n b
Electr® @biljty

Electron. J. Probab. 22 (2017), no. 65, 1-38.
ISSN: 1083-6489 DOI: 10.1214/17-EJP83

Spatial asymptotics for the parabolic Anderson model
driven by a Gaussian rough noise
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Abstract

The aim of this paper is to establish the almost sure asymptotic behavior as the space
variable becomes large, for the solution to the one spatial dimensional stochastic
heat equation driven by a Gaussian noise which is white in time and which has the
covariance structure of a fractional Brownian motion with Hurst parameter H € (i, %)
in the space variable.
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1 Introduction

This article is concerned with a linear stochastic heat equation on R, x R, formally

written as

ou  10%u .

—=—-——=+uW, t>0, z€R, 1.1

ot 20x2 - 1.1
where W is a Gaussian noise which is white in time and colored in space, and we are
interested in regimes where the spatial behavior of W is rougher than white noise. More
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Parabolic Anderson model

specifically, our noise can be seen as the formal space-time derivative of a centered
Gaussian process whose covariance is given by

1
EW(s,2)W(ty)] = 5 (2 + [y — |z =y ) (s A2, (1.2)

where ; < H < i. Thatis, W is a standard Brownian motion in time and a fractional
Brownian motion with Hurst parameter H in the space variable. Notice that the spatial
covariance of W, which is formally given by v(z — y) = H(2H — 1)|z — y[*? 2, is not
locally integrable when H < % It is in fact a nonpositive distribution, and therefore the
stochastic integration with respect to W cannot be handled by classical theories (see e.g.
[11, 10, 16]). However, one has recently been able (cf. [14]) to give a proper definition
of equation (1.1) and to solve it in a space of Holder continuous processes (see also the
recent work [2], covering the linear case (1.1)). We shall take those results for granted.

Let us now highlight the fact that space-time asymptotics for stochastic heat equations
like (1.1) have attracted a lot of attention in the recent past. This line of research stems
from different motivations, and among them let us quote the following. For a fixed t > 0,
the large scale behavior of the function = — u(¢,x) is dramatically influenced by the
presence of the noise W in (1.1) (as opposed to a deterministic equation with no noise).
One way to quantify this assertion is to analyze the asymptotic behavior of x — u(t, z) as
|z| = oo. Results in this sense include intermittency results, upper and lower bounds for
Mg = SUp|, <R u(t, ) contained in [8], and culminate in the sharp results obtained in [6].
Roughly speaking, in case of a white noise in time like in (1.2), those articles establish
that log(Mg) behaves like [log(R)]¥, for an exponent i) which depends on the spatial
covariance structure of 1. In particular, if the spatial covariance of W is described
by the Riesz kernel ||~ for « € (0, 1), one gets ¢ = ﬁ. This interpolates between a
regular situation in space (o = 0 and ¢ = 1/2) and the white noise setting (o = 1 and
1 = 2/3). In any case those results are in sharp contrast with the deterministic case, for
which z — u(t, ) stays bounded.

With these preliminaries in mind, the current contribution completes the space-time
asymptotic picture for the stochastic heat equation, covering very rough situations like
the ones described by (1.2). Namely, we shall get the following spatial asymptotics.

Theorem 1.1. Let W be the Gaussian field given by the covariance (1.2), and assume

% < H < % Let u be the unique solution to equation (1.1) driven by W with initial

condition uy = 1 (see Proposition 2.3 for a precise statement), and considert > 0. Then

(log R)_ﬁ log (max u(t, :v)) = co(H)(t€) o as., (1.3)

lim
R— o |z|<R

where € is the variational constant to be defined below in Proposition 3.1 and ¢y(H) is a
constant depending only on H, given by

co(H) = (1+ H) (%H)ﬁ (1> . (1.4)

with cy defined in (2.2).

Notice that the value of the limit in (1.3) coincides with the corresponding limit in
the case H > % obtained in [6]. In fact, with the change of variables H = 1 — 5 and
assuming that cy = 1 (that is, we take |¢|'72d¢ as the spectral measure), this limit

equals to
2—«
44—« 4E s 2-a
- t47cy’
4 2 -«

which is equal to the right-hand side of (1.20) in [6], when ap =1, d=1and 0 = 1.
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Let us say a few words about our strategy in order to prove Theorem 1.1. It can be
roughly divided in two main steps:
(i) Tail estimate for u(t,z). Let us fix t € R, and = € R. We will see (cf Corollary 4.5)
that for large a, we have

A 14H
W) 7 (1.5)

P (log(u(t,z)) > a) ~ exp (‘ iH

where ¢p; is determined by a variational problem. This stems, via some large deviation
arguments, from a sharp analysis of the high moments of u(¢,z). Namely, our main effort
in order to get the tail behavior will be to prove that for large m € IN, we have (see
Theorem 4.4)

E[(u(t,z))™] =~ exp (cHth%) : (1.6)

with a variational expression for cy. Towards this aim, we resort to a Feynman-Kac
representation for the moments of u(¢, ), which involves a kind of intersection local time
for an m-dimensional Brownian motion weighted by a singular potential. We are thus
able to relate the quantity E[(u(t,z))™] to a semi-group on L?(R™), and this semi-group
admits a generator A,, which can be expressed as the Laplace operator on R™ perturbed
by a singular distributional potential. Then we shall get our asymptotic result (1.6)
thanks to a careful spectral analysis of A4,,. The technicalities related to this step are
detailed in Sections 3 and 4.

(ii) Spatial behavior. Once the tail of log(u(t,z)) has been sharply estimated, we can
complete the study of the asymptotic behavior in the following way: on the interval
[-M, M] for large M, we are able to produce some random variables X1, ..., X such
that:

e N is of order 2M.

* X;p,...,Xn are i.i.d, and satisfy approximately (1.5). More precisely, for any
0 > 0, we shall prove that one can choose A conveniently so that the inequality
P(log(|X;|) > Mlog R) ™7 ) > R~(1=%) holds true for large R.

* X1,..., Xy are approximations of u(t,z1),...u(t,zar) with 1, ..., 25 € [-M, M].

¢ Fluctuations of v in small boxes around z1, ..., x are small.

With this information in hand, the behavior (log R) 7 in Theorem 1.1 can be heuristically
understood as follows: for an additional parameter A\, we have

N
P (maslos((,) < Mog I ) = [1 = P (tog(1,1) > Alog(m) )]
J<N
and thanks to the tail estimate (1.5), we obtain
P (rg%(log(|Xj|) < A[log R}H1H> ~ [1 —exp (¢ AT log R)]N.
WS

With some elementary calculus considerations, and playing with the extra parameter A,
one can now easily check that for R large enough

P (maxlog(|Xj|) < Allog R]l+lH> < exp(—R"),
J<N

with a positive v. Otherwise stated, we obtain an exponentially small probability of
1
having log(]X|) of order less than [log R|7+7. Using a Borel-Cantelli type argument and

the fact that fluctuations of u in small boxes around z1, ...,z are small, we thus prove
Theorem 1.1.
EJP 22 (2017), paper 65. http://www.imstat.org/ejp/
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As already mentioned, the spatial covariance + of the noise W driving equation (1.1) is
a nonpositive distribution. With respect to smoother cases such as the ones treated in [6],
this induces some serious additional difficulties which can be summarized as follows.
First, the variational asymptotic results involving the generator A,, cannot be reduced
to a one-dimensional situation due to the singularities of 7. We thus have to handle
a family of optimization problems in L?(R™) for arbitrarily large m. Then, still in the
part concerning the asymptotic behavior of m — E[(u(t, x))™], the upper bound obtained
in [6] relied heavily on a compactification by folding argument for which the positivity
of v was essential. This approach is no longer applicable here, and we have to replace
it by a coarse graining procedure. Finally, the localization procedure and the study of
fluctuations in the spatial behavior step of our proof, though similar in spirit to the one
in Conus et al. [9], is more involved in its implementation. More specifically, in our
case the moment estimates cannot be obtained by using sharp Burkholder inequalities,
because of the roughness of the noise. For this reason we use Wiener chaos expansions
and hypercontractivity, which are more suitable methods in our context. The fluctuation
estimates alluded to above are also obtained through chaos expansions.

The paper is organized as follows. Section 2 contains some preliminaries on stochastic
integration with respect to the rough noise W and the mild formulation of equation (1.1).
We introduce the variational quantities and their asymptotic behavior when time is large
in Section 3. Section 3.3 deals with Feynman-Kac semigroups and in Section 4 we derive
the precise moments asymptotics which are required to show Theorem 1.1. The proof of
Theorem 1.1 is given in Section 5. A technical lemma is proved in the appendix.

2 Multiplicative stochastic heat equation

This section is devoted to recall the basic existence and uniqueness results for the
stochastic equation with rough space-time noise.

2.1 Structure of the noise

Recall that we are considering a Gaussian field W whose covariance structure is
given by (1.2). As mentioned above, the stochastic integration with respect to W has
only been introduced recently in [2, 14], and we proceed now to a brief review of the
results therein.

Let us start by introducing our basic notation on Fourier transforms of functions.
The space of Schwartz functions is denoted by S. Its dual, the space of tempered
distributions, is §’. The Fourier transform of a function g € S is defined by

Fol€) = /R e g ) da,

so that the inverse Fourier transform is given by F~1g(¢) = (27) "1 Fg(-£).

Let D((0,00) x R) denote the space of real-valued infinitely differentiable functions
with compact support on (0, 00) x R. Taking into account the spectral representation of
the covariance function of the fractional Brownian motion in the case H < % provedin [15,
Theorem 3.1], we represent our noise W by a zero-mean Gaussian family {W(y), ¢ €
D((0,00) x R)} defined on a complete probability space (92, F,P), whose covariance
structure is given by

E (W () W()] = cx / Fools,€) Fo(5.€) p(de) ds, 2.1)

IPL+><R

where the Fourier transforms F¢, i) are understood as Fourier transforms in space
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only and where we have set
1
T om
We denote by v the Fourier transform of the measure p(d¢). Formally cyy(x)do(s) is the
covariance function of the generalized noise 7. However, notice that v is a generalized
function and the integral v(z) = [, e~ u(d¢) is not defined pointwise. Rather, it is
defined as a linear functional given by

/ Y(@)p(@)da = / Fo©)ulde),
R R

for any ¢ € S(R). As a generalized function, v is non-negative definite in the sense that

/ Y@ — y)p(@)p(y)dedy = / |Fo(€)Pu(dé) 20, e SMR).
RxR R

cr D(2H + 1)sin(zH), and pu(d¢) = |¢)' 27 de. (2.2)

On the other hand, v(z) (or more precisely, its truncated form) takes negative values
somewhere. As mentioned in the introduction, this fact makes the problem of spatial
asymptotics for equation (1.1) much harder than in [6].

Let H be the closure of D((0,c0) x R) under the semi-norm induced by the right-hand
side of (2.1). The Gaussian family W can be extended as an isonormal Gaussian process
W = {W(y),p € H} indexed by the Hilbert space H. The space H can be identified
with the homogenous Sobolev space of order % — H of functions with values in L?(R,),
namely H = Hz#(L2(R,)) (see [1] for the definition of Hz ),

Let us close this subsection by the definition of It6’s type integral in our context,
which will play a crucial role in the sequel. We will make use of the notation for any ¢ > 0
and ¢ € S(R)

W(t,9) = W(lpo.q0). (2.3)
For each ¢t > 0, we denote by F; the o-field generated by the random variables {W (s, ¢) :
s €10,t],¢ € S(R)}. The following proposition is borrowed from [14].

