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Scaling limits for the critical Fortuin-Kasteleyn model
on a random planar map II: local estimates and empty
reduced word exponent
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Abstract

We continue our study of the inventory accumulation introduced by Sheffield (2011),
which encodes a random planar map decorated by a collection of loops sampled from
the critical Fortuin-Kasteleyn (FK) model. We prove various local estimates for the
inventory accumulation model, i.e., estimates for the precise number of symbols of
a given type in a reduced word sampled from the model. Using our estimates, we
obtain the scaling limit of the associated two-dimensional random walk conditioned
on the event that it stays in the first quadrant for one unit of time and ends up at a
particular position in the interior of the first quadrant. We also obtain the exponent
for the probability that a word of length 2n sampled from the inventory accumulation
model corresponds to an empty reduced word, which is equivalent to an asymptotic
formula for the partition function of the critical FK planar map model. The estimates
of this paper will be used in a subsequent paper to obtain the scaling limit of the
lattice walk associated with a finite-volume FK planar map.
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1 Introduction

1.1 Overview

For ¢ > 0, a (critical) Fortuin-Kasteleyn (FK) planar map of size n € N is a pair (M, S)
consisting of a planar map M and a subset S of the edge set of M, sampled from the
uniform distribution on such pairs weighted by the partition function of the critical
Fortuin-Kasteleyn model on M. The set S can equivalently be described by means of
the collection £ of loops which separate connected components of S from connected
components of the set S* of edges in the dual map M* which do not cross edges of
S. In [42], Sheffield introduces a method to encode an FK planar map in terms of a
certain random word in an alphabet of five symbols. This word, in turn, gives rise to
a two-dimensional lattice walk. This encoding is called the hamburger-cheeseburger
bijection because it has a natural interpretation as the inventory accumulation process
of a certain burger restaurant. The hamburger-cheeseburger bijection generalizes a
bijection due to Mullin [38] (see also [4]) and is equivalent for a fixed choice of map M
to the bijection described in [5, Section 4].

In addition to its interest as a tool for studying FK planar maps, the hamburger-
cheeseburger bijection serves as the main source of discrete intuition behind the recent
works [11,32] which introduce the “peanosphere construction” to encode a conformal
loop ensemble (CLE,) [29, 33,36,37,40,45] on a Liouville quantum gravity (LQG) sur-
face with parameter v = 4/+/x [11,13,41]. The main result in [42] is that the lattice
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walk constructed from the word associated with an infinite-volume FK-weighted random
planar map converges in the scaling limit to a positively correlated two-sided Brownian
motion (see [42, Theorem 2.5]). This Brownian motion has the same correlation as the
Brownian motion appearing in the peanosphere construction in [11, Theorem 1.13] when
the FK paramter satisfies ¢ = 2 + 2 cos(87/k). Hence [42] can be seen as a scaling limit
result from FK planar maps to CLE-decorated LQG in a certain topology, namely the one
in which two loop-decorated surfaces are said to be close if the two-dimensional paths
which encode them are close.

There have been several recent works regarding the hamburger-cheeseburger ap-
proach to critical FK planar maps. In the article [23] the present authors and C.
Mao improve the topology in the scaling limit result of [42] by proving a statement
which implies, among other things, the convergence of the quantum areas and quan-
tum lengths associated with macroscopic FK loops. The authors of [8] identify the
tail exponents for the laws of several quantities associated with FK loops ( [23] in-
dependently proves that the tail is actually regularly varying with the same expo-
nent for several of these quantities). The work [10] studies the infinite-volume ver-
sion of the hamburger-cheeseburger bijection. The paper [46] studies the sandpile
model and unicycles on a random planar map using the hamburger-cheeseburger bijec-
tion.

We note that in the special case of a uniform planar map (without loop decoration),
there is also another approach based on the bijection of Schaeffer [39], which has met
with substantial success in showing that the scaling limit of uniform random planar
maps is a continuum metric space called the Brownian map [7,27,28]. The recent
works [30-32, 34, 35] (some of which are still in preparation) construct a metric on LQG
for v = \/8/73 under which it is isometric to the Brownian map.

In this paper, we continue the theme of [23] by studying the fine asymptotic prop-
erties of the word associated with a critical FK planar map. In particular, we will
prove a variety of local estimates which give us up-to-constants asymptotics for the
probability that the reduced word corresponding to a word sampled from the inven-
tory accumulation model contains a particular number of symbols of each type. Such
estimates play a crucial role in the study of small-scale events associated with the in-
ventory accumulation model, e.g. the event that the associated lattice walk ends up at
a particular point after a given amount of time. Local estimates are not proven in the
works [8,23,42], which focus mainly on the behavior of the word at large scales. The
starting point of the proofs of our local estimates is the bivariate local limit theorem of
Doney [12].

As an application of our estimates, in Theorem 1.7 we will prove that if we condition
on the lattice walk in the hamburger-cheeseburger model to stay in the first quadrant
for a certain amount of time and end up at a fix interior point, then the walk converges
in the scaling limit to a correlated Brownian bridge conditioned on staying in the first
quadrant. As another application, in Theorem 1.9 we obtain the exact exponent of the
probability that a word of length 2n reduces to the empty word. This latter estimate is
equivalent to a certain estimate for the partition function of the critical FK planar map
model, up to an error of n°»(V); see Section 1.4.

The estimates established in this paper will also be used in the forthcoming work [25],
in which we will prove analogues of the scaling limit results of [23,42] for the finite-
volume version of the model in [42] (which is encoded by a word of length 2n con-
ditioned to reduce to the empty word); and in [22], in which the first author and
J. Miller prove convergence of the full topological structure of FK planar maps to
that of a conformal loop ensemble on an independent Liouville quantum gravity sur-
face.
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1.2 Notation

In this section we will introduce some notation which will remain fixed throughout
the paper. This notation is in agreement with that used in [23].

1.2.1 Basic notation

Notation 1.1. For a < b € R, we define the discrete intervals [a, bz := [a,b] N Z and
(a,b)z = (a,b) N Z.
Notation 1.2. If ¢ and b are two quantities, we write a =< b (resp. a > b) if there is a
constant C' (independent of the parameters of interest) such that a < Cb (resp. a > Cb).
We writea < bifa <banda > b.
Notation 1.3. Ifa and b are two quantities which depend on a parameter x, we write
a = 0,(b) (resp. a = O,(b)) if a/b — 0 (resp. a/b remains bounded) as x — 0 (or as
x — oo, depending on context). We write a = 05°(b) if a = 0,(b®) for each s € R.

Unless otherwise stated, all implicit constants in <, <, and = and O,(-) and o.(-)
errors involved in the proof of a result are required to satisfy the same dependencies as
described in the statement of said result.

1.2.2 Inventory accumulation model

Let p € (0,1/2). We will always treat p as fixed and do not make dependence on p explicit.
As explained in [42, Section 4.2], the parameter p corresponds to an FK-weighted map of
parameter ¢ = 4p?/(1 — p)?, which is conjectured to converge in the scaling limit to a
~-LQG surface decorated by a CLE,, with « € (4,8) and ~ € (0, 2) satisfying

2 4 2cos(8m/k) 16

= and = (1.1)
P /2t 2cos(87 /) T

Let © := {@7 @, , 7 } We view elements of O as representing a hamburger, a

cheeseburger, a hamburger order, a cheeseburger order, and a flexible order, respectively.
The set O generates a semigroup, which consists of the set of all finite words in elements
of ©, modulo the relations

- — = = (order fulfilment) (1.2)
= , = (commutativity). (1.3)

Given a word z consisting of elements of ©, we denote by R(x) the word reduced modulo
the above relations, with all burgers to the right of all orders. We also write |z| for the
number of symbols in x. We definite a probability measure on © by

°(®)-2(©) -1 P()-r(@) -1 P(E) -5 0w

Let X =...X_1XyX;:... bean infinite word with each symbol sampled independently
according to the probabilities (1.4). Fora < b € R, let

and

X(a,b) ::'R(XLQJ...XU)J). (1.5)

We adopt the convention that X (a,b) =0 if b < a.

By [42, Proposition 2.2], it is a.s. the case that the “infinite reduced word” X (—o0, 00)
is empty, i.e. each symbol X; in the word X has a unique match which cancels it out in
the reduced word.
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Notation 1.4. Fori € Z we write ¢(i) for the index of the match of X;.

Notation 1.5. For § € © and a word z consisting of elements of ©, we write Ny(x) for
the number of -symbols in x. We also let

d(z) := N@(I) —./\/'(x), d*(x) := N@(QZ) —./\/(x), D(z) := (d(x),d*(x)).

The reason for the notation d and d* is that these functions (applied to segments of
the word Y, defined just below) give the distances from the root edge in the tree and
dual tree which encode the collection of loops in the bijection of [42, Section 4.1].

For i € Z, we define Y; = X; if X; € {H),(©),[H][C]}; Vi = [H]if X, = [F] and
Xs = ) and Y; = [Cif X; = [F]and X, = (C). Fora < b € R, define Y (a,b) as
in (1.5) with Y in place of X.

For n > 0, define d(n) = d(Y(1,n)) and for n < 0, define d(n) = —d(Y(n + 1,0)).
Define d*(n) similarly. Extend each of these functions from Z to R by linear interpolation.
Let

D(t) := (d(t),d"(t)). (1.6)

Forne Nandt € R, let
U™t) :=n"Y2d(nt), V™) :=n"2d*(nt), Z"(t):= U"(),V"(t)). (1.7)

We note that the condition that X (1,2n) = @ is equivalent to the condition that Z"([0,2]) C
[0,0)% and Z"(2) = 0.
Let Z = (U, V) be a two-sided two-dimensional Brownian motion with Z(0) = 0 and
variances and covariances at each time ¢ € R given by
1-— 1-—

Var(U(t)) = pr Var(V(t)) = ?pm Cov(U(t), V(t)) = gw. (1.8)

It is shown in [42, Theorem 2.5] that as n — oo, the random paths Z™ defined in (1.7)
converge in law in the topology of uniform convergence on compacts to the random path
Z of (1.8).
There are several stopping times for the word X which we will use throughout this
paper. Namely, let
I:=inf{i € N : X(1,) contains an order}, (1.9)

so that I is a stopping time for X, read forward, and {/ > n} is the event that X (1,n)
contains no orders. For m € N, let

JH = inf{j eN: /\/@(X(—j,—l)) = m} LI = a* (X (-JH,-1)) (1.10)

be, respectively, the mth time a hamburger is added to the stack when we read X
backward and the number of cheeseburgers minus the number of cheeseburger or-
ders in X(—JH —1). Define J¢ and LS similarly with the roles of hamburgers and
cheeseburgers interchanged. Then J! and J¢ are stopping times for X, read back-
ward. Furthermore, by the strong Markov property that words X _jm ... X_ JH_ 1 for

H_JH | — 1) contains exactly one
hamburger and no hamburger orders or flexible orders.

m € N are iid, and each of the reduced words X (—J

Let
™ K
= == e(1/2,1)
2(7r — arctan 7”;21’) 8
, T K
w o= = € (1/3,1/2), (1.11)
2(7r + arctan 7”;219) Ak = 2)
EJP 22 (2017), paper 45. http://www.imstat.org/ejp/
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where here p and « are related as in (1.1). The parameters i and p’ appear as exponents
for several probabilities related to the inventory accumulation model studied in this
paper. See [8,23] as well as the later results of this paper.

1.3 Statements of main results

Here we will state the main results of this article. The following event will play a key
role throughout the paper.

Definition 1.6. For n,h,c € IN, we denote by £ the event that X(1,n) contains no
orders (i.e. I > n), h hamburgers, and ¢ cheeseburgers.

In terms of the path Z" of (1.7), Ef[’c is the event that Z™ stays in the first quadrant
for one unit of time and satisfies Z"(1) = (n~'/2h,n~'/2¢). Our first main result is the
following scaling limit result for the path Z™ of (1.7) conditioned on the event ET’L“C.

Theorem 1.7. Fix C > 1. For each € > 0, there exists n, € IN such that the following is
true. For each n > n, and each (h,c) € [C’*lnl/z, Cnl/ﬂ;, the Prokhorov distance (with
respect to the uniform metric) between the conditional law of Z" given the event 5,’5’6
of Definition 1.6 and the law of a correlated Brownian motion Z as in (1.8) conditioned
to stay in the first quadrant for one unit of time and satisfy Z(1) = (n='/?h,n='/2¢) is at
most e.

See Section 1.5.1 for a precise definition of a Brownian motion under the conditioning
of Theorem 1.7. Theorem 1.7 implies in particular that for any sequence of pairs
(R, cn) € IN? such that n='/2h,, — u > 0 and n~"/?¢,, — v > 0, the conditional law of
Z" given E"men converges as n — oo to a correlated Brownian motion Z as in (1.8)
conditioned to stay in the first quadrant for one unit of time and satisfy Z(1) = (u,v).
Theorem 1.7 extends the scaling limit results [42, Theorem 2.5] (for the unconditioned
law of Z™) and [23, Theorem A.1] (for the path Z" conditioned to stay in the first
quadrant, but without its location at time 1 specified).

If we could allow (h,¢) = (0,0) in Theorem 1.7, we would obtain convergence of the
path Z™ in the finite-volume version of Sheffield’s bijection, which corresponds to a
random planar map on the sphere. However, treating this case will take quite a bit of
additional work, both because of the additional conditioning near the tip of the path
(it has to stay in the first quadrant despite being very close to the origin) and because
difficulties resulting from the presence of flexible orders. The (h,c) = (0,0) case will be
treated in the sequel [25] to this paper. Theorem 1.7 is in some sense an intermediate
step toward a proof of convergence of the path Z" conditioned on empty reduced word,
but we will actually use only the estimates involved in the proof of Theorem 1.7 in [25],
not the statement of Theorem 1.7 itself.

Theorem 1.7 is also noteworthy in that it gives a scaling limit statement for a non-
Markovian random walk conditioned to stay in a cone and end up at a particular point.
We remark that there is a body of existing literature concerning scaling limits of random
walks in dimension > 2 with independent increments conditioned to stay in a cone.
See [15,16,19,44] and the references therein.

Remark 1.8. As a consequence of [23, Theorem 1.8] and Theorem 1.7, one can also
obtain an analogue of the cone time convergence statement [23, Theorem 1.8] in the
setting of Theorem 1.7. A very similar argument will be given in [25] to prove the
analogous statement when we condition on {X(1,2n) = 0}, so we do not give the details
here.

Our second main result gives the exponent for the probability of the event that a
word of length 2n sampled according to the probabilities (1.4) reduces to the empty
word.

EJP 22 (2017), paper 45. http://www.imstat.org/ejp/
Page 6/56


http://dx.doi.org/10.1214/17-EJP64
http://www.imstat.org/ejp/

Scaling limits for the FK model II

Theorem 1.9. Forn € IN, we have
P(X(1,2n) = 0) = n~'~20Fon(l),

with 4 asin (1.11).

Theorem 1.9 confirms a prediction of Sheffield [42, Section 4.2] that P(X(1,2n) = 0)
has polynomial decay, and in fact yields the exact tail exponent. We note that a trivial,
but far from optimal, polynomial upper bound of n—3/2t°»(1) follows from the fact that
the total number of burgers in X(1,4) minus the total number of orders in X (1, i) evolves
as a simple random walk. As we will explain in Section 1.4, Theorem 1.9 is equivalent to
a certain estimate for the partition function of critical FK planar maps. This gives an
alternative interpretation of the theorem and suggests an alternative proof based on
results in the theoretical physics literature.

In the course of proving Theorems 1.7 and 1.9, we will also prove several local
estimates for quantities associated with the inventory accumulation model, i.e. estimates
for the probability that a certain random reduced word contains a specified number of
symbols of a given type. Local estimates like the ones in this paper are necessary for
studying finer properties of the model, like questions about the event of Definition 1.6
or the event {X(1,2n) = 0}. This paper provides a toolbox of local estimates which
are applicable whenever one is interested in small scale properties of the word X, and
illustrates how to use such estimates. The local estimates of this paper will also be used
in the sequel [25] to this work to obtain scaling limit results for the path Z™ of (1.7)
when we condition on {X(1,2n) = 0}.

Here we summarize the local estimates which are proven in this paper and highlight
some particular estimates.

« In Section 2, we prove local estimates for the pairs (JX, L) of (1.10). See in
particular Proposition 2.2 for a general estimate for P((J, L¥) = (k,1)) for given
m, k,l € IN and Section 2.2 for extensions of this estimate which either include
regularity conditions or concern unusually large or unusually small values of &
and /.

* In Section 3 we prove local estimates when we condition on the event that I > n
(recall (1.9)), i.e., the reduced word X (1,n) contains no orders. In particular, lower
and upper bounds for the probability of the event £"¢ of Definition 1.6 are obtained
in Propositions 3.5 and 3.6, respectively.

* In Section 4, we will prove Proposition 4.4, which gives an estimate for the proba-
bility that there exists a time 5 € IN which is close to n for which the reduced word
X(—j,—1) contains few orders and approximately h hamburgers and ¢ cheeseburg-
ers (i.e., the probability of an approximate version of £":¢).

1.4 Partition function

In this subsection we will explain the relationship between Theorem 1.9 and the
partition function for critical FK planar maps. For n € I, let M,, be the set of pairs
(M, S) consisting of a planar map M with n edges and a distinguished subset S of the
set of edges of M. Also let K (5) be equal to the number of connected components of S
plus the number of complementary connected components of S. For g € (0,4), let

Zo= Y KO (1.12)
(M.S)EMy

be the critical FK planar map partition function.

EJP 22 (2017), paper 45. http://www.imstat.org/ejp/
Page 7/56


http://dx.doi.org/10.1214/17-EJP64
http://www.imstat.org/ejp/

Scaling limits for the FK model II

Lemma 1.10. Let g € (0,4) and let p := /q/(2 + /q) € (0,1/2), so that 2p/(1 — p) = \/q.
If we sample X as in Section 1.2.2 for this choice of p, then

z, - %8”(2 VA T P(X(1,20) = 0). (1.13)

Proof. Let M/ be the set of triples (M, eg, S) with (M, S) € M,, and ¢, an oriented root
edge for M. By [42], there is a bijection between M/, and the set of words of length 2n
consisting of elements of © which reduce to the empty word. Given (M, S) € M,, let
x = x(M, e, S) be the corresponding word. The quantity K (.5) is equal to the number of
loops L separating clusters and dual clusters on M, which in turn is equal to the number
of -symbols in x. If X is the bi-infinite word from Section 1.2.2, then

P(X(1,2n) = 0) = (1—1?>” 3 <2p>/\/($)

16 z:R(z)=0 1-p

where the sum is over all words x of length 2n which reduce to the empty word. Note
that here we used the probabilities (1.4) and the fact that x has n burgers and n
orders. Applying Sheffield’s bijection, recalling the relationship between p and ¢, and
re-arranging gives

Z qK(S)/2 = 8n(2 + \/g)nIP(X(la 2”) = Q))v

(M,eq,8)EM!,

with ¢ as in (1.12). The map from M/, to M,, given by forgetting the root is 2n-to-1, so
dividing by 2n gives (1.12). O

In light of Lemma 1.10, the statement of Theorem 1.9 is equivalent to the statement
that
™

2(m — arctan \/4/q — 1)

It was pointed out to us by G. Borot in private communication [9] that it should be possible
to obtain a stronger version of (1.14) (with (¢ + 0, (1))n"272* in place of n—2~2rFon(1))
using various results in the theoretical physics literature. As explained in [1, Sections
2 and 3], the critical FK model essentially reduces to the O(,/q) model, so its partition
function has the same functional equations and critical exponents. The asymptotics
of the partition function of the O(,/q) model on a planar map were first computed in
the physics literature [18,21] by using random matrix models to non-rigorously derive
a certain functional equation which was then solved rigorously. The FK model on a
planar map is studied in [1] from the point of view of analytic combinatorics. There,
it is proven rigorously that Z,, satisfies the functional equation of [18,21] using the
results of [2, Section 6] (this can also be done using [3, Appendix A]); see [1, Equations
3.22-3.23]. This leads to a rigorous derivation of the aforementioned stronger form
of (1.14). However, our proof of Theorem 1.9 is more self-contained than this potential
approach (we use only the results of [23,42], and elementary facts from probability
theory) and involves several intermediate estimates which are of independent interest
and will also be used in [22,24].

