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Eigenvector statistics of sparse random matrices
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Abstract

We prove that the bulk eigenvectors of sparse random matrices, i.e. the adjacency
matrices of Erdés-Rényi graphs or random regular graphs, are asymptotically jointly
normal, provided the averaged degree increases with the size of the graphs. Our
methodology follows [6] by analyzing the eigenvector flow under Dyson Brownian
motion, combined with an isotropic local law for Green’s function. As an auxiliary
result, we prove that for the eigenvector flow of Dyson Brownian motion with general
initial data, the eigenvectors are asymptotically jointly normal in the direction q after
time 7. < t K r, if in a window of size r, the initial density of states is bounded below
and above down to the scale 7., and the initial eigenvectors are delocalized in the
direction g down to the scale 7.
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1 Introduction

In this paper, we consider the following two models of sparse random matrices H
with sparsity p = p(N):

1. (Erd6s-Rényi Graph Model G(N,p/N)) H := A/\/p(1 —p/N), where A is the adja-
cency matrix of the Er6s-Rényi graph on N vertices obtained by drawing an edge
between each pair of vertices randomly and independently, with probability p/N.

2. (p-Regular Graph Model Gy ) H := A/\/p — 1, where A is the adjacency matrix
of the uniform random p-regular graph on N vertices, i.e. a uniformly chosen
symmetric matrix with entries in {0, 1} such that all rows and columns have sum
equal to p and all diagonal entries vanish.
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Eigenvector statistics of sparse random matrices

Given a graph G on N vertices with adjacency matrix A, many interesting properties of
graphs are revealed by the eigenvalues and eigenvectors of A. Such phenomena and the
applications have been intensively investigated for over half a century. To mention some,
we refer the readers to the books [8, 9] for a general discussion on spectral graph theory,
the survey article [23] for the connection between eigenvalues and expansion properties
of graphs, and the articles [10, 11, 30, 31, 32, 33, 35, 36, 37] on the applications of
eigenvalues and eigenvectors in various algorithms, i.e., combinatorial optimization,
spectral partitioning and clustering.

We study the spectral properties of sparse random graphs from the random matrix
theory point of view, i.e. the local eigenvalue statistics and the eigenvector statistics. It is
expected that: i) the gap distribution for the bulk eigenvalues N(A;+1 — A;) is universal,
with density approximately given by the Wigner surmise; ii) the distribution of the second
largest eigenvalue is given by the Tracy-Widom distribution (the largest eigenvalue of
GOE); iii) the eigenvectors are asymptotically normal. For Wigner type random matrices,
it is proved in a series of papers [7, 14, 15, 16, 17, 18, 19, 20, 21, 27, 28, 39] for the bulk
and [22, 34, 38] for the edge, that the eigenvalue statistics are universal; it is proved in
[6, 25, 40] that the eigenvectors are asymptotically normal. Sparser models are harder
to analyze. The bulk universality for both Erd6s-Rényi graphs and random regular graphs
in the regime p > 1 were proved in [12, 13, 24]. The edge universality was only proved
for Erdés-Rényi graphs in the regime p > N'/3 in [12, 13, 29]. Less was known for the
distribution of eigenvectors. To our knowledge, only recently, in [1], Backhausz and
Szegedy proved that the components of almost eigenvectors of p-regular graphs with
fixed p converges to normal distribution in weak topology. However the proof heavily
depends on the special structure of regular graphs and is hard to be generalized to other
models.

Let H be the normalized adjacency matrix of G(N,p/N) or G, in the sparse regime,
ie. p = p(N) <« N. We denote its eigenvalues as A\; < A2 < -+ < Ay and the
corresponding normalized eigenvectors wi,uo,--- ,uy. The main goal of this paper
is to prove that the bulk eigenvectors for H in the regime p > 1 are asymptotically
jointly normal. Comparing with [1], our results give explicitly the variance of the limit
distribution, the asymptotical normality holds in any direction, and the argument does
not depend on the special symmetry of the models.

Theorem 1.1. Fix arbitrary small constant §, x > 0. Let H be the normalized adjacency
matrix of sparse Erdés-Rényi graphs G(N,p/N) with sparsity N° < p < N/2; or the
normalized adjacency matrix of p-regular graphs Gy, with sparsity NO < p < N2/3-9,
Fix a positive integer n > 0 and a polynomial P of n variables. Then for any unit vector
q € RY, such that q | e (where e = (1,1,--- ,1)*/\/JV), and deterministic indexes
i1,12, -+ ,in € [N, (1 — k)N], there exists a constant 0 > 0 depending on § such that

|E[P(N<q7ui1>25N<q7u'i2>23"' ’N<q7uin,>2)] _E[P(N127N22"" 7Nn2)H < ON?av (1.1)

provided N is large enough, where u; are eigenvectors of H, N, are independent
standard normal random variables.

In particular, Theorem 1.1 implies that the entries of eigenvectors are asymptotically
independent Gaussian. Indeed, for any fixed ¢ € IN and deterministic i € [«N, (1 — x)N],
a1, ...,ap € [1, N], possibly depending on N, we have

VN (ui(on), ... ui(ag)) — (N1, ..., Ny), (1.2)

a vector with independent normal entries (provided the sign of the first entry of u;, say,
is uniformly and independently chosen).

The proof of Theorem 1.1 consists of three steps, analogous to the three-step strategy
developed in a series of papers [17, 18, 21, 24] for proving bulk eigenvalue universality:
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1. Establish the (isotropic) local semicircle law for sparse random matrices down to
the optimal scale (log N)“/N.

2. Analyze the eigenvector flow of Dyson Brownian motion to derive asymptotical
normality of eigenvectors for sparse random matrices with a small Gaussian com-
ponent.

3. Prove by comparison that the eigenvector statistics of sparse random matrices are
the same as those of ones with a small Gaussian component.

For the first step, the local semicircle laws for sparse random matrices were estab-
lished in [13] for Erdds-Rényi graphs, and in [3] for p-regular graphs. For the third step,
a robust comparison argument was developed in [24], and our case follows directly. The
main content of this paper is the second step. We study the eigenvector flow of Dyson
Brownian motion with general initial data. For any N x N real deterministic matrix H,
we define the following random matrix process, the Dyson Brownian motion

dhi;(t) = dwq;(t)/VN, (1.3)

where W; = (w;;(t))1<i j<n is symmetric with (w;;(t))i1<icj<n a family of independent
Brownian motions of variance (1 + §;;)t. We denote H; = (h;;(t))i<i j<n, and Hy = H is
our original matrix. We denote the eigenvalues of H; as A(¢) : A1 (t) < A2(t) < -+ < An(t)
and the corresponding eigenvectors uq(t), ua(t), - -, un(t), where we write the j-th entry
of u; (t) as u;; (t)

Under some mild local regularity conditions (see Assumption 1.3 and 1.4) on the
initial matrix H,, we first prove the isotropic local law for the Green’s function of H;,
which is a consequence of the small Gaussian component. The isotropic local law was
first proved for Wigner matrices and sample covariance matrices in [5, 26]. Our result
provides a dynamical version of the entry-wise local law, with general initial matrices.
With the isotropic local law as input combined with the rigidity estimates for eigenvalues
from [28], we analyze the eigenvector moment flow, introduced in [6]. We prove that the
eigenvectors of H; corresponding to “bulk” eigenvalues are asymptotically normal after
a short time. Our result can be viewed as an extension of [6, Theorem 7.1]. We require
only weak local information of the initial data, while [6] relies on a stronger form of the
local law, including rigidity of the eigenvalues.

In this paper motivated by random graphs, we restrict our attention to symmetric
matrices, but our method equally applies to the Hermitian universality class.

1.1 Preliminary notations

A fundamental quantity in this paper is the resolvent of H;, denoted G(t;z) :=
(H; — z)~ ', and the Stieltjes transform

N
my(z) := N TrG(t,2) Z
where z € C; in in the upper half complex plane. Often, we will write z as the sum of its
real and imaginary parts z = E + 8n where E = Re[z],n = Im]|z].

We denote by pg. ; the free convolution of the empirical eigenvalue distribution of
Hy, i.e. po = 1/N 30y, and the semicircle law with variance ¢, and myx.; the Stieltjes
transform of pg. ;. The density pr.; is analytic on its support for any ¢ > 0. The function
Mg+ Solves the equation

N
1
Mie,t(2) = mo(2 + tmye (2 Z (t,2), gi(t,2):= W ——r (1.4)
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where refer to [4] for a detailed study of free convolution with semi-circle law. For any
t > 0, we denote the classical eigenvalues of pg. ; by v;(¢), which is given by

~i(t) = sup {/ pre,t(x)dx > ]i]}, i € [1,N]. (1.5)

—0Q0

Throughout the paper we use the following notion of overwhelming probability.

Definition 1.2. We say that a family of events F(u) indexed by some parameter(s) u
holds with overwhelming probability, if for any large D > 0 and N > N(D,u) large
enough,

P[F(u)] >1- NP, (1.6)

uniformly in u.

We use C' to represent a large universal constant, and ¢ for a small universal constant,
which may depend on other universal constants, i.e., ¢ in the control parameter ) defined
in (1.7), constants a and b in Assumption 1.3 and 1.4, and may be different from line by
line. We write X <Y or X = O(Y), if there exists some universal constant C such that
|X| < CY. Wewrite X < Y, or X = Ox(Y) if there exists some constant Cj, which only
depends on k (and possibly other universal constants), such that | X| < C,Y. We write
X <Y if there exists some small constant ¢, such that N¢|X| < Y.

We now can state the assumptions on the initial matrix Hy. In Sections 2 and 3, we
fix an arbitrarily small number ¢ > 0, and define the control parameter

b= N°. (1.7)

We fix an energy level Ey, radius 1/N <« r < 1, and mesoscopic scales 1/N < 7, < r,
where 7 and 7, will depend on N. For example, the reader can take 7, = 1//N, r = N~1/2
in mind. We will study the eigenvectors corresponding to the “bulk” eigenvalues, which
refer to eigenvalues on the interval [Ey — r, Ey + r|. We show that after short time, the
projections of those “bulk” eigenvectors on some unit vector q are asymptotically normal.

The first assumption is the same as in [28], which imposes the regularity of density
of Hy around FEj.

Assumption 1.3. We assume that there exists some large constant a > 0 such that

1. The norm of Hj is bounded,

Ho|| < N°.

2. The Stieltjes transform of Hj is lower and upper bounded
a~ !t <Im[mg(2)] < a, (1.8)
uniformly forany z € {E+8n: E € [Ey—r,Eo+r],n. <n < 1}.

Besides the information on eigenvalues of the initial matrix Hy, we also need the
following regularity assumption on its eigenvectors.

Assumption 1.4. We assume that for some unit vector q, there exists some small
constant b > 0 such that

|(q, G(0,2)q) — mo(2)| < NP, (1.9)

uniformly for any z € {E+8n: E € [Eg —r, Eo +7],m« < 1 < r}, where my is the Stieltjes
transform of H,.
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1.2 Statement of results

Let Ey and r be the same as in Assumption 1.3. For any 0 < k¥ < 1, we denote
IN(Ey) :==[Eo — (1 — k)r, Ep + (1 — K)r],
and the spectral domain:
D.:={2=E+8Bn: EcI(F),y*/N<n<1—rr} (1.10)

Theorem 1.5. We assume that the inital matrix H, satisfies Assumption 1.3 and 1.4.
Fix k > 0, a positive integer n > 0 and a polynomial P of n variables. Then for any
N« < t < r, there exists a constant 0 > 0 depending on a, b, r,t such that

sup B[P (V@ we®)P) )| =B [P (IN;P-)] | <ONT2 @t
VkEI N, (DEI, (Bg)

provided N is large enough, where sup is over all possible index sets I, and N; are
independent standard normal random variables.

As a corollary, we have the following local quantum unique ergodicity statements for
“bulk” eigenvectors.

Corollary 1.6. We assume that the initial matrix H, satisfies Assumption 1.3. We further
assume that there exists a small constant b such that

1

|(H0 — Z);l _ mo(z)&]‘ < m7

1
mo(z) = NTr(HO —2)7! (1.12)
uniformly for any z € {E+8n: E € [Ey — 7, Ey + r],n. < n < r}. Then the following

quantum unique ergodicity holds: Fix k > 0. For any n, < t < r and € > 0, there exists a
constant 0 > 0 depending on a,b,r,t such that

N N
sup Pl|—— Zaiuzi
k:h () €T, (Fo) lallx i=1

provided N is large enough, where a = (aj,as,---,an), such that ) ,a; = 0 and
max; |a;| < 1, and its norm ||al|; = Y |a;].

