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Hypoelliptic multiscale Langevin diffusions: large
deviations, invariant measures and small mass
asymptotics
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Abstract

We consider a general class of hypoelliptic Langevin diffusions and study two related
questions. The first question is large deviations for hypoelliptic multiscale diffusions
as the noise and the scale separation parameter go to zero. The second question is
small mass asymptotics of (a) the invariant measure corresponding to the hypoelliptic
Langevin operator and of (b) related hypoelliptic Poisson equations. The invariant
measure corresponding to the hypoelliptic problem and appropriate hypoelliptic
Poisson equations enter the large deviations rate function due to the multiscale effects.
Based on the small mass asymptotics we derive that the large deviations behavior of
the multiscale hypoelliptic diffusion is consistent with the large deviations behavior
of its overdamped counterpart. Additionally, we rigorously obtain an asymptotic
expansion of the solution to relevant hypoelliptic Poisson equations with respect to
the mass parameter, characterizing the order of convergence as the mass parameter
goes to zero. The proof of convergence of invariant measures is of independent
interest, as it involves an improvement of the hypocoercivity result for the kinetic
Fokker-Planck equation. We do not restrict attention to gradient drifts and our proof
provides explicit information on the dependence of the bounds of interest in terms of
the mass parameter.
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Hypoelliptic multiscale Langevin diffusions

is one of the most classical equations in probability theory as well as in mathematical
physics ([18, 11, 26]). It describes, under Newton’s law, the motion of a particle of
mass 7 in a force field f(q), ¢ € R™, subject to random fluctuations and to a friction
proportional to the velocity. Here W, is the standard Wiener process (Brownian motion)
in R™, A > 0 is the friction coefficient.

In this paper we are interested in the case where the force field f(¢) has multiscale
structure and the magnitude of the random fluctuations are small. In particular, our
starting object of interest is the second order hypoelliptic multiscale Langevin equation,

g € € i £ g\ 4€ & i i
T = [(5b <qt, qg) +ec (q“(gt) — )\(qt)qt} dt + \/eo (qt,qg> Wy, (0.1)

where ¢, < 1 and 6§ = §(¢) L 0 as ¢ | 0. Here, A(¢) > 0 is an inhomogeneous friction
coefficient. Moreover, ¢ represents the strength of the noise, whereas 9§ is the parameter
that separates the scales. We study the homogenization regime where 5 — oo as ¢,6 | 0.

It is well known that when 7 | 0, the solution to (0.1) approximates that of a first
order equation. In particular, if A is a constant, then in the overdamped case, i.e. when 7
is small, the motion can be approximated by the first order Langevin equation (see for
example [12])

e 4
e _ l E ~c ﬁ ~€ qj 7 (qt’ ?) 1
qt_>\|:5b(qt55)+c<qta5>:|+\@ )\ Wt- (02)

The situation is much more complex in the case that the friction coefficient depends
on the position too, see [15, 13]. In particular, in the setting of (0.1), the motion of ¢° as
7} 0 is approximated by

%>Wt , (0.3)
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te e tr 7§ tr 7§ AVA\ q . q ts
( t) (Qt7 5t> \/g

where a(q,7) = o(g,7)oT (q,7). Clearly, when \(q) = \ = constant, (0.3) reduces to (0.2).

The first goal of this paper is to consider the large deviations behavior of the solution
to (0.1) ¢° in such a way that, when the mass is small, it is consistent with the large
deviations behavior of the solution to the overdamped counterpart (0.3), or equivalently
(0.2). In particular we want to investigate the conditions under which the tail behavior
of (0.1) and of (0.3) agree, at least in a limiting sense.

It turns out that we get interesting non-trivial behavior when the mass 7 relates
to €,6 in a specific way that will be explained in the sequel. For this reason we shall
write 7° in place of 7 when we want to emphasize this dependence. We prove that if
the mass of the particle 7 scales appropriately with the order of the fluctuations and in
particular if it is of order 6% /¢, i.e., if T = m§ with m small but positive, then the large
deviation behaviors of the overdamped and underdamped systems agree. The large
deviations result for (0.1) is given in Theorem 1.4 and the agreement in terms of the
large deviations behavior of (0.1) and (0.3) is given in Theorem 1.8.

In order to derive the large deviations principle we follow the weak convergence ap-
proach, see [6]. This framework transforms the large deviations problem to convergence
of a hypoelliptic stochastic control problem. Due to the hypoellipticity one needs certain
a-priori bounds that establish compactness, see [14]. We obtain an explicit form of the
control (equivalently change of measure) that leads to the proof of large deviations upper
bound in the multiscale hypoelliptic case. Even though we do not address this issue in
the current paper, we mention that the explicit information on the optimal control can
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be used for the construction of provably-efficient Monte Carlo schemes in the spirit of
the constructions done in [8, 29] for the corresponding elliptic case.

Under the parameterizations 7 = mg and when § < ¢ we derive the large deviations
principle for {¢°,c > 0}, where ¢° solves (0.1), see Theorem 1.4. The large deviations
rate function is derived in closed form and it depends on m. The next natural question is
to derive that as m | 0 the large deviations rate function converges to that of the large
deviations principle for the overdamped case, i.e., for the solution to (0.3). However, to
our surprise, we find that even in the case of constant diffusion the rigorous proof of
such a convergence is highly involved. We prove such a convergence in the special case
of diffusion coefficient o(¢,7) = \/2DA(q)I, D > 0 (which is the parametrization of the
fluctuation-dissipation theorem) and we include a discussion for the general variable
diffusion coefficient case in Remark 1.9. This result supports the claim that the large
deviations behavior of the multiscale second order Langevin diffusion and for its first
order counterpart agree, see Theorem 1.8.

The second and related goal of this paper is to rigorously develop small mass asymp-
totics for the invariant measure, see Theorem 1.6 and for certain Poisson equations,
see Theorem 1.7, that appear in the rate function of the large deviation principle (see
Theorem 1.4) due to the homogenization effects. Our proof of the convergence as
m | 0 of the large deviation rate function requires a thorough analysis of the small
mass asymptotic for the invariant measure of the fast motion corresponding to (0.1). In
particular, since we will allow the drift term b(q,r) to be a general vector field rather
than a gradient field, our proof of the convergence involves a non-trivial improvement of
the hypocoercivity result for linear Fokker-Planck equation ([30, Section 1.7], see also
[5]). If b(q, r) is not a gradient field, then certain operators that appear in the analysis are
not anti-symmetric. This implies that extra terms appear that need to be appropriately
handled. Then making use and extending the hypocoercivity results of [30], we prove
that the invariant measures corresponding to the m > 0 case, converges in L? to the
invariant measure corresponding to the m = 0 problem. Here we make use of the ((-,))
inner product introduced in [30] and we combine the different terms in such a way that
the desired bounds follow. To accomplish this goal in the general non-gradient case, we
use the structure of the hypoelliptic operator in an effective way.

Using the convergence of the invariant measure as the mass parameter goes to
zero and Poincaré inequality, we also prove that the solution to the related hypoelliptic
Poisson equation converges to the appropriate elliptic Poisson equation (the so-called
“cell problems”) in the appropriate L? sense as the mass parameter goes to zero. These
Poisson equations appear due to the homogenization effects of the drift b(g, ). In addition
to that, the proof provides a rigorous justification of the corresponding multiscale
expansion of the solutions of the corresponding equations in powers of \/m as m | 0.
Related heuristic, i.e., without proof, asymptotic expansions can be also found in [25].
We would like to emphasize that our method of proof allows to obtain upper bounds for
the norms of interest with detailed dependence on the parameters of interest, such as
the mass of the particle.

Partial motivation for our work comes from chemical physics and biology, and in
particular from the dynamical behavior of proteins such as their folding and binding
kinetics. As it has been suggested long time ago (e.g., [19, 32]) the potential surface
of a protein might have a hierarchical structure with potential minima within potential
minima. As a consequence, the roughness of the energy landscapes that describe
proteins has numerous effects on their kinetic properties as well as on their behavior at
equilibrium.

One of the first papers that used a simple model with two separated time scales to
model diffusion in rough potentials is [32]. The situation usually investigated [19, 32, 9]
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is based on the first order equation (0.2) even though the physical model and what is
many times used in molecular simulations is the more complex second order Langevin
equation that involves both position and velocity, see for example [20] and would also
usually include more than two separated time scales. The usual choice of coefficients
is A(q) = constant, b(q,¢/d) = —2FVQ(q/d) , c(g,q/0) = —EFVV(q) and 0(q,q/d) =
v2DMI, where kg is the Boltzmann constant and T is the temperature, in such a way
that the fluctuation-dissipation theorem holds. We remark here that our formulation
is general and includes the parametrization suggested by the fluctuation-dissipation
theorem as a special case. Notice that the choice of the separable drift

b(g,q/d) = =VQ(q/d),  clg,q/0) =-VV(q)

represents the motion of a massless particle in a rough potential cQ(q/d) + V(g). In
particular, the model of interest in this case becomes

i = g,fﬁDTVQ (‘f}) - ;Bl;vv (@) + VEV2DW, . (0.4)

The questions of interest in [32, 9] are related to the effect of taking ¢ | 0 with ¢
small but fixed. This is almost the same to requiring that § goes to 0 much faster than ¢
does, which is the regime that we study in this paper.

The related mathematical literature is quite rich. For the related hypocoercivity
theory the reader is referred to [30]. For the case § = 1, the large deviations principle
of the solutions to (0.1) and (0.2) as € | 0 is being compared in [4]. For the case ¢ =1,
periodic homogenization for a special case of (0.1) (in particular when ¢(¢q,r) = 0 and
b(q,r) = b(r)) has been addressed in [14]. Also, when ¢ = 1 random homogenization for
(0.1) when ¢(¢, ) = 0 and the special case of gradient drift b(¢,r) = —VQ(r) has been
addressed in [2, 24]. More is known about the overdamped case (0.2), see [7, 17, 21, 28]
where homogenization and large deviation results for the solution to equations of the
form (0.2) are obtained under different relations between ¢ and J, in both periodic and
random environments.

The rest of the paper is structured as follows. In Section 1 we formulate the problem,
our assumptions and the main results of this paper in detail. In Sections 2-3 we prove
the large deviations principle for the hypoelliptic problem. In Sections 4-6 and in the
Appendix we exploit the small mass asymptotics.

In particular, using the weak convergence approach we turn the large deviations
principle into a law of large numbers for a stochastic control problem. Section 2
proves the convergence of the controlled stochastic equation and Section 3 proves
the convergence of the cost functional, which is the Laplace principle. In Section 4
we prove the small mass limit of the rate function in the diffusion o(q,r) = \/2DX(¢)I
case, using the convergence of the invariant measures as m — 0 (Section 5) and of
the related “cell problems” that are auxiliary Poisson equations that appear in the rate
functions due to homogenization effects (Section 6). We emphasize that Section 5 is
of independent interest as it is an extension of the hypo-coercivity result for the linear
kinetic Fokker-Planck equation [30, Section 1.7], since we do not restrict our attention
to drifts that are of gradient form. The method of proofs also yields explicit decay rates
of the norms of interest with regards to parameters of interest such as the mass of the
particle. Most of the proofs to technical lemmas are deferred to the Appendix.

