=sup — = lim —/—™ € R. 4.1)
n n—oo n>1 n n—oo n

Proof. The statement follows from Liggett’s subadditive ergodic theorem, see e.g. [9, The-
orem 7.4.1]. The only assumptions of this theorem which rely on (BA) are E[ln; ||4:]]] <
oo and sup,, E[S,/n] < co. If d = 1 then this follows from S, = —InA4; —... — In 4,
(An)n>1 being i.i.d. and E[|In 4] < co. For d > 2 denote by A C [0, 00)?*? the support
of A;. Due to (BA) the assumptions of Lemma A.1 from Appendix A are satisfied. Thus,
by (A.2), a.s. ||A1 ... Ayl > ¢*||A1]| - - - ||An|| and hence sup,, E[S, /n] < E[Si] — In¢, which
is finite since x < ||AK|| < || Aq]|¥. O

We also need the following mild regularity condition on the tail of the distribution of
Y;i. Here ) is the constant defined in (1.4) or (4.1).
lim 2?/3(Inz)?P[||Y1]| > €”] =0 or liminfzP[||Y1] > e*] > A. (REG)
Tr—ro0 xr—r0o0
Roughly speaking, condition (REG) requires that P[||Y1|| > e”] does not oscillate between
decaying faster than z~! and slower than 2~2/3, In particular, (REG) holds if P[||Y3|| > e”]
varies regularly as x — oo.
The final condition concerns only branching processes. For j = 1,...,d we denote by
VI the covariance matrix of the vector (58’7]171)_17”@ given 0.

There exists C' € IN such that a.s. |[V!|,..., [V < C|A4]. (BV)

Theorem 4.2 (Subcritical case, random environment). Assume (BA), (REG), and A > 0.
Let y € (0,00) be such that P[||Y1|| < y] > 0. Then the following three statements are
equivalent.

The autoregressive processes X is recurrent. XR)

The max-autoregressive process M is recurrent. (MR)
n

ST Pl < ye™) = o (RR)

n>0m=0

If we assume in addition (BV) then (XR), (MR), and (RR) are equivalent to the following
statement.

The branching process with immigration Z is recurrent. (ZR)

For the proof of Theorem 4.2 we denote the cumulative distribution function of In || Y1 |
by F' and its tail by F':=1— F.
Lemma 4.3. Assume (REG). Suppose that for all € > 0 there exists b, € IN such
that o [Tie F(be + (X + €)i) = co. Then lim, o 2*/*(Inz)?F(z) = 0 and therefore
B[(Iny [[Y1])*/?] < oo.

Proof. Raabe’s test implies that for all y > 1and e > 0, F(b: + (A +¢€)i) > 1 — p/i for
infinitely many i. Therefore, liminf, xF(z) < (A + ). Letting p N\, 1 and & \, 0 yields
lim inf, F(z) < \. The statement now follows from (REG). O

Proof of Theorem 4.2. By Proposition 2.1 and (BA), X, Z, and M are irreducible. As in
the proof of Theorem 3.1 we assume that Y, has the same distribution as Y,,, n > 1.

Denote by A C [0, 00)%*? the support of A;. Due to (BA) the assumptions of Lemma
A.1 from Appendix A are satisfied. In addition to the auxiliary condition (NR) introduced
in the proof of Theorem 3.1 we need the following assertions.
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(RR) There exists b € N such that > - [T;—o P [[Y1ll < be™] = oc.

m=0
(R+) E[(Iny [|[Y1]))?/?] < oo and there exists b € IN such that
Ynzo Iing F(b+ A + /%)) = oo
(R—) There exists b € N such that }°, . [Ti_y F(b+ A(i — i%/%)) = occ.

We shall prove the equivalence of the conditions (XR), (MR), (ZR), (NR), (RR), (RR’), (R+),
and (R—) as indicated in the following diagram.

