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Multivariate central limit theorems
for Rademacher functionals with applications
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Abstract

Quantitative multivariate central limit theorems for general functionals of independent,
possibly non-symmetric and non-homogeneous infinite Rademacher sequences are
proved by combining discrete Malliavin calculus with the smart path method for
normal approximation. In particular, a discrete multivariate second-order Poincaré
inequality is developed. As a first application, the normal approximation of vectors
of subgraph counting statistics in the Erdés-Rényi random graph is considered. In
this context, we further specialize to the normal approximation of vectors of vertex
degrees. In a second application we prove a quantitative multivariate central limit
theorem for vectors of intrinsic volumes induced by random cubical complexes.
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1 Introduction

Suppose that X = (Xi)ren is an independent Rademacher sequence, that is, a se-
quence of independent random variables satisfying, for all k € N, P(X; = 1) = p; and
P(X), = —1) = gy = 1 — pj, for some p;, € (0,1). Further, fix a dimension parameter
d € N and let F} = F1(X),...,Fy = F4(X) be d random variables depending on possibly
infinite many members of the Rademacher sequence X. We shall refer to such random
variables as Rademacher functionals in what follows. The goal of this paper is to de-
rive handy conditions under which the random vector F = (F3, ..., F,;) consisting of d
Rademacher functionals is close in distribution to a d-dimensional Gaussian random
vector. In our paper the distributional closeness will be measured by means of a mul-
tivariate probability metric based on four times partially differentiable test functions.
We will provide two versions of such a result. One is in the spirit of the Malliavin-Stein
method and expresses the distributional closeness in terms of so-called discrete Malliavin
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operators. The second one is a multivariate discrete second-order Poincaré inequality, a
bound which only involves the first- and second-order discrete Malliavin derivatives of
the Rademacher functionals F1, ..., Fj;, or, more precisely, their moments up to order
four. More formally, if F' = F(X) is a Rademacher functional, the discrete Malliavin
derivative Dy, F in direction k € IN is defined as Dy F' = /prqi (Fy — F}, ), where F,;'[ is the
Rademacher functional for which the kth coordinate X of the Rademacher sequence
X is conditioned to be +1. The second-order discrete derivative is iteratively given by
D DyF for k,/ € IN. Such a bound is particularly attractive for concrete applications as
demonstrated in the present text.

Let us describe the purpose and the content of our paper in some more detail.

(i) First of all, our aim is to provide a multivariate quantitative central limit theorem
for vectors of Rademacher functionals by bringing together the discrete Malliavin
calculus of variations with the so-called smart-path method for normal approxi-
mation. This leads to a limit theorem in the spirit of the Malliavin-Stein method
and generalizes an earlier result from [10], where the underlying Rademacher
sequence has been assumed to be homogeneous and symmetric, meaning that
pr = qx = 1/2 for all k € N in above notation.

(ii) From this result, a further aim of this text is to develop a discrete multivariate
second-order Poincaré inequality, that is, a bound for the multivariate normal
approximation that only involves the first- and second-order discrete Malliavin
derivatives, or, more precisely, its moments up to order four. Such a result can be
regarded as the multivariate analogue of the main theorem obtained in [11].

(iii) Finally, we want to demonstrate the flexibility and applicability of our discrete
multivariate second-order Poincaré inequality by means of examples from the
theory of random graphs and random topology. First, we are going to provide a
bound of order O(n~!) for the multivariate normal approximation of a vector of
subgraph counts in the classical Erdés-Rényi random graph. This generalizes (in a
different probability metric) a result of Reinert and Rollin [20], where vectors of
the number of edges, 2-stars and triangles have been considered, and adds a rate of
convergence to the related central limit theorem in the paper of Janson and Nowicki
[7]. Moreover, for the same model we also provide a multivariate central limit
theorem for the random vector of vertex degrees with a rate of convergence of order
O(n~'/?). This can be seen as a version of the result of Goldstein and Rinott [5] and
is the multivariate analogue of a related Berry-Esseen bound proved by Goldstein
[4] and Krokowski, Reichenbachs and Thale [11]. Second, we consider the vector of
intrinsic volumes determined by different models of random cubical complexes in
R? and derive bounds of order O(n~%/2) on the error in their normal approximation.
This constitutes a multivariate extension of the central limit theorem provided by
Werman and Wright [25] and is in line with recent developments in the active field
of random topology, see [1, 2, 8, 12] as well as the references cited therein.

Our results continue a recent line of research concerning limit theorems for Rade-
macher functionals. The field has been opened by Nourdin, Peccati and Reinert [13], who
proved first limit theorems for a class of smooth probability metrics. Later, Krokowski,
Reichenbachs and Thale [10, 11] considered Berry-Esseen bounds and provided a first
univariate discrete second-order Poincaré inequality. Zheng [26] has obtained a refined
bound for the Wasserstein distance and also proved almost sure central limit theorems.
Moreover, Privault and Torrisi [18] as well as Krokowski [9] also derived bounds for the
Poisson approximation of Rademacher functionals.
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This text is organized as follows. In Section 2 we briefly recall the basis of discrete
Malliavin calculus in order to keep the paper reasonably self-contained. A first quan-
titative multivariate central limit theorem for functionals of an independent possibly
non-symmetric and non-homogeneous infinite Rademacher sequence based on the dis-
crete Malliavin-Stein method is presented in Section 3.1, while Section 3.2 contains the
discrete multivariate second-order Poincaré inequality. The applications to subgraph
and vertex degree counts in the Erd6s-Rényi random graph and to the intrinsic volumes
of random cubical complexes are discussed in the final Section 4.

2 Discrete Malliavin calculus

In this section we briefly recall the basis of discrete Malliavin calculus. We refer to
the monograph [17] as well as to the papers [10, 11, 13] for details, proofs and further
references.

Rademacher sequences. Let p := (pi)renw be a sequence of success probabilities
0 < pr < 1 and put g := (gx)ren With ¢x := 1 — pi. Furthermore, let (Q, F, P) be the
following probability space: Q := {—1,+1}¥, F := power({—1, +1})®N, where power(-)
denotes the power set of the argument set, and P := ®,;'O:1(pk6+1 + qx0_1) with 044
being the unit-mass Dirac measure at £1. We let X := (Xj)rew be a sequence of
independent random variables defined on (Q, F, P) by X;(w) := wy, for every k € IN
and w := (wg)rew € . We refer to such a sequence X as independent (possibly non-
symmetric and non-homogeneous infinite) Rademacher sequence. We also define the
standardized sequence Y := (Y;)ren by putting Yy := (Var(Xy)) V2(X), — E[Xy]) =
(2\/11qu)—1(X,,C — pr + qi) for every k € IN. Note that Y}, = X}, iff X is a homogeneous
and symmetric Rademacher sequence, that is, if py = g, = 1/2, for all k € IN.

Discrete multiple stochastic integrals and chaos decomposition. Let us denote
by x the counting measure on IN. We put /2(IN)®" := L2(IN", P(IN)®" x®") for every
n € IN and refer to the elements of that space as kernels. Let ¢*(IN)°" denote the
subset of ¢2(IN)®" consisting of symmetric kernels and let ¢/3(IN)®" be the subset of
kernels vanishing on diagonals, that is, vanishing on the complement of the set A,, :=
{(i1,...,in) € N" :4; # i), for j # k}. We then put £3(IN)°™ := ¢2(IN)°" N £3(IN)®".

For n € N and f € ¢2(IN)°", we define the discrete multiple stochastic integral of
order n of f by

Tn(f) = > flinein)Yi oY = Y flin, i)Y, e Y

(ilw--vin)e]Nn (7;17---7":71)6sz

1<i1 <. . <ip <00

In addition, we put ¢2(IN)®° := R and Jy(c) := ¢, for every c € R.
It is an important fact that every F' € L?(Q) admits a decomposition of the form

F=E[F]+>  Ju(fa) (2.1)
n=1

with uniquely determined kernels f, € €§(]N)°” (cf. Section 2.4 in [13] for the form of
these uniquely determined kernels).

