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Multifractal analysis for the occupation measure of
stable-like processes”
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Abstract

In this article, we investigate the local behavior of the occupation measure p of a
class of real-valued Markov processes M, defined via a SDE. This (random) measure
describes the time spent in each set A C R by the sample paths of M. We compute
the multifractal spectrum of p, which turns out to be random, depending on the
trajectory. This remarkable property is in sharp contrast with the results previously
obtained on occupation measures of other processes (such as Lévy processes), where
the multifractal spectrum is usually deterministic, almost surely. In addition, the
shape of this multifractal spectrum is very original, reflecting the richness and variety
of the local behavior. The proof is based on new methods, which lead for instance
to fine estimates on Hausdorff dimensions of certain jump configurations in Poisson
point processes.
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1 Introduction

The occupation measure of a R%-valued stochastic process (X;);>o describes the time
spent by X in any borelian set A ¢ R¢. It is the natural measure supported on the
range of the process X, and plays an important role in describing the different fractal
dimensions of the range of X. Local regularity results for the occupation measure and
its density when it exists (often called local times if X is Markovian) yield considerable
information about the path regularity of the process itself, see the survey article by
Geman and Horowitz [14] on this subject.
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Stable-like occupation measure

We describe the local behavior of this occupation measure via its multifractal analy-
sis. Multifractal analysis is now identified as a fruitful approach to provide organized
information on the fluctuation of the local regularity of functions and measures, see for
instance [18, 13]. Its use in the study of pointwise regularity of stochastic processes
and random measures has attracted much attention in recent years, e.g. (time changed)
Lévy processes [17, 5, 11, 12, 2], stochastic differential equations with jumps [4, 28, 26],
the branching measure on the boundary of a Galton-Watson tree [21, 22], local times
of a continuous random tree [7, 3], SPDE [24, 23, 19], Brownian and stable occupation
measure [15, 25, 20, 16, 10], amongst many other references.

In this article, we obtain the almost-sure multifractal spectrum of the occupation
measure of stable-like jump diffusions, which turns out to be random, depending on
the trajectory. This remarkable property is in sharp contrast with the results previously
obtained on occupation measures of other processes (such as Lévy processes), where the
multifractal spectrum is usually deterministic, almost surely. In addition, the shape of
this multifractal spectrum is very original, reflecting the richness and variety of the local
behavior. The proof is based on new methods, which lead for instance to fine estimates
on Hausdorff dimensions of certain jump configurations in Poisson point processes.

1.1 Definitions and notations

We first introduce the class of processes we focus on.
Definition 1.1. Letey > 0, and 8 : R — [gg, 1 —&¢] be a nowhere constant non-decreasing,
Lipschitz continuous map. The stable-like process M is the pure jump Markov process
whose generator can be written as

ef(x) = / (Fla+u) — f(@)Ba)u" PO du. (1.1)

Introduced by Bass [6] in the late 80’s by solving a martingale problem, this class
of processes has sample paths whose characteristics change as time passes, which is a
relevant feature when modeling real data (e.g. financial, geographical data). Roughly
speaking, the stable-like processes behave locally like a stable process, but the stability
parameter evolves following the current position of the process, see [4] or [28] for an
explanation from the tangent processes point of view.

Let us comment on the assumptions. The truncation at 1 for the jump measure is
not a restriction, since there is almost surely a finite number of large jumps in the unit
interval. From a technical standpoint, our actual proof relies heavily on the monotonicity
of the index function §. In particular, it is used (see Section 3) for determining the range
of the local dimensions of the occupation measure; it is also essential in the transference
from time spectrum to space spectrum (see Theorem 7.2). Of course, it would be worth
studying the same question with weaker assumptions.

Let M = {M,,t € [0,1]} be a stable-like process associated with a given function
x — fB(z) as in Definition 1.1. Our purpose is to describe the local behavior of the
occupation measure of M defined as

1(A) :/O Ta(M,)dt. (1.2)

It depicts how long M stays in any Borel set A C R. We investigate the possible local
dimensions for yu, as well as its multifractal spectrum. Let us recall these notions.

Definition 1.2. Let v be a positive measure on R, whose support is Supp (v) := {x €
R:Vr >0, v(B(x,r)) > 0}. The upper local dimension of v at the point x € Supp (v) is
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defined by

_ 1 B
dim(v, z) = lim sup M.
10 logr

Similarly, the lower local dimension of v at x is

1 B
dim(v, ) = lim inf M.
40 log r

When dim(v, z) and dim(v, ) coincide at x, the common value is denoted by dim(v, z),
the local dimension of v at x.

Our aim is to investigate two multifractal spectra of the occupation measure u
associated with stable-like processes, related to these local dimensions. Let dimy, stand
for the Hausdorff dimension in R, with the convention that dims ()) = —co. The first
multifractal spectrum (in space) is defined as follows.

Definition 1.3. Let O be an open set in R, and v a Borel measure on R. Consider the
level sets

E,(0,h) ={z € ONSupp (v) : dim(v,z) = h},

E, (O,h) ={x € ONSupp (v) : dim(v,z) = h}.

The space upper and lower multifractal spectrum of v are the mappings
L(0,) : h— dimy E,(0, h),

(O0,9) : h— dimy E, (O, h).

2 al

174

As the occupation measure is defined via the time-indexed process M, it is natural to
consider the set of times

{t €[0,1] : dim(u, M;) =h} and {t€[0,1]:dim(u, M;) = h}
where the upper (or lower) local dimension of y at M; equals h. This consideration leads

to the definition of time multifractal spectra.

Definition 1.4. For every open set O C [0, 1], set

—t —_—

E (0,h) ={t € O :dim(p, M;) = h},
and the similar set for lower local dimensions EZ(O, h).

The corresponding time upper multifractal spectrum of u is

—t —
d,(0,:) : h = dimy E,(O, h),

One defines similarly the time lower multifractal spectrum QL(O, 2.

1.2 Main results

Let us start with known results on stable subordinators. The famous paper by Hu and
Taylor [15] states that for every a-stable subordinator {£$;¢ € R, } whose occupation
measure is denoted by u®, almost surely for all x € Supp u“,

dim(p*, z) = o and dim(p®, ) € [, 2a. (1.3)

It is a classical result [9] that when « € (0, 1), the image of any interval I by £ has
Hausdorff dimension «, almost surely. This implies that the support of u“ has Hausdorff
dimension «, almost surely.
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@ 2c0
Figure 1: Space upper multifractal spectrum of u®.

With all this in mind, the lower spectrum of u® is trivial: for each open interval O

hen h =
intersecting Supp (¢2), one has d,, (O, h) = @« v “
“ —oo when h # a.

Hu and Taylor also prove that the upper spectrum is much more interesting (see
Figure 1): Almost surely, for each open interval O that intersects Supp (u%),

2a
- a2 -1 when h € [a, 2a],
dp, (O, h) = ga(h) = { (=) , lo, 20] (1.4)
—00 otherwise.
Regarding the time upper spectrum, Hu and Taylor prove that a.s.,
- o(h 2a/h — 1 hen h € |a, 20,
d..(0,h) = galh) _ |20/ w . [, 20 (1.5)
a —00 otherwise.

Both time and space upper multifractal spectra are homogeneous, in the sense that they
do not depend on the choice of O.

The correspondence between (1.4) and (1.5) follows from the fact that for every
a-stable subordinator, almost surely for each measurable set F C [0, 1],

dimy (LY(E)) = o - dimy (E). (1.6)
Up to a countable number of points, writing O = (g, d), one has the equality
ot nl @ @
c (EHQ(O,h)) = B ((£2,£3),h) .

The method developed by Hu and Taylor consists first in proving (1.5), and then in
applying (1.6) to get (1.4). We follow this strategy in our proof.

Our first result gives the possible values for the local dimensions of the occupation
measure p associated with a stable-like process M, which is an analog of (1.3).

Theorem 1.5. Consider a stable-like process M associated to a non-decreasing mapping
B, as in Definition 1.1, and the associated occupation measure .. With probability 1, for
every x € Supp (i),

dim(, 2) = B(x) and dim(p,x) € [B(z), 28(x)).

Hence, the supports of the lower spectra d,, and dz are random, depending on the
trajectory of M.

The time lower multifractal spectrum is then quite easy to understand, since the level
set EZ((’), h) contains either one point or is empty, depending on whether i belongs to
the range of the index process {5(M;) : t € O} or not. The similar remark holds when
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Figure 2: Time upper multifractal spectrum of p on an open set O. The spectrum (in
thick) is obtained as the supremum of a random countable number of functions of the
form g"T(h) (drawn using dotted graphs), for the values a € §(M,), t € O.

considering space lower spectrum. Theorem 1.5 indicates that the spectrum related to
the upper local dimension dim(u, -) should be more interesting. This is indeed the case,
as resumed in Theorem 1.7 on time spectra. Set

G (h) = o (22 —1) whenh € [a,2a),
—00 otherwise.

Note that the only difference between g and g is at the value h = 2a.

Definition 1.6. For every monotone cadlag function Y : Rt — R, we denote by S(T)
the set of jumps of T.

Theorem 1.7. Set the (at most countable) set of real numbers
& ={B(M,;) :t € S(M) and B(M;) > 28(M;_)}.
With probability 1, for every non-trivial open interval O C [0, 1],

0 ifhe{BM):te 0O},

(1.7)
—oo  otherwise.

df/,(oa h) = {

In addition, with probability one, for every h € R4 \ &1 and every non-trivial open interval
O C [0,1], we have

EZ(O, h) = sup {Qaa(h) rae{f(M,): te O}} , (1.8)

and for every h € & with h = B(M,),

(0.1 - { 0 if dim(v, M;) = B(M,) and t € O, 1.9)

—o00 otherwise.

Remark 1.8. ¢ The first part is trivial. Observe that there is a subtle difference
between (1.7) and (1.11) (space lower spectrum), since at each jump time ¢ for M,
there is no s € R such that M, = M,_.
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d,(O,h)

Figure 3: Space upper multifractal spectrum of i on an open set O. The spectrum (in
thick) is obtained as the supremum of a random countable number of functions of the
form g, (h), for the values o € 3(M;_), M, € O. It may happen that there is a hole in the
support of EO,# (in red in the figure). In this case, the value of EO,# at B(M,) is either 0
or —oo.

« If, for instance, the range of 3(-) is included in [1/2,9/10], then almost surely &; = ().

e The proof of Theorem 1.7 is based on a more general result (Theorem 4.1) for time
spectrum.

The space multifractal properties of i are summarized in the following theorem.

Theorem 1.9. Set the (at most countable) sets of real numbers

£, = {28(M,_) : t € S(M) and B(M) > 28(M,_)},
E=&EUE&. (1.10)

where & is defined in Theorem 1.7. With probability 1, for every non-trivial open interval
O C R, one has

du((’),h):{ 0 1fhe{p(Mt) M, € 0,te 0,1}, )
—o00 otherwise,
and for every h € Ry \ &,

d,(O,h) = sup {ga(h) : o € {B(M;) : My € O,t € [0,1]}}. (1.12)

First, one shall notice that both spectra are random, depending on the trajectory and
on the interval O. In this sense, d,,(O,) and d,, (O, -) are inhomogeneous, contrarily to
what happens for the occupation measure p“ of a-stable subordinators (the spectra do
not depend on O).