1 Problem formulation, assumptions and main results

In this section, we formulate more precisely the problem that we are studying in this
paper, we state our main assumptions and our main results. In preparation for stating
the main results, we recall the concept of a Laplace principle.
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Definition 1.1. Let {¢°,e > 0} be a family of random variables taking values on a Polish
space S and let I be a rate function on S. We say that {¢°, > 0} satisfies the Laplace
principle with rate function I if for every bounded and continuous function h : S — R

- o Y]~ 10 0.

el0 zeS

If the rate function has compact level sets, then the Laplace principle is equivalent to
the corresponding large deviations principle with the same rate function (see Theorems
2.2.1 and 2.2.3 in [6]). Hence, instead of proving a large deviations principle for {¢°} we
prove a Laplace principle for {¢°}.

Our main regularity assumption in regards to the coefficients of (0.1) is given by
Condition 1.2.

Condition 1.2. The functions b(q,r),c(q,r),0(q,r) are

1. periodic with period 1 in the second variable in each direction, and
2. CY(R%) in r and C?*(R?) in q with all partial derivatives continuous and globally
bounded in q and r.

The diffusion matrix o(q,r) = o(q,7)o’ (q,r) is uniformly non-degenerate. There exist
constants 0 < )\ < ) such that for every q € R%, A < \(q) < \. Moreover, the function
A(q) is in C*(R?) with bounded partial derivatives.

Using the parametrization 7 = m§ the system being considered is
6 € .
wii = |50 (. D) e (%) - M|+ vEo (. 5 )b a

Setting p; = \/mgq'f we obtain the following system of equations which we also
supplement with initial conditions

. 1oe .

Qt_\/ﬁéptv (12)
e 4

€ L1 b € qt + s£ _>\( f)i i (qt7t)W

Pe=ms |57\ ) T\ m 27T T Um t

a5 =qo €R, po=p, € R*.
Condition 1.2, guarantees that (1.1) and (1.2) too, have a unique strong solution; this

is a classical result, see for example [12] or Theorem 5.2.1 of [23]. The infinitesimal
generator for the (g, p) process satisfying (1.2) is given by

1 e € 1
L= 50V S0 a/0) Vit 3el.0/9)- )

1 € 1
- [—A(q)p-vp+2a(q7Q/5) : Vﬁ] ;

where we recall that a(q,7) = o(q,7)oT (q,7).
We can assume that p, is a random variable, as long as it is independent of the driving
Wiener process W; and as long as [E [e%‘”5a§p°|2} < oo (see Appendix A), where we have

defined omax = max  sup |o; (g, 7)|.
bi=Ld (q,r)

Sometimes, we may write X; = (¢f,p;). Let | ¢ | be the Euclidean norm in R? and
introduce the control set

T
A= {u = {us, € R?: 0 < s < T} progressively F,-measurable and IB/ lus|2ds < oo} .
0
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The result in [3] gives the following representation

h(4s) . e -
—elnBy, [exp (5)} :JIelalEqO 5/0 lus|?ds + h(T5)| -

Here the process g; is the g-component of the hypoelliptic controlled diffusion process
Xi = (@.77):

1 ¢
e 1.3
q¢ m5pt’ (1.3)
o qgi
se_ L 1Moy (e WY | (g TN _MaD e e L N0
P = ma{ab@’a)”(q“a)] m 2l ST m ™
- 9%
oloe %
5 (t’5>~
T T m

75 =qo €R?, pj=p, € R.
Let ui € A and X¢ solves (1.3) with « in place of u. Let the control space be Z = R,

=€
the fast variable space be Y = R? x T?. We see that the fast variable is actually (i, q(;>

Let us define now the operator

Lro(p,r) = %m [PV, ®(p.r) + b(g,r) - Vi (p, )

+ [ A@pT,00.0) + aler) s Vi)

For each fixed ¢, the operator £ defines a hypoelliptic diffusion process on (pr)ey =
R? x T<. Let u(dpdr|q) be the unique invariant measure for this process. Notice that
Ly is effectively the operator corresponding to the fast motion. The following centering
condition is essential for the validity of the results.

Condition 1.3. We assume that for every q € R?

/ b(q, r)p(dpdr|q) = 0.
Yy

Let us consider the preliminary cell problem

Lye(p,r) = ®(p, r)p(drdplg) = 0. (1.4)

1
N Y

It is clear that the solution to (1.4) ® depends also on ¢, but we sometimes suppress
this in the notation for convenience. By the work of [14], we know that under Condition
1.3, the PDE (1.4) has a unique, smooth solution that does not grow too fast at infinity,
see Appendix A for more details. Note that the function & is actually a vector valued
function ®(p,r) = (®1(p,7), ..., Pa(p,7)).

Let us denote by AC([0, T]; R¢) the space of absolutely continuous functions from
[0, 7] to R?. Our first main result reads as follows.

Theorem 1.4. Let {(¢°,p%),e > 0} be the unique solution to (1.2). Under Conditions 1.2
and 1.3, {¢°,c > 0} satisfies the large deviations principle with rate function

1 (T . - . .
(@)= 4 3 [ (60— rm@) Q@) (6. — rm(0)ds  iF6 € ACO.THRY. 60 =,
m 0

400 otherwise .
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where )
rale) = = /y V,®(p. r)e(g, r)u(dpdriq)

Q@) = o [ TuBlp.7)ala.0)(V, (0.1 dprla).
Yy

To support the claim that the particular parametrization is consistent with the large
deviations principle of the overdamped case (0.3), we need to prove that lim0 Sm (@) =
m—

So(¢), where Sy(¢) is the rate function associated to (0.3). To that end, we recall the
corresponding large deviations result from [7].
Let po(dr|q) be the unique invariant measure corresponding to the operator

1
0= ——b(g,r) -V, +

.2
q )\(q) O‘(Qar) . vr

1
2X(q)
equipped with periodic boundary conditions in r (¢ is being treated as a parameter here).
By Theorem 1.6, Condition 1.3 implies the following centering condition for the drift
term b:

/, b(g, r)po(drlq) = 0,
N

where ) = T denotes the d-dimensional torus. Under this centering condition, the cell
problem

1
Loxe(g,r) = *mbz(qw) , /ym(qyr)uo(dﬂq) =0,0=1,2,....d. (1.5)

has a unique bounded and sufficiently smooth solution y = (x1,..., xa). After these
definitions we recall the result from [7] that will be of use to us.

Theorem 1.5 (Theorem 5.3 in [7]). Let {¢°,e > 0} be the unique solution to (0.2). Under
Conditions 1.2 and 1.3, {¢°,c > 0} satisfies a large deviations principle with rate function

S, (¢) _ %foT(qbs - TO(¢S))TQ61(¢S)(¢SS - r0(¢s))d3 ifg € AC([O,T]; Rd)a b0 = ¢o
0 400 otherwise.
where ) 9
X
w(0) = 5755 [, (7 G oo (arla)
and

Q0 =5 [ (1+ 2twn)atan (1+ %) wtaio

For the small mass, i.e., m — 0, asymptotic that follow, we assume that o(¢,r) =
V/2DX(q)I,D > 0, i.e., we assume that the noise is such that we are in fluctuation-
dissipation balance. In this case, for a function f € C?()), we have

m Ag) 1
Ly f(p,r) = WAf(Pﬂ“) + ﬁgf(pﬂ") )
where Af = —p-V,f+ DA, f and Bf(p,r) =p-V.f +b(g,r) - V,f. Likewise, we have
1
Aq)

We denote by u(dpdr|q) = p™(p,r|q)dpdr the invariant measure corresponding to
the operator L£7'. Also, let us write j(dr|g) = po(r[g)dr for the invariant measure
corresponding to the operator £2.

ng(r) = b(q,r) -V, f(r)+ DA, f(r) .
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Let us also define 7(dp) = p°Y(p)dp to be the invariant measure on R¢ for the
Ornstein-Uhlenbeck process with generator .A. With this notation, let us write p™(p,r) =
" (p,7)p°(p, ), where p°(p,7) = p°Y(p)po(r), suppressing the dependence on q.

Then, in Sections 5 and 6 respectively we prove the following Theorems which
constitute the second main result of our paper.

Theorem 1.6. Let Condition 1.2 hold and assume that o(q,r) = \/2DX(¢)I, D > 0. Then,
for every q € R?, we have

i (77 (p, 1) = 1 L2y, p0) = 0 -

Theorem 1.7. Let Conditions 1.2 and 1.3 hold and assume that o(q,r) = \/2DX(¢q)I, D >
0. Then, for every q € R?, we have

1 1
VP - —— =0.
vm P M)

L2(Y;p°)

lim
m—0

(I+V,x)

Using then Theorems 1.6 and 1.7 we prove in Section 4 that the rate function S,,(¢)
converges So(¢), as m | 0.

Theorem 1.8. Let Conditions 1.2 and 1.3 hold and assume that o(q,r) = \/2DX(¢q)I, D >
0. Then, we have

m—0

Remark 1.9. We believe that Theorems 1.6 and 1.7 and as a consequence Theorem
1.8 are true under more general variable diffusion coefficients as long as Condition 1.2
holds. When, the diffusion coefficient o is not a multiple of the identity matrix, then
the operator A is not the classical Ornstein-Uhlenbeck that has the Gaussian measure

|p|? o . . .
p°V(p)dp ~ e*%dp as its invariant measure. Some of our technical lemmas use this
explicit structure in order to derive the necessary estimates. However, since the spirit of
the proof does not rely on this structure, we believe that this is only a technical problem.

2 Law of large numbers

In this section we study the limiting behavior of the solution to the control problem
(1.3). It turns out that we need to consider the solution to (1.3) together with an
appropriate occupation measure and then consider the limit of the pair. Let us be more
specific now.