Discrete Malliavin derivative. For every w = (wy,ws,...) € Q and k € IN we define
the two sequences wft by putting wft = (w1,...,wk—1,t1,Wky1,...). Furthermore, for
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every F € L'(Q), w € Qand k € N let Fi*(w) := F(wk). For such an F the discrete
Malliavin derivative is defined by DF := (D F)ren with

DpF = \/prqx (Flj —F];), kelN. (2.2)

Note that it immediately follows from (2.2) that, for every k € IN, Dy F' is independent of
Xj.. In the following we state a product formula for the discrete Malliavin derivative. If
F,G € L'(Q), then

X
D.(FG) = (D,F)G + F(D,G) — — (D F) (D G) kelN. (2.3)
(FG) = (DyF) (DrG) \/M( )(DyG)
For m € IN let us further define the iterated discrete Malliavin derivative of order
m of F by D™F := (Dgi kmF)kl,A..,kmelN with Dt F = ka(D’k’i:}’k"le), for
every ki,...,kn € N, where D'F := F. Given F € L*()) with chaos representation
F=E[F]+ Y .°, Ju(fn) asin (2.1) and m € IN, we will say that F' € dom(D™), provided
that

.....

o0
m n!
E[| D™ F |72 anysm] = T;n m””lfnné(ﬂ\f)@" < 0.
If F € dom(D) with chaos decomposition (2.1), Dy F can be P-almost surely be identified
with the random variable given by

DkF = Z anfl(fn( ) k)) )

n=1

where f, (-, k) stands for the kernel f,, with one of its variables fixed to be k (which one
is irrelevant, since the kernels are symmetric).

Discrete divergence. We will now define the discrete divergence operator ¢ and its
domain dom(d). Let f,, € £3(IN)°"~! ® ¢2(IN), for every n € IN, and consider the sequence
u = (up)pen given by ug := >0 Ju_1(fn(-,k)) for every k € IN. For such u, we say
that v € dom(9), if

> o nlllfala, 7 men < o0,

n=1

where fn denotes the canonical symmetrization of f,. For v € dom(d), the discrete
divergence operator ¢ is then defined by

o0

S(u) =" Ju(fala,)

n=1

(cf. Proposition 1.8.3 in [17] for a representation of §(u) in terms of the elements of the
sequence u). One can interpret § as the operator that is adjoint to the discrete Malliavin
derivative. Namely, if F' € dom(D) and u € dom(¢), then

E[F(u)] = E[(DF, u)e )] - (2.4)

Discrete Ornstein-Uhlenbeck operator and its inverse. Next, we define the dis-
crete Ornstein-Uhlenbeck operator L and its (pseudo-)inverse L~!. Given F € LQ(Q),
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again with chaos representation F' = E[F] + 7 | J,(f,) as above, we say that F €
dom(L), if

in%!ﬂfn”?z(m)@n < o0.
n=1
For F' € dom(L), the discrete Ornstein-Uhlenbeck operator L is then defined by
LF :=— i ndn(fn) -
n=1
For centered F' ¢ LQ(Q), its (pseudo-) inverse is given as follows:

L7'F:=— Z %Jn(fn) .
n=1

Discrete Ornstein-Uhlenbeck semigroup. Finally, we introduce the semigroup as-
sociated with the discrete Ornstein-Uhlenbeck operator L. The discrete Ornstein-
Uhlenbeck semigroup (P;);>o is defined by

PF:=E[F]+> e ™(f.), t>0.
n=1

The process associated with the discrete Ornstein-Uhlenbeck semigroup is given as
follows. For every k € IN, let X} be an independent copy of X;,. Furthermore, let (Zx)xen
be a sequence of independent and exponentially distributed random variables with mean
1, where Z;, is independent of X} and Xj, for every k¥ € IN. For every real t > 0, let
Xt .= (X]Z)kEIN with

X}é = XZ 1{Zk§t}+Xk1{Zk>t}a kelN.

Then, (X*);>0 is the discrete Ornstein-Uhlenbeck process associated with the Ornstein-
Uhlenbeck semigroup (P;);>o. The relation of Ornstein-Uhlenbeck semigroup and pro-
cess is exhibited in the following formula, known as Mehler’s formula. If F' € L?(Q), then
it P-almost surely holds that

PF=E[F(X"|X], t>0. (2.5)
Integration by parts, integrated Mehler’s formula and Poincaré inequality. We
notice that the discrete Malliavin operators D, § and L are related by the identity

L = —6D. Moreover, the following discrete integration by parts formula is valid. If
F,G € dom(D), then

E[(F — E[F])G] = ]E[(—DL‘l(F — E[F)), DG>Z2(IN)] . (2.6)
Indeed, the relation L = —§D and the adjointness of D and ¢ in (2.4) yield

E[(F — E[F]))G] = E[LL™*(F — E[F])G] = E[-6DL™*(F — E[F])G]
= E[(-DL™(F — B[F]), DG) )] -

The following identity can be seen as an integrated version of Mehler’s formula. If
m,k1,...,km € Nand F € dom(D™) with E[F] = 0, then it P-almost surely holds that

o]
—D,’c’i’m}kmL‘lF:/ e~ P.D L, Fdt. (2.7)
0

1y
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From this, one can immediately deduce the following important inequality. If m, k1, ..., k.,
€N, a>1and F € dom(D™) with E[F] = 0, then

E[|DF, ok, LT FI°] < E[DY i, FI7]- (2.8)

Finally, let us recall a discrete version of the classical Poincaré inequality. For every
F € L'(Q), it holds that

Var(F) < E[|DF|% )] - (2.9)

3 Multivariate central limit theorems

3.1 A discrete Malliavin-Stein bound

In the following, we will prove a bound on the error in the multivariate normal
approximation of vectors of general functionals of independent possibly non-symmetric
and non-homogeneous infinite Rademacher sequences. This way we generalize Theorem
5.1 in [10], where only functionals of independent symmetric Rademacher sequences
have been considered. The proof proceeds along the lines of [10], but there are a number
of subtleties arising in the more general case here that were not present before. In
particular, in the non-symmetric case a new summand in the error bound becomes
visible as further discussed in Remark 3.2 below. To make this and other phenomena
transparent, we include the full details.

The distance between the law of a vector of Rademacher functionals and a multivari-
ate normal distribution will be measured by the so-called ds-distance that is defined as
follows. Fix d € IN and let n = 1,...,d. For an n times partially differentiable function
g:R?— R we put

8k

M, = max H
k(9) 1<iy, . in<d 1 O, . ..

al’lkgHoo

for every k = 1,...,n, where || - ||« denotes the supremum norm of the argument
function. The d,-distance between the distributions of two R%-valued random vectors X
and Y is defined by

dy(X,Y) = Sup IE[g(X)] — E[g(Y)][,

where the supremum is running over all four times partially differentiable functions g :
R? — R with bounded partial derivatives fulfilling M (g), M2(g), M3(g), M4(g) < 1. Recall
that p := (px)ren and ¢ := (gx)rew are sequences, and thus, for a Rademacher functional
F € dom(D), a product of the form (pq)/*DF = ((prqx)"/*DyF)ien is understood
coordinate-wise in what follows.

Theorem 3.1. Fixd € IN and let F, . .., F,; be Rademacher functionals with F; € dom(D),
E[F;] = 0 and E[[|(pg) ""/* DF;i|[j1 )] < oo, foreveryi=1,...,d. Define F := (Fi,..., Fy)
and let N := (Ny,...,Ny) be a centered Gaussian random vector with symmetric and
positive semidefinite covariance matrix ¥ := (X;){ ;_,. Further, let

1
Ay =g > B[|Si; — (DF;, —DL™'F)) eyl
d

d
e (A S0 350,

Jj=1

d

Asi=o; Kpl(iDFj|)3’Z|_DL_1Fi|>zQ(m>}'
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Then,
d4(F,N) <A+ A+ Az,

Remark 3.2. A comparison of Theorem 3.1 with Theorem 5.1 in [10] shows that the
extension to vectors of general functionals of independent, possibly non-symmetric and
non-homogeneous infinite Rademacher sequences comes at the costs of an additional
summand in the bound, namely

d

However, resorting to the case where the underlying Rademacher sequence is symmetric,
ie., if pp = qr = 1/2, for every k € IN, this additional summand vanishes and our bound
in Theorem 3.1 coincides with the one from [10] with an improvement by a factor 1/2 on
the constant in front of the third term.

The proof of Theorem 3.1 relies on two multivariate integration by parts formulae,
a Gaussian one and an approximate one from Malliavin calculus which combines (2.6)
with a multivariate chain rule for the discrete gradient operator. We start by recalling
the multivariate Gaussian integration by parts formula from Equation (A.41) in [24].

Lemma 3.3. Fixd € IN and let N := (Ny,..., Ng) be a centered Gaussian random vector
with symmetric covariance matrix ¥ := (Eij);{j:l. Furthermore, let g : R? — R be a
partially differentiable function with bounded partial derivatives and E[|N,;g(N)|] < oo,
foreveryi=1,...,d. Then, foreveryi=1,...,d,

d
ENg(N)] = 3 S [5-0)].