One shall interpret the space upper spectrum as the supremum of an infinite number
of space multifractal spectra of “locally a-stable processes” for all values « € {5(M,) :
M; € O,t € [0,1]}. This formula finds its origin in the fact that locally, M behaves
around each point of continuity ¢ as an a-stable process with a = S(My).

The allure of a typical space upper multifractal spectrum is depicted in Figure 3. This
shape is very unusual in the literature.

First, observe that, since § and M are increasing maps, when ¢, € S(M) is a jump
time for M, then the “local” index of M jumps at to from 5(M;,_) to S(My,), and for
t > to, the only possibility to have d, (O, M;) = 3(My,) is when ¢ = t,. Similarly, when
t < to, it is not possible to have d, (0, M,) = 28(M;,_).

EJP 22 (2017), paper 47. http://www.imstat.org/ejp/
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In particular there may be a “hole” in the support of E#(O7 -). Indeed, a quick
analysis of the functions g, (-) shows that this happens when there is a time ¢y such that
B(M;) > 28(M,_), which occurs with positive probability for functions §(-) satisfying
2e9 < 1 — &9, see Definition 1.1.

All this explains the set of exceptional points £ in Theorem 1.9. We deal with these
exceptional points in Section 7, Proposition 7.1, whose statement is rather long but
whose proof follows directly from a careful analysis of the previous results.

Following these lines, we start by proving Theorem 1.7. The original methods by Hu
and Taylor do not extend here, and an alternative way to compute the time multifractal
spectrum of u is needed. For this, some scenario leading to the fact that i has exactly
an upper local dimension equal to i at + = M, is identified. More precisely, it will be
proved that d,(O, M;) = h when ¢ is infinitely many times very closely surrounded by
two “large” jump times for the Poisson point process involved in the construction of M.
Using this property, we build in Section 6 a (random) Cantor set of such times ¢ with the
suitable Hausdorff dimension. The difficulty lies in the fact that the expected Hausdorff
dimension is random and depends on the interval we are working on.

The rest of this paper is organized as follows. We start by recalling basic properties
of the stable-like processes in Section 2. The local dimensions of the occupation measure
(Theorem 1.5) are studied in Section 3. The time spectra (Theorems 1.7) are obtained in
Section 4 using a general result (Theorem 4.1), whose proof is given in Sections 5 and 6.
Finally, the space spectrum (Theorem 1.9) is dealt with in Section 7, together with the
dimension of images of arbitrary sets by stable-like processes (Corollary 7.3).

2 Preliminaries

First of all, stable-like processes admit a Poisson representation which was regularly
used to study path properties of such processes, see for instance [4, 28, 27]. Let us
recall this representation and a coupling associated with it which will be useful for our
purposes.

Let N(dt,dz) be a Poisson measure on R™ x R with intensity dt ® dz/z?. Such a
measure can be constructed from a Poisson point process which is the set of jumps of
a Lévy process with triplet (0,0,dz/z?), see for instance Chapter 2 of [1]. We denote
Fi=0({N(A): AeB(0,t] x [0,+00))}).

Recall the definition of a stable-like process and formula (1.1). The existence and
uniqueness of such jump diffusion processes is classical and recalled in the next proposi-
tion. Observe that by the substitution v = 21/8(®)(for each fixed z), the generator of a
stable-like process is rewritten as

1
1 dz
ef@) = [ (fa+27) - 1) 5. @.1)
0
Proposition 2.1. Let N be as in the last paragraph.
1. There exists a unique cadlag (F;):c[o,1)-adapted solution to
t gl L
M = / / 25 N (du, dz). (2.2)
o Jo
Furthermore, M is an increasing strong Markov process with generator £ given
by (2.1).
2. For every a € (0,1), we define
topl
L = / / z= N(du,dz). (2.3)
o Jo
EJP 22 (2017), paper 47. http://www.imstat.org/ejp/
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Then for all « € (0,1), {Ly,t € [0,1]} is an «-stable subordinator whose jumps
larger than 1 are truncated.

Classical arguments based on Gronwall inequality and Picard iteration yield the first
item. For a proof, see Proposition 13 of [4] or Proposition 2.1-2.3 of [28] with some slight
modifications. The second item is standard, see for instance Section 2.3 of [1].

Remark 2.2. Recall that S(Y) is the set of jumps of a monotone cadlag function Y :
[0,1] — R*.

Observe that by construction, almost surely, the processes M and the family of Lévy
processes (L%),ec(0,1) are purely discontinuous, increasing, with finite variation, and that
they jump at the same times, i.e. S(M) = S(L*).

Next observation is key for the study of the local dimensions of .

Proposition 2.3. Consider the process M and L for all o € (0, 1) introduced in Propo-
sition 2.1. Almost surely, forall0 < s <t <1,

0 < Lf™M) - LBM) < My — M, < L7 - £BMe),

This is intuitively true because we construct simultaneously M and £ such that they
jump at the same times, and the jump size of L% is always larger than £~ whenever
a > /. See Proposition 14 of [4] for a proof.

3 Local dimensions of ;: Proof of Theorem 1.5

Recall that (1.3) holds for a stable subordinator. A straightforward adaptation of Hu
and Taylor’s argument leads to (1.3) for a stable subordinator without jumps of size
larger than 1.

Now, observe that almost surely, for all « € Q N (0,1), formula (1.3) is true. This,
together with Proposition 2.3, leads to the local dimension of p.

Proof of Theorem 1.5. Three cases may occur.
1. x = My, where t is a continuity point of M. Due to the coupling in their construction
(Proposition 2.1), almost surely, for every «, the process £ is also continuous at ¢.

By continuity, for arbitrary rational numbers «, o’ € (0,1) satisfying o < S(M;) <
o/, there exists a small 6 > 0 such that forall s € (t — 6,¢ + ), a < f(M,) < .
Using the occupation measure u“ of the process £, and applying Proposition 2.3
to £~ and £, one gets when r is small

p (L = £+ 7)) < p((Me =, My +7)) < p((LF =, L8 +7))  (3.1)

By formula (1.3) for the lower and upper local dimensions of u¢, for all small € > 0,
almost surely, one has for » small enough that
log p (L5 — 7, L5 +1))

—e<
“Tes log(r)

<2a+e¢,

and the same for o’/. Hence

log (M =, My + 1)) logp (L5 — 7, LF +7))

> a—€.
log(r) - log(r) -0
and
1 o 1 a/ EO‘, . ﬁa/
Ogﬂ((Mt T,Mt+7")) < og [ (( t — T Ly JFT)) <90 +e.
log(r) log(r)
EJP 22 (2017), paper 47. http://www.imstat.org/ejp/
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Therefore, a — ¢ < dim(p, z) < dim(p, 2) < 22/ + €.

On the other hand, still by formula (1.3), diim(,u“/ ,x) =, so there exists a sequence
(r,) converging to 0 such that
, log & ((E?/ — T, E;?‘/ + rn))

o —e< <d +e,
log(ry)

soa—¢e<dim(u,x) <a +e.
Letting ¢ tend to zero and «, o’ tend to 3(M,) with rational values yields S(M;) =
dim(p, z) < dim(p, z) < 28(M,).

2. = M, with ¢ a jump time for M. Observe that in this case u((z — r,z + 7)) =
pw((My, My + 7)) for r > 0 small enough. For arbitrary rational numbers a <
B(M;) < o, the inequality (3.1) is straightforward using Proposition 2.3. We follow
the same lines in the first case to obtain the desired result.

3. & = M,;_ with ¢ a jump time for M. Now, u((z —r,z +r)) = p((M¢— —r, M,_)) for
r > 0 small. Then the proof goes like the previous items. O

Let us end this Section with the proof of the easier part of Theorem 1.9: space lower
multifractal spectrum of u.

Proof of Formula (1.11) of Theorem 1.9. As noticed in Remark 2.2, ¢t — S(M;) is in-
creasing due to the monotonicity of M and 5. Hence each level set of t — B(M,;)
contains at most one point. This means that for each open interval O that intersects

Supp (1),

E,(0,h) = {z € Supp (u) N O : B(x) =h}
{B(My)}  if h = B(M;) for some ¢ with M; € O,
{B(M;-)} if h = B(M,_) for some ¢t with M, € O,
0 if h & {B(M;) : My € OF,

which completes the proof. O

4 A general result to get the time spectrum (Theorems 1.7)

Let us present a general result, proved in Sections 5 and 6. This theorem gives
the dimension of the random set of times ¢ where the local dimension mapping s —
dim(p, M) coincides with a given function. The remarkable feature of this theorem
is that it allows to determine these dimensions for all the monotone cadlag function
simultaneously, with probability one.

Theorem 4.1. For every non-increasing cadlag function Y : [0,1] — [1, 2] and every open
interval O C [0, 1], let us define Yy, = inf,co Y(u) and the sets

E,(0,7) = {t € O: dim(u, M) = Y(£)B(M,)},
E,7(0,7) = {t€ O : dim(s, My) > T()B(M)} .

With probability 1, for every non-increasing cadlag function Y : [0,1] — [1,2] and
every open interval O C [0,1], we have
2
Tmin

dimy E,,(0, ) = dimy B, (0, 1) = dimy B~ (O, Tonin) = 1 .1
The notation FZ’Z((’), T..in) means that we consider the constant function T = Ty,

EJP 22 (2017), paper 47. http://www.imstat.org/ejp/
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4.1 Proof for the time upper multifractal spectrum

Let us explain why Theorems 1.5 and 4.1 together imply the time upper multifractal
spectrum. Theorems 1.7. Let us start with formula (1.9) for h € & with h = S(My,) >
2(My,-). By the monotonicity of the sample paths of M, h/B(M;) = S(My,)/B(M:) >
2 forallt < toand h/B(M;) < 1forall t > ty. By Theorem 1.5,

— _— h .

EZ(O, h) = {t S O: dlm(u,./\/lt) = Mﬂ(Mt)} = {t c on {to} : dlm(u,./\/lt) = h}
_ {to} iftp € O and R(u, Mto) = ﬂ(MtO),
RV otherwise.

This proves (1.9).
One wants to prove formula (1.8) for h ¢ £;, which can be rewritten as

E;(O,h):sup {2}?—16[0,1):ae{ﬁ(./\/lt):te(’)}}. (4.2)

One combines Theorem 1.5 and Theorem 4.1 with the family of functions {Y"(t) =
h/B(M) : h > 0}. With probability one, these functions are all cadlag decreasing.
Observe that for every open interval O,

dimy, E,,(0,Y") = dimy {t € O : dim (s, M) = Y (£)B(M,) }
= dimy {t eO dlﬁ(u, Mt) = h}
—t
=d,(O,h).