> Nf) <CN* (N +|al{h), (1.13)

2 Local law

In this section, we prove the following isotropic local law for the resolvent of H;.
We write Hy = UpAoU;, where Ay = diag{A1(0),--- ,An(0)}, and Uy is the orthogonal
matrix of its eigenvectors. Theorem 2.1 states that G(¢,z) is well approximated by
U diag{g:1 (¢, 2), g2(t, 2),- - - , gn(t, 2) YU where g, are defined in (1.4). It implies that the
Green function becomes regular after adding a small Gaussian component.

Theorem 2.1. Under the Assumption 1.3, fix k > 0. Then for any n, < t < r and

any unit vector q = (q1,q2, - ,qn)* € RY, uniformly for any z € D, (as in (1.10)), the
following holds with overwhelming probability,

N
<q7 G(tv Z)q> - Z<ul(0)v q>29i(tv Z)

i=1

2 al )
< g im [;<ui<0>,q> gz-(t,Z)] : (2.1)

provided N is large enough, where u;(0) are eigenvectors of Hy, and g; are defined in
(1.4).
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2.1 Rigidity of eigenvalues

In [28], the eigenvalues of H; are detailed studied under the Assumption 1.3. In this
section we recall some estimates on the locations of eigenvalues from [28]. For the free
convoluted density p¢ ., we have the following deterministic estimate on its Stieltjes
transform and classical eigenvalue locations (as in (1.4) and (1.5)) from [28, Lemma 7.2].

Proposition 2.2. Under the Assumption 1.3, fix x > 0. Then for any n, < t < r and N
large enough, the following holds: uniformly for z € {E+in: E € I'(Ep),0 <n < 1—kr},
the Stieltjes transform myc ¢,

C™' < Imfme(2)] < C, (2.2)
and
1 N
e (2)| < ; l9:(t,2)] < Clog N, (2.3)

where C is a constant depending on the constant a in Assumption 1.3, and g;(t, z) are
as in (1.4); for the classical eigenvalue locations, uniformly for any index ¢ such that
vi(t) € IF(Ey), we have

|0¢7:(t)] < C'log N. (2.4)

Proof. (2.2) is the same as [28, (7.7) Lemma 7.2]. For (2.3), we denote E+ Bn =
z 4 tmyc +(z), and divide the sum into the following dyadic regions:

Uo={i:[X(0) = E[ <7}, Un={i:2"7' < |N(0) = B| < 2"}, 1< n<[~logy(d)].
For the eigenvalues which do not belong to U,U,, we have |[\;(0) — E| > 1. Since
7 2 t > n., we have

N

2(2"7))2 S oneeyone _
Unl < - < 2Tm[mg(E + 2"i7)|2 7N < C2"qN.
|Un| ; 0) — B — 272 [mof m)]2"7 i

Thus we can bound (2.3)

1 N 1 [logy N 1 1 [—log, 7] |U |
=5 gil <= — +1< = —— +1<ClogN. (2.5)
N ; N nz:;) EZUn [Ai(0) — E — i N = 2l

Finally for (2.4), we have [0,7;(t)| = | Re[mygc(7:())]| < Clog N. O

The following result on eigenvalue rigidity estimates of H; is from [28, Theorem 3.3].

Theorem 2.3. Under the Assumption 1.3, fix xk > 0. Then for any n,. < t < r, and N
large enough, with overwhelming probability, the followings hold:

me(2) — i (2)] < P(Nnp) ™" (2.6)
uniformly for z € D,; and for the eigenvalues,
i) = w(t)] <N,

uniformly for any index i such that \;(t) € IF(Ep).
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2.2 Isotropic local law

Before we start proving Theorem 2.1, we need some reductions. We write Hj, as
Hy = UpAoU, where Ay = diag{\1(0),--- ,An(0)}, and U is the orthogonal matrix of
its eigenvectors. Since H; 4 Hy + /tW, where W is a standard Gaussian orthogonal
ensemble, i.e., W = (wilj)lgigjg]\[ is symmetric with (wij)lgigjgjv a family of independent
Brownian motions of variance (1 + J;;)/N, we have the following equality in law:

(q,G(t, 2)q) =(q, (UoAoUJ + VIW — 2)71q) = (g, Up(Ao + \/iUSWUO —2)"'Uq)
L(q,Us(Ao + VIW — 2)"Usq) = (Ugq, (Ao + VIW — 2)"'Ug q).

Therefore, Theorem 2.1 can be reduced to the case that H; = Ag + VIW:

N
> diailt, z)] . 2.7)
=1

The entry-wise local law of the matrix ensemble Ag + VtW (so called deformed
Gaussian orthogonal ensemble) was studied in [28]. In the following we recall some
estimates on the entry-wise local law from [28, Theorem 3.3]. To state it we need
to introduce some notations. For any index set T € [1, N], we denote [H;]; j¢r the
minor of H; by removing the columns and rows indexed by T, and its resolvent by
GM(t,z) == ([Hi); j¢r — z) . Recall the definition of g; from (1.4):

¢2
VN7

< Im

N
<qa G(ta Z)q> - Z szgi(tv Z)

1
Xi(0) — 2z — tmget(2)

gi(t, z) = (2.8)
For the simplicity of notation, if the context is clear, we may simply write g;(¢, z) as g;.
Roughly speaking, the following theorem states that the resolvent matrix G(t, z) is close
to the diagonal matrix diag{g1, g2, -+ ,gn}-

Theorem 2.4. The initial matrix Hy = diag{A1(0), A2(0),--- , An(0)} satisfies Assumption
1.3 and fix k > 0. Then for any n, < t < r and N large enough, with overwhelming
probability, the following hold. Uniformly for any z € D,: for the diagonal resolvent
entries,

t
AP(12) — ault,2)| < it 2)P, 2.9
’ y v N7
and for the off-diagonal resolvent entries,
6P 2)] < e minflait 2. gy (0.2} <~ (ilt, 2)lgs (4, 2))2, 210)
) ]\/‘77 J N77 J

where T is any index set of size |T| < log N.

Proof of Theorem 2.1. From the discussions above, we can assume that Hy = Ag is
diagonal, and take H; = Ay + VW, where W is the standard Gaussian orthogonal
ensemble. The quadratic term in (2.1) can be written as a sum of diagonal terms and
off-diagonal terms:

N
(q,G(t,2)q) = Gia; + > Gijaig;,
i=1 i

where ¢ = (¢1,¢2, - ,qn). The proof consists of two parts, the first part is trivial, we
prove that the leading order term is the sum over diagonal terms; the second part is
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more involved, we show that the sum over off-diagonal terms is negligible by moment
method.

For the diagonal terms, from (2.9) in Theorem 2.4 and (2.32) in Proposition 2.8, with
overwhelming probability we have

Y SR
wly T 14q (3 \ I i Yi 211
@ E 94; FE l9il*q \/N—nmLE_lqg] (2.11)

For the second part we prove that for any integer k£ > 0, uniformly for z € D,, we
have

) 1 N
E [|Z|2k] Sk vk z= ZGijQiin Y= ¢ og [Z q; 911 . (2.12)
i#£j

where the implicit constant depends only on k. Then it will follows from the Markov
inequality that |Z| < v? Im[Zﬁvzl q?g;]/v/Nn holds with overwhelming probability. By
Assumption 1.3, we have the following trivial lower bound for Im [}, ¢7g:],

N
+ tIm[mie,(2)])gf n
Im 2g, (n > 1 (2.13)
[;QQ] Z| Ai(0) — 2z — tmye i (2)]2 ~ N29

We expand E[|Z|?*], and introduce the shorthand notation Xy,, 4., = Gb,,_,b,, fOT

1<i<k and Xo,, g0y, =Gy, 1y, for b+ 1 <i <2k,
|Z|2k Z Qb1 Qby ** * Qbyy, [Xblesz.lM T Xb4k—1b4k]’ (2.14)
where b = (b1,bs,- - ,bs) and the sum )", is over all b’s such that by;_1 # by, for

1 < i < 2k. To obtain an efficient control on E[Xy, 4, Xpsb, - Xby,_1b4,), We Deed to
understand the correlations between these off-diagonal resolvent entries G;; for i # j.
Heuristically, G;; mainly depends on the matrix entry h;;, weakly depends on the matrix
entries on the same row and column, and the dependence on the rest of the matrix H is
negligible. Therefore the correlations of G;; and G,,,, are negligible if {i, j} N {m,n} = 0.
In the rest of this section, we will make this heuristic argument more rigorous.

We denote the index set T = {b1,b2, - ,bax—1,bsr}. Recall the following Schur
complement formula

<ABZ CB—*Z )1—< <A_Z_B*(f—z)—13)‘1 )

where A, B and C are block matrices. We take A = [H;]; jer, B = [H¢]igr jer and
C = [Hi)igr,je¢r, Where [Hy]; jer is the submatrix of H; with row and column indices
i,j € T, and [Hy)igr jer and [H); j¢r are defined analogously. Recall that G(™)(¢, z) is the

* %

resolvent of the submatrix [Hy]; j¢r and m{"(z) = Tr G /N is its Stieltjes transform.
Schur complement formula gives the following resolvent identity:

-1
[Gliger = ([Hilijer — 2 = [Hiligr jenG ™ Hilign jer )

= ([Ao]i,jGT + VW] jer — 2 — t ([W]?gﬂnjeﬂrG(T) [W]igzﬂr,jeﬂr)> -
=:(D(2) — £(2)) 71,
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where D(z) and £(z) are two |T| x |T| matrices, which depend on the index set T,

D = [Aglijer — 2 —tmgey, €=EW +£@ 4B M) =y (mgT) - mfc,t)
(2.15)
¥ = VW) jer, €® =t ([Wﬁw,jeTG(T) Wligr,jer — mg)) :

With overwhelming probability, uniformly for any z € D,, the error term £(z) is much
smaller than D(z) in the sense of matrix norm. In fact, for PN by (2.6) and notice the
deterministic estimate from interlacing of eigenvalues |m; — (T)| < |T|/Nn, with over-
whelming probability, ¢ ( ) _ Mict| < Yt/(Nn). For £ (2), with overwhelming probability,
its entries are uniformly bounded by ¢(t/N )1/ 2. For £©), with overwhelming probability,
we have the following estimate

62]5mn (T) (’]F Im[mgT)]l/Z 7/”5
=t i Gi; < ,
mn Z (wm Wnj — N 1] Z | \/m ~ \/W

where the first inequality follows from the large deviation estimate [21, Appendix B], and
the second inequality follows from (2.6). Since £(z) is a |T| x |T| matrix, where |T| < 4k,
and with overwhelming probability, its entries are uniformly bounded, so is its norm:
1E2)|| Sk ¥(t+n)//Nn. For z € D,, we have Im[z + tmy.(z)] 2 (n +t), which implies
ID(z)|] Z (n+t). As a result, there exists a constant C}, which depends only on k, the
following holds: uniformly for any z € D,,,

Y
E(2)]| <C
) < o=

with overwhelming probability. We define the event A, such that (2.16) holds. Since it
holds with overwhelming probability, for sufficiently large N, we can assume that

D) (2.16)

P(A¢) < N~(a+6)k, (2.17)

By Taylor expansion, on the event A, we have

F-1
[Glijer=(D-&)7'=> D (ED_I)Z +(D-&)7! (ED_l)f
=0

where f is a large number, and we will choose it later. In the rest of the proof, we denote
GO =D (DM, o<e<f—1, G :=(D-¢& (D)’

For 1 < ¢ < f—1lort = oo, wedeﬁnexlﬁf) b = G for 1 < i < k, and
X =G, for k+1<i < 2k. We remark that G and X() implicitly depend
on the 1ndex set T. With these notatlons, we have

(€) (00) ;
Xb?i—lbm Zth 1b21 b21—1b2i7 I<i< 2k7

where we used the fact that by; 1 # bo;, and D‘1 = diag{g; }ieT is a diagonal matrix;
therefore, when ¢ = 0, the term X( ) b LD =&)Y <k 1/n

and ||ED7|| <p /(Nn)'/2, they together imply:

77 77
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In the following we show that: once we take f sufficiently large, these terms X é:i)l by, Are
negligible, and do not contribute to (2.12). Since Xj,, ,s,,’s are all uniformly bounded

by 1/n, and the sum Y | |g;] is trivially bounded by N'/2, we have

E [|Z|2k] = Z v, qby " * qb4kE[Xb1b2Xb3b4 T Xb4lc—lb4k 1A} +0 (Nzkn_zkIP(Ac)) (2.18)
b

By our choice of set A, i.e. (2.17), combining with the estimate (2.13), we have
N2kp=2kP(A°) < (N2+2p)—2k < Y2*| Therefore,

|Z|2k qu%z * by, [Xb1b2Xbab4 e Xb4k—1b4k' lA] +0 (y2k) ) (2.19)

where ) is as in (2.12). We separate the leading term of the product of those X;,, ,s,; as

