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Local law for the product of independent
non-Hermitian random matrices with independent
entries

Yuriy Nemish*

Abstract

We consider products of independent square non-Hermitian random matrices. More
precisely, let Xi,..., X, be independent N x N random matrices with independent
entries (real or complex with independent real and imaginary parts) with zero mean
and variance ﬁ Soshnikov-O’Rourke [19] and Gotze-Tikhomirov [15] showed that the
empirical spectral distribution of the product of n random matrices with iid entries
converges to

i1,z|§1\z\%*2dzdz. 0.1)

nm

We prove that if the entries of the matrices Xi,..., X, are independent (but not
necessarily identically distributed) and satisfy uniform subexponential decay condition,

then in the bulk the convergence of the ESD of X; --- X,, to (0.1) holds up to the scale
N71/2+5.
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1 Introduction

In this paper we study the spectrum of the product of non-Hermitian random matrices
with independent entries.

The study of the spectrum of non-Hermitian random matrices dates back to 1965,
when Ginibre [14] calculated the joint density function for the eigenvalues of N x N
non-symmetric random matrix with independent standard Gaussian entries (Ginibre
ensemble). The similar result for the product of independent complex Ginibre matrices
was obtained in [3] by Akemann and Burda. One crucial property of random matrices
with Gaussian entries is the determinantal structure, using which exact formulas for
many important parameters that characterise the distribution of the eigenvalues (such
as k-point correlation functions) can be obtained. If the entries of the matrix are not
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Figure 1: Spectrum of a random Gaussian matrix of size 1000 (left); and spectrum of a
product of three independent Gaussian matrices of size 1000 (right).

Gaussian, then we usually do not have exact formulas for the distribution of eigenvalues
for finite N. Nevertherless, in many cases as N goes to infinity the spectrum of the
models with non-Gaussian coefficients behaves similarly to the Ginibre case. This is
known as universality phenomena. The aim of this article is to show that universality
holds for certain local properties of the products of non-Hermitian random matrices. We
now give a brief overview of some known universality results for non-Hermitian random
matrices.

Global regime. It can be shown using the exact formula for the eigenvalue density
from [14], that the empirical spectral measure defined on the eigenvalues of the Ginibre
ensemble with entries normalised to have variance N~! converges weakly to the uniform
distribution on the unit disk. The corresponding universality result, known as the Circular
Law theorem and proven in a series of papers between 1985 and 2010 (see [23] for the
final version), states that if the entries of the matrix are independent with zero mean
and variance N !, then the empirical spectral distribution (ESD) converges weakly to
the uniform distribution on the unit disk. The global regime for the products was studied
in [15] and [19] by Gotze-Tikhomirov and O’Rourke-Soshnikov, who established that the
ESD of the product of n independent non-Hermitian random matrices with normalised
entries converges weakly to the nth power of the circular law. Note, that in [19] an
additional 2 + e-moment assumption was used.

Intermediate and local regimes. Global regime deals with weak covergence, which
considers the convergence on the subsets containing c¢/N eigenvalues for some ¢ > 0.
In other words, we normalize the eigenvalues to have the limiting ESD with compact
support. On the other hand, if we change the normalization of the matrix in such a way,
that for any compact set K the number of eigenvalues situated in K is much smaller
than N, we enter the mesoscopic or itermediate regime. The smallest scale on which
we can expect the linear statistics to have a deterministic behaviour in the limit can be
obtained by multiplying the matrix by v/N. In this microscopic regime each compact set
in the bulk contains only a finite number of eigenvalues.

There has been a remarkable progress recently in the study of universality in the
intermediate and local regimes for non-Hermitian matrices. In [24] Tao and Vu proved
universality for the k-point correlation functions (see [24] or [20] for definition) under
the assumptions that the distributions of the entries of the matrix have exponentially
vanishing tails and first four moments matching the moments of Gaussian random
variable with zero mean and variance N~!. The last assumption is crucial for [24], as
the approach of Tao and Vu relies on the 4th moment comparison theorem.
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In a series of papers [8], [9] and [25] Bourgade, Yau and Yin proved the universality of
the local law up to the optimal scale (which can be interpreted as the universality of the
1-point correlation function) without imposing the 4th moment matching condition. The
goal of our article is to show a similar result for a product of independent non-Hermitian
matrices. We now introduce some basic objects and fix the notation, that will allow us to
state precisely both theorems.

Let Xi,...,X,, beindependent N x N matrices, X, = (“xij)lgi,jgl\/, with independent
entries (real or complex with independent real and imaginary parts) having zero mean,
variance N ! and satisfying the uniform subexponential decay condition

36 > 0, such that max max IPH\/N“:EZ-A >t < o=le . (1.1)
1<a<n 1<4,j<N

Let f : C — R be a smooth non-negative function with compact support, such that
I £lleo < C, || £l < N for some constant C' > 0. For any d € R and z, € C we define a
N~%-rescaling of f around z by

Fao(2) = N*Uf (N (2 = 20)).

For two N-dependent random variables Ay € C and By € R, we say that A is stochasti-
cally dominated by B (denoted by A < B) if

VD,e >0 P[|Ax|> N°By] < NP,

Theorem 1.1 (Bourgade-Yau-Yin). Let p1, ..., un be the eigenvalues of X;. Then for any
d € (0,1/2], any 7 > 0 and zy € C with |zo| < 771

N

1 1 _

¥ Sl = [ fa(e)ddz | < NTEAS
j=1 zl<

™

where f., is the N~%-rescaling of f around z.

The main result of this article is the following theorem, that establishes the local law
up to the optimal scale for a product of independent random matrices X; X5 --- X,,.

Theorem 1.2. Let u1,. .., uy be the eigenvalues of X1 X5 - - - X,,. Then foranyd € (0,1/2],
any 7 > 0 small enough and z, such that |zp| > 7 and |1 — |z|| > 7

N
1 1 2_ _
NZszmj)—5/1\Z|<1fm<z)|z|i *dadz | < NTPYASL,, o (12)
j=1

where f., is the N~%-rescaling of f around z.

