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Abstract

We establish Harnack inequalities for stochastic differential equations (SDEs) driven
by a time-changed fractional Brownian motion with Hurst parameter H € (0,1/2). The
Harnack inequality is dimension-free if the SDE has a drift which satisfies a one-sided
Lipschitz condition; otherwise we still get Harnack-type estimates, but the constants
will, in general, depend on the space dimension. Our proof is based on a coupling
argument and a regularization argument for the time-change.
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1 Introduction

Throughout this paper, (2, A,P) is a probability space. Consider the following
d-dimensional SDE

t
Xt(m):x—i—/ bs(Xs(2))ds + Uy, ¢>0, z € RY, (1.1)
0

where b : [0,00) x R? — R¢ is measurable, locally bounded in the time variable ¢ > 0
and continuous in the space variable = € R%; the driving noise U = (Uy);>¢ is a locally
bounded measurable process on R? starting at zero Uy = 0. Let us assume, for the time
being, that this SDE has a unique non-explosive solution.

In this paper, we want to establish for the solution to the SDE (1.1) a dimension-
free Harnack inequality with power, first introduced by Wang [19] for diffusions on
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Harnack inequalities for SDEs

Riemannian manifolds, and a log-Harnack inequality, considered in [16] for semi-linear
SDEs. These two Harnack-type inequalities have many applications, for example when
studying the strong Feller property, heat kernel estimates, contractivity properties,
entropy-cost inequalities, and many more; for an in-depth explanation we refer to the
monograph by Wang [20, Subsection 1.4.1] and the references given there. Both, the
power-Harnack and log-Harnack inequalities have been thoroughly investigated for
various finite- and infinite-dimensional SDEs and SPDEs driven by Brownian noise; the
main tool was a coupling method and the Girsanov transformation, see [20] and the
references mentioned there. If the noise is a jump process, it is usually very difficult to
construct a successful coupling, and the methods from diffusion processes cannot be
directly applied. One notable exception are driving noises which are subordinate to a
diffusion process.

Let ¥ : [0,00) — RY ® R? be a measurable and locally bounded deterministic function,
and assume that U is of the following form:

t
Ui= [ SudWsiy + Vi t20,
0

where W = (W;);>0 is a standard d-dimensional Brownian motion, S = (S(¢)):>0 is
a subordinator (i.e. a non-decreasing process on [0, c0) with stationary and indepen-
dent increments a.k.a. increasing Lévy process) and V = (V;);>o is a locally bounded
(B[0,<)®A /B(R%)-)measurable process on R¢ with V; = 0; we will, in addition, assume
that the processes W, S and V are stochastically independent.

In this setting, Wang & Wang [21] were able to obtain Harnack and log-Harnack
inequalities, using an approximation of the subordinator (as in [23]) and a coupling
argument. The following assumptions turned out to be crucial: The coefficient b has
to satisfy a so-called one-sided Lipschitz condition, i.e. there exists a locally bounded
measurable function % : [0,00) — R such that

(be(x) = be(y), @ —y) < k(t)|z —yl*, zyeR?, t>0; (H)

moreover, the inverse X, I exists for each t > 0, and there exists a non-decreasing
function \ : [0, 00) — [0, 00) such that |2, < A, for all ¢ > 0.

The first-named author used in [6] the same approximation argument and a gradient
estimate approach, in order to improve the Harnack inequalities derived in [21]. Recently,
in [22] the approximation argument was also used to establish Harnack-type inequalities
for SDEs with non-Lipschitz drift and anisotropic subordinated Brownian noise, i.e. with
U having the form

1 d
U= (Wé(2>(t)""’Wé(<)i>(t)>7 t >0,
where (W, ..., W) is a standard Brownian motion in R?, and (S(,...,S@) is an

independent d-dimensional Lévy process such that each coordinate process S is a
subordinator. Unfortunately, this gives only dimension-dependent Harnack inequalities.
Note that the techniques of [21, 6, 22] do not really need that the time-change is a
subordinator; we may, as we do here, assume that the time-change is any non-decreasing
process on [0, c0) starting from zero and which is independent of the original process.

It is a natural question to ask whether one can still get Harnack-type inequalities
if the driving noise U is a more general, maybe non-Markovian, process. As far as we
know, Harnack inequalities were established in [8, 10, 9] for SDEs driven by fractional
Brownian motions. Inspired by these papers as well as [21, 6], we will combine general
time-change and coupling arguments to obtain Harnack inequalities for SDEs driven by
time-changed fractional Brownian motions.
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Recall that a fractional Brownian motion W# = (W)~ on R¢ with Hurst parameter
H € (0,1) is a self-similar, mean-zero Gaussian process with stationary increments. The
covariance function is given by

E(W,Owh0) = % (27 + 27— |t — s|?) 5y, t,6>0,1<4,j<d, (1.2)
(0;; denotes Kronecker’s delta). If H =1 /2, then W is the classical Brownian motion
which will be denoted as W; if H # 1/2, then WH does not have independent increments.
One can deduce from (1.2) that W is self-similar with index H, i.e. for any constant ¢ > 0,
the processes (W1l );>o and (¢! W/T),>, have the same finite dimensional distributions.
Let Z = (Z(t))t>0 be a non-decreasing process on [0, c0) starting from 0, independent
of WH, and introduce the (random) time-changed process W} = (Wg(t))tzo- Typically,
Z can be a subordinator or the inverse of a subordinator; since inverse subordinators
are constant on some random intervals, W is sometimes called a ‘delayed’ fractional
Brownian motion. We refer to [12] for small deviation probabilities of time-changed
fractional Brownian motions, while [13, 11] consider large deviations of fractional
Brownian motions delayed by inverse a-stable subordinators.

Assume that U = WX + V where V is a locally bounded measurable process on R
starting from zero V; = 0. In this paper, we restrict ourselves to the case H € (0,1/2).
In order to ensure the existence and uniqueness of the solution to the SDE (1.1) and to
construct a successful coupling, we assume that the coefficient b satisfies the one-sided
Lipschitz condition (H). As a direct consequence of the log-Harnack inequality, we obtain
a gradient estimate for the associated Markov operator.

As in [22], we can also deal with the anisotropic case, i.e.

where, for each i = 1,...,d, WHi() = (WtH""(i))tzo is a real-valued fractional Brow-

nian motion with Hurst index H; € (0,1/2), Z® = (Z®(t));>0 is a one-dimensional
non-decreasing process such that Z()(0) = 0, and V = (V;);>0 is a locally bounded
measurable process with values in R? and V; = 0; moreover, we assume that these
processes are independent. As in [22], we replace the Lipschitz condition for the drift
coefficient b by a Yamada-Watanabe-type condition; in general, however, this condition
cannot be compared with the one-sided Lipschitz condition.