Proposition 2.1. Let L? be the space of predictable processes g defined on R, x
R such that almost surely g € H and E[||g||3,] < oo. Then, the stochastic integral
f]R+ [ 9(s,x) W (ds, dzx) is well defined for g € L. Furthermore, the following isometry
property holds true

B (/D{Jr/ﬁg(s,x)W(ds,dx))z

E [llgll3] (2.4)

en [ B[Fols OF] e asas

2.2 Stochastic heat equation with rough multiplicative noise

Recall that we are considering equation (1.1) driven by the noise described in Section

2.1. For the sake of simplicity, we shall moreover choose «(0,-) = 1 as the initial
condition.
Definition 2.2. Let u = {u(t,z),t > 0,2 € R} be a real-valued predictable stochastic
process. Assume that for allt > 0 and = € R the process {p;_s(z — y)u(s,y)1,4(s),0 <
s < t,y € R} is an element of L2, where p,(x) is the heat kernel on the real line related
to %A and L? is defined in Proposition 2.1. We say that u is a mild solution of (1.1) if for
allt > 0 and x € R we have

t
u(t,z) =1 +/ / pi—s(x — y)u(s,y)W(ds,dy) a.s., (2.5)
0o Jr

where the stochastic integral is understood in the It6 sense of Proposition 2.1.
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Let {B;, j > 1} be a collection of independent standard Brownian motions, all
independent of W. For all ¢t > 0 and j < k, we can define (see [14] again) the functional

Via(t) = / (B, (s) — Bu(s))ds, 2.6)

which is interpreted as the following limit in L?(£2)

t 2 .
Vik(t) = hm/ / 675|5|261§(Bj(5)*3k(5))ﬂ(d§)d5'
0o JR

e—0

With these notations in mind, let us quote an existence and uniqueness result for our
equation of interest.

Proposition 2.3. There is a unique nonnegative mild solution u to equation (2.5), un-
derstood as in Definition 2.2. Moreover, recalling our notation (2.6) above, we have:
(i) The following Feynman-Kac formula for the moments of u holds true form > 2

E[(u(t,2))"] = Ey [exp (caQm(t))], with Q(t) = Z Vi x (%), (2.7)

1<j<k<m

where {B;,j =1,...,m} is a family of independent standard Brownian motions starting
from x € R, and E, denotes the expected value with respect to the Wiener measure
shifted by x.

(ii) For any m > 1 and any « > 0 there exist some constants c; and co such that

Efexp (aQu(1))] < e1 exp (cam! e 2.8)

In particular, fort > 0 and x € R we have the existence of two constants c3 and c4
satisfying
E [(u(t,z))"] < cgexp (C4m1+%t> :

One of the main steps in our estimates will be to obtain a sharp refinement of
inequality (2.8).
3 Preliminaries on Dirichlet forms and semigroups

As mentioned in the Introduction, the semigroup related to a certain operator A,,
will play a prominent role in our analysis of the spatial behavior of u. The current section
defines and analyzes these objects.

3.1 Variational quantities

We will see in Section 4 that our sharp asymptotic estimates rely on an optimization
problem for some variational quantities related to equation (1.1). We now derive some
analytic properties of those quantities.

3.1.1 A variational form on R
Let us consider the following general problem: let C; be the space defined by
Ki={g€L’R): |g|=1andg €L*R)}. (3.1)

Next, for a given parameter # > 0 and g € K; set

y(9) =0 [ [P 16— 5 [ 19@)Pas, (32

We are interested in optimizing this kind of variational quantity, and here is a first result
in this direction.

EJP 22 (2017), paper 65. http://www.imstat.org/ejp/
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Proposition 3.1. For 6§ > 0 and g € K; consider the variational quantity Hy(g) defined
by (3.2) and set

& =sup {Hp(g) : g € K1}. (3.3)
Then the following holds true:
(i) The quantity & is finite for any 6 > 0.
(ii) Setting £ = &1, we have &y = 07 E.

Proof. Let us first focus on item (i). For any g € K7 and £ € R we have
| Fg?(6)| = ’ / e 9P (x)dx| < / |6%(x)| da = 1.
R R
In addition, an elementary integration by parts argument shows that
) 1 dg? .
/ e g (x) do = fi/ ( g> e dy,

R r \§ dz

Hence, for any £ € R and g € K1 we get
2 < —1 @ dr = 2 -1 / dr < 2 -1,/
| Fg* ()| < €l 77 (@)|dz = 2[¢| lg(2)lg’ ()ldz < 2[¢["[|g" |2,
R' QT R

where the last relation is due to Cauchy-Schwarz’ inequality plus the fact that ||g||zz =1
for g € K1. Consider now an additional parameter R > 0. Gathering the two bounds we
have obtained for | Fg?(¢)|, we end up with

/ ’]: 2(6)’2 |£‘1—2Hd€ < /R |£‘1—2Hd5+4|| /||2/ ‘5'—(1+2H)d€ _ R2_2H + 4||g/||§
LY =/ . Rl T 1-H  HRHA
We thus take R = Ry large enough, such that 3%z < 3. We get
1 0 R?—2H
9 2 1—2Hd _ 7/ / 2d < )
|17 162 =5 [ (o ePar < S

Since the quantity Ry does not depend on g, the above inequality is valid for all g € k5.
The proof of item (i) is thus finished.

In order to check item (ii), consider a parameter a > 0, and for g € K; set g,(z) =
a'/?g(ax). It is readily checked that g, € K; whenever g € K;. In addition, we have

fg(%(s)—fg?(f), and gl(z) = a*’g (az).

a
Plugging this information into the definition (3.2), we obtain
2
_ 2 _ a
Ho(a) = 00221 [ 7@ e ~as = 5 [ 1o (o)Pa.

We now choose a = 077, which yields Hy(g,) = 07 H, (g9). Our point (ii) is now easily
derived. O

Remark 3.2. Notice that Proposition 3.1 holds for any H € (0, %)
Remark 3.3. The variational quantity Hy is defined in (3.2) appealing to Fourier coordi-
nates. We could also have tried to introduce it in direct coordinates as

A 2(x)g? 1

Hy(g) = / % drdy — - / |9/ (z)*du. (3.4)

RxR |7 — Y 2 Jr

However, this quantity blows up for a broad class of functions in ;. Indeed, for g € K;
such that g > a > 0 on a neighborhood of 0, we have

2 2
T
RxR |T = Y {lzl<e}x{ly<e} 1T — ¥
EJP 22 (2017), paper 65. http://www.imstat.org/ejp/
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3.1.2 A variational form on R™

Fix m > 2. Our future computations also rely on the following variational quantity on
R™:
0 1
Kom() =2 3 [ @ —aef@de -5 [ VPl @)
]RI’IT’L m

m ‘
1<j<k<m

Notice that Ky ,, can also be interpreted as a Dirichlet form related to a Schrodinger
type generator Ay ,,, that is,

. 1 0
K&m(g) = <A9,mg7 g>L2(]Rm) ) with AO,m = §A + E Z fY(fL’j - xk) (36)
1<j<k<m

Observe, however, that Ky ,,, and Ay ,,, are only defined for smooth test functions, due to
the fact that v is a distribution.

Remark 3.4. The quantity Ky ,,,(g) can also be expressed in Fourier modes. Indeed, the
inverse Fourier transform of z € R™ — (z; — zx) is given by

k(€)= 161" 60(& + &) [ do(&)-

I#5,k

Hence for j < k we end up with

[ ey — o) gP@yde = [ 25000

where we define

j k
A 2 N S
Gix(\) = Fg?(0,...,0," X ,0,...,0,"=X,0,...,0). (3.7)
Summarizing, we have obtained
1 0
Kom(g) = — 2 > de+ — / MNY2H g () dA. 3.8
0onle) = ~5 [V 1Fa(6) S TPV e UL

3.2 Asymptotic results for principal eigenvalues

With those preliminary notions in hand, we now relate the principal eigenvalue of
Ap m with the quantity & following the methodology introduced in [7].

Proposition 3.5. Consider ¢ > 0 and the quantity Ky ,(g) given by (3.5). Define the set
K. (which is the equivalent of K for functions defined on R™) as follows

Km={9€L*R™): |glla=1and Vge L*(R™)}. (3.9)
We define the principal eigenvalue of the operator Ay ,, by
Xo,m = sup {Kp.m(9); g € K }. (3.10)

Then the following asymptotic behavior holds true

1
>\ m 0 "
lim bm _ 59/2 = (> g,

m—oo M 2

where we recall that & is defined by (3.3).
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Proof. We mostly focus on the upper bound, the lower bound being easier to obtain. To
this aim we divide the proof in several steps.

Step 1: Cutoff procedure. Observe that the results in [7] only hold for a pointwise defined
function v(z). For this reason we introduce the decomposition

M
)= e e i x 2 (g .
(=) /_M pld€) + /]R\[ MM] w(d€) = v (@) + va (@), (3.11)

where the above identity (namely the second term 7]2\4 (z)) is understood in the distribution
sense. Also notice that for j = 1,2, the function v}, can be seen as the Fourier transform
of the measure 1, where u}, and ;3, are defined as follows:

ppy (d€) = |f|1_2H1[—M,M] (§)d¢, and p3,(dE) = |§|1_2H1[—M,M]C(§) dg. (3.12)

Then, for any § € (0,1), we can write

sup Ko.m(9) < By, + Bow ars (3.13)
gEKm
where
) 0 1-6 )
Brar=swp ¢ — > | (e —an)g’(@)de — —— | |Vg()da
gEKm 1<]<k<m R™
and

0 )
Ba=sw it S [ b o)d@s -5 [ Ve

m
1<j<k<m

The term B, ), is handled by [7] and we obtain

m—oo M 2

9 H
lim 7B M= = €50, Wwith Iv}ln’l Currs.0 = () (1 — (5)1_%8, (3.14)
—00

where the limiting behavior for €, 5 ¢ is a direct consequence of Proposition 3.1.
Step 2: Upper bound for Bfn, - We claim that the following inequality holds

Bm u < m—1 sup 0/ 'yM( dx—f/ lg' (z de (3.15)
2 geK,

To show this inequality, we write

Z / 7M '_xk)g (l‘h...,xm)dxl...dxm

1<j<k<m
= 72 Z / '7]»[ )g (:L‘la"wxm)dxl"'dl‘m’
=1 k: kj
and
m
o o = Sl = Ty 3 3 9ol

Jj=1k: k#j
Replacing the supremum of the sum by a sum of supremums in the expression defining
B}, ,» we obtain

1 m
B72n,M < m sup {9 Z / 712\4(553‘_55) ( )dx_i Z ngz}
j=

19€Km L gy JR™ ki kj
1
= 5 sup Dy m(9), (3.16)
2 gELm
EJP 22 (2017), paper 65. http://www.imstat.org/ejp/
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where we have set
Dy (g —92/ fyM (xr, —1)g ( dm—izHV;@gHz. (3.17)

We now proceed to estimate the terms [, 73, (zx — #1)g*(x)dxz and Y, [ Vig||3 above.
In order to estimate the terms [i,, 73, (xx — 21)g*(x)dx, notice that