Remark 1.3. In the same manner as in [8], [9] and [25] we separate the study of the
local law in the bulk and at the special points on the edge of the spectrum and at the
origin. In the latter case the analysis of the stability of the self-consistent equations,
which is crucial in our approach, cannot be fulfilled, therefore this case requires different
tools (for example, “4th moment comparison”-type results) and is not considered in the
present article.

Remark 1.4. Being itself an interesting mathematical problem, the local law on the
optimal scale is an important step towards the proof of the universality of the k-point
correlation functions. Both known techniques developed to show the local universality
(i.e. either using the local relaxation flow or the 4th moment comparison theorem) rely
on the initial estimates provided by the local law on the optimal scale. Therefore, one
of the interesting application of the main result of the present article would be proving
the universality of the k-point correlation functions for the products of non-Hermitian
matrices.
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Outline of the proof. We start with the linearization trick, that trasforms the problem
about the eigenvalues of the product X; - -- X,, into the study of the eigenvalues of a
large block matrix X having Xi,...,X,, as blocks. This will allow us later to exploit
the Schur’s complement formula to analyse the resolvent matrix. We show that local
law for the product is equivalent to the local circular law for the linerization matrix
X. To study the non-Hermitian matrix X, we follow Girko’s Hermitization techniques,
which argues that it is enough to study the distribution of the singular values of the
family of shifted matrices X — z, z € C. Using the approach developed in [8] we show
that our initial problem can be reduced to estimating the Stieltjes transform of the
linearized Hermitized matrix (X — z)*(X — z),z € C. In Sections 3 and 4 we fix the
notation and introduce the tools that will be used in the proof of the Stieltjes transform
concentration. The last section is devoted to the study of the Stieltjes transform of
the matrix (X — 2z)*(X — z). We adapt the argument of Bourgade-Yau-Yin [8] to make it
applicable in our setting.

The main difference compared to [8] and thus technical difficulty arises from the
fact that we cannot work directly with the Stieltjes transform and have to study the
concentration for its partial traces. In Section 5.1 we derive a system of self-consistent
equations for the normalised partial traces of the resolvent. Subsequently, in Section
5.2, we linearise this system and study the properties of the matrix I" that describes the
linearised system (Proposition 5.5). Together with Proposition 5.7 this can be considered
as the main technical result of the present article, which allows establishing the local
law for (X — 2z)*(X — 2) in its weak form both in the bulk and at the edges of the support
of the limiting empirical spectral measure. Finally, in Section 5.3 we use the fluctuation
averaging mechanism to improve the error bounds in the self-consistent equations
concluding, therefore, the proof of the local law. Note, that the fluctuation averaging
has been proved in a series of works for a very general setting (see e.g. [13], [11]), but
similarly to [8] we use the version from [21], which is suitable for our model.

Similar results but for different values of the resolvent parameter were obtained
in [18]. Although the approach is similar to that used in [18], many important state-
ments should be adjusted in order to obtain strong enough estimates on a set, which is
sufficiently large to imply the rigidity of the singular values of X — z.

Remark 1.5. Establishing the local law for the matrix (X — 2)*(X — 2) is equivalent to
establishing a corresponding result for a Hermitian matrix

0 X —z
H, = (X*z 0 > (1.3)

The above model looks very similar to the so-called generalized Wigner matrices or
Wigner-type matrices, that were studied by Erdés, Knowles, Yau and Yin in [12] and by
Ajanki, Erdés and Kriiger in [1, 2]. In these works the authors show that the diagonal
entries of the resolvent of a Hermitian random matrix with independent entries satisfy
approximately a system of self-consistent equations (also known in the literature as
Dyson equations, stochastic canonical equations or quadratic vector equation) of the
form

1
aken =w+;8mGkk7 (1.4)

and study the stability of the solutions of the above equation. When considering the
matrix H,, the quadratic vector equation is replaced by a system of cubic equations of
the form
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1 |22
= G — —— 1.5a
Gii W zk: 86k Gk w+ 2 SkiGrk ( )
1 Els
———=w+ ) $;iGp— ——=——F5— (1.5b)
Gii g R >k SikGrk

which is a counterpart to the system (5.11)-(5.12) obtained in Theorem 5.4 below, and
which is substantially different from (1.4) for |z| > 0. If the off-diagonal expectations of
H, vanish, i.e., if z = 0, then the system (1.5) is reduced to (1.4). But in this case the
particular structure of S = (s;;) for the product of independent non-Herminial matrices
does not allow applying directly the results obtained in [12] and [1, 2] to the matrix H,.

Remark 1.6. Very recently Alt, Erd6s and Kriiger in [5] proved the local law for the ma-
trices of type (1.3) with a general variance profile and an additional flatness assumption

s,-jz%, 1<i,j<N.

The above condition is not satisfied for the model studied in the present paper, since
the corresponding variance profile S for the product of non-Hermitial matrices contains
many zero blocks. It would be interesting to know how the method of Alt, Erdés and
Kruger can be adjusted in order to obtain the local law for the model considered in the
this article.

2 Reduction to the Stieltjes transform concentration

Linearisation. Following Burda, Janik and Waclaw [10] we introduce a block cyclic
matrix

0 X; 0 0
0 0 X, 0

X = . (2.1)
0 0 0 - X,
X, 0 0 - 0

The n-th power of matrix X is an nN x nN block-diagonal matrix with matrices
Xa+1Xa+2"‘Xa+na a € Z/TLZ

on the diagonal. The advantage of considering this matrix is that the entries of this
matrix are independent with zero mean. Also, we can rewrite (1.2) in terms of the
eigenvalues of X

iif ( )*i/ Foo(2)|2] 7 2d2dz
Nj:1 20 :u‘] ni ‘Z‘<1 20
*L?}:f (n(X))*l/ foo (2M)dzdZ, (2.2)
niN = S T Jagr " o

where we used a change of variable for the last term. Below we show that the stochastic
domination of (2.2) by N~'*2¢||Af||;, is equivalent to the local circular law for the
matrix X. But before that we use Girko’s hermitization idea to transform the study of
the non-Hermitian matrix X into the study of a family of Hermitian matrices, defined in
the next section.