The following lemma contains a multivariate chain rule for the discrete gradient
operator, which is a generalization of Proposition 2.1 in [18] to the d-dimensional case.
Also note that it not only generalizes Lemma 5.1 in [10] to the case where the underlying
Rademacher sequence is non-symmetric and non-homogeneous, but also improves on
the constants in the bound for the remainder term. For these reasons, we include a
detailed proof.

Lemma 3.4. Let F be a random vector of Rademacher functionals as in Theorem 3.1.
Furthermore, let f : R? — R be a thrice partially differentiable function. Then, for every
k €N,

d

d 2
Dif(F) =3 O FE)DF, ok > ( c—y

ox; 4./Dkqk e 0x;0x; (3.1)
82
—— f(F,) ) (D F;)(DgF; Ri(F
+ o D) (DeF) (DR F) + i)
with F{ := ((F)i,..., (Fy);) and a remainder term Ry, (F) that fulfills
5 & o
Ri(F)| < HiH DyF;)(DyF;)(DyF, 3.2
)< o S g @E DR 62
for every k € IN.
EJP 22 (2017), paper 87. http://www.imstat.org/ejp/
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Proof. Fix k € IN and observe that

Dy f(F) = prar (fF(FL) — f(Fy)) (3.3)
Prar (f(F) — F(F)) — vpear (f(F)) — f(F)). ‘

Now, a Taylor series expansion of f at F yields that, for every x := (x1,...,74) € R,

M@“

Z axzax] - F)(z; — Fj)

=1

d
% ;: xﬁxgaxe F(E +0(@ = F)) (@i — Fi)(w; = Fj)(we = F)

with some 0 := 0(z,F) € (0,1). By re-writing each of the quantities f(F}) — f(F) and
f(F.) — f(F) in this way, it follows from (3.3) that, for every k € IN,

Dy f(F)
d 2
= Drk Z F)+3 5 VPidK Z FEr F®)(F) = F)((Fy) — F)
d
+ Ri(F, Fy) — /prax Z ~ F)

2

d
VPrak Z
1,j=

2

d
—J(F)DeF, + ;ﬁpqu 3 ﬁf@*) [(E)f ~ E)(E)L — Fy)
v ij=1_"t77

—((F)y, = F)(Fy)y — F))] + Ru(F,F}[) — Ra(F, Fy ), (3.4)
where

e
Ri(F,F}) = *\/plcq Z mf(F'i‘el(FJr F))

x (B = F)((F)y — F)(F) — Fo) s

53
Ry(F,Fy) := *\/Pka Z T 8ng(F+92( . —F))

x ((Fi), — F)((Fy)y — F5)((Fo)y, — Fo)

with 61 := 6,(F,F{) € (0,1) and 0, := 6,(F,F}) € (0,1). From the identities

1

Ff—F=(Ff—F )1l{x,——1} = o (DiF) 1ix,——1} (3.5)
and
_ _ 1
Fy —F=(F; = F) x4} = - o (DpF) 1ix, =41} (3.6)
EJP 22 (2017), paper 87. http://www.imstat.org/ejp/
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it follows that, for every k € IN

|Ri(F,F})| < \/IT% Z H&Ezaxjal'é H

-t OOI((FZ-)i - F)((Fy)y = B)((F)f — F)
,M

GPka Z Haxzaxjaxg Hoo‘(DkFi)(Dij)(Dka1{Xk -1}

(3.7)
and

|Ra(F.Fy)| < ¢ /Pran Z Haxiaxﬁung((Fn;—F»((Fj),;—Fj><<Fe>;—Fe>|

Dy F;)(DF;)(DyFy)| 1 )
kaqk.Z Haxl%m | DR (D)D) Lty - 3:8)

Again, by virtue of (3.5) and (3.6), for every k£ € IN, the second summand on the right
hand side of (3.4) can be rewritten as

2
\/kak Z 5 8% FE)((F2)y = F)((F)) = Fy) = (F)y, = F)(Fy)y — Fy))
1 &2

2\/@ Z 31'7(9:17]f<F)(DkFl)(DkFJ)(1{Xk7*1}_1{Xk +1})

62
2Pkt ;1 920z, B (DrF)(Defs).

(3.9)
Another Taylor series expansion of #;xj f at Fg and F, respectively, yields that, for
every i,j,k € IN,

82

> + ‘ 0 + + +
D0z, f(F) = o0, fFD) + ; mf(]?k +03(F —F0)(Fe — (Fo)y)
and
02 o? R o° _ _ ~
om0z, f(F) = mf(Fk )+ ; mﬂf‘k +04(F =F ) (Fe — (Fo)y ) »

where 0 := 03(F, F}[) € (0,1) and 0, := 04(F, F,)) € (0,1). This adds up to

0? 1 52 N 9?2 B

Ox;0x; (F) = i(mﬂFk )+ z;0z; fF ))
d

1 0?
+ 5; 8$g

axiaxjf(F;: +03(F —F)(Fr — (Fo)f)

d
1 0?
* iéz::l 8$g

5w |+ 60(F —~ FO)(F — (R)y)

for every i, j, k € IN, and thus, it follows from (3.9) that for every £k € IN
EJP 22 (2017), paper 87.
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2

d
VIR Y. 5o FE((FE ~ B)(EE — Fy) ~ (R)y ~ F)(E)y — B2)
=177

i zd: ( O+ if(F_))(D F)(DyF)) (3.10)
= 4\/]qu- =1 al’zax] k axlaxj k kL' kL'g .
- R3(F7FZ_) — R4(F, F;) ,
where
d PE
1) 4\/M 2 | 9oz 3:5] FEL +03(F —F0) (D Fy) (D Fy) (Fe — (Fo)i)
[ ?
d 98
i F) = 4m 2 8:@89@ 5 A i+ 0a(F — FO) (Do) (DeFy) (B = (B
Z 3

By the fact that |X;| < 1 for every k£ € IN and another application of (3.5) and (3.6) it
holds that

[Ry(F, Ff ! | P DE () - F)
z]Z 1 J e
- Ly | T || 1DeENDE)(DF ey (1D
4pk-qk i1 Gxﬁxjaa:g 0o )
and
(P Fp)| < o S [ ijaw 7| _1eE) (DeF (R = F)

1,7,4=1

d
DpF;)(DiF;) (D Fo)| 1yx, — . 3.12
4pqu‘§e: H@xzaxjamg Hoo|( k )( k J)( k 4)| {Xr=+1} ( )

Combining (3.4) and (3.10) finally yields that for every k € IN

Dy f(F)
) X d o2 92
- Z Ox; F(E)DiF, = 4\/1%% Z (81‘-83: . f(F:) + Wf(FZ))(Dsz)(DkFJ)
i=1 " i,j=1 E B

+ Ri(F,F}) — Ry(F,F,) — R3(F,F}) — Ry(F,F),
where because of (3.7), (3.8), (3.11) and (3.12) we have that

0
< e, 2=, | 5w PR DRE (D FD)

The proof is thus complete by taking Ry (F) := Ry (F,F}) — Ro(F,F;) — R3(F,F}) —
R4(F,F, ), for every k € IN. O
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Let us now turn to the already announced multivariate approximate integration by
parts formula. The next result not only generalizes Lemma 5.2 in [10] to the case in
which the underlying Rademacher sequence is allowed to be non-symmetric and non-
homogeneous, but also improves the constants in the bound for the remainder term.
We emphasize that Lemma 3.5 is the first instance where the additional boundary term
discussed in Remark 3.2 shows up.

Lemma 3.5. Let F be a vector of Rademacher functionals as in Theorem 3.1. Further-
more, let f : R? — R be a thrice partially differentiable function with bounded partial
derivatives. Then, foreveryi=1,...,d,

d
E[F; f(F)] :ZE{£ (F)(DF;,—DL™'F}) 2y | + E[(R(F), —=DL™"F}) 42 ()]
j=1 !

with a remainder R(F) that satisfies the estimate

IE[(R(F), —DL™"F;) 2 ()]

d
1
< S M (f) IDF|) . |-DL™'F|
2 [< (; J ) >Z2(]NJ (3.13)
5 1/ 3
el (S 0w or-a),,, |
Proof. Fixi=1,...,d. By the integration by parts formula (2.6) we have that

E[F; f(F)] = E(Df(F),—DL™ " F)pq)] . (3.14)

Here, we implicitly used the fact that f(F) € dom(D), which can be verified as follows.
At first, by the mean value theorem it holds that for every k € IN

d
1Du ()] = PR ) — P = VPR [3_ SR+ 00°F ~ B (R — (P
d
< VPrqx Mi(f) Z (B — (F), | = My(f Z | Dy Fi

where 0 € (0,1). Thus, an application of the Cauchy-Schwarz inequality yields that

El|IDS(F) )] = E| Y (Dif (F))?]