We prove now that formula (4.1) applied to the family {Th : h > 0} implies formula
(4.2). Several cases may occur according to the value of h.

o If {1} ¢ TH(O):

1. First case: Forallt € O, Th(¢) > 1.
e If infieo Y"(t) > 2, then for all t € O, Y"(t) > 2. Theorem 1.5 entails
FL(O,T“) = 0. So E;(O,h) = dimy EZ(O,T}E) = —oo, which coincides with

(4.2).
s If inf;co Y"(¢) < 2, consider the entrance time in (1,2) by T"

r=inf{t € O:Y"(t) < 2}.

By construction, V¢ € (1,00) N O, T"(t) € (1,2). By Theorems 1.5 and 4.1, one

gets
200 =@ ((r,00) N O, h) = 2 9
pA I ’ B inftG(T,oo)ﬁO Th(t)
. 2supt€(7—,oo)ﬂ(9 B(M,) 1
= ; ,

which coincides with (4.2).

2. Second case: There exists ¢ € O, such that Y"(t) < 1. Define the passage time of
(—o00,1) by Y" as
o=inf{t € O:Y"(t) < 1}.

EJP 22 (2017), paper 47. http://www.imstat.org/ejp/
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« If o is the left endpoint of O, then for allt € O, T"(¢) < 1. Theorem 1.5 yields
E,(0,T") = 0. Again, this gives d, (O, h) = —oo, which coincides with (4.2).
 If 0 belongs to the open interval O, the proof goes along the same lines as in

item 1. replacing O by (—o0,0) N O.

e If {1} C T"(O): Let ty € O be the unique time such that Y"(t;) = 1, i.e. h = B(My,).
One distinguishes different cases according to the behavior of ¢t — M; at t,.

1. If M is continuous at t;: S(M.) is also continuous at #y. By definition, the
entrance time 7 satisfies 7 < to. Theorem 4.1 entails

—t —t 2
d (O,h)=d, ((r,tg) NO,h) = - —1=1
”( ) ”(( O) ) lnfte(r,to)no Th(t)

)

which coincides with (4.2).

2. If ty is a jump time for M and g(My,_) < h = B(My,) < 26(My,—): Then,
using that T"(t;) = 1, one deduces that 0 < T"(to—) — T"(¢¢) < 1, which implies
inf,c(r0)n0 Th(t) < 2. The same computation as in item 1. with O replaced by
(1,t0) N O yields formula (4.2).

3. If {p is a jump time for M and h = 5(M;,) > 26(My,—): This has been consi-
dered at the beginning of this section.

4.2 Reduction of the problem

Observing that we have the obvious inclusion EZ(O, T) C EZZ (O,T) C EZZ (O, Tinin),
we proceed in two parts:

¢ first, in Section 5, we show that

— 2
dimy, By, (O, Yanin) <

-1 (4.3)

simultaneously for all T and O.

In order to get (4.3), it is equivalent to show that, almost surely, for each v € [1, 2]
and open interval (a,b) C [0, 1] with rational endpoints,

dimy EZZ ((a,b),7) <= —1.

2

We will actually prove that for v € (1,2), almost surely,

_ P
dimy B ((0,1),7) < St (4.4)

The extension to arbitrary a,b € [0,1] N Q and ~ € {1, 2} is straightforward.
* second, in Section 6, we complete the result by proving that

dimy E,,(0,7) > 2

-1 (4.5)

min

also simultaneously for all T and O, almost surely. It is also enough to get the
result for O = (0, 1).
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5 Proof of Theorem 4.1: upper bound

Our aim is to prove (4.4). For notational simplicity, we write FZ’Z ((0,1),7) = E(v).
Let us first observe that the family of sets { E(y),~y € [1, 2]} is non-increasing with respect
to v. Recall that v € (1, 2) throughout this section.

The strategy is to find a natural limsup set which covers E(7).

For this, we start by pointing out a property satisfied by all points in F(v). Heuristi-
cally, it says that every ¢t € E(v) is infinitely many times surrounded very closely by two
points which are large jumps of the Poisson point process generating N.

Proposition 5.1. With probability 1, one has: for eacht € E(vy) and ¢ > 0 small, there
exists an infinite number of integers n > 0 such that N((t — 27", ] x 27"/~ 1]) > 1
and N((t,t +27"] x [27"/0=9) 1)) > 1.

Proof. Lett € E(vy). This implies that

, log pu((My — 7, My +71))
lim sup
r—0 logr

> B(M,). (5.1)

This equation is interpreted as the fact that the time spent by the process M in the
neighborhood of M, cannot be too large. The most likely way for u to behave like this is
that M jumps into this small neighborhood of M; with a larger than normal jump, and
quickly jumps out of that neighborhood with another big jump. This heuristic idea is
made explicit by the following computations.

Lemma 5.2. Let 0 < € < v — 1. Ift € E(v), then there exist infinitely many integers n
such that

(Mt+27n - Mt) /\ (Mf - Mt,27n) Z 2_ (Vfa/igﬂ(Mt) . (52)

Proof. Let us prove that ¢ satisfies

(Mipgs — M) A ( My — M)

S1/(—</5)B(My) = (5.3)

lim sup
s—0t

Assume first that M is continuous at ¢. Assume toward contradiction that for all s > 0
sufficiently small, | M, — M,| < s'/((7=/5)BM) or |M, — M,_,| < s'/((7==/5)B(M))
If [Myys — My| < s1/((v=¢/5)B(M4)) then setting r = Mg — My,

p((My =1, My +7)) > p(My, My +7)) = 5 > p07/D00M0), (5.4)

The same holds true when |M; — M;_,| < s'/((7=¢/5)8(M:)) We have thus proved that
(5.4) holds for every small r by continuity of M at ¢, this contradicts (5.1).

When t is a jump time for M, the proof goes as above using the two obvious remarks:
(Mg —r, My +71) = u(My, My +7) for all small r > 0, and My — My_s > (My — M) /2
when s is sufficiently small.

From (5.3) we deduce (5.2). O

Next technical lemma, proved in [28], shows that when (5.2) holds, there are neces-
sarily at least two “large” jumps around (and very close to) t. Let us recall this lemma,
adapted to our context.

Lemma 5.3 ([28]). Let N stand for the compensated Poisson measure associated with
the Poisson measure N. There exists a constant C' such that for every § > 1, for all
integersn > 1

n t 278 L
P sup 90(BM, 5—m)F2/1) / / 2z PMu—) N(du, dz) > 6n2 <Ce™™".
0<s<t<1
t—s<2—7M s 0
EJP 22 (2017), paper 47. http://www.imstat.org/ejp/
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Remark 5.4. The formula looks easier than the one in [28] because in our context M is
increasing. When the function 3 is constant, the error term 27" in time (on the LHS of
the inequality) is hidden and the term 2/n in the previous inequality disappears, see [2].

Recall formula (2.2) of M. Last Lemma allows us to control not exactly the increments
of M, but the increments of the “part of M” constitued by the jumps of N of size less

than 2~ %. It essentially entails that these “restricted” increments over any interval of

size less than 2~" are uniformly controlled by 2 °®™+2-2)72/" with large probability.

More precisely, Borel-Cantelli Lemma applied to Lemma 5.3 with § = v — ¢ yields that
for all integers n greater than some n.,_., (the term 2-""! on the RHS of the inequality
is not a typo)

th27m 2T _ .
/ / 2P N(du, dz)| < 6n? -2 0790 MepamnipF2/m)
t 0

n
< 27 (O =e/2BM, 5 —nt1) )

/

On the other hand, for all integers n greater than some other n;,__,

gives

a direct computation

t427" 277 1 dz e ( . 71)
/ / Zﬂ(Mui) du = S C2—n2 y—e ﬁ(MtJrzfn)
t 0 z

<o TORM

Therefore, for all large n,

t42~m 27 Ae .
/ / 2P Mu) N(du, dz)
t 0

t42" 27 e . " 427" p2 =< . dz
< / / 2P Mu=) N (du,dz) +/ / 2P du —
t 0 t 0 <

< o G=eBBM, L nt1) (5.5)

Similarly, one establishes that

t PR i _ n
/ / 2 BMy ) N(du, dZ) S 9 (’775/3)5(Mt+2_n+1) . (56)
t—2—mJ0

Let us introduce, for every integer n > 1, the process

t 1
MP :/ /7L A/PMI N (du, dz),
0 J2 e

R
27 7-¢

— 1
so that M, = M} + fot o 2P N (du, dz).

A direct estimate shows that by right-continuity of M, when n becomes large, one
has

— n n
3.2 (’7*5/3)3(Mt+2—n+1) < 27 (=e/H)BMy)

Recalling formula (2.2), the three inequalities (5.2), (5.5) and (5.6) imply that for an
infinite number of integers n

(Mg = MPYA (M) = MP ) > 2 O M) > o7 Geedisti . (5.7)

EJP 22 (2017), paper 47. http://www.imstat.org/ejp/
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Since M™ (and M) are purely discontinuous and right continuous, this last inequality
proves the existence of at least one time ¢} € (¢ —27",¢] and another time ¢ € (¢,1+27"]
such that M"™ (and M) has a jump. The desired property on the Poisson measure N
follows, and Proposition 5.1 is proved. O

Further, in order to find an upper bound for the dimension of F(y), one constructs a

suitable covering of it. Forn € N* and kK =0,...,2" — 1, set
R k+1
Lip=[k2"" (k+1)27") and L= |J Ins
t=k—1

One introduces the collection of sets
En(y,e) = {fm N (fmk x [2*#,1}) >9 k=0,...,2"— 1},

which is constituted by the intervals IAn,k containing at least two jumps for N of size
greater than 2~ 7—<. Finally, one considers the limsup set

E(v,e) = limsup U I. (5.8)
n—+oo .
IT€EL (7€)
Proposition 5.1 states exactly that E(y) C E(y,¢). So it is enough to find an upper

bound for the Hausdorff dimension of E(y,¢). Next lemma estimates the number of
intervals contained in E, (v, ).

Lemma 5.5. With probability 1, there exists a constant C such that for alln > 1,
#E,(v,¢) < On22m(75= 7D,

Proof. For a fixed “enlarged” dyadic interval fmk, the inclusion f,hk € E,(v,¢) corre-
sponds to the event that a Poisson random variable with parameter q,, =3-27" - 27— is
larger than 2. Since q,, — 0 exponentially fast, one has

D 1= P(fnk € E,(v,¢e)) = Cn27"(27~35),

where C), is a constant depending on n which stays bounded away from 0 and infinity.
The events {I,, 3 € E,(7,¢)}x>0 being independent, the random variable #{k €

~

{1,...,12"/3] : I, 3t € En(7,¢)} is Binomial with parameters (|2"/3], p,). An application
of Markov inequality yields

P (# {k T € En(v,e)} > n? L2"/3Jpn) <nZ

Further, Borel-Cantelli Lemma gives that almost surely, for n sufficiently large,
# {k . fm?)k: S En(’)/ag)} S n2 |_2n/3Jpn

The same holds for # {k : fn,3k+1 € En(%s)} and # {k : fn’3k+2 € E, (v, 5)} One con-
cludes that for all n € IN sufficiently large,

#En(v,€) < 3n°[2"/3]py,
which proves the claim. O
Now we are in position to prove the upper bound for the Hausdorff dimension of

E(7).