Z, =8"(24 q)"n 2o where pu = (1.14)

1.5 Preliminaries

1.5.1 Brownian motion conditioned to stay in the first quadrant

The statement of Theorem 1.7 refers to a correlated Brownian motion as in (1.8) con-
ditioned to stay in the first quadrant for one unit of time and satisfy Z(1) = (u,v) for
some fixed (u,v) € (0,00)2. In this subsection we will describe how to make sense of this
object.

EJP 22 (2017), paper 45. http://www.imstat.org/ejp/
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We first recall how to make sense of a correlated Brownian motion Z conditioned to
stay in the first quadrant (see [23, Section 3.1] and [43] for more detail). In [43], Shimura
constructs an uncorrelated two-dimensional Brownian motion conditioned to stay in the
cone {z € C : 0 < argz < 0} for one unit of time. By choosing § = 6(p) appropriately
and applying a linear transformation which takes this cone to the first quadrant, we
obtain a path 7 which we interpret as the correlated two-dimensional Brownian motion
Z in (1.8) conditioned to stay in the first quadrant for one unit of time. We note that the
law of Z is uniquely characterized by the conditions that A (t) a.s. lies in the interior of
the first quadrant at each fixed time ¢ € (0,1); and for each ¢ € (0,1), the conditional
law of Z |it,1) given A |j0,4) is that of a Brownian motion with variances and covariances as
in (1.8) started from A (t) and conditioned on the positive probability event that it stays
in the first quadrant for 1 — ¢t units of time (see [23, Lemma 3.1]).

Given (u,v) € (0,00)?, the law of a Brownian motion Z conditioned to stay in the first
quadrant for one unit of time and satisfy Z(1) = (u,v) is the regular conditional law
of the path Z described above given {2(1) = (u,v)}. This law can be sampled from as
follows. First fix ¢t € (0,1) and sample Z|jy; from the law of a Brownian motion with
variances and covariances as in (1.8) conditioned to stay in the first quadrant for ¢ units
of time weighted by flz_(?(u,v), where for 2z € (0,00)?, ff_, denotes the density with
respect to Lebesgue measure of the law of a Brownian motion as in (1.8) started from z
conditioned to stay in the first quadrant for 1 — ¢ units of time (see [43, Section 3] for a
formula for the density of an uncorrelated two-dimensional Brownian motion conditioned
to stay in a cone of given opening angle; a formula for ff_, can be obtained by applying
a linear transformation). Then, conditioned on 7 |[0,t], sample a Brownian bridge from
Z(t) to (u,v) in time 1 — ¢ conditioned to stay in the first quadrant, and concatenate this
Brownian bridge with our given realization of Z| .

By Brownian scaling, one obtains the conditional law of a Brownian motion as in (1.8)
conditioned to stay in the first quadrant for a general ¢ > 0 units of time and satisfy
Z(t) = (u,v) € (0,00)%. We note that since the density f7_, is continuous and the law of a
Brownian bridge depends continuously on its parameters, this law depends continuously
ont, u, and v.

The following is the analogue of [23, Lemma 3.1] when we further condition on the
terminal point of the path, and follows from [32, Lemma 3.4].

Lemma 1.11. Fix (u,v) € (0,00)%. Let Z have the law of a correlated Brownian motion
as in (1.8) conditioned to stay in the first quadrant for one unit of time and end up at
(u,v). Then Z satisfies the following two conditions.

1. For each fixedt € [0,1], a.s. Z(t) € (0, 00)2.

2. For eacht € (0,1), the regular conditional law of 2|[t’1] given 2|[O,t] is that of a

Brownian bridge from Z (t) to (u,v) in time 1 — t with variances and covariances as
in (1.8) conditioned on the (a.s. positive probability) event that it stays in the first
quadrant.

If Z : [0,1] — [0,00)? is another random continuous path satisfying the above two
conditions, then Z 4 Z.

1.5.2 Regular variation

A function f : [1,00) — (0,00) is called regularly varying of exponent o € R if for each

A>0,
fM) e

0
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The function f is called slowly varying if f is regularly varying of exponent 0. For
example, t — log(1 + t)” is slowly varying for any 3 € R and ¢t ~ t~“log(1 + t)? is
regularly varying of exponent « for any «, 5 € R.

Every function f which is regularly varying of exponent « can be represented in the
form f(t) = ¢ (t)t~, where 1 is slowly varying. For each slowly varying function +, there
exists top > 0 and bounded functions a,b : [0,00) — R with lim;_, -, b(t) = 0 such that for

t > to,
$(t) = exp (au) - ) ds).

to

We refer the reader to [6] for more on regularly varying functions.
The following lemmas are proven in [23, Section A.2]. We recall the definition of the
exponent i from (1.11) and the definition of I from (1.9).

Lemma 1.12. The law of I is regularly varying with exponent u, i.e. there exists a slowly
varying function 1y : [0, 00) — (0,00) such that

P(I > n) = 1o(n)n™*, Vn € IN.

Lemma 1.13. Let P be the smallest j € IN for which X (—j, —1) contains no orders. Then
the law of P is regularly varying with exponent 1 — p, i.e. there exists a slowly varying
function 1, : [0,00) — (0, 00) such that

P(P > n) = ¢ (n)n" ), Vn € IN.

We will treat the functions vy and ; as fixed throughout this paper. In Lemma 2.1
below, we will prove that the laws of J and L¥ defined as in (1.10) are regularly varying
with exponetns 1/2 and 1, respectively, with no slow-varying correction.

1.6 Outline

The remainder of this article is structured as follows. In Section 2, we will use the
bivariate local limit theorem of [12] to prove various local estimates for the pairs (J, L)
of (1.10). The times JX are especially useful because each X(—J —1) contains no
flexible orders; and because the law of the pair (J, L) is in the normal domain of
attraction for a bivariate stable law (see Lemma 2.1 below).

In Section 3, we will use the results of Sections 2 to obtain local estimates for the
probability that the reduced word X (1,n) contains no orders and a particular number of
burgers of each type. From these estimates we will deduce Theorem 1.7.

In Section 4, we will use the estimates of Sections 2 and 3 to obtain estimates for the
probability that a word has few orders and approximately a given number of burgers of
each type. These estimates will be used in the proof of the upper bound in Theorem 1.9
as well as in [25].

In Section 5, we will complete the proof of Theorem 1.9. The proof of the lower
bound follows from a relatively straightforward argument which is similar to those
given in [23, Section 3] (in fact, a version of this argument appeared in a previous
version of [23]). The proof of the upper bound is more complicated, and requires the
estimates of Section 4 as well as some additional estimates, including a modification of
the estimate [23, Lemma 3.7] for the number of flexible orders in a reduced word.

For the convenience of the reader we include in Appendix A an index of commonly
used symbols along with reminders of their definitions and the locations where they are
defined.
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2 Local estimates for times when hamburgers are added

In this section, we will consider a “local limit” type result (i.e. a uniform convergence
statement for densities) for the pairs (J, LX) introduced in (1.10). This result will
turn out to be a straightforward consequence of the bivariate local limit theorem for
stable laws proven in [12]. We will then prove some refinements on this result in
Section 2.2. The estimates of this section are a key input in the proofs of Theorems 1.9
and 1.7. However, this section also has the following broader purpose. As we will see
in Sections 3 and 4 below, local estimates for the pairs (J, L) are the basic tools
for the proofs of many other local estimates and scaling limit results for the inventory
accumulation model considered in this paper; see also [22,25] for more applications of
these estimates. This section can be read as a general collection of estimates for the
pairs (JH, L),

We note that (by symmetry) all of the results of this section are still valid if we instead
consider the pairs (J¢, L) defined just below (1.10). However, for the sake of brevity
we state our results only for the pairs (J, LH).

2.1 Local limit theorem

The starting point of all of the estimates in this section is the following straightforward
consequence of the unconditioned Brownian motion scaling limit result [42, Theorem
2.5].

Lemma 2.1. Define J! and L form € IN as in (1.10). Also let T be the smallestt > 0
for which U(—t) = —1. Then we have the following convergence in law:

(m2JE m™ L) — (r,V(-1)). (2.1)
Furthermore, there is a constant ag > 0 such that
P(J > n) = (ag + 0,(1))n "1/ (2.2)
and there are constants ay,as > 0 such that
P(L{" >n) = (a1 +0,(1))n~" and P(L{ < —n) = (a2 + 0,(1))n"". (2.3)

Proof. Suppose we have (using [42, Theorem 2.5] and the Skorokhod theorem) coupled
(Z™) with Z in such a way that Z" — Z uniformly on compacts a.s. Let 7, := m~2J.
The time 7,,, is the smallest ¢ > 0 for which U7”2(—t) = 1. Since Z a.s. crosses the line
{(z,y) € R? : = = 1} immediately after hitting this line when run in the reverse direction,
it follows that a.s. 7, — 7. By uniform convergence, a.s. V(—7,,,) — V(—7). Thus (2.1)
holds.

The time 7 has the law of a stable random variable with index 1/2 and skewness
parameter 1, and (2.1) implies that Jﬁ is in the normal domain of attraction for this law.
By the elementary theory of stable processes, we infer that (2.2) holds (see, e.g., [20] or
the remark just below [14, Theorem 3.7.2]).

By the Markov property of Z and Brownian scaling, we find that V' (—7) has a 1-stable
distribution. Since each of the words X (—J}, —J[ | — 1) contains no [F|'s, we infer that

1 m
—17H _ L _qH _qH
m Lm - m Zd(X( Jk: ) kal 1))
k=1
Since m~'LX — V(—7), we conclude as above that (2.3) holds. O

From Lemma 2.1, we obtain the following statement, which will play a key role in the
remainder of this paper.
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Proposition 2.2. Let g be the joint probability density function of the pair (t,V(—7))
from Lemma 2.1. Then we have

lim sup
M= (L 1) eNXZ

m P ((JE LYY = (k,1)) — g(n];, l) ’ = 0. (2.4)

m

Proof. The words X_;n...X ;n _, for m € IN are iid (where here we set JE = 0).

Furthermore, since each X (—.J —J | — 1) contains no [F|-symbols, we have

m

LE =Y d (X(=J, —JH - 1).
k=1

The local limit result (2.4) now follows from Lemma 2.1 and the local limit theorem for
bivariate stable laws [12, Theorem 1]. O

When we apply the estimate of Proposition 2.2, it will be convenient to have a formula
for the limiting density g.

Lemma 2.3. Let g be as in Proposition 2.2. Then

aj + az(v + a3)2)

g(t,v) = apt % exp (— , Y(t,v) € (0,00) xR (2.5)

for constants ag, a1, as,as > 0 depending only on p. In particular, g is bounded.

Proof. The function ¢ is the joint density of (7,V (7)), where 7 is the first time the
Brownian motion U in (1.8) hits —1 and V is the other Brownian motion in (1.8). Thus
marginal density of 7 is given by

P(t <7 <t+dt)=Cyt 2 exp(—%)

for constants C; > 0 and a; > 0 depending only on p. Recalling that U and V are
positively correlated, we can write V = 1% + a3zU, where a3 > 0 is a constant depending
on p and V is a constant times a standard linear Brownian motion independent from U.
We have V(—7) = V(—7) — a3 so the conditional density of V(7) given 7 is given by

ag(v+a3)2>7

IP(U<V(T)<v+dv|t<7<t+dt):Cgt_l/zexp<— ;

for constants C; > 0 and as > 0 depending only on p. Combining these formulas
yields (2.5). O

We next prove an analogue of Lemma 2.1 for (roughly speaking) times at which
hamburger orders are added when we run forward. For this we need the following basic
fact.

Lemma 2.4. Let (¢;) be a sequence of iid non-negative random variables. Form € N, let
S 1= Z;n:l &;. Let (N,,) be an increasing sequence of positive integer-valued random
variables such that N, /n a.s. converges to a constant ¢ > 0. Forn € N, let S,, :== Sy, .

Suppose there is a random variable X and an « > 0 such that n*a:S'\n — X in law. Then
m~*S,, = ¢ *X in law.

Proof. Fix ¢ > 0 and for m € N, set n,, := |¢ (1 + ¢)m]. Since N,/n — ¢, with
probability tending to 1 as m — oo we have N, > m. If N,, > m then S, > Sp.
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Therefore, for each a > 0,
P(m=*S, >a) < P(m_agnm > a) +P(N,,, <m)
< IP(n;f‘:S'\nm > n,_n“m“a) + om(1)
=P(q "X > (1+€) “a) + on(l).

Similarly, P(m~=%S,, > a) > P(¢"*X > (1 — €)"%a) + o, (1). Since ¢ > 0 is arbitrary, we
find that whenever P(¢~*X =a) =0,
lim IP(mfaSm > a) = IP(qfaX > a),

m—roo

which implies the desired convergence in law. O

Lemma 2.5. For m € N, let I¥ be the mth smallest i € N for which X (1,i) contains no
hamburgers. Also let T be the smallestt > 0 for which U(t) = —1. Then

4 2
—2[713 (1—p) T in law. (2.6)

Furthermore, there is a constant by > 0 such that
IP(EH > n) = (bo + on(1))n~ V2. 2.7)

Proof. For m € NN, let Il be the smallest i € IN for which X(1,4) contains at least m
hamburger orders. For m € N, let E,, be the event that I}/ = I | + 1 and X;,, = [H]

Also let Ny, := > ;.,, 1g,. Observe that E,, occurs if and only if TH — [H for some

k € IN. Therefore I }\L,Im = Iﬂ . Furthermore, the events F,, are independent, and each has
probability (1 — p)/4. By the law of large numbers, we have N,,/m — (1 — p)/4 a.s.

Let 7, := m~2I. We claim that 7, — 7 in law. Suppose we have (using [42, Theorem
2.5] and the Skorokhod theorem) coupled (Z mz) with a correlated Brownian motion Z as

in (1.8) in such a way that Z m’ 7 uniformly on compacts a.s. Observe that

—1- 1N.( (1,I1)) < U™ (7,0) < —1. (2.8)

For 0 > 0, let 75 be the first time ¢ > 0 such that U(¢t) = —1 + §. For each ¢ > 0, we can
find § > 0 such that with probability at least 1 — ¢, we have 7 — 75 < €. By [23, Lemma
3.7], we can find m, = m.(e) € N such that for m > m,, it holds with probability at least
1 — ¢ that mle( (1,IH)) < 4. By (2.8), for m > m., it holds with probability at least
1 — 2e that |7, — 7| < €. Since e is arbitrary, this implies 7,,, — 7 in probability, hence also
in law.

By Lemma 2.4, we have (2.6). We now obtain (2.7) in exactly the same manner as in
Lemma 2.1. g

From Lemma 2.5 we deduce the following, which will be used several times below.
Lemma 2.6. There is a constant b; > 0 such that forn € N,

P(n = JH for some m € N) = (b + 0,(1))n" /2.

Proof. The event that n = J!I for some m € IN is the same as the event that X (—n+1, —1)
contains no hamburger orders or flexible orders and X _,, = @ By translation invariance
this probability is the same as the probability that X (1, z) contains a hamburger for each
i € [1,n]z, i.e. the probability that I > n, with Il as in Lemma 2.5. The statement of
the lemma now follows Lemma 2.5. O
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2.2 Regularity and large deviation estimates

In this section we will prove two (closely related) types of results, which sharpen
the estimates which come from Proposition 2.2: estimates for the probability that
(JH LH) = (k,I) when k and [ are far from m? and m, respectively; and regularity
estimates for the conditional law of X ... X, given {(JX, L) = (k,1)}. The starting
point of our estimates is Proposition 2.2 plus the following tail bound for the pairs
(Tt L)

Lemma 2.7. Form € IN and R > 0, we have

P(J > R) = R7Y?m, (2.9)
P(JH <R <e ™ and (2.10)
P(|LE| > R) = R™'m (2.11)

with a > 0 a universal constant and the implicit constants depending only on p.

Proof. Let (Y;,)men be an iid sequence of positive stable random variables of index 1/2,
with zero centering parameter. Equivalently, each Y,,, has the law of the first time that
a standard linear Brownian motion hits 1. By Lemma 2.1 and since the increments
JH — JH | are iid, we can find a constant A > 0, depending only on p, and a coupling
of two copies (Y;}) and (Y;2) of the sequence (Y,,) with the sequence (J7) such that
ATY < g = JN ) < AY? +1 as. for each m € IN. Then with S}, := >>"" | Y} for
i € {1,2}, we have

R—m R—m
H s < 2 S 262 & =2
IP(Jm _R) _IP(Sm_ )—IP(m Ss, >m )

and
P(JI <R <P(S), <AR™') =P(m™2S), < AR'm™?).

By stability, m~25%, < Y; for i € {1,2}. Hence we obtain

P(J, 2 R) < IP(Y1 2 m2RAm> < min{1,0V (R —m)""?m} < R™'?m

and (recalling the representation of Y; in terms of Brownian motion)
P(JH <R) <P(Y; < AR 'm™2) < ¢ oRm’

for an appropriate constant ¢ > 0 as in the statement of the lemma. This yields (2.9)
and (2.10).

To prove (2.11), we observe that Lemma 2.1 implies that we can find constants
A,B > 0and 3 € (0,1) (depending only on p) such that the law of L{ is stochastically
dominated by the law of AY + B, where Y is a 1-stable random variable with skewness

parameter $ and zero centering parameter. Let (Y,,)men be an iid sequence of such

1-stable random variables. Then we can find a coupling of (L) with (Y,,) such that a.s.

LM <AV, +B VmeN.

m

d

With S, = Z;"Zl 17']-, we have m~19,, < Y. Therefore,

P(LY > R) < IP<§m > Ri&")

We similarly obtain P(LZ < —R) < R~'m. O
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Now we will prove a sharper version of the upper bound implicit in Proposition 2.2
which gives stronger estimates when the pair (k,!) is in some sense unusual or if the
reduced word | X (—j, —1)| is unusually long for some j € [1, J]z.

Lemma 2.8. Suppose m € N and (k,l) € N x Z. Then

P((JH

m?