/}Rmi1 712\4(3% - x1)92(a:1, o xp)dEy - T,
- /]R ) var(@r) g (x1, w0 + 21 ..o, Ty + 1) dTy - - dTgy,
- /]Rm,lﬁAxk)gz(xl’xQ-~-,xm)dx2---dg;m’
where the function g : R™ — R is defined by

g(xlax2"'axm) :g(x1,$2+x1...,$m+$1)-

Now observe that g belongs to the space K,,, defined by (3.5). We thus obtain

Z/ PyJQM(xk—w1)92(x17...,xm)d;v:Z/ V3 (xr) G (21, . .., ) da.
k=2 R™ s JR™

As far as the terms ||Vg||3 in the definition of D,, 1/(g) are concerned, we just notice
that [|[Vig||3 = ||Vig|3 for every 2 < k < m. Hence, recalling the definition (3.17) of
Dy, m(g), for any g € K,,, we end up with

mé .
Dmn(g) = 92/ Vir(r) g’ (x)de — mZIIngH%

< sup {92/ e e — 0 Vil
gE}CﬂI m
and thus
Doile) < sup {02 [ g, - —Z ||vkg||2} (3.18)
9ELm
where for k = 2,..., m we have set
1/2
gr(xg) = </ gQ(xl,...,xm) H dmj) .
Rm=t 1<j<m, j#k
Let us further analyze the term ||Vg|3 = ”ng”%%ﬂ{m) above, and relate it with

193113 = Hg;‘CH%Q(R)‘ To this aim, it is readily checked that g, € K; whenever g € K,
Furthermore, we have

1

g (zr) = (/legQ(x) ﬁd%‘)_Q /}Rm 9(@)Vig(z dea

i#k i#k

By Cauchy-Schwarz’ inequality, we thus get

Igé(wk)IQS/ [Vig(z Hdarj, (3.19)
Rm

J7#k
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which yields
\|g;\|§=4|g;<xk>\2dxks||vkg||§7 k=2,...m.

Plugging this inequality into (3.18), we have obtained

Dym(g) < sup {92/ Var (@) g7 (zk) dwk—izll kHQ}

gEKm

and recalling relation (3.16), this yields

5w {0 Z/m r)gh (e dxr—Zn H

gEIC
-1
5 s {0 [ @t | |g'<x>|2dx},
geK, R R
which shows (3.15).

Step 3: Limiting behavior for BZLM. The estimate (3.15) implies

IN

Bm M

B2, 1
limsup —2 < = sup {9/ var () dx—é/ lg' ()] dm} (3.20)

m—oo m geK,

We now show that this variation goes to zero as M tends to co. This can be seen by a
simple integration by parts argument. For any g € K; we have

Fg(6) = /R e 2 ()i = { e (Y (@)dz = — L [F(Y ().

Hence Plancherel’s identity yields

/ 22 ()P () dr = / | Fo?(6)] pu(de) = / F(?)1(6)] €] -2H de
R {I¢1>M} {l¢|>M}

/ o (flFE© a)
4 1/2 " 1/2 g l
= (/{Iéle} I de) </]R 7t )](£)|2d§> B (ZH —1)1/2p2H-12 (3.21)

and it should be stressed that we are using our assumption H > 1/4 in order to get
nondivergent integrals above. In addition, another use of Plancherel’s identity enables

us to write
/ [[F(g*)1(€)| df—27r/ 1(g%) ()] dx—47r/ g*(x)|g (z)*dx. (3.22)
R R

We now get a uniform bound on g2. Since g € K; we have |g||2 = 1 and thus

() =2 / 9(9)g' (w)dy < 2lgllallg’l2 = 2019l

— 00

Plugging this information into (3.22) we obtain

/}R |[F(g2)1(6)] de < 4nlg'|13.

Finally, recalling (3.21) we can write

0 [ @5 [ 1@l < ol 1)),

EJP 22 (2017), paper 65. http://www.imstat.org/ejp/
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_..3 4 _ 271/29
where ¢(z) = az® — dz* and a = AE DA

we get a bound which is uniform over g € K

Optimizing over the values of z > 0

co*
0/72x92xd:575/ ¢ (@)Pde < ——r—,
R J\l( ) ( ) ]R| ( )| 63M2(4H_1)

with a (nonrelevant) constant c = %. Plugging this uniform bound into (3.20), we thus
easily end up with
2

B
—mM . (3.23)

lim lim sup
M—00 m—oo m

Step 4: Conclusion for the upper bound. Let us report our estimates (3.14) and (3.23)
into the upper bound (3.13). This trivially yields

lirnsupl sup Ko m(g) < (g) (1—5)17%5.

m—oo M gek,,

Step 5: Lower bound. In order to get the lower bound, we proceed to a direct verification,
replacing the class C,,, by the smaller class

Ko=14g(x) = Hgo(l’j), go € Ky
j=1

Towards this aim, we resort to the expression (3.8) of Ky ,,,(g) in Fourier modes. Then, for
g € Ky, it is readily checked that Fg(§) = [~ , Fgo(&) for all £ = (&1, ..., &). Invoking
this relation, plus the fact that gy € K1, we get

2 o m— 2 _ m !
[ 1€ 170 de = Cmmtm [ NP IF dr = @r)mm [l @),

and recalling that the functions §;;, are introduced in (3.7),

_ N _ 2
/R A2 30 () dA = /}R N2 | Fg2 ()] da.

Plugging those identities into the expression (3.8), we get

m O(m—1 _ 2
Kom(e) =5 [ Go(@)? das 2= [ -2t g P an

This quantity is easily related to the variational expression Hy(go) defined by (3.2), from

which the identity
1
Kom AN
lim sup 0’7(9) = <> &

m%oogelco m

is readily checked. This shows our lower bound and finishes the proof. O

3.3 Feynman-Kac semi-groups

For m > 1 and ¢t > 0, consider the quantity @,,(t) defined by (2.7). Our moment study
for the solution to (1.1) will rely on the spectral behavior of the following semi-group
acting on L%(R™)

c mlt
Tmig(z) = E, {g(B(t)) exp (HQ()H , (3.24)

m
where cy is the constant defined in (2.2) and = € R™ represents the initial condition for

the m-dimensional Brownian motion B appearing in (2.7). We now establish some basic
properties of those operators.
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Proposition 3.6. Let {1, ;, t > 0} be the family of operators introduced in (3.24). Then
the following properties hold true:
(i) The family {7}, t > 0} defines a semi-group of bounded self-adjoint operators on the
space L?(R™).
(ii) The generator of T, ; is given on test functions by A,, = A.,; » defined by (3.6), that
is ) o

Amg =509+ > vl — ).

1<j<k<m

There exists an integer mq > 1 such that for m > myg, A,, admits a self-adjoint extension
(still denoted by A,,), defined on a domain Dom(A,,) C L*(R™).

Proof. Let us first prove the boundedness of 7, ;. To this aim, notice that for g € L*(R™)

we have o (t))}
c Qm .

m

Tinsao)* = B2 |a(B(0) e
We now apply Cauchy-Schwarz’ inequality, together with relation (2.8), in order to get

2ch Qm (t)

Tag(@)]? < Ea [(2(B®)] Es {exp ( @

)] < et Ex [0°(B(1))]

Taking into account the fact that p:(z — -) is the density of B;, we obtain

Cm,H/ ET [92(Bt)] dx = Cm,H/ </ pt(x - y)QQ(y) dy) dx
— ot [ ([ a0 dr) )y = ol

which proves boundedness in L?(R™). The self-adjointness of 7,, ; is then easily derived.

It is also readily checked that the infinitesimal generator of T, ;, acting on test
functions in S(R™), is given by A,,. In addition, this operator is obviously symmetric.
In order to show that it admits a self-adjoint extension, it is sufficient (thanks to the
classical Freidrichs extension theorem) to show that

IN

||Tm,tgH%2(]Rm)

(Amg, 9) < cllgllizmm, (3.25)

for all ¢ € Dom(A,,) and for a constant ¢ > 0. We now prove this inequality for m
large enough: indeed, for all test functions we have (4,,9, g) = K,»(g), where we have
set K,,(9) = K.,.m(g) and Ky ,,(g) is defined by (3.5). The fact that there exists an
mo > 1 such that relation (3.25) holds for m > mg is then an immediate consequence of
Proposition 3.5. This finishes our proof. O

As in the proof of Proposition 3.5, our future considerations will also rely on a
truncated version of the operators T;,, ;. Let us label their definition for further use.

Definition 3.7. Consider a parameter M > 0, and the function v, defined by (3.11).
For m > 1 we introduce the following quantities, defined similarly to (2.7) but replacing
~ by the smoothed function v, given by (3.11):

t
h® = 5 [ B - Bus)ds, (3.26)
1<j<k<m”0
t
G = Y [ B - Bus)ds (3.27)
1<j,k<m 0
EJP 22 (2017), paper 65. http://www.imstat.org/ejp/
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Related to these Feynman-Kac functionals, we consider a family of operators {Tm, Mg, t >
0} acting on L?(R™), indexed by a parameter 6 > 0

9(B(t)) exp <9Q"’M(t)>] . (3.28)

Tm,IW,tg(x) =T,

m

The family of operators we have just introduced enjoys the following property.

Proposition 3.8. Let {Tm,M,t, t > 0} be the families of operators introduced in (3.28).
The conclusions of Proposition 3.6 remain true for this semi-group, with a generator

A, v given by

R 1 0
Aprig =280+ = 3 Abolas — a).
Mg = 589 + m 1<jk<m7M(x] T)

Furthermore, the following limiting behavior holds true for all x € R™
log (Tm)Mytl(w)>

lim
t—o00

= A1, (3.29)

where A, s is the principal eigenvalue ofAWM, defined similarly to (3.10) by

= 1
Am, v = sup} 0 Z / i (zj — 25)g? (z)dx — 5/ |Vg(x)]?dz; g € Km ¢, (3.30)
j k=17 B™ Rm

and where we recall that K,,, is introduced in (3.9).

Proof. The self-adjointness of T}, ys+ is completely classical and left to the reader. In
order to get the self-adjointness of A4,, s, we just realize that 73, : R — R is the inverse
Fourier transform of a function which is in L?(R) with compact support. Therefore lew
admits bounded derivatives of all order. The desired self-adjointness property is thus a
consequence of classical results, which are summarized e.g in [3]. Finally relation (3.29)
is a classical Feynman-Kac limit, for which we refer to [3, Theorem 4.1.6]. O

4 Asymptotic properties of the moments

As in [4, 6, 8], the spatial asymptotics for equation (2.5) will be established thanks
to a sharp estimate of the tail of u(t,0) for ¢t > 0 fixed. As we will see later, this can be
related to some estimates on the moments u(¢,0), and our next step will be to obtain
the exact asymptotic behavior (as m — oo) of these moments. Before we begin with this
task, we will reduce our problem thanks to a series of lemmas.

First let us observe that the generator we have considered for a proper normalization
procedure in Section 3.1 involves a sum of the form - > i<jekem Y(@j — x1), where
we emphasize the normalization by m. However, the quantity we manipulate in our
Feynman-Kac representation (2.7) is @Q,,(t), which does not exhibit this normalizing term.
We will introduce the missing normalization by a simple scaling argument.