EJP 22 (2017), paper 47. http://www.imstat.org/ejp/
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Proof of (4.4). Let ng be so large that the previous inequalities hold true for all integers
n > ng. Recalling (5.8), one knows that for every n; > ng, the union Unan UfeEn(%E) T
forms a covering of E(v,¢), thus a covering of E(v).

Let s > —= — 1. Fix n > 0 and n; so large that all intervals Te E,, (v,¢) have a
diameter less than 1. Using the covering just above, one sees that the s-Hausdorff
measure of F(v) is bounded above by

HyEG)< Y Y < Y onfarlE g2

n2N1T€EL(v,e) n2m

which is a convergent series. Therefore, 7;(£(7)) = 0 as n; can be chosen arbitrarily
large. This leads to H*(E(y)) = 0 for every s > % — 1. We have thus proved almost
surely,
2
Y—€
Letting € — 0 yields the desired upper bound. O

— 1.

dimy (E(7)) <

6 Proof of Theorem 4.1: lower bound

The aim of this section is to get that with probability one, (4.5) holds with O = (0,1)
for all non-increasing cadlag function Y : [0,1] — [1, 2].
Recalling the notations in Theorem 4.1, for simplicity, we write

F(T) = E,((0,1),7).

Let ¢ > 0 and 0 < b < ¢ be fixed until the end of Section 6.7. We construct
simultaneously for all T with 1 + 2 < T,;n < 2 — 2¢ and ¢/ > 0, a random Cantor set
C(T,e') € F(Y) with Hausdorff dimension larger than 2/(Y i, +¢’) — 1. The lower bound
for the Hausdorff dimension of F(T) follows.

We explain how to extend the proof to the functions Y satisfying T, € [1,2] \ [1 +
2¢,2 — 2¢] in subsection 6.8.

6.1 The time scales, and some notations

We aim at constructing Cantor sets inside F/(T). Recalling Proposition 5.1, some
configurations for the jump points are key in this problem. More precisely, one knows
that every point in F(T) is infinitely often located between two large jumps which are
really close to each other. So the Cantor set we are going to construct will focus on this
behavior.

Let us define a (deterministic) sequence of rapidly decreasing positive real numbers.
First,

Mo =101
My = 77},—;51 for1 <{</{;:=min{l >1:1m, < 67”;3}.

By induction one defines the sequence {n,,:n € N*,0 < /¢ </,} as

Mn,0 = Mn—1,0,,_1>
—1
Mo = niff_l for1 <¢</{,:=min{{ >1:n,,<e "o}
which are our time scales. One also sets
Mt,+1 = Mn+til

TIn = "m0

EJP 22 (2017), paper 47. http://www.imstat.org/ejp/
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The natural partition of [0, 1] induced by this sequence is denoted by

1

By convention, J,, ;1 = Jp -2 = Jn e[]+1 = Jn,g,[ﬁ]ﬁ =0.

Observe the multi-scale structure of these intervals: the main scales are determined
by the sequence {7, 0;n > 1} which decays extremely fast, and the intermediate scales
are determined by {7, ¢ € {0,...,¢,}} for each n, observing that J,¢, = Jnt1.0-
We use subsequently the notation 7, = J,,0. When it comes to the estimates for the
intermediate scales (e.g. Section 6.3), J, 0 will be used, otherwise 7,, will be used. The
same remark is valid for 7,, and 1, .

Finally, one needs the enlarged intervals

k+1

Ink = U Inei

i=k—1

6.2 Zero jump and double jumps configuration

Two types of jump configuration along the scales are of particular interest, since they
are the key properties used to build relevant Cantor sets. Recall that the Poisson random
measure N has intensity dt ® dz/z2.

Definition 6.1. For anyn € IN*, 1 < /¢ </, and v € [1 + 2¢,2 — 2¢], define
oY) = {Jn,e,k € Jnye: N (Jne kX [nn/zﬂ,??i/(?)) = 0} (6.1)

N (Jn,ek— 2><[77né/2 7771/2) =1

\7n E( )= Inok € Tnye 1/A/) 1

(6.2)
N (Jn0 k42 X [UM/Q n

u ”

Remark 6.2. The superscript
jump”.

refers to “zero jump” while “d” refers to “double

Let us start with straightforward observations:

* for (n,£) # (n',¢'), the composition (number and position of the intervals) of J7 ,(7)
and 77 ,(v) are independent thanks to the Poissonian nature of the measure N.

« The same holds true for the double jump configuration.

* Fixing (n, (), for |k — k’| > 3, the events J, ¢ € J,7,(v) and Jp ¢ € T ,(7) are
independent. 7 7

* The same holds for J¢,(v) if one assumes that [k — k| > 5.

* For fixed (n, (, k), the events J,, ¢ € J;7 ,(7) and J, ¢ € J,(7) are independent.

Next probability estimate is fundamental in the sequel.
Lemma 6.3. Foralln e N*, 1 <{ </{,,y€[1+2¢,2—2¢|and J € T,

1+e
Py =P (J € j,‘f’e(fy)) = exp (‘Cmmn,z v ) (6.3)

22
Gniny =P (J € jﬁ,e(’Y)) =Cr My’ (6.4)

where C,, o, C! , are constants uniformly (with respect to n, £ and -y) bounded away from

0 and infinity.

Proof. The value of p,, ; , corresponds the probability that a Poisson random variable with

parameter p = 31, |:77n/2+1 - 1771/2} equals zero, thus p, ., = e . On the other hand,

each condition in (6.2) relies on the probability that a Poisson variable with parameter
q= 7771;5 il equals one. Hence, by independence, ¢, ¢, = (¢~ 9- q)2. The result follows. [
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6.3 Random trees induced by the zero jump intervals and estimates of the
number of their leaves

In this section, one constructs for a fixed integer n € IN* a nested collection of
intervals, indexed by 0 < ¢ < /,,. These intervals induce naturally a random tree with
height ¢,, + 1.

One starts with any interval J, € 7,0, which is the root of the tree, denoted by
Tn,0 = {Jn}. Define by induction, for 1 < ¢ < ¢,

Toe={J € Tnye:J € J;,(v)and J C J for some J € Tn—1}-

One focuses on the J,-rooted random tree T, (J5,) = (Tn0,---,Tn,, ). The number of
leaves of T, ,(J,,), denoted by |T,, (J,)|, is the cardinality of 7, ¢, .

Fact: Every point belonging to the intervals indexed by the leaves of the tree have
the remarkable property that “they do not see” large jump points between the scales 7,
and n,,+1. This observation is made explicit in Lemma 6.11.

Remark 6.4. Observe that we dropped the index v in the definition of 7, ¢ to ease the
notations, since these sets will not re-appear in the following sections.

Our goal is to prove the following estimate on the number of leaves of T, ,(J,,).

Proposition 6.5. With probability one, for every integer n large, for every J,, € J,
and vy € [1 4 2¢,2 — 2¢],

Ty (Jn)] > M’” 1J . (6.5)
n+

The proof of this estimate is divided into several short lemmas.
Lemma 6.6. For alln € N*, J,, € J,,0 and vy € [1 + 2¢,2 — 2¢|, one has

P (#7;%1 2 (1 - 1Og(1/77n,0)72) \‘ZTMOJ pn,l,"/)

n,l

> 130 (—tog(1/m) ™ | 22 | b 2)

Proof. For any (n, ) and for: € {0,1,2}, set
me=AJ €Tne:J = Jnuskti € Tne: k€ N}

By independence (see the observations before Lemma 6.3), for each i € {0, 1,2}, the
number of vertices in 7,/ is binomial with parameter ([7,,0/(37n,1)], Pn,1,4)-

By Chernoff inequality, for every binomial random variable X with parameter (n,p),
for any € (0,1), one has

P(X < (1—6)np) < exp(—d°np/2). (6.6)

The result follows applying (6.6) with § = log(1/7,,0) 2 for every i. O

Lemma 6.7. Set a(n, £) = (1 — log(1/m,.0—1)"2) V’”’“J Prtr-
Tin¢
Foralln e N*, J, € Jho0, 7€ [1—2¢,2—2¢c]and2 < (< {,, a.s.

P(#Tne > a(n, O)#Tn 1)

>1—3exp ( log(1/mn,e—1)"* (#771,@—1 VZ;%?J)IJ"’M/Z) .

)
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Proof. Using again the remarks before Lemma 6.3, for every i € {0,1,2}, the law
of the random variable #7,, conditioning on #7,, 1 is binomial with parameter

(#Tne—1 V"’Z”J ,Dn.e,v)- Applying (6.6) gives the estimate. O

3Nn,e
Lemma 6.8. Set

IOg(l/ﬂn 0— 1 —

14
k)
6(1 —10g(1/mne—1) 2 13 "

b(n,l) =1—3exp [

Foralln € IN*, J,, € J,0 and vy € [1 — 2¢,2 — 2¢], one has

(ITM f[ M)zf:[ b(n, 0).

Proof. One has

£,—1
>P <|’]P7l7"{(']7l) > a’(nvén)#ﬁl,&z—la #7;,@”,—1 > H a(”v@) .
=1
Conditioning on #7,, ¢, -1, and using Lemma 6.7 with ¢ = /,,, this probability is greater
than

E []E [1 — 3exp (— 1og(1/Mnen—1)" *#Tn e, -1 {%J pn,en,v/Q) ‘ #ﬁ,zn1]
N,Ln

R A a(n,a}

#7},@”1}

10g(1/77n,en71)_4

6(1 — 1Og(1/77n,ln—1)_2)

>E [E {1 — 3exp (— a(n, en)#,ﬁt,énl>

XLy, PRS- ) i a(nl)}

ln—1
b(n,l,) P (#7;,@"1 > 1] a(n,€)> .
=1

Iterating this computation yields the desired inequality. O
We are now in position to prove Proposition 6.5.

Proof. We are going to prove the following lemma:

Lemma 6.9. For some constant c;, for alln € IN* large enough, for every J, € J,,0 and
~v € [1+ 2¢,2 — 2¢], one has

P <|1rn’ ()| = {277 +1J> > exp (—01 exp( n,f/Q)). (6.7)

Prqof. One combines the estimates in Lemma 6.3 and Lemma 6.8. Let us first estimate
Hﬁzl a(n,t) for 2 < ¢’ < ¢,. Observe that for large n, one has

log(l/nn £ )
n e 1 yen
fn = log ( toe(1,/1n0)

1
< log ( - ) Jlog(1+2) < 2log(1/nm0).

n,0

) Jlog(1+€) < loglog(1/n.,)/ log(1 + )
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Thus for n large enough,

V4

H(1 —log(1/Mne—1)"?)