2k f—1
YA
Xb1b2 Xb3b4 o Xb‘“f*lb‘*k = H Z Xl§23—1b2i

=1 ¢=1

2% /j—1 2k f-1

%) l

+z(nxbm)xsmnb2j M5x0 . ). e

j=1 \i=1 i=j+1 0=1

If we take f = [4k(a+ 1)/c], then on the event 4, the second term on the righthand side
of (2.20) is bounded,

2% /i—1 - 2% f-1
Z (HXb2i1b2i> ijj 1baj H Z b27. 1b2;
j=1 \i=1 i=j+1 4=1
2k j—1 2k

= Z (H Xb2i1b2i> Xé:_?zlsz H (Xb%*lbﬁ B Xéjjjlb?"’)
j=1 \i=1 i=j+1

LY I

S\ V) S

where in the last inequality we used ¢ = N°¢ (as in (1.7)) and n > 1/)4/N since z € D,, (as
in (1.10)). This combining with (2.19) leads to

4 4 4
E(2]= 3 Mantn B[R0 0] + 0 (1007,
1<y, Aoy <f—1 b

(2.21)
By the Cauchy-Schwarz inequality, we have
¢ ¢ ¢ ¢ 2) ¢ 2 c
‘E [Xélii X§4ik)1b4k } ‘ < ’E [Xéléi e X}E4ii)1b4k} + I |:‘X15111>2 Xé4ik)1b4k IP[‘A ]
(2.22)

In the following we bound the first term on the righthand side of (2.22), the second term
can be treated in exactly the same way. By our definition of X éf)_ms we have

2k
(1) (L2k) _ P - I c . =
I Xb111J2 ’ Xb4iklb4k} =E Z Hgaigaia’;sgaé "'ga;iazi+1gazi+1] ’ (2.23)
a:bCai=1
where a represents arrays az- € T = {by,ba, -+ ,bsr}, with indices 1 < i < 2k and

1 < j <¥¢; +1; the above sum is over all the possible arrays a containing b, denoted by

EJP 22 (2017), paper 64. http://www.imstat.org/ejp/
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b C a, in the sense that a1 = by;_1 and az 1= = by; for 1 < ¢ < 2k. For the tilde notation,
ga = gaL and 5 fai,, = Sajam for1 <i<k andg Gai = gaé and Ea;a;;ﬂ = gzza]“ for
k + 1<i<2k.

Slnce by our definition g; are all deterministic, we can separate the deterministic
part and the random part of (2.23):

2k 2k £;+1 2k 4;
> 11008008t i, 90 [T1T 0.,
a:bCa i=1 a:bCai=1 j=1 i=1j=1

(2.24)

For the control of the expectation of the product of f:',;j, we have the following proposition,
whose proof we postpone to the next section.

Proposition 2.5. For any indices by,bs,- -+ ,ba € T, we have
5o 5 (¥ log N)*(t +n)°
’E [gblb25b3b4 ..~€b2271b22} Se (N??)Z/Q (b17b27--- ,bgg). (2.25)
where x is an indicator function such that x = 1 if any number in the array (b1, ba, - - - , bas)

occurs even number of times, otherwise x = 0.

Notice that x((a%, a% 1) 1<i<2r1<i<e) = x((a}, ai ™) 1<icar) = x(b). With Proposition

2.5, we can bound (2.24) as

2k 2k £;+1
s t+mn)log N
5 [l e, 50 T (L)

a:bCa i=1 a:bCa i=1 j=1

(2.26)

where we used the fact that > ¢; < 2k(f — 1) < 8k%*(a + 1)/¢, so the implicit constant
depends only on k.
Combining (2.23), (2.24) and (2.26) together,

¢ 2 L
Z ‘le by qb4k]E [Xl§1l172 Xl§3127<)1 ’ .Xl§42k—)1b4k:| ‘
b

2k
Z H gaiga’iaégaé o gaéiafeﬁlgazﬂ

qb1 ng e qb4[€E

= Z (2.27)
b a:bCai=1
0. 2k £;+1
ql)(t—i-n)logN)E :
Sk < 941 q
(Nn)1/2 zb:a,gc:a H o a[ o i=1 j=1

Given b, the sum }_ .., is over all the possible arrays a such that aj' eT = {bl,
ba, -+ bapt, for 1 <o < 2k, 1 <j <4+ 1, andal—bgl1anda£+1—bglfor1 < 2k.
Slnce any array {a H<i<or,1<j<e+1 induces a partition P of its index set {(4, j) : 1 < 1 <
2k,1 < j < {; + 1}, such that (i,5) and (i, j') are in the same block if and only if a} = a,

S/

J
For any array a with b C a and x(b) =1 (as in Proposition 2.5), we denote the frequency

representation of the array (by,ba, -+ ,bax) = (af,af 1, ,ai*,a3" . |) as ydyda Lyl
where 2 < dy,ds, - ,d, are all even, and n = |T|. Notice that >_d; = 4k counts the

total number. We also denote the frequency representation of ((a})1<;j<e,+1)1<i<2r as
AT et ydntre where ;> 0. Similarly, . d; 4+ r; = 2k + 3 £; counts the total
number. We summarize here the relations between d;, r; and ¢;, which will be used later:

dodi=4ak, 2k+> ri=> L

EJP 22 (2017), paper 64. http://www.imstat.org/ejp/
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b= (1,2,2,3,4,53,52,1,2,4) and a = ((1,3,2,2);
(2,4,1,2,3);(4,1,5);(3,5);(2,5,1,1);(2,4,3,4,4,4,4)), then b C a. The partition P induced
by a is given by {{(1,1),(2,3),(3,2), (5,3), (5,4)}, {(1,3), (1.4), (2,1),(2,4). (5.1), (6, 1)},
{(1,2),(2,5),(4,1),(6,3)},  {(2,2),(3,1),(6,2),(6,4),(6,5),(6,6),(6,7)},  {(3,3),(4,2),
(5,2)}}. The frequency representations of b and a are given by 1224423252 and 1°26344753
respectively. d; and r; are given by di = 2,ds = 4,d3 = 2,d4 = 2,ds = 2 and
r1 =3,r0 = 2,13 = 2,74 = 5,75 = 1. Since dy,ds,--- ,ds are all even, x(b) = 1.

Example 2.6. If we take k£ = 3,
5,1,1);

Notice that the frequencies d; and d; + r; are uniquely determined by the partition P,
in fact d; + r; are the sizes of blocks of P. Moreover since b is uniquely determined by a,
first adding up terms corresponding to a such that b C a, and then summing over b is
equivalent to first summing over arrays a corresponding to the same partitions P, which
we denote by a ~ P, and then summing over different partitions with each block size at
least two.
2k £;+1 2%k £;+1

>3 X H |90} 9aj, => > X H 901 %aj, .,

b a:bCa =1 j=1 P a~P =1 =1 j=1

DS | [

P 1<y, yn <N i=1

i) (2.28)

Im | Zngz
ST Er

< Zlm 2‘1192]

(t+n)xt

where in the first inequality we use (2.32) in Proposition 2.8 and d; > 2, and for the last
inequality we used > d; = 4k. Therefore by substituting (2.28) into (2.27), we have

53 (ULl )= o g ]2

(61) 5 (L2) (L2k)
Z ‘le%z Gy B {Xb b2 Xbsbs Kby 1h } ~k 1/2 2
- 1b2* b3by ak—1bak > (Nn) / (t_|_77)z i
<Z vIm [Y q?gi| log N <¢logN)Z ' <, Y2k
B = /7N7’] ,7]\]7’] )

(2.29)
in the last inequality, we used that ¢ log N/4/Nn < 1 and the total number of partition is

bounded by (> ¢; + 2k)!, which is a constant depending on k.
Following the same argument, one can check that
]

>

£y L2 L
qblqb2 e %ME [’Xélb;Xésbi X( 2k)

bar—1bak
b
9 9\ 2k (2.30)
< N Im [Z q; gi] (¢ 1og N) < N2k,
~ N,
Therefore, by combining (2.21), (2.22), (2.29) and (2.30), it follows
E[‘Z‘Qk] Sk y2k —I—NQkkaIP(.AC) ,Sk ka'
This finishes the proof for isotropic law Theorem 2.1. O
EJP 22 (2017), paper 64. http://www.imstat.org/ejp/
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The following is an easy corollary of Theorem 2.1:

Corollary 2.7. Under Assumption 1.3 and 1.4, forany n. < t < r, 0 < kK < 1, we have
that

2
(0. Glt.2)a) = macs(2)] < 35 + =

uniformly for any z € D,;, with overwhelming probability, provided N is large enough.

(2.31)

Proof. By Assumption 1.4, we have

N

DIV S o S N P
~ Xi(0) -z N XN(0)—z| N
uniformly forany z € {E+8n: E € [Ey—7,Eo+7],n < r}. We denote z = E +B7j :=

V]

z + tmyc+(2). From Proposition 2.2, we know that for any z € D,, Im[z + tmy ¢(2)]
t+n > n, and [tmye(2)| S tlog N < kr provided N is large enough. Therefore, we have
that Z € {E+8n: E € [Ey—r,Ey+r],n. <7 < 1}. As a consequence,

N N
) (ui(0),9)*] _ 1 ! L
I =1 —_— I — | <1
m[ZA —z—tmfct() m ;MO)— S o Tim N;Aim)—z ~
Combining with Theorem 2.1, it follows that
N
<u7,(0)7 q>2 ¢2
,G(t,z)q) — < ]
(g, Gt 2)q) ; X(0) — 2 — tmges(2)| VN

Therefore with overwhelming probability we have

.q)?
(g, Z)\ —Z—tmfct()

al N
20 -7 N & AO | WU

|<Q7 G(t7 Z)Q> - mfc,t(z)| <

+

uniformly for any z € D,. O

We take the event A; of trajectories (A(t))o<i<r such that:

1. Eigenvalue rigidity holds: sup, < <¢/n [ms(2) — mic,s(2)] < Y(Nn)~! uniformly for
2z € Dy; and sup,, < <o+o/n |Ni(8) = 7i(s)| < N ~' uniformly for indices 7 such that
vi(s) € IF(Ey).

2. When we conditioning on any trajectory A € A, with overwhelming probability, the
following holds

1 (0
sup q,G(t,2)q) —mict(2)| < 5 + =
o N I )q) (2) < N

uniformly for z € D,,.

As a consequence of Theorem 2.3 and 2.1, and notice we can take the parameter ¢ (as in
(1.7)) arbitrarily small, the event A; holds with overwhelming probability.

EJP 22 (2017), paper 64. http://www.imstat.org/ejp/
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2.3 Auxiliary results

Proposition 2.8. The initial matrix Hy = diag{\1(0),--- ,An(0)} satisfies Assumption
1.3. Fix kK > 0. Then for any k > 2 and m > 0, we have
N k/2
) Im [Z q»zg-]
k k+m 7 J
q; 19:(t, )" Sk — (2.32)
; (t + n)k/2+m
and for any m > 0, we have
N 1/2
N'21m [} 47 gi]
illgi(t,2) T < = 2.33
;Iql\g( L N (P (2.33)
and
Nlog N
Z lgs(t, 2)|H < 2o (2.34)

(t+n)m
uniformly for any z € D,,, where g; are as in (2.8).

Proof. We denote F + Bij := z + tmg. ¢(z). From Proposition 2.2, ij = Im[z + tmg. ¢(2)] >
(n + t), which gives us a rough bound for g; (¢, z):

lgi(t,2)| S (t+n) " (2.35)

With the trivial bound (2.35), (2. 32) and (2.33) are reduced to the case m = 0. For (2.32),
we have the basic inequality Y z¥ < (3 23 )k/ % if k > 2. Therefore,

k/2 k/2 k/2
o Im[Y g o Im[>d?gi] /
Zqzlgztz Zqzlgqtz = Sk — S
Im(z + tmye,¢(2)] (t+mn)

For (2.33), by Cauchy’s inequality

12,y
Z lgillgi(t, 2) (Zlgz (t, 2) ) (ZlquQIQZ-(t,Z)IQ)

1/2
_ ( Im [} g )”2 Im [5° ¢2i]
Im(z + tmgc ¢ (2)] Im[z + tmyc . (2)]
_ NY2Tmme (2)] 2 I [E g2ai] " _ NV I [2g2g]
n t+n ~ t+n ’

where we used Im[my, ,(z)] < C from (2.2). Finally, (2.34) in the case m = 0 is the same
as (2.3). O

1/2

Proof of Proposition 2.5. Recall the decomposition & = €M) 4+ €@ 4 £6) from (2.15). If
we condition on the submatrix [W]; jer, £ () is diagonal and non-random, £® depends
on [W]; jer, and £®) depends on Wigr,jeT, SO they are independent. (2.25) can be
decomposed into the following three estimates: with overwhelming probability

4

[&(1) &(1) 5(1 ] Yt

Ep _gl§1b25bgb4 T Ebze)—ﬂ)zz_ < (M) X(b17 b?a T abQZ)v (2.36)
2) &(2 (2 1 £\
Erp 51512255324 e géze)—ﬂ?ze_ SE <N> X(blv b, -+ 7b25)ﬂ (2.37)
4

(63 53 53 ] Ytlog N

Er _gblb2gb3b4 e gbzefﬂlzz_ SE (m X(bl’ ba, - 7b2f)7 (2.38)

where Er is the expectation with respect to rows and columns of W indexed by T.