Lemma 4.1. Let u be the solution to (1.1). Then the moments of v admit the following
representation

m

B [(u(t,0))"] = Eo [exp (”Qm“))] , @)

where t,,, = m/H¢.
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Proof. Start from expression (2.7) for E[(u(t,0))™], and recall that

Qm(t) = Z / / i€(B;(s)—Br(s)) ‘€|1 2ded8

1<j<k<m
Setting v = m!/# s in the time integral, and invoking the fact that B;(m~'/#.) is equal in
law to m~1/2H B;(.), we get

d) m E(B (v)— By, (v)
Qm(t) = W Z / / T ai/2H ‘§|1 2Hd§dv

1<j<k<m

—

We now set m~'/2H¢ = ) in the space integral above. This easily yields an equality in
law between Q,,(t) and m~1Q,,(t,,), and thus

B [(u(t,0))™] = Eq [exp (CHQm(tm)ﬂ , 4.2)

m

which corresponds to our claim. O

We now establish a couple of simple monotonicity properties for the quantity Q,,
which will feature in the sequel. The first one is related to our regularization procedure.

Lemma 4.2. Let Q}H’M be the quantity defined by (3.26) and let o be a positive constant.
Then, the map M +— Eqlexp(a@,, 5, (t))] is increasing.

Proof. Consider M > 0. Then we have

By [exp(a@hpr ()] = 3 T [(Qﬁ,Mu))) 5}

n=0

(4.3)

We now show that, for any fixed n > 1, the map M — Eo[(Q), 5(t)))"] is increasing.
Indeed, recalling our notation (3.12) for u - it is readily checked that

Eq {( o ( } H Z /0 t]w/n Eq {eizle £z(le(sz)kal(sz))} (1}, 187(dg) ds

1=11<5<k;<m
4.4)

where we use the simple convention d§ = d¢; - - - d&,, and ds = ds; - - - ds,,. Now notice
that for all 7, k,l we have

0 [eizln;l &(Bj, (Sl)—Bkl(Sl)):| >0

This easily yields the fact that M — Eo[(aQ), ,,(t)))"] is increasing. Going back to our
decomposition (4.3), we have thus obtained that M — Eo[exp(aQ}, ,,(t))] is increasing.
O

The second monotonicity property we need concerns the dependence with respect to
the initial condition for our underlying Brownian motion.
Lemma 4.3. Recall that B = {B(s) = (B1(s),...,Bm(s)),s > 0} is an m-dimensional
Brownian motion. For any z € R™, recall that we use IE, to denote the mathematical
expectation with respect to B with B(0) = x. Then the following relation is verified for
allm>1,t>0,0>0andxz € R™

o (). o ().

For any fixed M > 0, the same property holds true for Q}, ,,(t) and Q2, ,,(t).
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Proof. We focus on the property for @,,, the equivalent for Qin, u (@ =1,2) being shown
exactly in the same way. Furthermore, resorting to expansion (4.3) as in the previous
proof, our claim can be reduced to show that

Eo [(Qm(t)"] = By [(Qm(t))"],  foralln>1, (4.5)

We now focus on relation (4.5).
In order to show (4.5), we first decompose the moments of @, (¢) similarly to (4.4)

B Q@)= [ [ BolDna] pe) ®.6)

where we have set Dy = [[121 Y1)y cpy<m €15 ) e t(Bils)=Bx(s0) - Furthermore,
one can reorder terms in the quantity D,, ,, and obtain

Dmn: Z C(jl)'"7jnak1a"'7kn)eizzllEZ(B“(SZ)_BM(SZ))7

where the constants C(j1,...,jn, k1,...,ks) satisty |C(j1,...,Jn, k1, kn)| = 1. It
should also be noticed that

Z et iz §i(Bjy (s1) =Bk (s1)) — H Z et€1(Bj(s1)—=Bx(s1)) 4.7)
PR Sy S I=11<j<k<m

3 <kp.Vi=1,...,n

Hence, taking the mathematical expectation yields

IE10 [Dm,n} =

S Clrdn ks Ra) By [ef X 6 )= ()]

IA
=
o
m@»
7
0K
I
=
B
T
w
=
B
N

where the inequality follows from the fact that e’ 2= &(Bi (s)=Bk, (s1))] > 0. Plugging
this information into (4.6) and taking (4.7) into account, we thus end up with.

E, [(Qm(t))"]g/[ ]/(]R ) E, H Z et€1(Bj(s1)=Bi(s1)) ,U®"(df)d8
0,¢]mJ (Rm)n

1=11<j<k<m
=T [(Qm(t))"].
This proves (4.5), and thus our claim. O

We are now ready to prove our main asymptotic theorem for moments of u.
Theorem 4.4. Lett € Ry and x € R. Then the following asymptotic result holds true

lim ——— log (E[(u(t,2))™]) = (C—H)% et, 4.8)

m—o0 m1+ H 2
where £ = £; denotes the constant given by relation (3.3).

Proof. Recall that the law of u(t,z) does not depend on z, and we thus start from
expression (4.1) for E[(u(¢,0))™]. With a lower bound in mind, our first task will be to
relate this expression to the semi-group 7, ; introduced in (3.24).
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Step 1: Spectral representation. Let us consider a function g : R — R with support in a
given interval [—a, a]. For m > 1 we define g, = ¢®™, that is,

gm : R™ — R™, x:(acl,...,xm)»—>Hg(xj).

Owing to Lemma 4.3 plus the trivial relation Hgg (‘T) <1, we have

Elw(t,0)"] > (20" /[] E, [exp (HQ;;;“T"’)} dx

Clolza) ™" [

[7a1a]m

Y

m

G (), [gm(B(tm))eXp (CHQ"L“)H da.

Invoking our definition (3.24), we have thus obtained

<Tm,tmgm ) gm>L2 (]Rm)

E [(u(t,0))™] > = (4.9)

(2llgll3%.a)
We now consider a small parameter ¢ > 0. We also recall our definitions (3.5) and
(3.6) for K¢, and Ay, and set Ky, := K., m (resp. A,, := A.,, m) to alleviate notations.

Owing to our computations in the proof of Proposition 3.5 (Step 5), we can choose g
satisfying ||g||z2(r) = 1 and such that

> €y —e, where & — (%’)ﬁ £ (4.10)

lim inf M

m—00 m

This quantity can be related to the semi-group 7, in the following way. Due to the
fact that A,, is self-adjoint (see Proposition 3.6), 1}, ; admits a spectral representation
related to its generator. Hence, since ||g||z2(r) = 1, there exists a probability measure v,
on R such that:

<Tm,tmgm7 gm>L2(]Rm) = / eXp(tm)‘) Vg(dA) 2 exp (tm/ /\Vg(d)‘)> ’
R R
which yields

<Tm,tmgma gm>L2(]R’") > exp (tm <Amg7 g>L2(]Rm)) = exp (thm(gm)) . (4.11)

Plugging this information into (4.9) and recalling that g satisfies (4.10), we end up with
the following inequality, valid for m large enough

u m exp (tm Km(gm)) exp (mty, (§g —¢))
Blt0)™) 2 =opEa™ = @lka”

Step 2: Lower bound. Starting from (4.12), the desired lower bound is now easily
derived: taking into account the fact that mt,, = mitat, we get (for m large enough)

_ log (2[|g[l3.a)

1
mH

(4.12)

— 7 log (B[(u(t,0))"]) = (€n — &)t

mita
Taking limits in m and recalling that we have chosen an arbitrarily small ¢, we have
proved that
1
lim inf ——— log (E{(u(t,0))"]) > Ent,

m—oo mlta

which is corresponds to our claim.
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Step 3: Cut-off in the Feynman-Kac representation. Let us go back to the Feynman-Kac
representation of moments for u(¢, ) given by (2.7), and write the quantity @Q,,(¢) therein

as
Qu(t)= ) /t / BB (g ) ds.
0 JR

1<j<k<m

In order to get the upper bound part of our theorem, we shall replace the quantity @, (),
with its diverging high frequency modes, by the quantity Q}n’ u (t) defined in (3.26). To
this aim, recall that vi,,73,, u},, u2, are defined in (3.11)-(3.12), and notice that we have

Qu(t) = Qo ar() + Qo ar(8), With Q1 ()= > /ka(Bj(S)—Bk(S))d&

1<j<k<m
(4.13)
Our cut-off procedure is now expressed in the following form. For two conjugate

exponents p,q > 1, Holder’s inequality yields
c L tm c 2 tm
exp (pH Qm’M( ) exp 9CH W, M Pm) HQm’M( ) . (4.149)
m m

We will prove that our study can be reduced to analysis of the term Q}n’ o by showing

that for an arbitrary ¢ > 1
c 2 to
(q # Qi ))D <0 w15)
m

Step 4: Proof of (4.15). Let us generalize somehow our problem, and show that for any

6 > 0 we have
<0Q$n,A4(t"l))]
exp | —————
m

(4.106)

E[(u(t,0))"] < Ey/? By

1
lim limsup —— log (Eé/q exp

T
M—0o m—co mitw

1
lim limsup ——log (Ro prm) <0, with R arm = Eo
M—00 m—ooo mlitTH B B

Also notice that

m

1 o % i(s)— s
72n,]v1(tm) = 5 ZZ/@ /]Re €(B;(s)=Bu( )),U,i[(df)ds

=1 k#j

A rough bound on Ry . is thus obtained by applying Hoélder’s inequality, similarly to
[7, Section 3]

IN

RO,M7m

m m 6 t,’n’ )
TTE™ oo (23 / / GBS () =Br(o) 42 (de)ds
paie} Jo IR

k#j
0 o [im -
= IEg |exp 52/0 /]Re’f(B"(3)_B1(s))/ﬁw(d€)ds ) (4.17)
=2

We shall now prove that

t’"" .
Ronim < Bt {exp (Z / / e’gB(s)u?w(df)dsﬂ . (4.18)
0 R

Indeed, a simple series expansion for the exponential function in (4.17) reveals that
Ro.Mom < Y50 3051 Lns With

L= Y / / Ep [e€ 21 Pu =2 T] 13 (dg) dsr
[0,ts]™ JR™ =1

Jiseenjn=2
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In addition, observe that
{ €Y1y (B, (s)— fh(s))} — T, {ez’szrzl le<s>} Eo {eﬂ'szrzl Bl(s)} _

Owing to the fact that Eg[e’¢ 2i=1 5 ()] > 0 and Eo[e~ %4 2Xi=1 B1(9)] € (0,1), we end up
with

Ly,

IN

Z / / EO lﬁzz 1 By, S)} ﬁ‘u d& dsl
0,t, n

Gn=2 =1

m t’VYL .
3 /0 /]R B 2 (de) ds
=2

Invoking the series expansion of the exponential function again, this last bound easily
yields our claim (4.18).

Starting from (4.18), we can prove (4.15). To this aim, a direct consequence of (4.18)
is the following inequality

tm .
! —log (Ro,m,m) < 11 log  Eo |exp 0 B 2 (de)ds . (4.19)
1+ mHe 2 0 R

Furthermore, some positivity arguments similar to the one we resorted to in Lemma 4.2

show that
0 [tm]—‘rl B
exp 5/ /elf ) p2,(de)ds | |,
0 R

tm
E, [exp (Z [ eif“%w(de)ds)] < Eq
0 R

where [z] denotes the integer part of a real number z. Hence, applying successively
Markov’s property for B and Lemma 4.3, we get

tm
Ey [exp (g/o /ReigB(S),u?w(df)ds>} < SEEE[W [exp( // ’53() 2 2 (d&)d )}

]Eg’”]Jr1 [exp (/ /eiEB(S)/ﬁV[(dE)dS)] )
2Jo Jr
Plugging this inequality into (4.19) yields

iH log (Ro.n1.m) < . LH log (]E0 [exp( / / B 3 )dsﬂ)
2t log (EO {exp (2 /0 /}R eifB<S>#ﬁ4(dg)ds>D.