>
Il
—

d
:d(Ml(f))2ZE[HDFiH%?(]N)] (3.15)

=1

and finiteness of the right hand side in (3.15) follows from the assumptions that, for
everyi=1,...,d, az f is bounded and F; € dom(D). Now, by plugging (3.1) into (3.14)
we immediately get

EJP 22 (2017), paper 87. http://www.imstat.org/ejp/
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E[F; f(F)]
1o
E WDF;,—~DL™'F})
= 2Bl 1) D
d X 0? 92 B »
_jg_:lEKzl\/qu(Wf(FﬂJFWf(F ))(DFj)(DFz%—DL Fi>£2(m)}
+E[(RM(F), —~DL™F}) 2y (3.16)

with F* := (F] )rew and F~ := (F} )ren as well as a remainder RV (F) := (Rx(F))ren
which by (3.2) fulfills the estlmate

[E[(RY (F), ~DL™ F) ]| < 5Mg,(f)EK;q(iWFj)3,|—DL-1FZ->Z2(]N)}. (3.17)
j=1

As a consequence, we only need to further bound the second term in (3.16). By virtue of
the Cauchy-Schwarz inequality and (2.8) we see that, for every j,/ € IN,

[Z ’4\/W (ax](?ng(Fz) + Wf(F;Z)) (DyFy) (D Fy) (=D L™ Fy) }
< ;Mz(f)E[g (DL (DLF) (DL E)|
s;M2<f><E[im o oury]) " (e[ S ouey])

A
|

5
3
=
=
M

0] (B[ 5

— PRk

)" (e[S our])

= %Mz(f)(lE[ll(pq)*l/‘*DFj||?4(m)])1/4(EHI(th)*”“DFe||?4(m>])1/4(E[\\DFi||§2(m>])1/2

and finiteness of this expression follows from the assumptions that F; € dom(D) and
||(pq)*1/4DFi||gz(m) < oo for every i = 1,...,d. Thus, an exchange of expectation and
summation is valid due to the Fubini-Tonelli theorem, and the independence of X and
o é,l,[f(FJr) + axa;mf(F,;))(Dij)(DkFg)(—DkL_lFi), for every k € IN, yields that, for
every j,/ € N,

X 0? o2 B
E[<ﬁ(a$]amzf(]?+)+axjamzf(F ))(DFj)(DFg) -DL” 1F >€2(]NJ
_ 82 82
Zf/z% Kaxjamf(w) - mf(F;Z)) (Dij)(Dsz)(—DkalFi)}
_wl/p—ay 9 o ~ -
—EKW(azjax/(wHazjang(F ))(DF})(DF;),~DL 1Fi>é2(1N)] (3.18)

By plugging (3.18) into (3.16) we then get

d
EIF(F)] = Y B[ f(F)(DE;, ~DL™ B sy | + E[(RO(), ~DL™ Eyya)

j=1
~E[(R®(F),~DL™'F}) 2] (3.19)
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with a remainder term

> 2 2
R e B Dl T R L) [T T8

satisfying

B[R (F), =DL™"Fy) 2y

< %Mz(f) I p\/j(ZIDF |) =DLE Z|>MN] (3.20)

Finally, the assertion follows from (3.19) upon putting R(F) := R (F) — R®(F) and
using the bounds in (3.17) and (3.20). O

Remark 3.6. In the symmetric case where the underlying Rademacher sequence satis-
fies pr = qx = 1/2 for every k € IN, the bound for the remainder term in (3.13) simplifies
to

‘EKR(F)’_DLAFM(N)HggMg [<(Z|DF\) |-DL'F \>€2(]NJ

since py — q;, = 0, for every k € IN.

With both integration by parts formulae at hand we can now turn to the proof of
Theorem 3.1. We will use an interpolation technique that is known as the ‘smart path
method’ in the literature, cf. Section 2.4 in [24]. While the use of this interpolation
technique within Stein’s method goes back to [3], it has also already found applications
within the Malliavin-Stein method for multivariate normal approximation in the frame-
work considering non-linear functionals of Gaussian [14] and Poisson random measures
[16]. We follow the lines of the proof of Theorem 4.2 in [16] until we have to use our
discrete integration by parts formula developed in Lemma 3.5. Without loss of generality,
we can and will from now on assume that F and N are independent.

Proof of Theorem 3.1. Let g : R* — R be a four times partially differentiable function
with bounded partial derivatives satisfying M;(g), Ma(g), Ms(g), M4(g) < 1. Consider the
function ¥ : R — R given by

U(t):=Elg(v1I—tF+VtN)], telo,1]. (3.21)
Then, by the mean value theorem we have that

[Elg(F)] - Elg(N)]| = [¥(0) = ¥(1)] < S ()], (3.22)

where, for every ¢t € (0,1), ¥’ is given by

V() =F %g(mF + \/%N)} - im[a‘iig(\/ﬁF + \/%N)(LN- - ;Fﬂ

Wt 2/1I—t
1 1
A 3.23
Wi WI—t ' (3.23)
with
o
A, ::ZIEL? g(WT—i{F+ViN)N;| and B, —ZE[ (VI T+ VIN)F,
£
=1 =1
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Now, by independence of F and N as well as by Fubini’s theorem we have that, for
every t € (0,1),

d
0

A=Y En [EF[a g(V/1 ftFJr\/iN)]Nz}, (3.24)
T

i=1
where Er and [En denote the expectations with respect to the distributions of F and N,
respectively. By the integration by parts formula in Lemma 3.3 we deduce that, for every
€ (0,1),

=t Z Y En [EF[

1,j=1

5 9nY (\/ﬁF+\/ZN)H, (3.25)

where the exchange of differentiation and expectation in the last step of (3.25) is valid

since % g is bounded. Again, using the independence of F and N together with Fubini’s
theorem yields that, for every ¢ € (0,1),

\[Z EUE[ (\/TF+\/N)} (3.26)

7,7=1

Similarly as above, we deduce for the quantity B, that, for every ¢ € (0, 1),

b= S e[ 2

Using the integration by parts formula in Lemma 3.5, we see that, for every ¢t € (0,1),

(\/1TF+\/N)} }

Vit Z Ep [EN[a a; g(VI—1F + \/N)} (DF;,~DL™"F}) )
,j=1 g
+ ZEF[<th(F)> —DL™'Fy) v (3.27)

where we recall that the exchange of differentiation and expectation in the last step is
valid since %g is bounded for every i = 1,...,d, and R;+(F) is a remainder which by
(3.13) fulfills that for every i =1,...,d and ¢t € (0,1),

[E[(R;¢(F), —DL™"F) ]|

)t

o omionl (2 (S oin),

+%(1—t)3/2M4(g)E{<piq(Z|DF |) -DL! i|>e2(m>}' (3.28)

Going back to (3.27), another application of the independence of F and N together with
Fubini’s theorem yields that for every ¢t € (0,1),

—Vi—t Z Ep [EN[
1,j=1
d
+ ) Ep[En[(Ri+(F), ~DL™Fi) )]

i=1

TR+ VENDE, DI Bl o]
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d
—VI—ty E[a o g(VI—tF + VIN)(DF;,~DL" F>/2(N)}
i,j=1
+ Y E[(Ri+(F), ~DL ™' F}) 2] - (3.29)

Hence, by combining (3.26) and (3.29) with (3.23) we deduce that for every ¢ € (0,1),

qn(t)zlz [8%8 g(VI—tF + VEN)(Si; — (DFj, ~DL ' F) o)

d
> E[(Ri(F),~DL™'F)em)]

=1

and by using (3.28) as well as the fact that Ms(g), M3(g), M4(g) < 1 we thus conclude
that, for every ¢ € (0,1),

2v/1 -1

1 d
< Z:: (DFj,~DL™'F}) g2 )]
+i\/ﬁE[< |p\/ﬁ]q|(;|DFJ|) ’Z|_DL_ >Z2(]N)}

d
+ %(1 — t)]EK% (; |DFj|)3, ; |—DL*1Fi|>Z2(NJ.

Plugging this into (3.22) where we take the supremum over all ¢ € (0, 1) completes the
argument. O

3.2 A multivariate discrete second-order Poincaré inequality

In this section we use Theorem 3.1 to develop a discrete second-order Poincaré
inequality for the normal approximation of vectors of Rademacher functionals. In
comparison with Theorem 3.1 it has the advantage that it expresses the bound for
d4(F,N) only in terms of discrete first- and second-order Malliavin derivatives and does
not involve the operator L~!. This in turn allows to apply the bound without specifying
the chaos decomposition of the component random variables of the random vector F'.
Our result can be seen as the natural multivariate extension of the main result from
[11], where a univariate discrete second-order Poincaré inequality has been obtained for
the Kolmogorov distance (see also Remark 3.2 [26] for a closely related bound for the
Wasserstein distance).