=1
¢ A
= exp Zlog (1 - log(l/nmg,l)_Q) > exp —QZlog(l/nn)g,l)_2
=1 =1
> exp (—20'1og(1/nn,0)"2) > exp (—4log(1/n,0) ") > 1/V2. (6.8)

Using the rapid decay of (7, ¢) to zero and the uniform boundedness of C,, s, one can find
a constant ¢y > 0 such that for all n large enough,

1+e 1+e

A ¢

1— = 1— >
[Ipney=exp | =D Cum,, > exp | —CoTly,
(=1 =1

) > 1/V2. (6.9)

Combing (6.8) and (6.9), one concludes that for all large n

¢ 0
Ha(n,ﬁ) > { n,0 J , and in particular, Ha(n,é) > { Ui J ) (6.10)
=1 21 e =1 2n+1

Now we estimate the other product H§l1 b(n,¢). Using (6.8), (6.9) and (6.10), there
exists a constant ¢; > 0 such that for every large n

ﬁ b(n, 0) > ﬁ {1 _3exp <—log(1/’713‘"1)4 V’“OJ >}

Tin,e

£
n 1 1 - 4
:eXP{ log (1—3exp (—Og(/nl";1) {WJ))}
(=1 Tin,e
£
n 1 1 n B 74 .
2 exp {6 exp <mg(/7712jl) {MJ) }
/=1 Tin,e

10g(1/1n,0) ™" | 1m0
exp § —C1 exp ST E— ﬁ
> exp (—evesp (-~ ) ) = exp (—er exp (—n,7))
> exp (—crexp | —n, =exp|—cirexp | —n, .

where the fast decay rate of (1,,¢) to zero has been used for the third inequality.
These last equations prove exactly (6.7). O

Y

Finally, to prove Proposition 6.5, since the cardinality of 7, ¢ is less than 7, !,

P <3Jn € Tno | Thqy(Jn)] < {TMJ> <n;! (1 — exp (fcl exp (777;6/2)> )
2Nn41

Using the fast decay of n,, to zero, this is the general term of a convergent series, and

the Borel-Cantelli lemma gives the result. O

Remark 6.10. Essentially, one needs to keep in mind that the number of leaves of the
random tree T, (J,,) is the total number of intervals of J,, 11, inside J,, up to a constant
factor 1/2.

One finishes this section by proving that every point belonging to a leaf of T, ,(J) “is
not close” to large jumps.
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Lemma 6.11. Let J € 7,0 and r € [Np41,Mn). Assume that T, (J) is not empty. Then
foreacht € T, (J),

N(B(ta T) X [Tl/’r?n,o(t) , 77711/T?n’0(t)

))=0.

Proof. For each t € T,, ,(J), denote by J, ((¢) the unique interval such that ¢t € J,, ¢(¢)
forall 0 < ¢ < ¢,. Denote by {, the unique integer such that 0, ¢o+1 < 7 < 7y,,. By
construction of the random tree T, ,(J), one has

yrn o YT5 ow = VX ow  YT5, 0
N(B(t,r) x [/ ot "y 1) S N it (8) X [0, 5 gy 1) = 0.

Further, all ancestor intervals of J, 4, (¢) in the intermediate scales (for a fixed n), i.e.
intervals J, ¢(t) where 0 < ¢ < {, satisfy the zero jump configuration by construction, in
particular,

~ Y5 e LT

N(Jn;zo (t) x [77”740 M J,,,,o(t)]) =0

Combining these estimates yields the result. O

6.4 Double jumps configuration around the leaves, and key lemma

In the previous section, we have seen that the “zero jump” configuration is quite
frequent. The aim here is to estimate the number of intervals with “double jumps”
amongst the leaves of the trees. To this end, we introduce further some notations. Set

1—-2/(y+3-27""1) -
M (y) = 77n+1/(ﬂY )77}37:

Definition 6.12. Let J, € 7, and T, ,,(Jy) be the random tree defined in last subsection.
_____ T, (Jo)|- Which are intervals of length 1y, 1.

The families {F(Jo,,m)}m=1,....| M, (v)/2) are defined as the following disjoint sub-
families Of{Ji/}i:L...,\T,L,V(Jo)\"

T (Jo)|
_ / T ; -k ‘# N
F(Jo,v,m) {J5k+2m{ pr ] {0’ { 5M,(7)

Hence, two families F(Jy,v,m) and F(Jy,v,m') are disjoint and separated by a
distance equivalent to ||T,, (Jo)|/M,(Y)|nn+1, and the intervals belonging to the same
F(Jo,v,m) are separated by the distance at least 47, 41.

Finally, denote by

D,={k27":ke€Z,necN"}

the n-th generation dyadic numbers. One is ready to prove the key lemma.

Lemma 6.13. The following holds with probability 1: there exists a (random) integer
ng such that for all n > ny, for every J € [J,, every v € D, N[l 4+ 2¢,2 — 2¢], every
a € {0,1,2,3}, each family {F(J,v,m)}m=1,. | M,(v)/2) COntains at least one interval
belonging to J&, | (v + a-27(n+1),

Remark that the intervals belonging to F(J,~, m) come also from the tree T, ,(J)
associated with J, so they also enjoy the “zero jump” property.

Proof. Fix some positive integer n, J € J,,, v € D, N[1 + 2¢,2 — 2¢], a € {0, 1,2, 3}.
Recall that J,, = Jn,0 and J,+1,0 = Jn,e,, With the notations of the previous sections.
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By Lemma 6.3 and the observations made before this Lemma, there exists a positive
finite constant ¢, such that for all n large

P (3Im, VJ' € F(J,y+a27 "' m), J' ¢ T¢, (v+a277 1)
n
[ Mo (1) 2 [ 52 | )

2011

|0

| (1= gy v T LT

MNn

2
1-—2— 2——2 2o n—1
Y+32-n-1 3 Ytaz—n—1 10n, , 0t n3
< M1 Mn (1 — C2Mp 41 ntt "

1_,;_"_ _
<y 03 exp (—ean, 2/10)

Remark that 7,11 < e < Nne,—1 implies log(1/n,+1) < (1 + €)n,,'. The above
probability is thus bounded by above by

2 c

3 1 2 2 3
X — —1)(1+ - — < .

1 © p<(7+3~2”1 >( =) 0" )‘n"

On the other hand, by Lemma 6.9 one has

P <|Tn,’y+u2"1(‘])| < {2:” D < 1—exp (—01 eXp(—mZE/Q)) < 2cy exp(—n, /?).
n+1

Thus, P (3m, VJ' € F(J,v,m), J' & T (v +a27""1)) < 2p2. One deduces that

P(3J € Tn, 3m, ¥ € F(J,y,m), J' & Tila (v +a277)
<nt-ond =22,

There are less than 2" possible choices for v, and 4 choices for a. Hence,

P(3v,3a,3J € Jp, Im,VJI € F(J,y,m), J ¢ T (v +a27" 1))
< 2”+37]2

which is the general term of a convergent series. An application of Borel-Cantelli Lemma
entails the result. O

6.5 Construction of the Cantor sets

We are ready to construct the families of Cantor sets {C(T,¢’) associated with cadlag
non-increasing functions Y : [0,1] — [1 4 2¢,2 — 2¢], where ¢’ is any positive rational
parameter. These sets are constituted by points which only see those double jump
configurations studied before, and their Hausdorff dimension satisfies dimy C(Y,¢&’) >
o — L.

Step 1 (Localization). For each T as above and ¢’ > 0, there exist t.» € (0,1), ro» > 0
such that vVt € [tos — e, ter + rer], we have Y (1) < Tiyin + €.

Let ng be the random integer obtained in Lemma 6.13. We assume that ng is so large
that the conclusions (6.5) of Proposition 6.5 hold, and also that

2¢' /1, > Ky - 2", where Ky =|Y(1—) — T(0)| < +oc.

For every interval J, let Oscy(J) = sup,c; Y(t) — infic; T(t) be the oscillation of T
over J. By the monotonicity of T, for each n > ny one has

#{JeJ,:JClte —rote +ro]and Oscy(J) > 27"} < Ky - 27 (6.11)
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Step 2 (Initialization of the Cantor set). One chooses arbitrarily one interval
Jm € J,, contained in [t.s — ro/,t. + ro/] such that

Oscy (J™0) < 2770, (6.12)

Set the generation “zero” of the Cantor set as C,,(T,&’") = J"m°.
Simultaneously, we build a measure v,,, by setting v,,(J™) = 1, and v, is uniformly
distributed on J™°.

Step 3 (Next generation of the Cantor set).
Let us introduce the following notation: for each n € IN* and J € 7, set

"} = max (Dn N [1,%25T(t)]> .

We explain how to get the second generation of intervals C,,+1(Y,¢’) of the Cantor
set.

The oscillation restriction (6.12) for T on J"° implies that for every J € Jp,+1
contained in J™, the quantity Y"}°' takes necessarily one of the four values {Y"}%, +
a2~m"la=0,1,2,3}.

Moreover, applying Lemma 6.13 to J™, one obtains that for each a € {0,1,2,3},
each subfamily {F(J™, T??Lo,m)}mzlw’LM%( 17y, )/2) contains at least one interval J
belonging to J¢ (Y75, +a27 0 h).

Recalling that T is non-increasing, the quantities T”OH are also non-increasing
when J ranges from left to right. Since there are |M,,(Y’%,)/2] disjoint families
{F(Jo,X"%,,m)} which are organized in increasing order, one deduces that
there is a € {0,1,2,3} such that there exist [M,,(Y",)/8] different integers
m e {1,..., | M (T?io) /2]} for which the family F(Jy, Y')%,,m) contains (at least) one
interval J satlsfylng Yoot =m0 +a2 "0 tand J € JZ (Y0,

Observe that

270 < [ My (175,)/8] /2

where we used that T, < 2 —2¢ and J™ C [t — rer,ter + 7e/]. Then, applying (6.11)
for n = ng + 1, one can choose the first [M,,(Y"%,)/16] intervals J which satisfy
Oscy(J) < 27~ among those already selected in the last paragraph.

Finally, Cy,,(Y,€’) is the union of these intervals, which are called the basic intervals
of generation ny + 1. Observe that these intervals are separated by a distance larger
than 7, /(2M,,(Y"}%,)) (thanks to Borel-Cantelli applied to Lemma 6.5), and they all
have their length equal to 7,,,41.

Simultaneously, one defines a refinement v,,,4; of the measure 1 by setting for every
J™ T basic interval of C,, 41 (T, &)

1

Vg (I71) = v () 7 e
70 Jmo

and by saying that v,,, 1 is uniformly distributed inside each J"o*!,

Step 4 (Induction of the construction of the Cantor set).
Assume that for every i = ng,no + 1,...,n9 + n, the generation C;(T,e’) has been
constructed and satisfies the following:

1. C;(Y,€’) is constituted by a finite number of basic disjoint intervals J* belonging to

Tis
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2. for every i = ng + 1,...,n9 + n, each basic interval J* € C;(Y,¢’) is included in a
unique basic interval J:=! € C;_{(T,¢").