Summarizing, we have obtained that

1
lim limsup —— log (Rg,a1,m) < hm log <IE0 [exp( / / i&B S) 2 (d&)d ﬂ) =0,
M—00 mooo mitw

where the last relation can be seen by means of some elementary computations, very
similar to the ones displayed in [14, p. 50]. This finishes the proof of (4.15).

A

IN

A

IN

Step 5: An expression with diagonal terms. Let us now focus on the behavior of the
quantity Qm u (t) defined by (4.13). Specifically, having (4.13) and (4.14) in mind, we

wish to find the asymptotic behavior of
(962371,]\4 (tm) > 1
exp| — s
m
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for a given parameter 6 > 0. We wish to reduce this asymptotic study to an evaluation
involving Feynman-Kac semigroups. A first step in this direction is to realize that, since
the cut-off measure p}, is now finite, the asymptotic behavior of m — E[(u(t,z))™] is
not perturbed by adding the diagonal terms corresponding to j = k in the sum defining
Q.0 (t). That is, one can replace Q;, ,,(t) by

m t t
Qn®= > [ [ e oson @ = [ [ (.0 ubtdeyas, @20
o Jr 0o JR
where we have set hp(s, &) = Y -, e5i(),
Indeed, let us recast Definition (3.26) as
t
Q= Y @byl where gy ()= [ [ OO @)as
1<j<k<m 0o JR

Now it is readily checked that the diagonal terms quL o can be expressed as

y t M
Q%,M(t) = / / |§|1_2Hd£ ds = Cl’HtMQ_QH,
0 —-M

Thus, recalling the definition (4.20) of Q}TL’M(t) = kazl qfr’f’M(t), we have

AL, (0) == Eq

m

A1
exp (Wﬂ — exp (etMQ—QHm%) AL 1(20), 4.21)

where we have replaced 0 by 20 as a parameter of A}n, - due to repetitions of off
diagonal terms in the definition of Q}n - This easily entails that
lim sup moE log (A}, 3(0)) = limsup m=E log (fl,l,%M) . (4.22)
m— o0 m—r oo
Recalling once again our formula (2.7), we now focus on the evaluation of /l}m M-

Step 6: A coarse graining procedure. Thanks to relation (4.22), our problem is reduced
to a Feynman-Kac asymptotics for the semi-group related to A}n, v - However, the semi-

group Tm M, is considered in Proposition 3.8 with m, M fixed and ¢ — oo. In contrast,
we consider here a situation where both m and ¢,, are going to co. We solve this problem
by a coarse graining type procedure which is described below.

To this aim, consider a fixed p € IN and let us decompose m as m = np + r with
n,r € Nand 0 <r <n — 1. We can write

n pj—1

2
t
L) = /0 /R SN e8|yl (de)ds,

j=0 k=0

where p; = pfor0 < j <n—1and p, = r+ 1. Then invoke the elementary relation
|30 2i1? < (n+1) 327 |2% valid on C, to get

n_ooet pj—1
an,M(t)) <(n+1) Z/ / Z i€ Bip+r(s)
j=070 JR | ;g

Thanks to the independence of the Brownian motions and the definition (4.21) of /Al,lm Mo

we thus obtain
(9@3%,M<tm)>]
exXp| —— <
m
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where we set 0, =

tm P
Iy v (tm) = Eo |exp 9,,/ /
0 IR {p—

pag (d€)ds

2
Z £t€Br(5)

In relation (4.23), the remainder term Rm, M (tm) is defined by

t77l
Ry at(tm) = Eo |exp / /
R

and notice that we also have

par(dé)ds | |

Z ez£Bk s)

0
0,——| <
pp‘

12

) (4.24)
pn

Let us now evaluate the term I, w (tm) above. To this aim, we linearize our expression
again and write

t P 2
/ / 3 )
o JR |
Related to this expression, consider the semi-group Tp7 u,: defined by (3.28), for a

parameter 6 = 0,. Then it is readily checked that fp’M(tm) = prM’tl(O). We can now
apply Proposition 3.8 and relation (4.24), which yields

. log (fp,M (tm)>

m—o0o tm

1y dfds—Z/’yM — Bi(s)) ds.

= Aot (4.25)

where ), s is given by (3.30) with 6 replaced by %. Along the same lines, one can also
check that

log (Em,M(tm))

tm

lim =0. (4.26)
m—r0oQ0

Step 7: Conclusion for the upper bound. Let us go back to decomposition (4.23) and
invoke relation (4.26) in order to write

i log (A () < —tog (Tar(tn)) + 2

_ (;) (mm’”) . 1og( ot )) + Emots

where lim,;, ,o €m,ar = 0. Plugging the limiting behavior (4.25) into this inequality, we
end up with

limsup ——
m—oo 1M

- log (AL (0)) <t %

This bound is valid for any p € IN, and a small variation of Proposition 3.5 (replacing the
distribution v by its smoothed version 71, and summing over diagonal terms) asserts
that for all M > 0 there exists a quantity s (#) verifying:

1+

lim Ap.M =y (0), and lim Ay (0) = &p.

p—o0 P M — oo

This yields our upper bound taking into account (4.15), the fact that we consider A}m Q)
with § = ZZ% and p arbitrarily close to 1, plus relation (4.22). O
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Using Corollary 1.2.5 in [3] we deduce the following corollary.

Corollary 4.5. Consider the solution u of equation (1.1). Then the following tail estimate
holds true
lim o~ ) log (P (log(u(t, 2)) > a)) = —ém.4, (4.27)

a—» 00

where the constant ¢y ¢ is defined by

(1))

Remark 4.6. Denote by gy ; the quantity showing up in the right hand side of equation

(1.3). Then we have ¢y, = q;(tHH).

CH,t =

Proof of Corollary 4.5. Recall that we have proved Theorem 4.4. Furthermore, some
simple arguments based on Holder’s inequality allow us to extend this result to real
valued powers. Namely, the limit in (4.8) can be taken along positive real numbers
instead of integers.

Let us thus consider a sequence of real numbers (a,),>1 converging to co. Re-
lated to this sequence, we also introduce the sequence of random variables Y,, =
agl/H log(u(t, z)), and the sequence (p;,),>1 with p,, = a}fﬁ. Then a direct application
of (4.8) yields, for an additional parameter 8 > 0

1

lim — log (E [exp (8pnYa)]) = A(8), where A(B)E(C—H)ﬁté’@*%. (4.28)

n—o00 Py 2

Notice that the above asymptotic result does not enable a direct application of Ellis-
Gartner’s theorem, since the limit in (4.28) is only obtained for 5 > 0 (while Ellis-Gartner
would require limits for § < 0 too). We will thus apply a large deviation theorem for
positive random variables (Theorem 1.2.3 in [3]), which can be summarized as follows.
Assume relation (4.28) holds true for 5 > 0, and define A* as

A*(N) = sup {AB8 — A(8)} . (4.29)

If A* is smooth and convex on (0, ), and if limy_, ., A*(\) = oo, then the following tail
estimate holds true for A > 0

lim - log (P (Y, > A)) = —A*(A). (4.30)

n— oo pn

The application of the latter result raises 2 additional questions that we address now,
similarly to what is done in [5]:
(i) Our random variable Y,, is not positive. However, observe that

sgn(Y,,) = sgn(Y7) = sgn (log(u(t,z))), and P (Y; >0) > 0.
We thus decompose the exponential moments of Y,, into

E [exp (BpnYn)]
=E [exp (BpaYn) | Y1 < 0] P (Y1 < 0) + E [exp (BpnYn) | Y1 > 0] P (Y1 > 0)
<1+E [exp (BpnYn) | Y1 > 0].

Owing to this relation, plus our limiting result (4.28), it is readily checked that

lim 1 log (I [exp (BpnYn) | Y1 > 0]) = A(B).

n— 00 pn
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Furthermore, conditioned to the event (Y; > 0), the random variable Y,, can be consid-
ered as positive.
(ii) One can easily compute A* thanks to relation (4.29), and the reader can check that
A*(X\) = ég AT In particular, A* is smooth and convex on (0, ), and we also have
lim )00 A*(A) = 0.

Taking into account the last considerations, we have thus obtained a conditioned
version of (4.30), that is

lim ilog (P (Yo = A Y1 >0)) = —A"(N).

One can then transform this relation into a nonconditioned one, owing to the fact that
P(Y; > 0) is a fixed strictly positive quantity. Recalling the notation for Y;, and p,, we
end up with

lim %% log (]P (log(u(t,as)) > an% A)) = —6H,t)\1+H~

n—oo
an

Some elementary changes of variable now yield our claim (4.27). O

Remark 4.7. Notice that the constant ¢m; appearing in (4.27) is precisely
co(H) ™7 (t€)~H, where co(H) is defined in (1.4).

5 Proof of Theorem 1.1

In this section we start from the tail behavior for the random variable log(u(t, z))
provided by (4.27). We carry out a localization and discretization procedure which will
allow us to evaluate the growth of « — w(t, x).

5.1 Proof of the lower bound by localization

Our approach is based on a method (introduced in [8] and [9]) involving localizations
of the driving noise W in the space-time domain. Let us start by some elementary
preliminaries (whose proofs are left to the reader) concerning the localizing function.

Lemma 5.1. Let ¢ be the function defined by:

1—
Uz) = %7 x € R, orequivalently F{(&)=(1— |§|)I{|§|S1} , CER.

For any /3 > 0 define {3(x) = B¢(Bx). Then the Fourier transform of {g(z) is given by:

Fls(€) = (1 - |§|> Ijei<py, §€R. (5.1)

We now give a representation of the noise W as a convolution of a certain kernel with
respect to a space-time white noise.

Lemma 5.2. Let 7 be the distribution defined by

= (57) " et rae= (57 ().

Then the Gaussian field {W(t,¢),t > 0,¢ € S(R)} introduced in (2.3) can be represented
as

W(t, ) = / /R (6% 7) ()W (ds, dx), (5.2)

where W is a standard space-time white noise on R?.
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Proof. 1t is easily checked that 4 * ¥ = cy~y is the spatial covariance of the fractional
Brownian sheet W. In fact,

. . c 1 1
Guq = L)« F(EE) = enFu=cur.

Let now W be the Gaussian field given by (5.2). Then for any s,t > 0 and ¢, 9 € S(R),
we can write:

EW(t, )W (s,¥)] = (sAt){¢*F, ¥ *F)2m) = 2m) " (s At(F (P %), F(v %)) r2(r)
= (2n) (s A)(FOFF, FOFA) 12(w)
— cu(s 1) [ FoOFO@nlde), (5.3)
R
which corresponds to expression (2.1). O

We now turn to a description of the localized approximation of u which will be used
in the sequel. For this step, we fix a parameter 8 > 1 and consider the approximation
{Ws(t,d),¢ € S(R)} of the fractional Brownian field W defined by

Wolt.0) = [ [ (FH)5] 5 0) )W (ds. o). (5.4)

From (5.4) we obtain the following expression for the covariance function of the random
field {Ws(t, 0),t > 0,6 € S(R)}:

E (W (t, )W (t, )] = tex /R (0 | - |3~ H)2 (&) F (&) Fob (€ (5.5)

Notice that /s is an approximation of the identity as § tends to infinity, so that W3 has to
be seen as an approximation of W. On the other hand, the spatial covariance of the noise
W, given by (Flg)% = (F{3)7, has compact support. In this sense we call it localized.