L) = (k1)) 2m ™3 A (k:*l/?m*?) Al m2) A <e*a0m2/’“m*3>, (2.12)

with ay > 0 a universal constant and the implicit constant depending only on p. Further-
more, there is a universal constant a; > 0 such that for R > 0 we have

aym? a1 R

Lk kl/2

IP((JTI;I’Lﬁ) = (kvl)v sup |X(7ja 71)| > R) = eXp(

je[l,.],,l;{]z

>m3, (2.13)

with the implicit constant depending only on p.

Proof. 1t is clear from Proposition 2.2 and Lemma 2.3 that for any m € IN and any
(k,1) € N x Z, we have
P((Jys L) = (k, 1)) 2m™2, (2.14)

with the implicit constant depending only on p.

To prove the other estimates in the statement of the lemma, we will split the word
X_jm...X_; into two independent segments, apply the estimate of Proposition 2.2 in
one segment, apply the estimate of Lemma 2.7 in the other segment, then multiply the
probabilities for the two segments and sum over the two possibilities corresponding to
which estimate is applied in which segment. To this end, define

m' = m/2), =Tl = T = I

LY=Ll and L% :=d"(X(-JI —J —1). (2.15)

m’> m m/’

Observe that the words X_;u...X_;un 4 and X_;u ...X_;, hence also the pairs

m m

(JHL LH1) and (JH2 LH1.2), are independent. Also note that J = JI1 4 JH.2 and
LH ZLH’l —|—LH’2.
Fori e {1,2}, R > 0, and k € NN, define events

pr) = = Eh mw = {12 5 G = (8 < 1)

Hy, (R, k) :={ sup |X(—j,—1)|z§,J£’1sk}

je[laJ’II;lI’l]Z
Hﬁz(Rak> = { sup |X(_.7 - J’rIr—{’la _‘]’rg’l - 1)| Z 57 ng S k}
. H,2 2
]e[lv‘]’m ]Z
Then we have
{Jm 2 R} C B, (R)UEL(R), {|Ly] = R} C Fy.(R)UF,(R),
{JF <R} CcGL(RNGZ(R)

m m

J€[L,TH]z

m

{ sup | X(—j,—1)| >R, JH < k} C H} (R,k)U H2 (R, k).

By Lemma 2.7, for i € {1,2} we have

P(EL(R)) < R™*m, P(F,(R) <R 'm, P(G:

m

(R)) < e—aomz/R7
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with ag > 0 a universal positive constant. By [42, Lemma 3.13], there is a universal
constant aj > 0 such that

P(H!, (R, k)) < e R/, (2.16)

By (2.14) and independence, for each i € {1,2}, the conditional probability that

(JH LH) = (k,1) given any realization of (J'', LI1:!) is at most a constant (depending
only on p) times m 3. Hence

P((JH L) = ZP ((H,LE) = (k1) | B (k)P (B, (k) < k™ '/?m ™

P((JH, L) = ZIP (T Lin) = (b, D) [ Ep, (D) P (E5, (1)) = (1~ 'm ™

P (T Lya) = (kD) < ((JH Li2) = (k1) | Gy (k)P (G (k) < om0 /Fm =2,

This yields (2.12). For (2.13), we first use (2.16) to get

((JH L) = (k,1), sup [X(=j,~1)] > R)

JE,JH]z
2
< ZP((JTZIJTHR) = (k,0)| H3 (R, k))P(H3 (R, k))
=1
3 ’ 1/2
< S"P((JE L) = (k1) | HE (R, k) e B

i=1
On the other hand, by the fourth inequality in (2.12) applied with either m’ or m — m’ in
place of m and since (J!, LX:%) is independent from H3~*(R, k), we have
P((JH, LH) = (k1) | H3 (R k) < emaom™/ Wy =3,

Combining these estimates yields (2.13) with a; = a A (ag/4). O

From Lemma 2.8, we obtain a regularity estimate when we condition on a particular
realization of (JH, L),
Lemma 2.9. For each C > 1 and each q € (0,1), there exists A > 0 and m, = m, € NN,

both depending only on C and q, such that for m > m, and (k,l) € [C~'m? Cm?]z x
[-Cm, Cm]z, we have

P( sup |X(—j,—1)| < Am|(J5, Ly) = (k1)) >1-q.
Jell,Jf]

Proof. By (2.13) of Lemma 2.8, we can find a > 0, depending only on C, such that for

each A > 0, each m € NN, and each (k,1) € [C~'m?,Cm?|z x [-Cm,Cm|z,

P sup [X(—j,—1)|>Am, (JE LEY = (k1) < e 4m™3
JEM,TH]

with the implicit constant depending only on C. By Proposition 2.2, we can find m, € NN,

depending only on C, such that for m > m, and (k,1) € [C~'m? Cm?]z x [-Cm,Cm]z,

we have

P((Ja Ly) = (k. 1)) =m ™,
with the implicit constant depending only on C'. Combining these observations yields the
statement of the lemma. O
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o complement Lemma 2.8, we also have a lower bound for the probability that
(JH LH) = (k,I) and the word X (—J!, —1) has certain unusual behavior.

Lemma 2.10. Fix C' > 1 and ¢ > 0. For sufficiently large m € IN (how large depends

only on C and €) and (k, 1) € [C~'m?,Cm?], x [-Cm, jem],,

P((Jg,Lg) = (k,1), N©(X(—J,{j, -1)) < em> =m=?

with the implicit constant depending only on ¢ and C'.

Proof. Fix § € (0,¢/8) to be chosen later, depending only on ¢ and C, and let ms :=
|(1 — 8)m]. Let EX!(5) be the event that

mgs? m57_

(JE L) € [k —26m,k — m]y, x [l — 6m,l + dm], N(

and N@(X(—Jﬂa,—l)) < em.

By [42, Theorem 2.5] (c.f. the proof Lemma 2.1) we and find m, € IN, depending only on
C,¢, and § such that for m > m, and (k,1) € [C~'m? Cm?],, x [-Cm, 5em],,
P(EENS)) = 1 (2.17)

with the implicit constant depending only on C, ¢, and §. Here we use that [ < %em SO
that em — fem > 1 — dm + 3em. By Lemma 2.9 (applied with the word X_;r ... X_jn _
m s

in place of X_;u ... X_;) and independence, if 0 is chosen sufficiently small, dependlng
only on C' and ¢, then

1
<(J53,LH) (k,1), sup |X(—j,—-1)| < gem|Em( )) =m3 (2.18)
JeIE +1,0H]z

s TLIm

with the implicit constant depending only on C, ¢, and §. If EX!(§) occur and

SUpje(su 41,54], | X (—j,—1)| < §em, then each of the cheeseburgers in X (—JF, —JH —1)
TYIJ 1 m 2

has a match in X (— Jﬁf{d ,—1). Hence we obtain the statement of the lemma for m > m,

by combining (2.17) and (2.18) and using that X ;= ... X_ JH 1 and X_ JH ...X_; are

independent. The statement for the finite number of values of m < my, with implicit

constant depending on m., is clear. O

Next we have a regularity estimate for X_,,... X_; given only that n = J!! for some
(unspecified) m € IN.

Lemma 2.11. For n € IN, let E,, be the event that n = J,,Iif for some m € IN. For each
€ (0,1), is a constant A > 0 depending only on g such that for eachn € N,

P| sup |X(—j,-1)|<AnY?|E, | >1-q. (2.19)
JE[L,n]z

Proof. By the same argument used to prove (2.13) of Lemma 2.8, but with only the value
of JH (not the value of L) specified, for each m € IN and A > 0 we have

P sup |X(—j,—1)‘ > Anl/Q, Jg =n| < e—aoAnl/z/mm_Q
jE€[l,n]z

with ag > 0 a universal constants and the implicit constant depending only on p. Hence
for each C > 0,
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Llon'/?] n
]P( sup | X(—j,—1)| > An'/2, En> = Z —a0Ant/? fmy 2 Z m=?

J€E[1,n]z m=1 m=[Cnl/2]

PN

cnlt/?
/ ema0An! 2 /ty=2 gy | O—1,—1/2
0

C
_ n—1/2/ e—aoAsS—2 dt + C_ln_1/2.
0

For any given « > 0, we can choose C' sufficiently large and then A sufficiently large
relative to C such that this integral is at most an~'/2. By Lemma 2.6,

P(E,) = n~'/?,

with the implicit constant depending only on p. We conclude by choosing « sufficiently
small relative to ¢ and dividing. O

Finally, we prove an analogue of Lemma 2.10 in the case when we only condition on
the event that n = J! for some unspecified m € IN.

m

Lemma 2.12. Forn € N, let E,, be as in Lemma 2.11. For each ¢ > 0 and eachn € NN,
IP<J\/©(X(—n, -1)) < en'/?, En) =n1/? (2.20)

with the implicit constant depending only on €.

Proof. Fix C > 1. By Lemma 2.10, there exists n. = n.(C,e) € IN such that for n > n,
and (m,1) € [C~'n!/2,Cn!/?], x [-Cn1/?,0],,

P((Jn’j,Lg) = (n,1), /\/'©(X(—Jn’f7 -1)) < 6n1/2> = n 32

with the implicit constant depending only on C' and e. Summing over all such pairs
(k,1) yields (2.20) for n > n,. Since there are only finitely many possible realizations of
X_,...X_4,itis clear that (2.20) holds for n < n, (with the implicit constant depending
on ny). O

3 Local estimates with no orders

In this subsection, we will use the results of Sections 2 to establish sharp estimates
for the probability that the word X (1,n) contains no orders and a specified number of
burgers of each type, and for the conditional law of the word X; ... X,, given that this is
the case. These estimates will eventually lead to a proof of Theorem 1.7.

The basic idea of the estimates of this subsection and the proof of Theorem 1.7 is as
follows. Suppose given h,c,n € IN, and recall that we want to analyze the conditional
law of X; ... X,, given the event £ of Definition 1.6. In Section 3.1 just below, we will
define a time K with the following properties.

n,m
1. The word X (K,{{m + 1,n) contains no flexible orders.
2. Although K ﬁm is not a stopping time for X, the conditional law of Xxn ;... X,

given X; ... Xyn admits a simple description (which is closely related to the times
{JH},cn studied in Section 2).

3. If m = |(1-9)h] for § > 0 small but independent from m, then with high probability

H .
K3, is close to n.
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For technical reasons we will also need to consider analogous times K, 5 m defined with
the roles of hamburgers and cheeseburgers interchanged.

Conditions 1 and 2 combined with the estimates of Section 2 will enable us to estimate
the conditional probability of £ given a realization of X; ... X ru , which will lead to

estimates for the probability of Sﬁvc (see Section 3.2). In Section 3.3 (and Section 3.6), we
will estimate the lengths of the reduced words X (K7, ,,i) fori € [K}F, +1,n]z, which,
in light of condition 3, will show that the restriction of the path Z" of Theorem 1.7 to
[0,1] is in some sense well-approximated by the restriction of Z" to [0,n 1K/ ]| for m
sufficiently close to h. By applying Bayes’ rule to reverse the conditioning, we will obtain
estimates for the conditional law of X; ... X KH given £ (see Section 3.4) which will

lead to a proof of Theorem 1.7 in Section 3.5.

We emphasize that condition 1 is essential for our argument. Indeed, local estimates
of the sort we prove in this paper concern only the number of symbols of particular type
in a certain reduced word. But, if we have two words x; and x5 such that the reduced
word R(z3) include ’s, then the number of symbols of each type in the reduced word
R(z122) depends not just on the number of symbols of each type in R(z;) and R(z2), but
also on the ordering of these symbols. This is why we need to choose a random time
Kfm above instead of just considering the word X ... X|(1_s)n), say.

3.1 Setup

In this subsection, we describe the notation we will use throughout this section and
make some elementary observations about the objects involved. Recall the definition
of the event Sﬁﬁ from Definition 1.6, the time I from (1.9), the exponent p from (1.11),
and the slowly varying function ¢y from Lemma 1.12. We also introduce the following
additional notation to simplify some of our formulas.

Definition 3.1. For a word x, we write
h(z) := N@(R(w)) and ¢(z) == N@(R(a?)),

with N@ N© and R as in Section 1.2.

For n,m € N, let K (resp. K,) be the largest i € [1,n — 1]z for which
N®(X(Li)) = m (resp. N©(X(1,z')) = m) and X,; is a hamburger (resp. cheese-

burger) which is not consumed before time n; or Kﬁm = 0 (resp. Kﬁm = 0) if no such
i exists. On the event {I > n}, Kﬁm can equivalently be described as the first time
i € [1,n]z for which d(j) > m + 1 for each j > i+ 1 (or K/, = 0 of no such i exists). The
time K, ,? m admits a similar description. We write

= N© (X, K2 QF,. = N® (X(1,KS,.)).

See Figure 1 for an illustration.

Forr € N, let JT{{T be the smallest j € IN for which X (n — j,n) contains » hamburgers
and set LY, := d*(X(n— JH ,n)). Thatis, (J}., L) are defined in the same manner
as the pairs (1.10) but with the word read backward from n rather than from —1.

The main idea of the proofs in this section is to condition on a realization of the word
X up to time Kfm for some m € IN; then read the word backward from time n and apply
the results of Section 2 to estimate the pairs (J Lﬁ »)- The next three lemmas are the

n,r?
basic tools needed to accomplish this.
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H
71,77L‘.

1
1
1
P

m—+1

Figure 1: An illustration of the time K ,’ffm, which is —1 plus the last time at which the
discrete path D of (1.6) crosses the vertical line at distance m + 1 from the origin and
subsequently stays to the right of this line. Here d(n), the horizontal coordinate of
D(n), is > m. If D(n) were to the left of the dotted line, then we would have K/, = 0.

The quantity Q,ﬁ{ m 1s the vertical coordinate of D(Kﬁ{m). Note also that I > n in this
illustration, i.e. the path D stays in the first quadrant.

Lemma 3.2. Let D be defined as in (1.6). For (h,c) € N? and m € [1,h — 1]z, the event
&l is the same as the event that

o<kt <1, J¥ L =n—-1-KI . LI  =c-QI

n,m? n,h—m n,m>

and N(X(n — I ) < Q..

Proof. It is clear that K/, > 0 on £*. On the event {K[! > 0}, there is some j € N

for which n — JJT; = KX +1. Since X(n — JJMI;,n) contains no hamburger orders or

flexible orders, it follows that for this choice of 7 we have

N@(X(l,n)) =m+j, d'(X(1,n)= Q. + Ly,

= n—JE n)) -7 .
N(X(l,n))_ov(N(X( Jan)) n,m)

The statement of the lemma follows. O

Next we have a description of the law of the objects discussed above.

Lemma 3.3. The marginal law of the pairs (Jgr, Lf’r),«em is the same as the law of the
pairs (JH, L?),c of Section 2. Furthermore, for each m € N the conditional law of
Xgu, 41...X, given any realization © of Xy ... Xgn for which 0 < KH < [ is the

n,m
same as its conditional law given the event
Ry (z) :={n—1-|z| = JJ, for somer € N}. (3.1)

Proof. The first statement is immediate from translation invariance. To verify this second
statement, we observe that for each k < n, the event {K/!, =k} n{K/[, < I} is the
same as the event that X (1, k) contains no orders and exactly m hamburgers; and that
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Xj+1 is a hamburger which does not have a match in [k + 2,n]z, i.e. k+1 =n— JZ,
for some r € IN. Since X; ... X} is independent from Xj.;...X,, it follows that the
conditional law of X1 ...X,, given {X; ... XKTIL-Im = x} is the same as its conditional

law given that n — |z| — 1 = JH  for some r € IN. O

n,r

Lemmas 3.2 and 3.3 law together yield the following formulae, which we will use
frequently in the remainder of this subsection.
Lemma 3.4. Let (h,c) € N?>, n € N, and m € IN with m < h. Let x be any realization of
Xi...Xgn for which 0 < KH < I, so that ¢(z) (Definition 3.1) is the corresponding

n,m
realization of Q! . Then we have

IP(ET’;’C|X1...XK5M - m)

(0200 El ) = (0 bl = 1o = ). A (X = T2y < c(0))
P(R, () ’

with R, (x) as in (3.1); and

P(5,770|X1...XK5M =z, 1> n)

P (<J£h_m, L) = (0= lal = 1 = c(a)), Ny (X0 = o) < c<x>)

<
]P(Rn(x), N(X(|m| +1,n)) < c(w))

(3.3)
Proof. The first formula is immediate from Lemmas 3.2 and 3.3. The second formula
follows from these same two lemmas after noting that, since X (Kgm + 1,n) always

contains no hamburger orders or flexible orders, on the event {X; ... Xgn =z} we
have I > n (i.e. X(1,n) contains no orders) if and only if /\/'(X(\a:| +1,n) <c(z). O

3.2 Bounds for P(£¢)

In this subsection we will prove estimates for the probability of the event Eff’c of
Definition 1.6. We start with the lower bound, which is easier.

Proposition 3.5 (Lower bound). For each C > 1, n > C?, and (h,c) € [C~'n!/2, Cn'/?]2,
we have
P(EM|I>n) =n! (3.4)

with the implicit constant depending only on C'. In particular, with vy as in Lemma 1.12,
P(EM) = yo(n)n =+ (3.5)
with implicit constant depending only on C.

Proof. Fix C > 1. For h € N and § > 0, let m) = [(1 — 0)h] and 7y := |[6h]. By
Lemma 2.9, we can find A > 0, depending only on p, such that for each 2 € IN and each
(k,1) e [%6%2,62}12]2 X [—6h, 6h]Z,

P sup |X(n—j,n)| < Ard, (Jg,Lf%) = (k)| =67 3n73 (3.6)

je[lnlf;;l]z

with the implicit constant depending only on p.

EJP 22 (2017), paper 45. http://www.imstat.org/ejp/
Page 21/56


http://dx.doi.org/10.1214/17-EJP64
http://www.imstat.org/ejp/

Scaling limits for the FK model II

Henceforth fix § € (0,1/2) such that A6 < (2C)~!, and note that § depends only on C.
By [23, Theorem A.1], for each n > C? and each (h,c) € [C~'n'/2,Cn'/?]2, we have

1
]P((KH 5, QF ) e {n —6%h% n — 52h2]
n,my n,my 2 7

By (3.3), for any realization x of X;...X;rn  for which (K* g QH ) [n — 6%h?,

n,m
h

n— 16%h%], x [c — 6h,c + 8h], and 0 < K¥ . < I, we have

0,1y,

X [c§h,c+5h];|1>n> 1. (3.7)

]P(EJ;>C|X1...XKH L= I>n>
My

P((Jfra LEL) = (= lel = Le— o)), Mgy (X(n - Jfré,n)) < c(a:))
P(R,(2)) ’
where ¢(z) = N@(R(x)) By (3.6), or choice of §, and Lemma 2.6, this quantity

>

(3.8)

is = (n — |2[)"/2673h=3 > n~! with the implicit constant depending only on C. By

combining this with (3.7), we obtain (3.4). The estimate (3.5) follows from (3.4) together

with Lemma 1.12. O
Next we prove an upper bound for P(£°).

Proposition 3.6 (Upper bound). Let vy be the slowly varying function from Lemma 1.12.
For eachn € N and (h,c) € IN?,

P(EM) < o((h A c)?)(h Ac)=27 2
with the implicit constant depending only on p.