The remaining part of this paper is organized as follows. We collect some basics
on fractional Brownian motions in Section 2. In Section 3 we establish the Harnack
inequalities for SDEs driven by a time-changed fractional Brownian motion and with drift
coefficient satisfying the one-sided Lipschitz condition (H). More explicit expressions
in the Harnack and log-Harnack inequalities are obtained if the time-change 7 is (the
inverse of) a subordinator; this is a consequence of our moment estimates from [7];
if Z is the inverse of a subordinator, only the log-Harnack inequality holds, since the
exponential moment of Z(t)~? is usually infinite for # > 0. The last section is devoted
to the case of an anisotropic driving noise; as one would expect from [22], the Harnack
inequalities turn out to be dimension-dependent.

2 Basics of fractional Brownian motion

In this section, we recall briefly some basic facts on fractional Brownian motion (fBM)
which will be used later on. For further details of fBM and proofs we refer the readers,
for instance, to [2, 5] or [14].

Denote by I'(+), resp., B(-,-), the Euler Gamma and Beta functions, and write o F} for
Gauss’ hypergeometric function. Let a,b € R with a < b. For f € L'[a,b] and o > 0,

EJP 22 (2017), paper 71. http://www.imstat.org/ejp/
Page 3/23


http://dx.doi.org/10.1214/17-EJP82
http://www.imstat.org/ejp/

Harnack inequalities for SDEs

the left fractional Riemann-Liouville integral of f of order a on (a,b) is given by the
expression

2@ = | @y () dy, @€ (ab).

Let WH = (W/f),;>o be a fractional Brownian motion on R? with Hurst parameter
H € (0,1/2) U (1/2,1) and define for 0 < s < ¢ the kernel

! )(t_s)H—%QFI (H-11 HH+11-b

Fnlts) =g :
2

Fix T' > 0. It is known that the operator K, associated with the kernel K (-, )
t
Kuf®(t) = / Ku(t,s)fD(s)ds, i=1,....d,
0

establishes a bijection from L2(]0,7]; R¢) to the space I£+1/2(L2([07T];1Rd)), see e.g.
[17, p. 187] or [5]. Moreover, fractional Brownian motion has the following integral
representation with respect to a standard d-dimensional Brownian motion W = (W)¢>0:

t
wH :/ Kg(t,s)dWs.
0
In particular, if 0 < H < £ and h € I£+1/2(L2([O,T];]Rd)) is absolutely continuous,
the inverse operator is given by
(KKth)(s) = s 12102 sl /2= H (), (2.1)

cf. [15, Eq. (13), p. 108]. If H € (0,1/2), then (2.1) implies
T .
/ Ih(s)]?ds < 00 = / h(s)ds € I 72(L%([0, T]; RY)), (2.2)
0 0
see also [15, p. 108].

3 SDEs driven by delayed fractional Brownian motions

Consider the following SDE on R?
t
Xt(x):er/ bS(XS(:v)) ds+W§I(t)+Vt, t>0, z € R, (3.1)
0

where b : [0,00) x RY — R4, (¢, ) — by(z) is measurable, locally bounded as a function of
t > 0 and continuous in z. The processes W = (WH);>o, Z = (Z;)i1>0 and V = (Vi)i>o0
are stochastically independent and satisfy
WH is a fBM on R? with Hurst parameter H € (0,1/2);
Z is a time-change, i.e. a non-decreasing process on [0,00) with Z(0) =0;  (3.2)
V is a locally bounded measurable process on R? with Vo =0.
Moreover, we assume that the coefficient b satisfies the one-sided Lipschitz condition
(H).

Remark 3.1. The one-sided Lipschitz condition (H) ensures, in particular, the existence,
uniqueness and non-explosion of the solution to the SDE (3.1). Indeed, it is well known
that the following ordinary differential equation

t
Yt(x):g;+/ be (Yy(z)) ds, t>0, z € RY,
0
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has a unique solution which does not explode in finite time since the coefficient b, defined
by bs() = bs( - +Wg(s) + V;), satisfies the one-sided Lipschitz condition (H) with b

replaced by b; setting X;(z) := Y;(x) + Wg(t) + V;, we conclude that the the SDE (3.1)
has a unique non-explosive solution.

Throughout this section, we write |z| := (JzM > + - + |2(@ \2)1/2 for the Euclidean
norm of z = (z(V),...,z(®) € R% Set

Pif(z) :=Ef(X,(z)), t>0, feByRY, z e R (3.3)

3.1 Statement of the main result

In order to state our main result, we need the following notation:
t
K(t) = / k(s)ds, ¢ >0, (3.4)
0

where k(s) is the constant appearing in (H),

2
_ 1 B(3—H 35— H)
Op = 5 ( - , (3.5)

41— r(;—-H

and we denote for any function f : R? — R the local Lipschitz constant at the point « by

|V f|(z) := limsup M

€[0,00], xeR™
y—a ly — x|

Theorem 3.2. We assume that (3.2) and (H) hold for the SDE (3.1) and we denote its
unique solution by X;(x).

i) ForT >0, z,y € R? and any bounded Borel function f : R? — [1, 00)

Prlog £(3) < log Prf(a) + O4E | 20— ||y
T y ~ T s H l‘—y .
(Jo eX®dz())’
ii) ForT > 0, z € R? and any bounded Borel function f : R - R
Z(T)2-2H

VPrfP @) < { Prf?() = (Prf(2))’} 204 E

(e~ KW az(t))?
iii) ForT >0, x,y € R, p > 1 and any bounded Borel function f : R? — [0, 00)

o (T )z — P\
(Jo e 0 az()” |

(Prf(y))" < Prf?(z)- <1E exp

3.2 Proof of Theorem 3.2

For the proof of Theorem 3.2, we need a few preparations. Let ¢ : [0,00) — [0, 00)
be a non-decreasing and cadlag function with ¢(0) = 0, and v : [0,00) — R a locally
bounded measurable function with v(0) = 0. By Remark 3.1 the following SDE has a
unique non-explosive solution

t
X)) = +/0 be (X5 (x)) ds + Wiy + v, £>0, z € R™ (3.6)
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Set for any bounded Borel function f : R —+ R
PP f(x) = Ef(X,"(x)), t>0, € R (3.7)

We want to transform the equation (3.6) into an SDE driven by a fractional Brownian
motion which will allow us to establish Harnack inequalities using a combination of
coupling and the Girsanov transformation, cf. [8, 10, 9]. First, however, we have to
approximate the (deterministic) time-change ¢ by an absolutely continuous function.
Consider the following regularization of /:

1 t+e 1
Le(t) = 7/ £(s) ds+et:/ les+1t)ds+et, t>0,e€(0,1).
€ Jt 0

By construction, for each ¢ € (0,1) the function ¢, is absolutely continuous, strictly
increasing and satisfies for any ¢ > 0

() LU(t) aseloO. (3.8)

Let X/ (z) be the unique non-explosive solution to the SDE
t
st,’l)(x) =+ /0 bs (Xg‘v(aj)) ds =+ Wélj(t)—ég(o) + V¢, t Z O7 x e Rd, (39)

and define P%? by (3.7) with /. instead of /.