Theorem 3.7. Let the conditions of Theorem 3.1 prevail and assume additionally that
F; € dom(D?) foralli=1,...,d. Fori,j =1,...,d define

Bi(i, j) = (E > (E[(Dk;Fi)Q(DzFi)Q])l/Q(E[(DkaFj)Q(DmDZFj)2])1/2)1/2’

4
k,4,m=1
o 3 — 1
Bain)i= (7 3. o (BIDnDF) (D D)2
k,m=1 Pmm
2 21\1/2 1/2
X (BI(Dyn Dy Fy)* (D DeFy))2)
. Pk Qk| 21\1/2 41\1/2
Bs(i,j) == d3/2 Dy F)) Y2 (B[(DyF;) )2,
(1, 7) ;\/M E[(DyF3)™]) "~ (E[(Dk F;)7])
EJP 22 (2017), paper 87. http://www.imstat.org/ejp/
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By :—dzzpqu (D) ) AE(DLE) .

Then,

l\.’)\»—l

d
Z (12 — cov(Fy, Fy)| + Ba(i, §) + Bali, §) + Ba(i, ) + Ba(i, )] -

Proof. Let Ay, A> and A3 be the three terms defined in Theorem 3.1. We start with A;.
An application of the triangle inequality yields

E[|X;; — (DF;,—DL™ LB e @]
< |%i; — cov(Fy, Fy)| + E[|cov(EF;, Fj) — (DF;, —DL™ ' F}) 2 vy |]- (3.30)

Let us further consider the second summand on the right hand side of (3.30). By the
integration by parts formula in (2.6) we see that

cov(F;, F;) = E[(DFj, —~DL ' F}) 2 ),

and thus, by the Cauchy-Schwarz inequality and the Poincaré inequality in (2.9) we have
that

E[|cov(F;, Fj) — (DF;,~DL™'F}) 2y |
< (Var((DFj, —~DL™'E}) 2 ) /?
< (E[|D((DF;,—DL™"F;) m))H?zm)])”z

( [Z(gm (DF;)( DkL*Fi)))QDI/z. (3.31)

(=1

By the product formula for the discrete Malliavin derivative in (2.3) and the triangle
inequality we get that, for every k,¢ € IN,

| De((DyFy) (=D L7 F))|
1
< |(DeDRF}) (~ Dy LVE)| + (DiFy) (—De Dy LVF)| + —— (D Dy Fy) (- DDy L7 Fy)]
\VPeqe
Plugging this into (3.31) and using the Cauchy-Schwarz inequality then yields

EHCOV(F,‘,F ) <DF —DL™ F>22 ]N)l] ( [Tl(l,j) + TQ(Z,]) + T3(i,j)])1/2 (332)

with
7i(i,j) = E[i (kfjl (DDLE) (DL B)) ]
Ty, j) = E[i (ki (DRE) (DD L E)
Ty(i, ) = [i 1[1(§| DiDyF;)( DngL_lFi)|)2} .

Each of these quantities will now be further bounded from above. Considering 77, an
application of (2.7) and (2.5) as well as the triangle inequality yields that, for every
{e N,

EJP 22 (2017), paper 87. http://www.imstat.org/ejp/
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NE

(I§| DDy F;)( DkL*1Fi)|>2 - (
(
< (

Furthermore, by virtue of the monotone convergence theorem we get that, for every
{eNN,

oo 2
(DD E) / e PD.F, it
0

b
Il
—

M8

‘(DngFj) /OOO e 'E[DyFi(X1) | X] dtD2

=
Il
—

M8

|D,DkF|/ e tE| |DkF(Xt)\|X]dt) :
k

Il
—

2
|DngF [ e minmee X))

- ( / e*fZ | DDy, Fy|E[| Dy Fi (X )| | X] dt)2
k=1

0
([ B[S 10D D) X))
0 k=1

By using Jensen’s inequality as well as the Cauchy-Schwarz inequality we then conclude
that, for every ¢ € N,

(/OO e’t]E{i| (D Dy F;) (D, Fy(X*))] ‘X} dt>2
0 k=1
[l

e*tIE[

3

M8

IN

(DD (DLF (X)) | X] dt

=
Il
_

Il
S—
3
NE

(DeDy F5) (D Fi(X1)) (De Dy F5) (DR F(XY))| | X]

3
o~
ﬂ‘

I
NE

|(De D F) (D Dy F)| /Ooo e ' B[|(Dnm Fy (X)) (DpF3 (X)) || X] dt

m,k=1

< S (DeDyFy)(DiDLFy)| / {B[(Do Fi(X1) 2 (D Fi(X1)? | X))1/2 dt
m,k=1

< S (DD ODE( [ DR DX X))
m,k=1

Thus, another application of the Cauchy-Schwarz inequality leads to the bound
Tl (Z? .7)
- - t 1/2
<B[ X (DD E)DDE)|( [ e DR DR X)) ]

m,k,£=1

oo

IN

(E[(D¢ D, F;)?(Dy Dy Fy)?]) /2
m,k, =1

X (E[/OOO e tE[(Dm Fi(X1))2(DpFi(X1))? | X] dtDUQ
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B0 F (DD ) ([ e ED A DuF) )

M8 ng

DZDij)Q(DZDk’Fj)2])1/2(E[(DmFi)Z(DkFi)Q])l/Q .

mél

The quantities T and 73 can be treated in the same manner as 77, and thus, it holds that

oo

To(ij) < 7 Y (El(DeDuFi)*(DeDiFy)*))V2(E[(Dn ) (DiFy)*))Y2,

.. 1
Ts(i,j) <= > M(E[(DszFi)z(DeDkFi)z])l/Q(E[(DeDmFj)Q(DeDij)Q])l/Q-
m,k,{=1

Therefore, combining the bounds for 73,75 and 75 with (3.32) and (3.30) yields

d
Ay <2 Y (185 — cov(Fy, Fy)| + Ba(i, 5) + Bali, )] -
=1

N
.

Turning to the term A,, by several applications of the Cauchy-Schwarz inequality and
due to (2.8) we see that

Z\pk Qk|ZE{(Z|DkF ) |—DyL~ 1F\]

k 1 /TS et
1 & qr| 41y 1/2 & 21
P> pqu( [(;mm) ) > (EUDLR)):
l 3/2 Pk — Qk| 1/2 \21\1/2
< d Zkz e (BI(DLF, ) (B(D)P) 2

For the third and last term A3 we similarly see that, by using Holder’s inequality with
Holder conjugates 4 and 4/3 as well as (2.8),

d
5 3 _
A3:Z ZE[(Z|Dij|) |~DeL 7 F|
1 PRk 5= i=1
5 ool 1
< 2 — E[|D.F;|? - |-Dy L™ F;
< 524 ¢;1;p m E[| Dy F;|” - |=Dx il]

(E[(DrF) ) (B[(Dk L™ )M

I\
2| o
Q.
:M‘“
Mg T

‘H

=1 k=1 Prqk
SRR |
< g 2 3 (EIDRE ) ) BUDLE )
1,j=1k=
This completes the argument. O

4 Applications to random graphs and random cubical complexes

4.1 Subgraph and degree counts in the Erdos-Rényi random graph

In this section we consider an application of the discrete second-order Poincaré
inequality developed above to subgraph counts in the Erdés-Rényi random graph. To
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describe the model, let K, be the complete graph on n € IN vertices and fix p € (0,1). In
what follows we implicitly assume that n is sufficiently large (for instance, we assume
n > 2 when we consider subgraphs with at least one edge, or we assume n > 6 in the
proof of Theorem 4.2 where we make a case distinction that is illustrated in Figure
1). We number the (g) edges of K,, in a fixed but arbitrary way and denote them by
€1y...,€ () Now, to each edge e of K, a Rademacher random variable X with success

probability p is assigned and we remove ¢;, from K, if X;, = —1 and keep e; otherwise.
This gives rise to the Erd6s-Rényi random graph denoted by G(n, p), which has n vertices
and a binomially distributed number of edges with parameters (g) and p. In what follows
we assume p to be independent of n.