Remark 5.3. We have followed the notation of [8] for our localization step. However let
us stress the fact that, though the localization is made through the Fourier transform of
£, it is a localization in direct spatial coordinates.

Having the approximation (5.4) in hand, we can now define the following Picard
approximation of the solution u to equation (1.1). Namely, we set Up ¢(t,z) = 1 and for
n > 1, we define

t BVt
Unmiata) =1+ [ [ by = 0)Usn(s.0) Wlds. dy). (5.6)
0 Jz—pvit

The next result states the independence of the random variables {Ugs ,, (¢, x;),¢ > 1} if the
points z;’s are far enough from each other. This property is crucial in order to establish
our almost sure spatial behavior.

Lemma 5.4. Choose any fixed § > 1 and let n = [log ] + 1. Then for any sequence of
points {x; < xy < ---} such that ;11 — x; > 2nB(1 + \/t) for each i > 1, the random
variables {Ugs ,,(t, z;),i > 1}, defined by (5.6), are independent.

Proof. The proof is exactly the same as the proof of Lemma 5.4 of [9], and is omitted for
sake of conciseness. O

Next let us recall the following elementary result borrowed from [14], which will help
us to bound moments of iterated integrals.
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Lemma 5.5. Form > 1leta € (—1+¢,1)™ withe > 0 and set |o| = " | a;. Fort € (0,71,
the m-th dimensional simplex over [0,t] is denoted by S,,(t) = {(r1,72,...,7m) € R™:
0<ry <---<ry, <t} Then there is a constant ¢ > 0 such that

cmt\aH—m

Tt ) ;:/ (ri = rio)®dr < =
sm(t),l;[l I(je| +m+1)

where by convention, rq = 0.

The random field u(t, z) admits a chaos expansion (see, for instance, formula (5.9) in
[14]). Namely, we have

00
u(t>x) = ZITL(fTL('7t7x))7 (5.7)
n=0
where fy(t,z) =1 and for any n > 1,
fn(317 T1yeeeySny Tn, tv .’E) = Eptfsa(n) (:C - xa(n)) o 'ps(,(g)fs(,(l) (xa(Q) - xa(l)) . (58)

Here o denotes the permutation of {1,2,...,n} such that 0 < s,y < -+ < 55(,) <t and
I,, is the multiple It6-Wiener integral with respect to the fractional Brownian field W.
The same kind of formula holds for Ug, , (¢, z) defined by (5.6). Namely, denote by pB)
the kernel defined by
PP (s, tiy) = Pr—s(Y) 1y 1<pviy -

Then for n > 1, one can recast formula (5.6) as

¢
Ugnii(t,z) =1 +/ / PP (s, t;y — 2)Up (s, y)Wa(ds, dy).
0o JR

By iteration, similarly to [14] and (5.7), we have

Upn(t, ) =Y T r(for(-t2)), (5.9)
k=0

where f30(t,z) =1and for k > 1,

B) (85(1), 80(2): To(2) = To(1))-

(5.10)
In the above expression, I3 j, is the multiple It6-Wiener integral of order k£ with respect
to the Gaussian process Wj(t, z). In the next proposition we are going to show that the
sequence Up ,,(t,x) converges in L?, and defines a random field Us(t, z) given by

1
fok(s1,21,..., 8, 2k, 1, 0) = ﬁp(ﬁ)(sa(k)vux — To@k)) P

Us(t,2) = Ign(fon(t2)). (5.11)
n=0

On the other hand, we will also see that Us(t, ) converges in L? to u(t,z) as 3 tends to
infinity.

Proposition 5.6. For any (t,z) € Ry x R and for any p > 1, the sequence Ug (¢, )
defined by (5.6) converges in LP to the random variable Ug(t, x) defined by (5.11), asn
tends to infinity. Furthermore, we have the following estimates for the differences of the
solutions: there is a finite constant C (dependent on t but independent of 8 and p) such
that forany 8 > 1 andp > 2,

lut,2) = Us(t, ) ooy < B~ exp (CpH) (5.12)
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and for two constants ci,co > 0:

c 1/2\n N
Usn(t2) = Ustt ) oo < 7 oy o0 (can) 5.13)

Tr(2E+1

Proof. In order to simplify the notation we will omit the dependence on (¢, x) in some of
the terms of our computations. The proof will be done in several steps.

Step 1: Estimates on a fixed chaos. In this step we consider a fixed chaos n. Having
expressions (5.7) and(5.11) in mind, we shall estimate the expectation E[|I,(f,) —
I5.(f5.n)|%]- Let us start with the following decomposition:

E(|L(fn) = Isn(f3)l?] < 2E[Li(fn) = In(fa,0)°] + 2E[ L (f5.0) — Ig.n(fan)]°]
= 2(A; + Ay), (5.14)

and let us estimate A; and A, separately.
Consider first the term A;. Some elementary computation reveals that the Fourier
transform of f, is given by

n

1 _, Cl(e e e 2
ffn(sla 617 ey Snagn) = Ee i@(&o ()t Heo (1) H e 2 (S04 =se@)léom T oo P
: =1

where we have used the convention s, 1) = t. The same kind of computation can be
performed for f5,,. Specifically, let p(?)(s,t;¢) be the Fourier transform of p(¥ (s, t; z),
namely,

1 BVt ) 22
PO (s,1:6) = —— / e T (5.15)
2r(t —s) J-pvi

Then the Fourier transform of f3,, is given by

n

]:fﬂ,n(sla§17 .. S'rwgn = H Scr (i)s So(i+1)s ga( ) +o 50(1))e_ix(ga(")-i_m-i_gd(l)).
B (5.16)

In the sequel, we also make use of the notation

~(8) _ pB)(

A So(i)s Sa(ja1)i Eal) -+ + &) — € TG TG H o P (5.17)

Now a straightforward application of Parseval’s identity yields

Al n'”‘]:fn -

/Ot]n/n

_n(&a(n)-i- +Eo(1)) H e—%(Sa(i+1)—Sa(i))\fcr(i)-i-w-i-fo(l)|2

i=1

/\”Xp, )

o—iT Eomy+F+Eaq1)) Hp(ﬁ) So(i)s So(it1)} 50(1 ._|_€U(1))
1=1

2 n
[T 161" 2" deds,
=1

where we have set d§ = d¢; - - - d§,,, ds = ds; - - - ds,, and where A denotes the Lebesgue
measure. Thus, using a telescoping sum argument, we can write

n n
A< A, (5.18)
| 2
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where we recall that we have defined ﬁgﬂ ) in (5.17), and where we set:

2 n
ol ‘ H e_%(SU('i+1)_Sa(i))‘ga(i)""'“'i'&a(l) |2

e, Lo
[O,t]” n

i=j+1

2 n
[T1s1' " deds . (5.19)

i=1

P (S0(i)s So(ia1)i Eotiy T+ + Eo(1))

For the time being, denote ¢ = s,(;11), $ = So(j), 1 = §o(j) T+ + &o(1), let C be a generic
constant (possibly depending on H and ¢), and let us estimate ,6;-6 ) Itis easy to see that

p(ﬁ) (8, t; 7]) _ e*%(t*S)HQ — eifﬁﬁ—z(fifs)dx

v |
t—s) Jje|2pVi

cos(nx)e 2<t S dx

V2m(t —s) /|x|>5\[

= 777 ol s)e 2(t7 D) 51n(775\/) , ﬁﬂ o s /z|>5\f

Therefore, trivially bounding |sin(nz)| by 1 in the integral above, we get

1pB) (s, ) — e~ < O &

- \nlx/t—s

On the other hand, it is readily checked from (5.17) that [p(*) (s, ;)| is bounded by a
constant C'. Thus, for any 0 € [0, 1] (possibly depending on n), we have

(8) . = 1—s)n? L _B2%e
Pt e |§|n|9(t—s)9/2e ’

22
sin(nx)de” o)

(5.20)

Substituting this bound into (5.19) yields

)
_ (So(j+1) = Sam) Sotisny—s
< < 2P 9/ / o(j+ e~ oty =50()|Eoi+- +eoml?
Ao .00 Jre 1oy + 7 H e *? IJ—L

2 n
x H ‘p(ﬁ)(sa(i)vSa(i-i-l);go(i) +o 50(1))‘ [T1&l" 2" deds. (5.21)
=1

i=1

Making the change of variable {,(;) + -+ + {5(1) = n;, foralli = 1,2,...,n, we obtain

Ajn < C%e 69/[ ] / So(j+1) — Sa() " i H e~ (Sotian =80}
()t"l n

1=7+1

Jj—1 n
< TT10% (sotiys saqirny; m) > [ ] Ini = mieal' =2 dnds,

i=1 i=1

where we have set 1y = 0. We can now invoke the elementary bound |n; — 71|} 72 <
Ini|*=2H + |m;—1/* =, and we obtain

a€D, i=j+1
j—1
X H Ip(ﬁ) Sa(z) So(i+1)5 T ‘ H |77'L|O(Zd77d8 (5.22)
=1 =1
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where D,, is a subset of multi-indices of length n satisfying the following rules:
Card(D,,) = 2™ and for any « € D,, we have

o] =) ;i =n(1-2H), and o; €{0,1-2H,2(1-2H)}, i=1,....,n. (5.23)

Now we perform the integration on each variable 7; in relation (5.22). If 1 > 57+ 1, it
is readily checked that

/ |77i aief(so(i“)fsa(i))n'fdm _ C(Sa(i—i-l) B Sa(i))iai;l . (5.24)
R
In the case ¢ < j — 1, we also claim that
) oyl
/ |P(ﬁ)(30(i), So(i+1);77i)|2|77i|a’d77i < C(Sa(iJrl) - Sa(i)) . (5.25)
R

In fact, recalling our definition (5.15) and thanks to an elementary change of variable,
this integral can be written as

2

1 N 332
e T de | dE,

B Sa(i+1)/ So(i+1) ~So(i)
—(So(i So
2 ( (i+1) — (i ) /

—B/FotirD)/\/So(i+1) —Sa(s)

which is bounded by a constant times (s, (i41) — So(i))iuiTH by Lemma 6.1 in the Appendix
below. It remains to consider the integral over the variable 7; in (5.22), which is given by

(S0(j+1) = S0()) " /]R n;| 2 dn; .