To prove our upper bound for the probability of 5,’;“, we first need the following
lemma which is the source of a factor of v ((h A ¢)?)(h A ¢)~2* in Proposition 3.6 (the
other factor of (h A ¢)~2 will come from Lemma 3.4).

Lemma 3.7. Let iy be the slowly varying function from Lemma 1.12 and let I be as
in (1.9). For each m € IN, we have

P(éi%z(jv@()((u)) /\N©(X(1,z'))> > m> =< tho(m*)m =2

with the implicit constant depending only on p.
Proof. For m € I, let T;,, be the smallest ¢ € IN for which ./\/@(X(l, i) /\N©(X(1, i)) >

m/2. Also let k,,, be the largest k € IN for which 2¥~! < m?2. Observe that if

sup (N@(X(l,z)) /\N@(X(l,i))) >m

i€[1,1]z

then 75, < I and sup;¢(r,, 1,11, | X (T + 1,1)| > m/2. Therefore,

<< i)
I

IN

IN
: LI I

sup | X (T + 1,3)| > m/2, I — Ty, € 287127 | + P(I > m?)
€[ T +1, T +2%]7

sup | X (T + 1,0)| > m/2[1 > Ty, + 2571 |P(I > 2F71)
zE[T A1, T, +25]7

> m? (3.9)
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Let x be any realization of X; ... Xp for which 7,,, < I. Then for k € [1, k;,]z,

P sup X (T +1,0)| 2m/2|1 > T, +2"" Xy ... X, =2
€[ T +1,Tm+2%]7z

P(supie[TmH’Qk]Z | X (T +1,9)| >m/2| Xy... X1, = :10)

<
= P(I> Ty +251(X,... Xy, =x)

Since R () contains no orders and at least m /2 burgers of each type, and since 2¥~1 < m?2,
it follows from [42, Theorem 2.5] that P(I > T, + 2"~ | X; ... X1,, = z) is bounded
below by a universal constant. By [42, Lemma 3.13],

P sup [X(Tm+1,0)|>m/2|X1... Xp, = | <age 2 "™
i€[Th+1,2%]7

for universal constants ag,a; > 0. By averaging over all realizations of X; ... X7, for
which 7;,, < I, we obtain

Pl sup  [X(T+1,0) > m/2|T>Tp+251 | <ape®2"m, (3.10)
1€[Th+1,2F]7

By Lemma 1.12,
P(1>2571) < qpg(2F)27Fr,

Therefore, (3.9) is at most a constant (depending only on p) times
]k’VTL
—k/2

S o(2)2 e 2 I g (2 )m 2
k=1

< o 2) —M% %(Qk) 9(km—k)u —ay2(km—k)/2 + 1o 2) —2u

m-)m —C m e m-)m
= %o 2 bo(m?2) o}
=< o(m?)m 2+, O

Proof of Proposition 3.6. Given (h,c) € IN?, let my, = |h/2], 1 = h — mpu, m. = [c/2],
and r, = ¢ — mc. Also define K}/, ~and K, asin Section 3.1. On the event £},

n,Mp

both KY, ~and K, are < n and non-zero. Furthermore, if KS', < K[  then

N©(X(’1,K£mh)) > ‘m,, and the analogous statement holds when K. < KS, .
Hence

P(Ere) =P(Er°, KS,, < KF, <n<I)+P(EP, K], <KS, <n<lI)

n,mp

< 1P<5,’370, KF - <n<lI, N©(X(1, KM )) > mc>
+ 11><5:;’C, KS . <n<lI, N®(X(1, KS.)) > mh)
< ]P(é’f{’“ o< KM <1, N©(X(1,K;{mh)) > mc>
X IP(O <Kl <I, N©(X(1, K. ) > mc)
+ ]P<€,’;’C |0<KS,, <I, N®(X(1,Kﬁmc)) > m,,)

x IP(O <KS,. <I, J\/®(X(1,K§mc)) > mh>.
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By symmetry, it suffices to show that

P(&’;»C l0< KM, <I, N©(X(1,K,5{mh)) > mc) < (hAe)™2 (3.11)
and
IP(O <KI . <I, N©(X(1, K. ) > m> < Yo((hAc)?)(h Ac)™2H, (3.12)

To this end, fix a realization z of X; ... XKfimh for which 0 < K, <1 and c¢(x) > m..
By (3.2), we obtain

P((JH, LH ) =(n—-1-|z|,c—c(z)))

IP(E}“C X1 X - ) < —TmTe Ty 7 3.13

W K, =) S P(7, (@) 019

with J, “and L, are as in Section 3.1 and R, (x) as in (3.1). By Lemma 2.6,
P(R,(x)) < (n—|z|)~'/2 (3.14)

with the implicit constant depending only on p. By Lemma 2.8,

IP((JH LHTh) =(n—1—|z|c— c(x))) < (n— ‘I|)71/2h72

n,rp? n,

with the implicit constant depending only on p. Hence (3.13) yields
1P(5,’;»°‘|X1 X = m) < h2.
n,Mp,

I{h </ and C(.I‘) Z Me,

By averaging over all choices of the realization = for which 0 < K;
we obtain (3.11).

For (3.12), we observe that if 0 < K7, < I and Nig (X(1,K2,)) = m., then

sup]Z (N@(X(l,z)) A/\/@(X(Li))) > me Amy,.

i€[1,1

Hence (3.12) follows from Lemma 3.7. O

3.3 Regularity estimates

In this subsection we will consider some regularity results for the conditional law
of X;...X, given "¢, Our first proposition tells us, roughly speaking, that the pair
(KX, QF ) is unlikely to be too far from (n,c) if m is close to h and we condition on
ghe.,

Proposition 3.8. Forn € NN, (h,c) € N%,§ € (0,1/2), and A > 1, let
UL (A, hyc) i= [n — A%6%h® n — A726%h%], x [c — ASh,c+ ASh],. (3.15)

Also write m{ := | (1 — 0)h|. For each C > 1 and q € (0, 1), there exists A > 1 and 6, > 0
(depending only on C and q) such that the following is true. For each § € (0, ,], there is
ann, =n,(6,C,q) € N such that forn > n, and (h,c) € [C~n'/2, Cnl/Q]QZ, we have

P((K!,.. Q) €US(A )| E1¢) 21— ¢

5
n,m 71,,m,h
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Note that in the statement of Proposition 3.8 (and in several other lemmas in this pa-
per) one should think of the parameter ¢ as small close to 0. The proof of Proposition 3.8
is technical, so is postponed to Section 3.6 so that the reader can see the main ideas of
the proof of Theorem 1.7 sooner.

Our next lemma tells us that if we condition on £ and a sufficiently nice realization
of Xy...Xyu for m slightly smaller than £, then it is unlikely that IX(KH,, + 1,9
is very large for any 7 € [Kﬁm + 1,n]z. This result together with Proposition 3.8 will
eventually allow us to deduce a scaling limit result for the conditional law of Z™ given
Ele from statements about the conditional law of X; ... X KH given Ele for m slightly
smaller than h, since it implies that Z™ does not move very much in the last n=!(n— K, ,’fm)
units of time.

Lemma 3.9. Fix C > 1, A > 0, and q € (0,1). Define U(A,h,c) as in (3.15) and let
m¢ := | (1 — 6)h| as in Proposition 3.8. There is a 6, > 0 and a B > 0, depending only on
C, A, and q, such that the following is true. For eachn € N, each § € (0,4.], each (h,c) €

[C~1nl/2, Cnl/z]zz, and each realization x of Xy ... Xyn _ for which (K . QY ) e
2R »h

US(A, h,c), we have

P sup |X(Kfm;; +1,i)| < Bon'/?|EMe X, . Xpn =z | >1—¢q (3.16)

iG[KH 5+17n]z n,my

My

Proof. Let § > 0, n € N, (h,c) € [C‘lnl/Q,Cnl/z];, and let = be a realization of

XK s41...X, for which (K® . QH )y e US(A, h,c). Alsolet r) := h —mj. By Lem-
n,my My, n,my,

mas 3.2 and 3.3, the conditional law of Xyerr ... Xy, given &N {Xy ... Xgn  =a}is
nom o

the same as the conditional law of X_,u ... X_; giventhat J[I =n—|z|-1, L} =c—c(2),
T h h

and N (X(fJg, 71)> < ¢(x), where here (Jri,Lf;) are as in (1.10). The statement of
h h
the lemma now follows from Lemma 2.9. O

3.4 Continuity estimates

In this subsection we will prove some lemmas to the effect that the conditional
probability of £/¢ given a realization of X; ... X ru, for m slightly smaller than / does
not depend too strongly on the realization. These lemmas together with Bayes’ rule will
allow us to compare the conditional law of Z" given £"° to its conditional law given
{I >n} ={X(1,n) contains no orders} and the approximate (rather than exact) number
of burgers of each type in the reduced word X (1,n). We know the scaling limit of the law
of Z™ under the latter conditioning due to [23, Theorem A.1]. Throughout this subsection
we define the sets U3(A, h, ¢) as in (3.15) and let m¢ := | (1 —§)h] be as in Proposition 3.8.

We first prove a lemma to the effect that the conditional probability of £"¢ given
Xy...Xgr  does not change by too much if we slightly vary h, ¢, the realization of

Kn,mi' and/(’)Lr the realizations of the numbers of burgers of each type in X(1, Kn,m,i ).
Lemma 3.10. For each ¢ € (0,1), C > 1, and A > 0, there exists §, > 0 such that for
each § € (0,0.], the following holds. There exists (. > 0 such that for each ¢ € (0,(.],
there exists n. = n.(0,(,q,C) € IN such that the following is true. Suppose n > n, and
(h,c), (W, ) € [C~'n'/2,Cn'/?)% with |(h,c) — (B',c')| < ¢(n'/?. Suppose also that x and
x' are realizations of X . .. XK:I,,,s and X; ... Xgn 5 respectively, such that

ymy n,my,

(|z],c(z)) € U (24, h,¢), (|2'],c(z")) € US(2A, 1, (),
l|z] — |2']| < ¢n, and  e(z) — e(2))| < ¢nt/2. (3.17)
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Then we have

IP(E,’Z7C|X1...XKH :x7I>n)
My

1

l—¢< (3.18)

*h

’ ot -1 - :
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Proof. Fix a > 0 to be chosen later, depending only on q. Let rfL = h — m‘fL. Suppose
given a realization z of X; ... Xzn  such that (KX, QY ) e U (2A,h,c) and 0 <
STy, )

5
n,m¢ h

KH . < I.By(3.3),
h

n,m

n,mp,

]P(sgﬂXl...XKH =z, 1> n)
P((Jgr?,Lng) =(n—lz| — 1,¢— ¢(2)), N(X(n - J:{T;g )) < c(x))
P (o), Ny (X0 = 72 < (o)

By Lemmas 2.9 and 2.11, we can find §, > 0, depending only on «, A, and C, such
that for each § € (0,6,] there exists n) = n2(5,C, A,«a) € N such that for n > n? and
(h,c) € [C~n1/2,Cn'/?]2, we have

]P(/\/(X(n— Jfri,n)> < (@) [(JE 5, LE ) = (n—[a] — 1,c c(x))) >1-a and

]P(/\/' (X(n - Jfri,n)) < o(z)| Rn(x)> >1-a.

By Lemma 2.6, there is a constant ag > 0, depending only on p, such that for each
§ € (0,6,] there exists nl =nl(6,C, A,a) € N such that for n > n! and each realization

as above,
by

bi(1—a)(n —[z) ™2 < P(Rn(2)) < 7——(n —[2])7"/?
where here b; > 0 is a constant depending only on p. Hence if § € (0,4.], n > nl, and
(h,c) € [C~'n'/2,Cn'/?)2 then

P(&he| X1 Xyu, =, 1>n) -

n,mp,

(n— Je) 2R (I, L) = (n = Jal e~ ()~ (=)

n,Ty

bit(1—a)® < (3.19)

By Proposition 2.2 (in particular, by continuity of the function g of that proposition), we
can find ¢ > 0, depending only on §, C, and ¢, and n? = n2(4,C,a) > nl such that for
any n > n2, any two pairs (h, ), (I, ) € [C~'n!/2,Cn/?)2 with |(h,c) — (I, )| < (nl'/?,
and any realizations x of X; ... XK:Imé and 2’ of X; ... XKfms for which (3.17) holds,

My R
we have

]P((Jﬁr;thH,r;;) =m—-lz|-1,¢c— c(:c))) 1
g3 g3 <

1—-a< < .
P, L )= (o] = 1,¢ —c(a))) ~ 1=@
Rt " pt

By combining this with (3.19) and choosing « sufficiently small, depending only on ¢, we
obtain the statement of the lemma. O

For n,m,k,l € N and ¢ > 0, define

Pit )= {0 < KH, < 1 [KM, — k| < Cn, 1QI,, 1 < ¢n'/2}. (3.20)
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If { is close to 0 (but independent of the other parameters), m is slightly smaller than A,
k is slightly smaller than n, and [ ~ ¢, then PF'l, is an approximate version of £/ which

depends only on X; ... Xgu . The following lemma allows us to compare the conditional

law of X, ... X;n given £ and its conditional law given PF'L, (¢).

Lemma 3.11. For each q € (0,1), C > 1, and A > 0, there exists 0, > 0 such that
for each § € (0,0,], there exists ¢, > 0 such that for each { € (0,(.], there exists
n. = n(0,(,q,C) € NN such that the following is true. Suppose n > n., (h,c) €
[C~n1/2 Cn!/?)2, and (k,1) € US(A,h,c). The conditional law of X, ... Xyen . given

m$
PS’;E (¢)N&Me is mutually absolutely continuous with respect to its conditional law given
2R

only PS’ing (¢)N{I > n}, with Radon-Nikodym derivative bounded above by (1 —q)~! and
"R
below by 1 — q.

Proof. Let §, be chosen so that the conclusion of Lemma 3.10 holds. Given § € (0, d.],
let (. > 0 be chosen as in Lemma 3.10. By possibly shrinking {, we can arrange that
for ¢ < (., we have (K',1') € US(A, h,c) whenever (k,1) € US(A, h,c), |k —k'| < (n, and
|l —1'| < ¢n'/2. For ¢ € (0,¢,], let n, = n.(3,¢,q,C) be as in Lemma 3.10.

Let n > nx, (h,c) € [C1nY/2, Cnl/Q]Z, and let = be a realization of X, ... Xx

s for

"h

which P:’fna (¢) occurs. By applying (3.18) with (h,c) = (R/, ) and averaging over all
"R
choices of realization ' for which PS’;(; (¢) occurs, we obtain
R
IP<537C|X1...XKnm6 :x7I>n) )

1-g< * < : (3.21)
P(&°|PEL L (), 1> n) 1—g
My,

By Bayes’ rule (applied to the conditional probability measure P ( | 73:; ’iné ), I> n) and
My,
the events {X; ... XK”vm/i =z} C ”Pslmi (¢) and &M c {I > n}), we have

JP(X1 Xk, =] PR (0N 5};’6)

h

1P(5,’;vc Xio Xk o= > n)IP(X1 Xk = PR, T > n)

IP(SQ’C [P (O 1> n)

n,m

By combining this with (3.21) we conclude. O

3.5 Proof of Theorem 1.7

In this subsection we will prove Theorem 1.7. In what follows, let Z = (ﬁ, ‘A/) be
a correlated two-dimensional Brownian motion as in (1.8) conditioned to stay in the
first quadrant for one unit of time. For u > 0, let 7, be the last time ¢ € [0, 1] such
that U(t) > u for each s € [t,1]; or 7, = 0 if no such ¢ exists. The pair (7, V(7)) is
the continuum analogue of the pairs (K,f{m, QnH7 ) of Section 3.1, which leads to the
following lemma.

Lemma 3.12. Define the times K}?, and the quantities Q},, as in Section 3.1. For
each ¢ > 0 and C > 1, there exists n,. = n.(e,C) € N such that for each n > n,
and each m € [C~'n'/2,Cn'/?]z, the Prokhorov distance between the conditional law
of (Z",n 'K}, .n~1/2QH ) given {I > n} and the law of (Z, 7, /p1/2, V(T m1/2)) is at
most e.

Lemma 3.12 will be used in the proof of Theorem 1.7 as well as in the proof of

Proposition 3.8 in Section 3.6 below. The proof of the lemma does not use any of the other
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results in this paper, however, so there is no circularity. We emphasize that the bound on
the Prokhorov distance in Lemma 3.12 is uniform over all m € [C~'n'/2,Cn'/2|y. This
will be important in the proof of Theorem 1.7 (since the theorem asserts a uniform bound
on the Prokhorov distance between the conditional law of Z" given £7¢ and the law of
the limiting Brownian motion) as well as in the argument of Section 3.6.

Proof of Lemma 3.12. By [23, Theorem A.1] and the Skorokhod theorem, we can find a
coupling of a sequence of words ()? ™) distributed according to the conditional law of
the word X given {I > n}; and the path Z such that in this coupling A - A uniformly
a.s. on [0, 1], where Z" = (U™, V™) is the path constructed from the word X" as in (1.7).
For u > 0, let 7, be the last time ¢ € [0, 1] for which U™(s) > u for each s € (¢,1]; and
otherwise let 7-17 = 0. If we construct the pair (n= 'K/ n='/2QH ) as in Section 3.1
from the word X", then for m € [C~'n!/2,Cn'/?); it holds with probability at least
1 —o0,(1) that

( 71K7€{m7 71/2@7111,771) = (7/:::1/711/2 + On(l)v ‘771(7/::1/”1/2) + On(l))v

where the 0,,(1) is uniform in m (it comes from rounding error). Hence it suffices to show
that in our coupling, (7, V"(7?)) — (., V(7)) in probability, uniformly for u € [C~!,C].
Fixe > 0and C > 1. We observe the following.

1. By equicontinuity, we can find J; € (0, ¢] such that with probability at least 1 — e,
we have |Z(t) — Z(s)| < eand |Z"(t) — Z"(s)| < e whenever n € IN and s,t € [0, 1]
with |s — t| < 6.

2. The conditional law of U(- 4+ 7,) — u given 7, on the event {7, > 0} is that of a
one-dimensional Brownian motion conditioned to stay positive until time 1. Hence
we can find d5 € (0,01/2], independent from w, such that with probability at least
(1 - €)P(7, > 0), we have 7, > 0 and U(t) > u + &, for each t € [7, + 61, 1].

3. We can find d3 > 0, independent from u € [C~',C], such that for u € [C™',C] it
holds with probability at least (1 — ¢)PP(7,, > 0) that 7, > 0 and inf,c[z, 5, 7,1 U(t) <
u — (53.

4. By uniform convergence, we can find N; € IN such that with probability at least
1 — e it holds for n > N; that |Z(t) — Z™(¢)| < (62 A d3)/2 for each t € [0,1].

Let E, be the event that 7, > 0 and the above four conditions hold, so that for u € [C~, (]
we have P(E,) > (1 —2¢)P(7, > 0) — 2e.