Hermitization. Girko’s Hermitization technique relies on the Green’s formula for a
function with compact support.
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Lemma 2.1 (Green's formula, [22]). Let f,g : C — R be twice continuously differentiable
functions and let R C C be a bounded set with C' boundary OR. Let A(z) be Lebesgue
measure on C. Then

_ 99 _ 0
/RngdA(z)f/RAfgdA(z)f /aR (fan g@n) ds

where 0/0n denotes differentiation in the direction of the inner normal of R, and ds
indicates integration with respect ot the arc length of OR. If we suppose that f has
compact support, fix Z € C and take g = —log |z — Z| then

- 1 -
f(z) = / Af(z)Q— log |z — Z| dA(z) (2.3)
C ™
Let ji1,..., oy denote the eigenvalues of X. Then using (2.3) we obtain Girko’s
hermitization formula
1 nN 1 nN 1 _
3 @)= 75 Y5 [ ARG og i, — sldadz
j=1 j=1
1 ~
=5 /Af(z) log | det(X — z)|dzdz
1 5 *
= TN /Af(z) log | det(X — 2)" (X — z)|dzdz,

where f(z) = f.,,(2"). Define Y, := X —zand let \; < A2 < ... < \,n be the eigenvalues
of YY,. Then
1 nN 1 ~ nN
mezo(ﬂ?) =N /Af(z)ZIOg)\j(z)dzdz.
Jj=1 Jj=1

We now show how the estimates of (2.2) can be obtained by studying the eigenvalues
)‘j (Z) .

Let (v;, z € C) be a family of the empirical measures on the squared singular values
of the matrix X — 2

nN
1
ven(4) = — > 1a(N), A€BR),
j=1

and let m : C x C4 be the Stieltjes transform of v, y

nN
1 1
m(z,w) = /]R o wdl/z,N(f) = ;:1 () —w’ (z,w) € Cx Cy.

Here we denoted by C, the complex upper half-plane. The convergence of m(z, w) to a
limiting function m.(z,w), as well as the weak convergence of v, y was shown in [18,
Lemma 3]. Together with [6, Lemma 11.9], where the authors studies properties of the
function m.(z,w), we have the following result.

Theorem 2.2. There exist a deterministic function m. : C x C; — C and a family of
deterministic measures {v,, z € C} on R, such that

(1) Almost surely, m(z,w) converges to m.(z,w) as N — oo,
(2) Almost surely, v, y converges weakly to v, uniformly in every bounded region of z.

(3) v, are absolutely continuous measures with density functions p, supported on
(max{0,\_(2)}, A+ (%)), where

_ (a+3)° — ./ 2
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(4) m.(z,w) is the Stieltjes transform of the measure v,, i.e.

mc(z7w):Apz($) da

r—w

(5) m.(z,w) is the solution of the equation

mgt = —w(l+me) + [2[*(1+me) ™! (2.5)

that satisfies Imm.(z,w) > 0 if Imw > 0.

Next lemma shows how we can use the properties of p, to reduce (1.2) to the problem
of the rigidity of the singular values \;(z) around their classical locations.

Lemma 2.3. (See [8, Section 5]) Let v;(z),1 < j < nN defined by

75 (2) j
/ pz(x)de = —
0

niN

be classical locations of the eigenvalues of Y'Y,. Then for any e > 0

13 log () — nN / (log 2)p. (x)dz] < N* 2.6)
- 0
J
and -
/ (logz)A.p.(z)dr =4 - 1,1<1(2). (2.7)
0
Suppose that

|Zlog>\ Zlog% )| < N© (2.8)

for any £ > 0. Denote f(z) := f.,(z"). Then

nN nN

NZfzo = N/Af Zlog/\ )dzdz

47mN/ Zlog% dzdz—i—O( H'EHAfHLl)

= ﬁ/Af(z)/o (log z)p.(x)dxdzdz + O (N_1+5||Af||L1>
= i/fZO(z") /oo(log:r:)Apz(a:)dxdzd?—&— 0 (N_H'EHAfHLl)
— = [ falea @z 0 (N AT ).

where in the first two steps we used (2.8) and (2.6), next we applied integration by

parts and finaly we used (2.7). From the properties of Wirtinger derivatives we have the
following lemma

Lemma 2.4. If ~g =0, then

. dg Jg
9 9.0

Using the change of variable ¢ = N%(2" — z,) and the above lemma we get that

N=HEASl|z, = NTPEEAS L,

A(feog)=(Af)
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Therefore, to prove (1.2) it is enough to show that

| Zlog)\j(z) - Zlogvj(zﬂ <1 (2.9)
J J

In order to obtain the estimate (2.9), we proceed as in [8], where the similar estimate
was obtained for a matrix with iid entries. Firstly, we separate a relatively small number
of the largest terms, that will be estimated by controlling the smallest singular values
A1(z) and the properties of p,. We shall need the following result proven in [19].

Theorem 2.5. For any A > 0 there exists B > 0 such that
P\ (z) < N PJ<CONA

uniformly in z.

From the properties of p. (see [8], Proposition 3.1) we have that v; > CN~2. There-
fore we conclude that
[logA1(2)] + [logy1(2)| < 1.

Define ¢ := (log N)!°81°¢ N Note that ¢ is asymptotically smaller than N¢ for any ¢ > 0.
Then

| > logAi(2)[ + ] Y logv;(2)] < N7,

J<pC J<eC©
and it is enough to show that
Z log A\;(z) —logy;(z) < 1. (2.10)
i>eC
In [8] it was shown that (2.10) can be obtained from the concentration of the Stieltjes
transform stated precisely in the following theorem.

Theorem 2.6. There exists § > 0 and Q such that for any = € C satisfying T < 2| <1-—71
orl+7<|z| <77t

sup |m(z,w) —me(z,w)| < —, (2.11)
LS I w) = mez )l < 5
where
ax{0, A_ Q
Sz,a,@={E+v—1n WSES(1+5)A+(Z)7N¢mSnS1}- (2.12)

We refer reader to Section 5 in [8] for the detailed proof. The rest of the article is
devoted to the proof of Theorem 2.6.

3 Notations and definitions

We start by fixing the notation and giving necessary definitions. The main argument
will follow the general framework proposed by Bourgade, Yau and Yin, therefore we try
to keep our notation as close as possible to the notation used in [8]. Throughout the rest
of the article a and b will be elements of Z/nZ.

