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Transport-entropy inequalities
on locally acting groups of permutations
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Abstract

Following Talagrand’s concentration results for permutations picked uniformly at
random from a symmetric group [27], Luczak and McDiarmid have generalized it to
more general groups of permutations which act suitably ‘locally’. Here we extend
their results by setting transport-entropy inequalities on these permutations groups.
Talagrand and Luczak-Mc-Diarmid concentration properties are consequences of
these inequalities. The results are also generalised to a larger class of measures
including Ewens distributions of arbitrary parameter 6 on the symmetric group. By
projection, we derive transport-entropy inequalities for the uniform law on the slice of
the discrete hypercube and more generally for the multinomial law. These results are
new examples, in discrete setting, of weak transport-entropy inequalities introduced
in [7], that contribute to a better understanding of the concentration properties of
measures on permutations groups. One typical application is deviation bounds for the
so-called configuration functions, such as the number of cycles of given lenght in the
cycle decomposition of a random permutation.
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1 Introduction

Let S,, denote the symmetric group of permutations acting on a set 2 of cardinality n,
and p,, denote the uniform law on S,,, (o) := ni!, o € 5,. A seminal concentration result
on S, obtained by Maurey is the following.

Theorem 1.1. [16] Let dyg be the Hamming distance on the symmetric group, for all
o,TES,,

dH(U7 T) = Z 10(i)¢7(i).
i€
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Transport-entropy inequalities on groups of permutations

Then for any subset A C S,, such that pu,(A) > 1/2, and for all t > 0, one has
Ho(Ar) > 1—2¢7 75,

where A; := {y € Sy, du(z, A) < t}.

Milman and Schechtman [19] generalized this result to some groups whose distance
is invariant by translation. For example, in the above result we may replace (up to
constants) the Hamming distance by the transposition distance dr (o, 7) that corresponds
to the minimal number of transpositions t1, ..., tx such that ot; - - -t = 7. The distances
dr and dy are comparable,

Sdn(0,7) < dr(o,7) < dulo,T) ~ 1, Vo £t

(We refer to [4] for comments about these comparison inequalities). Let us also observe
that Theorem 1.1 can be also recover from the transportation cost inequality approach
of Theorem 1 of [15].

A few years later, a stronger concentration property in terms of dependence in the
parameter n, has been settled by Talagrand using the so-called “convex-hull” method
[27] (see also [12]). This property implies Maurey’s result with a slightly worse constant.
Let us recall some notations from [27]. For each A C S,, and ¢ € S,,, let V (o, A) C R?
be the set of vectors z = (z;)jeq € R® with z; := 1,(j),(;) for y € A. Let conv(V (c, A))
denote the convex hull of V (o, A) in R%,

V(o,A) = {x = (zj)jeq,Ip € P(A),Vj € Q,x; = /Lf(j);ég(j)dp(y)} ;

where P(A) denotes the set of probability measures on A. Talagrand introduced the
quantity
f(o,A) := inf{||z||3; 2 € conv(V (o, A))}.

with ||z[|3 := Y ,cq 27, that measures the distance from o to the subset A.
Theorem 1.2. [27] For any subset A C S,

1
f(o.4)/16
e 1o(o) < .
/sn to(A)

Maurey’s concentration result easily follows by observing that

flo,A) > % <inf {Zx“x € conv(V (o, A))}) = %d%(o, A)

i€Q

and applying Tchebychev inequality with usual optimization arguments.

Talagrand’s result has been first extended to the uniform probability measure on
product of symmetric groups by McDiarmid [18], and then further by Luczak and
McDiarmid to cover more general permutation groups which act suitably “locally” [13].

For any finite subset A, let #A denote the cardinality of A. For any o € S, the
support of o, denoted by supp(o), is the set {i € Q,0(i) # i} and the degree of o,
denoted by deg(o), is the cardinality of supp(c), deg(c) := # supp(o).

By definition, according to [13], a group of permutations G is ¢-local, ¢ € {2,...,n},
if for any o € G and any i,j € Q with o(i) = j, there exists 7 € G such that supp(r) C
supp(o), deg(r) < {¢and 7(i) = j.
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The orbit of an element j € (2, denoted by orb(j), is the set of elements in ) connected

to j by a permutation of G,
orb(j) := {o(j), 0 € G}.
The set of orbits provides a partition of G.

As explained in [13], any 2-local group is a direct product of symmetric groups on its
orbits, the alternating group (consisting of even permutations) is 3-local, and any 3-local
group is a direct product of symmetric or alternating groups on its orbits.

In the present paper, the concentration result by Luczak-McDiarmid and Talagrand is
a consequence of a weak transport-entropy inequality satisfied by the uniform law on G,
Lo. We also prove weaker types of transport entropy inequalities. Moreover we extend
the results to a larger class of probability measures on G, denoted by M.

For a better comprehension of the class of measures M, let us first consider the case
of the symmetric group S,, on [n] := {1,...,n}. Let (i, j) denote the transposition in S,
that exchanges the elements i and j in [n]. It follows by induction that the map

{1,2} x{1,2,3} x--- x {1,...,n} — S,
U: ig,ig,...,in —> (12,2)(13,3)(zn,n),

is one to one.
The set of measures M consists of probability measures on S,, which are pushed
forward by the map U of product probability measures on {1,2}x{1,2,3} x---x{1,...,n},

M= {U#0,0 =0y @ --- @ 0, with 0; € P([j]), Vj € {2,...,n}}, (1.1)

where by definition U#2(C) = 2(U~1(C)) for any subset C in S,,.

The uniform measure p, on S, belongs to the set M since u, = U#4 with g =
fig ® + -+ ® [i,, where for each 4, [i; denotes the uniform law on [7].

The Ewens distribution of parameter § > 0, denoted by 1, is also an example of
measure of M. Indeed, it is well known (see [2, Chapter 5], [10]) that /ﬂ = U#[ﬁ with
ff = pf @ --- @ ph, where for any j € {2,...,n}, the measure /i € P([j]) is given by

0

1
~0 N

S A ()= =i —1) =
T sy (1) (G —1)

N
Hj (J) = m

This definition provides an easy algorithm for simulating a random permutation with
law /ﬁ. This procedure is known as a Chinese restaurant process (see [2, Chapter 2],
[23]).

Let us observe that the uniform distribution u, corresponds to the Ewens distribution
with parameter 1, p!.

The Ewens distribution is also given by the following expression (see [2, Chapter 5]),

glol
1l (o) == o O€ S, (1.2)

where |o| denotes the number of cycles in the cycle decomposition of o and 6™ is the
Pochhammer symbol defined by

(ny . L(0+n)

’ o)

+o00
, with T'(0) ::/ s97te % ds.
0

Let us now construct the class of measures M for any group G of permutations. To
clarify the notations, the elements of {2 are labelled with integers, Q2 = [n]. Let G, := G
and for any j € [n — 1], let G, denotes the subgroup of G defined by

Gj Z:{UEG,U(j+1):j+1a-"70(n):n}7

EJP 22 (2017), paper 62. http://www.imstat.org/ejp/
Page 3/33


http://dx.doi.org/10.1214/17-EJP54
http://www.imstat.org/ejp/

Transport-entropy inequalities on groups of permutations

We denote by O; the orbit of j in G,
Oj = {O’(j),O’ € G]}

Let us observe that {j} C O, C [j].
Definition 1.3. Let G be a group of permutations. A family T = (t;; ;) of permutations
of G, indexed by j € {2,...,n} and i; € O;, is called “(-local base of G” if for every
j€{2,...,n},t;; =1id, foreveryi; # j, t;, j; € G; and

tij,j(ij) = j, and deg(tijj) < /.
Lemma 1.4. Let T = (l;, ;) be a (-local base of a group of permutations GG. Then the
map

OQXOgX"'XOn - G

. (1.3)
UT : 22,%3,.-.,1ln — ti2;2t7;3,3'“t7;m"’

is one to one.
Lemma 1.5. Any (-local group of permutations admits a “/-local base”.

For completeness, a proof of these two lemmas is given in the Appendix.

As a consequence of these lemmas, if G is a ¢-local group, then there exists a /-
local base 7, such that the uniform probability measure p, satisfies p, = Ur#/i, with
fo=fi2 ® - @ [in, where for each j, fi; is the uniform law on O;.

As for the symmetric group, given a ¢-local base 7 of a group G, the class of measures
M = M+ on G is made up of all probability measures on G which are pushed forward of
product probability measures on Oy x O3 X --- x O,, by the map U defined by (1.3),

My = {Ur#0,0 = 0o @ - - @ D, with 2; € P(0;), Vj € {2,...,n}}. (1.4)

As explained above, if G is a ¢-local group, the class M contains the uniform law p, on
G for a well choosen /-local base 7.

In this paper, the concentration results are derived from weak transport-entropy
inequalities, involving the relative entropy H (v|u) between two probability measures

u, v on G given by
Hv|p) = /1og (j:) dv,

if v is absolutely continuous with respect to  and H(v|u) := +o00 otherwise.