By conditions 2, 3, and 4, if E, occurs adn 7, > 0 then for n > N; there exists
ty € [T — 61,7u] With Z"(t,) < u — 65/2 and Z"(t) > u + 6,/2 for each t € [7, + 6y, 1].
Therefore 7' € [T, — 01,7, + 61]. By conditions 1 and 4, on E, N {7, > 0} we have
[V (71) — V(7,)| < 2¢. Hence for n > Ny,

P(I(F2 V") = (o VMG < 36, 7 > 0) = (1= 20P(7, > 0) = 2. (3.22)
We have
{7u =0} = { sup U(t) < u}
t€0,1]

Since ]P(supte[oyl] ﬁ(t) €u—Cu+ C]) — 0 as ¢ — 0, uniformly over u € [C~!,C], we
can find a deterministic N, € IN such that for n > N, and u € [C~1, (],

P({7 =0,7, >0} U{7} >0,7, =0}) <e
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It now follows from (3.22) that forn > N; V No and u € [C~1,C],
P(I V(7)) = (R V" (R)| < 3¢) 21— 5e.
Since ¢ is arbitrary, we conclude. O

In the remainder of this subsection, for (u,v) € (0,00)? and t € [0,1], let P}"” be
the regular conditional law of Z given {Z(t) = (u,v)}, as described in Section 1.5.1.
Let Z“v = (U“",V*") be a path distributed according to the law P}"’. We record the

u,v

following basic continuity property of the laws P;"".

Lemma 3.13. Fix C > 1. 2For each € > 0, there exists 6 > 0 such that the following is
true. Let (u,v) € [C~',C]” and (t,v') € [1 — 6%,1] x [v — 6, v + 4]. Also set us := (1 — §)u.
The Prokhorov distance between any two of the following three laws is at most e.

1. The regular conditional law of 2'[0,1&] given {(Tu,, ‘7(?”6)) = (t,v")}.
2. The regular conditional law of 2“’“\[0,75] given {(ﬁd,f/“*”(?ﬂé)) = (t,v")}.
3. The law of 2“’”|[0,t].

Proof. Since 7, is the last ¢ € [0, 1] for which U crosses u, we infer from the Markov
property of 7 that for each s € (0,1), the regular conditional law of A |10,5] given A lj0,s) @and
{(Tus» IA/(?W )) = (t,v')} is that of a correlated Brownian bridge from Z(s) to (us,v') in time
t — s conditioned to stay in the first quadrant. By Lemma 1.11, the regular conditional
law of 2|[0,t] given {(7u;, ‘7(?”5)) = (t,v")} is IP;”’”/. By a similar argument, the regular
conditional law of 2“7”“0’?%] given {(7,, V¥ (%.,)) = (t,v')} is also given by IP;“"”/. From
the description of the law P;"" in Section 1.5.1, we see that this law depends continuously
on its parameters. It follows that when § is small and (¢,v') € [1 — §%,1] x [v — §,v + 4],
the Prokhorov distance between the law of Z" /

(0, and the law P;*"" is at moste. O

Proof of Theorem 1.7. Fix ¢ > 0 and C' > 1. By Proposition 3.8 and Lemma 3.9, we can
find A >1, B >0, and 52 > 0 (depending only on ¢ and C) such that the following is
true. For each § € (0,8?], there exists n? = n2(d,¢,C) € IN such that for n > n? and

(h,c) € [C™inl/2, Cnl/Q]QZ, we have

P (K:{mg,inmi) € US(A, h,c), sup | X (K s + 1,7)] < Bon'/2 |l | > 11—,

n,m
i€[KH 41,z
h

n,m

(3.23)
with U2 (A, h, c) as in Proposition 3.8. Choose 6} € (0,4?] in such a way that Bj! < e.

By Lemma 3.11, there exists 62 = 62(¢,C) € (0,8?] such that for each § € (0,6?],
there exists ¢, > 0 such that for each ¢ € (0,(.], there exists n! = nl(4,(,e,C) € N
such that the following is true. Suppose n > nl, (h,c) € [C~'n'/2,Cn'/?]2, and (k,1) €
US(A, h,c). Then the Prokhorov distance between the conditional law of X ... X u s

n,mg
given PS’;J (¢) N &M< and its conditional law given only Pﬁ’fné (O)N{I > n}isat moste,
R 2R
where here P! (¢) is as in (3.20) with m = mj, = [(1 — 6)h].
sy,

U,v

Define the times 7, the laws P,”", and the paths 7 and Z*" as in the discussion just
above Lemma 3.13. For ¢ > 0, ¢t € (0,1), and uw,v > 0, let

PL(Q) = {Ima =1 < ¢ V() — vl < ¢ (3.24)
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For & > 0, let us := (1 —6)u. By averaging the estimate of Lemma 3.13 over pairs (,7') in
a small neighborhood of a given pair (¢,v’), we can find § = 6(¢, C) € (0,62] such that the
following is true. For each (u,v) € [C™!,C] ? each (t,v') € [1—A262,1] x [v—2A8, v+2A6],
and each ¢ € (0, d], the Prokhorov distance between the conditional law of Z|[0,1_A252]
given 7?,3’6”/ (¢) and the law of 2“*”|[0,1_A252] is at most e. By possibly decreasing § and
using continuity of the law P}"" in v and v, we can arrange that for each (u,v) € [C’l, C] 2,
we have

P sup \2“”(5) —(u,v)| <e| >1-e (3.25)
s€[1-A252,1]

By Lemma 3.12, for each ¢ € (0,(. A 6] we can find n?2 = n2((,d,¢,C) > nl such
that for each n > n2, each (h,c) € [C~'n!/2,Cn'/?]_, and each (k,l) € U](A, h,c) the
Prokhorov distance between the conditional law of Z"|(y ;) given P:’lmg Q) Nn{I > n}

»"Th

=3 n,l/n'/? . .
and the conditional law of Z|| ; given Pf1/_él)éL/n1/2(<) is at most €. By our choices of

parameters above, we also have that the Prokhorov distance between the conditional
law of Z"|jp,1— 4252 given 775’5”5 (¢) N &M< and the law of Zh/n'/*e/n/”
most 3e. o

Since this holds for each choice of (k,l) € US(A, h,c) and by our choice of A4, it follows
that the Prokohorov distance between the conditional law of Z"|(y 1 _ 4252 given EMhe and
the conditional law of 2”/”1/2’0/”1/2 ‘[0775_14252] is at most 4¢. By (3.23), our choice of (H,
and (3.25), it follows that the Prokhorov distance between the conditional law of Z"|[O’1]

1/27C/n1/2|

|[O,1—A262} is at

given Eﬁ*“ and the conditional law of Z"/m [0,1] is at most 8e. Since ¢ is arbitrary
we conclude. O

The reader should note that the proof of Theorem 1.7 fails in the case when either
u = 0orv =0 (i.e., when we conditions on the reduced word X (1,n) to contain no orders
and h = o,(n'/?) hamburgers and/or h = o, (n'/?) cheeseburgers). Indeed, if the reduced
word X (1,n) contains o, (n'/?) hamburgers or o, (n'/?) cheeseburgers, then either K/ |
or Kﬁ m (or both) will be zero when n is close to m. Furthermore, the conditional law
of Xgn 41...X, does not admit as simple a description as in our setting since this
word must contain an unusually small number of hamburgers and/or cheeseburgers,
so we cannot apply the estimates of Section 2. We prove an analogue of Theorem 1.7
for u = v = 0 in the subsequent work [25] using a more sophisticated argument which
builds on the estimates of the present paper.

3.6 Proof of Proposition 3.8

In this subsection, we will prove Proposition 3.8, which is the key input in the proofs
of Lemmas 3.9 and 3.10. Throughout this subsection we continue to use the notation of
Section 3.1.

The proof of Proposition 3.8 is by brute force. We start in Section 3.6.1 by proving
estimates for a correlated two-dimensional Brownian motion Z = (0 , ‘7) as in (1.8)
started from O and conditioned to stay in the first quadrant. In particular, we will
consider the times 7, for v > 0 which are the continuum analogues of the times K ,’Zm

of Section 3.1 and prove bounds for the probability that (7, IA/(?U)) belongs to a given
subset of [0,1] x [0,00) (see in particular Lemma 3.17). In Section 3.6.2, we will use
the scaling limit result Lemma 3.12 to transfer these estimates for 7 to estimates
for the word X conditioned on the event {I > n}. We will then use these estimates
together with a decomposition of [0,n]z x [0,00)z into exponential scales to prove
Proposition 3.8.
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3.6.1 Brownian motion estimates

In this section we will prove some estimates for Brownian motion which are related to
the scaling limits of the quantities considered in Section 3.1. We start with some basic
calculations for an unconditioned Brownian motion.

Lemma 3.14. Let B be a standard linear Brownian motion. For u € R, let 7, be the first
time t € [0, 1] such that Bs; > u for each s € (t,1]; or 7, = 0 if no such time exists. The
density of 7, restricted to the event {7, > 0} is given by

€7u2/2t

m/t(1 —t)

Proof. Let o, be the first time B hits u and for s > 0 set ES = Bsto, — Bs,. Then B
is a standard linear Brownian motion independent from o,. On the event {o, < 1},
let 7, := sup{s € [0,1 —o0,] : B, = 0}. Then 7, is equal to 7, — o, on the event
{B, >0, Vs € (74,1 —0,]} N {o, < 1}, which by symmetry has conditional probability 1/2
given Z|j 7,+o,] On the event {o, < 1}. The conditional law of 7,, given o, on the event
{ow < 1} is given by the arcsine distribution,

Pt<m, <t+dt)= dt, vte(0,1).

~ 2 t
P(7, <tloy,) =— arcsin( 1 )
7r

— Oy

The law of o, is given by

|ul 3/2p—u% /25 g

Yous
Hence for ¢ € (0,1),
1 ~
PO< 7, <t)= §IE(IP(O <Ty <t—oy|ou)ls,<t)

|ul ! . t=8Y) _3/20 _u2)2
= arcsin — |s e " /% ds.
NN 1—s

By differentiating (using the Liebniz rule), we get that the density of 7, is given by

Ju t ¢=3/2p—u’/2s e—u’/2t

N AN D N D)

Lemma 3.15. Let Z = (U,V) be a correlated two-dimensional Brownian motion as
in (1.8). ForT > 0 and u € R, let 7,(T) be the first time t € [0,T] such that U(s) > u
for each s € (¢,T); or 7,(T) = 0 if no such time exists. The joint density of 7,(T") and
V(7. (T')) on the event {7, (T) > 0} is given by

O

Pt <7(T) <t+dt, v <V(r(T)) <v+dv)

2 2
ao asu? + az(v — aju) >
= ————exp| — dt dv
VT — ¢ p< t

for (t,v) € (0,1) x R, where ag, a1, as,a3 > 0 are constants depending only on p.

(3.26)

Proof. First consider the case where T' = 1. The density of 7,(7) with respect to
Lebesgue measure on the event {7,(7") > 0} is computed in Lemma 3.14. The Brownian
motion V can be written as the sum of a constant a; (depending only on p) times U;
and a Brownian motion V which is independent from U. On the event {r,(T) > 0}, we

therefore have V(7,(T)) = V(7,(T')) + a1u. Hence the conditional law of V (7, (7)) given
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Tu(T') on the event {7, (7T") > 0} is that of a Gaussian random variable with mean a;u and
variance a constant depending only on p times 7,,(T). This yields the formula (3.26) in
the case T' = 1. For general T' > 0, we have by Brownian scaling that

(), V(Tu(T)) £ (T2 (1), T2V (77212, (1)) )
This yields the formula (3.26) in general. O

We want to use Lemma 3.15 and the Markov property of Brownian motion to prove
an estimate for a Brownian motion conditioned to stay in the first quadrant. For this
purpose we will first need the following lemma.

Lemma 3.16. Suppose we are in the setting of Lemma 3.15. For u,v,€1,e2 > 0 and
T >0, let
E2(T) = {(TU(T),V(TU(T))) er- e%,T] X [v—e€3,v0+ 62]}.

Forb >0 and ¢ € (0,1), also let

HS(T) ;{ inf U(t)>—Cor inf V(t)> g}.

te(0,7y] t€[0,7y]

Then for T > 0, (u,v) € [2b,00) x (0,00) and e, €2,¢ € (0,1),
P(Ei{ﬁ N H,f(T)) < ereaC (3.27)
with the implicit constant depending only on b.

Proof. 1t follows from Lemma 3.15 that for " > 0, (u,v) € [b,00) x (0,00) and €1, €3,( €
(0,1),

P(E (1)) = erer (3.28)
with the implicit constant depending only on b. We will deduce (3.27) from this estimate
using the strong Markov property. Let o, be the minimum of 7" and the smallest ¢ > 0 for

which U(t) = b. For u > b we have o, < 7, on the event {r, > 0}, so if 7, > 0 and HS(T)
occurs then the event

HS(T) :={ inf £ > — inf V(t)>—
<) {tel[gyab}U() Cor int V(1) c}

occurs. The probability of this event is at most a b-dependent constant times (. By the
strong Markov property, if T, u, v, €1, €5, ( are as in (3.27) then

P (B> (T)] Z|[0,ab])]lffg(T) = P(Ezzg(ab),v7V(ab)(T - Ub))]lﬁg(T) = 6162]1?15@)»

where here we have used that u > 2bso u—U(0}) > b. We co~1101ude by taking expectations
of both sides and recalling (3.28) and our estimate for ]P(H,f(T)) O

Now we can prove our desired estimate for Brownian motion conditioned to stay in
the first quadrant.

Lemma 3.17. Let 7 — ((7, ‘7) have the law of a correlated Brownian motion as in (1.8)
conditioned to stay in the first quadrant until time 1. For v > 0, let 7, be the first time
t € [0,1] such that U(s) > u for each s € (t,1]; or 7, = 0 if no such time exists.

Fix C > 1. For each (u,v) € [C™1,00) x (0,00) and each €1, €3 € (0,1),

]P((?u, VE)) el — 1] x [o—ea,v + eg]) < €16 (3.29)

with the implicit constant depending only on C'.
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Furthermore, forb € (0,C~1) and ¢ € (0,(2C)71), let F,, ,(¢) be the event that there
isat € [0,7,] such that U(t) < ¢ and V(t) > b. For each (u,v) € [C~1,00) x (0,00) and
€1,€2 € (0,1), we have

IP((?U, VE)) €l — 1] x o — €2,0 + €3], Fuyb(()) < e1e20¢(1) (3.30)

where here the o¢(1) depends only on (, b, and C..

Proof. For (u,v) € [C~!,00) x (0,00) and €1, €2 € (0, 1), let
B = {G.VE) el -1 x v -eav+al

be the event appearing in the lemma. The idea of the proof is to condition on 7 run up
to an appropriate time and use the Markov property and Lemma 3.16 to estimate the
conditional probability of E;lf?

Let Z = (U, V) be an unconditioned Brownian motion started from 0 with variances
and covariances as in (1.8) and let P denote its law. Define the events Eg2(T) and

HS(T) as in Lemma 3.16 and for T > 0 and z = (21, 22) € (0,00)2, let
GA(T):={U(t) > —z1, V(t) > —z2, Vt € [0,T]}.

Let o be a stopping time for 7 with o <la.s. (we will use a different choice of ¢ for (3.29)
and for (3.30)). By the Markov property of 7 (see [23 Lemma 3.1] or [43, Section 3]),
the conditional law of (Z (-+0)— Z (@))][0,1—0] given Z |j0,0] is the same as the conditional

law of Z|(o,1—o) given GZ(")(l — o). Furthermore, on the event {U(c) < u},

{70t (1=0) >0} NG (1 0) C HU("U)(M)/(U)(l —0)

with the latter events defined in terms of the process (Z(- + o) — 2(0))\[071_0]. Therefore,
on {U(c) < u},

P(Eglﬁ, 70> o 2\[07,,]) =Pp° (Eilig((;),m(a)(l —0)|GZ 1 - 0))
< P (Ej_vg(o)m_%)a —o)n HE—(CILJ)(?X(G)“ - U)) (3.31)
N PO (G2<a>(1 - 0)) '
If U(o) V V(o) > a for some a > 0, then
PO (G2<”>(1 - a)) = 1A (U(0) A V(o)) (3.32)

with the implicit constant depending only on a. If this is the case and also u — U (o) > a,
then Lemma 3.16 and (3.31) yields

P(Eﬁfz, Tu >0 2\[0,01) = €16 (3.33)

R To prove (3.29), suppose u > C~! and let ¢ be the smallgst t € [0,1] for which
U(t) > 3C~* (or o = 1 if no such ¢ exists). Then {7, > o} C E{% and on this event
(u—U(o)) AU(0) > 30~ s0 (3.33) yields (3.29).

_ Next we consider (3.30). If we let o be the smallest ¢ € [0, 1] for which ﬁ(t) < ¢ and
V(t) > b (or o =1 if no such u exists) then with F,, ;,(¢) as in (3.30),

F.u(¢) c{o <1}
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Since Z a.s. does not hit the boundary of the first quadrant after time 0, it follows that
P(o < 1) = 0¢(1), at a rate depending only on b. By choosing this ¢ in (3.33), we obtain
that the left side of (3.30) is at most

IE(]P (E;{,f?, 7> 0| 2\[0,[,])11[,@) =< ere20¢(1). O

3.6.2 Proof of the proposition

In this subsection, we will establish Proposition 3.8. We continue to use the notation
introduced in Section 3.1 plus the notation in the statement of Proposition 3.8 (recall
in particular the notation m? := |(1 — 6)h|). We also introduce the following additional
notation. For § € (0,1/2) and C > 1, let ks = ks(C) be the smallest k¥ € IN for which
2k§ > 2C. Forn € N, (k1, k2) € (—00,ks)z x [1,ks)z, and (h,c) € IN?, let UF*2(6, h, c) be
the set of those pairs (r,1) € IN? such that

n—re |20 2% and [l c| € 2576k, 2"6h] ,.
Also let U*1%5 (8, h, c) be the set of those pairs (r,1) € IN? such that
n—re [22(1“71)52}12, 22k152h2} and |l —¢|€ [2k55h, oo)Z;
z
and let U*1:9(8, h, c) be the set of those pairs (r,1) € N? such that
n—re [22%1*1)5%2,2%15%2] and |l — | € [0,8h].
z

Note that if (h,c) € [C~'n%,Cn?]z (which is the setting of Proposition 3.8), then the
union of the sets U*1*2(§, h, ) over all (ky,ks) € (—00,kks]z x [0,lks]z covers all of [0,n —
1]z % [0,00)z, which is the possible range for the pair (K, ., |Qnms — 1)

The idea of the proof of Proposition 3.8 is to show that for a large enough choice of
A, the conditional probability given £/ that the pair (K gmi ) in md ) in the proposition
statement belongs to one of the sets U/*1*¥2(§, h, ¢) which is not contained in the “good”
region U’ (A, h, c) in the proposition statement is small. For this purpose, we will need to
show that if U*1F2(8, h, ¢) ¢ US(A, h,c) then

« If we condition on {/ > n}, then it is unlikely that (K ; QY ) e U} *(6,h,c).
" R
« If we condition on {I > n} N {(K¥ ; QF ;) e Ul *(,h,c)}, then it is unlikely
;m? n,

s
h
that £ occurs.

We start with the following basic estimate for the probability that the pair (K fmé , Qf m? )
2 h "R

belongs to one of the above defined sets, which will be deduced from the estimates of
the previous subsection together with Lemma 3.12.