EJP 22 (2017), paper 64. http://www.imstat.org/ejp/
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For (2.36), since €W is diagonal and by (2.6) in Theorem 2.3, with overwhelming
probability, ¢ mET) — mee¢| < Yt/(Nn), we have

I L
Yt I Yt
S <]V77 i:15b2i—1b27: < Ni’r] X(b17b27 T ’b%)'

For (2.37), it is a product of normal variables, which does not vanish only if each variable
occurs even number of times. Thus (2.37) follows, and the implicit constant is from the
moment of normal variables, and can be bounded by (2¢ — 1)!l.

In the following we prove (2.38). The entries of £() are given by

(3) _ § Obs;s_1b: i(;ﬁ i—1B2i (T)
gb27‘,—1b21; =1 (wb2i—1ﬁ2i—1wbgzﬂgi - == ZN S GBQiflﬂZi.
B2i—1,82:¢T

5(1) &(1) 5(1)
’ET |:£b1b2€b3b4 gbzi 11)22]

Therefore, the lefthand side of (2.38) is bounded by

L

Obo: 10008, .

Y, 2i—1b2: 9B2;—1B2: (T) (T)

¢ Z Erp H <wb2i1ﬁ2i1wb2iﬁ2i - T ‘G5152 o Gﬂ?é—lﬁ?@
B1B2, - P2egT 1=1

For each monomial of resolvent entries G(T) .. ng,l Baer WE associate it with a labeled

graph G in the following procedure: We denote the frequency representation of the

array (81, B2, ,B20) as 7{'~42 ... 4% where d; > 1 is the multiplicity of ~;, and v =

{81, B2, -, Bac}]- We construct the labeled graph G with vertex set {v1,72, - , 7} and
¢ edges (Ba2i—1,P2;) for 1 < i < £ (if B2;—1 = P2;, the edge (B2;—1,82:) is a self-loop). We
denote s the number of self loops in G. For any vertex v; € G, its degree is given by
d;, where self-loop adds two to the degree. It is easy to see that (2.38) follows from
combining the following two estimates:

4

5b2i71b21', 6521‘716272
H Wha;—182i—1 WhaiBa; — N

i=1

1
ET SZ WP(Q)X(blvb% 7b2€)a (239)

where the implicit constant is from the moment of normal variables, and can be bounded
by (2¢ — 1)!!; and with overwhelming probability, uniformly for any z € D,

(T) (T)
Z ‘Gﬁlﬁz Gﬁzz 1B2¢
B1B2, - B20¢T

loec N ZNZ/Q
p(G) e (Wlog V)N Ognz/l , (2.40)

where p(G) is an indicator function, which equals one if each vertex of G is incident to
two different edges, otherwise it is zero. For any graph G with p(G) = 1, we count the
total number of edge-vertex pairs, such that the vertex is incident to the edge: each
self-loop contributes to 1, and each non self-loop contributes to two, so the total number
is s + 2(¢ — s); since each vertex of G is incident to at least two different edges, the total
number is at least 2v. Therefore, we have the following relation between v, s and ¢:

20<2(0—s5)+s=20—s. (2.41)
For the first bound (2.39), we denote the set B = {(b;, ;) }1<;j<2¢. Then the product
in (2.39) can be rewritten as

14

617 i—1b 15 i—182i (b
H (wb2i1ﬁ2i1wb2i,32i _ %ﬁzlﬁz H wel ﬁ) (wis — 1/N)e2:8),
i=1 (b,8)€eB

EJP 22 (2017), paper 64. http://www.imstat.org/ejp/
Page 15/38


http://dx.doi.org/10.1214/17-EJP81
http://www.imstat.org/ejp/

Eigenvector statistics of sparse random matrices

where e;(b, ) = |{1 < i < £: exact one of (ba;—_1,82-1), (ba;, B2i) is (b, B)}| and ey (b, 8) =
{1<ige: (bgz_1,621_1) = (ba;, B2;) = (b, B)}|. Since for (b, B) € B, wyp are independent
normal random variables, (2.39) does not vanish only if e; (b, 8) is even and e (b, 3) +
e2(b, B) > 2 for any (b, 5) € B, which implies p(G)x(b1,bs,- - ,b2) = 1. Therefore, we
have

Er H w:};(bﬁ)(wgg _ 1/N)62(b,[3)
(b,8)eB

1 1
< .. ..
~t NZ(b,ﬁ)eB e1(0,8)/2 n\r2- v,5ye 5 €2(0,8) p(g)X(bl’b2’ bze) N¢ p(g)X(bl’b2’ 7b2f)7

and (2.39) follows.
For the second bound (2.40), by Proposition 2.4, with overwhelming probability we
have

‘ (T) | < { ¢(|gﬁ27¢_1|\962i )I/Qa 621'71 = 622',
Pai-1Pai w('-gﬁzi—l”gﬁzi )1/2/\/ Nn, Bai-1 7é Bai-
In terms of the graph G, the first bound corresponds to self-loops, and the second bound

corresponds to non self-loop edges. In the graph G, there are s self-loops and £ — s non
self-loop edges. The product of resolvent entries can be bounded as

¢ v d
ah, . q p(9) <7¢ | | 9717 p(G)
B15 Bae—18 S —s i
1P2 20—1P2¢ /7N77 Pl

with overwhelming probability. Notice that p(G) = 1 implies that d; > 2. The index set
(81, B2, -+, Ba2¢) induces a partition P on the set {1,2,---,2¢} such that i and j are in
the same block if and only if 8; = ;. If two index sets induce the same partition, they
correspond to isomorphic graphs (when we forget the labeling). Therefore, for (2.40),
we can first sum over the index sets corresponding to the same partition and then sum
over different partitions:

(T) (T) _ (T)
Z ’Gﬁ152 Gﬁzz 1B2¢ - Z Z ’G5152 ’ G52Z—152I p(g)
By, B2egT P (B, ,B20)~P

e v
DOPEED o CICE s sy B

@ T i=1 P n =1 N2
t—s/2 enTe/2
' S o (s
7 Ui Ui 1 Ui Ui

where the second inequality follows from (2.34), in the third inequality, we used > s di =
2¢, for the second to last inequality, we used the bound v < ¢ — s/2 from (2.41), and in
the last inequality, we bounded the total number of different partitions by (2¢)!. O

3 Short time relaxation

The Dyson Brownian motion (1.3) induces the following two dynamics on eigenvalues
and eigenvectors,

dAi(t) = + | = dt, (3.1)
S 2l b D w vy
1 dbye(t) 1 dt
dui(t) = — ———uy(t) — =— —_— t 3.2
welt) \/Ne;mt)—xg(t)“‘() sze; (= aep 1) e
EJP 22 (2017), paper 64. http://www.imstat.org/ejp/
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where B; = (b(t))1<i j<n is symmetric with (b;;(t))1<i<j<ny a family of independent
Brownian motions with variance (1 + ¢;;)t. Following the convention of [6, Definition
2.2], we call them Dyson Brownian motion for (3.1) and Dyson vector flow for (3.2).

In order to study the Dyson vector flow, the moment flow was introduced in [6,
Section 3.1], where the observables are the moments of projections of the eigenvectors
onto a given direction. For any unit vector q € RY, and any index 1 < k < N, define:
26(t) = V/N(q, uy(t)), where with the v/N normalization, the typical size of z is of order
1. The normalized test functions are

Qtim =[] 2 [ a(24e) ™" where a(2)) = (25 — 1)!!, (3.3)

=1 =1
These indices, {(i1,J1),-- -, (im,Jm)} with distinct ix’s and positive j;’'s can be encoded
as a particle configuration 1 = (91,72, -- ,nn) on [1, N] such that n;, = jp for 1 <k <m

and n, = 0if p ¢ {i1,42,-- ,im }. The total number of particles is N'(n) :== > 1, = > j-
We denote the particles in non-decreasing order by z1(n) < z2(n) < --- < za7()(n). If
the context is clear we will drop the dependence on 7. We also say the support of 5 is
{i1,42, - ,im}. It is easy to see that this is a bijection between test functions thj;;;;;g’;;;
and particle configurations. We define "/ to be the configuration by moving one particle
from ¢ to j. For any pair of n particle configurations n: 1 <2y <22 <--- <2z, < N and

£ 1< y1 <y2 <+ <yn, <N, we define the following distance:

d(n,€) = Y |a = yal- (3.4)
a=1

We condition on the trajectory of the eigenvalues, and define

o) = BHo(Qultim(t) | N), (3.5)

5oy lm

where 7) is the configuration {(i1,51),. .., (im,jm)}. Here X denotes the whole path of
eigenvalues for 0 < ¢ < 1. The dependence in the initial matrix H, will often be omitted
so that we write f; = ff? We will call f; the eigenvector moment flow, which is governed
by the following genera{tor B(t) [6, Theorem 3.11:

Theorem 3.1. [Eigenvector moment flow] Let ¢ € RN be a unit vector, z;, = v N{q, ux(t))
and c;;(t) = (\i(t) — X\j(t))~2/N. Suppose that f.(n) is given by (3.5) where n denote the

configuration {(i1, j1),- .., (im,jm)}. Then f; satisfies the equation
8tft = B(t)ft, (36)
B(t)fi(m) =D cij(t)2m(1 +2n,) (fi(n™) — fi(m)) (3.7)
i#]

An important property of the eigenvector moment flow is the reversibility with respect
to a simple explicit equilibrium measure:

N k
atm) = TL ot o0 =TT (1- 3:)- 39)
p=1 =1

And for any function f on the configuration space, the Dirichlet form is given by

S w ) mBE) ) = wm) Y ciymi(L+2m) (F(n?) — f(m)”.

n n i#£j

We are interested in the eigenvectors corresponding to eigenvalues on the interval
[Ey —r, Eg + 7], and we only have local information of the initial matrix Hy. However, the
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operator B(t) has long range interactions. We fix a short range parameter ¢, and split
B(¢) into short-range part and long range part: B(t) = S (¢) + L (¢), with

(SHm =D cr®)2n;(1+2m) (Hi(0*) = fu(m), (3.9)
0<|j—k|<L

(Lf)m = Y ew®2n(1+20) (") = fi(m)) -
[j—k[>¢

Notice that S and L are also reversible with respect to the measure = (as in (3.8)). We
denote by Ug(s,t) (Us(s,t) and U(s,t)) the semigroup associated with B (S and L)
from time s to ¢, i.e.

8, Uss(s,t) = B(t)Us(s, 1).

For any 7. < t < r, In the rest of this section, we fix time ¢y and the range parameter
¢, such that n, < tg < t < to + ¢/N, which we will choose later. We will show that
the effect of the long-range operator L (¢) is negligible in the sense of L> norm, i.e.
fit(n) = Ux(to,t)ft,(n); and the short-range operator S (¢) satisfies certain finite speed
of propagation estimate, and (3.9) converges to equilibrium exponentially fast with rate
N. As a consequence, f;(n) ~ 1 and Theorem 1.5 follows.

3.1 Finite speed of propagation

In this section, we fix some small parameter 0 < x < 1, and define the following
efficient distance on n particle configurations:

d(n,€) = max #{i € [1,N] : %(to) € [2(Bo),i € [va,yal}, (3.10)
wheren: 1<z <z < <z, < Nand & 1<y <y2 <+ <yp <N, and ~;(ty) are
classical eigenvalue locations at time ¢( (as in (1.5)).

In this section, we will condition on A(tp) = A for some “good” eigenvalue configura-
tion A. We call an eigenvalue configuration A good if we condition on A(ty) = A, for N
large enough the following holds with overwhelming probability:

1. supy, <ot [ms(2) — mee,s(2)| < 9(Nn)~', uniformly for any z € D,;

2. sup, <oy |Ai(s) —7i(s)| < ©N 1, uniformly for indices i such that ~;(t) € I;7(Eo).

By Theorem 2.3, combining with a simple continuity argument, A(ty) is a good eigenvalue
configuration with overwhelming probablity.