The terminology “weak transport-entropy” introduced in [7], encompass many kinds
of transport-entropy inequalities from the well-known Talagrand’s transport inequality
satisfied by the standard Gaussian measure on R™ [28], to the usual Csizar-Kullback-
Pinsker inequality [22, 5, 11] that holds for any (reference) probability measure x on a
Polish metric space X, namely

= viFy <2H(vln), Vv eP(X). (1.5)
where || — v||7v denotes the total variation distance between p and v,
i = vy := 2sup [p(A4) = v(A)],

Above, the supremum runs over all measurable subsets A of X'. We refer to the survey
[25, 26] for other examples of weak transport-entropy inequalities and their connections
with the concentration of measure principle.
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The next theorem is one of the main result of this paper. It presents new weak
transport inequalities for the uniform measure on G or any measure in the class M,
that recover the concentration results of Theorems 1.1 and 1.2.

We also denote by dy the Hamming distance on G: for any o, 7 € G,

dy(o,7) = deg(o™) = Lo()zr(i)s
=1

and the distance dr (o, 7) is defined as the minimal number of elements of G, {1, ..., tx,
with degree less than /¢, such that oty -- -t = 7.

For any measures vy,v5 € P(G), the set II(vq,v2) denotes the set of all probability
measures on G x G with first marginal 1, and second marginal v»,. The Wasserstein
distance between 1/; and v, according to the distance d = dy or d = dr, is given by

Wi(v1,v9) ==  inf // d(o,7)dn(o,T).

w€ll(v1,v2)

We also consider two other optimal weak transport costs, TQ(I/2|V1) and fg(yg|ul) defined
by

2
To(ve|vy) = Treni(rif } )/ (/ d(o, 1) dpa(T)) dvy (o), (1.6)

and N )
7 = inf (/1 0 dpo(7)) (o),
2(V2|V1) 7761_[1(111’1,112) / ; (Dr(@) P (T) . (0)

where p, represents any probability measure such that n(o,7) = v1(0)p,(7) for all
o, T € (G. By Jensen’s inequality, these weak transport costs are comparable, namely

W2(11,v0) < To(valin) < nTa(va|v),

where the last inequality only holds for d = dp.

By definition, a subgroup G of S,, is normal if for any ¢t € S,,,t7'Gt = G.

In the next theorem the constant K, is the cardinality of the set { je{2,...,n},0, #
{j}}. It follows that 0 < K, < (n — 1) and K,, = 0 if and only if G = {id}.

Theorem 1.6. Let G be a group of permutations with ¢-local base T. Let u € P(G) be a
measure of the set M defined by (1.4).

(a) For all probability measures v, and v, on G, one has

ﬁwﬁ(m,m) <K, (\/H(ulm) + \/H(V2|u))27 (1.7)
and

ﬁﬁ(whﬂ) <K, (\/H(V1|u)+\/H(V2|u))2, (1.8)
where

o(0) {min(% —1,n) ifd=dy,

2 ifd =dr.
When u = u, is the uniform law of a {-local group GG, inequalities (1.7) and (1.8)

hold with
¢ ifd=d
ey =4 ! H’
1 ifd=dr.
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(b) e Assume that ;1 = u, is the uniform law of a ¢-local group GG. Then, for all
probability measures v, and v; on G, one has

Qc(lg)zfz(l/zlul) < (\/H(z/l\,u) + \/H(ug\u))z, (1.9)

with c¢(£)? = 2(¢ — 1)% + 2.
e Assume that GG is a normal subgroup of S,,, and that p satisfies for all o €
G,te S,

wlo) =plc™) and p(o) = p(t tot). (1.10)
Then, the inequality (1.9) holds with c¢(£)? = 8(¢ — 1)? + 2.

The proofs of these results, given in the next section, are inspired by Talagrand
seminal work on S,, [27], and Luczak-McDiarmid extension to ¢-local groups [13].

Comments:

« If G = S, and the class of measure M is given by (1.1), the Ewens distribution ;¢
introduced before, is an interesting example of measure in M, satisfying condition
(1.10). This simply follows from its expression given by (1.2), since for any o,t € S,
o=t = |o| and |t~ ot| = |o]|.

An open question is to generalize the above transport-entropy inequalities to the
generalized Ewens distribution (see its definition in [14, 9]). This measure no
longer belongs to the class of measure M. In other words, no Chinese restaurant
process are known for simulating the generalized Ewens distribution.

* From the triangular inequality satisfied by the Wasserstein distance W3, the
transport-entropy inequality (1.7) is clearly equivalent to the following transport-
entropy inequality, for all probability measure v on G,

2
e

Here is a popular dual formulation of this transport-entropy inequality: for all
1-Lipschitz functions ¢ : G — R (with respect to the distance d),

Wi (v, 1) < K, H(v|p).

/e“’du < o pdntEnO 8 s g (1.11)

For the uniform measure on S,,, K, = n — 1 and this property is widely commented
in [4]; it is also a consequence of Hoeffding inequalities for bounded martingales
(see page 18 of [8]). The concentration result derived from item (a) are of the same
nature as the one obtained by the “bounded differences approach” in [16, 17, 18,
13, 3].

e Similarly, by Proposition 4.5 and Theorem 2.7 of [7] and using the identity

(\/ﬂJrﬁ)z: inf {E+ Y },

ac(0,1) laa 1 —«

we may easily show that the weak transport-entropy inequality (1.8) is equivalent
to the following dual property: for any real function ¢ on G and for any 0 < a < 1,

- 1/ 1/(1-a)
(/eannwdu) (/6417@%) <1, (1.12)
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where the infimum-convolution operator §t<p, t > 0, is defined by

@vts@(o) = pei})l(fG) {/@dp-k 26%(6)15 (/ d(o,y) dp(y))Z} , oed.

Moreover, let us observe that following our proof of (1.12) in the next section, for
each « € (0,1) the inequality (1.12) can be improved by replacing the square cost
function by the convex cost ¢, (u) > u?/2,u > 0 given in Lemma 2.2. More precisely,
(1.12) holds replacing Q, ¢ by Q% ¢ defined by

Qo) = inf { e+t (g5 [ o dp<y>)2} ,

for any o € G,t > 0.

Proposition 4.5 and Theorem 9.5 of [7] also provide a dual formulation of the
weak transport-entropy inequality (1.9): for any real function ¢ on G and for any

0<a<l,
_ 1/ 1/(1-a)
(/eanod‘u) </€*(1*Q)¢d'u) < 1, (1.13)

where the infimum convolution operator @0 is defined by

— 1 n 2
— inf dp+ ——— ( 1, d ) , .
Qp(o) ont {/%0 p + 2e(0)? ; / (k) £y (k) AP(Y) } ceqG

As explained at the end of this section, the property (1.13) directly provides the
following version of the Talagrand’s concentration result for any measure on G of
the set M.

Corollary 1.7. Let G be a group of permutations with (-local base T. Let 1 € P(G)
be a measure of the set M+ defined by (1.4). Assume that y and G satisfy the
conditions of (b) in Theorem 1.6. Then, for all A C G and all @ € (0,1), one has

525 f(0,4) 1
/ez ® du(o) < (A=)

with the same definition for c¢({)? as in part (b) of Theorem 1.6. As a consequence,
by Tchebychev inequality, for any o € (0,1) and all ¢t > 0,

ullo € G flo.A) 2 1}) < gy

For @ = 1/2 and p = p, the uniform law on a ¢-local group of G, this result is
exactly Theorem 2.1 by Luczak-McDiarmid [13], that generalizes Theorem 1.2 on
S, (since S, is a 2-local group).

By projection arguments, Theorem 1.6 applied with the uniform law p, on the

symmetric group 5,,, also provides transport-entropy inequalities for the uniform law
on the slices of the discrete cube {0,1}". Namely, for n > 1, let us denote by X} ,,—,
k €{0,...,n}, the slices of discrete cube defined by

Xk,n—k = {l‘ = (xl,. .. ,J,‘n) S {0,1}",2.%1‘ = k’} .
=1

EJP 22 (2017), paper 62. http://www.imstat.org/ejp/
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The uniform law on A} ,_x, denoted by py ,,—k, is the pushed forward of p, by the
projection map
Sn — Xk,n—k
P: o — 10([k])7
where o([k]) := {o(1),...,0(k)} and for any subset A of [n], 14 is the vector with
coordinates 14(i),i € [n]. In other terms, py ,,—r = P#u, and py —(z) = (Z')_1 for all
x € X n—i. Let dj, denotes the Hamming distance on X}, ,,—;, defined by

1 n
y) = 5 2111‘3‘6yi7 T,y € Xk’n*k'

Theorem 1.8. Let uy,,— be the uniform law on X}, ,,_j, a slice of the discrete cube.

(a) For all probability measures v, and v, on X}, ,—j, one has

2

2
Cn kW1(V1,V2 (\/H 1|tk ,n—k) +\/H (V2 n— k)) ;

and

———Ty(fn) < (\/H itk n—k) +\/H (V2| e n— k))Qa

1
2Chmh

where W, is the Wasserstein distance associated to dj, T 5 is the weak optimal
transport cost defined by (1.6) with d = dj, and Cy, ,,—j, = min(k,n — k).