(MR) — (NR)
4 Ny
(XR) = (ZR) = ([R+)
~ Z
(R-) = (RR) <= (RR)

The proofs of (XR)=(MR)=-(NR), of (XR)=-(ZR) and of (RR)<(RR’) are the same as
for the corresponding statements of Theorem 3.1.

(ZR)=(R+): Since (R+) holds iff it holds for |Y; | instead of ¥; we assume without
loss of generality that Y is a.s. N¢-valued. Set Py[] := P[- | ¥]. Denote by qy j m.» the
probability that in the environment ¥ a given individual of type j who immigrated at
time m does not have any descendants at time n, i.e. with a slight abuse of notation,
qw.jmn = Pu[Bm,n = 0] Y, = e;]|. Proposition A.2 and (BV) yield that forall j =1,...,d,
a.s.

1—-d|A,...Apniq <qujimn <1—c = qu,m,n-
( H n m+ ||)+ »J,m, M ZZ:erl ||An~-~Ak|| m,n

(4.2)

Since A > 0, there exists ¢ € IN with P[d||A... Ay|| < 1] > 0. Set Z,, := """ By, for

m=0

n > (. By (ZR) there exists z € IN§ such that ) . P[Z, = 2] = cc. Hence

d
P[Zy =012 P[Zy=0,Zy_¢ = 2] = P[Zn_y = 2)E | [[ 450, (4.3)
j=1

since V¥ is i.i.d.. Due to the lower bound in (4.2) and our choice of ¢ the expected value in
(4.3) is strictly positive. Therefore,

> P[Z, =0] = . (4.4)

n>¢

For all b € N with F'(b) > 1/2 and all functions g : Ny — [0, 00) with Iny n < g(n) < n for
all n € INg let

P|Z, = 0]
q(b, g) := sup == . . (4.5)
(09) = S0 T F(b -+ % + 9)
Due to (4.4) it suffices to show for the proof of (R+) that there exists b such that
E[(In, |[Y1])?/3] < 0o and ¢(b,h) < co, where h:n > An?/3. (4.6)
To this end we first bound the enumerator in (4.5) by observing that for all n > /,
. n—~_ n—~
m=0 m=0
EJP 23 (2018), paper 27. http://www.imstat.org/ejp/
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due to independence, see e.g. [19, Proposition 6.6 and Corollary 6.7 (i)]. Using indepen-
dence once again we have

d

] (4.2)
Py [Bm,n = 0] = Ey [P[Bm,n =0 ‘ \IJ7YH = Ey qg;i]’rjn,n < Ey {q\\LYZZ\H

j=1

! ! Int
Py 1Yo >t dt = / Flln|—— dt
/0 [Q\I/ m,n ] 0 L In qQU.m.n ’

see e.g. [19, Lemma 3.11]. Thus for all b and g as above,

o F(n ()
b,g) <supF / kil dt| . 4.7)
a(bg) < sup 11 o Fb+Xn—m)+gln—m))
Since (44,...,A,) has the same distribution as (A,,...,41), (¢gu,0n;---,qw.n-1,n) has
the same distribution as (¢ o ,,s - -+ 4 »_1,,), Where
/ HAl An mH ”Al An— m”
Qmm = 1— <l-ag—————— (4.8)
e Zk m41 ||A1 Ant1—kll o

and o = 3, |41 Agll. Let 1o = exp (—c1[|Ar ... Anll/0), fom(t) == In (mlr“qf,m)'
and ty ;== rgon ") By (4.8), ¢}, < 7w,n—m. Therefore, by (4.7),

qb,g) < supkE

o F (fea(t)
o F+ i +9() dt]

n>0 =t
_ Fb+Az+g()) F(fu:(t))
= Al ( b+ Ai+ 9(0) dt)]
[ 1<F<b+m+g<‘>> F(foi(1))
< FE |exp i>0/0 Flo+ N+ 90)) T dt
[ F(b+ N+ (i) — F (fu.(1)))
= b |ew ;/ Fo+ N+ 9(0) - dt
< FE |exp QZt\pﬂ;F(b“‘Ai)

i >0
Let T, := inf{n

>0 |Vi>n:S <X+g()/2—1Inc} Then for all i > T, tg; <
exp (—cleb+9(i)/2) <e p( cleb\f) due to g(i) > In, i. Hence