We decompose the integral [; [7;|2’"*/dn; into two parts: on the region |n;| < 1 we

take § = %1 — 3 and on the region |7;| > 1 we take § = 2F1 1+ 2 for some § > 0 to be

fixed later. In this way, we obtain

(50(+1) —Sou))*"/R\njl’Q‘”“jdm
Cl(gil— _1l(g.
= C(( 1) = Sa() T - (s0141) = s05) 72 J+1+5))
< C (so(541) = So5)) 2. (5.26)

Therefore, plugging (5.24), (5.25) and (5.26) into (5.22), we end up with the following
relation forany 1 <j7<n

"y _ oyt Nt T
Ajn < Ce?? Z [TGo61) = 50@) 2 (so(41) = 50)) 2 2ds
O t n ;ﬁ
7]
2 ay; ai+1
= Ce P Z/ (Sit1 — 8i)~ > (sj41—585)” 3 s, (5.27)
(t) 35
where 0 = aj; L %. We now wish to apply Lemma 5.5 in order to bound the right hand

side of (5.27), and we first discuss the nature of the exponents involved: (i) First we
have to ensure that each exponent in the integral showing up in (5.27) is lower bounded
by —1. These exponents are > — 22Xi<n@itl ¢, and recall that max;<,, a; < 2(1 — 2H)
according to (5.23). We can thus ensure that each exponent is greater than —1, provided
that 0 < § < 4H — 1. (ii) Invoking relation (5. 23) again, it is readily checked that the
sum of the exponents in (5.27) is —n + nH — $. (iii) We wish to choose 6 as large as
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possible in order to ensure the maximal exponential decay for A; ,. According to our
previous considerations, we have taken 6 = C‘j; L g with § of the form 4H — 1 — ¢ for
an arbitrarily small €. Referring once more to (5.27), we can just ensure o; > 0, which
yields 6 > 1 =1-2H + § >1—2H. With those considerations in mind, we can now
apply Lemma 5.5 to relatlon (5.27) in order to conclude that

A, < ﬂe—ﬁ(l—?h’) (5.28)
o I(nH + %) ’

where C' is a constant depending on H and ¢. Substituting (5.28) into (5.18) yields (recall
that the constant C' might change from line to line)

A< paom,
F(TLH + 5)

D(nH+1)
nH+3

Using the inequality I'(nH + %) > we obtain
< L 6—52(1—2H). (5.29)

Going back to our decomposition (5.14), let us now deal with the term A;. The
spectral measure of the noise W has a density equal to ¢z ({5 | - |2~ #)2(¢). Therefore,
thanks to another telescoping sum argument, we get

n n 2
4 = Hn'/[ | JRC e § (SRR § (PRI s
0,t]™ ™ i=1 i=1

n Jj—1
c%nn!Z/[ . / |Ffan(si,&1,--. 3na§n)|2H ‘fz|1 2
j=1710¢ " i=1

T s |- 137)%(&)deds.

i=j+1

IA

1 1 2
S CRI R L I(3)

In addition, notice that

651271 — (Ug x| - [B7H) (&) < erpB~ G,

where ¢, g = [ In|2~H¢(n)dn. This follows easily from
1_ 1_ —(i_ 1_ 1_
165127 — (g = |- |27 7)) < B2 H)/]Rf(n)’ijP H—|pe; —n|==H | dn,

and the inequality '|ﬂ§j|%*H — 1B — n\%*H’ < |n|z~H. In the same way we can show
that
(o |- 127)(&) < 1&= " + e mp= 1.

Taking into account that § > 1, this leads to the estimate
Ay <m0 [ [ E s )P TT6P 2 v )deds,
[O,t]" n i=1

We now start from the expression (5.16) for F {3 ,,(s1,&1, - - -, Sn,&n), Wwe make the change
of variable &, ;) + - -+ + &) = mi, forall i = 1,2,...,n, and we bound |n; — n;—1|' >/ by
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|'=2H 4 |n;_1|'72H as in the case of our term A;. This yields

|7h‘

n

4, < crp ) st / 10D (si, 841y m) > H(|771 — i [' 2V 1)dnds
n(t " i=1
< onpmamE Y / / 10O (s, sin)i o) |2 [T (fmil e v 1)dnds
aeD, ’Sn(t) JR" i=1
< crp 2 Z / (si41—s:)" "% ds < e pU=2 (5.30)
acD, Sn(t) F(nH + 1)

where we recall that S, (¢) denotes the n-dimensional simplex of [0, {]". We now conclude,
putting together (5.29) and (5.30), that

C’ﬂ
E[|L,(fn) — I < ——p~(=20), 5.31
H L(fl) ﬂ,n(fﬁm,” } = I‘(nH—|— 1) B ( )
In a similar way, we can also obtain the following estimate (whose proof is left to the
patient reader), where the constant C' is independent of 3

CYL
Ellls.n(f5.0)P] < T (5.32)

(nH+1)"
Step 2: LP-estimates. Recall that Ug (¢, z) is defined by the finite sum (5.9). Let us first
get the convergence of this finite sum to a random variable Ug(t, z) formally defined
by the series (5.11). To this aim, recall that for a functional F,, which belongs to the
n-th chaos of a Wiener space and p > 2, we have the hypercontractivity inequality
[EnllLe@) < 0% [Fallr20)- We thus get

0o oo N
[Usn(t,2) = Us(t, )y < Y Malfomdlore < D P2IHss(for)lrz
k=n+1 k=n+1
i (Cp*/2)*
_— k:H b
k=n+1 r (T + 1)

where the last inequality is due to (5.32). Furthermore, the following inequality, valid for
z > 0and a > 0, is an easy consequence of estimates on Mittag-Leffler functions which
can be found in [12]

> P 12 Cona
2 T ) ST ne
W (ak +1) (an+1)

where c1, co are two universal constants. Plugging this bound into our previous estimate,
we end up with

(03p1/2)" N
Ugs.n(t, —Usl(t, P < ———e¢€ ( H) ,
1Usn(t,x) — Us(t, )| e () P2 1) xp ( cap

which shows our claim (5.13).
The same kind of consideration also allows to derive inequality (5.12). Namely, write

> o > (Cpt/2)k
lutt,2) = Us (o)l aoy < 3 1) = L (Foi) ooy < 6072 3 r((w +)1) ,
2

k=0 k=0

where we resort to hypercontractivity and (5.31) for the last step. This easily yields
(5.12) by the same kind of argument as before. O
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Corollary 5.7. Consider p > 1. Under the same assumptions as in Proposition 5.6,
suppose that 3 = exp(Mp%) and n = [log 8] + 1 for some constant M > 0. Then, for any
v > 0, there exists M > 0, such that

u(t, ) — Up.m(t, )| Loy < exp {—l/p%} ‘ (5.33)

Proof. From (5.12) and (5.13) we obtain

. iy Cnpn/2
l|lu(t, ) — Uﬁ,n(tal’)HLP(Q) < et B (2 )+ m )

for some constant C' depending on H and ¢. Using the asymptotic properties of the
Gamma function, this is bounded by

1 1 n n
eCpH (B—(i—H) _i_cmpjn—TH) . (534)

To bound the above right-hand side, we have first (recall that § = exp(M p%))

0ot o3 -0) ]}

which is less than %exp(—yp%) for M large enough. For the second summand in the
right-hand side of (5.34), we obtain (provided n = [log 8] 4+ 1) the upper bound

M 1
exp {plli (C’+MlogC 21ogM> + 2logjv},

which again is less than % exp(—up%) for M large enough. This completes the proof of
the corollary. O

We are now ready to give the proof of our lower bound.

Proposition 5.8. Under the assumptions of Theorem 1.1, for allt > 0 we have

lim inf(log R)flJ%H log (max u(t, :c)> > [émq] 2 a.s., (5.35)
R—o0 |z|<R

where Cy ¢ is defined in Corollary 4.5 and is related to (1.3) by Remark 4.6.

Proof. We divide this proof in two steps: first we determine a main contribution to the
maximum, given by our approximations Upg , suitably discretized. Then we will evaluate
the main contribution.

Step 1: Fluctuation results. Fix R > 0 and consider a given v > 0. Referring to the
notation of Corollary 5.7, we wish to choose p in inequality (5.33) such that we obtain

E [Ju(t, ) — Us.n(t,z)|P] < R™. (5.36)

It is readily checked that this is achieved for p = p(R) = (log R)HLH, which is greater
than 1 if R > e. We thus choose this p, the corresponding 3 and n in Corollary 5.7 being
then given by

B = ﬂ(R) = exp {M(logR) jEn:

For a fixed t > 0, we now wish to produce some independent random variables
Ugp n(t,x;), with x; € [~R, R]. For this we need z;,1 — x; > 2nB(1 + t'/2) for all j. Set
N = 2n3(1 + t'/?). We choose the set of points

R R
o= { ez [ A] cne [£])

b and 0= [M(log(R) 77| +1. (5.37)
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If INg| = (2 [2&] + 1) denotes the cardinality of Nz, one can check, using the expressions
of B and n given in (5.37), that for any ¢ > 0 the following inequalities hold

came R < [Ng| <R, (5.38)
for R large enough, where cy )/ . is a positive constant.

We can now study max,ea, [u(t, 2) — Ugn(t, z)|. For any n > 0 we have

IP(log max |u(t,z) — Usn(t, 2)| > n(log R)P%H>
ZGNR
< |Ng| IP(log lu(t,0) — Ugn(t,0)| > n(log R)P%H) (5.39)
Furthermore, a simple application of Markov’s inequality yields, for an arbitrary p > 1
E{Ju(t, ) = Usn(t, z)["]
exp (np(log R) ﬁ)

)

P(log [u(t,0) = Up,u(t, 0)] = n(log )7 ) <

so that choosing p = p(R) and invoking relation (5.36), we can recast this relation as
P@%hwﬁ)fmeﬁﬂznmgMﬂ%)SR*”W. (5.40)

Going back to inequality (5.39) and choosing » = 3, we have obtained the following
inequality for R large enough

IP(log max [u(t, 2) — Us n(t, 2)| > n(log R)ﬁ) <R (5.41)

2ENR

Notice that this decay in R is sufficient to apply Borel-Cantelli’s lemma. Considering for
instance a sequence R = m, we get

lim (logm)_lJ%H log max |u(t,z) - Ug(m)’n(m)(t,z)’ =0 a.s, (5.42)
2ENm

m—o0

which is enough to assert that

lim inf(log R)flJ%H log (max u(t, ;v)) > liminf(log R)fﬁ log <max Ugs.n(t, x)) , (5.43)
R—o0 R—o0 N ’

‘JIlSR reENR

where we recall that 5 = S(R) and n = n(R) in the right-hand side of (5.43) are given
by (5.37). We will now evaluate the right-hand side of (5.43), identified with our main
contribution.