(b) For all probability measures v, and v on X}, ,,_, one has

gTQ(V2|V1 (\/H V1| thn—k) +\/H (ol pre,n— k))27 (1.14)

where

2
Ty(v2|n) == ot )/Z / x;éyidpz(y)> dv (),
s Dl,Vg

with m(x,y) = vi(x)ps(y) for all x,y € X n—k-

Up to constants, the weak transport inequality (1.14) is the stronger one since for all
v,V € P(Xk,'n—k)'
~ n -~
WE(vi,v2) < Ta(valvn) < ZTZ(V2|V1)'

The proof of Theorem 1.8 is given in section 3. The transport-entropy inequality (1.14) is
derived by projection from the transport-entropy inequality (1.9) for the uniform measure
lto on S,,. The same projection argument could be used to reach the results of (a) from
the transport-entropy inequality of (a) in Theorem 1.6, but it provides worse constants.
The constant Cj, ,,—, is obtained by working directly on X}, ,,—; and following similar
arguments as in the proof of Theorem 1.6.

Remark: The results of Theorem 1.8 also extend to the multinomial law. Let F =
{e1,...,en} be a set of cardinality m and let ki,...,k, be a collection of non-zero
integers satisfying k; + - - - + k,, = n. The mu1t1nom1a1 law g, ...k, is by definition the
uniform law on the set

Km

Xy ey, 1= {x € E", such that for all | € [m], #{i € [n],z; = e1} = kl}.
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kil k!
n!

For any « € X, ., one has pg, k. () = 7. As a result, the weak transport-
entropy inequality (1.14) holds on &}, . i, replacing the measure py ,,—j by the measure
Wk ...k, - The proof of this result is a simple generalization of the one on A}, ,,_j, by using
the projection map P : S, = X%, .k, defined by: P(c) = z if and only if

x; =e, VYlem],Vied,

where J; := {i € [n], ko + -+ ki1 <i < ko +--- + ki }, with kg = 0. The details of this
proof are left to the reader.

A straightforward application of transport-entropy inequalities is deviation’s bounds
for different classes of functions. For more comprehension, we present below deviations
bounds that can be reached from Theorem 1.6 for any measure in M. A similar corollary
can be derived from Theorem 1.8 on the slices of the discrete cube.

For any h : G — R, the mean of h is denoted by pu(h) := [ hdu.

Corollary 1.9. Let G be a group of permutations with (-local base T, G # {id}. Let
i € P(G) be a measure of the set M defined by (1.4). Let g be a real function on G.

(a) Assume that there exists a function 3 : G — R™ such that forall 7,0 € G,

9(r) = g(o) < B(r)d(7,0),

where d = dr or d = dy. Then for all u > 0, one has

U2
(g = p(g) +u) < exp (_ Knc(l)? sip G 5(0)2) .

and

2u?
1(g < p(g) —u) <exp <_ K,c(£)? min(sup, . /3’(0)2,4u(/3’2))> ’

where the constants ¢(¢) and K,, are defined as in part (a) of Theorem 1.6.

(b) Assume that . and G satisfy the conditions of (b) in Theorem 1.6. Let g be a so-
called configuration function. This means that there exist functions oy, : G — R™,
ke {l,...,n} such that forall ,0 € G,

g(m) —g(o) < Zak(T)lT(k)¢a(k)~
k=1
Then, for allv > 0, A > 0, one has

— )

Ac(0)?
u(92u(g)+v+7c( )2|a|2> <M

and for allu > 0,

2

1(g < plg) —u) < exp (_2c(€);;t(loz§))

where |a(0)|3 = Z o2 (o) and c(¢) is defined as in part (b) of Theorem 1.6. We also

k=1
have, for allu > 0

1(g > pu(g) +u) < exp (_ 2¢(0)? supieg 04(0)@) ,

and if there exists M > 0 such that |a|3 < Mg, then for all u > 0

1(g = p(g) +u) < exp <‘ 2¢(0)2M (u(g) + U>) ’
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Comments and examples:

» The above deviation’s bounds of g around its mean p(g) are directly derived from
the dual representations (1.11),(1.12),(1.13) of the transport-entropy inequalities
of Theorem 1.6, when « goes to 0 or a goes to 1. By classical arguments (see
[12]), Corollary 1.9 also implies deviation’s bounds around a median M (g) of g,
but we loose in the constants with this procedure. However, starting directly from
Corollary 1.7, we get the following bound under the assumption of (b): for all u > 0,

1 U
n(g = M(g) +u) < S exp (—w( )) (1.15)
2 V2¢e(0) sup,eq |o(o)]
where w(u) = u(u — 24/log2), u > 0.
The idea of the proof is to choose the set A = {0 € G,¢(0) < M(g)} of measure
u(A) > 1/2 and to show that the asumption of (b) implies

{oc €@, flo,A) <t} C {a € G,g(o) < M(g) +tsug|o¢(0)\2} , t>0.
o€
Then, the deviation bound above the median directly follows from Corollary 1.7 by
optimizing over all « € (0,1). With identical arguments, the same bound can be
reached for (g < M(g) — u).

e In (a), the bound above the mean is a simple consequence of (1.11). As settled
in (a), this bound also holds for the deviations under the mean, and it can be
slightly improved by replacing sup, . 8(c)? by 444(3?). This small improvement is
a consequence of the weak transport inequality with stronger cost TQ. The same
kind of improvement could be reached for the deviations above the mean under
additional Lipschitz regularity conditions on the function £.

* Let ¢ : [0,1]" — R be a 1-Lipschitz convex function and let z = (x1,...,z,) be
a fixed vector of [0,1]". For any o € G, let 25 := (Z5(1),--,To(n)). By applying
the results of (b) (or even (1.15)) to the particular function g,(0) = ¢(z,), 0 € G,
we recover and extend to any group G with ¢-local base 7 and to any measure in
M satisfying (1.10), the deviation inequality by Adamczak, Chafai and Wolff [1]
(Theorem 3.1) obtained from Theorem 1.2 by Talagrand. Namely, since for any
o, 7 € G,

p(27) = p(20) <Y k(@) (@rh) — To() < D 10kP(2)|Lr(i) 2o (k)
k=1 k=1

with Y7y |Okp(ar)? =

= |Vp(z,)]? < 1, Corollary 1.9 implies, for any choice of
vector x = (z1,...,2,) € [0,1

"
(19w — p(gz)| = u) < 2exp (— 261&)2) . u>0.

This concentration property on S,, (with £ = 2) plays a key role in the approach by
Adamczak and al. [1], to study the convergence of the empirical spectral measure
of random matrices with exchangeable entries, when the size of the matrices is
increasing.

* As a second example, for any ¢ in a finite set F, let (a} ;)1<i j<n be a collection of
non negative real numbers and consider the function

g(o) = sup ( ai,qm) , oed.
teF \i1
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This function satisfies, for any o, 7 € G,

) < Z <a2(: —a U)m) Lrky£or) < Z ay, T<k)1r<k>¢v<k>v
k=1

where t(7) € F is chosen so that

Let us consider the function

h(o) = sup (Z(a}i’a(k))Q) , oeG.

teF k=1

The mean of &, (h), can be interpreted as a variance term as regards to g. Observ-
ing that g satisfies the condition of (b) with

t(T
o (T) = ak('r)(k)’

and |a|3 < h, Corollary 1.9 provides the following Bernstein deviation’s bounds, for
allu >0,

u2
(g < plg) —u) <exp <_ Wu(h)> 7

)\c(ﬁ)Qh )

and for all \,v > 0,

< 67)\”.

u(gZu(g)+v+

If the real numbers qa; ; are bounded by M, then |«|3 < Mg and therefore Corollary
1.9 also provides for all © > 0,

(g = p(g) +u) < exp (‘ 2¢(0)2M (u(g) + U)) '

If we want to bound the deviation above the mean in terms of the variance term
wu(h), it suffises to observe that the last inequality provides deviations bounds for
the function h, replacing g by h and M by M?2. Then, as a consequence of all the
above deviation’s results, it follows that for all A\, v,y > 0,

Ac()*(u(h) + 7))
2

Ac(€)h

)

u(gZﬂ(9)+v+

§u<92u(g)+v+ + p(h = p(h) +7)
Cw v
<e A + exp (_ 20(6)2M2(,Uz(h)+ry)>'

By choosing v = Mu, A = W and v = u/2, we get the following
Bernstein deviation inequality for the deviation of g above its mean, for all u > 0

(g =2 p(g) +u) < 2exp <_ 20(5)2(u?h) - Mu)> '

All the previous deviation’s inequalities extend to countable sets F by monotone
convergence.

When F is reduced to a singleton, these deviation’s results simply implies Bernstein
deviation’s results for g(o) = > 3_; ay o) when —M < a;; < M forall 1 <i,j <n,
by following for example the procedure presented in [3, Section 4.2]. Thus, we
extend the deviation’s results of [3] to any probability measures in M.
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* As alast example, let g(o) = |o|; denotes the number of cycles of lenght [ in the
cycle decomposition of a permutation o. Let us show that g is a configuration
function. Let C;(7) denotes the set of cycles of lenght [ in the cycle decomposition
of a permutation 7. One has

|7|i = #{Ci(7) N Ci(0)} + #{c € C;(7), such that ¢ & C;(0)}
< |o|i + #{c € C;(7), such that ¢ ¢ C;(0)}.