Lemma 3.3. We assume that (3.2) and (H) hold for the SDE (3.1) and we denote its
unique solution by X,(z). Fix e € (0,1) and let £, and X,*"(x) be as above.

i) ForT >0, v,y € RY and any bounded Borel function f : R? — [1, c0)
G)Hwe (T) - EE(O)]Q_QH
(Jo e k@ ar ()’

P} log f(y) < log P f(x) + |z — y|2.

ii) ForT >0, z,y € R%, p > 1 and any bounded Borel function f : R? — [0, 00)

BOL[((T) — £e(0)]* 2 |z — y|?
(foT e K d&(t))2

(P f(y)" < P fP(2) - exp

Proof. Fix T > 0, z,y € R% and denote by (Y:)t>0 a solution of the equation

Xter(a) - ¥,

s VTS qe(s),  (3.10)
X~

t t

Yi=y+ / bs (Ys) ds + Wiy o) + v + 5/ Ljo,7)(s)

0 0
where
¢ = [z —yl
Jo &K@ dec(r)
and
Ti=inf {t>0: X{"(z) = Y;}

is the coupling time. Since

z2—2
]Rd « ]Rd 5 (Z,ZI) — ]l{z;ﬁzl}m S Rd

is locally Lipschitz continuous off the diagonal, the system of coupled equations (3.9)
and (3.10) has a unique solution for ¢ € [0, 7). If 7 < oo, we set Y; = X " (z) for all t > 7.
In this way, we can construct a unique solution (Y;):>o to (3.10).
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Let us show that the coupling time satisfies 7 < T. Let ¢t < 7, write (; for the
difference of the solutions to the SDEs (3.9) and (3.10), and observe that (; admits a
classic differential satisfying d|¢;| = Lyc,203[¢e| ™ ((¢, d¢s); therefore, (H) yields

X{ (@) = Yife

= |z —yl +/ M (X5 () = Yo, by(X 5" () = bs(Ye)) e K9 ds

—5/ e K de (s /|Xfev“ — Y| k(s)e K ds

<lo—yl - 5/ K g, (s
Now assume that 7(w) > T for some w € (). Taking ¢ = T in the above inequality, we get
0 < X7 (z,w) = Yr(w)le ™ ™ < |z —y| — |z —y| =0,

which is absurd. Therefore, we have 7 < T and X%’”(x) =Yr.

Denote by 7. : [¢.(0), 00) — [0, 00) the inverse function of £.. By definition, ¢, (v.(t)) =t
for t > £.(0), 7. (bc(t)) =t fort > 0, and t — ~.(t) is absolutely continuous and strictly
increasing. Let

Le,v
X,YE(TJrg (0))($) = Y (r+.(0)

r > 0.

gr = §]l[o}e5(7— (0))( r) v ’
|X’Y€ (T+gé (0))(x) - Y'Ye (T+ée (0))|

A simple calculation shows [ £e(T)—£(0) lg-|? dr < oo, and this, together with H < 1/2 and

(2.2), implies that [ g, dr € Iy /*(L2([0,£.(T) — £.(0)]; R%)). Therefore, the following
stochastic integral defines a martingale

t
M, :=—/ (W), £ 0,
0

where 7, = Kj' (f(; grdr) (s), s > 0, and W = (W,);>0 is a d-dimensional standard
Brownian motion. Because of (2.1) we see

Ky' ( / or dr) (s) = s" 315 s,
0

and this yields for any s € [0, £.(T) — £.(0)]

|775| =

I (;-H)
L BGemyH)
I (3—H) Jy e K0 (1)

=: Cr mlr —y| g2 H

Thus, the compensator of the martingale M satisfies

£e(T)—£.(0)
(M)e.(T)-e.(0) =/ ns|* ds
0

(T)—£.(0)

< C2yle —yP? / §1-2H g (3.11)
TH|$_y|2 2_9H
- T) — .
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Set

1
R := exp [MMT)A(O) = 5 Mo (r)-2.(0)

. 1 . ) . .
Since Eez(M)tc(m)-tc < o0, one can use Novikov’s criterion to get ER = 1, and by
Girsanov’s theorem, the process

N t
W, = Wt+/ neds, 0<t<0(T) - £(0),
0

is a d-dimensional Brownian motion under the new probability measure RP. This allows
us to rewrite (3.9) and (3.10) as

t Le(t)—Le(0)
Xf“v(ac):x—l—/ bs(Xf“”(x)) ds—l—/ Kg (Le(t) — £:(0),s) dW, + vy
0 0

and

t ZE(t)_EE(O) —~
Y}:y—i—/ bs(Ys)ds—i—/ Ku (Le(t) — £:(0),s) AW, + vy,
0 0

respectively. Thus, the distribution of (Xff’”(y))ostg under P coincides with the law of
(Y2)o<t<T under RP; in particular, we get for all bounded Borel functions f : R? — R

Ef(X5"(y)) = Erpf(Yr) = E[Rf(Yr)] = E[Rf(X5"(z))]. (3.12)

By the Jensen inequality, we get for any random variable I’ > 1,

E [Rlog Z] = Egrp [log ;} < logEgrp [2} =logEF,

hence
E[Rlog F] <logEF + E[Rlog R].
Combining this with (3.12) and the observation that

Le(T)—£c(0) 1 L (T)—£c(0)
IOgR:_/ <7757dW5>—7/ |"78‘2d5
0 2 0

£e(T)—Le(0) N 1
= —/ (s, dWs) + §<M>65(T)—e5(0)
0

£e(T)=£(0) = Ct yle —yl? 2-2H
< AW, 4+ —LHZ Ty oy g (0))2 2
/ (1 W)+ R 1(T) — £4(0)

we get for all bounded Borel functions f : R? — [1, 00) that

Py log f(y) = Elog f (X7 (y))
= E[Rlog /(X7 (2))]
<log Ef (X5 " (x)) + E[Rlog R]
= log Py f(z) + Egp log R
CTQ‘H‘*T - y|2

m [ge(T) - 86(0)]272}[ .