Let u € Aand X  solves (1.3) with u° in place of u. Recall that the control space

is Z = RY, the fast variable space is Y = R? x T¢ and that the fast variable is actually
—€
(pi, q(;) Let AC Z, By x B, CYand T C [0,7]. Let A = A(e) > 0 be a separation of

scales parameter. We introduce the occupation measure

P2 (A x B) x By xF):/
r

1 t+A ag
—/ 14(us)1p, (P5)1n, (5 mod 1) ds|dt. (2.1)
A S, )
Let us define the function
1
v(q, (p,7), 2) = T [c(g,r) +o(q,7)z] - V,@(p,7) . (2.2)

Definition 2.1 captures the notion of a viable pair as introduced in [7] which charac-
terizes the required law of large numbers.
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Definition 2.1. A pair (¢, P) € C([0,T]; R%) x P(Z x Y x [0,T]) will be called viable with
respect to (v, /.Zg"') or simply viable if there is no confusion, if the following are satisfied.
The function 1), is absolutely continuous, P is square integrable in the sense that

/ \z|2P(dz,dpdr, ds) < oo, (2.3)
ZxYx[0,T]
and
1. .
vimaot [ [ A (), 2)P(dz dpdrds) (2.4)
0 JZxXY
2. For any g(p,r) € D(L}"),
t
/ / Ly g(p,r)P(dz, dpdr,ds) = 0 ; (2.5)
0o Jzxy
3.
P(ZxYx[0,t])=t. (2.6)

We write (¢, P) € Vi .-
Theorem 2.2. Consider any family {u®,e > 0} of controls in A satisfying

T
supE/ Jus |2dt < oo .
e>0 0

Let Conditions 1.2 and 1.3 be satisfied. Then the family {(g5,P*?),e > 0} is tight.
Hence, given any subsequence of {(g, PS?),e > 0}, there exists a subsubsequence that
converges in distribution with limit (g,,P). With probability 1, the accumulation point
(7e, P) is a viable pair with respect to (7, Ly): (¢e,P) € V(. £,)-

—€
Proof of Theorem 2.2. Part 1. [Tightness]. For a smooth function ¢ (pf , q(;) we can
apply It6’s formula and get

=€ —=€ t =€
=& q =& qo € m —€ qs
g (pta (St) -9 (po? 5) = 57/() qug <p57 5) ds

L1 . T - @
- 7. 1s T, 2 ) g - 7,22 )d
+5\/ﬁ0[c<%’5>+“<q$’5 ts| - Veg \Po g ) s
Vel [t T T
——= | V = o= dWs . 2.7
+ 6 \/m o pg s 6 g qs 6 ( )
=€
Let us apply It6’s formula to ¢ <p§, %) in (1.4) and use (2.7) to get a representation

formula for g; as follows:
- T (e @ - O = @
qt :q0+/0 ﬁ |:C <q976) +O-(q:wé:) u5:| VP(I) (p‘??é‘) dS
=€ =€ t =€ =€
oo 5) -0 (1T 5 [ () (s B

Using this representation formula, Condition 1.2 and Theorem 3.3 of [14] (see also
Appendix A), we can then establish that for every n > 0

lim lim sup IP
PO el0

e —e _
sup @, — @,] >n| =0.
[t1—t2|<p,0<t1 <t2<1
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This implies the tightness of the family {g:}. Tightness of the occupation measures
{P=2 & > 0} follows from the bound

Ty A
sup E [g(P=?) A = sup E/ / |uf (s)[2dsdt < oo. (2.8)
<€(0,1] £€(0,1]

for the tightness function g(r f::'xyx 0.7 |z|>r(dz, dpdr,dt), re€ P(ZxY x[0,T]), see

Theorem A.19 in [6]. Notice that the last 1nequality in (2.8) follows by the uniform L2
bound on the family of controls {u®,e > 0}.

Hence, the family {(¢°, P=®), e > 0} is tight. Due to tightness, for any subsequence of
e > 0 there exists subsubsequence that converges, in distribution, to some limit (g, P)
such that

(¢, P?) = (q,P) .

In addition, as in Proposition 3.1 of [7], we can show that the family {P*4, ¢ > 0} is
uniformly integrable in the sense that

lim supE |2|PS2 (dz, dpdr, dt) = 0.

M—00 >0 \/{z:|z|>M}><y><[OvT]

Next, we prove that any accumulation point will be a viable pair according to Defini-
tion 2.1.
Part 2. [Proof of (2.3)]. By Fatou’s Lemma we have

IE/ |2|*P(dz, dpdr, dt) < oo
ZxYx[0,T]
which then implies that fZny |z\ P(dz,dpdr,dt) < co w.p.1.

Part 3. [Proof of (2.4)]. Consider a test function f = f(q) on R%. Let ¥(p,r) =
®(p,r) - V4 f(¢g) which satisfies the cell problem

L ).

LY (p,r) = T

Making use of (1.4) and (2.7) we get
v(m L) e (mE)=-5 [ fps Vo @)ds
a6 8) o (o 8)-] s )
+ \5[\/1 tV v (pi, %‘i) -0 (qi, qf) dWs . (2.9)

Let us now choose S, 7 > 0 such that S < S+ 7 < T. We have

S+T 1 £ (
<P; - Vo f(q;)dt
s \/*5 t q t)

Combining the latter expression with (2.9) we get
S+7 qi
F@se) - 1) - [ (7 (75 ) o) - Vs @ar

—=€ t —€ —=€
(o 8) -2 ) v () e Fo
0
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Due to the a-priori bounds from Appendix A the right hand side of the last display
goes to zero in L?, which means that

S+ —e
_ _ _ _ g _
|f(q‘€s+7) — f(@s) —/S ¥ (q,‘i (pi, (;) ,ut> Vo f(gp)dt
as € | 0 in means square sense. By Condition 1.2, Lemma 3.2 of [7] guarantees that in

distribution
S+7 qi
/S Y (qi, <p§> 5) aut) . qu(ai)dt

- / @ (9o, 2) - Vo f (@ )P (dz, dpdr, dt) — 0
ZxYx[S,5+71]

—0

and

/ (G5 (p ). 2) - Vo (@5)P=> (d, dpdr, di)
ZXYx[S,S+7]
- / (@, (9,7, 2) - Vo f(@)P(dz, dpdr, dt) — 0
ZxXYX[S,5+71]
as € | 0. Therefore, by defining
o8 f(q) = / (g, (b, 7), 2)V f()PE (dz, dpdr)
ZxY

where
~E

1 A
P?A(dz,dpdr) = Z/ Laz (u$)1ap (P5) Lar (qg mod 1) ds
t

we get that, as e | 0,

S+1 B
B | f(dsr) ~ f38) - | Af’Af@f)dt] -0, (2.10)
and, in probability,
S+1 N
ASRf(GE)ds — / ¥(qs, (p, 1), 2)V f(gs)P(dz, dpdr,ds) — 0. (2.11)
S ZxYx[S,S+7]

Relations (2.10) and (2.11) imply that the pair (g, P) solves the martingale problem
associated with (2.4), which then proves that (2.4) holds.

Part 4. [Proof of (2.5)]. For functions f € CQ()J), let us introduce the auxiliary
operator

% [c(g,r) +0(q,7)z] -V f(p,7) ,

| =

Ao gl (0.7) = L7 () +

and define the F;-martingale

0 8) 1 (8) )

_VE o G, (e T
} TTA v (75) 7 <q5,§> .
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Let us furthermore set G; . f(p,r) = [c(g,m) +0(q,7)z]-V, f(p,r) and define g(e) =

g. Then, we have that
9(e) Mg — g(¢) [f (pi, C?) - (pf), qo)} (2.12)
t 1 s+A 5 q
+9(¢) / x / Az f (p;,”> dp ds—/ A o <p§, ) ds
0 s
s rt1| A . q . q
= _g (/0 K A [ng,uf)f (pp7 p) gqs u f <pp) ;)} dp dS
</ Gaz.-f (p,7) PE’A(dz,dpdr, ds))
ZxYx[0,t]

s+A ~€
. q m e
L) e (%) e (5

_ / LI f (p,7) P22 (dz, dpdr, dt).
Zxyx[o]  °

LIS

dp} ds

Let us now analyze the different terms in (2.12). We start by observing that |E [Mrfp]2 <
Cy ﬁ, which then implies that g(¢) M{ | 0 in probability, as € | 0. Moreover, boundedness

tr§ 0’ 9
left hand side of (2.12) converges to zero in probability as € | 0.
Let us next study the right hand side of (2.12). We have the following

of f implies that g(¢) [ f (p‘€ q—t) —f (p6 q—“)} converges to zero uniformly. Hence, the

1. Conditions 1.2, the L? uniform bound on the controls and tightness of {°,c > 0},
imply that the first and the third term in the right hand side of (2.12) converge to
zero in probability as d/€ | 0.

2. The second term on the right hand side of (2.12) also converges to zero in probabil-
ity, by the fact that §/e | 0 and uniform integrability of P4

Thus, by combining the behavior of the different terms on the left and on the right
hand side of (2.12), we obtain that we should necessarily have that

/ L7 f(p,r)P“?(dz,dpdr,dt) — 0,  in probability.
Zxyx[0,1] '

which by continuity in ¢ € [0, T] gives (2.5).

Part 5. [Proof of (2.6).] Finally P(Z x ) x [0,t]) = ¢ follows from the fact that
analogous property holds at the prelimit level, P(Z x Y x {t}) = 0 and the continuity of
t = P(Z x Y x[0,t]) and (2.6) follows. O

3 Laplace principle

The main result of this section is the following Laplace principle. During the proof of
Theorem 3.1 we also establish the alternative representation of Theorem 1.4.

Theorem 3.1. Let {¢S,c > 0} be the unique strong solution to (1). Assume Conditions
1.2 and 1.3. Define

1

7/ |2|*P(dz, dpdr, dt) (3.1)
ZxYx[0,T]

Sm (@) = inf
(d)) (gﬁ,P)EV(,\{L'&n) [2

EJP 22 (2017), paper 55. http://www.imstat.org/ejp/
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with the convention that the infimum over the empty set is co. Then for every bounded
and continuous function h mapping C([0,T]; R?) into R we have

lim —¢ In |, {exp (—h(‘”)} = o o [Sm(8) + h(6))

€10 € [0,T];R<)
Moreover, for each s < oo, the set
O, = {p € C([0, T R?) : Sp(9) < s}
is a compact subset of C([0, T]; R?).
In other words, {¢S,c > 0} satisfies the Laplace principle with rate function S(e).

Proof of Theorem 3.1. The proof of this theorem borrows some of the arguments of the
related proof of the LDP for the elliptic overdamped case of Theorem 2.10 in [7]. We
present here the main arguments, emphasizing the differences.

Part 1. [Laplace principle lower bound]. Theorem 2.2 and Fatou’s lemma, guarantee

the validity of the following chain of inequalities.
1" e
. / s 2 dt + h(g)| —
0

lim inf (—6lnE {exp{—h(q )}}> > liminf (E
0 e €l0

1 [T 1 [t+a o B

5/0 Z/t iE |2 dsdt + h(g)

1

7/ 2> P52 (dz, dpdr, dt) + h(T°)
2 ZxYx[0,T]
1

7/ |2|> P(dz, dpdr, dt) + h(q)
2 ZxYx[0,T]

> lim inf (IE
el0

= lim inf (IE
el0

>E

. 1 2
Z mf = / |Z| P(dZ, dpdrv dt) + h(¢)
(&.P)EV(r, £m) {2 ZxYx[0,T]

= inf  [Sn(®)+h(9)].

 gec([o,T)RY)

Hence, the lower bound has been established.
Part 2. [Laplace principle upper bound and alternative representation]. We first
observe that one can write (3.1) in terms of a local rate function

T
S () = / L7 (60, d0)ds .

Here we set )
L"(z,v) = inf / ~|2|*P(dz, dpdr) ,
ZxY 2

Pedr
where
PeP(ZxY): / £ f(p, r)P(dz, dpdr) = 0,f € CB.() |
A; L= ZxY
7 / |2]2P(dz, dpdr) < oo and v = / ~v(q, (p,r), 2)P(dz, dpdr)
ZxY ZxY

We can decompose the measure P € P(Z x )) into the form

P(dz,dpdr) = n(dz|p,r)u(dpdr|q)

EJP 22 (2017), paper 55. http://www.imstat.org/ejp/
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where p is a probability measure on )Y and 7 is a stochastic kernel on Z given ). This
is referred to as the “relaxed” formulation because the control is characterized as a
distribution on Z (given ¢ and (p,r)) rather than as an element of Z. We now have, for
every f € C2.()) and for every q € R?, that

| £ o rutdpir) =0
Yy

Here we have used the independence of £{* on the control variable z to eliminate
the stochastic kernel n. Thus p(dpdr) is the unique corresponding to the operator £,
written as u(dpdr|q).