Lemma 3.18. Fix C > 1. For§ € (0,1/2), n € IN, (h,c) € [c—1n1/2,cn1/2]22, and
(k1, ke) € (—o0,ks] % [0,ks]z, we have

P((Kﬁmi,inm?) Uk k(5 hc) | T > n) < okithag2 o (1) (3.34)

with the implicit constant depending only on C' and the rate of the o,,(1) depending only
on § and C. Furthermore, for ( >0 and b € (0,C1), let Ffb(g) be the event that there

isani € [1,KY ]z such thatN©(X(17i)) > bnl/? and/\/'®(X(1,i)) < (n'/2. Then we
h

n,m
have
P (K150 Qi ug) €U (8, h,0), 5 ()] 1> n) < 287826%0(1) +0,(1),  (3.35)

8
n,msg

h
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with the o.(1) depending only on ¢, b, and C and the rate of the o0,,(1) depending only on
¢, b,9,andC.

We emphasize that the o,(1) error in (3.34) tends to 0 as n — oo for fixed values of
0 and C. In particular, for each fixed ¢ € (0,1) and § € (0,1/2) we can choose n large
enough that this error is smaller than €52, uniformly over all possible values of (ki, k2).
Similarly for the error in (3.35).

Proof of Lemma 3.18. First we prove (3.34). Fix e € (0,1/100). Define Z = (U,V) and 7,
for v > 0 as in Lemma 3.17. For § > 0, let k§ be the smallest k& € Z for which 22#§2 > 100e.

By Lemma 3.17, for (k1,k2) € [K§, ks|z x [k§ V 1,ks]z and (h,c) € [C‘ln1/2,0n1/2};, the

~

probability that (7,5 /,1/2, V(7,8 /n1/2)) belongs to
[1—2%106% — e 1] x [n7Y2c—2P2C8 — e,n ™V 2c 4+ 2%2C6 + €] (3.36)

is at most a constant (depending only on C) times 2¥1+*2§2, Furthermore, if (?mf /n1/2

IA/(?mg /n1/2)) does not belong to any of the sets (3.36) then either 1 — 7,5 1/ < 200C¢

or |V(7/:mi/nl/2) - Tl_l/2

¢| <200Ce. The same argument used to prove Lemma 3.17 (but
with only bounds for either 7, or XA/(?U) not both, specified) shows that the probability
that this is the case is at most a constant (depending only on C) times €l/2,

By Lemma 3.12, we can find n. = n.(¢, a,d,C) € N such that for each n > n, and
each m € [C~'n'/?,Cn'/?|y, the Prokhorov distance between the conditional law of
(Zzm n7rKH, n7Y2QH ) given {I > n} and the law of (Z,7,,, /,1/2, V (7, /1/2)) is at most
€. The above estimates then imply that for n > n, and h, ¢, k1, k2 as in the statement of
the lemma,

(K0 QI 0) €UB(0,h,0)| T>n) 205262 4 O (e1/2),
with implicit constants depending only on C. This proves (3.34). We similarly ob-
tain (3.35) using (3.30) of Lemma 3.17. O

Our next estimate is an upper bound for the conditional probability of £¢ given
{I>n}n{(K” ;,Q ;)euf*(6 h,c)}, but with the additional regularity condition
»h 2R

that Qf e 18 not unusually small. This regularity condition will be shown to hold with
»h

high conditional probability given £ in Lemma 3.20 below.

Lemma 3.19. Fix C > 1. For (h,c) € N?, ky,ks € IN, and 6 > 0, define ks and
Uk1k2(5 h,c) as in the discussion just above Lemma 3.18. Fix C > 1 and { > 0. For
§ € (0,1), let m§ := | (1 — &)h| be as in Lemma 3.8. There exists . € (0,1) (depending
only on C' and () such that for each ¢ € (0, 0.], there exists n. = n.(d,C,({) € IN such that
the following is true.

Suppose n > n., (h,c) € [C™'n!/2,Cn'/?]_, and (k1,k2) € (—o0, ks]z X [0,ks]z. Letx
be a realization of X; ... Xyn _ for which (Kgm;; , Qf,mf) € Urvk2(§,h, c) and Qf’m? >

nmd
¢n'/2. There is a constant ay > 0, depending only on C and (, such that
2—3k1 _ 2—2k1+2k-2 5—2 -1 ke >0
P(€Z’C|X1...XKH :m’1>n>< . exp( aok )k : ) 12
n,mg 2" exp(—a02_2 1 gg2 Rt 2)5_271_1, k1 <0,
(3.37)

with the implicit constant depending only on C and (.
Proof. We will prove the lemma using Lemma 3.4 and the estimates of Section 2.

Let (h,c) € [C‘lnl/Q,Cnl/Q]QZ and let r) := h — mg = dn'/2. Let z be a realization

EJP 22 (2017), paper 45. http://www.imstat.org/ejp/
Page 35/56


http://dx.doi.org/10.1214/17-EJP64
http://www.imstat.org/ejp/

Scaling limits for the FK model II

of X1...Xgn , asin the statement of the lemma, so that R(z) contains no orders,

(lzl, ¢(z)) € UE*2(6,h,c), and c¢(z) > (n'/?. Also define (J¥ ; L ) as in Section 3.1
" h " h
and let R, (z) be as in (3.1).
Since ¢(x) > (n'/?, Lemma 2.12 implies that (if %, is such that n — |z| > 1, so that
Ehe #0),

IP(N(X(|3: +1,n)) < ¢(z), Rn(:c)) = (n— |z)7Y?2 =< 27 kgl 12 (3.38)

with the implicit constant depending only on (.
In the case k1 > 0, Proposition 2.2 and Lemma 2.3 imply

P<(J5T2’LnHmi) =n-lz|-1c— c(m))) < (27 exp(—ao2_2k1+2k2) + 0s5n(1))62h7?
= (2*4’“ exp(—aOQ*%l*%z) + 052n(1))5*3n*3/2

with ag > 0 and the implicit constants and the rate of the os2,, depending only on C' and
¢ (and in particular not on z, ki, or k3). It follows that we can find n. = n.(J, ¢, C) such
that for each (k1, k2) € [0,ks]z x [0,ks]z, and each realization z as above, we have
P((Jfrg LH ) =(n—|z|—1,c— c(x))) < 27 exp (g2 2K 2R2) 573073/ (3.30)
" h

’I’L,’I‘h

By combining this with (3.3) and (3.38), we obtain (3.37) in the case k; > 0.
In the case k; < 0, (2.13) of Lemma 2.8 (applied with m = 79, k = n— |z| — 1 < 22¥1§2n,
and R = |c — ¢(x)| < 2¥26n'/?) implies

P((Jﬁrngf,rg) =n-—|z|-1,¢c— c(x))) < exp(—ap2 ™2 — a02_k1+k2)5_3n_3/2

for a constant ag > 0 depending only on C. By combining this with (3.3) and (3.38) we
obtain (3.37) in the case k; < 0. O

To complement Lemma 3.19, we will now prove that QnH e 1s unlikely to be smaller
»h
than (n'/2.
Lemma 3.20. Let C > 1 and q € (0,1). For (h,c) € N? and § > 0, write m{ = (1 — §)h|
(as above) and m$ = |(1 — 6)c|. There exists §, € (0,1) and { > 0 (depending only on
C and q) such that for each § € (0,6.], we can find n. = n.(6,(,C,q) € IN such that for
n>n, and (h,c) € [C~'n!/2, C’nl/Q]Z, we have

IP<Q7I;I,mi A Qg,mg > Cnl/z |87]LLC) > 1- q.
Proof. Let (h,c) € [C~'n!/?,Cn'/?] . By definition,

inf N~(X(1,i)) >md > (20)"n!/?
e L s @( (1,4)) > mj > (2C)
M

soif § € (0,1/2), QY, s < (2C)~'n'/2, I > n, and £}° occurs, then K¥ ;> K¢ . and
sHte STy, sHte
hence

i€[KC s+1,n]z

n,mg

Qiont, 2 oL, N (LD) 2 mE > (20) 'l
My
Therefore, for ¢ < (2C)71,

]P(ﬁﬁj’c, QS s < (2|1 > n) < IP(SQ’C, Qs > (20) M2, FI(Q)| T > n) (3.40)
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where F,f{b(g) is the event of Lemma 3.18 with b = (2C)~!. We will now estimate the
right side of (3.40) using (3.35) and a union bound argument.

By Lemma 3.19 (applied with (2C)~! in place of ¢), we can find 6, € (0,1), depending
only on C, such that for each § € (0, d,], there exists 1. = n.(4,C) € IN such that for each
n > n,, each (h,c) € [C~'n'/2,Cn'/?] , and each (ki,k2) € (00, ks]z x [0,ks]z,

2—3k1 _ 2—2k:1+2k:2 5—2 —1 k > 0
P | Ef* (6, h,c), I >n) < . exp(—ao )6 2n"t, L >
2k exp(—ag2 21 — ag2 M k) 521 ky <0,
(3.41)

with a¢ > 0 the implicit constants depending only on C, where here

B (6 h0) = { (K0 QI 0) € Ui ™(0,h,0), QF 0 > (20) 02, (O}

n,ms n, 7an =

By the second assertion of Lemma 3.18, for any given « € (0,1), we can find ¢ > 0
(depending on C and «) such that for each § € (0, d,], there exists n, = n.(6,¢,C) > n,
such that for each n > n., (k1,k2) € (—00,ks]z x [0,ks]z, and (h,c) € [C~'n!/2,Cn'/?]

IP(E,]?”€2 (6, h,e)| I > n) < oF1VOtk2 52
By (3.41), for n > n, and (k1, k2) € (—o0,ks]z X [0,ks]z we have

9~ 2k1+k2 exp(—a02_2k1+2k2)an_1, k1 >0

P(EMen EFF2(5 he) | T >n) <
( " n )| ) T | 2kitke exp(—a02_2k1 — a02‘k1+k2)om_1, k1 <0,

with the implicit constants depending only on C. By summing over all such %k, and k9, we
infer
P(ere, QI 0 > (20)'n'/2 FL()| T >n) <an™.

By combining this with (3.40) and Proposition 3.5, we get
IP(S,’Z”C, ngé < (2|1 > n)
]P(&’?C 7> n)

]P(Qg,md < Cnl/Q |g’I’}LL,C) = myes

with the implicit constant depending only on C. By symmetry and the union bound, also
P(QC 0 A QH . < cn'?[E0¢) < a
e 2Ty

By choosing « sufficiently small (and hence ( sufficiently small and n., sufficiently large),
depending only on ¢ and C, we conclude. O

Proof of Proposition 3.8. Fix a > 0 to be chosen later, depending only on ¢ and C.
Choose ¢ > 0 and ¢; € (0,1) such that the conclusion of Lemma 3.20 holds with J; in
place of ¢, and « in place of q. Then choose d, € (0,6;] such that the conclusion of
Lemma 3.19 holds with this choice of (. Then for ¢ € (0, d,], there exists 7, = 11.(5, C, @)
which simultaneously satisfies the conclusions of Lemmas 3.19 and 3.20. Note that for
5 €(0,6,] and n > 7,

]P(Qf,m;g < (n'/? \57’5’6) <a. (3.42)

By the first assertion of Lemma 3.18 for § € (0, 6,], we can find n, = nl(5,C,a) > 7,
such that for n > n, and (k1, k2) € (—00, ks]z % [0, ks]z, we have

P((KM . QI ) €U (8, h,0) |1 > n) < 2"0Hheg2,

n,m
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with the implicit constants depending only on C. By combining this with Lemma 3.19,
we infer

P(ehe, (Kl,0 Q) €U0, h,0), QU0 > Cn'/2 |1 > )

2—2k1+k‘g eXp(—a02_2kl+2k2)n_l, kl Z O
T | 2k tke exp(faOQ’Qk1 — a027k1+k2)n71, k1 <0,

with ay > 0 and the implicit constants depending only on C and {. By summing this
estimate over those (ki, k2) € (—00,ks]z x [0,1ks]z for which UFF2(5, h, ) ¢ U (A, h,c),
we infer that there exists A > 2, depending only on C, o, and ¢, such that with U3(A, h, c)
as in the statement of the proposition,

P(Ere, (KM, Q) ¢ US(A L), QI Ly > (n'/? |1 >n) <an”!,

n,m

By dividing this by the estimate of Proposition 3.5, we get
IP((K»,IL{mE ) QnHm5) ¢ Z/{g(A, h7 C)a QnHm5 Z <n1/2 ‘ gﬁ,c) j Q,
sy 1y " h

with the implicit constant depending only on C. By combining this with (3.42), we find
that

P((KM,0 Q) ¢ US(A O 1) Z o

with the implicit constant depending only on C. We now conclude by choosing «
sufficiently small that « times this implicit constant is at most q. O

4 Local estimates with few orders

In the previous section, we proved various estimates associated with the event that
the reduced word X(1,n) contains no orders and a particular number of burgers of
each type. In this subsection we will use the results of the previous sections to prove
analogous estimates for the event that a reduced word contains a small number of orders
and approximately a particular number of burgers of each type. The main result of this
subsection is Proposition 4.4 below, which is needed for the proof of the upper bound
in Theorem 1.9, and will also be used in [25]. Unlike in Section 3, in this section we
will read the word backward, rather than forward so as to make use of the backward
stopping times J¥ of Section 2.

Before stating and proving our main estimate, in Section 4.1 we will prove a regular
variation type estimate for the probability that there is a time j in a given discrete
interval with the property that X (—j, —1) contains no orders.

4.1 Probability of a time with no orders in a small interval

In this section we will prove a sharp estimate for the probability that there is a time
slightly smaller than n for which X (—j, —1) contains no orders. We recall the definitions
of regular varying and slowly varying from Section 1.5.2.

Lemma 4.1. Let )y be the slowly varying function from Lemma 1.12. There is a slowly
varying function v such that forn € IN and k € [1, n]z, we have

P(3j € [n — k,n|z such that X(—j,—1) contains no orders)
= (1 + 0 /n (1)) tho(n)iha (k) (k/n)*,

with 4 asin (1.11).
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To prove Lemma 4.3 we need some basic facts about regularly varying functions. We
leave the proof of the first fact to the reader.
Lemma 4.2. Let g : (0,00) — (0,00) be bounded and regularly varying with exponent
a € (0,1). Fort >0, letg(t) := OLtJ g(s)ds. Then g is regularly varying with exponent
—(1-a).
Lemma 4.3. Let o € (0,1). Let (Y;) be an iid sequence of non-negative random variables.
Form € NN, let S, := Y., Y;. Forn € N and k € [1,n]z, let G}, be the event that there
is anm € N with S,, € [n — k,n]z. Assume that the functions t — P(Y; > t) and
t — P(|t] = S, for some m € IN) are regularly varying with exponents « and 1 — q,
respectively, so that in particular P(n = S,, for some m € N) = 1(n)n~(1=®) for some
slowly varying function 1. There is a slowly varying function zz, depending only on the
law of Y7, such that

P(Gh) = (1+ 0/n(1)ib(n)ib (k) (e /m) '~

Proof. Forn € N and k € [1,n]z, let MF be the largest m € IN for which S,,, € [n — k, n]z
if such a time exists and M} := n + 1 otherwise. Then we have

n

P(GE) = > P(Syx =1).

i=n—k

For i € [n — k,n]z, the event {Sy,» = i} is the intersection of the event that i = S, for
some m € IN and the event that for this m, we have Y,,11 > n — ¢+ 1. By the Markov
property, the conditional probability of the latter event given the former is the same as
the probability that Y; > n — 5 + 1. Thus

]P(SMjg =1i) = f(i)g(n—i+1)

where f(i):=P(i=S,, for some m € IN) and g(i) :=P(Y; >i). Since f(n)=1(n)n"1-*),
we have

n

P(Gn)= Y fl)gn—i+1)=(1+0km(1)f(n) Y gln—i+1)

i=n—*k i=n—=Fk

k
= (1+ onn (L)Y~ 3" g().

By Lemma 4.2, t — Z]Lgl (j) is regularly varying of exponent —(1 — «), so there is a

slowly varying function i[; such that

k

The statement of the lemma follows. O

Proof of Lemma 4.1. Let Py = 0 and for m € NN, let P,, be the mth smallest j € IN
for which X(—j, —1) contains no orders. Then the increments P,, — P,,_; are iid, and
by [23, Lemma A.8], P, is regularly varying with exponent 1—u. By translation invariance,

P(3m € IN such that P,,, =n) =P(I > n).

By Lemma 1.12, this quantity is regularly varying in n with exponent 1 and slowly varying
correction y. The statement of the lemma now follows from Lemma 4.3. O

EJP 22 (2017), paper 45. http://www.imstat.org/ejp/
Page 39/56


http://dx.doi.org/10.1214/17-EJP64
http://www.imstat.org/ejp/

Scaling limits for the FK model II

4.2 Statement and proof of local estimates with few orders

In this subsection we will use the following notation. For n,k € N and (h,c) € IN?, let
E™¢ be the event that there exists 7 € IN such that the following is true:

n,k,r
j € [n—k,nlz, N@(X(—j,fl)) € [h—r,hl,, ./\/@(X(fj,—l)) € le—r,dy,,

N X (=5, =1) + My (X (=5, 1)) <7, and N(X(—jv—l))+N(X(—j,—1)) <.
(4.1)

Let J™¢ be the minimum of n + 1 and the smallest j € [n — k,n|z for which (4.1) holds.

n,k,r

Heuristically speaking, if £ and r are small then EZ:;T is an approximate version of the
event 5]1“0 of Definition 1.6 but with the word read backward rather than forward (we
read the word backward to enable us to apply the estimates of Section 2). The goal of
this subsection is to estimate the probability of this event in terms of n, k, r, h, and c.

Instead of proving a lower bound for the probability of EZ,‘;T we will instead prove a
lower bound for a smaller event which we now define. For m € IN, let JZ and L% be as
in (1.10). Let E™¢ be the event that the following is true:

n,k,r

J;ILLI €n—k,nl,, Lf €lc—r,, and N@(X(fjf,fl)) <ec. (4.2)

We note that L7 = N© (X(=JH,-1)) — ./\/ (X(—=JH,-1)), soif E‘Z:Z’T occurs then

N(X(—J,{f, -1)) <. (4.3)
Since X (—J}H,—1) contains no hamburger orders or flexible orders, it follows that

Eh,c c Eh,,c

n,k,r n,k,r*

The main result of this section is the following proposition, which is an analogue of
Propositions 3.5 and 3.6 of Section 3 with the event Eﬁ:;T or Eﬁ:,cc’r in place of the event
Ehc. We also include a regularity estimate.

Proposition 4.4. Suppose we are in the setting described just above. Let iy be the
slowly varying function of Lemma 1.12 and let 15 be the slowly varying function of
Lemma 4.1. Fix C > 1. Suppose n, k,r, h,c € N with

k<n, C'k<r?<Ck, and r<C(hAc). (4.4)
1. For eachn,h,c,r,k € IN satisfying (4.4), we have

P(EE,) 2 bol(h A OP)ialr2)(h A )220kt

with the implicit constants depending only on C'.