3. for every i = ng,ng + 1,...,ng + n — 1, each basic interval J¢ € C;(T,¢’) contains
| M;(T%.)/16] intervals J*™! € C;41(T,¢’). These intervals are separated by a dis-
tance at least equal to n;/(2M;(Y%,)). Moreover, each J*! belongs to J%,(Y’t}).

4. Each basic interval J? of C;(T,¢’) satisfies Oscy (J?) < 271,

5. for every i = ng+1,...,n9 +n, v; is a measure supported by the basic intervals J* of
Ci(T,€'), and if J*~! is the unique interval in C;_(Y,¢’) such that J* C J~!, then

1

LMi—l(Tfﬁ}l )/16]

vi(JY) = v (J7Y) (6.13)

and v; is uniformly distributed inside each J*.

We are now able to complete the induction.

For any basic interval J" € C,(T,¢’), applying the same method as in step 3, one finds
| M,,(Y7..)/16] intervals J"+ € J& , (Y"})), also satisfying Oscy (Jn+1) < 27 (n+D),

Then, C),4+1(Y,&’) is the union of these intervals, which constitue the basic intervals
of generation n + 1. By construction, these basic intervals .J"*! are separated by at least
Nn/(2M,(Y".)), (where J™ is the “parent” interval of J"*!, i.e. the unique basic interval
in C,,(Y,€’) such that J**! C J"), and they all have their length equal to 7, ;1.

Simultaneously, the refinement v,,;; of the measure v, is defined by setting, for every
J™ is the “parent” interval of J"+1,

1

Vpp1 (J"TH) = v, TR AT
w1 (I = vl I g

and by saying that v, is uniformly distributed inside each J"*!.
Proposition 6.14. The Cantor set C(T,¢') is defined as

crey= U 7

n>ng JEC,(T,e’)

There exists a unique Borel probability measure vy . supported exactly by C(Y,¢’)
such that for all n > ng, the measure vy . restricted to the c-algebra generated by
{Tr :no <k <n}isuv,.

The proof is immediate, since the step 4. of the construction ensures that the measure
is a well-defined additive set function with total mass 1 on the algebra {J, : n > ng}
which generates the Borel o-algebra, thus extends to a unique probability measure on
Borel sets.

Observe that the construction of the family of Cantor sets depends only on Lemma
6.13, which holds with probability one simultaneously for all functions T, as desired.

6.6 Properties of the Cantor sets

The following proposition is key, since it shows that our construction guarantees that
we have built points in F(7T).

Proposition 6.15. Almost surely, for every non-increasing cadlag function Y : [0,1] —
[1 4 2¢,2 — 2¢| and for every small ¢’ > 0,

C(T,€)\ (S(M)US(T)) € F(Y).
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Proof. Suppose thatt € [0,1]NC(T,¢’) is a point of continuity for M and Y. One wants
to prove that dim(u, M;) = Y(t)3(M,).

We start by bounding dim(u, M) from below.

By construction, for every n > ng, t is covered by an interval J" € 7¢(T%,), a basic
interval in C,, (Y, ¢’). Since J" € JZ(Y",.), property (6.2) entails that ¢ € J" is surrounded
by two jumps of the Poisson point process located at ¢! and t2 whose size belong to

€ [77,1/ L /2, n,}/ T7”], and whose mutual distance is at least 37,,, and at most 57,.

/(T B(M,1 _ 1/ (Y B( Mo _
The process M jumps at t. and 2, with jump size nn/( i BM, )), and nn/( b M )).

Since the process M is increasing, if J" is written [kn,, (k 4+ 1)7, ), both size of jumps at
t! and t2 are bounded by below by

1
YT BM (. _3)p, )
Tn = Tn Jmn ( )nn .

Hence, p (B (Mg, r,)) < 57,,. Applying this when n becomes large, one gets

N 1 B n . 1 n
dim(p, My) > limsup 0g 1 (B (M, ) > lim sup 0851 _ T (t)B(My),
n—+o0o log Tn n—+oco 1087

where we used the continuity of M and Y at ¢.

The rest of the proof is dedicated to prove the converse inequality, i.e. ﬁ(/b M) <
Y(t) - B(M,), which is more delicate.

Let £; > 0 be small. Thanks to the continuity of M at ¢, there exists ry > 0 such that

To S 77n0 and
1/T75, _
N([t = 1o, t + 0] X [1my, 7", 1]) =0,

where J™ is the unique interval of C,,(T,¢’) that contains ¢.

Now for any 0 < r < rq/3, there exists a unique integer n > ng such that 7,11 <r <
7n- Let us call J,(¢) and J,1(t) the unique intervals of 7,, and 7,41 that contain ¢.

By construction of the random tree T, (J,(t)), there is no large jump around ¢. More
precisely, by Lemma 6.11,

N (B(t,r) x [P/ T, 5 0)) =0,

Applying same argument as in Lemma 6.11 to scales between ny and n, together with
the fact that the sequence n — Tf}tll ) is increasing, yields that

no

N (B(t,r) % [ni/rj7l(t>7n}l{)TJﬂ’0}> —0.

One deduces that the increment of M between ¢t — r and ¢t + r has the form

YT

t+r T
Miyr — My = / / ABMIN (ds, dz).
t—r 0

Denote by m the unique integer such that 2=™~! < 2r < 27™, One has

t4r o~ M)

Mt-‘r’r' - Mt—r S / / Zl/ﬁ(Ms_)N(dS7 dZ)
t—r 0
trr 2™ T dz
. / / ABM) T2 s o= Ay (r) + Ao(r).
t—r 0 i
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Applying Lemma 5.3 entails

m

m

u 2 7
- -
P sup sup 27 Mupamm)ta) / / zl/ﬁ(MS*)N(ds,dz) > 6m?
E€Dm 0<v<u<l
ﬁ[1125,2—25]w,u‘§277n v 0

<C-2M.eT™,

Borel-Cantelli Lemma yields that when m becomes larger than some mg, for every
v €Dy N1+ 26,2 —2¢] and |v — u] < 27™ (with u > v),

—-m
~

u  p2 —m
/ / B N, dz)| < 6m22 TP sz 7
v 0

Assume that r( is so small that 2ry < 27"°. By our choices for n and m, one has m > n,
o) T’}jjl(t) € D,,,. By choosing v = Tf}n(t), u=t+randv =t—r, one gets

Ap(r) < 6m22 7 Tn M eprppmm)¥2/m

< 12(logy (1/4r))2 (2r) Y/ Ciny BM g =m)+2/m))
In addition, by continuity of M at ¢, when ry is small enough, one has
T, — Y(t)| <er and B(Myppo-m) +2/m < B(My) +e1,
so finally
Ay(r) < ¢TI

On the other hand, recalling the constant ¢y > 0 in Definition 1.1, an immediate
computation shows that

t+r o—m/(T(t)+e1) dZ
AQ(?") S/ / zl/(B(Mt)+61)7dS
t—r 0 Z
2r —m 1 —1)
< — QXM +e) \(BMe)+e1)
- 1/50 —1
1 1 1 4
< 7(4T)(T(t)+51)(5(/\4t)+51) T(t)+e1
2/60 -2

1
< r(X®MF2e)(BM)+er) |

as soon as rg is small enough.
Combining these estimates, one obtains that for all » < r,

M — My < r(T<t>+351><1/3<Mt>+sl>,
which entails for all 0 < v < Myyr, — My,
w(B(My,t)) > (Y@ +3e1)(B(Me)+e1)
One concludes that
dim(p, My) < (Y(t) + 3e1)(B(M) +e1).

Letting £; — 0 yields the desired upper bound for dim(u, M;). O
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6.7 Dimension of C(T,¢’)

Here we prove that dimy, C(Y,&’) > 2/(Tpin + ') — 1.
Lemma 6.16. With probability 1, for every Y in Theorem 4.1 with T i, € [1 + 2¢,2 — 2¢]
and ¢’ > 0, there exists a finite positive constant Ky .. such that for all B € B([0, 1]),

1

vr,e(B) < Ky o |B| T 7577 (6.14)

Proof. Let T and ¢’ > 0 be fixed.

Let B be an open interval in [0, 1] such that | B| < 7,,.

If BNC(Y,e') =0, (6.14) holds trivially.

If BNC(T,e") # 0, let ny be the largest integer such that B intersects C,,, (Y, &’) in
exactly one basic interval, denoted by J"'.

Denote by 6,,+1(Y,e’,J™) the minimal distance between any two intervals of
Cny+1(Y,€") which are contained in J™. Then |B| contains at most

min (Mnl (T:r}}ll )7 ‘B‘/6n1+1(T’ 6/7 Jnl))

intervals of generation n; + 1.
In addition, by construction, one has

In
IR GO (L2 [ g L — (6.15)
1+1( ) 2Mn1 (TJ}LI)

Hence by (6.13), since all the intervals J™ ! of generation n; + 1 within J”* have the
same v-mass, one has (using (6.15))

VT,E’(B)
< min (Mm (T?}ll )7 ‘B‘/6n1+1(T75,7 Jm)) : Vn1+1(‘]n1+1)

. 2M,,, (Y7, )) ot 1 1
<min ( M, (Y,), |B|—>——"2 ). : n
< ( n (Tn), | B T 0 kgo Mi(Toin +€') | M, (Y24,)

Tllfl
1 1.
<2 ( H AW) My N (7, | BY) -

k‘:no

Due to our choices for the sequence (7,,),>1, when ny is large,

1 —1
ni 1

1 #’,
< Mn — Tmin Nt < ;min+2€
H Mk(TIIliH _|_ 5/) — ( 1 1( + € )) —_ n 1 ’

k}:no
so applying the inequality z A y < 2%y! =% for s € (0,1) and 0 < z,y < 1 yields

2 2
-1 2——=—" 2 2
T . +2e/ _ Y, i, t2e’ 1 - 1
vy e (B) < 27’]»”1""“ © * M 11 * Mnq e |B| T inin+2¢7 = 2|B‘ Y min+2¢ . O

Finally the mass distribution principle applied to the measure vy ./, which is sup-

ported by the Cantor set C(T,¢’), allows one to conclude that

2
dimy C(Y,e) > ——— —
Hi ( ’5) - Tmin+2€/
6.8 Extension to T,,;, € {1,2}

Letting ¢ — 0 along a countable sequence yields that almost surely, for all T with
Tmin € (17 2),

dimy, F(Y) > ~1 (6.16)

min
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It remains to treat the extreme cases.

First case: Y,,;, = 1. For each 5 > 0, there exists an open interval O € (0, 1) such
that every ¢t € O satisfies T(¢) > 1+ &2 > 1. Applying (6.16) yields that dimy F(T) >

= — 1. Letting £5 — 0 establishes that dimy F(Y) = 1.

Second case: Y,;, = 2, i.e. T = 2. In order to prove dimy F(Y) > 0, it suffices
to show that there exists almost surely ¢ € (0,1) such that dim(u, M;) = 28(M,), i.e.
F(Y) # . To this end, some changes are needed for the construction of the Cantor set.
We only sketch the proof since it is essentially the same as the one in the precedent
sections (with simplification). Set

po = 1/2 and p, = exp(—p,*,) foralln > 1,
Nn = pn log(1/p,)~t for all n > 0.