If ¢ € C;(7) and ¢ ¢ C;(o) then there exists k in the support of ¢ such that 7 (k) # o (k).
As a consequence, one has

#{C S Cl(T), such that ¢ g Cl(O')} < Zo‘k’(T)la(k);é‘r(k)a
k=1

where ay(7) = 1if k is in the support of a cycle of lenght [ of the cycle decomposition
of 7, and «y(7) = 0 otherwise. Thus, we get that the function g satisfies the
condition of (b), g is a configuration function. Finally, observing that |a|3 = Ig,
Corollary 1.9 provides for any measure p € M satisfying (1.10), for all u > 0,

U2
1 (g < plg) —u) < exp (_ 26(5)%@) 7

and

u2
1(g = p(g) +u) < exp (* 2¢(0)?1(u(g) + U)) '

* The aim of this paper is to clarify the links between Talagrand’s type of concentra-
tion results on the symmetric group and functional inequalities derived from the
transport-entropy inequalities. For brevity’s sake, applications of these functional
inequalities are not fully developped in the present paper. However, let us briefly
mention some other applications using concentration results on the symmetric
group: the stochastic travelling salesman problem for sampling without replace-
ment (see Appendix [21]), graph coloring problems (see [18]). We also refer to
the surveys and books [6, 20] for other numerous examples of application of the
concentration of measure principle in randomized algorithms.

Proof of Corollary 1.9. We start with the proof of (b). From the assumption on the
function g, we get that for any p € P(G)

/gdp > g(o) — kzn:_l (%(0) / Lo(yr (k) dp(T))
n 2 1/2
zg<a>—a<a>|2< (En—e) ) R

k=1

Let A > 0. Plugging this estimate into the definition of @(x\g), it follows that for any
ceqG

Q u? 2la(o)|2c(0)?
Q9)(0) = Ag(a) —sup {Na(o)lau - W} = Aglo) — M

As o goes to 1, (1.13) applied to the function \g yields

/652(/\9)61'u < M),

EJP 22 (2017), paper 62. http://www.imstat.org/ejp/
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and therefore

2. \2| |2
/exp <)\g—%> dugeM‘(g), (1.16)
A2¢(0)2 2
/ekgd’u < exp (/\M(g) + c(f) SuanEG |O‘(0)|2) ’ (1.17)
and if |a|3 < Mg,
2
/exp (/\ (1—%) g) dp < eM9), (1.18)
As a goes to 0, (1.13) yields
ey < Q).
and therefore
2.0 p\2 2
/eiAgdu < exp (—/\u(g) + w) . (1.19)

The deviation bounds of (b) follows from (1.16), (1.19), (1.17), (1.18) by Tchebychev
inequality, and by optimizing over all A > 0.

The deviation bounds of (a) are similarly obtained from (1.12) by Tchebychev inequal-
ity. As above, the improvement for the deviation under the mean is a consequence of
(1.12) applied to g, as a goes to 0, and using the estimate

~ A2B(0)%c(0)’K,

Q. (M0)(0) = Aglo) — PO AT
Proof of Corollary 1.7. Take a subset A C G and consider the function ¢, which takes
the values 0 on A and A > 0 on G \ A. It holds

Qpa(0) = peig(fc) {A(l —p(A)) + 2c(1£)2 ; (/ 1,()#y() dp(y)) }

B€[0,1]

O

denoting by

. IR
Y(B,0) = 1nf{2c(£)2 >

(/ 1o)£y(5) dp(y)>2 ;p(A) = 5} :

Jj=1

So it holds

—

Qerlo) =min _inf (MU= 9)+v(B.0))i _inf (1 -5)+0(5.0)}.)

€[l—e

> min (A it 0(5,0)) > it 0(5,0),

Bz1-¢

as A — oo. It is easy to check that for any fixed o, the function (-, o) is continuous
on [0,1], so letting £ go to 0, we get liminfy_,o Qpx(c) > 1(1,0). On the other hand,
@m(a) < 9¥(1,0) for all A > 0. This proves that limy_, ., @@A(J) = ¢(1,0). Applying
(1.13) to ) and letting A go to infinity yields to

/emp(l,o) dp - p(A) =) < 1.

It remains to observe that ¢(1,0) = ";(C‘ZZ)?. O
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2 Proof of Theorem 1.6

Let 7, = (ti; 4,7 € {2,...,n},i; € O;) be a {-local base of G. Let u be a probability
measure of the set M, given by (1.4). Then, there exists a product probability measure
V=17 ®:--® D, such that yu = Ur, #0 where the map U7, is given by (1.3).

Each transport-entropy inequality of Theorem 1.6 is obtained by induction over n and
using the partition (H;);corm(n) of the group G defined by: for any i € orb(n) = O,,,

H;:={0c€G,o(i) =n}. (2.1)

According to our notations, H, = G,,_; is a subgroup of (G, and we may easily check that
Tn—1 is a ¢-local base of this subgroup. We also observe that if (G is a normal subgroup of
S, then G,,_; is a normal subgroup of S,,_1.

Moreover, for any ¢ € O,,, H; is the coset defined by H; = H,t;,. From the definition of
w, if o € H;, then there exist 45, ...,%,—1 such that o =¢;, 2---t;,, , n—1ti,n and therefore

p(o) = Da(iz) -+ Dn1(in—1)0n (7).

As a consequence, one has u(H;) =
by

(). Let u; denote the restriction of i to H; defined

p(o)
:u‘i((f) = 1, H;-
p(H;) 7€
From the construction of y, p, = Uy, _,#()1 ® -+ ® U,—1). Moreover, for all o € H,, one
has ot;,, € H; and

w(o) p(otin)
(o) = = = = pi(otin). (2.2)
M(Hn> M(Hz>
Moreover if p satisfies the condition (1.10), then u, € P(G,_1) satisfies the same
condition at rank n — 1: namely, forany o € G,,_1, t € S,_1,

pin(0) = pa(o™")  and  pn(0) = pa(t™'ot).

These properties are needed in the induction step of the proofs.

When G is a ¢-local group, let us note that if i and [ are elements of O,, = orb(n), then
from the ¢-local property, there exists ¢;; € G such that ¢; ;(i) = ! and deg(t;;) < {. We
also have H; = H;t; ;. If moreover i1 = p, is the uniform law on G, then for any 7,1 € O,,,
wi(H;) = w(H;) = ﬁ. In that case we will use in the proofs the following property: for

any o € H,, one has ot; , € H;, ati}nti_ll € H;, and

O, _
(o) = ZG = pi(otin) = w(otint; ). (2.3)

The measure u, is the uniform measure on the /-local subgroup H, = G,,_1.

Proof of (a) in Theorem 1.6. As already mentioned, since W; satisfies a triangular in-
equality, the transport-entropy inequality (1.7) is equivalent to the following one: for all
v e PG,
2 2
wwﬂ (v, ) < K H(v|p).
A dual formulation of this property given by Theorem 2.7 in [7] and Proposition 3.1 in
[26] is the following: for all functions ¢ on G and all A > 0,

/e/\Q"’du < ef Ao d“JrK"c(z)z’\z/S, (2.4)

EJP 22 (2017), paper 62. http://www.imstat.org/ejp/
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with

Qp(o) = inf /gadp+/ (o,7)dp(T

pEP(Sn)

We will prove the inequality (2.4) by induction on n.
Assume that n = 2. If G = {id} then K,, = 0 and the inequality (2.4) is obvious. If
G # {id}, then G is the two points space, G = S5, { = 2 and one has

Qo) = int | [do+e2) [ 10 o)}

In that case, (2.4) exactly corresponds to the following dual form of the Csiszar-Kullback-
Pinsker inequality (1.5) (see Proposition 3.1 in [26]): for any probability measure v on a
Polish space X, for any measurable function f : X — R,

/e*R“fdu < eAfde+A262/8, VA, e >0, (2.5)

with R°f(z) = inf /fdp+c/lz¢ydp( )} ,r e X.

eP(X)
The inductlon step will be also a consequence of (2.5). Let (H;);co, be the partition
of G defined by (2.1). Any p € P(G) admits a unique decomposition defined by

p= > pl)pi,  with peP(H;) and p(i)=p(H,). (2.6)
i€0,

This decomposition defines a probability measure p on O,,. In particular, according to
the definition of the measure y € My, and since 7, (i) = u(H;), one has

n= Z U (7) -
€0y,

It follows that

[edu= 3" ou(i) [ @9 dsta) = 3 0(i) [ X2y (o),

€0y, €0y,

where the last equality is a consequence of property (2.2). Now, we will bound the
right-hand side of this equality by using the induction hypotheses.

For any function g : G — R and any ¢ € G, let ¢' : G — R denote the function defined
by g'(0) = g(ot).

For any function f : H, — R and any ¢ € H,, let us note

@*so)= iat, { [ rav+ [ae.n1ann)}.

pEP(Hy,)

The next step of the proof relies on the following Lemma.
Lemma 2.1. Leti € O,,, for any function ¢ : H; — R and any o € H,, one has

1. Qp(atin) < eglg ){Z QMg )p() + () Y 11#13(5)},

leo l€0,
where ¢(¢) = min(2¢ — 1,n) ifd = dy and c¢(¥) = 2 if d = dr.