Since the cost is convex in z and 7 is affine in z, the relaxed control formulation is
equivalent to the following ordinary control formulation of the local rate function

e = it o) utdpr)

A, = {v(°) (YR peP(Y), (v,p) satisfy /yﬁf;”f(p, ru(dpdr) = 0,Yf € CR (V) ,

[ o) ntapir) < oo and v = [ (0 (p,r)aU(P,T))M(dpdT)} |
y y

One can show as in [7, Section 5] that L"(¢,v) = L°(q,v). Let us recall now the
definitions of r,,(¢q) and Q,,(¢) from Theorem 1.4. For any v € A7 , we can write

v Z/v(q, (p,7),v(p, 7)) u(dpdr|q)
[c(g,7) + o(gq,m)v(p,7)] - Vp®(p, ) u(dpdr|q)

Vp®(p, 7)o (q,7)(v(p, )" u(dpdr|q) .

1
y Vm
-+ [ 7

Then, v — 7,,(q) can be treated as 3, and x(q, (p,7)) = ﬁ(vpfb(p,r))T(cr(q,r))T,

u(p,7) = (v(p,r))T in Lemma 5.1 of [7]. We apply this lemma and then we get that for all
ve A
a,v

[, Putdpiria) > @ = 1 @) Q@) ~ ri)
Moreover, if we take
vr) = (0. (.7) = <=0 (@) (VAR Q@0 — (@) B2)
we will have
/y @ (g, (p, 7)) Pp(dpdrlq) = (v = rm ()" Q. (@) (v = T (a)) -
This shows that
L(e,0) = 5 = (@) Q5 (@) = (@)

and the minimum is achieved with the control given by (3.2).

EJP 22 (2017), paper 55. http://www.imstat.org/ejp/
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Now, that we have identified that the action functional can be written in the proceed-
ing form we can proceed in proving the Laplace principle upper bound. We must show
that for all bounded, continuous functions h mapping C([0, 7]; R?) into R

limsup —¢ In [exp {—h(qe) H < inf [Sm(e) +h(9)].

el € — ¢eC([0,T;RY)

By the variational representation formula, it is enough to prove that

T
3], lus|2ds+h<qs>]< inf [Sw(6) +h(@).  (3.3)

—= 1 m
¢€C([0,T];R4)

limsup inf E
€0 ucA

To be precise, we consider for the limiting variational problem in the Laplace principle
a nearly optimal control pair (¢,P). In particular, let > 0 be given and consider
¥ € C([0,T]; R%) with ¢y = g, such that

Su() +h(W) < | inf [S(0) + h(0)] 41 < o

It is clear now that L°(z, v) is continuous and finite at each pair (z,v) € R??. Hence,
a standard mollification argument, allows us to assume that 1 is piecewise constant, see
Lemmas 6.5.3 and 6.5.5 in Subsection 6.5 of [6]. The control in feedback from used to

prove (3.3) is then given by (3.2), i.e,

It is easy to see that Condition 1.2 guarantees that u; is continuous in all of its
arguments and that (1.3) has a unique strong solution with u; = %;. Then, by Theorem

2.2, we obtain that in distribution ¢° z q, where
t
G =0t [ [ 3 (0 ) @ 7)) el ).
0 Jy
Keeping in mind the definition of AZ 3 and that ¥y = ¢,, we obtain that
t .
s = qo + / tsds =1y for anyt € [0,T], with probability 1 .
0

Therefore, we finally obtain that

h £
lim sup {—5 InE [exp {—(Q) H } = limsupinf E
€l0 € €l0 u

1T
7/ |ue]” dt + h(q)
2 Jo

<limsupE

T
— B [S,u(X) + h(X)]

< inf S, h .
S seed vy (¢) + h(o)] +n

Since 7 is arbitrary, we are done with the proof of the Laplace principle upper bound.
At the same time get the explicit form of the rate function

1 (T . - . .
S (¢) = 5/ ((rb? - Tm(gbs))Tle((ybs)(gbs - Tm(¢s))d5 if p € AC([OvTL Rd)a 0 = Qo
m 0
+00 otherwise .
(3.4)
EJP 22 (2017), paper 55. http://www.imstat.org/ejp/
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Part 3. [Compactness of level sets]. This follows directly from the alternative
representation (3.4), as it is in the standard quadratic form, see for example [7].

This concludes the proof of the theorem as well as of the alternative representation
of Theorem 1.4. O

4 Convergence of the action functional as m — 0

Let D > 0 and set o(q, r v/2DM(q)I. Recall the definitions of the operators Ly and
/Jg and of the correspondlng invariant measures from Section 1. Theorem 1.5 follows
directly from Lemma 4.1 below, whose proof is based on Theorems 1.6 and 1.7.

Lemma 4.1. Assume that Conditions 1.2 and 1.3 hold. Let Q.,(q),mm(q) and Qo(q),70(q)
be as in Theorems 1.4 and 1.5 respectively. Then, for any n > 0, there exist some mg > 0
such that for every q € R? and every 0 < m < mg we have

|Qm(q) = Qo(a)| <1, [rm(q) —ro(g)| <m -

Proof. For notational convenience and without loss of generality, we shall set o(q,r) =
21, D = X\(q) = 1. Since q is viewed as a parameter, we do not mention it explicitly in the
formulas. We have

O — Qo = 2/ ]}apcmp,r)

-2 ’f”p’ |

+2 /y T+ 0ox(P)2 (7™ (1) — 1) p°(p, ) dpdr

2

(0, )™ (p, ) dpdr — 2 / T + Box(r)? (o r)dpdr
Yy

— T+ 8rx(r)|21 p°(p, 7)™ (p, 7)dpdr

Jm

+2 /y I+ Ox ()2 (57 (9, 1) — 1) 6°(p, ) dper-

-2 _(jrnap@(p, 0= 1+ 0x0)) (=000 + (14 arw»)T] o™ (p,r)dlpdr

Taking absolute value and using Cauchy-Schwarz inequality we obtain

Qe — Qul <2Ha &~ (I+6%)

0p® + (I +0rx)

7=

L2(Y5p™) L2(Ys;p™)
2 —m
w2l on0?| 0 187 = e
By Theorem 1.6 we have
7113210 o™ = 1||L2(3’;p°) =0. (4.1)
By Theorem 1.7 we have
lim || ——8,& — (I + 3y 0 4.2)
im ||— — X =0. .
m=0 || ym L2(YVipm)

The results (4.1) and (4.2) imply that there exists a uniform constant C' such that

1 2
sup || 75 0 ® + sup |17+ 0,xF| <c (4.3)
me(©.1) ‘\/ﬁ C @iy mew Ml i =
EJP 22 (2017), paper 55. http://www.imstat.org/ejp/
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and by classical elliptic regularity theory there exists a uniform constant C, clearly
independent of m, such that

H(I + arx)?‘

<C. (4.4)
L2(Y;p°)
From (4.1)-(4.4) we infer the first inequality of this Lemma. In a similar way from (4.1)
and (4.3) we also derive the second estimate of this Lemma. O

5 L? Convergence of the invariant density

In this section we prove Theorem 1.6. For notational convenience and without loss
of generality, let us assume in this Section that D = A = 1 and as a consequence that
a(g,r) = 2I (recall o(q,r) = \/2DX(q)I). Since ¢ € R? is viewed as a parameter, it will
not be mentioned explicitly.

We want to show that

S 5™ = 1l 2 (pyp0) =0 6.1

where we recall that p°(p, ) = p°Y(p)po(r).

Notice that in the case of gradient potential, i.e., when b(¢q,r) = —V,V(q,7), then
(5.1) is immediately true even without the limit. In fact in this case we have that the
invariant density is basically p™(p,r) = p°Y(p)po(r) for every finite m € R, which implies
that p™(p,r) = 1 completing the proof of (5.1). Our goal here is to show that this is true
in the more general setting where the drift is not necessarily of gradient form.

By Condition 1.2 the drift b(g, ) and its partial derivatives are uniformly bounded
with respect to ¢. For this reason we sometimes suppress the dependence on ¢ and write
b(q,r) = b(r). Also, for notational convenience, let us set

h(r) =b(r) — V, log po(r) .
This definition for i(r) will also be used throughout the rest of the paper.

Notice that in the gradient case, i.e, when b(r) = —VV(r), we have that h(r) = 0, but
in the general case one has h(r) # 0. Let us next establish some useful relations

Lemma 5.1. Let f,g be two functions that belong in the domain of definition of L.
Then, we have the identity

[ 1€ 50m) o071+ (£520(.1) F0.1)] 1)t =
N
— 3 T T 0 T T i T T T 0 T T .
o A e Y R e e
In particular, we have that
/y (L7 f(p,7)) f(ps)p° (p,r)dpdr =
1 ) 1 ,
:—m/yvpf(pﬂ“ﬂ pO(p’r)dpdr—i_W/y'f(p’r)' h(r)pp® (p, r)dpdr

Lemma 5.2. Let f, g be two functions that are in WQLO(J/), i.e., the set where functions
and their first derivatives with respect to p are in L?()). Then, there exists a finite
constant K < oo that depends only on sup, cya |h(r)| such that

(h(r)p, fg>[,2(y;p0) <K [Hf”p(y;p()) ||vpg||L2(y;p0) + ||fo||L2(y;p0) HQHLQ(y;pU)] :

EJP 22 (2017), paper 55. http://www.imstat.org/ejp/
Page 17/38


http://dx.doi.org/10.1214/17-EJP72
http://www.imstat.org/ejp/

Hypoelliptic multiscale Langevin diffusions

Lemma 5.3. For every n > 0, there exists constant constant K < oo that depends only
on sup,cya |h(r)| such that

1 1
(B 2oy = 5 (PRI oy = =K (11 F 720y + ™ IV 1720 | -
where we recall that Bf =p -V, f +b(q,7)V,f.

The proof of Lemmas 5.1-5.3 are in Appendix B. Let us now define

5m(p’7,) = ﬁm(p’” -1.

Recall that our goal is to prove Theorem 1.6, i.e. that (5.1) holds. The next lemmas
are towards this direction. The proof of Lemmas 5.4-5.6 are in Appendix B.