Let I" be a fixed (finite, simple) graph and denote by Xt the number of subgraphs
of G(n,p) that are isomorphic to I' (we assume here that all graphs we consider have
at least one edge). To represent this counting statistic formally, we denote by vr the
number of vertices and by er the number of edges of I'. Moreover, we shall denote
by aut(T") the (finite) group of graph-automorphisms of I" and by |aut(I')| its cardinality.
Using this notation, Xr may be written as

Xpr =Y 1{I" c G(n,p)}, (4.1)

Ind

where the sum is running over all (U”F)% copies IV of T in K, and where 1{I" C
G(n,p)} is the indicator function of the event that I'” is a subgraph of G(n,p). Since

E[1{I" C G(n,p)}] = PI" C G(n,p)) = p°", it readily follows that

To proceed, we also need information about the covariance between X and Xg¢ for two
graphs I' and ®. Before we state the result, let us introduce our asymptotic notation. We
shall write a,, = O(b,,) for two sequences (ay)nen and (b, )nen if limsup,,_, oo |an/bn| < .
Moreover, a,, < b, will indicate that |a,,/b,| — 1, as n — oc.
Lemma 4.1. Let ' and ® be two graphs and define Xt and X¢ as above. Then,
nvr+1lq,—2 n 1
——————erep PN (1 —
laut(T)|[aut(@)] " P (1=p)

+ C(F7 (P) anr+v<1>—3per+eq)—2(1 _ p) + O(nvr—i-vq,—?))

cov(Xr, Xg) <2

with a constant ¢(T', ®) > 0 only depending on T and ®.

Proof. Recalling (4.1), we see that

cov(Xr, Xg) = > cov(1{T" C G(n,p)}, 1{®' C G(n,p)}).

I,

By the independence properties of the construction of G(n, p) we have that cov(1{I" C
G(n,p)}, 1{®" C G(n,p)}) # 0 if and only if I and P’ have at least one common edge. In
what follows we shall write er+ ¢+ for the number of edges that I'' and " have in common.
Thus,

cov(Xr, Xo)
= Z cov(I{I" c G(n,p)},1{®" C G(n,p)})

F/,q)/:er/’q,/ 21

= > (BRI CG(np),® CG(n,p)}] - ELI' C G(n,p)}JE[L{&' C G(n,p)}])

I, ®":eps g1 21
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— Z (per+eq>fergq>/ _ pereq))

F’,‘:I)’:el—‘/)q,/ >1
_ ertes—ers g/ (1 _ eF/_q,/)
= p ) p s
F’,‘P’:er/,q)/zl

min(er,es)

Z Z Z p6F+G<1>—i(1 _pi) )

=1 T ‘IZ‘/ZEF/,@/:ZA

. . . ! v
Now, we notice that the second sum is running over (U”F)m = % terms. By

choosing ¢ = 1 in the first sum (a choice that leads to the asymptotically dominating
term), we see that the third sum is running over =< % terms, since IV and ¢’ have
precisely one edge in common and there are (Z;fg) = n*~2 possible choices for the
e — 1 missing vertices to build a copy ®’ of ® in G(n, p). Moreover, taking into account
all possible choices and orientations for this common edge gives rise to another factor

2ereq. Summarizing, the term with ¢ = 1 yields the asymptotic contribution

nUFJr’Uq)*Q n 1
2————————erep pT T (1 —p).
laut(T)[Jaut(®)| TP (1-p)
Choosing i = 2 we see that there are two possible situations. Namely, the two common
edges of IV and @’ can or cannot have a common vertex. In the first situation and by the
same reasoning as above, the asymptotic contribution is < ¢; (', ®)nvrve—3pertee—2(1
p?), while in the second case we have the asymptotic contribution

— CQ(F, (b)nvp+vq>—4per+eq>—2(1 _ pZ)

with constants ¢; (I', @), co(I', @) > 0 only depending on I' and ®. Moreover, it is clear
from this discussion that for all + > 3 the corresponding terms in the above sum are of
order O(n'rtv¢=3), This proves the claim. O

Now, let us turn to the multivariate central limit theorem for the subgraph counting
statistics Xp. For this, fix some d € IN and let I'y,..., [y be d fixed (finite, simple)
graphs with associated counting statistics Xr,,...,Xr,. Fori € {1,...,d} define the
normalized random variables Xp, := n!~"r: (Xp, — E[XT,]) and the random vector Xp :=
()?pl, ., Xr ,)- Our next result is the announced multivariate central limit theorem for
Xr, which adds a rate of convergence to the related result in the paper of Janson and
Nowicki [7].

Theorem 4.2. Let ¥ = (X;){ ;_, be the matrix given by

Eij = 0405 with g; = 2])(1*})) oL )lperi’ilv (S {laad}

|aut(Fi
and let Nx. denote a d-dimensional centered Gaussian vector with covariance matrix X.
Then, there exists a constant ¢ := ¢(I'y,...,Tq,p) > 0 only depending onT'y,...,T'; and
on p such that

d4(Xp,Ny) <

Slao

for all sufficiently large n.

Proof. Tt readily follows from Lemma 4.1 and the definition of the constants o; in the
statement of the theorem that, foralli,j = 1,...,d, cov(Xr,, X,) = ¥;; + O(n™ ') and
hence |cov(Xr,, Xr,) — %] = O(n™1).
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case (i) case (ii) case (iii) case (iv) case (v) case (vi)

Figure 1: The different cases arising in the proof of Theorem 4.2. We distinguish
according to the number of vertices that edges e, has in common with e; and ey,
respectively. For example, the illustration in case (ii) means that |e; Ne,,| = 0 and
lee Nem| = 1 or, vice versa, |ex Ney,| =1 and |e; Ne,| = 0. This allows both situations,
lex Nee] =0 or |ex Neg| =1 with |ex NegNey,| =0.

To evaluate the other terms in the bound provided by the discrete second-order
Poincaré inequality in Theorem 3.7, we first consider for each ¢ = 1,...,d and k,/ =
1,..., (72‘) the first-and second-order discrete Malliavin derivatives Dk)? r, and DkD[)A(:I‘i.
From the very definition it follows that

p(1—p)

Dy Xr, =~ (X)) = (X))

and the difference (Xr,){ — (Xr,); is just the number of copies of I'; that contain edge

ex- Since there are O(n'Ti ~2) possible choices for the vr, — 2 missing vertices to build
such a copy, it follows that (Xt,); — (Xr,); = O(nri~?) and thus

DyXr, =O0(n ). (4.2)
For the same reason we conclude that

O(n=Y) :lexNegl =2,
DDy Xr, = 0(n=2) :lexNeg =1, (4.3)
O(n=3) :lexNee =0,

where |e;, N e¢| denotes the number of vertices that e, and e, have in common.
We can now start to bound, for each i,j = 1,...,d, the term B;(i,j). Using the
Cauchy-Schwarz inequality, it first follows that

(3)
Bi(i,j)* = % (E[(DeXr,) JE[(DeXr,) D (BI(Dm DiXr, ) JEI(Dim DeXr, )1
k

A,om=1

Now, we have to distinguish different cases that are illustrated in Figure 1 (up to
permutation of the indices &, ¢ and m). In case (i), we have O((Z)) = O(n?) possibilities to
choose each of the three edges and by (4.2) each first-order discrete Malliavin derivative
contributes O(n~!), while each second-order derivatives contribute O(n~?) according
to (4.3). Thus, in case (i) the sum is of order O(n® - n=2-n=%) = O(n=2). In case (ii), we
have O((})) = O(n?) possibilities to choose each of the edges e, and e,,, while there
are only O(n) possibilities for ¢,. Moreover, in view of (4.2) and (4.3) the first-order
discrete Malliavin derivatives contribute again O(n~2), but the second-order derivatives
contribute only O(n‘5). Thus, the terms corresponding to case (ii) in the above sum are
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of order O(n®-n~=2-n=5) = O(n~?). The same behavior is also valid for cases (iii), (iv), (v)
and (vi), which shows that By (i, j)? = O(n~2). Similarly we see that By(i,5)? = O(n™2).
We are thus left with the terms Bs(4, j) and By(, j) given by

Bd(l,j) o 1 3/2 Z |pkpk Qk| )2])1/2(E[(DkXFj )4])1/2 :
k=1

Pk
5<>

Ba(i,j) = 15d Z pqu E[(DXr,)') " (E[(De Xr, ) ')

In Bj(i, ) there are (3) < n? choices for k and the first-order discrete Malliavin deriva-
tives are of order O(n~!) by (4.2), which shows that Bs(i, j) = O(n~1) for all choices of i
and j. Finally, in By(i, j) there are again (}) =< n? choices for k and once again by (4.2)
the derivatives are of order O(n~!). Hence, By(i,j) = O(n~2) for all possible choices of
1 and j. Summarizing we conclude that

d
d4(XFaNZ) < 5 Z [‘Zij - COV(XFL)XF]'” + Bl(laj) + BQ(Zv.]) + B3(7'aj) + B4(7/>.7)]
=1

=0(n™"),

where the constant hidden in the O-notation only depends on p as well as on the graphs
I'1,...,T'4. This completes the proof of the theorem. O

Remark 4.3. The structure of the asymptotic covariance matrix ¥ in the previous
theorem implies that > has rank 1. Thus, ¥ cannot be positive definite, but it clearly is
positive semidefinite.