2. Qplotin) < __inf { S QP (0)p(1) 4 e(6) 3 mm(l)} ,
pe n) l€eo, l€eo,
where c({) = ¢ ifd = dy and c¢({) = 1 if d = dy, and t;; denotes an element of G

with deg(t;;) < ¢ and such thatt;;(i) = [.
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This lemma is obtained using the decomposition (2.6) of the measures p € P(G) on

the H;’s. Let o € H,,. By the triangular inequality and using the invariance by translation
of the distance d, one has

[t an(n) = 3 /H s T (T)(1)

€0,

< Z d(c LI’L7UtlTL Z d Utlm 7)dpi(T)p(1)

€O, €O,
= Z d 17Latln Z/ 0 Ttln dpl( ) (l)
1€0, 10, Y Hi

and therefore, since d(; ,t;.n) < c() with ¢(¢) = min(2¢ — 1,n) if d = dgy and ¢(¢) = 2 if
d=dr,

/ d(ctin,T) Z / (o, 7t 2)dpi(7 Z L1ip(1) (2.7)

1eo, Y €0,
It follows that

otin) < inf inf
Qelotin) < PEP(On) pt€P(H,),l€0,

{Z {/%’dpl +/H d(o, Ttl,ﬁ)dpl(T)} p(1) +c(f) Z 1l7$i16(l)}

€0y, €O,

= inf inf
pEP(On) q€P(H,),l€0,

{ Z /(ptz,n dq; + . d(o, T)dql(T):| p(l) + ¢(0) Z lg#[)(l)}

€Oy, €0,

=t {ZQH b ( ﬁ(l)—l—c(E)le#ﬁ(l)}.

leo €0,

The proof of the second inequality of Lemma 2.1 is similar, starting from the following
triangular inequality

[ dtotin o) = 3 /H s Ty (T)(1)

leO,
Z /d znathl dpl Z d thla dpl( ) (Z)
€O, leO,

:Z/ Jthlt“ldpl Zd tig,id)p
€O, €O,

< Z / d(o, thztm)dpl Z 12ip(1) (2.8)
€0, i €O,

with ¢(¢) = ¢ if d = dyg and ¢(¢) = 1 if d = dp. The end of the proof of the second
inequality of Lemma 2.1 is left to the reader.

The induction step of the proof of (2.4) continues by applying consecutively Lemma
2.1 (1), the Holder inequality, and the induction hypotheses to the measure u,, on the
subgroup H, = G,,_; with ¢-local base 7,,_1

If O, = {n} then K,, = K,,_1 and

/ gy, — / A gy (0) < e [ redun+ K 1e@)?/8 _ [ AedutKnc(e)?/8
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If O, # {n} then K,, = K,,_1 + 1 and for any i € O,,

A AQHn pttn P OXSTT  Lip(l
o< g {1 </eQ e

€O,

. t n
<exp Legéfon){k > / . du 1) + Kp_yc(0)? OX Y Ll H

€0y, €0y,

2
—exp [Aﬁegpgn) { S @Wp) +e() Y 11#-25(1)} T Knlcw)”S] ,

€0, €0,

where, by using property (2.2), ¢(I) := [ pdw = [ ¢'"~du,. Let us consider again the
above infimum-convolution R°p defined on the space X’ = O,,, with ¢ = ¢({), one has

Rp(i) = inf { > G0p) +e Y 1#2»]5(1)} .

€0, €0,

By applying (2.5) with the probability measure v = #,, on O,,, the previous inequality
gives

/e)\Qtpd’u: Z ﬁn(l)/ )\Qtp(at,n)du S (Z )\R(‘(Z)QD(Z)A )> Kn_12%/8

1€0, i€0

<exp [Z @(1)0m () + % + Knlc(E)Q/\S] = exp {A/sodu + KnC(E)Q%} :

This ends the proof of (2.4) for any p € M.

The scheme of the induction proof of (2.4), with a better constant ¢(¢) when p = p, is
the uniform measure on a ¢-local group G, is identical, starting from the second result of
Lemma 2.1 and using the property (2.3). This is left to the reader.

We now turn to the induction proof of the dual formulation (1.12) of the weak
transport-entropy inequality (1.8). The sketch of the proof is identical to the one of (2.4).

For the initial step n = 2, one has G = S5 and ¢ = 2, and one may easily check that

Qip(0) = nk {/cpdp + % (/ Losr dp(T))Z} :

In that case, the result follows from the following infimum-convolution property.

Lemma 2.2. For any probability measure v on a Polish metric space X, for all « € (0, 1)
and all measurable functions f : X — R, bounded from below

~ 1/« 1/(1—a)
(/ ettt fdz/) (/ e*(lfa)fdl/) <1,
where forall x € X,

R f(x) =p617g1(fx){/f )dp(y +ca(/1m¢ydp(y)>2}7

and c,, is the convex function defined by

a(l —u)log(l —u) — (1 — au)log(l — au)
a(l —a) ’

calu) = u € [0,1].
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Observing that c,(u) > u?/2 for all u € [0, 1], the above inequality also holds replacing

ﬁ“f by
Ef( = p€17r31fX) {/f )dp(y </ 1I¢ydp(y))2} , r e X. (2.9)

The proof of this Lemma can be found in [24] (inequality (4)). For a sake of complete-
ness, we give in the Appendix a new proof of this result on finite spaces X by using a
localization argument (Lemma 4.1).

Let us now present the key lemma for the induction step of the proof. For any function
f:H,— Randany o € H,, we define

Q" f(o) = pegl%n {/f P+ 5 e (/d(a, T) dp(T))Q}.

Here, writing QfI" f, we omit the dependence in ¢(¢) to simplify the notations. The proof
relies on the following Lemma.

Lemma 2.3. Leti € O,,. For any function ¢ : H; — R and any o € H,,, one has

1. Q tim f fn (o) p( ( 12 ) 7
anstona < gt {5 oo+ (5 e

1€0 €0,
with ¢(¢) = min(2¢ — 1,n) ifd = dy and ¢({) = 2 if d = dr.

2
~ -1 1 .
2. Qan(Uti n) > 713’%{(‘) { Z QKn P tint, (a)p(l) + 2(l€20: 11#7;]7(1)) } s
where c({) = ( ifd = dy and c(f) = 1ifd = dr, and t;; denotes an element of G

with deg(t;;) < ¢ and such that ¢;;(i) = [.

The proof of this lemma is similar to the one of Lemma 2.1. By (2.7) and the inequality

u,v €R, se€(0,1),

we get for any s € (0, 1),

( / d(otyn, ) dp(T)>2 lezoj Lizip(l) )2

2 9 )
<l60n/H e Ttl,i)dpl(T)p(l)) * %( Z 1l¢iﬁ(l)>

€0y,

C?Z( Z 11#113(1))2-

€0,

IN

IA
W | = T
m
S
T
=
Q
\1
NP%
:%

<

It follows that for any o € H,,

aKn<P(Utl,n)

2
1
< f f d S — d(o, 7t Hd 5(1
peg%On)pzeP lan)leO,L{zO: [/(p pl+ 2c(0)?s Ky, (/Hl (7 7hn) pl(T)) ]p()
1
—|— 1—3 (Z l;ézp >}
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— inf inf fnd / d(o,7)d oAl
ﬁegéon)qzeP(}g),leOn { Z l/ @ + < (. mdatr )> ] o0

€0,
+ 1—3 (le#p )}

€0,

= inf ZQK @' (0)p(l) <le;£zp )},
PEP(On) {l On f 1€0,,

where the last equality follows by choosing s = K,,_1/K,, which ends the proof of the
first inequality of Lemma 2.3. The second inequality of Lemma 2.3 is obtained identically
starting from (2.8).

We now turn to the induction step of the proof. By the decomposition of the measure
1 on the H;’s, we want to bound

/eaakntﬁduz Z ﬁn(i)/eaaknw(a)dui(o) _ Z f/n(z')/eaaK"‘”(”ti=")dun(o),

i€0n, i€0p,

where the last equality is a consequence of property (2.2).

If O,, = {n}, then the result simply follows from the induction hypotheses applied to
the measure p,,.

If O,, # {n}, then applying successively Lemma 2.3 (1), the Hoélder inequality, and
the induction hypotheses, we get

/ e Q7 dp (o)

aaHn Lptlﬂ p(1)
< inf (/ Km'dn) ( 105 )
< _nf II(/e I exp > Ll

€O, €O,
3
< inf { H (/e_(l_a)@tl’ndun) exp [ ( Z Lizip(l) > 1}
PEP(On) 120, leo,
=exp |a inf {Z Op(D) (le;mp ) }‘|7
[ pE'P(On) €O €0,

where by property (2.2), we set

e e
A(1) := log (/ e*(lfo‘)“"dul) = log (/ e*(lfa)“”tl’ndun) )

According to the definition of the infimum convolution Egﬁ on the space X = O,, given in
Lemma 2.2, the last inequality is

[ enmestrtinla o) < o,

and therefore Lemma 2.2, applied with the measure v = 7, provides

/eaéxntpdu _ Z eaE¢(i)ﬁn(i) < ( Z e—(l—a)@(i)ﬁn(i))

—_—
1—a

1€0, 1€0,
- ez
_ < Z ﬁn(i)/e—(l—a)wdui) _ (/ e—(l—a)‘ﬂd'u) .
€0,

The proof of (1.12) is completed for any measure yu € M. To improve the constant when
i = l, is the uniform law on a ¢-local group G, the proof is similar using the second
inequality of Lemma 2.3 together with property (2.3). O
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Proof of (b) in Theorem 1.6. We prove the dual equivalent property (1.13) as a conse-
quence of the stronger following result: for any real function ¢ on G, forany j € {1,...,n}

i 1/ 1/(1—a)
(/eaQ “"du> (/e—u—a)wdu) <1, (2.10)

where the infimum convolution operator Q7¢ is defined as follows, for ¢ € G

Q’¢(0) = i { / 6(2)2 ( / 1a<j)¢y<j>dp(y))2

E: /idMﬂ dp)) @11

n\{s}

The proof of (2.10) relies on Lemma 2.2 and the following ones. For any o € G, we

define
2
1= | o s o)
QMrelo) = _inf o [yt QZ (k)20 dp(Y) | 7

cé)z (/ 1o(j)¢y<j)dp(y))2

> / Lo ()£y (k) dp( ))

ke[n—1\{s}

and for j € [n — 1],

Hnaj — f
Q"o = [

+

1
2¢(0)2

Lemma 2.4. Let j € [n]. For any o € G, one has
Qp(0) = Q"D (oY),

where p{=1}(2) = p(z71),2 € G.