Lemma 5.4. For every m > 0 we have the following equality

m
198" 2y = Yo (). |57

(Vi®) — 2 ) + \/TTL(h(r)p’ 5m>L2(3’;p°) ’

L2(Y;p°

Lemma 5.5. There is a universal constant K > 0 that depends on sup,.cya |h(7)
on m > 0, such that for all m sufficiently small

, but not

(1 —+/m) ||vap5m“i2(y;p0) < VmK [1 + H‘Sm”i?(y;po) + vaémniz(y;po)} )

Lemma 5.6. There is a universal constant K > 0 that depends on sup,.cpa max(|h(r)|,
|V..h(r)|), but not on m > 0, such that for all m sufficiently small

(1= VM) [VpVrd™|[72(y,p0) <

m||2 m2 mi2
< VME |1+ (0™ 2 p00) + V0™ 723,50y + 1V [ 72(3,0)

Let us define £! to be the operator Ly with m = 1. We recall that
L'=A+B,

where A= —p-V,+Ay,and B=p-V,+b(q,r)-V,. Itis easy to check that, with respect
to the measure p°(p, r)dpdr we can actually write that

L'=—-AA*+B

where
A=V,, and A" =-(V,—-p).

One can also check that the adjoint operator of B is formally given by
B* = —B+ ph(r) .

Notice that the latter relation implies that B is antisymmetric only if h(r) = 0 which
essentially is the case of gradient drift. However, in the general case h(r) # 0 which
would imply that 5 is not antisymmetric. Next, we introduce the operator

C=[A,B] = [V, pV, + b(r)V,] = V, .

A word on notation now. In order to make the notation lighter we will write from now
on
-]l = ||'||L2(y;p0)a and (-,-) = <‘7‘>L2(y;p0) )

for the norm and for the inner product in the space L?(Y; p°).
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In order to show that (5.1) holds, we use the work of [30]. In particular, as in [30], let
a, b, c be constants to be chosen such that 1 > a > b > ¢ > 0 and let us define the norm

((f.)) = IfII* + | AfI* +25R (Af.CF) +cllCfI* .
In fact, as it is argued in [30], the norms ((f, f)) and ||f||§{1(y;po) are equivalent as
soon as b < \/ac, in that
b
Vac

Since, we are dealing with a real Hilbert space, all the inner products are real. By
polarization we have

(£, L) = L) +alAf, AL F) + b [(ALYf,Cf) + (Af,CL )] +c{Cf.CLf) .

One important difference between the current setup and the setup of [30] is that
there B* = —B whereas here that is not the case, as we have B* = —B + ph(r). Keeping
that in mind and repeating the argument of the proof of Theorem 18 in [30], we obtain
that there are constants a, b, c that are sufficiently small such that 1 > a > b > 2¢ with
b? < ac (the exact same constants as in [30]) such that

((F.£1) = K [I1AfIP + lef 1P
+{{f.Bf) +a (Af, BAS) + b (ph(r)Af,Cf) + ¢ (CF.BCS))
> K ||l + {(F,BF) + a (A, BAS) + b (ph(r), AFCS) + e (Cf,BCL)} . (5.2)

b

wing1,a,c} (1= < ) 115 gy < () < maxtanch (14— ) 1o

The bracket term of the right hand side of the inequality is due to the fact that in our
case h(r) # 0 and thus B is not anti-symmetric. The bracket term is equal to zero in [30].

Let us now choose f = §"™ in (5.2). The strategy of the proof is: (a) bound from below
the bracket term on the right hand side of (5.2) using Lemmas 5.2-5.6 and the equation
that §™ satisfies, and (b) bound from above the left hand side of (5.2) using Lemmas
5.2-5.6 and the equation that §™ satisfies. Putting the two bounds together one will then
obtain a bound for ||§™|%,, which will give the convergence to zero of (5.1) that we need,
combined with Poincaré inequality for the measure p°(p, r)dpdr.

We would like to highlight here that one of the obstacles in putting the lower and
upper bounds together, are the order one terms (f, L' f) in the definition of ((f, £ f))
and (f, Bf) in the lower bound (5.2). However, as it turns out, see (5.6), for f = 6™, we
actually have that (£!6™,6™) — (B6™,6™) = o(y/m) which then allows us to proceed with
the bounds. The rest of the terms are being handled via Lemmas 5.2-5.6.

We start with obtaining a lower bound for the bracket term on the right hand side of
(5.2) using Lemmas 5.4-5.6 and the equation that 5™ satisfies. For this purpose, let us
define

R(5™) = (5™, B6™) + a (A5™, BAS™) + b (ph(r)AS™,C8™) + ¢ (C5™, BCS™)
= (6™, B5™) + Ry (6™) .

Let n > 0 to be chosen. By Lemmas 5.2-5.3, recalling that A6™ = V0™ and Cé™ =
V,.6™ and using the generalized Cauchy inequality ab < na® + ﬁbQ we have that

By >2K{a [nnvp& 2+ 419,958 ||2}+b[nw 4 419,900 ﬂ

1 1
b [nnvpémw T 4nnvpvrémnﬂ e [nnvrmﬁ T anpvramw] } .
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Next, using Lemmas 5.4, 5.5 and 5.6 we subsequently obtain

m m m m m
Ra(67) 2 = {a [al9,07 1P + X (14 18717 + 9,67 )

[ m m m m
+0 a9, 07 P 4+ Y (L 157 + 9,07 )]

[ m m m m m
+0 [T, 87 I + 2 (18717 + [,87 P + 19,671

[ m m m m m
e [l 7+ L (1977 + 9,877+ 19.57)
m m m m m m
> < [ (90" + 19,87 2) 4 47 (14 1672 + 19,672 + 19,67 )|
m m m m
> K [0 s+ Y (1 1672+ 167 )]

where the positive constant K < oo may change from line to line but it is always
independent of m. Choosing now 7 = n(m) such that lim,, o n(m) = lim,, o W\/T) =0, we

obtain for 7j(m) = max{n(m), n\(/f)} 40, that

Ry (™) = —Ki(m) [L+ 0™ + [|0™ 3] -
So, overall we have that for m sufficiently small there is 7j(m) | 0 as m | 0 such that
R(6™) = (6™, B8™) — Kij(m) [L+ [[6™ | + [[6™ [ 7:]

or in other words by (5.2) with f = §™ we have that for m sufficiently small there is
f(m) | 0 as m | 0 such that

(6™, £16™)) = K (L —ii(m)) [|6™ | + (6™, B™) — K(m) [1+ [[6™]|%] . (5.3)

Hence, recalling the definition of the inner product ((-, -)), using (5.3) and rearranging
the expression a little bit we have obtained the following bound

K (1= (m)) 673 < (6™, £18™) — (5™, B6™) + Kq(m) [1 + [6™])%]
+a <A6m7 A£157”> +b [<A£1§’”,Cém> + <A§’”,C£16m>] + c<66m,6£15m> . (5.4)
The next goal is to derive an appropriate upper bound for the left hand side of

(5.4). First, we need to obtain the equation that §™ satisfies. By factoring out p™(p,r) =
p°(p,7)p™ (p, ) where p°(p, ) = p°Y(p)po(r), we obtain the following equation for 5™ (p,r):

% \/%ph(r)mp, .

where we recall that h(r) = b(r) — V,logpo(r). Hence, the equation for §™(p,r) =
pm(p,r)—1is

Ly (p,r) = Bp™ (p,r) —

Eq d (p7 T) = ﬁBé (p7 T) - ﬁph(r) [6 (p7 T) + 1} )
or in terms of the operator £' = £/"=" we have
L™ (p,r) = (14 vm) B6™ (p,r) — v/mph(r) [6™ (p,r) + 1] . (5.5)
EJP 22 (2017), paper 55. http://www.imstat.org/ejp/
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By multiplying both sides of (5.5) by §”* and integrating over ) with respect to the
measure p°(p, r)dpdr we then obtain that

<£15m, 6m> — (B8, 6™) = /m (B3, ™) — /m (ph(r), (6™ + 1) ™) . (5.6)
Hence, using (5.4) and (5.6) we have the following bound

K(1—(m) [|6™ 3 < v/m (B8™, ™) — V/m (ph(r), (0™ + 1) 6™) + Kij(m) [1 + [|0™]|]
+a (A8 ALYS™) + b [(ALYS™,C6™) + (AS™,CLYS™)] + e (CS™,CL ™)
< Kij(m) [1+[|0™?]
+Vm [(B™, ™) — (ph(r), (6™ + 1) 6™)]
+a (A", ALYS™) + b [(ALYS™,C6™) + (AS™,CLY™)] + ¢ (Coa™,CL ™)
< Kij(m) [1+ (6™ %]
+T1(6™) 4+ aT2(0™) + bT5(0™) + cTy(6™) . (5.7)

Our next goal is to derive upper bounds for the terms 7;(6™) for i = 1,2,3,4. For
better readability, we collect the required bounds in the following lemma, which we also
prove in Appendix B.

Lemma 5.7. Let the terms T;(0™) for i = 1,2,3,4 be defined as in (5.7). Then, there

exists a constant K < oo that does not depend on m, and a sequence n(m), T\/Z) 1 0as
m — 0 such that for m sufficiently small the following bounds holds

. K+2
(™) < vim

7a6m) < (ntm) + v+ ) Ko™+ (Y 4 v & (14 16717)

m m m|2 m m||2 m m)2 .

72071 < (o) + i+ V) K Jm I+ Y (107 + (i) 9,07
m m m||2 m m||2

™) < (ntm) + V) K"+ o

Now that we have obtained the desired bounds for the terms T;(6™) fori = 1,2, 3,4
let us put them together. There are some constants K;, K, < oo, and a sequence
f(m) = max{n(m), T\/ZL)} J 0 such that for m sufficiently small

m K m
1671 + vm - V50

(1= () 07 15 < Am) Ky [1+ 18712) + [ Vi 67 + Vimy (19,67
a [im) K17 |3+ m) K (1+ 07

() Ky |1+ 1877 + 67 3] + (1 + Vi) [9,677]
c [am) Ky [16™ 13 + 16717

< (m) + VIV [1+ 18712 + 5™ ] + (1 + Vi) [ V,6™ |
(5.8)

Now we choose m small enough such that 7j(m) < 1, (f(m)++/m)Ks < 1/2. Moreover,
we also note that since by construction b < 1 we can write for m small enough b(1 +
v/m) < 1/2. In fact the proof of [30] shows that we can choose a, b, ¢ to be positive but
as small as we want, as long we choose the constants a, b, c to be ordered appropriately.
Putting these estimates together, we get that there is some constant K3 < oo such that

EJP 22 (2017), paper 55. http://www.imstat.org/ejp/
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for m small enough, one has

mi2 A(m) +vm 12
13 ”Hl < K3m [1+ 16| ] . (5.9)

In order now to close the estimate we need to use Poincaré inequality. Here we make
the assumption that the drift b(r) is such that the invariant measure p°(p, 7)dpdr satisfies
the Poincaré inequality with constant x > 0 . In particular, for a function Q(p, ), we have
that the Poincaré inequality in the following form holds

Jo- /2

Let us set now Q(p,r) = 6™(p, r). Notice that by definition of §(p,r) we have

2

2
<K HQ”Hl()};pO) :
L2(Y;p%)

/ 8" (p,)p° (p, 7)dpdr = 0 .
Yy
Therefore, we have obtained
6™ < & 0™ 15 - (5.10)
Inserting now (5.10) into (5.9), we finally obtain that for m small enough
K3 i(m) ++/m
s < 22TV 15|12 5.11

from which the desired result finally follows:
1671 < K4 (7(m) +v/m) = 0.