Lemma 3.2. Under the Assumption 1.3, for any n,. < t < r, we fix time ty, and the range
parameter {, such that n, < to < t < to + ¢{/N < r. For any n particle cpnﬁguratjons
ml<ro << <z, KN, and&: 1<y <y2 < <yYn <N, w1thd(n,§') >¢£/2'
then there exists a universal constant ¢, for N large enough, the following holds with
overwhelming probability:

sup U (to,s)0pn(&) < e Y, (3.11)
to<s<t

if we condition on A(ty) = A, for any good eigenvalue configuration .

Thanks to the Markov property of the Dyson Brownian motion, we know that the
conditioned law (A(%))¢>t,|A(to) = A is the same as Dyson Brownian motion starting at .
In the proof, we will neglect the conditioning in (3.11), and simply think it as a Dyson
eigenvalue flow starting at A. The proof of Lemma 3.2 consists of three steps. In the first
step, we introduce some notations and define X, the weighted sum of U (o, s)d, (&)
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over all configurations £. In the second step, we prove Lemma 3.2 given the estimate
(3.14) of X,. In the last step we prove the estimate (3.14) by analyzing the stochastic
equation of X.

Proof. First Step: We denote v = N/¢ and r4(n, &) = U (to, s)0,(&). We define a family
of cut-off functions g¢,, parametrized by w € R by demanding that inf, g,,(z) = 0 and
define g/, by considering the following three cases:

1. w < Eg — (1 — 2k)r. Define

) 1 ifz e I5 (Eo)
Gu(T) = .
0 ifa¢ I3 (Eo)

2. w e I} (Ey). Define

1 ifx>w, zell (Ep)
gp(x) =< —1 ifex<w, zclj (E)
0 ifa g 15, (Fo)

3. w> Ey+ (1 — 2k)r. Define

1 ifee I (B
g(w) = {1 AT € L)
0 if « €I§H(E0)

It is easy to see that for any fixed z, as a function of w, g/, (x) is non-increasing. We take
X a smooth, nonnegative function, compactly supported on [—1,1] with [ x(z)dz = 1.
We also define the smoothed version of g.,, ¢i(z) = [ g+, (x — y)vx(vy)dy. Then ¢; is
smooth, |¢]le < 1 and ||¢|lcc < v. Moreover, ¢;(v:(to)) < 1/v, and ¢;(z) all vanish for
x< Ey—(1—2k)r—¢/Norz> FEy+ (1—2k)r+{£/N. From the monotonicity of g/, (),
for any a < b, we have A\, (tg) < M\y(to), so

@l (x) — @y(x) > 0. (3.12)

We define the stopping time 7, which is the first time s > ¢y such that either of the
following fails: i) |ms(2) — mees(2)| < ¢(Nn)~! uniformly for 2z € D,; ii) |\i(s) — 7i(s)| <
yN~! uniformly for indices i such that v;(s) € I*(Ep). By our assumption that A(¢y) is a
good configuration, we have that 7 > ¢ with overwhelming probability. Recall the inverse
Stieltjest transform, pf. s(F) = lim,,_,o Im[my. s(£ +in)]/7. By Proposition 2.2, the density
pte.s(E) is lower and upper bounded on I”(Ejy), on the scale n > ¢*/N, and the same
holds for and N~ 5§ A:(s) Dy rigidity. Thus, there exists some universal constant C' such
that for any ty < s < ¢, and interval I centered in I’ (Ey), with |I| > */N,

CYIIN < #{i:vi(sAT) €T}, #{i: Ni(sAT) €I} <CO|IIN. (3.13)

For any configuration £ with n particles we define

©s(§) = Z Paa(Aya (SAT)),  ¢s(8) = e (®),
vs(€) == 05 (E)rans(m,€), Xy =D w(€)vs(€)?,
13

where 7 is the reversible measure with respect to the eigenvector moment flow (as in
(3.8)).
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Second Step: We denote X; := sup, <,<; Xs (by our definition, X, is always positive).
We claim that (3.11) follows from the estimate

E[X;] < CeClimtolvioa N (3.14)

where C'is a constant depending on n. In fact, (3.14) implies that

E sup eQNngzl Yra (Mya (s/\*r)),rg/\T(,r’7 €) < CeC(t—to)ulogN. (315)
togsgt

Under the assumption that J(n,ﬁ) > l/2, there exists some index 1 < a < n (by
symmetry, we can assume x, < ¥,) such that

#{Z : ’Vi(tO) € I;(EO)J € [[xa7ya]]} > ¢€/27

~

Oze (Vya (t0)) — V2o (Yoo (to)) 2 ¥WE€/N. We can lower bound ¢, (Ay, (s AT)) as

then it follows from (3.13) that |[va.,(t0), vy, (t0)] N I5.(Eo)| 2 ©¢/N, and thus

Pra Aya (S AT)) 202, (o (t0)) = [Pa0 (Aya (s AT)) = @zo (Yo (s AT))]

(3.16)
—lpza (Vya (8 A 7)) = @20 (W (F0))]-
For the second term in (3.16), since either vy,  (sA7T) € I (Ep), and |y, (SAT) =7y, (SAT)| <
Y/N, or v, (s A7) ¢ IL(Ep), and ¢4, (Ay, (s AT)) = @u, (V. (s AT)) = 0. In both cases
|0z (Aya (8 AT)) — @z, (Vyo (s AT))| S 9/N. For the third term in (3.16), we have

[P0 (Vya (8 AT)) = P (W (f0))] < /t 6" (Yo (o ATy, (0 AT)I(s — to) Slog N < /N,

where we used (2.4). As a consequence we have ¢, (A, (s A T)) 2 ¥{¢/N, for any
tg < s < t. It then follows by combining with (3.15),

E[ sup 75, (n,€)%] < e Y.

to<s<t

Since A(tp) is a good eigenvalue configuration, with overwhelming probability we have
T > t, Therefore, (3.11) follows by the Markov inequality.

Third Step: In the following we prove (3.14). We decompose X, as X, = M, + A,
where M; is a continuous local martingale with M,;, = 0, and A; is a continuous adapted
process of finite variance. We denote A} := sup, <,<; As, and M} := sup, < <, | M.
Then we have that X; < M; + Af. For M; we will bound it by Burkholder-Davis-Gundy
inequality:

E [(Mt*)z} <CE {/t<dMg,dMs>} . (3.17)

to

For A}, since A; is a finite variance process, we will directly upper bound 9, 4;, and

t
E[4;]<E {Ato +/ (0sAs V O)ds] . (3.18)

to
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By Ité’s formula we have

AX,=> (&) Y er26(1+2¢) +

(¢s(£kj) ¢s(£)
¢s(§)  Ds(€M

— 2 ) v (¥ SAT
; z) (€590, (€)d(s A 7)

3 k—3j|<¢
(3.19)
+Z 12 (10, €)(do (€), do (£)) (3.20)
+2 Z E)rsar(n, €)dos(€) (3.21)
¢
N Tw€) Y ery260(1+26) (va(€5) — vy(€))d(s A 7). (3.22)
3 k—jI<t
The martingale part comes from (3.21),
dby_y (SAT)
dM, =2 T 2y - (sAr —Yala T T/
Since [|¢}||oo < 1, we have
1/2
(dM,,dM,) <, ngds AT
Therefore, combining with (3.17), we have
2 t 2 t
2] < v 2 _ v 2
E [(Mt ) } S [/t X2 ds} = /t E[X2]ds (3.23)

To understand (3.18) and (3.23), we need an upper bound of 9A,, which is the finite
variance part of dX,. Thanks to the choice of ¢;’s, we can directly upper bound (3.19)
and (3.20) in terms of X;. For (3.21), we upper bound it by taking advantage of its
cancellation with (3.22).

Firstly, for (3.19), we need the following estimate: for |k — j| < ¢,

0:(€") | 6u(E)
5:(€) " 0.()

We assume that j < k, then there exists 1 < p < ¢ < n such thaty, 1 <j <y, (we set
yo = 0) and y,—1 < k = y, (recall y, = y,(§)) and

—2| <3 — A (3.24)

12 (gk] ZW% Ya-1Vi) — Paa(Aya)

Since Yo — (Yya—1VJ) < k—j < £, by our choice of stopping time 7, if A, _,v; < Eg—(1—k)r,
then \,, < E — (1 — k)r + C¢/N, where C is from (3.13), and both ¢, (A, ,v;) and
¢z, (Ay, ) vanish. Especially we have ¢, (A, ,vj) — @z, (Ay,) = 0. Similarly, if A, >
E+ (1—k)r, then Ay, ,v; = E+ (1 —&)r — C{¢/N, and ¢, (Ay, ,vj) — 2. (Ay.) = 0.
Therefore,

|05 (€%) = @5 (€)] S [Aypvi (s AT), Ay, (s AT NI (Eo)| S min{|Aj(s A7) = A(s A7), vt}

where we used (3.13) again. This estimate leads to (3.24):

6s(€")  0(&) || v(es(€) —0i(&) v(ps(&) —ps(€"))*
0.€) " 0u(6M) 2’ - 2 - 2
SV — A
EJP 22 (2017), paper 64. http://www.imstat.org/ejp/

Page 21/38


http://dx.doi.org/10.1214/17-EJP81
http://www.imstat.org/ejp/

Eigenvector statistics of sparse random matrices

Combining with (3.24), it follows that

2 1/2
(3.19) < ﬁ S o) D 261+ 285)vs (€M v ()d(s AT) S %Xsd(s AT). (3.25)

3 |[k—j|<e
For (3.20), we have the bound

-~ P (Mua (9)) V2
(3.20) = 23X Z ZAGACO) d(s A7) Sn Jp Xad(s A 7). (3.26)

For (3.21), the finite variance part is given by

1 n
> m(©)va(€) 5 3 (el () + 1A () d(s A7) (3.27)
£ a=1
- 1 d(s A
T SEIGINGED DN E S i) (3.28)
* N )\y — Ak
13 a=1 [k—ya|>€ 7%
= 1 d(sAT)
+2VZ7T(€)U3(5)2 Z ‘P;Q(Aya)N M — M (3.29)
¢ a=1 0<|k—ya <l 7¢
By our choice of the cutoff function, |vy) (X, ) + V2@ (Ay.)| S V2
2
(327) Sp = Xed(s A 7). (3.30)

For (3.28), we either have )\, ¢ I3, (Eo), then ¢ (A, ) =0; or A\, € I}, (E)p), in this
case, by a dyadic decomposition argument similar to (2.5), we have:

1 1
— < log N.
k:lk—zy;,lﬂ Ay (SAT) = Ap(s A T)

Therefore we always have that
(3.28) Svlog NXd(s AT). (3.31)
Finally to bound (3.29), we symmetrize its summands

i d(s AT
2 e Nty X ST

A
a=1 0<\k—ya\<z Yor

2 A ,
2y Aii DS w@n©? Y 60
0<k—igl I3 Yo =i
P d
*ﬁy > A(S_A;k) D m€)vs(€)? DY @ () (3.32)
0<i—k</t 3 aya=k

N, i(iSAAT,c);”(ﬁ)vs(s)Q > )= X0 e )

0<k—i<{ QYo =1 a:yo=k

AR J:Zﬂs)vs(sf > e )= 3 @ ) |+ O Xd(s AT)),
v 13

0<k—i<{ QYo =1t a:yo=k

(3.33)
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where in the last inequality, we replaced ¢, (A\x) by ¢, ()\i). By our choice of ¢;,
1% (h) = @, ] < 119" (@)oo A — Ael <
for the pairs (k, ), so the error is at most O(v?/X,/N) = O(nvXy).

In all the following bounds, we consider ¢ and k as fixed indices. We also introduce
the following subsets of configurations with n particles, forany 0 < ¢ < p < n:

:{€5€i+fk:p}a Ap,q:{£€Ap5§iZQ}-

We denote &€ = (£;,&,- - ,&n) the configuration exchanging all particles from sites i and
k,ie. & =&, & =& and & = & if j # i, k. We denote the locations of particles of the
configuration &: 1 < 71 < 72 --- < ¥ < N. Using 7(§) = 7(€), we can rewrite the sum
over £ in (3.33) as

Z Z Yo Y )
= €A,

QYo =1 aya==k

Z

=0¢

ZZ Z STl - Y el )
=0q=0¢&€cA,,

QYo =1 aya==k

ZZ ST w@u@ | DD )= DD @l ()] (3.34)

0&cA, g a:fo=k QYo =1

For i < k, both index sets {a: yo =k} U{a: §Jo =k} and {a:y, =i} U{a: J, =i} has
cardinality p, and the j-th largest number in the first set is larger than its counterpart in
the second set. By (3.12), for any a < b, we have ¢/, (z) > gpg(m) This implies that

PN R DA O ) SR A ) B SR (3.35)

QYo =1 a:yo=k a:Go=k Qo =1

Equations (3.34) and (3.35) together with \; < A\ give

ZZ g @ [ D0 )= D0 e (n

oYya =1 a:ya=k

<3 _AkZ g @) [ 3 - 3 e

p=0g¢=0¢ oiYya =1 a:ya=k

Sn pew! _M Z €) |vs(€)? — vs(€)?], (3.36)

where we used, in the second inequality, ||¢} [l < 1.