This result follows from the change of variables o(k) = [ in the definition (2.11) of
Q’¢(0), one has

_ . 1 2
@plo) = Inf { / wdp+ s ( / 1y71(a(j));ﬁrl(o(j))dp(y))

2 Z /11;67,0 12y dp(y ))

‘) 10 (5)

1 2
= inf -1 - (/1 NPT )
e { / w2 )dQ(Z)+c(g)2 (o) 20 (0(7)) 44 (2)

Z / (1)#c—1 l)dQ( )) )

* 1#a(j)

where for the last equality, we use the fact that the map that associates to any measure
p € P(G) the image measure ¢ := R#p with R: 0 € G+ o~ ! € G, is one to one from
P(G) to P(G).

Here is the key lemma for the induction step of the proof of (2.10).
Lemma 2.5. 1. Letj € O,. Foranyo € H,, one has

Q7 p(ot;n) < Q" (o).

EJP 22 (2017), paper 62. http://www.imstat.org/ejp/
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2. For any { > 2, let ¢ (E) = 8(6 —1)? + 2. Assume that O,, # {n} and leti,j € O,,
i # j. We note D; = supp(t; Yt.n)\ {i} and d = |D;|. For any o € H,, for any
6 € [0,1] one has

Q'p(otin) < % > [0Q g (o) + (1 - 0)Q i ()] + %(1 — ).

€tin(D;)

3. Forany/( > 2, letc*({) := 2(¢—1)?+2. Assume that O,, # {n} andleti,j € O,, i # j.
Lett; ; € G such thatt; ;(i) = j and deg(t; ;) < {. We note D; = supp(t; ;)\ {i}
and d = |D;|. For any o € H,,, for any 6 € [0, 1] one has

i 1 Hul tin Hy tin 1 2
Qelotin) <5 Y. [0Q7 " () + (L= 0)Q™ " (0)] + 5 (1 - 0)*.

lEti,n(Di)

Proof. The first part of this Lemma follows from the fact that P(H;) C P(G) and the
fact that [ 1, . (j)#y()dp(y) = 0 for o € H, and p € P(H,). Therefore, according to the
definition of Q’¢, one has for o € H;,

2
Q o(otj,) < %)an /go p+ Z / ot]n(k);ﬁy(k)dp( ))
PEP(H;) ? refv)
= inf / J"dq+ > / oty () #yts, 0 (0) 4G (Y )) = QM (0).
qEP(H,)
ke[n\{J}

For the proof of the second part of Lemma 2.5, we set
tij o=t ntin.
Let us consider p!,1 € D;, a collection of measures in P(H;), and p,; € P(H,) (j # i). For
6 €0,1],
pi= é > [00i+ (1= 0)py),

leD;

is a probability measure on G. Therefore, according to the definition of Q’¢p, for any
oc€eH,,

Qp(otin) < fdph+(1-0 fdp (A+B+C)
i/ ) [ s

with

2 2
A= > </ 1ati,n(k)¢y(k)dp(y)) , B=)> (/ 1ati,n(k);ﬁy(k)dp(y)> ;

ke[n]\ supp(t;,;) kED;

2
and C =2 (/ 1gtiyn(i)¢y(i)dp(y)> .

Since ¢ € H, and p, € P(H;), one has [1,  i)zyi)dpi(y) = 0 and
f 10ti,n(i)#y(i)dpj (y) = 1. It follows that

C=2(1-0)>

For any k € [n] and | € D;, let us note

Ui(k, 1) ::/1Uti,n(k)7$y(k)dpi(y)v and Uj(k) ::/1Uti,n(k)7éy(k)dpj(y)'
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By the Cauchy-Schwarz inequality, one has

AS;Z[H S ven+a-0 Y Uf(k)}

leD; [ ke[n]\ supp(%;,;) ke[n]\ supp(Zs,5)

We also have

B=>" gUi(k,k)+(1—0)Uj(k)+g > Uilk,0)

keD; leD;\{k}
i 9 2 g2
2
<y d(gUi(k,k)+(1—9)Uj(k)> + > Uk
keD; | leD;\{k}
<> 2402U2(k k) +2d(1 - 6) Z U2kl-|
keD: | 1€D;\{k}

§2d2(1—9)2+92[2U2ll > Ule-‘
d leD; [ keD\{l} J

All the above estimates together provide
A+ B+C < (2d% +2)(1 - 0)?
1 [ 2 2 2 -‘
+gz [9 2U2(1,1) + Z‘ U2(k,0) | +(1—06) > _ Uj(k)J.
leD; ken]\{i,!} ke[n]\ supp(t;,5)

Observe that
d= deg(ti;) —1 = deg(t; ptin) —1<20—2.

Therefore, according to the definition of ¢(£), one has 2d* + 2 < ¢(f)?. As a consequence

we get from all estimates above, by optimizing over all p} € P(H;) and all p; € P(H,),
Qlo(otin) < 1 Z [9V+(1—9)W-]+1(1—9)2

P \Olin) > d l j 2 ,

leD;

with
1 2
V= inf d i — < 10 ; d i )
l pielg(Hi) {/80 i + (02 / tin (D)#£y(1)OP (y)

+20(1 DY /atmw);«éy k) dpi(y >>2}

ke[n)\{:,l}

1 2
frnd 1 f ti,n 7 — (/ 10- . . '3 )
g { / vndai (tin (D) u(tin () 90 (Y)
1 2
ToE 2 </ (0 19 ))

ke[n—1\{t: (1)}

—_ QH'ruti,n(l)(pti,n (0)
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1 2
P inf dp: + —— . d )
Wi Pjelg(Hj) {/90 pj+ 2¢(£)? Z / ti,n(k)#y(k) pi(y)

ken]\ supp(tI j

inf

1 2
timdg: 4 —— .
Py 2¢(0)? Z (/ Lot n (k) ytsn (k)20 (y))

k€([n]\ supp(t; ) tin)

. f tj’"d . / o " d )
qjeljgl(Hn) {/SD Z ti, n(k)9£Jf7 n(k) qj( )

IN

kG[ N}

gpt%”dqurW > ( / 1a(k)¢y<k>d%(y))

k€[n—1]

where we used successively the following arguments: H,t;, = Hj if k ¢
[n]\ supp(t‘1 tin) thent, (k) =t; n(k); [n]\ supp(t;}ltm) C [n]\{¢}. This ends the proof
of part (2) of Lemma 2.5.

The proof of part (3) Lemma 2.5 is identical replacing fi, j by t; ;. In that case one has

2d* +2 <200 —1)> +2=c2(0).

Then, the only minor change is for the last step

1 2
. ipf dp: + ——— i od )
W=, B / P T eip Z / b (0240405 (1)

n]\ supp(ti,;)
: tint ) 1 2
B qjegl(an) /90 Tdg; o+ W Z / in (B)#ytint ”(k)d%( ))
n]\ supp(;,;)
< inf / Pt dg; + Z / ot ()t ()15 (U ))
q; €P(Hy)
n]\{i}
1 2
— 3 f t; n i, d - ( 10_ d ] )
0 €P(Hy) / v %+ 2¢(0)2 > / (k) y (k) 445 ()
ke[n—1]
= Q" (o)
where we used successively the following arguments: H,t; nt‘l = Hj; if k € [n]\
supp(t; ;) then t; (k) = k; [n] \ supp(ti;) C [n] \ {i}. The proof of Lemma 2.5 is
completed. O

We will now prove (2.10) by induction over n. For n = 2, GG is the two points space S5
which is 2-local. For i € {1,2}, and for any p € P(G),

C(;)2 (/ 1"“#““@@))2 + ﬁ k%l </ 1U(k)#y(k)dp(y)>2
=3[ toniow) < ([ 1omint))
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As a consequence, we get the expected result from Lemma 2.2 applied with X = G.

We will now present the induction step. We assume that (2.10) holds at the rank n — 1
forallj € {1,...,n—1}.

Let us first explain that it suffices to prove (2.10) for j = n. For any ¢t € S, let
G = t~1Gt. The isomorphism ¢; : G — G, ¢ — t~'ot pushes forward the measure
on the measure p') := c;#u € P(GWY), and conversely u = ¢, 1#u!). Let j € [n]. For
any o € G and any real function ¢ on G, one has

. . 1 2
(Qp)oci-1(0) = pelg;fG) {/ @dp + PR (/ Liot-1()2y(5) dp(y))

1 2
T o2c02 kezm ( / Liot=1 (o) 2y(k) dp(y))

1 2
inf i d 7( Logiot () ttni— (i) d )
qe?i?c(t)) {/onct Loqt c(£)? / tot= Q)T ) a0

1 2
T2e0? ,%;4 (/ Liot-r i1 ) dQ(y))

1 2
inf “1d —( Lot—1(iy2yt-1(5) d )
qe'/;I(lG(t)) {/@Oct 1aq + o(0)2 / t=1 () Ayt () a(y)

1 2

= Q" W (poey1)(o).