Step 2: Evaluation of the main term. Fix A > 0 and ¢ > 0 arbitrarily small, satisfying the
following condition
eus A+ 0)" T <134, (5.44)

where ¢y is the constant introduced in Corollary 4.5 (observe that ) is arbitrarily close

to él_;t/ (1+H)). Using the independence property established in Lemma 5.4, we can write

< 1
]P(log max |Us.n(t,z)| < A(log R) 1+H)

[NR]
- (1 71P<log\U5,n(t,0)| > )\(logR)HlH)) . (5.45)

In the following lines, we will write u = u(¢,0) and Ug ,, = U ,,(¢,0) to alleviate notations.
Then recall that for ¢ > 0 and b € R, the following elementary relation holds true

loga < log 2 + max {log(Ja — b|), log(]b])}. (5.46)
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Applying this inequality to a« = v and b = |Ug ,,|, we obtain

logu <log2 + max {log (|ju — Ug.|), log(|Usnl|)}-

Hence, if we assume that R is large enough, so that log 2 < §(log R) 1+1H, we have
b & {max {log (Ju = Up.al) , 1og ([Us,nl)} > Alog )77 }

= {log(|u —Ugnl) > )\(logR)lJ%H} U {log(|U5’n|) > )\(logR)1+H}

Owing to simple additivity properties of P, we thus get

{1ogu > (A + 6)(log R) 77

1

P(log(|U5,n|) > A(log R)1+H)

> IP(logu > (A + 6)(10gR)ﬁ> - ]P(log(|u —Ugnl) > )\(logR)HlH)

1
R3+A°

21P(10gu> (A+5)(1ogR)1+H) - (5.47)

where the last inequality is a direct consequence of (5.40). Now recall that we have
chosen ) fulfilling condition (5.44). Applying Corollary 4.5 in this context yields

. 1
lim
R—oo log

Rlog]P(logu > ()\+6)(1ogR)1+H) >1-19,

and thus, for R large enough the following holds true

1
R1-6°
Plugging this relation into (5.47) gives, for R large enough

]P(logu > (A+§)(logR)ﬁ) >

1

)
R'—2

]P(log(|Uﬁ,n|) > Alog R)ﬁ) > (5.48)

We now gather (5.45), (5.38) and (5.48) in order to get

[NR] s
) < exp <_CH,JVI,5R§_8) .

In conclusion, since we can choose ¢ < %, we have established the bound

< )< (1-
]P(log max |Ug.n(t,2)] < )\(logR)HH) < (1 =

IP{ log max [Upn(t,2)] < A(logR)ﬁ} <exp{-R"}

for some v > 0 and for R large enough. Resorting again to Borel-Cantelli’s lemma, this
implies

- 1

lgriglof(log m)” THE log Inax Usm)n(t,2)] > A as. (5.49)

Step 3: Conclusion. Combining the above inequality (5.49) with (5.42), we have obtained:

1
imi T I+H > .S.
lzgrglglof(log m)” T+H log Inax u(t,z) > A as

By the fact that

t < t
) = e

and by the monotonicity of \H|la}1(?, u(t,z) in R, we can now easily deduce that:
z|<

1
im i T I+H > .S.
lhrri}loréf(log R)™ 7+ log ‘rlﬂl%)}(%u(t, z)>A  as

Finally, recall that A satisfies condition (5.44), and can thus be chosen arbitrarily close

to é;I’lt/(HH). Our proof is thus easily concluded. O
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5.2 Proof of the upper bound

The proof of the upper bound is based on a quantification of the fluctuations of u in
boxes around the points z; € Ny, defined in the proof of Proposition 5.8. We will first
need an evaluation of the modulus of continuity of u in the space variable.

Proposition 5.9. For any § € (0,2H — 1/2), there exists a constant C depending on «,
H andt, such that for any xz,y € R and any p > 2,

B fu(t,x) = u(t,y)l") < |z =yl exp (Cp' 7). (5.50)

Proof. First we estimate the L? norm using the Wiener chaos expansion of the solution
and the notation used in the proof of Proposition 5.6. In this way we can write

E (‘In(fn('7t>x)) - In(fn('atvy))|2) = N!||fn<'7t,$)—fn(',t,y)”%_[@n = n!c"HLn(Cl?,y>7 (5-51)

where we have set

Ln(xvy) = H‘an(7tax) - ]:fn('vtay)H%Z([O,t]"XR",A"X;L")'

Furthermore, it is readily checked that

n

1 (s i v—s I 2 —
Ln(x7y):7(n!)2 /[Ot /nsz(g)Hle 3 (o =so@)lértteoml® (g, 1721 dgds,

(5.52)
where

Kouy(€) = ‘e—m<5a(n)+~~+fa(1>) _ e—iy(50<n>+~~+5g<1>)‘2 _ ’e—m(sn+~-+5l) et

Notice that one can recast identity (5.52) as

n

ay '/ / Kmy Hef% sig1—8i) &+ ]? |£|1 2Hd£d$
N Js,(t) JR

i=1
where we recall that .S, (¢) is defined in Lemma 5.5. Furthermore, the kernel K, can be
bounded as follows, for all 3 € (0,1)

Kay(©] < |o =yl &1+ + &l

Making the change of variable & +---+& =, forall+ = 1,2,...,n, with the convention
no = 0 and using the bound [n; — n;—1|' 2% < [n;|'72# + |n;_1|*?# as in the proof of
Proposition 5.6, we obtain

n—1

— |28
Ln(a:,y) |x y| / / (He Bl s
Sy (t n .

a€D,

7 ) eié(tis")nf"|’I’}n|a”+2ﬁd’rld$’

where we recall that D,, has been introduced in (5.23). Integrating with respect to the
variables 7; and using Lemma 5.5 thus yields

_ |28 s, o o
Ln(z,y) < |a: | > / < (Si41 —8i)~ ;1) (t— s,) "2 ds,
Sn(t)

acD,

¢ = max {/ e edr 6 € [0,4]} .
R
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At this point we can repeat the discussion following inequality (5.27). We find that, in
order to ensure the convergence of the integral above, we have to choose § < 2H — %
Then applying Lemma 5.5, we end up with

C"|x — y|?P

Ln(z,y) < ——7-
(@) n!T(nH + %)

Plugging this relation into (5.51) and applying the hypercontracticity property on a fixed
chaos, we have thus obtained

Cp® e —yl°
L,(fn(,t2)) = In(fn(s) ¢, p(Q) S —
Il ts2) = Bt ooy < =y
from which (5.50) is obtained exactly as in Proposition 5.6. O

We are now ready to prove the upper bound part of Theorem 1.1.
Proposition 5.10. Under the assumptions of Theorem 1.1, for allt > 0 we have

lim inf (log R)flJ%H log (max u(t, x)) < [ém]” 2 a.s., (5.53)
R—o0 |z|<R

where ¢y + is defined in Corollary 4.5 and is related to (1.3) by Remark 4.6.

Proof. We shall use the same kind of notation as in the proof of Proposition 5.8, some-
times with a slightly different meaning (which should be clear from the context). Fix
R > 0 and divide the interval [-R, R] into subintervals I; with the same length, for
j=1,...,Ng (notice that Ay is now a cardinal instead of being a set as in Proposition
5.8), of length less than or equal to ¢, for some £ > 0 to be chosen later. Pick one point z;
of each interval I;. By convention, we assume that /; contains 0, and we choose z; = 0.
For any z € I; we can write

u(t,z) < u(t,z;) + |u(t, x) —u(t, z;)|,
and hence:

max u(t, z) < maxu(t,z;)+ max sup lu(t, ) — u(t, y)|-
|z|<R J T xyel;,la—y|<e

Therefore a simple elaboration of (5.46) yields

log max u(t, ) < log2 + log max max | u(t, z;), sup lu(t, z) — u(t,y)| | . (5.54)
|z|<R J z,y€lj,|z—y|<L

Consider now A, 4 > 0. Choose Ny and ¢ large enough, so that U;<x,I; covers [—R, R].
Owing to the stationarity of u, we can write

NrP <log maxu(t, z) > (A +6)(log R) 2 ) :

|z|<R

Nr
P (log max u(t, z) > (A + 6)(log R)H1H> < Z]P <10g max u(t,z) > (A +96)(log R) =

Jj=1

IN

Hence, inequality (5.54) enables to get, for R large enough

P (1og ‘nllgﬁu(t,x) > (A + 6)(logR)1+1H> < NgP (logu(t, 0) > A(log R) 1+1H) + Fg,
- (5.55)
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where F; is a fluctuation term given by
Fr=NgiP <logsup{|u(t,x) —u(t,y)|: zy € I, |z —y| <L} > A(logR)ﬁ> . (5.56)

Furthermore, according to Corollary 4.5, for any p > 0 arbitrarily small and R large
enough we have
P {1og u(t,0) > Alog R)ﬁ} < R (Ema=pA
Let us now specify our parameters: we assume that p, A satisfy (¢z; — p)ATH > 1,
that is M1 1H is arbitrarily close to él_j,lt/ (1+H), as in condition (5.44). Then we can choose
Ng=R", with1 <n < (éyy — p)/\lJr,H, and ¢ = CR'~" so that Uj<nr,I; covers [—R, R].
We get

NgP {1ogu(t, 0) > A(log R)ﬁ} <R, with v=(égs—p At —p,  (5.57)

an notice that v > 0.
The fluctuation term F'i defined by (5.56) can be handled as follows: by Chebychev’s
inequality, we have

_1_
Fr < R7e PMos B (qup {Ju(t, z) — u(t,y)|P : x,y € I, | —y| < £}]. (5.58)

Consider now 0 < v < 3 < 2H — § and p such that 8 — v > p~!. According to Garsia’s
lemma [13], we have

E (u(t, z) —u(t, y)*)
. P b) b)
E [||u(t, )H%IJ < Cyp /12 |z — y[Pt2 dzdy,

where || f||.r, stands for the y-Ho6lder norm of f on the interval I;. Plugging the result of
Proposition 5.9 into this inequality, we obtain

_ 144 _ 144
E [Ju(t, I 1, | < erpl PO — ¢ g, 080T

and going back to (5.58), we end up with

Fr<cyp,R" P87 exp (—p)\(log R) o g C’pH%) .

Recall that ¢ is of the form C R~ and we also take p such that the dominant term in

the exponential above is pA(log R)P%H. This is achieved for instance by taking

p=(5s) sty

which implies Cp'*# = LpA(log R)™7 . In this way we obtain
1 1
Fr < cypp RT7PE=D0-D oxp (—2 pA(log R)1+H) : (5.59)
With the values of the parameters we have considered so far, observe that we can pick p

such that p(8 —v) > ;. In this case we have  — p(8 —7)(n — 1) = —x with £ > 0, and
we can recast (5.59) as

Fr<cyppR™". (5.60)

Gathering our bounds (5.57) and (5.60) into (5.55), we thus have
P (log |H‘12<1)1§u(t, z) > (A + 6)(log R)1+1H> <RV+R" (5.61)
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We can now conclude in the following way: relation (5.61) asserts that
Z P {log max u(t,z) > (A + 5)(10g2m)1+1H} < 00.
o1 |z|<2m
Hence Borel-Cantelli’s lemma applies, and we deduce, almost surely
lim sup (log 2"’)71+#H log <Imax u(t,x)) >A+0> (épe + p)*HLH + 0.
m—oo r|<2m

Because § > 0 and p > 0 are arbitrary, we thus get that almost surely

1

lim sup(log 2m)7ﬁ log max u(t,x) <éyt 7,
m—o0 |z|<2m ’
which implies
1
lim sup(log R)fﬁ log max u(t,z) < é, " .
R—o00 |z|<R ’
This completes the proof of the upper bound. O
6 Appendix
Lemma 6.1. For any a € (0,1) and we have
2
) 22
sup/ |€] / e T dx| dE < oo.
B=1JR (-8.8]

Proof. Clearly the integral over {|¢| < 1} is uniformly bounded. So, it suffices to show

that
o [ e
B21J¢[>1

Integrating by parts, we obtain

? 2 2 si B 22 Sl
| costagyeFar = Iy [Ty,
0 0

2

B 2
/cos(mf)e_%dm dé < oo. (6.1)
0

£ 3
Therefore,
sup /5 cos(xf)e_édx <€t
B>11J0
which implies (6.1). O
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