Note that transforming ¢ into £ can be achieved by transferring a particle for i to k
(or k to 7) one by one at most n times. More precisely, if £ € A, , such that g <p — g, we
can define £, = 5 for0<j<p—2¢. Then§y =€ and §, o, = = ¢ and

T(O)0s(E) — 0@ < S AEIa(€)? — a2 S S T(E)lea(€))? — va(€h)?
j=0 =0

where in the last inequality we used 7(§) <, 7(§;). Therefore we can bound (3.36) as

N O (6 — 0. (82 < —C ST () 0u(6)? — v (€42
w—mz GINGEAGHE Ai_mg (Ol (§)? — va(6")?

N 2
(Skz)) C?N ki) 2
<t () S =D O S e (n(6) + wa(e™)
3 3
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where we used AM-GM inequality. Finally, we obtain the following bound

_ ki
329 <2 ) > (”Sj(vﬁ()x “SA@ 2))2d(s A7) + CrXod(s AT). (3.37)
¢ 0<|i—k|<t i~ k)

Notice that the first term in (3.37) combined with (3.22) give a negative contribution.
Thus, (3.30), (3.31) and (3.37) together lead to

(3.21) + (3.22) S vlog NXd(s A T) (3.38)

(3.25), (3.26) and (3.38), all together, give the following upper bound on the finite
variance part of X:

0sAs Sp viog N Xs. (3.39)

With (3.39), it is easy to estimate E[X;] and E[X?]. For X;, by taking expectation on
both sides of (3.39), we have

0sE[X,] Sn viog NE[X,].
Therefore
EX,] S eClTt0los N, (3.40)

following from Gronwall’s inequality, where C is a constant depending on n. And we
used that by rigidity we have |\;(to) — v:(to)| < ¥/N, and thus |p; (X (t0))] < |@s(vi(to))| +
loi(Ni(to)) — wi(vi(to))| < 1/v, and E[Xy,] <, 1. Similarly for X7, by Itd’s formula, we
have

dX? =2X,dX, + (dX,,dX,)
=2X,dM, + 2X ,dA, + (dM,, dM,). (3.41)

We take expectation on both sides of (3.41) and obtain,
O, E[X2] S vlog NE[X2] + 2N 'E[X2] <, viog NE[XZ].
Again by Gronwall’s inequality, we have
E[X7] Sy St los (3.42)

(3.17), (3.23), (3.40) and (3.42) together implies:
1/2
ELX;] <E [(M;)?] "+ Bl4]]
<L tE[XQ}ds v + E[X,,] +vlog N t]E X,]ds <, eCltmtovlos N
<o ([ Bz ol +vion¥ [ B S e
This finishes the proof of (3.14). O

We can take the event A, of trajectories (A(s))ogs<t such that: conditioning on the
trajectories (A(s))ogs<t, the short-range operator U,y satisfies,

sup Uy (to,s)0pn(&) < e 2V (3.43)
to<s<t

for any pair of n particle configurations n and §~(notice that the total number of n particle
configurations is bounded by N") such that d(n, &) > ¢/2. Since with overwhelming
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probability A(¢) is a good eigenvalue configuration, combining with the Lemma 3.2, we
know that As holds with overwhelming probability.

Thanks to the semi-group property of U, for any (A(s))ogs<t € A2, we claim, for
N large enough, the following hold: conditioning on the trajectories (A(s))ogs<t, the
short-range operator U satisfies,

sup  Ug(s',5)0,(8) <e Y, (3.44)

to<s' <s<t

for any pair of n particle configurations 1 and & such that cZ(n, & > }M. We prove the
statement by contradiction. Assume there is a pair 19 and &y with d(no, &) > ¥¢ and
time ty < s’ < s < t such that (3.44) fails. We take a function

h= Y 6y

d(n,mo)<yL/2

on the space of n particle configurations. By triangular inequality, for any n such that
d(n,no) < l/2, we have d(n, &) > ¥¢/2. Therefore by (3.43), for sufficiently large N,

U (to,s)h(€) < N"e 2. (3.45)

By the same argument for (3.45), we have

—_

Uy(to,s/) Z 677 (T[()) < Nme~2¢¥ < -
d(n,m0)>v/2

[\

Notice that U (g, s’) preserves the constant function, we have

Uy (to, s)h(&) = Ux(s',s)Us(to,s') | 1 — Z on | (o)
d(n,mo)>ve/2

1
= §U5’(8/7 5)6n0(€0) = 6—61/)/27

which gives a contradiction with (3.45). Therefore, we have the following corollary of
Lemma 3.2:

Corollary 3.3. For any trajectory (A(s))ogs<t € A2 as defined in (3.43), conditioning on
(X(s))ogs<t, the short-range operator U o satisfies: uniformly, for any function h on the
space of n particle configurations, and particle configuration & which is away from the
support of h in the sense that J(n, &) > ¢, for any n) in the support of h, it holds

sup U (s, )h(€) < [|hlloN"e™ .

to<s'<s<t

3.2 Short time relaxation

Lemma 3.4. Under the Assumption 1.3, for any n,. < t < r, we fix time ty and the range
parameter {, such thatn, < to <t < to+ ¢/N < r. The Dyson Brownian motion W (as
in (1.3)) for 0 < s < t induces a measure on the space of eigenvalues and eigenvectors
(A(s),u(s)) for 0 < s < t. The following event A of trajectories holds with overwhelming
probability:

1. The eigenvalue rigidity estimate holds: sup, .« |ms(z) — mecs(2)| < (Nn)™!
uniformly for z € Dy; and sup, <.« |Xi(s) — 7i(s)| < ¥N~' uniformly for indices i
such that ~;(s) € IF(Ey).
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2. When we condition on the trajectory A € A, with overwhelming probability, the
following holds
l{g,G(s,2)q) — ( )\<—1 + ¢ (3.46)
su S, % M s(2)] < .
P q, ,2)q fc, Nb /7N’I7

togsgt

uniformly for z € D,.

3. Finite speed of propagation holds: uniformly, for any function /A on the space of n
particle configurations, and particle configuration £ which is away from the support
of h in the sense that a?(n, &) > ¢, for any 7 in the support of A, it holds

su Uy (s, s)h(€) < ||h]|sc Nme Y. (3.47)
p (s

to<s'<s<t

Let the indices by, b, by —d; and by +ds be such that among all the classical eigenvalue
locations at time g, Vb, (t0), Vb5 (t0), Vb, —d; (to) @nd Ve, 14, (to) are closest to Eg— (1—7x/4)r,
Eo+ (1 —=7k/4)r, Eg — (1 — 3k/2)r and Ey + (1 — 3x/2)r respectively. We further define
d = min{d;, ds}. We collects some facts here, which will be used throughout the rest of
this section:

1. my(z) is the Stieltjes transform of empirical eigenvalue distribution N ! vaz 10x;(s)”
and (g, G(s, z)q) can be viewed as the Stieltjes transform of the weighted spectral
measure: Zf\; (u;(s),q)?6 A:(s)- The imaginary part of Stieltjes transform contains
full information of the spectrum. (2.2) and Lemma 3.4 implies the following
statements in terms of averaged density of eigenvalues and eigenvectors of Hg:
there exists some universal constant C such that for any ¢y < s < ¢, and interval I
centered in I”(Ey), with |I| > ¢*/N, we have

CTYUIIN < #{i:yi(s) € I}, #{i: \i(s) € I} < C|I|N. (3.48)
especially, C~!'rN < d < CrN; and with overwhelming probability

CTHIIS Y (quils)> < . (3.49)
X (s)eT

2. Since ¢{/N < r, for any index i € [by —d — 3¢¥,ba + d + 3¢L], we have v;(tg) €
Ign/4(E0). Therefore, for any tg < s < t, |Ai(s) — vi(to)| < |Ai(s) — v (s)| + |a(s) —
vi(to)] < ¥/N + ClogN(s — tp) < r, and \;(s) € I.(Ey), where we used (2.4).

Moreover, the eigenvector u;(s) is localized in the direction g with high probability,

N{g,ui(s)) < ¥* Im[(q, G(s, (\i(s) + Bo*/N))g)] S o (3.50)

We define the following flattening and averaging operators on the space of functions
of configurations with n points:

if n C Jby —a, by + akK,
otherwise,

Av(f):é > Flata(f). (3.51)

a€dl,dK

(Flata(f))(n) = { f (17?),

We can write
Av(f)(n) = anf(n) + (1 —ay) (3.52)

for some coefficient a,, € [0,1] (ay, = 0if n & Jby — d,bs + dK, a,, = 1if n C Jby, boK). We
will only use the elementary property

lan — ag| < d(n, €)/d, (3.53)

where the distance is defined in (3.4).
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For a general number of particles n, consider now the following modification of the
eigenvector moment flow (3.6). We only keep the short-range dynamics (depending on
the short range parameter /) and modify the initial condition to be flat when there is a
particle outside the interval we are interested, i.e. [Eg — 7, Ep + r|:

ohgr =S ()9t
Gto (T’) = (Avfto)(n)a

for n = 1, we write these functions as f;(k) and g:(k) when 7 is the configuration with
1 particle at k. We remind the reader that f;(n) can be define either by (3.5) or by the
solution of the equation (3.6).

Before we prove our main results, we still need the following lemma on the L*
control on the difference of the full operator Uz and the short-range operator U ¢:

(3.54)

Lemma 3.5. For any eigenvalue trajectory A € A as defined in Lemma 3.4, we define
the eigenvector moment flow as in Theorem 3.1. we have the following L*° control on
the difference of the full operator U4 and the short-range operator U ¢ :

[(Us(to,t) fro — Usr(tos t) fro) (€)| Sn "N (t = t0) /£ (3.55)
where £ is any n-particle configuration supported on [by — d — 240, by + d + 2¢/].

Proof. By Duhamel’s principle

(U (to, 1) fro = Usg(to, 1) f1) (€)] =

/t U (s, t)L (s)Ug(to, S)ftodS(g)‘

U ()L (3).5(6)
to

For any n corresponds to the configuration {(i1,j1),--., (im, jm)}, With support in
[br — d+ 31, by + d + 3], i.e., i1,i0,- - ,im € [b1 —d+ 3, by +d+ 3¢¢]. Then by
(3.50), with overwhelming probability, we have (N(g,u;,(s))?)”” < %> uniformly for
any 1 < p < m, which leads to the following priori bound on the eigenvector moment
flow:

fsm) So*, fo(m?®) St (k). (3.56)

We remark that £ € [1,N] can be any index. Since (3.50) is local, only holds for
eigenvectors corresponding to eigenvalues in the interval I%(Ey), in general we do not
have control on N(q, u(s))?. However, it still follows from (3.56),

[ fe(m’ Wt (k) + gt
L) fm < Y (A _Ak Z > Moo —n

li—kI>¢ p=1 k:lip—k| >0

Notice that i), € [b1 — d + 39/, by + d + 3¢¢], and thus \; (s) € I} (Ep). A similar dyadic
decomposition as in (2.5), combining with (3.48) and (3.49), we have

[logy N/£]

DR LU o T W)
i — )2 )2
k:lip,—k|>£ N(Alp Ak) q=1 k:2q—1€<|k—ip\g2qg N()\zp Ak)
Mog, N/0]
N N
’S Z 92q f2 Z fs(k)s ?
q=1 k29— 10| k—ip| <224
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Similarly, we also have
Y N wE ST
kelip—k|ze e T Ok
and it follows
w4nN
l

Notice that d(supp(L (s) fs — Flatayspe(L (s)fs)), &€} > f. Therefore by the finite speed
of propagation (3.47) in Lemma 3.4 of U, we have

(U (s,t)L (5) £5)(€) = U (s, t)Flatgyape(L (5) f5)(€) + O(e™/2) <, i N/L.

where in the last inequality, we used that U & is a contraction in L*°. (3.55) follows, since
we gain a factor t — ¢y from integration of time. O

L (s)fs(n) Sm (3.57)

By Lemma 3.4, the event A holds with overwhelming probability. Theorem 1.5 easily
follows from the following Theorem.

Theorem 3.6. Fix any 7. < t < r. For any eigenvalue trajectory (A(s))o<s<: € A defined
in Lemma 3.4, let f be a solution of the n particle eigenvector moment flow (3.6) with
initial matrix H, and eigenvalue trajectories (A(s))o<s<:- Then for N large enough we

have 1
su -1 <5 —, 3.58
s i) 1 S (3.58)
MCIby +1pL, by —1heK

where the constant 0 > 0 depending on a, b, r,t.