2. There exists m, € IN, depending only on C, such that for each n,h,c,r,k € IN
satisfying (4.4) with n, h,c,r,k > m, and (h,c) € [C™1n1/2, Cnl/Q];, we have

P(ER%.) = doln)a(kyn 1k
with the implicit constants depending only on C.
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3. For each q € (0,1), there exists A > 0 and m, € N (depending only on C' and
q) such that for each n,h,c,r,k € N satisfying (4.4) with n,h,c,r,k > m, and
(h,c) € [C‘1n1/2,0n1/2}2z, we have

P sup | X(—j,—1)| < An'/? |EZZT >1—q.
seLar L], '

n,k,r

Remark 4.5. Only assertion 1 of Proposition 4.4 is needed for the proof of Theorem 1.9.
However, the other assertions do not take much additional effort to prove and will be
used in [25].

We will extract Proposition 4.4 from the following lemma, which in turn is a conse-
quence of the results of Section 3 together with Lemma 4.1.

Lemma 4.6. For n,k € NN, let P, be the largest j € [n — k,n], for which X (—j,—1)
contains no orders (or P, = 0 if no such j exists). Forn,k,r € N and (h,c) € IN?, let

Enzr be the event that P,, ;; > 0 and

N@(X(—?nﬂk,—l)) - h‘ <r and ’N@(X(—Pmk, 1)) —¢| <

Let vy be the slowly varying function of Lemma 1.12 and let 1, be the slowly varying
function of Lemma 4.1. Fix C > 1. Suppose n € W, (h,c) € IN?> with h,c > n¢/?,
ke[l,n/2]z, andr € [1,C(h A c)]z.

1. For each n,h,c,r, k as above, we have

P(E0k) < vo((h A Q) alk)(h A )2 2k

with the implicit constants depending only on C.

2. There exists n, € IN (depending only on C) such that for each n > n, and each
n,h,c,r, k as above with (h,c) € [C~1n!/2, Cn1/2]2Z, we have

P(E%,) = vom)a(kyn ™12k

with the implicit constants depending only on C.

3. Foreach q € (0,1), there exists A > 0 and n. € IN (depending only on C and ¢) such
that for each n, h,c,r, k as above with n > n, and (h,c) € [C’lnl/Q,C’nl/ﬂ;, we
have

. n,k,r
JEL, Py klz

P( sup | X(—j, 1) < AV | B )Zlq-

The reader should think of the event of Lemma 4.6 as an approximation to the events
of Proposition 4.4, which concerns a particular time (namely ﬁn’k) which is easier to
analyze. We will eventually deduce Proposition 4.4 from Lemma 4.6 by comparing the
events considered in the two results.

Proof of Lemma 4.6. Observe that

{P, # 0} ={3j € [n— k,n], such that X (—j, —1) contains no orders}.
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By Lemma 4.1,
P (P > 0) < to(n)ipe(k)(k/n)" (4.5)

with ¢y as in Lemma 1.12, 1)» as in Lemma 4.1, and the implicit constants depending
only on p.

For m € [n — k,n]z, the event {P,, , = m} is the same as the event that X (—m, —1)
contains no orders and there is no j € [m + 1,n| for which X(—j, —m — 1) contains
no orders. Hence the conditional law of X_,,...X_; given {P,, = m} is the same
as its conditional law given that X (—m, —1) contains no orders. By Lemma 1.12 and
Proposition 3.6, it follows that for each m € [n — k,n|z,

- Po((h Ac)?)(h Ae)=272n
B Yo(n)n =+
with the implicit constant depending only on p. By Proposition 3.5, for each C' > 1 there
exists n, € IN such that for each n > n, and each (h,c) € [(2C)"1nl/2, ZCnl/Q];,

P(EL°| Py =m) (4.6)

P(&he

P,p=m)=n"" (4.7)

with the implicit constant depending only on C'. By Theorem 1.7, for each C' > 1 and
q € (0,1), there exists A > 0 and n, € IN (depending only on C and ¢) such that for each

n € N, each m € [n — k,n]z, and each (h,c) € [(2C)~1n!/?, QOnl/Q];, we have

IP( sup | X(—j,—-1)| < Ant/? |é’7]}l’c7 ?n,k = m) >1—gq. (4.8)

Jj€[l,m]z

We obtain assertion 1 by combining (4.5) and (4.6) then summing over all (?/,¢’) €
[0V (h—7),h+7]zx[0V(c—r),c+7]z. We similarly obtain assertion 2 from (4.5) and (4.7).
Assertion 3 is immediate from (4.8). O

The following lemma will be used to deduce Proposition 4.4 from Lemma 4.6.

Lemma 4.7. For n,k,r,h,c € N, let P, and EZ
EZ;T be defined as in (4.1) and let JS;T be as in the discussion just after. For each
C >1and each q € (0,1), there is an m, € N and a B > C, depending only on C and q,
such that for eachn, h,c,r,k € N withk <n, C~'k <r? < Ck, andr < C(h A c) and each

realization x of X _ ...X_q for which EZ,Z , occurs, we have

Z,r be defined as in Lemma 4.6. Let

Jhee

n,k,r

—h,
IP(En—EBT‘z,BTZ,BT ‘X_J:,;z L .X_1 = I’) 2 1-— q.
Proof. Given n, h,c,r, k, a realization x as in the statement of the lemma, and B > C,
let F(z;B) = F:LL:]:’T(JZ;B) be the event that there is a j € [|z| + k, |z| + Br?]z such
that X (—j,—|z| — 1) contains no orders and at least r burgers of each type; and
SUDje(|a|+1, ]2+ By r2], | X (=7, —|x| = 1)| < Bar. Then we have

—h,c

{Xijh,; e Xfl = .’E} N F("E, B) C En+BT2,BT2,BT
so we just need to show that for large enough B,
‘...X_lzx)21—q. (4.9)

By [42, Theorem 2.5], we can find By > C? (> k/r?) such that for each r > 0, it holds
with probability at least 1 — ¢/3 that the word X (—|z| — Bor?, —|z| — 1) contains at least
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r burgers of each type. By Lemma 1.13 and the Dynkin-Lamperti theorem [17, 26],
we can find By > By, depending only on ¢, such that with probability at least 1 — ¢/3,
there is a j € [|z| + Bor?, |z| + Bir?]z such that X (—j, —|z| — 1) contains no orders. By a
second application of [42, Theorem 2.5], we can find By > 0 such that with probability
at least 1 — ¢/3, we have sup;c(iz|41, 12|14 B1r2), [ X (—J; =] — 1)| < Bar. Since J hp 1S @
stopping time for X, read backward, the word ... X_|;|_oX_|; 1 is independent from
the event {X _ Jhe ..X_1 = z}. By combining these observations, we obtain (4.9) with

B = CVB()\/Bl\/BQ O

Proof of Proposition 4.4. Suppose given n, k,r, h, c as in the statement of the proposition
and define the event En k- @s in Lemma 4.6. By Lemma 4.7, we can find B > 0,
depending only on C, such that
—h,c h,c 1
IP(En+Br2,Br2,BT |Erz,z ) > 5
By combining this with assertion 1 of Lemma 4.6, we obtain assertion 1 of the present
proposition.
From now on we assume further that that (h,c) € [C~'n!/?,Cn!/?] . To obtain
assertion 2, let BZZZ,T be the smallest j € [n — k,n]z for which
—c|<r

)

‘/\/@(X(j,l))h‘gr and ‘N©(X(j,1))

or P"¢

Pk = n+1if no such j exists. Observe that Ph’cJ is a stopping time for the
filtration generated by X, read backward; and BZ ko < 1on En k- By assertion 2 of

Lemma 4.6, if n is chosen sufficiently large (dependlng only on C) then

P(Phi, < n) = do(n)ga(k)r2hin =2 (4.10)
Z :ésrﬁ Tr/ég. We observe that
P* is a stopping time for the word X, read forward. By the strong Markov property
and [42, Theorem 2.5] (and since C~1r2 < k < Cr?) we can find m, € NN, depending only
on C, such that for n, h, ¢, k,r as above with n, h, c, k, 7 > m,,

with the implicit constant depending only on C. Set P* := P

IP( nkr|P*<n—7‘)§1,

implicit constant depending only on C'. Here we recall that EZ '+ is defined as in (4.2).
By (4.10) (applied to P*) we obtain assertion 2.
It remains to prove assertion 3. For A > 0, let

G(A) =Gy (A) =By N3 sup |X(—j,—1)| < An'/?
el ],

nkT

By Lemma 4.7, we can find a B > 1, depending only on C, such that for each n, h,c, k, r
as above, we have

P(E|G(A) ﬂEZZT)E%, (4.11)

— —=h

where F := Enj Br2,Br2,pr- By assertions 1 and 2 of Lemma 4.6 together with assertions 1
and 2 of the present lemma, there is an m, € IN, depending only on C, such that for
n, h,c,r, k as above with n, h, ¢, r, k > m,, we have

P(E) =< P(E7,)

n,k,r

with the implicit constant depending only on C.
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By assertion 3 of Lemma 4.6, for each a > 0 we can find A > 0 and m, > m,,
depending only on C' and «, such that for m > m,, we have

P sup |X(7ja 71)‘ > A?’Ll/2 ‘E S Q,
Jj€[l,n]z
which implies
]P(G(A)C nEM \E) <a. (4.12)

n,k,r

By (4.11) and (4.12),

n,k,r

]P(G(A)CQE'““ |E)IP(E) ..

PG| B, ) = —— : ;

" p(BlG(arn B, )P(E,)
with the implicit constant depending only on C'. We now conclude by choosing « smaller
than ¢ divided by this implicit constant. O

5 Empty reduced word exponent

In this section we will prove Theorem 1.9. The proof of the lower bound for
P(X(1,2n) = 0) is easier, and is given in Section 5.1. The argument is similar to
some of the proofs given in [23, Section 3] (and in fact appeared in an earlier version
of that paper). In Section 5.2, we will prove some estimates which are needed for the
proof of the upper bound, namely a variant of [23, Lemma 3.7] which tells us that a word
with few hamburger orders is very unlikely to contain too many flexible orders; and an
estimate to the effect that the path Z" is unlikely to stay close to the boundary of the
first quadrant for a long time. In Section 5.3, we use the estimates of Section 4 and
Section 5.2 to prove the upper bound in Theorem 1.9.

5.1 Lower bound

In this subsection we will prove the lower bound in Theorem 1.9. The content of this
subsection appeared in an earlier version of [23], but was moved to its present location
to present a more logical progression of ideas. We thank Cheng Mao for his contributions
to this subsection.

The argument of this subsection is similar to the proofs in [23, Section 3.2], and
proceeds as follows. We prove the lower bound with X(—2n,—1) in place of X(1,2n)
(which we can do by translation invariance). Let § > 0 be a small parameter which is
independent from n. We divide the interval [—2n, —1]z into the interval [—2n, —n — 1]z

plus k, = “Ziﬂ intervals of the form [—6*~!n, —§*n|z. We will define events G,
corresponding to these intervals such that the intersection of the G,, ;’s over all of the
intervals is contained in {X(1,2n) = 0}. By [42, Theorem 2.5], one can approximate the
path D = (d, d*) of Notation 1.5 on all but finitely many of the intervals [—6*~1n, —§*n]z
(i.e., those for which é*n is at least some d-dependent constant) by a correlated two-
dimensional Brownian motion as in (1.8). This will lead to a lower bound for the
probability of the intersection of the events G, for all but finitely many values of k.
The finitely many small intervals remaining do not pose a problem since there are only
finitely many possibilities for the symbols in the word restricted to these intervals.

To carry out the above argument we first need to estimate an appropriate probability
for Brownian motion.

Lemma 5.1. Fix a constant C > 1. Let z € [C~!,C]%. Let Z be a Brownian motion
as in (1.8) (started from 0). For § > 0, let F} be the event that U(t) > —&'/? and
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V(t) > —8'/2 for eacht € [0,1]; and |Z(1) — z| < §'/2. Then P(F}) = 6"*', where p is as
in (1.11) and the implicit constant depends on C, but not z or 9.

Proof. Let E; be the event that U(t) > —6%/2 and V(t) > —d'/2 for each t € [0,1/2];
and Z(1/2) € [C~*,C]%. By [23, Lemma 3.2] and scale invariance (see also [43, Section

4]), we have ]P(E;) = 0*. The conditional law of Z|[1/2’1} given Z|[0’1/2] is that of a
Brownian motion with covariances as in (1.8) started from Z(1/2). On the event Es, the
probability that such a Brownian motion stays in the first quadrant until time 1 and
satisfies | Z(1) — z| < §'/? is proportional to §. Hence IP(Fg |E§) = §. The statement of
the lemma follows.

Proof of Theorem 1.9, lower bound. Fix § > 0 and C' > 100, to be chosen later. Let

k,, = Lég%ﬂw be the smallest k£ € IN such that 6*n < 1. Also fix v € (1 — p,1/2).

Let bl (resp. b§) be the number of hamburgers (resp. cheeseburgers) in X (—2n, —n—
1). For k € [0,k, ]z let

b = N@(X(—2n, —|6"n] —1)) and bf = N@(X(—2n7—L6knJ -1)).

Let G, o be the event that X (—2n, —n — 1) contains no orders, at least 70~'n'/? hamburg-
ers, at least 7C'~'n'/? cheeseburgers, and at most Cn'/? total burgers. For k € [1,k,]z,
let G, 1 be the event that the following is true.

1. Np(X(=[0%1n), —[d*n] — 1)) < 0V (C~1(85n) /2 — (5n)* =V — 1) for € {(H),O)}.

2. b — 4076 n)1/2 — (on)rED) < N (X(—[0%In),—[6Fn] — 1)) < bfL, —
3C~1(6%n)'/2 — (6n)**= for € {{H],[C]}.

3. N(X(_L5k—1nJ,_L5knJ - 1)) < (5n)y(;€,1).

Roughly speaking, G, is the event that X(—[6*"n],|6*n] — 1) has at most
~ C~1(6%n)'/? burgers of each type; the orders in this word fulfill all but =< (6*n)/2
of the burgers in X (—2n, —|6*"1n| — 1); and X(—[6*"'n], [6*n| — 1) does not have too
many leftover ’s.

By conditions 2 and 3, if k € [1,k,]z and G,, ;, occurs then every order in X (—|§¥~1n|,
|6*n] — 1) has a match in X(—2n,—|6*"!n]). By induction, on ﬂf:o G,; the word
X (—2n,—|6%n] — 1) contains no orders. Furthermore, using condition 2 in the definition
of G, , we find that if [§*n| is at least some (J, C)-dependant constant, then

C7H6Fn)Y?2 < b <6C71(6*n)/? and CTY(6*n)Y2 <b{ <6CT1(6%n)2.  (5.1)

We will now estimate the conditional probability of G, . given X oy, ... X_|sk-15) 1
using the scaling limit result [42, Theorem 2.5] and Lemma 5.1. By [23, Lemma 3.3],
if C is chosen sufficiently large then we have P(G,, o) > n~#*o»(1). With D = (d, d*) the

walk as in (1.6), we have
N~ (X(=[6*tn]|,—|6"n] — 1)) = — inf d(—j) —d(—|6%n| —1 d
@EC ) ) = - b D) = d= 1 - 1) an

N(X(—W“_an, —8*n] = 1)) = d(=[6"""n]) - d(=3) + &n,

inf
Je[lo*=tn],—[6Fn]-1]z
where &,, denotes an error term which is bounded above in absolute value by one plus

the number of [F|'s in X (—|6*~'n|, —|6%n| —1). Similar formulas hold for cheeseburgers
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and cheeseburger orders with d* in place of d. By [42, Theorem 2.5] and translation
invariance, the restriction to [0, 1] of

ts (5<k*1>/2 - 5'6/2)_1/277,*1/2 (D(—[t([6" 'n] — |6"n]) + [6*n]]) — D(—[6n] — 1))

converges in law to the restriction to [0, 1] of a correlated Brownian motion Z as in (1.8).
By the strong Markov property, the same holds if we condition on X o, ... X_|56-1,]_1-
By combining these observations with [23, Corollary 6.2] (to deal with condition 3) and
Lemma 5.1, we see that there exists m, € IN, independent of n, and a constant ¢ € (0, 1),
independent of n and §, such that whenever k € [1,k,]z with [6*n] > m,, (5.1) holds on
the event G, 1, and

IP(Gnk ‘X_Qn N X—I_ékflnj—l)]lGn,kfl Z q(SMJrl]lG

n,k—1"

Let k., be the largest k € [1,k,]z for which [6*n| > m.. Then

F
P(m G, k) > qlknélkn(uﬂ)n—uﬂn(l) > 20— 1+on(1)+05(1) (5.2)
k=0

with the o05(1) independent of n. Here we used that

_ log g 'logn
]k’ll
log(q ) = log6—1

IA

0s5(1) logn.

It follows from (5.1) that on ﬂ:lo Gk, the word X (—2n, —|6*n| — 1) contains no orders
and fewer than Lé""‘*nj burgers. Since m, does not depend on n and Lék*nj <5 1m,, we
have

K.
P (X(1,2n) =01 Gn,k> =1, (5.3)
k=0
with the implicit constant independent of n. By combining (5.2) and (5.3) and sending
6 — 0, we obtain the lower bound in Theorem 1.9. O

5.2 Some preliminary estimates

In this subsection we will prove some estimates which are needed to rule out patho-
logical behavior in the proof of the upper bound in Theorem 1.9. The reader may wish to
skim this section and refer back to it while reading Section 5.3.

First we prove a variant of [23, Lemma 3.7] where we consider the number of
hamburger orders in a word, rather than the length of the word.

Lemma 5.2. Let i/ be asin (1.11). Form € N and v > 1/,

IP(EIn € IN with N(X(l,n)) > m and /\/(X(l, n)) > N(X(l,n))Ql’) = 02°(m).
(5.4)
Furthermore, for each fixed n > 0 and eachn € IN, we have

IP(EIj € [1,nlz with AT (X (—j, 1)) = Negg(X (= 1) v n”) =0ox(n). (5.5)

To prove Lemma 5.2, we first require the following further lemma.

Lemma 5.3. Let i/ be as in (1.11). For m € NN, let f,{{ be the mth smallest i € IN for
which the word X (1,i) contains no hamburgers. Then for each v > 1/, we have

IP<3k > m such thatN(X(l,T,f)) > k2”> = op, (m).
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Proof. Let Ny = 0 and for [ € IN, let N; be the /th smallest m € N such that X (1, 1)
contains no cheeseburgers (equivalently no burgers). Note that the increments {N; —
Ni_1}iew are iid. Let M, := sup{l € N : N; < m}. By [23, Lemma 3.7], for each
sufficiently large C' > 1 we have

]P(IN > C?m? ./\/( (1,C%*m )) > m) > 2 Fom (1) (5.6)

A hamburger order can only be added to the reduced word at one of the times I ,f for
k € IN. Hence on the event in (5.6), we have N; > m, so

IP(Nl > m) > m_2ul+07n(1).