Tg
qg(b,g) < Elexp|242) F+M)+2) tu;
i=1 i>T,
Tq
< oF |exp [2) F(b+X) || . (4.9)
=1

Next we show that there are numbers c3 = ¢3(g), c4 = c4(g) € (0, 00) such that

P[T, =n] < czexp (—cag(n)?/n) foralln > 1. (4.10)
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N1
To this end let ¢5 := (2121 e"\l/g) . Then forall t > 5,

Po>t < Y. P [||A1...AZ—\| > c5e—M/2t] < 3" P[IS; — Ai| > Ai/2 + In(cst)]

i>1 izl
(A§15) che_”(M/QJrl“(cst))g/i < 0626757(/\21'/4*’\1“(05”)
i>1 i>1
= gt . (4.11)

Therefore, for all n large enough such that (/4 > ¢!,

PMn+g(n)/2—1Inoc < S,)

PM+gn)/2—1Ino <S8, <An+g(n)/4 + P[S, > In+ g(n)/4]
Plo > ¢4+ P[|S, — An| > g(n)/4]

cs exp(—c109(n)) + s exp(—crg(n)*/n)

(VAN VAN VAR VAN

due to (4.11) and (A.15). By using g(n) < n and increasing constants we obtain (4.10).

It remains to show how (4.10) implies (4.6). For e > 0 and n € Ny let g.(n) := en.
Then (4.9) yields q(b,g-) < c2F [exp (2T,_F(b))], which is finite for some large b = b,
since Ty_ has some finite exponential moment due to (4.10). Therefore, due to (4.4), the
assumptions of Lemma 4.3 are satisfied. This lemma yields the first statement in (4.6)
and the existence of b large enough such that F(b) > 1/2, (Inb)~2 < ¢4;A*/3/12, and such
that forall s > 1,

C4)\8/3
12

F(b+Xi) < (b4 M) 2 3(In(b+ \i)) 2 < (b+ Ni)~2/3, (4.12)

where ¢4 := c¢4(h). We obtain from (4.9) and (4.12) that

ca\B/3 Th
q(b,h) < coF |exp G Z(b—i— Ni)~2/3
i=1
A8/3  Th 22
< coF |exp <C4 5 / (b+ Xt)~2/3 dt)} < cF [exp <Q‘2Th1/3ﬂ
0
(4.10)

)\2 h 2 )\2
< ate) e <C4“1/3 - C4(n)> =cy+ez Yy exp (— “ nl/s) < oo.

2 n 2
n>1 n>1

(NR)=(R+): Let A := (Ap)k>1. Set N} := max? ;A;...A;Y;4; forall n > 0 and
note that N/ has the same distribution as N,, since (A,,...,41,Y,,...,Yp) has the same
distribution as (Ay,..., A,, Y1,...,Y,+1). Therefore, by (NR) there is a ¢;; such that

(0.] = ZP[HNTILHSCll] = ZE[P[VZ:O,7n‘|A1A1Y2+1||§011‘A]]
n>0 n>0
= Z E HP |:||A1 .. Az}fz—&-lH S C11 A:|
n>0 =0
(A1) b
< B (TLP [ Al < ez | 4] | = Ree)
n>0 =0

where R(b) := 3, .o E[[[;~o F (b+ Si)]. For all functions g : Ng — [0, 00) with g(0) = 0
let T, := inf{n > 0| Vi > n : S; < Xi+ g(i)}. Moreover, for all such functions ¢ and all