Proof. The proof is an induction on the number n of particles. For any n such that
N(n) =nandn C [by + L, by — l], we have

|fe(n) — g:(m)| < [(Uz(to, t) fr, — Uz (to, 1) fro) (M| + [Us(to, 1) (fr, — AV fis)(1)]
<p VNN (t — to) /0 + e/, (3.59)

where we bounded the first term by Lemma 3.5, and the second term by finite speed of
propagation (3.47), since f;, — Av f;, vanishes for any £ such that & C [by, b2].

In the following we prove that sup, [{g:(n)} — 1] < N~! by a maximum principle
argument. For a given t; < s < ¢, let i), corresponding to the particle configuration
{(41, k1), -+, (Jm, km)}, be such that

gs(m) = sup {gs(n)}.
n:N(n)=n

If g5(f) — 1 < N1, there is nothing to prove. Otherwise, by finite speed propagation
(3.47) in Lemma 3.4, the support of 77 belongs to the interval [by — d — ¢, by + d + /).
By the defining relation (3.54),

05 (gs(M) — 1) =S (s)gs (M) = > ;w20 (1 + 2ik) (9:(77%) — gs(7))

0<|i—k|<e
Y 95 (") — g (m) _ 1 9s (%) — g5(0)
~ X
1<p<m, N()\jp - )\k)Q N 1<p<m, ()‘jp - /\k)2 + 772
k:0<|jp—k|<L k:0<|jp—k|<e
L (g, 1 1 gs(777%) 1
=— 5 (gs(m) = 1) Im——— + — Im Cm
Nﬂ ) 1<§;m, Zjp Ak N’I7 1<§;m, Zjp Ak Zjp Ak
k:0<|jp—k|<L k:0<|jp—k|<E
(3.60)
EJP 22 (2017), paper 64. http://www.imstat.org/ejp/
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where we define z;, = A; + 8, and */N < n < £/N, will be chosen later. For the first
term in (3.60)

m

Zli/z > WZ ZA: 2%25]\77

1<p<m, 1 — =1 —X;
k,:0<|_7;'7p—‘"12\§i P=1k:0<]jp—k|<L P=1k:|Ap—A;,[<n

where we used (3.48). For the second term in (3.60), we claim that for any fixed j, such
that j, € [b1 —d — ¥, by + d + /],

1 gs(ﬁjpk) 1

-~ E Im —Im

N poclinice =M Zip — M
7\ j 1 ¢ 1  Np N(s—t)

=ap . _ 4n L (s —to)

=aq Imme s(2;,)] (fs(M\jp) — 1) + On <¢ ( + = - + m+ ; I - .

(3.61)
We can bound the lefthand side of (3.61) by (3.62) + (3.63) + (3.64) where
~jpk — ~jpk
_ 1 (Usz(to, 8)Av i) (77") = (AvU.p (to, 8) i) (0774) (3.62)
. Zj — )\k
k:0< | k—jp | <2 !
~jpk — 7 ~jpk
Im Z i(AVUy(to,S)fto)(n ) (AVUQ(thS)ftU)(TI )’ (3.63)
. Zj — )\k
k:0<]|jp—Fk|<L !
Rivk
WY 1 (AvUg(to, s) fi,) (") 1 (3.64)

k:0<|jp—k| <t Zj, — Ak Zjp = M
The term (3.62) will be controlled by finite speed of propagation; (3.63) will be controlled
by Lemma 3.5, and (3.64) by the isotropic local semicircle law for N'(n) = 1, and by
induction for N (n) > 2.

To bound (3.62), we write

(U0, 5) AV fi)J(7) — (AVU (f0,5) o) (77%)

:é Z (Uy(t(h S)Flataftg — FlataUy(t(), S)fto) (ﬁjpk). (3.65)

a€Jd1,dK

For any a € [1,d], there are three cases: 7/r* ¢ [b —a — ¢l by +a+l], 77»F C
[b1 — a + €, bs + a — L], or neither of them.

For 7/r* ¢ [by —a — L, by + a+f], by our defintion, Flat,U.x(tg,s)f:, (777F) =
1. Notice that the support of Flat,f;, — 1 is on [by — a,bs + a]. By finite speed of
propagation (3.47) in Lemma 3.4, the total mass of U.(to, s)(Flat,fi, — 1) outside
[b1 — a — ¥, by + a + /] is exponentially small. Especially, |U.»(to, s)Flat, f;, (777%) —1| <
exp(—cy/2). For 2% C [by — a + ¢, by + a — 1], we have

(U (to, s)Flatq fi, — Flata U (to, ) fi,) (777%)]
=|( Uy s)Flat, fry — U (to, 8) fro) (7777)]
(U (to,s ) (fio, — Flaty fi,)) (%) < exp(—c1)/2),

we used the finite speed of propagation (3.47) in Lemma 3.4 in the last inequality, since
f+, — Flat, f;, vanishes for any & with £ € [b; — a, by + a]. For the last case, we have 7}/7*
[b1 — a — 1l by + a+f], and some particle of 77*% is in [by —a — ¥l by —a +l] U
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[b2 + a — €, by + a + 1f]. There are at most 2ny¢ such a, where n = N (7) is the to-
tal number of particles. Moreover, since U is a contraction in L°°, we have

f s)Flat, fi, — Flat, U (to, 5) fi,) (ﬁjpk)f

|(U s)Flat, fi,| + [FlatoUs (to, s)Flatayoype fr,) (77777)|
|F1&t Uy (to, s) (fio — Flatasayefe,) (777)]

|

<
+
<|Flata fio lloo + [Flataypefio lloo + € /2,

Since by (3.50), uniformly for any i € [by — a — 214, by + a + 2¢¢], the eigenvector wu; (o)
is delocalized in the direction g, i.e. N{q,u;(ty))?> < ¢* with overwhelming probability.
Thus [[Flate fi, [|oos [[Flata+2ye fioloo < ¥*", and

|(U(to, s)Flat, fy, — Flat, U (to, s) fr,) (777F)| < "

Combining the above three cases together, it follows that (3.65) and therefore (3.62) <,
w4n+1€/d‘

To bound the term (3.63), Since 7 is supported on the interval [b; — d — ¥¢, ba + d + /],
7’2" is supported on [by; — d — 2/, by + d + 21)/] for any k such that |k —j,| < ¢. Therefore,
by Lemma 3.5 we have

[(AVU.» (to, 8) fuo) (777%) — (AVUz(to, 5).fuo ) (777F)| < |(Usr (to, 5) fo — Uza(tos 8) f1o) (77"))|
Sn W' N(s —to) /L.

As a consequence, (3.63)<,, Y1 N(s — tg)//.

Finally for (3.64), similarly 7/»* is supported on [b; — d — 2¢/, by + d + 21¢], then by
(3.50) uniformly for any j in the support of 77**, N (g, u;(s))? < ¢* with overwhelming
probability. Therefore, f,(7/7*) < ¢*", for any 1 < p < m. The first part of (3.64) is

l Im Z w — l Im Z aﬁfpk‘fs(ﬁjpk) + (1 - aﬁjpk)

kO<ljp—kl<e v Ak k:0< |5, — k| <L Zip ~ Ak
1 T aq fs(MPF) + (1 = ag) + (azipr — ag) fs(07F) 4 (aq — azipn)
ij — )\k

k:0<|jp—k| <L

aq fs(7PF) + (1 — ag) fptn
2 ’ Zj, = Ak n+0(d>’

=—1Im
k:0<|jp—k|<E

where we used that |az5,+ — az| < d(7,77?")/d < £/d.
From the proof of Lemma 3.5, and by our choice n < ¢/N, we have

=ik 4n
1 nfs(m77") <Y N777 1 3 n <M
(Aj, = AR)? + 12 ¢ —A)PAn L

_ . (Aj
kel k| >t Kl >¢

(3.64) can be reduced to upper bound the following expression,

SRS nfs(@r*) ”
o 2 2 — 3 5
N k:0<|jp—k|<e ()‘Jp Ak)? +n ()\]p M)+
1 nfs(nie*) npdn gt Ny
N Z i — A )2 2 ,s\Zj, N i
k¢ {j1, jm} (Aj, k)24 n
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Moreover, by definition (3.5) the first sum in the above expression is

(N<qaujq(s)>2)kqiépq n{q, u(s))?
b H a(2(kq — 0pq)) Z m (Ho, A)

1<g<m,q#p EZ{j1,im}
(3.67)
Thanks to (3.46), we have
n{(q, uy)?  nN( q,ug )
MBI 1f(g, (s, ,)@)] — Z n
A — )2 2 ’ ’ Jp N . 2
kg imdmy Cin T AR+ = W, - +1
1 Y2 ¢4
=1 c,s\<j O U
m{mge s(25,)] + (N" + N + No
with overwhelming probability. As a result, (3.67) is bounded by
¢4n w4n
(3.67) = Im[mfw(sz)}fs(ﬁ\jp) + O, (N" + m) . (3.68)

Combining (3.68) and (3.66), we have the following estimate for (3.64),

. " Y4 1
(3.64) = ag Im[mye,s(2,)] (fs(1\Jp) = 1) + On (¢4 <Na tat m)) -
(3.61) follows from combining the error estimate of (3.62), (3.63) and (3.64).
With the estimate (3.61), we can start proving (3.58) by induction. We choose the
parameters

n= wgﬁN20—17 g — leﬁJrlNSD, tO —t— wn =t — ¢8ﬁ+1N20—1. (369)

We can take ¢ (as in the control parameter ¢ (1.7)) and 0 small enough such that
0+4nc < b, 40+ (161 +2)c — 1 < logy r and 20 + (872 4+ 1)c — 1 < log (¢/2), then

¢yt 4

l
AT 7< < t AT )
Na N n O+ <r

N <K<tg<tKr, t—ty< N N

and for any 0 < n < n, it holds

1 Pl 1 Nn 4 1/)4”N(t —to) 1
4n
(0 (Nh+d+,]\f7n+€)<7‘m’ #giﬂb'

Thus (3.61) can be simplified as: for any 1 <n < 7, and t; < s < t, we have

9s(17") 1
k:0<|jp—k| <L Jp k Ip k e e

If we plug in this back to (3.60), we have either g,(77) —1 < N~! or

N 1, 1 1
95 (9s(M) —1) Sn——(g9s(M)—1)+—|n sup lfsm) =1+ |- (3.70)
n n N (n)=n-—1, N
NCIby +1p0,bgy —1peK

We can prove the following by induction on n: let t, = to+ kyn/nfork =0,1,2,--- |7
Then for any time ¢,, < s < t we have

1
sup |fs(m) = 1] Sn 5 (3.71)
7N (m)=n, N°
NCIby +PL,bg —PLK
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(3.71) holds trivially for n = 0. Assume (3.70) holds for n — 1, we prove it for n. By
induction, for any t,,_1 < s < t we have

- 1 -
Os (95(77) - 1) Sn _; (95(77) - 1) + W

Therefore for any t,, < s < t, Gronwall’s inequality leads to

1 1
sup gs(m) —1Sn =+ | swp g, (m)—1)e ¥ <p—,
nN (m)=n N \nN(m)=n N®
for N large enough. Combining with (3.59), we obtain,
) =1 S0 =
su s T LN ary
'r[:/\/'(nl))=n, n .Z\/vD
nelby+veL,by—yL]
Similarly by a minimum principle argument, one can show that
inf 1> !
":A}&):m fs('rl) TR TN
nelby+UL by — ]
and (3.71) follows for any 0 < n < 7. O

Proof of Corollary 1.6. By taking q supported on 7 and j-th coordinates in Theorem
1.5, we know that for any k such that \x(t) € I3, (Eo), ui,(t) and uj,(t) are jointly
asymptotically normal. A second moment calculation yields

N I ’ 1 N ’
<a1 Zaiuii(t)> = WE (Z a;(Nuj,(t) — 1))

i=1

1
<ma[B[(NVu (1) — 1) (Nug; (1) = 1)]| + Tal {(Nuii(t) - 1)2} .
17£] ajl1 7
By Theorem 1.5, the first term of the right hand side is bounded by CN~?, and the
second term is bounded by C/||a||;, where C is an universal constant. The Markov
inequality then allows us to conclude the proof of (1.13). O

4 Proof of Theorem 1.1

For the proof of Theorem 1.1, we follow the three-step strategy as in [24, 2], where
it was proved for sparse Erdés-Rényi graphs in the regime N° < p < N/2 in [24], and
p-regular graphs in the regime N? < p < N2/3=9 in [2], that in the bulk of the spectrum
the local eigenvalue correlation functions and the distribution of the gaps between
consecutive eigenvalues coincide with those of the Gaussian orthogonal ensemble. We
prove Theorem 1.1 for Erdés-Rényi graphs, the proof for p-regular graphs is similar, and
we only remark the differences.