Let X,,a € Z/nZ, be independent N x N matrices, entries of which have zero mean,
variance N~! and satisfy condition (1.1). Let X be defined by (2.1). For z € C and
w = E ++/—1n € C, introduce the matrices

V=X —2 Gw):=(YY,—w)™ Gw):= (.Y —w) "
We shall consider nN x nN matrices as consisting of N x N blocks indexed by (a,b). We

shall use the left superscript to specify the submatrix. For example, fori,j € {1,..., N}

EJP 22 (2017), paper 22. http://www.imstat.org/ejp/
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ab L _ ab o _
Tij *= T(@—1)N+i,(b—1)N+j° Gij = g(af1)1v+i,(b71)zv+j-

where @ € an{l,...,n} and b € bN {1,...,n}. Define also i(a) := (@ — 1)N + i for
1 <i < N. We shall use the index a instead of aa for for elements of the diagonal blocks,
for example, “G}; := G(q),i(a)- The i(a)th rows of matrices X and Y. will be denoted
by Ti(a) and Yita) respectively. The corresponding columns of these matrices will be
denoted by X;(a) and Yi(a)-

For T,U C {1,...,nN}, Y\') will denote a (nN — |U|) x (nN — |T|) matrix, obtained
from Y, by deleting the rows with indices in U and columns with indices in T. Resolvent
matrices, corresponding to these minors, will be denoted by G(™-U) and G(T-V), i.e.,

G(T’U) (U)) — (YZ(’]I‘,U)*YZ(’]I‘,IU) _ ’LU)_l, g(’]I‘,lU) (’LU) _ (YZ(’]I‘,U)YZ(’]I‘,U)* _ ’U))_l.

Note that we shall keep the indices of the elements of matrices for minors of these
matrices. More precisely, the entries of V"9 will be indexed by ({1,...,nN}\U) x
({1,...,nN}\ T), and the entries of the resolvents of the minors G(™'") and G(T-V)
by ({1,...,nN}\ T)? and ({1,...,nN}\ U)? respectively. Fori € T,j € U and k €
{1,...,nN} we shall define

GE?JU) _ Gg]lrvw) — O, g](']]CFJU) _ g]gram) =0.

Note that all these matrices depend on z € C and w € C;..
Fora € Z/nZ and T,U C {1,...,nN}, define next

(T U) . a~(T,U) (T U) . a(T,U)
’ NZ Gii s : NZ Gii :

If T = U = (), we shall drop the (0, ()) superscript and write “m or “mg. Note, that

ma(z,w) = %Z “me(z,w).

a

Now we can introduce
A= mgx{| “mg —mel,|“mg — me|}

and
T Imm,+ A Jri
N7 N7
where m, was defined in Theorem 2.2.
We shall use C' and ¢ to denote different constants, that do not depend on N, w or
z. The O (-) notation will be applied to real as well as complex quantities, defined in
the latter case as O (g) = O (|g|). Similarly, when using O (-) we shall suppose that the
corresponding hidden constants are independent of NV, w and z.
For ( > 0 we say that an event =y holds with (-high probability, if

P [EB} < NCe¥°,

where
¢ = (log N)loslos N (3.1)
and C > 0.
For A, B > 0 we shall write A ~. B or simply A ~ B if there is ¢ > 0 such that
c'A< B < cA. (3.2)

If A or B are complex, then A ~ B will mean that (3.2) holds for the absolute values of
the corresponding quantities.
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4 Tools and methods

This section collects some basic and classical tools which will be relevant towards
proving the main result. Note that in Lemmas 4.3, 4.4, 4.5 and 4.6 we deal with objects
introduced in Section 3, while in lemmas 4.7, 4.8 and 4.9 we recall properties of the
function m., which was introduced in Theorem 2.2.

4.1 Linear algebra

Lemma 4.1. (Schur complement formula, [16, Section 0.7.3]) Let A be an invertible
matrix and let B be its inverse. Divide the matrices A and B into blocks

An A12> (311 Bl2>
A= , B= ,
(A21 A22 BZl B22
so that the blocks with the same index have the same size, and the blocks on the diagonal
are square submatrices. If A,s is invertible, then
[Bia] ™" = A1y — A [Age) " Agy. (4.1)

Lemma 4.2. Let A be a square matrix and let w be a complex number. If A*A — w is
invertible, then
A(A*A —w) A" = T+ w(AA* —w)™ L

Proof. Follows from the Woodbury matrix identity (see [16, Section 0.7.4]). O
Lemma 4.3. [7, proof of Lemma C.3] Let T,U,K C {1,...,nN}. Then for anyi ¢ T

7 4 i 4
Yo -aV <= Yo eR -6 < - (4.2)
ke n kek n
The same is true for G.
Lemma 4.4. Foric {1,...,nN}
niN
D |GR? = —. (4.3)
k=1 N

Proof. Let Ay,..., \,n be eigenvalues of the matrix YY,. Then G = U*DU, where U is
unitary and D = diag((A\; —w)~!,...,( A,y —w)~!). Note that

nN
> |Gul? = [G°G),, = [U*D*DU,,.
k=1

The lemma now follows from the relation
1 1 1

5Im)\i7w:|/\i7w|2’ ie{l,...,nN}. O

Lemma 4.5. ([8, Lemma 6.3]) Let T, U C J1,nNK. Ifi,j ¢ T U {k} then

(T,U) ~(T,U) (U,T) »(U,T)
GTU) _ o(ThU) _ G, Gy g(U,T) g(‘U,Tk) _ Gir ' Gr; (4.4)
y o Ty T T om0 Y T T gum ’
kk kk

G(TU) _ q(T.Uk) _ _ (G yp) (wG™™) (4.5a)

1+ ykG(T,Uk)yZ ) ’
G(T.U) _ g(ThU) _ _ (g(Tk’U)y’c) (YZQ(M’U))_ (4.5D)