This concludes the L?(Y; p°) convergence of the invariant measures.

6 Convergence of the solution to the cell problem

The goal of this section is to analyze the cell problem (1.4) that ®(p,r) satisfies and
we want to prove Theorem 1.7. As it will become clear from the proof below, we prove
even more. We rigorously derive an asymptotic expansion of ®(p,r) in terms of powers
of \/m.

Let us recall our assumption a(q,r) = 2DA(q)I. Let £ = 1,2, ..., d be a given direction
and let us define

vm
WUy(p, 1) = Py(p,7r) — ——p-er,
(p.r) = @)~ s
where ey is the unit vector in direction ¢. Then, bearing in mind (1.4) the equation that
U,(p,r) satisfies is given by
B b[(qa 7‘)
Aq)

Moreover, by Condition 1.3 we have that that for every m > 0

E;n\:[lf(pa 7') -

(6.1)

/ Wy (p,r)p(drdplg) =0 .
y

Let us write for notational convenience the hypoelliptic operator

m_ M2 4 L
Ly =S A+ =8
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where we have already defined A = —p-V, + DA,and B=p-V, +b(q,r) -V,
Let us now write the expansion

Wy(p,r) = Wolp, ) + VmPei(p,r) + mUya(p, )+ U75(p,7) .

Assume that the functions W, o, Wy1, W2 and Uy satisfy the following equations

AVo(p,7) = (6.2)

By o(p,7) + AMa) AV 1 (p,7) = (6.3)
BUgi(p,r)+ AMa)A¥,2(p, 1) = fbe(q, ), (6.4)
Ly (pr) = —VmBYs(p,7) - (6.5)

and that for ; = 0,1,2,3, we have that / U, i(p,r)p™ (p,r|¢) = 0. The next step is to

Y
analyze the solutions to (6.2)-(6.5). First we notice that (6.2) basically implies that
Uy o(p,r) = Uy(r), ie., function ¥, o(r) is a function of r alone. Then, using this we get
by (6.3) that it has to be the case that

Uyq(p,r) = VoW o(r) p 4 Weo(r)

1
Ag)
for some function \ifg’()(’l”). From equation (6.1) and (6.2), (6.3), (6.4), (6.5) we see that

up to an additive constant we can assume that \i/g,o(r) = 0. Lastly, we notice that the
solvability condition for (6.4) is

[ W)+ bt i) =0 =
[ (B9 000()- )+ B + g, )] ) = 0
/}Rd [Ar‘l/z,o(r)|p\2 +b(q,7) - VoWio(r) +p- Vi Poo(r) + be(‘]ﬂ")} m(dp) =0 =
DAV o(r) +b(g,7) - ViWio(r) = —be(q,7) ,
where the Gaussian structure of the invariant measure 7(dp) ~ E_%dp and integration

by parts were used. Notice that this is exactly the solution to (1.5) with o = 2DA(¢)I.
Thus, by uniqueness of the solution to (1.5) we basically have that for every ¢ =1,--- ,d

Wyo(r) = xe(r).

Hence, we have that

Jm
_v, (;/(T)p FWo(p.r) + Y (pyr) + mTa(p,r) U, r>>

I + VTX( )] + mvp\ll2(p> ’I“) + prgl(pa T) :

Having established the last display, it is easy to see that in order to show (4.2), we
basically need to show that

1
lim [|v/mV,¥ r)+ —V, ¥ (p,r =0
m—0 P 2(p, )+ vm pe3 (p’ ) L2(V;p™) ’
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or, in other words, it is sufficient to show

3, N0,y =0 ©0
and
lim, || ——V, U7 (p, r) 0 6.7)
m |(|—= p,T =0. .
m—0 \/ﬁ p 3 LZ(y;le)

Relation (6.6) can be claimed to be true by the fact that ¥5(p,r) is solution to the
elliptic problem (6.4) and Theorem 1.6.

So, it remains to prove (6.7). At this point let us recall that ‘I’le (p,r) is solution to
(6.5), i.e., it solves

LIWTs(p, ) = —/mBY5(p,r) . (6.8)

Notice that for the purposes of this section ¢ is seen as a fixed parameter by the
operators and recall that we have already assumed «a(q, ) = 2DA(q)I. Namely DA(q) is
seen as a fixed constant. Hence, from now on and for notational convenience, we shall
assume without loss of generality that a(q,r) = 21, i.e., that D = A(¢) = 1. Let us first
apply Lemma 5.1 and we get

1
/ () (p, ) dpdr = — / IV, U7, 20, ) dpdr
y m.Jy
1
\IJm 2 0 . .
+ 2%/3,( 73)°h(r)pp’(p,r)dpdr (6.9)

Lemmas 6.1-6.4 that follow are proven in Appendix C.

Lemma 6.1. We have the Poincaré inequality

Hf - / f(p,7)p°(p,r)dpdr < EIVeflliLzypo (6.10)
Y L2(Y;p°)
for some constant x > 0 independent of m.
Lemma 6.2. We have
L VU7
pm ) m pP*e,3 .
lim su ||“’H#gO<oo,hmsup DO < 0 <00 (6.11)
m—0 m m—0 m
for some constant C > 0 independent of m.
Lemma 6.3. We have
7111210 U7 5] La(y;p0) = 0. (6.12)

Lemma 6.4. We have

/ (L7 F(p.7) 9(p,7)p™ (p,r)dpdr + / F(pr) (£7g(p, 7)) o™ (p, r)dpdr =
y y

2 m
=—— | [Vpf(p,r) - ala,r)Vpg(p, )] p" (p, 7)dpdr .
y
(6.13)
EJP 22 (2017), paper 55. http://www.imstat.org/ejp/
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We set in particularly in (6.9) f = g = V7’3, then we will have that

2
[ v m) vy i = <2 [ 19,970,000 . dpr

But, we also know that \Il}ff’g(p, r) satisfies (6.8). Therefore, multiplying both sides
of (6.8) by ¥}";(p,) and integrating against the invariant density o™ (p,r) gives us the
identity

2
2 [ 190 ()i = [ (B1a(0.1)) 005" o)
y y

or, in other words

2
VU e (6.14)

= @ (B0, W]s)

|

We now have the estimate

197 25y = /y (U720 (p, ) dpdr

2(Y;p™)

_ / (W75)25™ (p,1)p° (p, 7)dpdr + / (W) (p, ) dpdr
Yy y

<N 2000 107 1 2 0y + 197501 723,00) -
Applying Lemma 6.3 and Lemma 6.2 and the fact that 1im0 0™ | L2 (3;p0) = 0 We see
m—r
that

lim ||\I/ 3||L2(y;p”L) =0.

m—0

Thus we have by (6.14)

2

\/»
V \IIZS STHB\IIZQHLQ yp (ypm)—>0

|

as m — 0. This is (6.7), completing the proof of Theorem 1.7.

L2(Y;p™)

A On properties of the solution to the hypoelliptic cell problem

In this section we recall some results on the solution to the hypoelliptic Poisson
equation (1.4) from [14]. Since the set-up of the current paper has some differences
from the setup in [14], we formulate the results that we need in the current setup, even
though we emphasize that the derivation follows basically from [14].

Under the assumptions made in this paper, Theorem 3.3 from [14] guarantees that,
(1.4) has a smooth solution that does not grow too fast at infinity. In particular, we have
that for every n > 0, we can write

®(p,r) = 2P (p, r)

where & € S, the Schwartz space of smooth functions with fast decay. Further-
more, as it can be derived from the proof of Theorem 3.3 of [14], if we let opax =
Max; j=1,...d SUP(q ) [0, (¢, )], (0,20,24,) the solution @ is

unique (up to additive constants) in the space L2 (y, e—mlpl® dpdr).

max)

Moreover, it is clear that for each fixed ¢, the operator L£7" defines a hypoelliptic
diffusion process on (p,7) € Y = R? x T¢. Let us define this process by (p.,r.). We recall
then the following useful bounds from [14].
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1. There exists a constant C such that

—2 —2
B |:e fsaxmlz] <E [e po|2+0t]

2. For every T > 0, there exist constants 1, C' > 0 such that

E | sup enlpel?

te[0,T]

<CE {e"'pol ]

Based then on these bounds, the computations of [14] reveal that the following
bounds for the solution to (1.4) are true. In particular we have that for every T',p > 0
there exists a constant C' > 0 that is independent of ¢, 6 such that

~E p
E | sup @(pgﬁ) < 5P/, and
t€[0,T] é
g
E| sup |V,®|p;, — <C.
t€[0,T) d

These bounds are used in the proofs of this paper and more specifically in the
derivation of Theorems 2.2 and 3.1.

B Proofs of Lemmas in Section 5.

Proof of Lemma 5.1. The proof goes in a standard way using integration by parts. We
present the main steps for completeness.

/ (£ F(p.1)) 9o, )6 (o, r)dpdr = / o) (£M)" (900,16 (p, 7)) dpdr
Yy Yy
_ / Fo.7) [1 (A" (1) 9p.r) + (—L7 90 1)) 0°(p. )| dpir
2 / F@.) [(2° (0 )T - V2g(p.7) + Vo (p,1) - IV pg(p, 1)) dpdr
- /y .79 (p,7) [B(r) Vo (0, 7) + PV (. )] dpdr
= / fo,r) (L7 9(p, 7)) p°(p,r)dpdr
2 / Fr) (2 (0. ) = V2g(p,7) + V0, 1) - TV g (p, 7)) dlpdr
L / £, 7)g(p, 7)p - h(r) (o, r)dpdr
/ f(p,r mg(p,r)) p" (p,r)dpdr

m

=2 V5@, r) - IV,g(p )] 2, ) dpdr + — / . 7)g(p.)p - h(r)p (o, )dpdr .
Yy

To derive the last line, we used integration by parts as well as the definition h(r)

O

b(r) — V. log po(r). The statement of the lemma follows.
Proof of Lemma 5.2. We start with the following calculation
12 1y 12
Y, (e 2P £ (p, r)g(p,r)) = —pe 2P f(p,r)g(p,7) + e 2P0V, (F(p,7)g(p,7)) -
EJP 22 (2017), paper 55. http://www.imstat.org/ejp/
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Therefore, we obtain

/pf(p,r)g(pw)pOU(p)dp:/ Vo (f(p,7)g9(p, 1)) p° (p)dp
Rd Rd

= /Rd (Vof (2, 7)9(p7) + f(p,7)Vpg(p,7)) p°% (p)dp -

Multiplying both sides by h(r)po(r) and integrating over r € T¢ we then obtain after
using Holder inequality

(h(r)p, £9) 203,00 L(fo(p,r)g(p,r)+f(p,r)Vpg(p,r))pO(p,r)dpdv’
<K [\|f||L2<y;po> IVp3ll L2 (yip0) + IVl L2300 HgHsz;po)} :

This completes the statement of the lemma. O

Proof of Lemma 5.3. We notice that

B s gy = /y PV £ (,7) £ (0, )P (p, )

+ [ 80IV 10,10, . 1)
y
= Terml,, + Term2,, .