From this observation, by choosing ¢t ! = tjn, and setting v = ¢ o ¢;-1, one has

v 1a 1/(1-a)
(/ eaQJ“"du> (/ ef(lfawdu)
G G
; 1/« 1/(1—a)
_ (/ (@ %)Oct_ldu(t)) (/ e~ (1=a)poc, 1 dﬂ(t)>
G(t) G(t)
. 1/ 1/(1-a)
_ (/ 0Q wdu<t>) (/ efufa)wd,l(t))
G®) G®)

If we assume that G is a normal subgroup of S,, and that x satisfies the second
property of (1.10), then G = G and u¥) = u. Therefore the above expression is
bounded by 1 as soon as (2.10) holds for j = n. If we assume that G is a /-local group
and y = 1, is the uniform law on G, then G(*) is also a ¢-local group and x® is exactly
the uniform law on G®). Therefore the last expression is bounded by 1 as soon as (2.10)
holds with j = n for any uniform law on a ¢-local group. As a conclusion, it remains to
prove inequality (2.10) for j = n.

We may assume that O,, # {n}, otherwise the induction step is obvious. We first
apply Lemma 2.4, by the first property of (1.10) satisfied by p,

n o(n) (=1}~ o=1(n) {—
/eaQ Pdp = /eaQ Ml (o Ddu(o) :/eaQ M pt ”(U)dﬂ(g).

Let g = =1}, According to the decomposition of the measure j on the sets H;,i € O,

/e“Q"“’du =3 ﬁn(i)/e“Qigd,ui. (2.12)

€0,
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For k£ € O,,, let us note

—-1/(1—a)
g(k) :=log </ e_(l_a)gdpk) .

We choose j € O,, such that
Juin g(k) = §(5)-

n

By property (2.2) and then applying Lemma 2.5 (1), we get
/eanngj _ /eaQJ'g(frtim,)dlun(o.) < /eaQHngtj,n djin

By the induction hypotheses applied to the measure p,, on the subgroup H,, = G, _1, it

follows that
; . —a/(l-a)
/eaQ gd'uj < (/ 6*(17(1)5] jn dun)

—a/(l—a) .
_ (/6_(1_a)g de) — 0d() (2.13)

Let us now consider ¢ # j, ¢ € O,,. When G is a normal subgroup of S,,, property (2.2),
the second part of Lemma 2.5 and Jensen’s inequality yield: for any 6 € [0, 1],

/eaQingi _ /eaQiQ(Uti’")dﬂn(O’)

< exp é Z

l€ti n(Dy)

910g/e“QHmlgti’n dpn, + (1 —0) 1og/eaQHngt'j’" dun} + %(1 —0)?

By the induction hypotheses applied with the measure pu, on the normal subgroup
Gn_1 = H, of S,_1, and from property (2.2), it follows that

/ e*@9dp, < exp {0ag(i) + (1 - 0)ag(j) + 5 (1 - 0)}. (2.14)

We get the same inequality when G is a ¢-local group and p = p, is the uniform law on
G, by using property (2.3), the third part of Lemma 2.5 and the induction hypotheses
applied to the uniform measure p,, on the ¢-local subgroup G, 1 = H,.
According to the definition (2.9) of the infimum-convolution operator Eg defined on
the space X = O,,, we may easily check that for every i € O,,
Al . Al . N 1 2
Ro(0) = int {6900 + (1~ 0) quin 906) + 51— 07}

Therefore optimizing over all 6 € [0, 1], we get from (2.13) and (2.14): for all i € O,,
/ Q0 gy, < eoRa)

Finally, from Lemma 2.2 applied with the measure v = 7, on O,, the equality (2.12)
gives

/e"‘Qn“’du < /eaﬁg dv,
. —a/(l—a)
< (/ e—(1—a)g dz?n)

I
< ~
S
=
~.
=
®
=
£
Q@
o
=
N—————
!
Q
~
=
!
£

The proof of (2.10) is completed. O
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3 Transport-entropy inequalities on the slices of the cube

Proof of (a) in Theorem 1.8. We adapt to the space A}, ,,_; the proof of (a) in Theorem
1.6. In order to avoid redundancy, we only present the main steps of the proof.
By duality, it suffices to prove that for all functions ¢ on &} ,,— and all A > 0,

/ekadﬂk,n—k < efkﬁﬂdﬂk,n—k""ck,n—k)\z/Q’ (3.1)

where

Qp(z) = inf {/ wdp + /dh(x,y) dp(x)} , € Xgn—k,

PEP(Xi,n—k)

and forany 0 < a < 1,

~ 1/ 1/(1-a)
</ eank="L*kwdu> (/ e_(l_a)“’du) <1, (3.2)
where for ¢ > 0,

Gt = gt | [ears g ([awnaw) ] e

PEP(Xi,n—k) 2t

The proof is by induction over n and 0 < k < n.

Foranyn > 1, if k = n or k = 0, the set &}, ,,_j is reduced to a singleton and the
inequalities (3.1) or (3.2) are obvious.

Forn=2and k=1, &}, is a two points set, (3.1) and (3.2) directly follows from
property (2.5) and Lemma 2.2 on X = X} ;.

For the induction step, we consider the collection of subset ;;, with
i,7 €{l,...,n},i # j, defined by

QO = {r € X, i = 0,z; =1}.

Since for any = € Xy p—x,

Z 1gis(x) = k(n — k),

(4,4),i#]
any probability measure p on &} ,_; admits a unique decomposition defined by
Ny . i _ loiip oo p(2Y)
= :J th b = g d - .
p= > #(,5)p",  with p oy and p(d) = e

(4,5),i7#5

Thus, we define probability measures p*7/ € P(Q%/) and a probability measure p on the
set I(n) = {(i,j) € {1,...,n}?i # j}. For the uniform law x on Xj ,,_j, one has

1 .
[ 2,7
R e} >,

(i,)€1(n)

where 7 is the uniform law on Q%, y; j(z) = (}73), for any z € Q.

For any (4,7),(l,m) € I(n), let s¢ jy.am) * Xkt — Xk n_r denote the map that
exchanges the coordinates x; by z; and z; by x,, for any point € X}, ,,_;. This map
is one to one from Q% to Q'™. For any (i,j) € I(n), the set Q" can be identify to
Xj—1.n—k—1 and therefore the induction hypotheses apply for the uniform law ;%7 on Q%7
with Hamming distance

dy (z,y) = 3 > Logy, wye Q.
ke[n)\{i.j}
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For any function f : 9%/ — R and any x € Q%/, we define

@ 1w= _int A [rav+ [ a7 @),

pEP(Q4)

and

~?]f(x) = pE}’Ig-In) {/fdp—i— 2% (/ A (x,y) dp(a:))Q} .

The key lemma of the proof that replaces Lemma 2.1 and 2.3 is the following.
Lemma 3.1. For any function ¢ : 2/ — R and any = € Q*J, one has

Qe(r) < Aeg{llf(n)) > QY (wosup.am)@Dplm) + D Lamyupdlim) ¢,
P (I,m)el(n) (IL,m)el(n)
and
Qck,n—k QO('T) S ﬁe?i?lf(n)) Z Qg:il,”,k,l (w © S(Z,]),(lﬂ’n))(z)i)(l? m)

(IL,m)el(n)
1 2
+§( > 1<z,m>¢<i,j>ﬁ(l,m)>
(I,m)el(n)

The proof of this lemma is obtained by decomposition of the measures p € P(Xj; p_1)
on the sets %7, and using the following inequality

dh(l',y) < d;;j(x’ S(i,j),(l,m))(y)) + dh(s(i,j),(l,m))(y>7y) < diyjj(mv S(i,j),(l,m))(:’/)) + 27

for any z € Q%J, y € Q™.
Finally, the proof of the induction step based on Lemma 3.1 and the identity Cy, ,,_; =
Cr-1mn-k—1+ 1, is left to the reader. O

Proof of (b) in Theorem 1.8. We will explain the projection argument on the dual formu-
lations of the transport-entropy inequalities. According to Proposition 4.5 and Theorem
9.5 of [7], the weak transport-entropy inequality (1.14) is equivalent to the following
property that we want to establish: for any real function f on X} ,_; and for any

0<a<l,
~ 1/ 1/(1—a)
(/ eand,Ufk,nfk) (/ ei(lia)fdﬂk,nfk) <1, (3.3)

where

—~ 1 )
= inf d - </ 1;3 d ) , . X ek
Qf(x) pePgE’k,nfk {/ pap+ 8 ; kFEYk p(y) } T E Apn—k

Let us apply property (1.13) to the function f o P : S,, = R. Since puy n,—r = P#p, we

get
~ 1/a 1/(1-a)
(/ eaQ(fOP)du) (/ 6_(1_a)fd,uzk;}n—k> <L

The inequality (3.3) is an easy consequence of the following result.
Lemma 3.2. Forany o € S, Q(f o P)(0) > Qf(P(c)).
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It remains to prove this lemma. By definition, one has

Q(fo P)(0) = nf {/ foPdp+ Z (/ N dp(T >)}
- qGP(ié{flkf,n—k)Pesniyr}’f#p:q {/ foPdp+ Z </ o7l dp( )>2}
- qep(i)lfvlkf,n—k) {/qu +pesni,1113f#p=q [i (/ 7(N#7() dp( ))2] } '

Let p € S,, such that P#p = q.