1+ y; Gk Uy

EJP 22 (2017), paper 22. http://www.imstat.org/ejp/
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Lemma 4.6. Letw = E + +/—1n € C,.. Then for any i € J1,nNK
laGn‘ laGn‘ lagn‘ lagn‘ ( 1 )
n

oF an oF an
Proof. With the notation used in the proof of Lemma 4.4, for any 7 € J1,nNK

niN 1
Gy = ui'2—a

where u;; are the entries or the unitary matrix U. Therefore, the bound for G;; follows
from the fact that

w o vm) e ()2 ()
o\ —E—+/—1y OE\ N, —E—v—1n)| ~\n*)’
The proof for G;; is similar. O

4.2 Properties of m,

Lemma 4.7. ([8, Lemma 4.1]) There exists 1o > 0 such that forany 7 < 79 if|2| <1 -7
and |w| < 77! then the following properties concerning m.. hold:

(1) If E > Ay and |w — Ay| > 7, then
1
|Reme| ~ 1, —§§Remc<0, Imm, ~ 7,

(2) If lw — A4| < 7, then

2 8(1 + a)3 .
) - — A0 - 4.6
m (Z,'LU) 3 +a + a(3 4 a)5 (w +) + ( + w)’ ( )
and
o fIE— > QB> AL
Imme ~ {4 VIE=-l if | L >nand E> A\,
Vi If|E =X <norE <Ay,

where a and A+ were defined in (2.4) and the square root for complex variables is
chosen such that the upper half-plane is mapped to the first quadrant.

(3) If|w| < 7, then

1—212  1-222

Jo 2P -2

w—Ay| >7and E < Ay, then

me(z,w) = /1 +0 (\/E) 4.7)

(4) If|lw| >,

|me| ~1, Imm,~1

Lemma 4.8. ([8, Lemma 4.2]) There exists 7o > 0 such that for any 7 < 79 if |2| > 1+ 7
and |w| < 77! then the following properties concerning m.. hold

(1) If E > Ay and |w — Ay| > 7, then
1
|Rem,| ~ 1, —3 <Rem., <0, Imm,~mn,
(2) IfE<A_ and |w— A_| > 7, then

|[Rem.| ~1, 0<Rem., Imm.~mn,

EJP 22 (2017), paper 22. http://www.imstat.org/ejp/
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(3) If lw — Ax| < 7, then

2 8(a+1)3
3+ta +a(a £ 3)°

(w—A)?+0(Ae —w), (4.8)

me(z,w) =

and

—1__ if | B — Ag| > dE AL A
Tm m, ~ m 1 | i|—nan gé[ ) +]7
NG if|E—Ai]<norE €A, ]

(4) Iflw—Ay| >7and A\_ < E < Ay, then

Ime| ~ 1, Imm,~1

Lemma 4.9. ([8, Lemma 4.3]) There exists 7, > 0 such that for any 7 < 1y if either

the conditions |z| < 1 — 7 and |w| < 7! hold or the conditions |z| > 1+ 7, |w| < 771,
Rew > A_/5 hold, then we have the following bounds
[me| ~ |14 me| ~ |w]~1/? (4.9)
1
Im—| < (CI ) 4.10
| mw(1+mc)|_ e ( )

4.3 McDiarmid’s concentration inequality

Theorem 4.10. ([17]) Let U = (uq,...,un) be a family of independent random variables

taking values in the set A. Suppose that the real-valued function f : AN — R satisfies
|f(u) = f(u)] < ex (4.11)

if the vectors u and v’ differ only in kth coordinate. Then for any t > 0

P{f(U) = B[f(U)]| > 1] < 272/ E %,

4.4 Abstract decoupling lemma

Theorem 4.11. (Abstract decoupling lemma, [21, Lemma 7.3]) Let Z be a finite set
which may depend on N and letZ; C Z,1 < i < N. Let {z,,« € I} be a collection of
independent random variables and S1, ..., Sy be random variables that are functions of
{zs,a € T}. Let E; denote the expectation value operator with respect to {z,,a € Z;}.
Define the commuting projection operators

and for A C {1,2,...,N},
Qu=]]Qi Pa:=]]P
icA i€A
We use the notation

1
Sl=— iS5
@S] = & ;Q
Let = be an event and p an even integer, which may depend on N. Suppose the
following assumptions hold with some constants Cy, cq > 0.

(i) There exist deterministic positive numbers X < 1 and ) such that for any set
A c{1,2,...,N} withi € A and |A| < p,QaS; in E can be written as the sum of
two new random variables:

1(2)(QaS:) = Sia + 1(E)Qal(E")Sa (4.12)

and )
19;.4] < V(CoX|A)A |8, 4] < YNCOIAL

EJP 22 (2017), paper 22. http://www.imstat.org/ejp/
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(i)
max |S;| < YN, (4.13)

(iii)
P[E] < e—co(log N)*/%p.

(4.14)

Then, under the assumptions (i), (ii), (iii) above, we have
E[QS]? < (Cp)*[x* + N~1PYyP

for some C' > 0 and any sufficiently large N.

5 Concentration of the Stieltjes transform

5.1 System of “self-consistent equations”

The aim of this section is to prove Theorem 5.4, in which the system of self-consistent
equations for the normalised partial traces of the resolvent is derived. We state the
theorem later, giving firstly three independent lemmas.

Lemma 5.1. Forany T,U C {1,...,nN} andi,j € {1,...,nN}\ T,i # j, we have

G(T’U) = —’lU(l + yzg(Tz"U)yi)v GZH‘JU) = _ng;ﬂ"U)Gg’]]P D) (ny g(T ]’U)Yj) ) (51)
oy = e+ uG ), G = —wg PG (GO L (5.2)
Proof. See [8, Lemma 6.5]. O

Define subsets of C

3.={l <1-T}U{l+7< |2 <771,
S.50 :={w=E+v~=1n : max{0,(1+6)"'A_(2)} < E < (1+0)A:(2), 0<n <1}

Next two lemmas are technical results which provide means to make manipulations
with functions that approximate m.(z,w) easier. In particular they allow to extend the
properties (4.9) and (4.10) to functions that are close enough to m.(z,w). Similar results
but for different values of z and w were proven in [18, Lemmas 8 and 9]. By tracking the
changes in the behaviour of m. in different regions of z and w (see lemmas 4.7 and 4.8),
the arguments can be adapted without difficulties to the new setting, therefore we state
these lemmas without proof.