By integration by parts, we have
Term1,, = / pVof(p,r) f(,7)p° (p, ) dpdr
y

= —/ypf(p,T)Vrf(p,r)po(p,r)dpdr—/yer log po(r) | f(p,7)[* p°(p, r)dpdr .
Thus, we get
1
Terml,, :/pvrf(p, r)f(p,r)p"(p,r)dpdr = 75/erlogpo(r)\f(pw)\ZpO(p,T’)dpdr-
Yy N

Similarly, we have
Term?2,, = /yb(r)vpf(p,r)f(p7 ) p° (p, r)dpdr

- / b(r) (b, 7V f (0,7 (s ) dipd + / b(r)p £ (p, )2 0°(p, ) dpdr
y Yy

Thus, we get

1
Termz,, = [ W)V, 1) )6 oy = 5 [ b £} ) p
Yy y
Putting the representations of Term1,,, and Term2,, together, we have in fact obtained
1
B ey = 5 | POV o )

Hence, by Lemma 5.2 we have that there exists a constant K < oo that depends on
sup,.cpa |A(r)| such that

1
<f7 Bf>L2(y;p0) = 5 <ph(7n)’ |f|2>L2(y;p0) 2 -K ”f”LZ(y;pO) ||vpf||L2(y;p0)

Y]

2 1 2
K [11 e + 32 19 B
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where we use the generalized Cauchy-Schwarz inequality ab < nla|? + 4%}|b|2 for any
€ (0,00). This concludes the proof of the lemma. O

Proof of Lemma 5.4. Recall that by (5), the equation for 6™ (p,r) = p™(p,r) — 1 is

2 1
Em 57n — B(S"L — I
q (p7 T) \/a (p7 T) \/ﬁ
Let us multiply now the last equation by §™(p, r) and integrate over ) against p°(p, ).
Doing so, we get

ph(r) [0 (p,7) + 1] . (B.1)

2 1
L2(V;p0) Jm Yie) /m

The next step is to rewrite the term (B§™, 6m>L2(y;po(p)T)). By Lemma 5.3 we have

<Em5m (5m> <85m75m>L2( <ph(7“) [5m<p, T) + 1] 76m>L2(y;p0) .

1
BY, 1) s g0 = / Ph(r) 1£ (.72 0° () lpdr-
Inserting the latter expression into (B.2) we obtain

2
<E:1nf’f>L2(y;P0) B vm (BS, P20y
1
<ph(7’) [f(p7 T) + 1] s f>L2(y;p0)
:7< h( ) |f‘ >L2yp0)

- = <ph(7‘) [f(pv T) + 1] 5 f>L2(y;p0)
1
= _ﬁ (ph(r), f>L2(y;p0) .
Next step is to apply Lemma 5.1 with f(p,r) = g(p,r) = §™(p,r) to get

mgm $m 1 m2 1 mi2
(L7075 iy = =y IV W) + 5o (BORASTE)
Combining the last two expressions, we obtain

m m|2 _ 1 m
_7”v 0" | vy + 2f< (r)p, |6™| >L2(y;p0) =~ 00" ey 5 (B2)

and after rearranging, we obtain

2 _Vm 2 m
(2% T<h(7~)p, 6™ >L2(y;p0)+\/% (PA(T),8™) L2 (y4p09 -

This concludes the proof of the lemma. O

Proof of Lemma 5.5. The proof goes along the same lines of Lemma 5.4. We take J,, on
both sides of the equation (B.1) and we get the following equation

2 .1
Boy, " — =

7= h(r),,6™ .

£70y,0™ = ha(r) (™ +1]

1
N
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Multiplying both sides of the above equation by 9,,6™ and integrate with respect to
L?(Y; p°)-inner product we get

2
<£m8p15m Op, 0™ >L2 Yip®) = ﬁ<88pi§mvaﬁ5m>L2(3’;Po)
1
——=(hi(r) (6™ +1),0p,0™) L2(V:po)
m
v oo
—ﬁ@ h(1)0p, 6™, 0p, 6™ ) L2 (Vipo) -
We apply Lemma 5.1 with f(p,r) = g(p,r) = 0p,0™(p, r) to get
1 1
<£?8pi5m,8pi5m>Lz(%p0) = —Evaapi(smnig(y;po) + 72\/m<h(’f’)p7 ‘8pi5m|2>L2());p0) .

We now apply Lemma 5.3 and we have
1
<Bapi5mvapi6m>L2()/;p0) = 5/ b h(?”)|api5m|2p0(p,’l")dpd7" .
Y

Furthermore, we can calculate

<h1(7")(6m + 1)7 api§m>L2(y;pU) = / hl({r)(ém + 1)ap15mp0(pv T)dpd’)" P
y

<p . h(r)apiamaapi5m>L2(y;p0) = / p- h(r)|8 i(;m‘QpO(p, r)dpdr .
y
Thus, we get the identity

1
0y 32 ) = 2\f< B), 15,6 ) 12

_ﬁ< () (0™ +1),0p.6™) L2(vip0) -

Making use of Lemma 5.2 and Young’s inequality we estimate

||vpaqu5mH%2()};p0) < ]:{\/>||v 5m|‘%2()i ;p9) + f|‘v a 5m||%2(y p%)
HE/m(10™ |72y, 0y + Vo™ 12235000 + 1) 5

where K > 0 is a constant that depends only on sup |h(r)|. This implies the lemma. O
reTd

Proof of Lemma 5.6. The proof goes again along the same lines of Lemma 5.4. We take
Or, on both sides of the equation (B.1) and we get the following equation

my sm_ 2 g sm_ L . my oL m
L70,,0™ = —=B0, 8" = —=p- O b +1] = = h(r)0, 8™

Multiplying both sides of the above equation by 0,,0™ and integrate with respect to
L?(Y; p°)-inner product we get

2
(ﬁ;"@ridm’amémﬂ%y;po) = T<B&n75 8 5 >L2(y;p0)
(p Or W(r)[0™ + 1], 0,.,0™ >L2 (V;po)

(p- (T)ariémvari5m>L2()};Po)'

Bl Hﬂ\
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We apply Lemma 5.1 with f(p,r) = g(p,r) = 9,,6™(p, ) to get

<£man5m an(s >L"‘ (Y;p%) = _*Hv an(smHL? (V;p°) + 2\/>< ( )pa |aT"i67n|2>L2(y§Po) :

We now apply Lemma 5.3 and we also have

1
(B0, 0™, 0p,0™) L2(;p0) = B / p- h(r)|6rj5m|2p0(p, r)dpdr .
N

Furthermore, we can calculate

(PO h(r)[6™ + 1], 0,,6™) L2(y;p0) = / p- Or h(r)(6™ 4 1)0,, 8™ p° (p,r)dpdr
N

We can apply a straightforward generalization of Lemma 5.2 with h(r) replaced

by 0., h(r), as well as Young’s inequality, to estimate the right hand side of the above
equation by

(- 0r, AP 111,01, 23 < K (167 2y + 19507 2 3oy 1257 (22 3001
1
+§va6m,5m“2L2(y;p°) ’

where K > 0 is a constant that depends only on sup |V,h(r)|. We also have
reTd

(0 h(P)3,, 6™, 0y, 6™) 12y = / D B(r)|0h, 6™ 20" (p, 1) dpdr
Yy

Thus we get the identity

1 1
_E‘lvpamémHzLQ(y;Po) - _%@h(r), 07,0 %) L2 (v390)
1

—ﬁ@ <O, D) [0™ 4+ 1], 00,6™) L2(3;p0) -
Making use of Lemma 5.2 and Young’s inequality again we estimate

V0 0™ 132 0y < KVmIVR0™ (13535000,

+K\/m(”6m”%2(%};p0) + ||Vp5m||2L2(y;p°) + ||v7’5mH2L2()i;p“) +1)
+\/ﬁ|‘vpa”5m||ll2(y;p0) ’

where K > 0 is a constant that depends only on sup max(|h(r)],|V,-h(r)|). This implies

reTd
the lemma. O
Proof of Lemma 5.7. We start with 77(6™). By Lemma 5.3 with f = §™ we have
Ty (™) = v/m[(B&™,6™) — (ph(r), (6™ + 1) 6™)]
= Vi 5 h(r) 97 2) = (o). (07 1) 67|
= Vi [~ (ohio). 7 2) + <ph<r>,6m>] |
Thus, by Lemma 5.2 with f = g = §”* we have the following bound
T2 (6™)] < VmK 6™ [7,6™] + Hé’”IIQ]
< V2 o 4 v (V0 (B.3)
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Next we derive an upper bound for T5(6™) = <A5m, A£15m>. For this purpose we
first notice that

(A6™, ABO™) = (V,6™,V,B™)
= (V0™ V, (pV6™ + b(r) V™))
= (Vpd™, BVp6™) + (V™ Vid™)

1
= 5 (Ph(r), V0™ %) + (V0™ V,0™)

where in the last inequality we used Lemma 5.3. Then, using the equation for 6™, (5.6)
and Lemma 5.2 we have

ITo(6™)] = |(A6™, AL ™)

= | T (ohr) 9,67 2) + (14 V) (9,87, 9,67) = Vi (9,87, H(r) 0™+ 1)
Vi (ph(r). [ 7,07 %)

_ (1_\/ﬁ) m|2 m m\ m m

= [ ), 19,87 2) (L ) (07, 9,87) — v (9,87 h(r) (3" + 1)

(1 - vm)
2

VK (15 + 19,07 )
1—+ym m 1 m 14+ vm m
< Sk (19,0 + 419,907 ) + 25w, 0m

IN

m m 1+\/7 m m
KV vy Voo™ || + — —1IVd I +n(1+ Vm)|IV,6™

(L 4+ Vm)[[V6™ |12+ VmE ([[6™ ] + [IV,0™ )
Next step now is to use Lemma 5.5. Doing so we get the bound

|T2(6™)| = |<A5m,A£1§m>|
1—ym m m m m 1+ m
< E 2 (nw,m 2 4 2 [L Jom P+ 19,071 )+ e,
(L 4+ V) V0724 VK (672 + 9,67 )

<<K(1_2\F) Lz vm) \F)erKerHK*F)nv 5™ 12+

o+ i (S5 1) v (1 o)

Use now Lemma 5.4 and then Lemma 5.2 to bound the term % |V,0™||% by terms

of the form KM\F (16™]1% + |[V,6™|?). Choosing then 7 = n(m) such that n(m) — 0

and Y2
n(m)

— 0, we get that for m sufficiently small

|T2(0™)] = |<A5m7A£15m>|

< (ntm) 4 v+ 20 ) Ko™+ (0 i) & (14 omF) . @

Next we derive an upper bound for T,4(6™) = <C§m7 C£16m>. For this purpose we first
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notice that

(C5™,CBO™) = (V,6™,V,B5™)
= (V,0™,V, (pV,0™ + b(r)V,6™))
= (V,0™, BV,0™) + (V,.6™, V,b(r)V,0™)

1
3 (ph(r), |V, 6™ ) + (V,6™, V,b(r)V,6™)

where in the last inequality we used Lemma 5.3. Then, using the equation for ™

Ty(5™) = (C6™,CL6™)

= LI (), 9,67 2) + (4 Vi) (9,7, 920) V™)
— V/m (V6™ pV,h(r) (6™ + 1)) — /m (ph(r),|V,.6"*)

= Lfm) (ph(r). V8™ %) + (14 v/m) (V8™ V,b(r) V,6™)
— V/m (V3™ pV,h(r) (6™ 4+ 1)) .