< log Py f(w) +
This completes the proof of the log-Harnack inequality.
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Let us now prove part ii) of the lemma. For any non-negative bounded Borel function
f:R?% — [0, 00) we find with (3.12) and the Hélder inequality

(P f )" = (BF (X" ()"
= (B[Rf (X7 " (@))])" (3.13)
< Plevpr(z) . (E[Rp/(p—l)])%l _

Using (3.11) we get

p
7_1) <M>L’s(T)—1ff(0)}

p/(p=1) — P v _
R exp [p—l €(T)=E0) ~ 50,

p
= exp [2(29_1)2<M>66(T)—£E(0)]

p
=17 <M>é€(T)—es(0)]

P 2
X —M, _ —
eXp |:p _ 1 Ze(T) ée(o) 2(p

pC:2nH|9U -yl
4(p—-1)*(1-H)

[Ee (T) - EE(O)]2_2H]

p p°
My iy o) — (Mg oy :
X exp [p —y Men—e0) = 50, = 1)2< )eo(T) e<<o>]

. 2 . .
Noting the fact that exp {ﬁMge(t)_ge(o) — Q(ZJPT)Q<M>&(”_@€(0):|, 0 <t <T,is amartin-
gale with mean 1 - this is due to Novikov’s criterion — we get

PC%,H|$ - y|2

2—2H
Hp—1)2(1—H) [(T) — £:(0)]

E [Rp/(Pfl)} < exp

Inserting this expression into (3.13), completes the proof of the power-Harnack inequality.
O

Proof of Theorem 3.2. By [1, Proposition 2.3], ii) is a direct consequence of i).

Fix T > 0. By a standard approximation argument, it is enough to prove the formulae
in i) and iii) for f € C;(R?).

Step 1: Assume that b, : R* — R¢ is, uniformly for ¢ in compact intervals, a global
Lipschitz function, i.e. for any ¢ > 0 there is some C}; > 0 such that

bs(z) — bs(y)| < Cilz —y|, 0<s<t, z,ycRL (3.14)

This implies that for all x € R¢ and € € (0,1)
¢ ¢ T
| X777 (2) = Xp¥(2)] < /0 | (X579 (2)) = b5 (X% (@) | ds + [ Wiiry o, 0) = Wi
T
< CT/O | X (@) = X0V ()| ds + Wiy o0y = Wil |-

Since X/*”(z) and X/"*(z) are non-explosive, the integral in the above expression is
finite. Therefore, we can apply Gronwall’s inequality with g(e,t) := ‘WZI;I(t)flE(O) — W;{t)|
and find

T
| X5 (@) — X2 (2)| < gle, T) + Cr / gle, s)eT =200 ds.
0
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From (3.8), we conclude that lim.og(e,s) = 0 for all s > 0. Using the dominated
convergence theorem, we obtain

liﬁ)lef’”(x) = X5'(z), xeRY

hence,
11%1 Py f=PRUf, [ e Cy(RY).
Since / is of bounded variation, the limit /. | ¢ also holds for the integrals
T T
lim [ e KM de (1) = / e KW dp(t).
l0 Jo 0

We can now use Lemma 3.3 i) and let ¢ | 0 to get

@HE(T)272H
( foT e~ K1 de(t)) ’

PR log f(y) < log P f(x) + o=y

for z,y € R? and all f € C,(R?) with f > 1. Similarly, Lemma 3.3 ii) yields

LOpl(T)> 21
b 2 |l’ - y|2

(foT e~ KM di(t))

(Pr"f ()" < PrUf?(x) - exp [

for z,y € R? and all non-negative f € C,(R%).
Since the processes W, V and Z are independent, Prf = & [Pé‘”f(-) ’z:Z:| holds
=V

for all bounded Borel functions f : R — R. Thus, the Jensen inequality yields for all
z,y € R? and f € Cp(R?) with f > 1

Prlog f(y) =& {Pqé’v log f(y)

ff‘Z/:|

. Z(T)Q—QH

< [log P f(2) |1 | + On (JT ek az(t)?
Z(T)Q—QH

(S emK® dz(1))*

|z —y|

<log Prf(z) + O4E &~y

For the power-Harnack inequality we use Holder’s inequality to find for all z,y € R¢ and
non-negative f € Cy(R%)

Pri(y) =E[PF'f() |1 ]

f(T)Q_zH@ 2

. 1 ————0Og|z — Y|
<E | (PR f7(2))" exp |25 ]
=¢

(ST e=K® de(r))?

< (Prfr(2))" | Bexp | —2 2

¢
v
pZ(T)* 2" 2\ F
P2 Oplr — vy
(Jo e K®dz (1))’ '

Step 2: For the general case, we use the approximation argument proposed in [21,
part (c) of proof of Theorem 2.1]. Let

bi(x) :=by(z) — k(t)z, t>0, € R

EJP 22 (2017), paper 71. http://www.imstat.org/ejp/
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(k(t) is the consta~nt appearing in (H) on p. 2.) Using (H), it is not difficult to see that the
mapping id —n~'b, : R* — R is injective for any n € IN and ¢ > 0. The maps

-\ —1
b (z) == n [(id —n’lbt> (z) — m] +E()z, nelN, t>0, zeR%

are, uniformly for ¢ in compact intervals, globally Lipschitz continuous, see [4]. Denote
by (X" (z))i>0 the solution of (3.1) with b replaced by b™, and define P" by (3.3)
with X, (z) replaced by Xt(")(m). Because of the first part of the proof, the statements of
Theorem 3.2 hold with Py replaced by P\

On the other hand, we see as in [21, part (c) of proof of Theorem 2.1], that
lim X{"(z) = Xr(z) a.s., hence, im P f=Ppf forall f e Cy(RY.

n— oo

Therefore, the claim follows if we let n — oo. O

3.3 Applications

Let Z = (Z(t))i>0 be a subordinator (without killing), i.e. a nondecreasing Lévy
process on [0, c0) with Sy = 0; its Laplace transform is of the form

Ee 720 =) >0, t >0,

and the characteristic (Laplace) exponent ¢ : (0,00) — (0,00) is a Bernstein function
with ¢(0+) = 0. Recall that a Bernstein function is a smooth function ¢ € C*((0, 00))
such that (—1)""'¢(™ > 0 for all n = 1,2,...; it is well known, see e.g. [18, Theorem
3.2], that every Bernstein function enjoys a unique Lévy-Khintchine representation

6(r) = 6(0+) + Or + / (1— ") v(de), r>0,
(0,00)
where ¢ > 0 is the drift parameter and v is a Lévy measure, that is, a measure on (0, 00)
satisfying f(o woy(LAZ)v(dz) < 00
For the constant k(¢) from (H) and its primitive K (¢), cf. (3.4), we set

K*(T) :=exp lQ sup K(¢) T > 0.

t€[0,T]

Obviously, if k() <0 forallt > 0, then K*(T) <1 forall T > 0.