Lemma 5.2. There exist a > 0 small enough and C > 0, such that for any two functions
hi:CxCy — C,ie{1,2}, forallz € 3, andw € S, 1 if

max_|h;(z,w) — m.(z,w)| < 2a|m.(z, w)|

i€{1,2}
holds, then
(@) [1+ b (z,w)| ~o [ha(z,w)] ~e Jw| 72, (5.3)
(1) |Im m < C(Imme(z,w) + [h1(z,w) — me(z,w)]), (5.4)
(iii) |1 + hy(z,w) — i +|;|;(gﬂ)) T < C'max hy(z, w) —me(z,w)|.(5.5)
EJP 22 (2017), paper 22. http://www.imstat.org/ejp/
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Lemma 5.3. Let ¢ > 0. Then there exists ()c > 0 such that for all sufficiently large
N, for any T,U C {1,...,nN}, for any a € Z/nZ and {i,j} C {1,...,N} such that
{i(a),j(a)} C T @ = j is allowed), for z € 3, and w € S, 1 o with (-high probability

T|+ |U
(1- yz(am(a) Z xkz(a)gkz xly(a =0 <</’Q< <‘I’ + |N77||>> ) (5.6)

k=1

and ifi(a) ¢ U, then

(1- Eyim) [Z fki(a)gki(’a) =0 | p% N;; , (5.7a)
k
(T,0) . 0 m ”’g.(.T’U)
Y7( ) Zgz(a Li(a)k =0 ¥ ¢ T:; . (5.7b)

(U,T) (T,U)

The above result is valid if we take the matrix G and rows y;(,) instead of §
and y,(,). From now on we fix a as in Lemma 5.2 and ()¢ as in Lemma 5.3. Note, that
from the proof of Lemma 5.3 we have that Q¢ > (.

To state and prove our next result we shall need some additional notation. For
a € Z/nZ, i€ J1,NKand T C J1,nNK we define

a (T i(a)), * a (T * i(a
Z = (1= By [5G Dyl "2 = (1= By [9i0 @ i

and we shall suppress the right superscript if T = (). For any ¢ > 0 define an N-dependent
set

S.st={w=E+vV=1n|(1+8) max{0,\_(2)} < E < (148X (2), 7 <np<1}

t
©

= N > .

20,0 {7] - ch}

We are now in position to prove the main result of this section. Although the proof of
this theorem mimics the argument used in [18, Theorem 6], for reader’s convenience we
provide here a complete proof.

Theorem 5.4. For any ( > 0 there exists QC > 0 such that the following implication is
true for all z € 3, and w € SZ71 :

Qct
if
Az, w) < alme(z,w)] (5.8)
holds with (-high probability, then for any a € Z/nZ and 1 <i < N
G = o1+ g 40 (%), 6.9
"G = w1+ “Tme)] T+ 0 (9% W), (5.10)
-1
N -1 |Z|2 2Q
‘G = [—w(l—i— ¢ mg)"’HaHmG] +0 (p%w), (5.11)
oG — [—w+ Fmg)+ — )T o (e (5.12)
i1 G 1 + a_lmg ’ *
! +(1+ “_1mg) — L :O(@QQC\I}), (5.13)
wemg w(l+ +Flimg)
1 2
+ (14 “ttmg) — i =0 (V) (5.14)

wmg w(l+ *~tmg)

hold with (-high probability.

EJP 22 (2017), paper 22. http://www.imstat.org/ejp/
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Proof. We begin with equation (5.10). Using (5.2) and taking the expectation with
respect to y;(,)

ag(i@)0)_ 1
" —w (1 + atippli@i@) | aZi(z'w)))
B 1
—w (1+ atipg, + (@@ _avigy )y aZZma)))
1 (@) a1y, 4 aglia)

+ r— - .
—w (1 + a+1mG) w(l + a+1mG)(1 + a+1m(é(a),z(a)) + aZi(z(a)))

The i(a)th row and column of G((%):¥(@) are equal to zero by definition. Therefore

N

Yi(a) G(i(a)’i(“))y:—}a) = Z Ti(a)k(at1) a+1G;(fl(a)"i(a))@(a)z(aﬂ
k=1

and from (5.6) we have that aZi(i(“))’ = O (%< W) for some Q¢ > 0.
Suppose that Q< > 10Q¢. Then

1+ a)|me| 1 1+ a) 1 _
2Q¢\y < (p2Q¢ (7 — | < 2@ < p3Q¢ )
L4 =¥ ( Nn + Nn | — P mel |me|Nn + |me|Nn | — ¢ el

Recall that by (4.2)
‘a—i-lm(é(a)ai(a)) _ a+1mG| <

If N is big enough, then

|a+lmg(a)vi(a)) _ mc| S 20&|mc|

and we get (5.10) from (5.3). Here condition (5.8) ensures that Lemma 5.2 can be
applied to get a bound for the denominator of the error term

w(l 4 a+1 )(1 + a+1 ((a) i(a)) + az( (a))) 1.

We now apply (5.2) to [“Gii]_ , take expectation with respect to the column y;,) and
use (5.10)
1
weG..

21

<1+a 1 (( )@)+az +|Z|2ag“ a)@))

|2

_— Q
o T oimyy T O (PY). (5.15)

= (14 “'mg) - “Z +

We estimate “Z; using Lemma 5.3 and (5.10) as

N

a — a— i(a),0
Z=(1-By,) | Y Taa-vi“ G0 210 1)i0)
k=1

=

(i(a),0)
Z i(a)l(a—1)Tl(a—1)i a)_zzxka Di(a) gk(a 1)z(a)]

a(i(a),0)
= O Qc\p g
1
=0( Qup +o(<pQ<\1/)> )
( w(l + “Flmg)
EJP 22 (2017), paper 22. http://www.imstat.org/ejp/
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Then by (5.4)

i Im 1 _0 Imm,+ A
Nn w(l+ *timg) ) Nn '

“2Z, =0 (p*%0)

We conclude that

and thus
#:_(1_’_ a—lm )"‘FL‘FO(@?QC\I})
waGii g w(1_|_ a-‘,—lmG) .
Now by (5.5)
Ek -
_ 1 a—1 2@(\:[]
(1+ mg)+w(1+a+1mc)+0(<p )}
_ 1 a—1 |Z|2 - O QQC\I]
= | =1+ “"mg) + w(l+ Flmg) +wO (9" 0)

and the equality (5.11) is proven.