Remark 4.4. We believe that there are also other methods available in the existing
literature that allow to prove results similar to Theorem 4.2 and even with respect to a
stronger probability metric. For example, the multivariate exchangeable pairs approach
used in [20] might be generalized to subgraph counts of arbitrary graphs. On the other
hand, this might require serious technical efforts, while our proof of the quantitative
multivariate central limit theorem for subgraph counts basically only requires simple
(asymptotic) counting arguments. A similar comment also applies to the random cubical
complexes treated in the next section.

We continue our study of the Erdés-Rényi random graph G(n, p) by establishing a
central limit theorem for the vertex degree statistic in the the case that p = 6/(n — 1)
for a § € (0,1). Although the number of vertices of a given degree is a special case of a
subgraph counting statistic as considered above, the significant difference here is that
we allow the success probability p to vary with n.

For i > 0 we denote by V; the number of vertices of degree i in the Erdés-Rényi
random graph G(n,p) fora p € (0,1) and where we assume that » is sufficiently large so
that all quantities we deal with are well-defined. More formally, if we denote by vy, ..., v,
the n vertices of the complete graph K, then

k=1

where deg(vi) is the degree of vy in G(n,p), that is, the (random) number of edges
emanating from vy. Since for each k € {1,...,n}, E[1{deg(vx) = i}] = P(deg(vg) =1i) =
("M)pi(1 — p)"~1, it follows that

(2

E[Vi] = n(” R 1>pi(1 —p)"

1
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The covariance between V; and V; for ¢, > 0 under the choice p = 6/(n — 1) for a
6 € (0,1) has been investigated in [5] and we recall from Theorem 4.2 there that

cov(Vi,Vy) = LEIGIEN (g =gy — 1) M= V. @

We define F; := (V; — E[V;])/v/n, fixd > Taswellas 1 < i; < ... < ig, put D :=
(i1,...,1q) and define the random vector Fp := (F; F;,). From now on and for
the rest of this subsection, we assume that the success probability p is of the form
p = 0/(n — 1) for some fixed § € (0,1). Then, it is easily seen from the expression for

cov(V;,V;) in (4.4) that

172

i+j C_ . i
cov(F;, F}) = %cov(Vi, Vi) — ei!j! 6‘29((Z 0)9(j 9 _ 1) +1{i = j}%e‘e, (4.5)
as n — oo. Our next result is a multivariate central limit theorem for the vertex
degree vector Fp. It is a weaker version of [5, Theorem 4.2] for which, using a slightly
smoother probability metric, we can give a quick proof based on our multivariate discrete
second-order Poincaré inequality. For Berry-Essen-type rates of convergence in the one-
dimensional case we refer to [4, Theorem 2.1], [11, Theorem 1.3] and [19, Theorem 2.1
and Equation (3.3)].

Theorem 4.5. Let ¥ = (X;){ ;_, be the matrix given by

giti
Eij =

_og((i—0)(j —0) N L ,
i!j!e ( 7 —1)4—1{2—]}56 ) ie{l,....,d},
and let Ny be a d-dimensional centered Gaussian random vector with covariance matrix
Y. Then, there exists a constant ¢ = c(i1,...,44,0) > 0 only depending on iy, ...,iq and 0

such that c

d4(Fp,Ny) < —
4( D; E)—\/ﬁ

for all sufficiently large n.

Proof. From (4.5) we infer that cov(F;, F;) — X,;, as n — oo. Moreover, from the
structure of the covariance (4.4) we also conclude that |cov(F;, F;) — %;;| = O(n™1).

Next, we fix i € {1,...,d} and k,¢ € {1,..., (g)} As in the proof of Theorem 1.3 in
[11] we notice that adding or removing an edge from G(n, p) results in a change of at
most 2 for the number of vertices of degree i. In other words,

2 /pq
1Dy F| < VT
NG

For the second-order discrete Malliavin derivative we observe that Dy D,F; is zero
whenever k£ = /¢ or the edges e, and e; corresponding to k and ¢, respectively, do not
have a common vertex. Thus, it follows that

2
|DyDyF| < % 1{lex Neg = 1}.

We can now evaluate the terms By (4, ) to B4(¢, ) in Theorem 3.7. Using the Cauchy-
Schwarz inequality we first conclude that
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Figure 2: Illustrations of the voxel model C of a random cubical complex with d = 2 and
n = 4 for increasing values of p.

(3)
Bi(i,j)? = % (E[(DyF;) JE[(DeFy)*]) Y (E[(Dry Dy Fy ) TE[( Doy De ) )
k,l,m=1
600
< fj 3" Ulem Nerl =1 e Ner = 13
k,{,m=1
3 n
= S0 () 2t - 20 = 06,

since p = 0/(n — 1). Similarly, we have that By(i, j)> = O(n~!). For the remaining terms
Bs(i,j) and By(i,j) we see that

By(i.j) = 5 kz Pl (D) (D))
S( )p/ 432 = O(n=1/?),
()

Bifirj) = 15 szqu [(DkF) ) (E((Dy ) )

< <2> 2009 2 -1y

3n?

By Theorem 3.7 we have thus proved the result. O

4.2 Intrinsic volumes of random cubical complexes

Fix a space dimension d > 1, n > 3 and consider the lattice £ := {[0,1]¢ + 2 : z €
{0,...,n— 1}d} consisting of n unit cubes C1, ..., C,. of dimension d. To avoid boundary
effects, we identify opposite faces in £, a convention which supplies £ with the topology
of a d-dimensional torus. Now, we number the cubes in £ in a fixed but arbitrary way and
assign to each cube C}, € £ a Rademacher random variable X}, such that P(X; =1)=p
and P(Xj = —1) = 1 — p =: ¢ for some fixed parameter p € (0, 1). Following the paper of
Werman and Wright [25] the voxel model for a so-called random cubical complex C arises
from £ when each cube Cj, is removed from £ for which X; = —1, see Figure 2. It should
be clear that the random cubical complexes arising in this way may be represented
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as finite unions of disjoint open cubes of dimensions 0, 1,...,d, corresponding to the
vertices, edges, etc.

We are interested in the intrinsic volumes V;(C) of the random cubical complex C
forall j € {0,1,...,d}. Let us point out that intrinsic volumes of convex sets (and their
additive extensions to finite unions of convex sets) are of fundamental importance in
geometry. This is demonstrated, for example, by Hadwiger’s celebrated theorem saying
that the intrinsic volumes form a basis of the vector space of continuous and motion-
invariant valuations on compact, convex subsets of R¢ (cf. Chapter 4 in [21]). Formally,
the intrinsic volumes Vy(K), ..., Vy(K) of a convex body K C R? arise as the coefficients
of the Steiner polynomial, that is,

d
voly(K @ rB?%) = Z Vi(K)kg_jr®™, r>0,
=0

where vol; means the d-dimensional Lebesgue measure, B? is the d-dimensional unit ball,
@ means Minkowski addition and, for any k£ € IN, i, is the k-volume of the k-dimensional
unit ball. For example, V4(K) is the volume, 2V,;_;(K) is the surface area, V1 (K) is a
constant multiple of the mean width and V;(K) is the Euler characteristic of K. Let
us also point out that the intrinsic volumes are highly relevant in image analysis and
stereology, see [15, 22, 23]. In the context of (random) cubical complexes, the intrinsic
volumes were first studied in [25] in order to understand noise in digital images.

In our context, we also need to introduce the intrinsic volumes for the relative interior
of a convex body, a concept which goes back to Groemer [6]. Since we are interested
only in finite unions of cubes, we go the more direct way already used in [25] and do not
present the general definition. Namely, for a § € IN, by a closed §-cube we understand
any translate of [0, 1]°, while an open J-cube refers to a translate of (0,1)°. The intrinsic
volume V;(C) of order j € {0,1,...,i} of a closed d-cube C is given by V;(C) = (f) while
the jth intrinsic volume of an open §-cube D is V;(D) = (—1)°~ 3( ') =: V;(6). Finally, for
the random cubical complex C as defined above we have the followmg representation for
V;(C) from [25]:

V;(C) = Z Epj,  Epji=(—1)dmD)=i (dunj(D)) 1{D belongs to C} . (4.6)

D open cube in £

From this representation it readily follows that

EV;C)l= >  Elip,]= ZNsPa

D open cube in £

where Ns = (‘;) n? denotes the number of §-cubes in £ and Ps = 1 —q2d76 is the probability
that an arbitrary é-cube is included in C, see [25].