Corollary 3.4. Let Z be a subordinator whose characteristic exponent is the Bernstein
function ¢ and assume that (H) and (3.2) hold. We have forall T >0, x,y € R? and all
bounded Borel functions f : R — [0, 00) the following assertions:

i) Ifliminf, ,o ¢(r)r=° > 0 for some p > 0, then

CrpK *(T) z —y|?

PTIng()<10gPTf() ( )H/p 9 fz]-v
C *
IVPrf*(z) < {PTf2( — (Prf(z) )2}%

If, in addition, lim inf, o ¢(r)r~? > 0, then we can replace T A 1 by T and get

Cu o K*(T)|z — y|?
T2H/p ’

VPP (@) < {Prs(e) - (Prra)’} Chel @),

Prlog f(y) <log Prf(z) +

f=1

EJP 22 (2017), paper 71. http://www.imstat.org/ejp/
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ii) Ifliminf, o ¢(r)r—" > 0 for some p > 2H/(1 + 2H) and p > 1, then

(Prf(y))’ < Prfr(z)

OH, Do, 1 pK*(T)|ZL' _ y|2 p—ZHﬁ(lfp)
x exp —pl K (T) (1 + T2H/p) |l‘ N y|2 + CHW ( p+2H(1—p) ) 2H :
p (p — 1)9—2H(1—P)TP—2H(1—P)

If, in addition, liminf, o ¢(r)r~" > 0, then

(Prf(y))” < Prf*(z)

Crpp K*(T)|z — y[?
p—1 T2H/p

+ OH,p

pt+2H(1—p) 2H
(p — 1) p—2H(1—p) T p—2H(1—p)

[ (K™ (1) |z — y[?) 07 ]
X exp .

Proof. Since we have
T -2
Z(T)* </ e KM dZ(t)) < K*(T)z(T)" 22, T>o0, (3.15)
0

the assertion follows from Theorem 3.2 and [7, Theorem 3.8 (a) and (b)]. O

We will now assume that the subordinator S is strictly increasing, i.e. we have
v(0,00) = o0 or ¥ > 0. Define the (generalized, right-continuous) inverse of S

SHt) :=inf{s >0 : S(s) >t} =sup{s >0 : S(s) <t}, t>0.

We will call S=! = (S~1(t));>0 an inverse subordinator associated with the Bernstein
function ¢. Since we assume that the subordinator S is strictly increasing, we know that
almost all paths of S~! are continuous and non-decreasing. We will frequently use the
following identity:

P(S(r)>t)=P(S7'(t)<r), nt>0. (3.16)
Corollary 3.5. Let Z be an inverse subordinator associated with the Bernstein function
¢ and assume that (H) and (3.2) hold.

If limsup,. o ¢(r)r~7 < oo and limsup,._,., ¢(r)r~7 < oo for some o > 0, then the
following assertions hold.

i) ForanyT > 0, v,y € R? and all bounded Borel functions f : R% — [1,00)

CuoK*(T)

T2Ho ‘Jf—y|2.

Prlog f(y) <log Prf(x)+

ii) Forany T >0, z € R? and all bounded Borel functions f : R? — [0, c0)

VP E) < {Pofi(@) - (Prf(a)} Cel @)

Corollary 3.5 follows, if we combine (3.15) with Theorem 3.2 i), ii) and the next
lemma.

Lemma 3.6. Let S~! be an inverse subordinator with Bernstein function ¢ satisfying
the conditions of Corollary 3.5. For any § € (0,1),

E {(S—l(t))’ﬂ < Chet™, t>0.

EJP 22 (2017), paper 71. http://www.imstat.org/ejp/
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Proof. By our assumption, there exists a constant ¢ = ¢(o) > 0 such that ¢(r) < cr? for
all » > 0. Combining this with

25(s) x o ey 1
< — 1— T r
]l[t,oo) (S(S)) =iy S(S)v l+z /0 ( [§ )e dr, = >0,

and Tonelli’s theorem, we get that for all s,¢ > 0
P (S(s) > t) = E [1,00) (S(5))]

con[ 200

—2E LAM (1 - ey e dr}
= /O (1—em0/0) e dr

< 2s/ooo¢ (5)erar

< 2cs/ooo (5) erar

=2cT(o+1)st™7.

This yields for allt > 0
E[(S7'0) ] = [ P(S(s%) >1t)ds

< (1 A [20 I'(o + 1)571/9157”}) ds

S— —
3 3

1 9 ,—00
= —[2¢T 1 77,
1_9[c(0+)]t O

Remark 3.7. Let a € (0, 1). For an a-stable subordinator S, the corresponding Bernstein
function ¢(r) = r* satisfies the conditions of Corollary 3.5 with ¢ = a. Because of (3.16)
and the well known two-sided estimate

P(S(r)>t)<1A[rt™], rt>0,

(f < g means that c=! f(¢) < g(t) < cf(t) for some ¢ > 1 and all t) we have for any ¢ > 0
(3.17)

This shows that Lemma 3.6 is sharp for a-stable subordinators.

Remark 3.8. Let Z be an inverse a-stable subordinator, i.e. Z(t) = S~1(¢) for t > 0,
where (S5(t)):>0 is an a-stable subordinator. For any ¢,60, > 0 we have

Eexp {Z(‘;g} — o0

EJP 22 (2017), paper 71. http://www.imstat.org/ejp/
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The proof is similar to (3.17):

Eexp{zé)e} 2/1001P(exp HEROMEDES

This means that we cannot expect, in the setting of Corollary 3.5, to get a power-
Harnack inequality as we did in Corollary 3.4 iii).

4 SDEs with non-Lipschitz drift and anisotropic noise

Let WHo0) = W/ 0y, 20 = (ZO(1))20, 1 < i < d, V = (Vi)i0 be 2d + 1
independent stochastic processes such that

WH:() are fBMs on R with Hurst parameter H; € (0,1/2);
Z" are non-decreasing processes on [0, c0) with Z((0) = 0; (4.1)

V is a locally bounded measurable process on RY with V; = 0.