EJP 23 (2018), paper 27. http://www.imstat.org/ejp/
Page 15/24


http://dx.doi.org/10.1214/18-EJP152
http://www.imstat.org/ejp/

Recurrence and transience of autoregressive processes

b€ IN with F(b) > 1/2 let

T,
— E[[liso F(b+5i)] 1 ( _ Fo+S) )
q(b,g) = f}g [T o F(b+ Xi+ g(i)) =E LLAF(b+ i+ g(i)) Vi
[, T, _
T 1 B 1 F(b+ Xi)
= B EF(bJr)\i) =F E<1+F(b+>\i)>
. Ty = . Ty
< E |exp ZF(;(J;)M) <E|exp [2) F(b+X) | |- (4.13)
=1 =1

Since P[T, =n] < P[S, > An+ g(n)] for all n > 1, Lemma A.3 implies that
P[T, =n] < coexp (—crg(n)®/n) foralln > 1. (4.14)

The claim (R+) follows now from (4.14) in exactly the same way as (4.6) follows from
(4.10) in the proof of (ZR)=(R+).

(R4)=(R—): Choose b according to (R+). Define g (t) := b+ A(t £ t*/3) for t € [1,00).
Note that both functions g4 and g_ are strictly increasing. Denote by g, ! their inverse
functions. For all z > b+ 2)\ we have z = g4+ (g3 ' (z)), that is

5 x—b
g (2) £ (9 (@) = 57 (4.15)

For the proof of (R—) it suffices to show that the following quantities are finite.

n

Flg4 (i) _ F(g (i) — F(g_(i)) F(g4 (i) — F(g_(i))
uplj Flg-() H (1 T F-G) ) = H <1 " F(b) ) '

Therefore, it is enough to show that F'(g; (7)) — F'(g—(¢)) is summable in i. Setn := In ||Y7]|.
Then

> F(gy (i) = Flg- (1) = > Ell(g_ (g, in(min > g-(8)]

i>8 i>8
= B ity @in > 9-(8)| < Elg= () — gy (m)in > g-(8)] + 1
i>8
4.15) r, _ 2/3 _ 2/3  _
B o [ ) R (e 1)) M ) >8} +1

< B[R0 m) g7 ) >8] +1

< 2E K?gil(n) —2 (911(77))2/3)2/3;” ~ g‘(s)] !
(TIA_b)% 11> g-(8)

which is finite due to (R+).

(R—)=-(RR’): This implication follows from monotonicity.

(RR’)=(R+): The first part of (R+) follows from monotonicity and Lemma 4.3. The
second part follows from monotonicity.

(R—)=(XR): Let b be according to (R—). Due to (4.1) and A > 0, we have (S; —
Ni?/3/2) — oo a.s. as i — oo. Therefore, there is b’ > b such that P[B] > 0, where

(4.15)

28/3 +1,
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B = {F(/ +; — Xi¥?/2) > 1/2foralli > 0}. For i € No set y; := exp (b' — \i?/3/2).
Then p := Yo pi < co. Recall (1.3) and set for alln > 0, X, := > " jA;... A;Yiqg.
Then for each n, X,, has the same distribution as X/,. Therefore, it suffices to show that
> >0 PlIX, || < p] = co. Hence we estimate

PIIX,l <pl = P

Z A Al [|Yigall < H]
i=0

n

HF(thi +5;)

=0

(I [Yiga |l < Inps + Si} =E

=0

Y

E|P

(Ak)k>1]

By Lemma A.3, T := inf{n > 0| Vi >n:S; > \(i —i%/?/2)} is a.s. finite. Therefore,

o F(np +S;) F(lnp; + S;)

inf B — >E LV A1);B

n20 1}) F/ + A —2/3) | = 1;[1 <F(b’ TG - 2/3)) ) ’
T o)

F(' + S; — X\i?/3/2) .
= F ANl);B| >FE]2";B]>0
E(F(b’+A(i—i2/3)) ) > B Bl >
since P[B] > 0. This implies (XR). O

By exponentiating R we obtain the following generalization of Proposition 1.1.