Before the proof of Theorem 1.1, we recall some definitions and notations from [24].

Definition 4.1. Let A be an N x N deterministic real symmetric matrix. We denote the
eigenvalues of A as \1 < A2 < --- < Ay and corresponding eigenvectors wy, us, - ,un.
For any small parameter ¢ > 0 and unit vector ¢ € R", we call the matrix A (¢, q)-general,
if there exists an universal constant C such that

1. The eigenvectors of A are delocalized in all base directions and direction q: for all

ivj € [[N]]' <ej7ui>25 <Qaui>2 < CN_1+C-

EJP 22 (2017), paper 64. http://www.imstat.org/ejp/
Page 32/38


http://dx.doi.org/10.1214/17-EJP81
http://www.imstat.org/ejp/

Eigenvector statistics of sparse random matrices

2. The eigenvalues of A do not accumulate: there is an universal constant C, such
that for any interval I with length |I| > N='*¢, we have #{i: \; € I} < C|I|N.

We recall the quantity ); on the space of symmetric N x N real matrices. For any
N x N matrix A4, if ); is a single eigenvalue of A, Q;(A) is given by

1 1

This quantity plays an important role in [39, 38], where it was observed that Q;(A)
captures quantitatively the derivatives of the eigenvalues \; of A.

Proposition 4.2. Let A be an N x N deterministic real symmetric matrix. If A is
(¢, q)-general in the sense of Definition 4.1 and

1 1
- <M =N? 4.2
NZ 2~ TN (A) — N, (A ’ (4-2)

then there exists some universal constant C' such that

D% (A)] < ON~HE=DTHEE-DE L 93 (4.3)
w(k) Qi(A)| < CN(k+2)'r+(2k+2)c’ k=123, (4.4)
0% (g, ui(A))2] < ON-LFRTH@RDe 1 93, (4.5)

where 0, is the derivative with respective to (a, b)-th entry of A.

Proof. The first two estimates (4.3) and (4.4) are proved in [24, Proposition 4.6]. The
proof of (4.5) is analogous. We denote G = (A — z)*l the resolvent of A, and V the matrix
whose matrix elements are zero everywhere except at the (a, ) and (b, a) position, where
it equals one. For the derivative of eigenvectors (4.5), we use the following contour
integral formula:

o) (g, =) §la.G)a)dz = (-1 g, (GV) Ga)ds

where the contour encloses only \;. (4.5) follows from analogue estimate as in the proof
of [24, Proposition 4.6]. For example

_ (g, ui) (g, uj) (ui Viuy) | _ C14rse
|aabQ7uz ! 22 )\ -\ N2 QCZ Z|/\ 7)\| <CON ’
Jij#i Jij#i
thanks to the delocalization of eigenvectors of A in directions e,, e; and gq. O

Recall that H is the normalized adjacency matrix of Erd6s-Rényi graphs as given in
section 1. We define the following matrix stochastic differential equation which is an
Ornstein-Uhlenbeck version of the Dyson Brownian motion. The dynamics of the matrix
entries are given by the stochastic differential equations

dwi' t 1 P N

j(>—*(hz‘j(t)—f)dt, f=7/ :
VN 2 p(1—p/N)

where W; = (w;;(t))1<igj<n is symmetric with (w;;(t))1<i<j<n a family of independent

Brownian motions of variance (1 + ¢;;)t. We denote H; = (h;;(t))1<i,j<n, and so Hy = H
is our original matrix. More explicitly, for the entries of H;, we have

(4.6)

d(hi(t) — f) =

hij (t) =f+ 67% (hw (0 \/7/ dwz] (4.7)
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Clearly, for any ¢ > 0 and ¢ < j, we have E[h;;(t)] = f, and E[(h;;(t) — £)%] =1/N. More
importantly, the law of h;;(¢) is Gaussian divisible, i.e. it contains a copy of Gaussian
random variable with variance O(tN~!). Therefore H; can be written as

H2H +V1-e'G, Hy=f+e2H-F), (4.8)

where G is a standard Gaussian orthogonal ensemble, i.e., G = (g;j)1<i<j<n is symmetric
with (gs5)1<i<j<n a family of independent Brownian motions of variance (1 + d;;)/N, and
is independent of H;.

Proposition 4.3. For N° < p < N/2, we fix0 < b < §/3. Then for 0 < s < 1, any unit

vector g € RN such that q | e (wheree = (1,1,---,1)*/v/N) and N large enough, the
followings hold.

1. For any ¢ > 0, with overwhelming probability H; is (c, q)-general in the sense of
definition 4.1.

2. Assumptions 1.3 and 1.4 hold for IL (as in (4.8)), with overwhelming probability.
More precisely, |H;|| < N, and uniformly for any z € {E + fn : |E| < 5, N3*~1 <
n<1}

| Tr(Hs — 2) 7 /N —mee(2)] S N7, (g, (Hs — 2)71q) — mee(2)] S N7°,  (4.9)
with overwhelming probability.

Proof. For any 0 < s < 1, H,, H, belong to the family of sparse random matrices
in [13] with sparsity ,/p. Under our normalization, with overwhelming probability
|Hy|| < C/p < N. We denote G(z) = (Hs — 2)~! (or (Hs — 2)~') and m(z) = Tr G(2)/N.
Thanks to [13, Theorem 2.8], with overwhelming probability,

1 1
C'loglog N
Im(z) —mge(2)| < nax |Gij(2) — diymse(2)] < (log N)™ 808 (pl/z + (]\/‘77)1/2)

(4.10)

uniformly for any z € {E + 8n : |E| < 5,0 < n < 1}, where m. is the Stieltjes transform
of the semi-circle distribution. More, noticing that H,, H, are exchangeable random
matrices, it follows from the entry-wise local law (4.10) and [3, Theorem 8.2],

1 1
|<q7G(Z)q> - msc(z)| < (log N)CloglogN (pl/Q + (NI7)1/2> s (4.11)

with overwhelming probability. It follows that H, is (¢, q)-general, and (4.9) holds for H,,
with overwhelming probability, and thus Assumption 1.4 holds for H,. For Assumption
(1.3), fixany k > 0, sinceon z € {E+8n: E € [-2+ k,2 — k],0 < n < 1}, there exists
a constant C such that 20! < Im[mg.(2)] < C/2. Therefore it follows from (4.9) that
Cl<Imm(z)]<Conze{E+8Bn: Ec[-2+k,2—k|, N3* L <n<1}. O

Remark 4.4. We believe the technical assumption g L e is not necessary, the isotropic
local law (4.11) holds for any unit vector ¢ € R"Y. However, the proof in [3, Theorem 8.2]
works only for unit vectors perpendicular to e.

Thanks to Proposition 4.3, with overwhelming probability, H satisfies Assumptions
1.3 and 1.4. In (4.8), if we condition on those good initial data ]EI, the eigenvectors of H;
are asymptotically normal with overwhelming probability with respect to the randomness
of G (as in (4.8)). If we then take expectation with respect to H, the following proposition
follows.
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Proposition 4.5. Fix k > 0, 0 < b < §/3, positive integer n > 0 and polynomial P of n
variables. Then for any N**~! < t < 1, unit vector q € RY perpendicular to e (where

=(1,1,---,1)*/V/N), indexes iy, iz, - - ,in € [kN, (1 — k)N] and N large enough, there
exists a constant d depending on b, t,

’E [P ((N<q’uik (t)>2)1<k<n>] ~E[P ((|Ni|2)?:1)H <ON7°, (4.12)

where u;(t) are eigenvectors of H; corresponding to i-th eigenvalue, and N; are inde-
pendent standard normal random variables.

Proof of Theorem 1.1. For simplicity of notation, we only state the proof for n = 1 case,
i.e. we fix time t = N4*~!, and prove that for any i € [xN, (1 — k) N]

[E[P(N (g, wi(0))%)] — E[P(N (g, u,(1)))]| < ON . (4.13)

Take a cutoff function pj; such that pys(z) = 1 for x < M and ppy(z) = 0 for = > 2M,
where M = N?7 and 7 > 0 is a small constant. By the level repulsion of H and H; from
[24, Theorem 4.1], we know that

P(Qi(H,) > N )< N7/2 s=0,t

Let m be the degree of P, we have that P(z) < Caz™. By (4.3), H, is (¢, q)-general,
especially, with overwhelming probability N{q, u;(s))? < CN°¢, for s = 0,t. Therefore
E[P%(N{q,u;(s))?)] < CN?™¢, and we have

[E[P(N(g, ui(0))*)] — E[P(N (g, u(t))*)]]

< [E[P(N (g, ui(0))*)pr (Qi(Ho))] — E[P(N (g, wi(1))*)par (Qi (Hy))] |

+E[P2(N (g, ui(0))*)]'/*P(Qi(Ho) > N*7) + E[P*(N (g, ui(t)) )]1/2P(Q1(Ht) N*T)
<|E[O(N{g, ui(0))*)par(Qi(Ho))] — EIP(N (g, ui(1)))pas (Qs(Hy))] | + CN~7/24me.

Notice that P(N (g, u;(A4))*)pam(Qi(A)) is a well defined smooth function on the space of
symmetric functions. Moreover, if the matrix A is (¢, g)-general in the sense of Definition
4.1, the eigenvectors of A are delocalized, and Q;(4A) < M =N 27 then from Proposition
4.2, we have

O P(N (a,ui(A))2) par (Qi(A))| < CN 95407,
where C'is a universal constant. Therefore by [24, Lemma 4.3], we have
[E[P(N (g, ui(0))*)] — E[P(N{g, wi(1))?)] < CEN"Hm9et5m,=1/2 < g2,

provided we take ¢t = N4*~1 and b, ¢, 7 small enough such that 4b+ (m+8)c+57—§/2 <0
and b < §/3. Combining with Proposition 4.5, it follows

[B[P(N(g,ui(0))*)] = E[P(N ?)]| < CN~?,

where N is a standard normal random variable.

The proof for the case of p-regular graphs is analogous. Let H be the normalized
adjacency matrix of p-regular graphs as in Section 1. The isotropic local law of H
was proved in [3]. Since the adjacency matrix A of a p-regular graph is subject to the
hard constraints that its rows and columns have sum p (i.e. it has the eigenvector
e = (1,1,--- ,1)*/V/N). Therefore, instead of using the usual Dyson Brownian motion
(4.8) as in the Erd6s-Rényi graph case, we use the constrained Dyson Brownian motion
(as introduced in [3, Definition 2.2]), which is the Dyson Brownian motion constrained to
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the subspace of symmetric matrices whose row and column sums vanish. Let H; be the
constrained Dyson Brownian motion after time ¢ with initial data Hy = H. We denote
its eigenvalues A\ (t) < Aa(t) < -+ < An_1(t) < An(t) = p/+/p — 1, with corresponding
eigenvectors wuq (t), u2(t), -+ (t),un—_1(t),un(t) = e. Up to a change of basis, the con-
strained Dyson Brownian motion is equivalent to the usual (V — 1)-dimensional Dyson
Brownian motion normalized by N rather than by N — 1. More concretely, let P be an
isomorphism from el to RV ™!, e.g., we can take

1 1
Pyj=06——— ———6;x), ie[l,N—1],j€[1,N].
D ij \/ﬁ— 1 (\/N JN) [[ ] J [[ ]

Once we identify e' with RV ~! using P, the constrained Dyson Brownian motion is the

same as the usual N — 1-dimensional Dyson Brownian motion:

PH,P* L e~ t2PH,P* + V1 — e—tC,

where G = (gij)lgigjgN—l is symmetric with (gij)lgigjg]\f—l a famlly of independent
Brownian motions of variance (1 + ¢;;)/N. Since u;(t) L e, Pu;(t) fori € [N —1] are
eigenvectors of PH;P*. Thus Pu,(t) for ¢ € [N — 1] have the same distribution as
the eigenvectors of e */2PH,P* + /1 — e—*G. Thanks to Theorem 1.5, for ¢ > 1/N,
the bulk eigenvectors of e */2PH,P* + \/1 — e—*G are asymptotically normal in the
direction Pq, which is a unit vector in RV~ since q L e. Noticing that (Pq, Pu;(t)) =
(g, u;(t)), we conclude that the bulk eigenvectors of H; are asymptotically normal in the
direction g. The same argument as in the proof of Erdés-Rényi case, combining with the
continuity Proposition [2, Proposition 3.1], implies that the law of {(g, ©;(0)) }i=i, 4y, .i,, IS
asymptotically the same as that of {{(q, w;(¢))}i=s, iy, ,i,,- And thus, the claim of Theorem
1.1 follows. O
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