Let J,,(2) be the set composed of intervals J,, = [kn,, (k + 1)n,) that satisfy

-3
N ([Tnsea % [p}/2 (1ogpin) 1 ) —1,

N(J V2 (e 1) 1) =1
n,k+2 X | Pn og o ) ) (617)
~ -3
N (T [piﬁ (1og p%) 1D —0,

It is easy to check that any point ¢ covered by the collection 7, (2) infinitely often
satisfy dim(u, M;) > 28(M;) (necessarily, one has equality thanks to Theorem 1.5). We
construct as before, by induction, the collection C, (T = 2) of basic intervals and the
Cantor set C(T = 2) = ,,C.(T = 2) contained in F(Y). The same arguments as in
Lemma 6.3 give a constant C,, uniformly bounded below and above by 0 and +oco such
that for any fixed J,, 1,

1 4
]P(Jn,k S u7n(2)) - On * Pn (IOg ) .

Thus one bounds from above the probability that there exists J, ;, such that none of the
intervals J,,11 - contained in J, ; belongs to 7,4+1(2) by

Nn
1

1 4 Mn+1
— |1 =Cha1-pn lo .
n +1 ° Pn+1 ( gan)

Observe that

-3
= Cnt1P,°1  (Crg1) ' op s <1Og > with Cpp1p, 2, > 1.

MIn+1 Pn+1
So the probability in question is less than

-1,-C -3 —1,-3p7%, _ —1.3
T’n € P S nn € Pn=1 *7777, pn S p'n.

Borel-Cantelli Lemma implies the existence of a sequence of embedded intervals with
length tending to 0 that satisfy (6.17). This justifies that F/(T) # 0.
7 Space spectrum: proof of Theorem 1.9

Next proposition deals with (at most countable) exceptional values of h. This, com-
bined with Theorem 1.9, completes the statement of the space spectrum.
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Proposition 7.1. With probability 1, for every non-trivial open interval O C R, when
h € &, three cases may occur.

1. h=B(My) > 2B(M;_). If My ¢ O, d, (O, h) = —oco, otherwise one has

2.(O.h) = 0  ifdim(u, My) = h,
Tl —soifdim(p, My) > h

2. h=2B(M;-) < B(M,). IFM,_ ¢ O, d, (O, h) = —co, otherwise one has

0  ifdim(p, M) =h,

d,(0,h) = -
w(O:h) { —o0o ifdim(p, My_) < h.

3. h=pB(M;) =28(M;_). If {M;, M;_} € O, one has

a (O h) _ 0 lfm(H7Mt_) = h Ordiim('u“/\/lt) — h,
' 7 - - Ifm(lu‘th—) < h and M(M’Mt) > h.

If only one of M, and M;_ belongs to O (say, M;_), one has

0  ifdim(p, M;_) = h,

d,(O,h) = _
w(O 1) {—oo if dim(p, M,_) < h.

If neither M; nor M;_ belongs to O, one has ﬁu(O, h) = —o0.

7.1 A first theorem on dimensions, and the space spectrum

Throughout this section, we set ¢ = ¢y, which is defined in (1.1). We are going to
prove the following theorem.

Theorem 7.2. Let ¢ > 0. Denote by P = {(Ty, Z,)}n>1 a Poisson point process that
generates the Poisson measure N (dt,dz) with intensity dt ® dz/z%. Consider the family
(2.3) of stable processes (ﬁ?)ae(&l_a). Also, for every non decreasing cadlag function
f:[0,1] = [e,1 — €], consider the process

t 1
ﬁ[:/ / 2705 N(ds, dz). (7.1)
0 0

Almost surely, for every set E C [0,1], for every function f : [0,1] — [e,1 —¢], if
a < inf{f(t):t € E} and 3 > sup{f(t) : t € E}, then

dims (L2(E)) < dimy £7(E) < dimp (L5 (E)) = gdimﬂ(lja(E)).

The following corollary should be understood as a generalization of the uniform
dimension result of type (1.6) to stable-like processes.

Corollary 7.3. Almost surely, for every mesurable set E C [0, 1], one has

dimy M(E) € dimy(E) - | inf BM(1)), sup BM(t-)) . (7.2)

telk

Moreover, if the set E satisfies that for every non-trivial subinterval O C [0,1],
dimy (E) = dimy (E N O), then

dimy M(E) = dimy (E) - sup B(M(t—)).

tel
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Proof. The first part (the formula (7.2)) is immediate.
For the second part, let E C [0,1] be such that for every non-trivial subinterval
I C0,1], dimy(FE) =dimy(ENI).
For every n > 0, there exists an interval I of length less than 7 such that
inf B(M(1), sup BM(t-))] € [sup BM(t-)) = n,sup BM(E-))].
teEnt teENI teE teE
This follows from the cadlag regularity of t — S(M(t)). Hence, applying (7.2) to EN [
gives
dimy M(ENT) € dimy(EN1I) - [sup B(M(t=)) — 1, sup 5(/\4@—))} :
teE

teE
Since dimy M(ENI) < dimy M(FE) and dimy (E) = dimy (E N I), the result follows by
letting 7 tend to zero. O

These results are fine enough for us to deduce Theorem 1.9 from Theorem 1.7. Also,
the corollary solves partially a question left open in [27].

Before proving Theorem 7.2 next subsection, let us explain how we deduce the space
spectrum of the occupation measure. The following lemma which will be used in the
proof of Theorem 1.9.

Lemma 7.4. For every open interval I C [0,1] and h > 0, consider the smallest interval
Iy C I (it may be not open or reduced to a point) such that E;(I, h) = EZ(IO, h). Denote
by d(1Iy) the right endpoint of Iy Almost surely, for every open interval I C [0,1] and
h > 0, one has

dimy M (E;(z, h)) — dimy B, (I, h) - sup  B(M). (7.3)
te€lo\d(lo)

with the convention that 0 x (—oo) = 0 and (—o0) X (—00) = —00.

Proof. If EZ(I ,h) is empty or a singleton, there is nothing to prove. One thus assumes

that EZ(I ,h) is neither empty nor a singleton, so I is a non-trivial interval. One could
check the analysis in the proof of Theorem 1.7 for a construction of I. Observe that the
left-hand side of (7.3) is less than or equal to the right-hand side due to Corollary 7.3.
The converse inequality follows by minimality of Iy and a localization procedure as in
the proof of Corollary 7.3. O

Proof of Theorem 1.9 and Proposition 7.1. To deduce the space spectrum, one needs
some additional analysis other than the time spectrum. This is due to the following basic
observation: for all t € S(M), M,_ is not in the range of M, but in the support of ..

When O does not intersect the range of M, the level set EH(O, h) =0, as is given in
Theorem 1.9 and Proposition 7.1.

When O intersects the range of M, by the cadlag property of M, there is a non-trivial
interval O such that B

M((0,1))N O = M(O).

The set O is an open set (a,b) if M enters O continuously, or is a semi-open interval
[a,b) if M enters O with a jump. In any case, M,_ ¢ O and M, ¢ O because O is open.
Observe that

E,(0,h)

= {z € Suppp N O : dim(p,x) = h}

={M; € O :dim(u, M) =h}UH
7t ~

= M(E,(O,h)UH
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where
H={My_:teSM)NO\{g(O)} and dim(u, M,_) = h}

with g(@) the left endpoint of O. Since the Hausdorff dimension of 7 is at most 0, one
distinguishes two types of situations according to the value of h.

e Type A. The time level set EZ(@, h) # ), so one ignores H in the last union when
computing the Hausdorff dimension of E,,(O,h). If #Fi(@, h) = 1 (necessarily h =
B(M,) with dim(u, M;) = 8(M;) for some t € S(M) with S(M;) > 28(M;_)), one has
d,, (O, h) = 0 which coincide with the formula in Proposition 7.1. Otherwise Lemma 7.4

applied to h and O entails the existence of a minimal (50 (that we can and will suppose
open) such that

8/1.(05 h) = EZ(@(), h) ' NSup _ /B(Mf)
teO0p\d(Op)
= sup {ga(h)/a ca € {B(M,):te (50}} . sup B(M,)

teOg
= sup {ga(h) To € {ﬂ(Mf) 1t e 60}}
= sup {ga(h) ToE {B(Mt) S 6}}
= sup {ga(h) Ta e {B(Mt) My € O}}7

as desired.
e Type B. The time level set

E,(0,h) =10 (7.4)

so one has to consider the set H which is (at most) countable. Compared with the time
spectrum, several cases may occur according to the value of h. Recall that 0= [a,b)
(when M jumps into O) or (a,b) (when M enters O continuously). In the following
analysis, the case M;, ¢ O is trivial. We thus assume that every M, below belongs to
0.

1. (7.4) is due to 2B(My,—) < h < B(My,) with to € S(M). For all t > to,
dim(p, My—) > B(M;—) > B(My,) > h. Forall t < to, dim(p, M;—) < 28(M;-) <
28(My,—) < h. SoH =0 and d,(O,h) = —oo as desired.

2. (7.4) is due to the fact that 28(M,,—) < B(My,) = h with t, € S(M) and
dim(u, My, ) # B(My,). As in the last item, H = () as desired.

3. (7.4) is due to h = 28(My,—) < B(My,) or h = 25(My,—) = B(My,). As before

for all t # to, one has dim(u, M;_) # h. If dim(p, My, ) = 28(My,—), H = {to},
otherwise H = (). This coincides with the claims of Proposition 7.1.

4. (7.4) is due to h > 23(M,_). For all t < b, dim(u, M;_) < 28(My,_) < 2B(Myp_) <
h, hence H = (), as desired.

5. (7.4) is due to h < B(M,). Recall first that S(M,) ¢ O. Further, for all ¢t > a,
dim(p, M) > h. Hence, H = (), as desired. O

7.2 Proof of Theorem 7.2
We start with a Lemma describing the distribution properties of the Poisson point
process P = {(Ty, Zy) tn>1-

Lemma 7.5. Forevery j > 1, let P; = {n: Z, € [27971,277)}. Almost surely, there exist
two positive decreasing sequences (¢,),>1 and (n;),>1 converging to zero such that for
every integer J large enough, one has:
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1. 2.](1751) < #PJ < 2J(1+8J);
2. for every interval I C [0, 1] with length 27,
1<# |J {neP:T,eIy<2/,

J<J(14m)

3. for every interval I C [0, 1] with length 27,
o<# |J {nepr:Teny <y,
J<J/3

4. for every interval I C [0, 1] with length 2=/, for every j > J(1 + 1),

#{neP;: T, eI} <220+s)977,

Routine computations as in Lemma 6.3 entail Lemma 7.5.
Let E C [0,1], a =inf{f(t): t € E} and 8 = sup{f(¢t) : t € E}.
Call E“ (resp. Ef, EP) the image of E by L (resp. LS, £P).
Lemma 7.6. Almost surely, the following holds. With each interval B® such that B® N

B # (), one can associate an interval of the form B* = L*([T,,,T,)) such that |B%| <
2|B®| and possibly a singleton of the form {£“(T,,)}, such that

E* N (B*U{LY(T,)}) = E* N B°.