Corollary 4.4 (General random exchange process). Let E[T;] > 0 and let Ty — E[Ty] be

sub-Gaussian. Suppose that lim 2%/3(Inx)2P[W; > 2] = 0 or liminf x P[W; > z] > E[T}].
T—> 00 T—r 00

Let y € (0,00) be such that P[W; < y] > 0. Then R is recurrent if and only if

ST P < y+mE[D]] = oc.

n>0 m=0

4.1 An application to random walks in random environments perturbed by
cookies of maximal strength

We consider the same version of excited random walks in random environment
as Bauernschubert in [4]. Let w = (w;)zez be an i.i.d. family of (0, 1)-valued random
variables and Y = (Y, ).cz be an i.i.d. family of INy-valued random variables such that
P[Yy = 0] > 0. We call w,, the environment at = and Y, the number of cookies at z. The
random walk & = (,),>0 in the random environment w perturbed by the cookies Y is
defined as follows. The walk starts at {; = 0. Upon any of the first Y, many visits to a
site « the walker reduces the number of cookies at that site by one and then moves in
the next step deterministically to « + 1. Upon the (Y, + 1)-st or any later visit to z, i.e.
when there are no cookies left at z, the walker jumps independently of everything else
with probability w, to z + 1 and with probability 1 — w, to x — 1. More formally, for all
n>0and z = £1 a.s.

1 le:L#{kSn'gk:gn}SY’En

P[En+1 =&tz | (gk)OSkSmY» W] = Wy ifz=1, #{k <n | §k = fn} >Ye,
l—w, ifz=-1#{k<n|&==E}>Ye,.

The random walk € is called transient to the right if £,, — oo as n — oo, transient to the left
if ¢, - —oo as n — oo, and recurrent if ¢, = 0 for infinitely many n. In the case without
cookies, i.e. where P[Y; = 0] = 1, we retrieve the classical one-dimensional random walk
in random environment (RWRE). It is known that that under mild assumptions RWRE
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is a.s. recurrent iff E[ln pg] = 0, where pg := (1 — wp)/wp, and a.s. transient to the right
(resp. left) iff E[ln pg] < 0 (resp. > 0), see e.g. [40, Theorem 2.1.2].

We consider the case E[ln po] > 0 in which the underlying RWRE is transient to the
left and ask how many cookies are needed in order to make this walk recurrent or
even transient to the right. Using (1.8), (1.9), and a well-known relationship between
excursions of random walks and branching processes, Bauernschubert obtained in [4,
Theorem 1.1] the following result.

Theorem 4.5 (Excited random walks; Bauernschubert). Assume that the two i.i.d. fami-
lies (wy)zez and (Yy)zez are independent of each other and let E[| In py|] < oo, E[ln pg] >
0, and Efw; '] < .

(a) If Elny Y1) < oo then € is a.s. transient to the left.

(b) If Ellny Y] = oo and iflimsup,_, ¢ - P[lnY; > t] < E[lnpg], then ¢ is a.s. recurrent.

(c) Iflimsup, ,t- P[lnY; > t] > E[lnpo| then & is a.s. transient to the right.

Replacing [4, (8),(9)] by Theorem 4.2 we obtain the following characterization of

recurrence/transience of &.
Corollary 4.6. Assume that (wg,Yy)zez is i.i.d., E[lnpg] > 0, that lnpy — E[ln pg] is
sub-Gaussian, and (REG).

(a) If E[lny Yy] < oo then € is a.s. transient to the left.

(b) If E[lny Y] = oo and if

> TI P o < exp (mE(In po)])] (4.16)

n>0m=0

is infinite then ¢ is a.s. recurrent.
(c) If the series in (4.16) is finite then £ is a.s. transient to the right.