/ LoGyardp(M) = D> D Lp(r)=yo()ar(HP(T)-

yeXk',n—k, TESK

For y € Xy n_k, letusnote Y = {i € [n],y; = 1}. Then P(7) = y if and only if 7([k]) =Y.
Assume that j € [k], if 7([k]) =Y and o(j) € Y then 7(j) # o(j). Therefore one has

{T’T([k]) = Y>U(j) gY} C {TaP(T) = y>U(j) # T(])}

Assume now that j ¢ [k], if 7([k]) = Y and o(j) € Y then we also have 7(j) # o(j). It
follows that

{r.7(k]) =Y,0(j) €Y} C {1, P() = y,0(j) # 7(4) }-
From these observations, we get

n

; (/ 1"(1')#7(3‘)6117(7))2 > Z </ 1P(T):y,a(j)€de(T)>

2

JE[K]
+ Z /1P(T yJ(])Gydp( ))
JE[n\[k
2

=y (/ nevday)) + Y / nHevda(y

JEk] JEn\[k
= Z / Ligydq(y Z / Licydq(y

ico([k]) i¢o([k])
= Z / 1y,=0dq(y + Z / 1y,=1dq(y

ica([k]) igo([k

Setting = P(0), it follows that

Zn: < / 1c<j>¢7<j>dp(7))2 >

Jj=1 i

M=

{1“_1 (/ 1yi_0dq(y)>2 +1u=0 </ 1yi—1dQ(y)>T
(/ 1yi¢m,;de(y))2'

1

-

i=1

This inequality provides
Q(f o P)(0) > Qf(z) = Qf (P(0)).

The proof of Lemma 3.2 and (b) in Theorem 1.8 is completed. O
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4 Appendix

Proof of Lemma 1.4. Let T = (t;, ;) be a {-local base of a group of permutations G = G,,.
In order to prove that the map

Oy x0O3x--x0, — G
Ur: 12,93, ..+ ,0n = iy otis 3 i, n,

is one to one, it suffises to construct its inverse.
For any j € {2,...,n}, let U; denotes the map defined by

Uj(iz, i3, .- i5) = iy otis 3~ tij 5
Let 0 = (™ € G. We want to find the unique vector (i1,...,in) € O1 X - -+ x O,, such that
Un(ih e 7irL) = UT(ila ‘e ,Zn) = 0.

Since U, (i1, ...,in)(in) = n, necessarily the integer i, is given by i, = (¢(™)~!(n), i,

belongs to O,,. Let ¢("~1) = G(n)t(_o-l(n))fl(n).n- One has o(®~') € G,,_;. Then, since

n—1=Un_1(i1,. - in-1)(in-1) = 0"V (in_1),
the integer i,,_; is necessarily given by i, 1 = (¢ 1)"!(n — 1) € O,,_;. We set

O,(n72) (n—1),—1

(c(n=1)=1(n—1),n—1

€ Gp_a.

Following this induction procedure, we construct a family of permutations ¢¢) € G ; for
j € [n], such thati; = (¢))~1(j) € O; for all j € {2,...,n}. Observing that G; = {id}, it
follows that o) = id and therefore

o= = tigotiss - ti, n

This ends the proof of Lemma 1.4. O

Proof of Lemma 1.5. Let G = GG, be a ¢-local group. From the definition of the ¢-local
property, it is clear that any of the subgroup G;, j € {2,...,n} is ¢-local. As a conse-
quence, for any i; € Oj, i; # j, there exists t;, ; € GG; such that

ti;;(i;) =7, and deg(t;;) < L.

This completes the proof of Lemma 1.5. O

Proof of Lemma 2.2. Let a € (0,1) and f be a real function on the finite set X. We want
to show that for any probability measure v on X,

~ 1/ 1/(1—«)
(/ e ft fdy) (/ e*(lf‘l)hdl/) <1.

We will apply the following lemma whose proof is given at the end of this section.
Lemma 4.1. Let F be a real function on X and K € R. Let us consider the set

C:= {VEP(X),/FCZV:K}.

If C is not empty, then the extremal points of this convex set are Dirac measures or
convex combinations of two Dirac measures on X.
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Given a real function f on X, for any K € R, let

Ck = {V € P(X), /e_(l_a)f dv = K} .

One has

~. 1/a 1/(1—a) - 1/
sup (/ e fdl/) (/ ef(lfa)fdu) = sup (sup /BQR fdl/) KY/(=a)
VEP(X) K.Cx#0 \VeCk

The supremum of the linear function v + [ ¢“*"/dv on the non empty convex set Cx is
reached at an extremal point of Cx. Therefore, by Lemma 4.1, we get

~ 1/ 1/(1—a)
sup (/ et fdl/) </ e*(lfa)hdz/)
veP(X)

~. ~. 1/ 1
= sup sup <(1 — A)eO‘R f(z) + )\eaR f(y)) ((1 _ )\)e—(l—a)f(z) + )\e_(l_a)f(y)> /(
z,y€X X€[0,1]

1—a)

Now, let x and y be some fixed points of X. It remains to show that for any real function
fon E and for any =,y € &,

((1 )eeFr@ _|_)\ea§“f(y)>1/a (1= W G-1@ )\ef(lfa)f(y))l/(l_a) <1

The left-hand side of this inequality is invariant by translation of the function f by a
constant. Therefore, by symmetry, we may assume that 0 = f(y) < f(z). It follows that
Re f(y) = 0. Therefore we want to check that for any non-negative function f on {z,y},
for any A € [0, 1],

1/(1—
/( a)gl

)

((1 _ /\)eaﬁ"f(f) + )\) e ((1 — N)e~(U-of(@) 4 /\)

~a/(1-a) _

or equivalently, setting ¢(\) = ((1 — A)e~(1=2)/(@) 4 )) A,

e ) =6 o o
B f@) « g YN VA gy | e——a)f@)Y 4 1
€ _)\GH[}),I) 1-A vi(1) 1—a( € )+ ’

since 7 is a convex function on [0, 1].
So, it suffices to check that R f(x) < ¢(f(x)), where

o(h) = 1 log (L (1—e (k) 4 1) ., h>o0.
(6% «

The function ¢ is concave and ¢(0) = 0. For all & > 0, one has

_ 1l-«a
T e(l—a)h _

¢'(h)
The function ¢’ is a bijection from [0, +00) to (0, 1]. It follows that

h) = inf {6h 1-6 h>
o(h) 06%’1]{ + caf )}, h>0,

where ¢, is the convex function defined by

ca(l=0)= sup {—-6h+o(h)}, 0€(0,1].
he[0,+00)
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After computations, we get

o) = a(l —u)log(l —u) — (1 — au)log(l — au)
o a(l —a) ’

and therefore we exactly have for any z € X,
o(f(@) = inf {0f(x) +ca(l=0)} = B f(2).
The proof of Lemma 2.2 is completed. O

Proof of Lemma 4.1. We will show that, if v € C is a convex combination of three proba-
bility measures v1, v, v3,
vV = o1V + Qa2 + a3l

with g #0, as #0, ag #0, and a1 + a2 + ag =1, and v1(X) > 0, v2(X) > 0, v3(X) > 0,
then there exists two measures 71,7, in C and A € [0, 1] such that

V= )\191 + (1 — )\)192

Setting F; = [ Fdy;, for i = 1,2,3, we may assume, without loss of generality, that
Fy < F5, < F3. Then one has either F; < K < F5, either Fy, < K < F3.

We will assume that F} < K < Fy. The case F» < K < F3 can be treated identically
and the proof in that case is let to the reader. Since I} < K < F; and F; < K < Fj,
there exists 3,v € [0, 1] such that

K=pF+(1—-p)F, and K =~F+(1—~)Fs. (4.1)

If F = F3 then F} = F>, = F3 = K and therefore vy, 15, 3 € C. We may choose A = oy,
ﬁl =1 and 192 = %Ziys.

If F} = F5 then necessarily Fy, = F» = F3 = K and we are reduced to the previous
case.

So, we may now assume that F; # F3 and F} # F» and therefore I} < K < Fy < Fj.

In that case, we exactly have

5 Fa- nd o K
F— TTER R
Let us choose
Qs - I

A=

-5 “K_FR’ =P+ (1=PBe, Dy=7v1+(1—7)re.

The equalities (4.1) ensure that 7; € C and 5 € C. The proof of Lemma 4.1 ends by
checking that APy + (1 — A\)P2 = fi. One has

M1+ (1 =M=+ 1=y + A1 —B)re+ (1 — A)(1—v)vs. (4.2)
According to the definitions of \, 3, v, we may easily check that A(1 — 8) = as, and

K- R Fy—Fy
= - .
B-F ‘K-

(1-=N1-7)
Since ji € C, one has (1 — (ag + a3))F1 + asFs + asF3 and therefore

(1=MA=79)=as.
As a consequence A3 + (1 — A\)y =1 — as — a3 = «; and according to (4.2), we get

A1 4 (1= N = aqvy + asis + asvs = v. O
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