Although the variance of V;(C) has been computed in [25], in our context we will
also need information about the covariance structure between V;(C) and V;(C). This is
provided by the next lemma.

Lemma 4.6. Leti,j € {0,1,...,d}. Then,
cov(V;(C), V;(C)) = c(i, j) n®

with the constant c(i, j) given by

d d d d d— d—b d—35
=> 3> Vi(a) j(b)<5)Na,b,6q2 e -,

Q
=)
S
I
=)
>
Il
o
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)
where Nus = 32(~1)7/(3) () ()20
£=0

Proof. We first notice that for two open cubes D and D’ in £ (possibly having different
dimensions) the random variables {p and £p. are independent whenever D and D’ are
not faces of a common d-dimensional cube from £. Thus, using (4.6) we conclude that

cov(Vi(C), V;(C)) = Y cov(ép,isépr) = Y (Elépiéprj] — Elp|E[D ;)

D,D’ D,D’

with the sum running over all open cubes D, D’ in £ that are faces of a common d-cube.
To evaluate this sum, we observe that for each pair of cubes D, D’ there is a unique cube
C(D,D’) of which D and D’ are common faces and which has the smallest dimension
among all such cubes (in fact, the existence of such a cube is the reason why n > 3 is
assumed in this section). On the contrary, if C is a cube of dimension § € {0,1,...,d}, we
let N, ;6 be the number of pairs of cubes D and D’ of dimensions a and b, respectively, for
which C(D, D’) = C. We notice that the value of N, s is independent of the particular
choice of C and given by

Nons = (1) @ (e) @ Yo+t—ass
=0

according to Equation (18) in [25]. Especially, N, ;  is independent of n. Moreover,
following Equation (20) in [25] we denote by

gd—a_od—3§ 9d—b_od—6

)(1—q )

the probability that both D and D’ are included in the cubical complex C. Then, we
conclude that

d—4§ d—3o
Poys=01-¢ )+¢ (1-

d d d
cov(V;(C Z > > NsNaws (Elép.iéor ] — ElEp D ;]) -

0 b=0 6=0

According to our above discussion, the two expectations E[¢p ;] and E[{p/ ;] are given
by El¢p] = P,Vi(a) and E[{p ;] = P,V;(b). Finally, E[¢{p ;{p- ;] equals P, sVi(a)V;(b),
which implies that

d d d
cov(Vi(C),V;5(C) =D > > Vi) V() NsNap.5(Paps — PaPs) -

a=0 b=0 §=0
. _ ogd—ajod=b, _9d—$ .
Since P, 5 — P,P, =¢q (¢ — 1), the proof is complete. O
Now, define for j € {0,1,...,d} the centered, normalized random variables ‘7]-(6) =

n~42(V;(C) — E[V;(C)]) and the random vector V := (Vo(C), V4(C), ..., V4(C)). Our next
theorem provides a bound for the multivariate normal approximation of V and this way
extends Theorem 4 in [25].

Theorem 4.7. Let ¥ := (¥;;)¢,_, be the matrix ¥;; := c(i,j) with the constants c(i, j)
given by Lemma 4.6. Then, there exists a constant C = C(p,d) only depending on p and

on d such that
C

d4(V7NZ) S W )

where Ny, is a (d + 1)-dimensional centered Gaussian vector with covariance matrix 3.
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Figure 3: Illustrations of the plaquette model P of a random cubical complex with d = 2
and n = 4 for increasing values of p. The grey cubes are included, while the white cubes
are not included in P.

Proof. By Lemma 4.6 it follows that, for all i,j € {0,1,...,d}, cov(Vi(C),V;(C)) = %y;.
Thus, it only remains to bound the terms Bj(i,j) to B4(4,j) in Theorem 3.7. To this
end, we need appropriate estimates for the first- and second-order discrete Malliavin
derivatives Dkf/i(C) and DkDAN/i(C) for all i € {0,1,...,d}, respectively. For this, we
recall the representation (4.6) and observe that for each k € {1,...,n%}, D, V;(C) can
be written as \/]Tq/nd/ 2 times a sum of at most 6¢ summands, where each of them is
bounded independently of n. Here, 6¢ > 2979 . 3% for any 6§ € {0,1,...,d} and 2979 is
the number of d-dimensional cubes of which a fixed §-dimensional cube is a face of,
while 3¢ = °9_ (9)299 is the total number of faces of a d-dimensional cube. As a
consequence, we find that
DyVi(C) = O(n~%?)

and by the triangle inequality also
DkDg‘Z(C) = O(n_d/Q) 5

where the hidden constants only depend on d and on p. Now, it is crucial to observe that
for any fixed k € {1,...,n%} the second-order discrete Malliavin derivative Dy D;V;(C) is
even identically zero whenever the cubes corresponding to k£ and ¢ are not neighbors of
each other. Since any cube in £ has only a finite number of neighbors, independently
of n, we conclude that in the term B; (7, j) provided by the multivariate discrete second-
order Poincaré inequality in Theorem 3.7 there are exactly n? choices for m and only a
constant number of choices for k£ and ¢ for which the corresponding summand is non-
vanishing. As a consequence, B (i,7)? is of order O(n? - n=¢-n~%) = O(n~9), implying
that B (i,7) = O(n~%?) for any choice of i,j € {0,1,...,d}. Since the same behavior
can also be observed for the remaining terms By (i, ), B3(4,j) and B4(i, ), the claim
follows. O

Besides of the voxel model, the authors of [25] also consider three further models
for random cubical complexes: the plaquette model, the closed faces model and the
independent faces model. For each of these models our method can be used to derive a
multivariate central limit theorem for the random vector of their intrinsic volumes and to
obtain bounds on the d,-distance of order O(n~%/?) in each case. We present the result
only in the case of the plaquette model, since it is close in spirit to the celebrated random
simplicial complexes introduced by Linial and Meshulam [12] that have been object of
intensive studies. To introduce the model formally, we fix d > 1, n > 3, and define the
set G :={0[0,1]¢ + 2 : 2 € {0,...,n — 1}9}, where 9|0, 1]¢ stands for the boundary of the
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unit d-cube [0,1]%. The open cubes C,...,Cpe in {(0,1)¢ + 2 : 2 € {0,...,n — 1}4} are
assumed to be numbered in a fixed but arbitrary way and we assign to each cube C} a
Rademacher random variable X with P(X; =1) =pand P(X; = —-1)=1—p=:q. The
plaquette model now arises if those open cubes C; are joint with the set G for which the
associated Rademacher random variable X takes the value 1, see Figure 3.

The construction just described gives rise to a random set P and as in the case of the
voxel model C we are interested in its intrinsic volumes V;(P), j € {0,1,...,d}. Using the
same notation as in the previous example, we formally have that V;(P) = >, {p with the
sum running over all open cubes in P and hence E[V;(P)] = E?:j N;sP5V;(0). However,
in the plaquette model we have that the probabilities Py, P; ..., Py satisfy P; = p and
Ps=1ford € {0,...,d— 1}, which implies (after some simplifications) that

pnd 1j=d,

(=D (D —1n? :j€{0,...,d—1},

see also Equation (27) in [25]. The covariance structure of the intrinsic volumes for the
plaquette model is described in the next lemma.

Lemma 4.8. Leti,j € {0,1,...,d}. Then,

E[V;(P)] = {

Proof. By definition it follows that

COVVi(P), V;(P)) = 3 cou(épi ).

D,D’

again with the sum running over all open cubes D and D’ in P. We notice that in
this model the random variables {p; and {p- ; are independent except if D = D' and
dim(D) = dim(D’) = d. In this case, we clearly have

cov(ép i, &pr,j) = Elép.i&p.;| — El€pi|E[¢D ;]

e (e (- () er-s

and the result follows. O

Now, we define the centered and normalized random variables 17j (P) :=n=42(V;(P)—
E[V;(P)]) and the (d+1)-dimensional random vector W := (Vo (P), Vi(P), ..., Va(P)). The
next result is a multivariate central limit theorem for the random vector W. Since the
arguments are the same as in the proof of Theorem 4.7, we have decided not to present
the details.

Theorem 4.9. Let % := (%;;)¢,_, be the matrix given by ¥;; = (¢)({)p(1 — p). Then,

3

there exists a constant C = C(p,d) only depending on p and on d such that

d4(W, NZ) S W
with a (d + 1)-dimensional centered Gaussian random vector Ny, having covariance
matrix 3.

Remark 4.10. As for subgraph counting statistics it follows from the structure of the
asymptotic covariance matrices Y in Theorems 4.7 and 4.9 that X only has rank 1 and is
hence only positive semidefinite rather than positive definite.
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