We consider the following stochastic equation on R%:

t
Xi(z) =z +/O be (Xs(2)) ds + (Wﬁﬁ;%, LWL 4V, t20,2€ R, (4.2)
where b = (b)) ... b)) : [0,00) x R — R?, b = by(z), is measurable, locally bounded
in the variable ¢ > 0 and continuous as a function of z. By U we denote the family
of functions v : (0,00) — (0,00) which are continuous, non-decreasing, grow at most
linearly as * — oo and satisfy fo n % = oo. Typical examples of such functions are
u(s) = s, u(s) = slog(e Vs™1), u(s) = s- {log(e Vs 1)} - loglog(e® vV s1).
In this section, we will use the ¢/'-norm on R, i.e. ||z||; := [zM| + - + [z(D], x € RY,
and we replace the one-sided Lipschitz condition (H) by the following Yamada-Watanabe-
type condition

There exists some v € U and a locally bounded
measurable function & : [0, 00) — [0, 00) such that (A)
1be(z) = be ()]l < k(ullz —yl), t >0, 2,y € R™.

As in Section 3, it is easy to see that (A) guarantees the existence, uniqueness and
non-explosion of the solution to (4.2). We define for bounded Borel functions f : R¢ > R
the operator

Pif(z) == Ef(Xy(z)) t>0, zeR™%

Remark 4.1. Note that it is, in general, difficult to compare (A) with the condition (H)
used in Section 3, since neither of them implies the other one.

4.1 Statement of the main result

Let k() be the constant appearing in (A), and denote by K (¢) = fg k(s) ds its primitive.
Fori € {1,...,d} we define Oy, by (3.5) with H; instead of H. Finally, we set for u € U

EJP 22 (2017), paper 71. http://www.imstat.org/ejp/
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and k(¢)
1 d4s
= { it et
1T u‘%‘;), if r e [l,00),
and

t
O, i (t,r) =1+ / k(s)uo G, (Gyu(r) + K(s))ds, t,r>0;
0

G, ! is the inverse function of G,. Since u € U, it is easy to see that G, is strictly

increasing with G,,(0) = —oco and lim, o, G, (r) = o0, so that @, , is well-defined. If, in
particular, u(s) = cs for some constant ¢ > 0, then

t
Okt r) = (1 + C/ k(s) e?X () ds) r, tr>0.
0

Since we use the /!-norm in this section, the local Lipschitz constant of a function f on
R? at the point = € R? is defined by

[V f](z) := limsup M

v—z Yy =zl

Theorem 4.2. Assuming (4.1) and (A), let X;(x) denote the unique solution to the SDE
(4.2).

i) For T > 0, x,y € R%, and any bounded Borel function f : R? — [1, )
Prlog f(y) < log Prf(z) + 82, (T, |z — y|1) ZE | o

ii) For T > 0, z,y € R%, p > 1 and any bounded Borel function f : R¢ — [0, c0)

p d @H !
W‘I’ k(T llz —ylh) Z \ ]) .

i=1

(PTf(y))p < PrfP(x) - (E exp

iii) If (A) holds with u(s) = cs for some constant ¢ > 0, then we have for T > 0, z € R?
and any bounded Borel function f : R* = R

IV Prf|2(z) < {PTf%c) - (PTf(w))Q}

T 2 d O
< iee [0 S ]

4.2 Deterministic time-changes

The proof of Theorem 4.2 uses the same strategy as the proof of Theorem 3.2. Because
of the independence of the random time-change and the driving processes, we consider

first a deterministic time-change ¢ = (¢(),... #(¥): [0,00) — [0,00)¢ such that for each
i € {1,...,d} the map t — ¢()(t) is non-decreasing and cadlag with ¢/()(0) = 0. Let
v=(vM,...,0@®):[0,00) = R? be a locally bounded measurable function such that

vo = 0. Under (A), the following SDE has a unique non-explosive strong solution

t
Xty =t [ (K@) as+ (WL W) fu 120 reRt @)
0

As before, we set for any bounded Borel function f : R? — R

PP f(x) = Bf(X["(x)) t>0, z€R™

EJP 22 (2017), paper 71. http://www.imstat.org/ejp/
Page 15/23


http://dx.doi.org/10.1214/17-EJP82
http://www.imstat.org/ejp/

Harnack inequalities for SDEs

Proposition 4.3. Assuming (4.1) and (A), let X“(z) denote the unique solution to the
SDE (4.3).

i) For T > 0, x,y € R? and any bounded Borel function f : R% — [1, 00)

d

Py log f(y) < log P& f(x) + ®2,, (T, ||z — y|l1) Z
=1

ii) For T > 0, p > 1, z,y € RY and any bounded Borel function f : R¢ — [0, c0)

d

v p v @ i
(Pr°f(y)" < Pp¥ f7(x) - exp [pp‘l’i,k (T, |z —ylh) Y WI

1 ‘
i=1

As in Section 3.2, we approximate /() by strictly increasing, absolutely continuous
functions
1 t+e ) 1 )
7/ f(’)(s)ds—i—et = / (Des+t)ds+et, ee (0,1), 1<i<d, t>0.
t 0

€

Egi) (t) :=

By construction, £ (¢) | ¢®(¢) as ¢ | 0. Denote by 7"

consider the following approximation of the SDE (4.3)

the inverse function of e@. We

X" (@) = 2@ + /0 BOXE @) ds WG o+ i=Tind @)

where ¢ > 0, z € R? and X[ (z) = (Xf“v"(l)(x), ce Xf"”’(d)(x)). Again, for all bounded
Borel functions f : R? = R

PV fz) = Bf(X{"(z)), t>0, z€R%

We will first prove the Harnack inequalities for Pf"” using a modification of the argu-
ments from Lemma 3.3, compare also [22].