If we sum the left- and right-hand sides of (5.11) over i € {1,..., N} and divide by N,
we get

-1
a _ a—1 |Z|2 2Q
ma = [l g+ )] 0 ().
Using again (5.5) we have
L eyt S (029 ) .
wrmg, w(l+ *+im,)

Equations (5.9), (5.12) and (5.14) can be proven in the same way. Theorem 5.4 is
established. O

5.2 Weak concentration

In this section we study the stability properties of the solutions of the system (5.13)-
(5.14) and obtain the initial estimate for A. Although the derivation of the self-consistent
equations (5.13)-(5.14) is similar to the case of one matrix considered in [8] or to the
case of products of matrices but on the different sets of z and w (as in [18]), the analysis
of this system in our setting requires much more technical efforts. This is due to the
fact, that the matrix I' defined below, that corresponds to the linearization of the system
(5.13)-(5.14), is singular at A.. Therefore we need to study carefully the behaviour of I"
around these critical point.

As in [18] we start by linearizing the system (5.13)-(5.14). Suppose that condition
(5.8) holds, i.e., for all a € Z/n’Z

[“mg —me| < alme|, [“mg —me| < alme|.

1 1

After expanding the terms of the type (“mg)~! or (1 + “mg)~! around (m.)~! or
(1 + m.)~! respectively, we obtain the following system of linear equations with respect
to Ay = (“mg —m.) and A := (“mg —me)

EJP 22 (2017), paper 22. http://www.imstat.org/ejp/
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1 A, z|?
wim. — wm% + (1 + mc)+A:1—l - U/(].|'i mc)
&A 10 A72 — O (029
Faseten 0 (g ) =090,
1 A |z|?

_Zae 1 (q DAy — —
wme wm§+( +me)+Aats w(l +m)

a0 ) —o (o).
w(l+me)? 7 |wm3|

Recall, that m. satisfies the self-consistent equation (2.5). We end up with the following

linear system

S B A o o (A (5.16)
wm? oL T w14 m,)? att |me| )’ '
AL |2? 2 A2

“om? + Agp1 + WA;A =0 (90 QC\I’) +0 W : (5.17)

We introduce the following notation:

A= (Ay, . A, A AT

and
0 0 s 0 g2 —g1
-g1 0 0 0 92
e e 0 N
R e (L o | "\t L)’
0 0 go —0 0
where
_ 1 2P
91 = wmg, 92 -— w(1+mc)2
Thus we can rewrite the system (5.16)-(5.17) as
A2
FA:O@WNO+O(||>. (5.18)
me
Denote by || - || the max-norm for matrices, i.e., for any A € C"*" let
[Alloc = max |ag;|.

1<i,j<n

We have the following proposition about the behaviour of the inverse of I', which is
proven in Appendix A.

Proposition 5.5. There exist C, 7, > 0 such that the following holds
Case 1: if |z2| > 14 7 and |w — Ay| < 7, then

IT™ oo ~ o = Ag| 712 (5.19)
Case 2: if |z2| <1 —7 and |w — \y| < 7, then
T oo ~ Jw = A 712

Case 3: if 7 < |z2| <1 — 7 and |w| < 7, then

IT™H o < G5
Case 4: ifz€ 3, max{0,\_} + 7T < E <Ay —7and0<n <e¢, then
IT™ o < G5
EJP 22 (2017), paper 22. http://www.imstat.org/ejp/
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Remark 5.6. From the proof of Proposition 5.5 we see that if z and w are close to
the origin, then ||[T~!| behaves like (y/Jw| + |2|?)~!. This singularity differs from the
singularities that we obtain in the cases 1 and 2 of the above proposition, and the
methods of the present article are not sufficient to study the stability of the system
(5.13)-(5.14) in this case.

Define 3, = 3, N {r <|z|}. Let 6 > 0 be such that Vz € 3,
[(146) ' max{\_,0},(1 +)A;] C (max{A_,0} — 7, A\ + 7).

We now study the stability of the system (5.13)-(5.14). We show that for z € 37 and
w € S, 5,0 there exists a gap in the range of A that depends on the error term in (5.13)-
(5.14). Similarly to the case of one matrix, we identify three regimes of the range
separation. Note that near the points A+ we need an estimate for the error term that
is decreasing with respect to 7, therefore, later we shall replace the random control
parameter ¥ by a deterministic one.

Proposition 5.7. Let z € 37 and w € S, 5. Suppose that condition (5.8) holds
A < alm,|.

Suppose that we have a system (5.13)-(5.14) with the error term bounded by U that
satisfies W|m.|~! < (log N)~'. Then there exists M > 0 big enough such that the
following holds:

Case 1: if [w — Ax| > M~! then

A U A 1\
— <y = —<
|| Ime| el [me|

Case 2: ifjw — A| < M~ and |w — Ay| > M3/?¥ then

v v
A<2M——M = A<M—F7F
- T Jw = A2

Case 3: if |[w — Ay| < M~ ! and |w — Ax| < M3/%¥ then

A<2MVI = A<MV

Proof. Case 1. Suppose that |w — A+| > M~!. Then the condition 7 < |z| and the
bounds obtained in Proposition 5.5 assure that ||[I~!|| < C'M'/? for some constant C

independent of M. If we linearise the system (5.13)-(5.14) with an O (\ff) error term up
to the first order and divide the equations by |m.

, we obtain the following system

()= () o )

Since ||l !||., is bounded, we deduce that for any 1 < a <n

A M1/2‘i, M1/2A2 A/ Ml/Z\i, ML/2A2
Hanl e I — 0] ¢ =0 oO|———|.
el ( ] )* ( mel? ) el md )" < mel? )

If Alme|™! < (Um|~1)/2 then forall 1 < a <n

which implies that Ajm.|~! = O <§/|mc|_1).