The same holds true for every interval BY such that E9 N Bf = (), which can be replaced
by B = L!([T)n,T},)) and possibly a singleton.

Proof. Almost surely all the processes L, P and L7 are strictly increasing and cadlag.
Let B® = [z, y*] be an interval satisfying B N E* # (.
If 2* is not of the form £*(7},), then two cases occur:

« when 2% ¢ £*(E): B can be replaced by [2/®,y%], where z/® = inf(B* N E®), with-
out altering the covering R®. Since L is increasing and cadlag, =’ is necessarily
the image of some jump point 7;,, by £¢.

* when z* € L%(E): z® can be written as £%(t), for some ¢ which is a point of
continuity for £¢. Using the density of the jump points, there exists (7}, Z,,) such
that T}, < t and £*(t) — £(T,,) < |B%|/2. We then choose z'® = L*(T},).

In all cases, B is replaced by B'® = [z'®, 4], where |B®| < 3/2|B|.
Similarly, if y* is not of the form £%(T,,—) (i.e. the left limit of £ at T}, for some jump
point 73,), then:

* wheny® ¢ L%(E): B'® can be replaced by B® = [2/“,y'*], where y'® = sup(B*NE®),
without altering the covering R®. Since £ is increasing and cadlag, y'® is of the
form £*(T,,—) for some jump point 7,.

» when y* = L*(T,,) for some jump time T},: Then B’® can be replaced by {£*(T,)} U
B®, where B* = [¢'%, L*(T,,—)]. Indeed, there is no point of E* between L£*(T},—)
and L*(T,).

* when y = £(¢) for some ¢ which is a point of continuity for £*. Using the same
argument as above, there exists (7}, Z,) such that 7, > t and £L%(T},) — L(t) <
|B*|/2. We then choose y'® = L%(T,,—).

This proves the claim. O
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Observe that the previous Lemma holds almost surely, for every interval B¢, for all o,
since the randomness is only located in the distribution of the Point Poisson process and
the strictly increasing and cadlag properties of the processes, which hold simultaneously
almost surely.

Next Lemma establishes that the increment of the process in an interval [ is approxi-

mately the same order as the size of the largest jump in I, uniformly for all I and all the
parameters.
Lemma 7.7. With probability one, there exists a non-decreasing function g : [0,1] — R™
with g(0) = 0, continuous at 0, such that the following holds. Let (T,,,Z,,) and
(T, Z,) (with T,, < T,) be two couples of the point Poisson process. Let B* =
[LY(Ty), LYTn—)], BP = [LP(T)), L°(T,,—)] and B! = [£/(T,), L/ (T,,—)]. Then when
B = [L*(Ty,), L*(T,,—)] is small enough, one has

|Be|*/B+9UB") < | BF| < |B¥|*/B~9(B%]) (7.5)
and
|BY| < |Bf| <|B”|. (7.6)

Proof. The three processes £%, £/ and £? are almost surely pure jump processes with
finite variations. One deduces that

B = >z (7.7)
pEN:T, E[Ty, Tr)

and the same holds true for |B?| by replacing 1/« by 1/3. Similarly,

fl _ 1/f(Tp—
1Bf| = Z Zp/ (Tp—) |
pEN:T, [Ty, , Th)

Then (7.6) follows immediately since f is monotone and o < f(¢) < 3.

We write B = [T,,,T,,), and consider J the unique integer such that 2~(/*1) <
|T,, — T)| < 277. We assume that J is so large that ; < (1/(1 —¢) —1)/4 < (1/a—1)/4.

We now make use of Lemma 7.5.

Let (T, Zn) be the point Poisson process in the above sum (7.7) with largest jump
Zn. We write Zy = 27/~, Then one decomposes |B®| into

1B = Zy/* + > AT, 3 Zie. (7.8)
j<J(14n;):T,eB and peP; j>J(14n;):T,eB and peP;
Call S; and S, the two above sums.

Assume that Jy < J/3.

Observe that since B strictly contains an interval of length 2=7/~1, the left inequality
part (2) of Lemma 7.5 yields that Jy < (J 4+ 1)(1 4+ n741)-

Since B is contained in an interval of length 277/, one knows that all the jumps other
than (T, Zxn) appearing in formula (7.8) are smaller than 2-7/(3¢)  Hence, the right
inequality in part (2) of Lemma 7.5 yields

Sl S 2]8\/ 27.]/(304) .

Similarly, applying part (4) of Lemma 7.5, S5 is bounded by

' _ 9J(1+ns)(1+es—1/a)-1
(1+e5)o—Jo—j/a
S < ), el < —
§>J(1+ns)

062—J/Oé2J(5J+"7J(1+5J_1/a)), (7.9)

IN
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where C. := 57— Recalling that Jy < J/3, one gets

|B*| (ZN)l/a+27J(1/(3a)7€")+0527‘](1/(176"777"(1+5~771/0‘))

<
S (ZN)l/a + (ZN)I/(a)fst/S + (ZN)3(1/04751N77]JN(1+6JN71/(175))).

One concludes that -
(Zw)"* < |B°| < (Zn)V/2 7,

for some ¢, which depends only on ¢, and 7, (not on «), is decreasing as a function
of €5, and 7;,, and which tends to zero when Jy tends to infinity. In addition, the
fact that (Zy)'/* < |B®| implies that Jy > —alog, |B*| > | —clog, |B®||. Hence £, <
g1(|—¢elogy |B|]), where g1(r) = €| _ 104, |- One can write finally

(Zx)V* < |B%| < (Zy)! /o 1P, (7.10)

By construction, this mapping ¢; is non decreasing with r, and tends to 0 when r tends
to 0.

Observe that since €, is small (uniformly in «), one also has
(Zn)Ve < |BY| < (Zy)Y 3. (7.11)

Assume now that Jy > J/3.
All the jumps other than (7, Zy) involved in formula (7.8) are smaller than 9-JIn/e,
Hence, part (2) of Lemma 7.5 yields

Sl § 2]5_]27JN/O¢ S 27]1\7(1/04735_71\,).

The sum S; is still bounded by above by (7.9) with J replaced by 3Jy. One deduces that
|BY| < (Zn)V 4 (Zy)V (@) =3eun 4 (Zy)3 0 a—eoy oy (teay —1/(1=2))),

One concludes that |BY| < (Zy)'/®~%/~ for some £, which depends only on .Jy (not on
«), and which tends to zero when Jy tends to infinity. For the same reasons as above,
equation (7.10) holds true.

Using that (7.10) holds true with 3 instead of o (but with the same mapping ¢), one

sees that
|BP| < (Zy)Y/B-9(B°) < |goja/B=an(B)

In addition, using (7.11) with /3 instead of a, one has |B?| < (Zy)/?? < |B¥|*/(28), We
deduce that ag; (|B?|) < (1 —¢)g1(|B*|*/?7) := g,(]B“|), hence

|BA| < |Ba|a/ﬂ—(1—6)gz(\3“|)_ (7.12)
Similarly, recalling that | B%| and |B?| are small quantities,

|B?| > (ZN)l/ﬁ > |Ba|1/(ﬁ(1/a—91(\3"|)) > |Ba|a/ﬁ+2ﬁ91(|3"‘\) > ‘Ba|a/ﬁ+gs(|3"|). (7.13)

where g3(r) = 2(1 — €)&(r). Finally, (7.12) and (7.13) gives the result, with ¢g(r) =
max(ga(r), g3(r)). O

Observe that one can also write

|Ba|a/5+§(|BB|) < |BB| < ‘Ba|a/ﬁ—§(|BB|) (7.14)

for some mapping g which enjoys the same properties as g.
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One can now prove Theorem 7.2.

The following holds almost surely, since it depends only on Lemmas 7.6 and 7.7.
Let us denote by d, = dimy E?, dg = dimy E®, dy = dimy E7.

Let s > d, B/c, and let 5§ = sa/8 — (sa/B — dy)/2. One has d,, < 5 < sa/p.

By definition of d,, there exists n > 0 such that Hf?/Q(Ea) < 47°. Hence, for some
n/2-covering R* of E, one has

> oBYF<2

BecRe

First, using 7.6, by slightly modifying the intervals B € R®, one can replace these
intervals with intervals of the form B® = L%([T,,,T,)) (plus at most a countable number
of singletons), satisfying |B%| < 2|§" , whose union is still covering E¢.

Hence, the initial 7/2-covering R can be replaced by an n-covering R, such that

one has
> B <L
BeeRe

Let us choose 7 so small that g(n*/#~9(n) < 2/5=da

Each ball B* is written £*(B), where B = [T},,,T},). As above, we write B” = L?(B)
and Bf = £f(B), and (7.5) and (7.6) hold true.

Since the balls (B®) form an n-covering of E¢, the balls (B”) form a 7 := n®/8-9(1.
covering of E”, and the balls (B/) also form a 7-covering of E/. We denote by R” and
R/ these two coverings. One has

Z |Bf|s < Z |Bﬁ|s§ Z |Ba‘8(a/6—g(|3“\))

BieRS BBERAB BYeRe
< X B/l = N B <1,
BaeRa BreR«~

Since R” is an 7-covering of E”, the s-pre-Hausdorff measure of E°, H(E") is less
than 1. The same holds for ”H,%(Ef ). This remains true for any sufficiently small 77 > 0,
we conclude that both #*(FE/) and H*(E?) less than 1, hence d; and djs are smaller than
s. Since this holds for any s > d, 3/, one gets that max(ds,dg) < d, 3/c.

Next, starting with a n-covering of E/ by balls B, one associates with every ball
Bf = £/([T,,,T,)) the ball B® = £A([T,,,T})), the same lines of computation (simply
using that |B/| < |BA|) yields that d; < dg.

The same argument shows that d, < dy.

It remains us to prove the last inequality d, < dg /3. The proof follows exactly the
same lines, we write it without details.
Let s > dga/B, andlet s = s8/a — (sf/a—dg)/2. One has dg <5< s 5/a.

There exists an 7-covering R” of E” by intervals of the form B? = £#([T},,T;)), such
that
> IBPF <
BBeRB

One considers the associated intervals (B%) and (B7), and the natural coverings R® and
R’ of E“ and E7 provided by these intervals.
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Let 7 be so small that g(|B?|) < g(n) < 5=ds2/B \where g is given by (7.14). One has

s
Z IBe]s < Z |BB|s/(@/B+3(B"D) < Z | BB|sB/a=2s5(1B" )8/ o
BeeR«~ BBeRB BBeRA
< Z |BP 3P/ (sB/a—ds)/2 — Z |B]° < 1.
BBeRFA BBeRFP

This holds true for any n > 0 small enough, so that H*(E*) < +oo, hence d, < s.
Since this holds true for any s > dg o/, one gets that d, < dg /0.

One concludes that d, < dy < dg = d.f5/a.
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