A Appendix: bounds for the case of random environment

Lemma A.1. Let K,y € IN, kK > 0 and A C [0,00)?*¢. Forn € Ny set G, := {A;... A, :
A1, Ap € A} and G :=J,,5( Gn- If d > 2 then assume that ||A|| < ~ for all A € A and

Gk C [k,0)4*?, Then there is a constant ¢ = ¢(K,~, k,d) such that

IA|lllz|| < c||Az]] forall Ae G,z € [0,00)%, (A1)
[ANIBI < ¢l AB| forall A€ G,B € [0,00)"*%, and (A.2)
lA|l < c[A]11 foralln > K,A € G,. (A.3)

Proof. If d =1 then (A.1)-(A.3) hold trivially with ¢ = 1.
Consider now d > 2. For any matrix A let yu(A) := min; max;[A]; ;. The following two
quantities are used to measure the variation among the entries of A.

64 = ||All1/n(A) € [1, 0] for A € [0, 00)?*%\ {0} and

‘= max % [A]’L:J cilg 00 Oodxd
Ay = {[A]M’[A]k,j"j’ke{l""’d}}e[l’ ) for A € (0,00)"*“.

We first show the following relations.

Ayp < max{A4, Ap} for all A, B € (0, 00)®*. (A.4)

Aap < Aadp for all A € (0,00)™? B € [0, 00)**\{0}. (A.5)

645 < 040p for all A, B € [0, 00)4*\{0}. (A.6)

04 < dA4 for all A € (0, 00)4*4, (A.7)

EJP 23 (2018), paper 27. http://www.imstat.org/ejp/
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Statement (A.4) follows from the fact that for all ¢, j, k € {1,...,d},

ABlij  _ X p[AlinlBlny _ 20 [AlinAB[Blng _ .
[AB]ivk a Zn [A}Z,H[B]n,k = Zn [A],L,n[B]an B AB and Slmllarly
[[jg]] s Aa (A.8)

To show (A.5) let m and k be such that [B],, » = max,[B], = u(B). Then

[ ] E A [A]Wn[ ] ,J
By = Bl = 2400

Together with (A.8) this proves (A.5).

For the proof of (A.6) it suffices to show that u(AB) > u(A)u(B) since |AB|; <
|All1]|B]l1- To this end, fix 1 < j < d, choose k such that [B];; > w(B) and m such
that [A];, x > p(A). Then max;[AB]; j > [ABlm,; > [Alm.k[Ble,; > n(A)u(B). Taking the
minimum over j yields (A.6).

To prove (A.7) let k be such that max;[A]; , = p(A). Then

max; y_,[Al; AA > il Alik
w(A) - maxl[A]l;€

0a = < dAy4.

This concludes to proof of (A.4)-(A.7). Next we show that

sup{As:A€G,,n>K} < oo and (A.9)
sup{da: A€ G} < o0 (A.10)

First note that ¢4 := sup{ds : A € A} < oo. Indeed, let A € Aand B € Gx_;. Choose
j such that max;[A]; ; = u(A). Since BA € Gk we have k < [BA], ; = > ,[Bl1,i[A]i; <
| B||n(A) and consequently, 64 < |[A||1||B||/x < dy% /k.

Second, due to G C [n,oo)dXd, no element of A has a column of zeros. Hence,
Gn C (0,00)%*4 for all n > K. Therefore, if we let K < n = mK + r with m > 1 and
0 <r < K then for all Ay,...,A4, € A, by (A.5),

Ay, ..A, < AAy Ak OA s An
(A4),(A6) 1
3 K, -1 K _.
maXAAiK+1~-A(i+1)K6A7nK+1"'6An < KT =ies,(A11)

=0

where we used in the last step that Ap < ||B||/k < v¥ /k for all B € Gg. This implies
(A.9). Moreover, (A.6) implies 4 < cﬁ forall A € G,,n < K, and (A.7) and (A.11) imply
64 < dci5 forall A € G,,n > K. Together this yields (A.10).