Using Lemma 5.2 we subsequently obtain

106 < C T K, 9,907 4 (1 V) (9,57 V(1) 9,07)
+Vm [(V,.6™, pV,.h(r)(6™ + 1))|

1—vm m 1 m
< O (w5 4 19,9071

1
Huvm%wwW+MMWWH+wmmwwmmwwm

_ =y

1
m||2 - m||2
Lk (987 + 419,907

1
Huvm%me+MMWWH
VK [V 0" | 1V8™ | 4 99,87 | 67 + 1,57 ]
(1_m) m |2 1 m1|2
< X V7 _
S i (A = LA
1
Hu¢m%me+Mwwwﬂ
1 m||2 1 m2 1 m2 1m2 m2
VK |5 19587+ S 19,0 7+ 5 IV, 90871 + 5 1571 + 9,67

mi|2 i mi|2
(19872 + 19,907
1
(Vi) 119,07 + LK 9,7
+ VK (9,877 + 7,07 | + IV, V6™ + 677 -

The constant K may change from line to line, but it is always independent of m.
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Using Lemma 5.6 and then Lemma 5.4 we subsequently obtain

m 1—ym m m m m m
o)) < i (a0 P 4+ Y (I8 4 19,0717 + 19,67 )

1
-1+ vim) [n Vs o ||vp6m||ﬂ

VK [V + 17,8717 4 v/ 67 + 11V,8™ I + 17,871 ] + 6™ 1°] -

Finally, choosing n = n(m) such that n(m) — 0 and n‘{f) — 0, we get that for m
sufficiently small and for some constant K < oo
|T4(6™)| = \(C(S’",C£15m>|

<K [(n<m>+$) 167120 +7;(Fn”j)|amn2 . (.5)

It remains to consider the cross-term
T5(0™) = <A£16m,65m> + <A6’",C£15m> .
Recalling (5.5) we have the following calculations

T3(6™) = (AL'6™,CO™) + (A™,CL' ™)
= (V,8™, (1 4+ /m)BV,6™ + (1 + /m)V,6™ — /mh(r)(8™ + 1) — /mh(r)pV,6™)
+ (V0™ (1 +vVm)BV,.6™ + (1 4+ vVm)V,b(r) V6™ — /mV, h(r)p(6™ + 1)
—v/mh(r)pV,6™)
= (1+v/m) [(V,6™, BV,6™) + (V,6™, BV,6™)]
+(1+ vm) [<vp5m, VbV, 8™ + ||v,.5m||2}
— M [(V, 8™, ph(r)V ™) + (V67 ph(r)V,6™)]
—Vm (V0™ Vo h(r)p(6™ + 1)) + (V6™ h(r) (8™ +1))]
= (1+vm) [(V,6™, L'V,.6™) + (V,.6™, L'V ,6™)]
= (L+vm) [(Vpd™, V,Vid™) + (V0™ V,V,6™)]
+ (14 vm) [<vp5m, V,bV,0™) + ||v7,5m||2}

— Vm (V0™ ph(r)Vpd™) + (V0™ ph(r)Vy6™)]
—Vm[(Vypd™, Veh(r)p(8™ + 1)) + (V2™ h(r)(6™ + 1))] .

Using now Lemma 5.1 on the first term of the right hand side of the last display we
obtain

T3(5™) = —2(1 + v/m) (V,V,0™, V,V,.6™)
— (L4 V) (V6™ V,V,8™) + (V8™ V,V,0™)]
+ (1 + vim) [(V,0™, V,bV,6™) + ||vr5m|\2}

= Vm[(Vi", ph(r)V,6™) + (Vpo™, ph(r)V,0™)]
= Vm[(Vypd™, Veh(r)p(8™ + 1)) + (V™ h(r)(6™ + 1))] .
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Next we bound terms from above. Using Lemma 5.2, we have for n > 0
T(E™)] < L+ VK [[V,V,0" | + [V, V8™
my2 L (2 my2 , 1 (2
+vm [77 V™" + ™ IVpVr 8™ I + 7 [IV26™(]” + o IVpVpd™|

+ L) (19 5 19, 9,0 + 19,67 19,967
(L vm) [K [V, + (19,67
VK [1+ 67+ [V,0™ ) + V0"
The constant K may change from line to line. Using Lemmas 5.5 and 5.6 we obtain

Ty(6™)] < Vim(1+ Vi) K [1+ 672 + 1V,6™ | + 7,67 ]

m m m m
[ 7+ S [ 1 17
m m m m
+(1+vmK {n|5 ||§{1+\i;[1+||5 I”+ 116 IIipH

(L vm) [K ([,87 1 + V0™ ]
VK ([ + (7,0 + [ 7,6 ]

Applying then Lemma 5.4 to estimate the term ||Vp(5m||2 on the fourth line of the last
display, we obtain the following bound

a0 < (Vi + <) & (14 1074 10 ] + 0 107 e+ (14 i) 19,07

e
vm
Finally, choosing n = n(m) such that n(m) — 0 and T\CT) — 0, we get that for m
sufficiently small and for some constant K < oo

m m 7 m
(120 < (Vi + SR [ 17 187 ]+ ) 07 s + (14 ) 9,07
This concludes the proof of the lemma. O

C Proofs of Lemmas in Section 6.

Proof of Lemma 6.1. This can be shown by using Theorem 4.2.5 in [1]. Let (P;);>0 be
the Markov semigroup corresponding to generator £! on ).

By Lemma 5.1 with m = 1, we obtain for the first term (recall that p°(p, r)dpdr is the
invariant measure corresponding to the operator £') that the Dirichlet form associated
with (P;)¢>0 can be calculated as follows

£(f) = <_£1f’f>L2(y;p°) - ”vpriQ(y;p") )

Thus by Theorem 4.2.5 of [1] the validity of Poincaré inequality is equivalent to
exponential convergence to equilibrium of the semigroup (P;);>o:

/y (Ptf - /y(P Wf)e’ (p, T)dpdT>2 P (p, r)dpdr < c(f)e 2" .

for some constant x > 0. The above inequality is true since /L; admits a spectral gap (see
[10]). O
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Proof of Lemma 6.2. We make use of our equation (6.8), (6.9) as well as Lemma 5.2 and
we get

2
1 1
v, KT 2 g0 ‘v v
va Pees L2(Y;0°) o it v e L2(Y;p°)
< Vm|BYy 2 L2 (y00) W5 L2 (;00) (C.1)

for some constant K > 0 independent of m.

We apply Lemma 6.1, using the fact that / U5 (p,m)p™ (p,7)dpdr = 0, and we have
Y

||\IIZLS||%2(J7;pU)

2
h&—/W%mwwmm@w
Yy

2
+(/W%mnwmm@m)
L2(Y;p9) y

2

<

+
L2(Y;p°)

=H%—Aﬂ%@ﬂf@ﬂ@w
2
+(/W%mmwmmwm—/W%mmwwmww)

Yy y

2
<%Wﬂ%ﬁymm+(AW%@WWWnﬂme@W>

< KHVPWZISH%"’(MPO) + ||\I]ZL3

%Q(y;p°)||§m||2L2(y;p°) :
Since we have lim0 16" || L2 (;p0y = 0, we can choose m small enough so that
m—
||\I’??3||L2(y;p°) < 2’%||Vp‘ljzls||llz(y;p0) . (C.2)

Combining (C.2) and (C.1) we see that we have

2

< \/EHB‘IIZ,Q HLZ()J;pU) H\I/le ||L2(31;p°) .
L2(Y;p°)

1

Using (C.2) again we see that

2

1 1
(1 — 2I€K\/ﬁ) HV \I/ZLS S 2I€ml|B\I/g’2||L2(y; 0) ’V Zg
vm 3 L2(Y;p°) g vm ! L2(Y;p?)
This means that we have the bound
1 2km
—V, " < ——————|IBYs 2 p2(y:p0) -
Hm P¥e3 L2(yip0) 1—2&[(\/771 (¥:;p%)
Now apply (C.2) again we obtain the bound
. Ax2m3/2
9751 200y < WHB‘I’M”LQ(MPO) :
This proves the lemma. O

Proof of Lemma 6.3. Let us write ¥ in place of Wy"; for similicity of notations. We set
f = U? and we look for the equation that f satisfies:
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Ly
1 1
“w Mt e

L Vo + A + %(b(r) NS p-VoS)

(—=p- (2UV, V) + 2|V, U|? + 20A,¥) +

Bf

3= 3

1
2
U(LMT) + — |V, T2 .
(L30) + |V, Y|
Using the equation (6.8) we see that

Ly f=—-2/mIUBY, 5+ 3|V1,\If\2 . (C.3)
m

Making use of Lemma 5.1 we have
m 1 2 1 2
<‘Cq fa f>L2(y;p0) = _E”VPfHLQ(y;pO) + mu’l‘(’r) paf >L2(y§PU) .

This gives

Jm
= ()

IV f 1720000 ") Do 2 pe 0y — ALY ) L2 ip0) - (C.4)

Making use of (C.3), (C.4), the fact that f > 0 and Lemma 5.2 we get, for some
constant K > (0 independent of m that may vary from line to line,

vaf||%2(y;p0)

= YUYy 2y + 22 EBY, ) g — AT 0 Pz

< @Ul(?‘) Dy f2) p2(p0) + 2% (OB 2, f) 29,0

< R 2010 90 320 + 10 OB e + )

< § KI5 95 ) + 209 3oy B2 i, + 17 )
< KL f LI 95 Pl + m¥ 21 3] ©5)

Now we apply Lemma 6.1 and we see that for some x > 0 we have

1l 2(3:p0)

‘ / F(p,r)p (p, ) dpdr + / F(p.r)p (p, ) dpdr

< Hf— /y £(p, 7" (p, v)dpdr

L2(Y;p%)

/ Fp,7)p (p, ) dpdr

L2(Y;p°)
< RIVpfllze@ipo) + 11172 (p,0)

In the last step we used the fact that f = U2. Now we apply Lemma 6.2 and we see
that || V|2 Teyp0) S K m3 for some constant K > 0 independent of m. Thus we see that

1fll2ip0) < K[IVpfllLzip) +m?] (C.6)

EJP 22 (2017), paper 55. http://www.imstat.org/ejp/
Page 36/38


http://dx.doi.org/10.1214/17-EJP72
http://www.imstat.org/ejp/

Hypoelliptic multiscale Langevin diffusions

Combining (C.5) and (C.6) we see that
IV 1720y < KMV 12500y + M3 NV fllz21p0) + M2V f 122 500y +m 246

This gives limO ||fo||2LQ(y_po) = 0. Apply (C.6) again we see that the claim of the
m— ’
Lemma follows. O

Proof of Lemma 6.4. The proof of this lemma is completely analogous to that of Lemma
5.1 and thus it is omitted. O
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