Lemma 4.4. Assuming (4.1) and (A), let X/*"”(x), ¢ € (0,1), denote the unique solution
to the SDE (4.4).

i) For T > 0, =, € R? and any bounded Borel function f : R% — [1, 00)
d C)
v v H;
Py log f(y) < log P f(a) + @3 (T o = 1) —
=1 ( T) — EEZ) (0))

ii) For T > 0, p > 1, z,y € RY and any bounded Borel function f : R¢ — [0, c0)

d
Pfe,v p P‘eeﬂf P . ex L(I) _

Proof. Fix e € (0,1), T > 0, 2,y € R? and denote the coordinates by a superscript. Let
(Y2)t>0 be a solution of the equation

Ou,

i

K3 H’L) 'L)
Y( =y / b ( d5+W<>((t)) é<>(0)+1’t
; (4.5)
Xe U, (1)( ) Y*S(Z) .
+¢0 / 0,7 (8) — 40 (s),
0 [ ‘Xi 1),(1)( N Y—S(z)|
EJP 22 (2017), paper 71. http://www.imstat.org/ejp/
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wheret >0,i=1,...,dand

(@ . Puk(T Iz~ yll1)
(9 6T) — 69 (0)

, 0€(0,1), m:=inf{t>0: Xfe’v’(i)(:c) = Yt(i)}.

As in the pron of Lemma 3.3, there is a unique non-explosive solution to (4.5) such that
V" = xt<" @ (2) for t > 7; on the set {r; < oo}, and we use the differential versions of
the equations (4.4) and (4.5) along with the observation that d[¢;| = Ly, 203 |G| "¢ dG,

where ¢, = X" D(2) =V, to get fori = 1,...,d and t > 0
Leyv,(i i 7 i
‘Xt ()(l.)_}/t()‘_|m()_y()|
tAT; X£671)7(i)(1,) _ 1/;9(7')
/0 |X£"’v’(i)(x) _ Ys(i)|

(07 (X2 (@)) = b (Vy)) ds — €962 (t A mi) — £9(0)]

€

tAT;

< / 60 (X Lev(2)) — b9 (Yy)| ds — €D [€D (¢ A7) — £9(0)]
0
t

< / 1B (X2 () — b0 (Va)| ds — €9 [0 (2 A 73) — £0)(0)].
0

Summing over ¢ we obtain, using (A),

HXfﬁv(x) 7Yff||1

t d
<z -yl + /0 [bs (X270 (2)) = bs(Ya)| ds = D €D [ (¢ A ) — £0(0)]

i=1

t d
< lz —ylh +/O k(s) u([|[ X0 (@) = Vo[ ) ds = D €D [l (¢ A i) — £ (0)].

i=1
We can now apply Bihari’s inequality (cf. [3, Section 3]) to conclude
X5 (@) = Ve[, < G (Gulllz = ylh) + K(s)), s >0.

Inserting this into the previous inequality yields for any ¢ € [0, T
P RAGAE A ()]
i=1
t
<oyl + [ ke)uo 6 (Gullle ~ ulh) + K(s)) ds
0
< Pu k(T [l = yllh),

which means that we have foreachn =1,...,d

(A T) = 10(0) _ S (AT = 00(0)
6Ty M) T & D 6T) - i9(0)

Taking ¢ = T implies ¢ (T A7,,) < ¢ (5T) and this is only possible if 7, < T as § € (0,1)
and ¢\ is strictly increasing.

Let
£.,v,(4) (@)
) . (i) @ oy () = Y ) (1)
(1) . ¢(4) . v ve (r4£e7(0)) ve (r+e:”(0)) .
97 = €0 4 (1o (0)) (T X% () - v , T20,1<i<d
A (r4££9(0)) ¥ (r4£9 (0))
EJP 22 (2017), paper 71. http://www.imstat.org/ejp/
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By (2.2), we know that |[; gV dr e IéLfTrl/Q(L2 0,69 (7;) — 69 (0)]). Let WO = (W®),5,,
1 < i < d, be independent one-dimensional standard Brownian motions, and define

= oyt ([ o ar) (€00) - €00) . sz01<i<a

(1)
Z/ OT,) 775 dWe(Zz) —69(0)

B zd:/eg (AT)—£D©) AW, >0
=2 O e oy e T

o - t

We(gi))(t),gii)(o) = Wl(é)) ()— (0) +/0 ngi) dﬁgl)(3)> t>0,1<3:<d.

Noting H; € (0,1/2) and using (2.1) we find for s € [0, £ (r;) — £(0))

1 H.—1 s 1_5. i) —_H.—1
|77 (1) s+€(l)(0))’ = |\=S 2 A r2 97(} (s —T‘) 2 dr

IN

Therefore, the compensator of the martingale M satisfies

€O (r)—£D0)
|77(1). . ’2ds
7 (540 (0))

2 () (7Y p(®)
% i %_Hl) (1)\2 £ (I)=E70) 1-2H; 4
(&) s s
- H;) 0

2—-2H;

IN

-3
2

M\»—A

; L [0 -d0)
=20, ., (T, [z —yl) Zz:: O, [gg)(éT) - EE“(O)} i

Set
1

I TR

Since Ee3 (M < oo, we can use Novikov's criterion to obtain IER = 1, and by Girsanov’s
theorem we get

w 7 (d)

Wée(t)—&,(o) = (Weﬁl)(t)feﬁl)(o)’ ceey Wz(d)(t)izgd)(o))) t>0,

isad- d1mens1ona1 (F °)-martingale under RP, where F ¢ is the o-algebra generated
by {W W( i P 0Ssstl<i<d) For()gsgtandﬁz(ﬁ(l),...,ﬁ(d)) € RY, itis

easy to see that

IERIP(eXp [i<9,Wg£(t),gE(0) — WZE(S),&(O)M ’ FS[‘)
d
1 , . .
_ - (1)y2 | p(@) _ (@)
= exp [2 (02 [€(t) — £ <s>}]

=1
= E(exp [1 (0, We,(1)-t.(0) = Weo(s)-e.0))] | FL9),

EJP 22 (2017), paper 71. http://www.imstat.org/ejp/
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where

— (D (d)
Wew-e0) = (W gy Wil o) 120

This shows that the distribution of (Wge(t)_ ¢.(0))t>0 under RIP coincides with the law of
(Wi, (#)—¢.(0))t>0 under P. If we rewrite (4.4) and (4.5) fort >0andi=1,...,d as

Xf‘*”’<“(x)=x(”+/o b (XL () ds + v

t .
+ [ K (690~ €90).60(5) - £9)) aw )
0

€ (s)—eP(0)
and

. ) t
Yt“):y“M/ b (Yy) ds + vl
0

t
b [ (690 - €90).40(5) - £9(0)) aiF )
0

()70’

respectively, we see that the distribution of (Xf“’”(y))tzo under P coincides with the
distribution of (Y;);>o under RP.
As in the proof of Lemma 3.3 we get for any bounded Borel function f : R? — [1, 00)

Prlog f(y) = E[Rlog f (X7 (x))]
<log Ef(X%’v(x)) +E[Rlog R]
= log Py f(z) + Egp log R

e o [m- o
<log Py f(w) + @5 1. (T, |z — yl1) Y O, [(,) o ]2
im (D7) — ¢9(0)

and for any non-negative bounded Borel function f : R? — [0, 00)
(P f ()"
= (B[R (X5 "(x))])"
< (B (x4 (@) (B[R]

}2—21{1-

)

[€9(7) - €9(0)] ’

eV p
< Pt fP(x) - exp ®2 (T llz —yl) > Om,+— ——
p-l = (9 67) - 9 (0)]

Letting 0 T 1 finishes the proof. O

The following result is easy; for the sake of completeness, we include its simple proof.
Lemma 4.5. Assume (A). Then for any x € R? and t > 0,

. Le,v _ Lv
1561)(,5 (z) = X" (2).