For the proof of the first claim of the Lemma, (A.1), let k£ be such that ||z|| = zx. Then
forallA € g,

[Az|| = m?XZ[A]z‘,ijj > max[A]; gy = ||| max[A;
i

_ MAldl o Al
oA ~ dba '

Along with (A.10) this implies (A.1). The second claim, (A.2), follows from (A.1) and the
definition of the matrix norm || - ||. For the proof of (A.3) letn > K and A € G,,. Then

l4]} = max %:[A]k,e <Aa %:[A]u < A% %:[A]l,l =dA%[A]1 4

%

o min max( 4] ; =

This together with (A.9) implies (A.3). O
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The following result provides bounds on the extinction time of multitype branching
process in varying environment. The easy bound is standard and based on a first moment
method, i.e. Markov’s inequality. To the best of our knowledge the opposite bound
appeared first in a similar form in [1, Theorem 1]. We prove it by the second moment
method. For precise asymptotics under different assumptions see e.g. [18], [10].

Proposition A.2 (Bounds on extinction time of multitype branching process in varying
environment). Fix ¢ = (Yn)n>1 = ((¥))j=1,..a)nz1 € (D)N. Let (U ) )nk>15e1,....d)
be an ii.d. family of random variables wh1ch are distributed uniformly on [0,1]. Let
§;Jk = [l (Ufl w)i- Fixs € {1,...,d} and define the branching process (B, ),>o in the
environment w starting at time 0 with one individual of type s as follows. Set B, := e,
and define recursively for alln > 1,

[B,_]
Z £, , (A.12)

d
j=1

Define the matrices A,, := (E {fi’j D v n > 1, and suppose that v, K € N, kK > 0,
el

n,l

and A := {A, | n > 1} satisfy the assumptions of Lemma A.1. Denote forn > 1 and

j=1,...,d by VI the covariance matrix of the vector (ff;f'l)q;zly__,d and suppose that
Vi
c1g = sup [Val < o0. (A.13)
n>1,j=1,....d || Anll

Then there is a constant ¢; = ¢1(v, K, K, d, c16) such that for alln > 1,

[An ... Al
< P[B, # 0] < d||An ... Ay
T HA A
Proof. It follows from (A.12) that F[B,| = A,E[B,,_,] for alln > 1, see e.g. [16, Chapter

11, (4.1)]. Therefore, E[B,]| = A, ... Ajes foralln 2 0. Thus
P[By, # 0] = P[[|Bnlr 2 1] < E[||Bulli] = [[4n - .. Ares]ly < d[[An ... Aq].

For the lower bound set C,, := (E[[B,,]:[B,];]); j_, 4 By the second moment method

)

(E[HBnIH)2> |E[B ]H2

[An . Aves|* (4D (HA Alll\lesH)
CoSLes T max BB e
cszéln...AlH2
- ICall

By [16, Chapter II, (4.2)] for alln > 1,
d

C, = ACoiAL+> E[[B, ;] V)

=1

= An. MCoAT . AT+ An A | Y EB VL | ARy AT
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by induction. Consequently,

n d
ICll < eslldn. AP+ D An- . Al | D EIB 1LV 1(An - Argd) 7|
k=1 j=1
(A.13) ) n )
< csllAn AP F oY I An- - Aca P AR EBy 1]l
k=1
(A1) ) n
< CI8HAn-~-A1|| +CQOZ||AnAk+1HHAnAkE[B]gfl]”
k=1
< clg|\An...A1||2+020||An...A1HHE[BO]||Z||An...Ak+1H
k=1
< enlAn A l[An - Axll
k=1
Substituting this into (A.14) yields the claim. O

Lemma A.3 (Sub-Gaussian concentration inequality). Assume (BA) and let K,~, k be
accordingly. Then there are constants ¢ and ¢; depending on (d, K,~, k) such that for
alln e Nandt € (0,00),

P|S, — An| > t] < coexp (—crt?/n). (A.15)

Proof. If d = 1 then S,, is the sum of independent random variables and (A.15) is a
Hoeffding-type inequality, which is usually stated for bounded increments S,,+1 — S,
see e.d. [5, Theorem 2.8], but also holds for increments which are sub-Gaussian after
centering, see e.g. [37, Proposition 5.10].