The quantity N (X(l, fnff)) can increase by at most 1 when m increases by 1, and can

increase only if m = NN, for some | € IN. The statement of the lemma therefore follows
from [23, Lemma 3.10]. O

Proof of Lemma 5.2. Define the times fg as in Lemma 5.3. For m € N, let £/ be the
event that IH = If;{_l +1 and XTH = . The events Ef,{ are independent and by (1.4), we

have P(EH) = IP(X;H = ) = (1 — p)/4 for each m € IN. By Hoeffding’s inequality,
m—1

m

]P(N(X(Lfg)) < 1gpm) = 0% (m). (5.7)

By summing this estimate over [m, c0)z, we find that the probability that there exists
even a single k > m for which N (X(l, f,f)) < 1;pk; is of order o%%(m).
Suppose there exists n € IN such that A, /\/ X(1,n)) > m and N n)) >

h2¥. For each such n, let m,, be the largest k € ]N such that [ lf < n. We clearly have
my, > hy, so by the above estimate it holds except on an event of probability oS°(m) that
My € [hn, %h |z for each such n. Therefore, for each such n we have m,, > m and

N.( (1, IH ) (%mn)%. We now obtain (5.4) by means of Lemma 5.3.

To obtain (5.5), we use translation invariance and (5.4) with m = L%nﬂ to

find that for each j € [1,n]z, the probability that J\/'(X(—j,—l)) > [%n"J and
/\/ (X(—j,—1)) > N (X(—j,—1))* is 0%(n). By (5.7), the probability that
N. —j,—1)) > n" and N. —j,—1)) < [15En"]| is also of order o°(n). We then

sum over all j € [1,n]z. O

Next we will prove a result to the effect that it is very unlikely that the path n — D(n)
of Section 1.2 stays close to the coordinate axes for a long time.

Lemma 5.4. Define D = (d,d*) as in Notation 1.5. There is a constant ag > 0, depending
only on p, such that for eachn € IN and r > 0, we have

P sup [d(X(—j,~D)| A" (X(=j )| <7 ) e o) (5.8)
jE[l,n}Z
with the rate of the 0;°(n) depending only on p.

Note that the right side of (5.8) is of order 05°(n) provided r < n'/2~¢ for any ¢ > 0;
and is of constant order provided r > n'/2.
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Proof of Lemma 5.4. The idea of the proof is to use the scaling limit result [42, Theorem
2.5] for D to argue that in each r2-length interval of times, D has positive conditional
probability to exit the r-neighborhood of the coordinate axes, regardless of what has
happened in the past; then multiply over = r~2n such intervals. There is a small amount
of additional complication arising from the fact that D is not exactly Markovian, due to
the presence of ’s.
Let
Gn(r) = { sup [d(X (=7, —1))| A ld"(X(—j, —1))| < 7‘}
JE[L,n]z

be the event in the statement of the lemma. Let pbe asin (1.11) and fix 11,5 € (1—p,1/2)
with 11 < 5. Forn € NN, let

F, = su TN (X (=5, -1) < 15.
{je[nlzgzm)y FX (= =1) }

By [23, Corollary 6.2], P(F,,) = 1 — 02°(n). Hence is suffices to bound P(G,,(r) N F,).

Forn €N, r >0, and k € [1,77?n],, let
EX(r) = { sup (|A(X(=j—(k = 1% — 1))
JE[(k=1)r241,kr2|7

Ad* (X (=4, —(k = 1Dr* = 1))|) < 3r+ 1}

be the event that (roughly speaking) the walk D = (d, d*) stays close to the coordinate
axes during the time interval [(k — 1)r? + 1, kr?|z.
We claim that if » > n*?, then

lr~2n)
Gn(r)NF, C (N E:o). (5.9)
k=[n'"2v2|+1

Indeed, suppose by way of contradiction that G, (r) N F,, occurs but there exists k. €
[n'~2¥2 4-1,7~2n]y such that E¥-(r) fails to occur. Then there exists j € [(k. — 1)r2, k.27
for which |d(X(—j, — (k. — 1)r? = 1))| > 3r + 2 and |d* (X (—j, — (k. — 1)r? — 1))| > 3r + 2.
By definition of G,,(r), either |d(X (= (k. — 1)r?,—1))| <7 or |[d* (X (—(k. — 1)r?,—1))| <
r. By symmetry we can assume without loss of generality that we are in the former case.
Then

|d(X (=4, —1))|
> |d(X (—j, — (ke — Dr* = 1))| = |[d(X (= (k. — 1)r?, —1))] fN(X(—(k* —1)r?, 1))
>2r+1 —J\/(X(—(k —1)r?,—-1)).

On F,,, we have

N(X<_(k — 1)’["27 _1)) S (k _ 1)1/1,',,2D1 S n'jl S "

Hence |d(X(—j,—1))| > r + 1, which contradicts occurrence of G,,(r). Thus (5.9) holds.
The events E¥(r) for different values of k are independent. By [42, Theorem 2.5],
there is a ¢ > 0, independent of n and r, such that IP(ES(T‘)C) > g for each n € N, each
r > n*1, and each k € [n'=2"2,r~2n]z. Hence it follows from (5.9) that for r > n"!, we
have
P(Gn(r) ﬂFn) < (1 _ q)r*zn—nl*Z”Z—l < e—amfzn
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for an appropriate choice of a as in the statement of the lemma. It is clear that
P(G,(r) N F,) is increasing in r, so for a general choice of n € IN and » > 0, we
have

1-20;

P(Gn(r) N F,) < e % my emaon' ™ < gmaor®n 4 goo ()
This yields (5.8). O

5.3 Upper bound

We are now ready to prove the upper bound of Theorem 1.9, and thereby complete
the proof of the theorem. We will read the word backward and prove an estimate for
P(X(—2n,—1) = 0) (which is sufficient by translation invariance) so as to make use of
Proposition 4.4.

For the proof, we will define successive stopping times N* and K* and associated
events Eﬁ for k € [1,k]z, where k € N is large but independent of n. These stopping
times are defined so that if E¥ occurs and {X(—2n,—1) = (}}, then a certain reduced
word will have an unusually small number of orders, so Proposition 4.4 gives a polynomial
upper bound for the probability that this is the case. On the other hand, we will deduce
from the exponential tail for the length of a reduced word [42, Lemma 3.13] and the
estimates of Section 5.2 that P((EX)¢, X (1,2n) = ) = 02°(n), so that we obtain an upper
bound for P(X(—2n,—1) = (}). See Figure 2 for an illustration of the proof. We now
proceed with the details.

Let 4/ be as in (1.11). Fixv € (4, 1/2), € € (21,1), k € N, and ¢ € (0, v ulk). We will

eventually send ¢ — 0 then k — co. For n € IN, let N? := |n/2] and let K be minimum
of n + 1 and the smallest j > N? such X(—j, —1) contains at least n'/2~¢ hamburger
orders and at least n'/2~¢ cheeseburger orders. For k € [1,k]z,

« Let N be the smallest j > 2n — 2n2¢"+0 such that X(—j, —1) contains at most
n€"+¢ orders.
« Let K* be the minimum of [2n — n2¢" | and the smallest j > N* such that X (—j, —1)
. k k
contains at least n¢ ¢ hamburger orders and at least n¢ ~¢ cheeseburger orders.

Observe that the times N* and K are stopping times for the word X, read backward,
and
NS < K)<...<NE<KE

The reason why we work with words of length approximately n%" is that (in light
of Lemma 5.2) the number of ’s in the word X (—K%*~! —1), which is of order at
most n2v¢"+oc (1), is typically smaller order than the number of orders in the word
X(—Kk, —K*1 1), which is of order n¢"+<(1)_ This is important because we only have
local estimates for the numbers of hamburgers, cheeseburgers, hamburger orders, and
cheeseburger orders in our words so we need to ensure that the contribution of the [F's
will be insignificant.

We now define an event associated with each time k. Let E? be the event that K < n,
X(—K?,—1) contains no burgers, and N(X(—Kg, —1)) < n”. For k € [1,Kk|z, let EX be

the event that the following is true.
1. Nk <2n— 212" and K* < |2n — n%" .
2. X(—Kk, —1) contains at most n" +2¢ orders.

3. X(—K*,—1) contains no burgers.

n?

4. /\/(X(—K,’;,—l)) < n2ve",
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>

Figure 2: An illustration of the setup for the proof of the upper bound in Theorem 1.9.
Fixv e (¢/,1/2), £ € (2v,1), and a small ¢ > 0. We first grow the word X backward up to
a stopping time K between N = |n/2| and n such that it holds on event of probability
1 — 0%°(n) that the word X (—K?, —1) contains at least n'/>~¢ hamburger orders and at
least n'/2~¢ cheeseburger orders. Then we iterate the following procedure for k € IN:
grow until the first time N* after K*~! at which we have at most né ¢ orders; then, if
we do not have at least n¢" ~¢ hamburger orders and at least n¢' —¢ cheeseburger orders,
grow until the first time K* at which we have n¢" ~¢ hamburger orders and at least n$" ¢
cheeseburger orders. It holds except on an event of probability 02°(n) that this latter
time is finite by Lemma 5.4. Furthermore, using Lemma 5.2, we obtain that it holds
except on an event of probability 0%°(n) that each of the words X (—KF¥, —1) contains at
most n2“¢" flexible orders. The figure shows three iterations of this procedure. Segments
of the path corresponding to words of the form Xy ... X k-1 are shown in blue and
those corresponding to words of the form X g« ... X nk_; are shown in red. Note that
it is possible that K* = N* (which is the case for k = 2 here).

Heuristically speaking, if X(—2n,—1) = ), then EX should typically occur, since the
reduced word X (—2n, —2n+2n%") should typically contain approximately n¢" hamburger
orders and cheeseburger orders (by Brownian scaling) and a word with nt* hamburger
orders is very unlikely to contain more than an’Ek flexible orders (Lemma 5.2). In fact,
we have the following lemma.

Lemma 5.5. For each k € [0,Kk]z, we have
P((EF)°, X(—2n,-1) = 0) = 0)°(n). (5.10)

Proof. The estimate (5.10) in the case where k = 0 follows from Lemma 5.4 together
k

with [23, Corollary 6.2]. Next suppose k € [1,k]z. If N¥ > 2n — 2n2¢" then X (—NF, —1)

contains at least n ¢ orders. If also X (—2n, —1) = (), then X (—2n, —N* — 1) contains
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at least n¢" +¢ burgers. Hence

sup X (—j, —2n + 2n2€")| > € <.
j€[2n—2n2¢* 2n]y

By [42, Lemma 3.13], the probability that this is the case is of order oS°(n).
Let vo € (p/,v) be chosen so that v:(¢¥ + ¢) < vé¥, which implies that 1/4(55 +
¢) < v€F for k < k. By Lemma 5.2, the probability that N(X(—N]f, —1)) < n& ¢

and N (X(—=NE, —1)) > n?<E"+0 is of order o2°(n). Hence except on an event of
probability 0°(n), whenever X (—2n, —1) = () we have

k

N¥ <2n—2n%"  and /\/(X(-Njf, ~1)) <n®¢. (5.11)

Next we will show that it is very unlikely that X (—2n,—1) = § and K* > 2n — n*".
To this end, suppose X (—2n,—1) = ), (5.11) holds, and K* > N*. Then X(—N}, 1)
either has fewer than n¢ —¢ hamburger orders or fewer than n¢ —¢ cheeseburger orders.
Assume without loss of generality that we are in the former setting. Let I?ﬁ be the
smallest j > N* + 1 for which X (—j, —N¥ — 1) contains at least n¢" ~¢ hamburger orders.
By (5.11) and Lemma 5.4, if X(—2n,—1) = 0 then except on an event of probability
02°(n) we have K* < 2n — (3/2)n%". If K* > K*, then X(—KF*, —1) contains at most
ns ¢ 41 hamburger orders and at most n& ¢ cheeseburger orders. By Lemma 5.2 (c.f.
the argument above), if this is the case then except on an event of probability 02°(n), the
word X(—K*, —1) contains at most n2*¢" flexible orders. Hence if K* > 2n — n*" and
X (—2n,—1) = 0, then except on an event of probability 02°(n) we have

sup ‘d(X(fj, —KF — 1))’ A
jEIKE+1,2n—n2¢"],

d* (X(fj, _Kk - 1))’ < n€=C e .

By Lemma 5.4, the probability that this is the case is of order 02°(n). It follows that the
probability that X (—2n, —1) = () and condition 1 in the definition of E¥ fails to occur is

os°(n).

We have K* > N¥ > 2n — n2(€"+0 by definition, so [42, Lemma 3.13] implies that
except on an event of probability at most 02°(n),

sup | X(—j,—KF —1)] < n€ 2 (5.12)
j€[K5+1,2’I’L]Z

If X(—2n,—1) = 0, then X(—2n, —KF — 1) contains at least | X (—K*, —1)| burgers. From
this and (5.12), we infer that condition 2 in the definition of Eﬁ holds with probability at
least 1 — 02°(n).

It is clear that condition 3 in the definition of E¥ occurs whenever X (—2n, —1) = ().
By Lemma 5.2, applied as in the argument leading to (5.11) (but with 2¢ in place of
¢) the probability that condition 2 in the definition of Eﬁ occurs but condition 4 in the
definition of E¥ fails to occur is of order 0°(n). This completes the proof of (5.10). O

Proof of Theorem 1.9, upper bound. Define the times N* and K* and the events E¥ as
above. We will show that

Kk
P(ﬂ Eﬁ) S n 120214 +oc (1) +on (1) (5.13)
k=0

The desired upper bound for P(X (—2n, —1) = () will follow by combining this estimate
with Lemma 5.5 and sending ( — 0 and then k — oc.
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By [23, Lemma 6.1],
P(ED) < nitonll), (5.14)

Now let k € [1,k]z. We will estimate the conditional probability of E¥ given ﬂ?;& EJ by
applying assertion 1 of Proposition 4.4 to the word X 3, ... X_,«-1_;. To do this, we

need to check that if ﬂf;é EJ occurs, then EF is contained in the event (4.1) of Proposi-

tion 4.4 for an appropriate choice of parameter values depending only on X _ KE-1 - X_q.
To this end, suppose that ﬂ?:o EJ occurs. By condition 2 in the definition of E¥ and
the definition of K*, the word X (—K¥, —1) contains at most n¢ +2¢ orders. Hence the

n’ n?

word X (—K¥ —KF=1 — 1) contains at least
N(X(—K’;—l,—n) — (5.15)
hamburgers, and similarly for cheeseburgers. Furthermore,

the total number of orders in X (—K* —K*~1 —1) is at most ns T2 (5.16)

since orders cannot be removed when we add additional symbols to the right of a word.
By condition 4 in the definition of E*~! (or the definition of E? if k = 1) and condition 3
in the definition of E¥, the word X (—KF, —~K*~! — 1) contains at most

nY, k=1

N (X (—KF-1 -1 - 5.17
XK ))+{n2”5 ke [2,K]z. 617

)

hamburgers, and similarly for cheeseburgers. By definition of K*, for each k € [1,k]z,
K*e [Qn _ 2n2(5k+2<),2n} . (5.18)
VA
By condition 1 in the definition of E¥~! (or the definition of E? if k = 1),

k=1

on — KF1 > ik
s ke [2,]1{]2

k—1
n25

and by this same condition together with the definition of K,’f‘l,

1/2=¢ k=1
Ne— (X (=K1 —1)) =" 7 5.19
( (~Ka >)—{n§" < ke[2,Kz; 519

)

and similarly with [C]in place of [H],
For k € [2,Kk]z, we infer from (5.15), (5.16), (5.17), and (5.18) that ﬂfzo EJ is con-

tained in the event E%‘% . of (4.1) defined with X _o,, ... X7K57171 inplaceof X_,, ... X 4,

i=2n— K1 > n%""" in place of n
h= N (X (=K =) + n2e
c= ./\/'(X(—Kylfl7 -1)) + n2ve

T = 202" 40 < Fin place of £ and
= ns+% + n2ve ! € BEU2, 2n5k+24}

VA
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Note that the conditions in the definition of E;‘ -2 . are satisfied with X_o,,... X
in place of X_,,...X_; and j = K — KF-1L.
We have E;LI(Z . c Bl and by (5.19), the above choices of parameters satisfy

n,2r2,r

—Kk1

r<nf '-C<hAcon Ef~1. By assertion 1 of Proposition 4.4 together with (5.19), on
the event ﬂ;:% EJ it holds that

]P(Ejj Papraw. X_l)

) B B R —2—2u .
< pon® (N(X(—K,’j 1 -1) AN(X(—K,fj L 1)) +nt ) n(IHR (267440

< 204w (T =€) Foc (1) +on (1)

with the o.(1) depending on k but not n. Similarly,

P(EL| X o ... X_y) < n~20400/2-6+octon(),

Recalling (5.14) and multiplying our estimates over all k € [0,k]z, we infer that (5.13)
holds. By combining this with Lemma 5.5, we get

P(X(—2n,—1) = g)) < n—1—2/t+2(1+u)£n‘+04(1)+on(1).
By sending ( — 0 and then k — oo, we conclude. O

A Index of symbols

Here we record some commonly used symbols in the paper, along with reminders of
their definitions and the locations where they are precisely defined. Notations which are
only used locally (i.e., just in one subsection) are not included.

 p; parameter of the model. Sec- o L7 =qd*(X(-JH" -1)). (1.10).
tion 1.2. L) = z €

* R(-); reduced word. Section 1.2.

* |z|; number of symbols in the word .
Section 1.2.

* X; bi-infinite word with iid symbols.
Section 1.2.

* X(a,b); reduction of X, ... X;. (1.5).

¢ ¢; match operator. Notation 1.4.
. N(m), etc.; number of symbols of a

given type in x. Definition 1.5.

e D = (d,d*); d = N@-N and
d* = N© —N. Definition 1.5.

« Z" = (U™, V™); re-scaled discrete
walk. (1.7).

«Z = (U)V); correlated two-
dimensional Brownian motion. (1.8).

» [; first time X(1,¢) contains an or-
der. (1.9).

« JH; first time X(—j,—1) contains a

H). (1.10).
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2| m—arctan 7‘1;2’1)
(1/2,1). (1.11).
/ s c

K - 2(7r+arctan @)
(1/3,1/2). (1.11).

v; typically an exponent in (u’,1/2).
EMe; event that X (1,n) contains no
orders, h @’S, and c @'s. Defini-
tion 1.6.

1o; slowly varying correction for the
tail of /. Lemma 1.12.

11; slowly varying correction for the
first time X (—j, —1) contains no or-
ders. Lemma 1.13.

() = Algp)(R(x)- Definition 3.1,

o(z) = N©(R(:1:)) Definition 3.1.

KH . last time i before n such that

n,m’

./\/@(X(l,Kfjm)) =mand X,,; isa

burger not consumed before time n.
Section 3.1.
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e QH = N@(X(I,Kfm)). Sec- s US(A h,c) = [n — A?6’R%,n —
’ ’ —25272
con 3. AT28212], X [c— ASh,c+ ASh,.
Proposition 3.8.

. H ) c . .
e Smallest J € IN such that . EZk ,; event that there exists j €
X(n — j,n) contains r hamburgers. [n = k,n]z such that X(—j,—1) con-
Section 3.1. tains approximately h (H)'s, approxi-

« LE = d"(X(n—Jk,,n). Sec- mately ¢ (C)'s, and few orders. (4.1).
tion 3.1. . J:L",’,j)r; the smallest j satisfying the

. Rn(gj) — {n 1= |$| = J}ZT for some definition of EZ:;,T.

r € N}. (3.1). . EZZ ,; variant of EZZ , which is con-

« md = |(1 — 6)h|. Proposition 3.8. tained in £}, . (4.2).
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