Proof. FixT >0, e € (0,1), € RY and observe that for ¢ € [0, T
Lev £,v
[ (2) = X" (@) [

t .
< /0 Hbs (Xsée’v(x ) — (X[ v H1 ds + Z | e“)(t —e9(0) Wﬁ?’((f))\

t
eﬂ [ Hu( Hu( )
= /o k(s) u(||Xe¥(2) = XV (@)]],) ds + Z ’We(” tZ) ¢9 (0 Wf“)(tl) ]
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Since the processes X, (z) and X;"(x) are non-explosive the last integral expression
is finite. Applying Bihari’s lemma with g(e, t) := ZZ W WO W)

O )—eP ) W ) (1) | yields
that for any ¢ € [0, T
HXfe,v(:v) - vav(a:)Hl < G M (Gulgle,t) + K(1)).

Since (" (t) — £@(t), one has g(e,t) — 0 as € | 0. Combining this with G,,(0+) = —oo,
we find

li Xée,v XZ K3
im [|X; @ll, =
Hence,
IIE)IXZG’U( z) = X/"*(z) holds forall ¢ € [0,T].
The claim follows since T' > 0 is arbitrary. O

4.3 Proof of Theorem 4.2

The proof parallels the argument which we have used for Theorem 3.2; in particular,
Lemma 4.4 plays now the same role as Lemma 3.3 for the proof of Theorem 3.2.

The first step is to prove the log- and power-Harnack inequalities stated in i) and
ii) for deterministic time-changes and for continuous functions f € C,(R%). Lemma 3.2
has these inequalities for absolutely continuous time-changes and the operators P‘;
letting € | 0, we get them for general time-changes and the operators P%?.

Since the processes Z and V are independent of (W:(1) . JWHa (D)) we can indeed
treat them like deterministic processes Z = ¢ and V = v, i.e. just as in Theorem 3.2
the deterministically time-changed inequalities combined with the Jensen and Holder
inequality prove Theorem 4.2 i) and ii).

Finally, the gradient estimate follows immediately from i) and [1, Proposition 2.3].

4.4 Two examples

As in Section 3.3, we apply our results to two typical examples of stochastic time-
changes Z(9: subordinators and inverse subordinators.

Throughout this section we assume that (X;(z));>0 is the unique non-explosive
solution to the SDE (4.2) and P, f(z) = Ef(X:(x)). Combining Theorem 4.2 and [7,
Theorem 3.8 (a) and (b)], we obtain the following result.

Corollary 4.6. Assume that (4.1) and (A) hold, and that for eachi = 1,...,d, YAQRT
a subordinator with Bernstein function ¢; such that liminf, ., ¢;(r)r=® > 0 for some
a; > 0. Let
K1:=2 min — and kg:=2 max —.
1<i<d oy 1<i<d o
Then there exists some constant C' = Cy, ..y H,,.. H, > 0 such that the following
assertions i)-iii) hold.

i) For T > 0, x,y € R and all bounded Borel functions f : R? — [1,00)

Cd

Prlog f(y) <log Prf(x)+ T Al (I)i,k: (T, |z —yll1) -

If, in addition, liminf, o ¢;(r)r~® > 0 for each i, then

Cd

Prl <log P. Fe——
T ng(y) = log Tf(x)+ TrL N Tk2

@7 (T llz = yll)-
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ii) Assume that o; > 2H; /(1 + 2H;) for eachi =1,...,d. ForanyT >0, z,y € R%, p > 1
and all bounded Borel functions f : R¢ — [0, c0)

(Prf(y))" <Prf?(z) - exp Lﬁ}?l @7 1 (T, [l = ylh) (1 + T,ﬂ;l\T,Q>

)2 '

If, in addition, liminf, o ¢;(r)r~® > 0 for each i, then

Cdp @5 5, (T, ]lx — yl)
p < D . u,
(PTf(y)) —PTf (x) exp [p —1 Trr A\ Tk2

d 2 av72;vi(1704v)
p®2 (T, |l —ylly) \ 200 emy
+C(p—1)z ( ’k(p_l)z T a—2H;(i-ap) |,

i=1

iii) If (A) holds for u(s) = cs and some constant ¢ > 0, then forT > 0, z € R® and all
bounded Borel functions f : R —+ R

VP f2(z) < {PTfQ(Z‘) _ (PTf<q;))2} (T/\l (1 +c/ k(s oK (5) >

If, in addition, liminf, o ¢;(r)r~® > 0 for each i, then

2

T
‘VPTf|2(I) < {Psz(gj) — (PTf(x))z} % (1 +C/O k(S) ecK(s) d5>

If the Z() are inverse subordinators, we cannot expect that a power-Harnack inequal-
ity will hold, see Remark 3.8. Combining Lemma 3.6 with Theorem 4.2 i) & iii), we still
have the following corollary.

Corollary 4.7. Assume that (4.1) and (A) hold, and that Z") is foreachi=1,...,d an
inverse subordinator with Bernstein function ¢;.

Moreover, assume that limsup,. o ¢;(r)r~% < oo and limsup,._, , ¢;(r)r~* < oo for
some «; > 0. Let

K3 :=2 min H;o; and k4 := 2 max H;o;.
1<i<d 1<i<d

Then there exists some constant C = Cy, .., H,,. 0, > 0 such that the following
assertions i), ii) hold.

i) For T > 0, x,y € R? and all bounded Borel functions f : R¢ — [1, 00)

Cd

T g Qe (D llz =yl

Prlog f(y) <log Prf(x)+

ii) If (A) holds with u(s) = cs for some constant ¢ > 0, then forT > 0, z € R? and all
bounded Borel functions f : R —+ R

T 2
VPTf|2<x>s{PTf%x)—(PTf(x))Q}TKfAdTM<1+c / k<s>ecK<s>ds> _
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