Now let d > 2. Denote by A C [0,00)?*¢ the support of A;. Due to (BA) the
assumptions of Lemma A.1 are satisfied. First we show the existence of cos, ca3 € (0, 00)
such that foralln > 0and ¢t > 0,

P|S, — E[Sy]| = t] < cagexp (—623t2/n) ) (A.16)

Letn > 1and f(B) := —In||B;...B,| for B = (By,...,B,) € A". Suppose B, B’ € A"
differ only in a single coordinate, say the i-th one. Then by submultiplicativity and (A.2),

fB)—f(B) < IWn(|By... BiallllBillll Bis1 - .. Bull)

—1In (C2HBl e Blfl||||BZ||||Bl+1 . Bn”)
< Iny—1In ArME =1 oy
due to x < | BE| < ||Bi||¥. By symmetry, |f(B) — f(B’)| < ca4. Now (A.16) follows from
McDiarmid’s inequality, see [28, Lemma (1.2)] or [5, Theorem 6.2].

For the proof of (A.15) observe that due to (4.1),

sup 20—y g B g g Bl Anrclia] (A.17)
n>1 n n—oo nK n—00 nK

Since [AB];1 < [A]1.1[B]11 for any A, B € [0,00)%*9, the subadditive ergodic theorem
yields that the right most side of (A.17) is equal to

nf E[-In[A; ... Apk]id] (A<~3) inf +E[SnK].

A.18
n>1 nk T n>1 nK ( :
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By submultiplicativity, for all 0 < r < K and n > 1, E[Spx+r] > E[Suk] + TE[S1] >
E[S, k] — KE[|S1]]. Consequently, the right hand side of (A.18) is at most

inf inf C26 + BlonK+r] ElSnicir] < inf C26 + 51om) E[Sn}
0<r<K n>1 nk n>K n—K

Together with (A.17) this implies that |An — E[S,]| < AK + cg6 for all n > K. The claim
now follows from (A.16). O

B Appendix

Several months after the first two versions of the present paper appeared on arxiv.org,
Alsmeyer, Buraczewski, and Iksanov posted a preprint of [2] in the same repository. In
[2, Remark 3.3] they claim our introductory criterion (1.1), but provide neither a proof
nor a reference. Their first main result, [2, Theorem 3.1], states that (1.8) and (1.9) hold
for general nonnegative subcritical autoregressive processes X with random coefficients
as defined in (1.2) in one dimension. This removes the moment assumptions from
Bauernschubert’s extension (1.8) of Kellerer’s result (1.6) concerning transience of
X and extends Kellerer’s result (1.7) about recurrence of X to the case of random
coefficients. Note that under the additional assumption (BA) that In A; — E[ln A,] is
sub-Gaussian (resp. bounded according to the first two versions of the present paper)
this result also follows from our Theorem 4.2 and Raabe’s test, see [2, Remark 3.1].

This raises the question to what extent condition (BA) in Theorem 4.2 can be relaxed,
especially for d > 2. We are grateful to an anonymous referee for pointing out that for
d > 2 bounds similar to those in Lemma A.1 were proved under weak moment conditions
by Kesten [23, (2.19) and p. 225]. Unfortunately, we were not able to use these bounds
to weaken assumption (BA) in Theorem 4.2 since we need (BA) also for the proof of the
concentration inequality Lemma A.3, which relies for d > 2 on McDiarmid’s inequality.
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