EJP 22 (2017), paper 22. http://www.imstat.org/ejp/
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Case 2. Suppose now that [w — A\y| < M~! and M is such that M~! < 7. It
follows from Proposition 5.5 that [T}/ = O (Jw — A1|~1/2). If we linearise the system
(5.13)-(5.14) up to the first order we get that

Ao(m)()(m>

If A < 2MW|w — Ax|"'/2, then we can rewrite the above equations as

o ) (S N —
(W& |wAi3/2|mc|>

¥ B2
A/a - O 1 + M2# .
Viw — Ag] |w — Ay / e
We now need to show that for M large enough M2\il\w — A+|7! < M. But this follows
from the condition }
lw— x| > M3/2Q,
Thus Case 2 is established.

Case 3. From (A.4) in the Appendix we know that if w = A4, then1 —g; +g> =0. If
we rewrite the system (5.16)-(5.17) using (4.6) and (4.8) we get for a € Z/nZ

1 |2|? -
A — A Agi1 =0 (U + A%+ Alw— M\ |V/?
T oI R g = O (T AT A= A,
1 |2|? =
Agiq1 — A A =0 (U 4+ A%+ Alw— 2|2,
A o e T T T et = O (A% A=)

Consider now the matrix I'(A+). We will show that rankI'(A+) = 2n — 1. From (A.4) it
follows that [,,(I — I'1T'T) (the nth eigenvalue of (I — I';T'7)()\.) defined in (A.3)) is equal
to zero. From the formula (A.3) we have that for1 < j <n —1

(I =TTT) — 1;(I = T, TT) = g1g22(1 — ReedV=127/m),

Since g; ~ g2 ~ 1 we deduce that (I — I';T'T)(\1) has only one vanishing eigenvalue.
Using the formula for the determinant of block matrices we have that

det(T — xI) = det(I — T\ TT — (22 — 2H)1).

Therefore, if [; is an eigenvalue of I — I'y\I'], then 1 — \/1—1; and 1 + /1 —[; are
eigenvalues of I. We conclude that I'(A1) has 2n — 1 non-zero eigenvalues and that
rankI'(Ay) = 2n — 1. The sum of each row or column of I'(A1) is equal to zero, which
implies that Kerl' = {¢(1,1,...,1)T, t € R}. Suppose for simplicity that the lower right
n — 1-minor of I'(\+) is invertible and denote this minor by I'. Then

TA—T(ALAL...,A)T =0 (xp + A2 4 Ajw — )\i|1/2)

gives a system of n linear equations with respect to

A= (AQ—Al,...7An—Al,All—Al,...7A; —Al).

3

The system
TA=0 (\i:+A2 + Ajw — /\i\l/Q)

EJP 22 (2017), paper 22. http://www.imstat.org/ejp/
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can be solved, which implies that

max [Aq — Ay = O (@+A2+A\w7>\i|1/2),

1<a<n

max |AL — A =0 <@+A2+A|w—)\i|1/2)

1<a<ln

and also

max |A2 — A?] :O(@A+A3+A2\w—>\i|1/2), (5.20a)
1<a<n

max (A}~ Af| =0 (@A A3 4 A2 — )\i|1/2) (5.20b)

We now linearise the system (5.13)-(5.14) with an error term bounded by U up to the
second order and expand the function m, around Ay according to (4.6) and (4.8). We
end up with the following system for a € Z/nZ

A +¢A b a2
a—1 )\img a >\:I:(1+mc)2 a+1 )\img a
2
z ~
—MA3+1:O(\I}+A3+A\/|M—>\:E|)
1 | 2|2 1
Aa o A/ 7A/ A/ 2
+ )\img “+)\i(1+mc)2 a_lJr)\img’( a)
2
z ~
_>\:|:(1|-i|—'rn)(A;‘ 1)220(\I’+A3+A\/ |w—Ai|>

Adding all these equations we get an equation for the sum of squares of A, and A,
1 |2 /
1- Al + A,
( Arm? * At (1+me) ) (Z *
1 |22 2 4
- Az
Jr(/\img A (1+me)3 ) (Z
1 |2 2, i A3
= W ZA :O(\IJ+A +A\/|w—Ai\),

Arm3 (I1+m.)3

where we used (A.4). Suppose that

1 ER
- 5.21
Nad el me)? (5-21)

does not vanish. Then, using (5.20) we have that
A2=0 <@+A3+Am+@A+A3+A2|w—)\i|1/2).
If A < 2M+/ and |w — x| < M3/2F, then
A?2=0 (\if +2M7/A 4 M3\i13/2>
and from (5.20) we have
max{|A,[%, |A7 [} = O (\1/ oM M3\i/3/2) .

We conclude that A < CM7/ 8\/3 <M \/3 for M big enough. The last thing to show is
that (5.21) is non-zero for any z € 3,. This follows from (A.5) and (A.6) in the Appendix.
The proposition is thus proven. O
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In the following proposition we estimate A in the case when 7 is of order O (1). The
beginning of the proof is similar to the proof of [18, Lemma 11], but for the reader’s
convenience we provide this proof here with all the details.

Proposition 5.8. Let ny > 0. Then for any z € 3, and for any w € Sz,é,éc N{n=mno}

Az EE
sup < I —
wESZﬂ;,QCﬁ{n:no} VN

with (-high probability.

Proof. First of all recall that by (4.2)

Therefore, “m and “mg as functions of the columns x;,1 < k < nN, satisfy the
condition (4.11) for any w € S, 5,0. N {n = no} and we can apply the McDiarmid’s
concentration inequality, so that

P[|“mg — B [“mg]| > 1] < Ce™™N

and similarly for “mg. If we take t = ¢~1/2¢/2N~1/2 in the above inequality we get that
for any w € 5275@( N{n=mno}

|amG—E[amG]:O<(\p/cj/Tj>’ |“mg—E[“mg]|=O<%)

with (-high probability.

Let X be a nN x nN random matrix having the same block structure as the matrix X
but with iid non-zero entries. Suppose that “**!X,, has the same distribution as *X,
forall a € Z/nZ and 1 < k,l < N. Denote by G and G corresponding resolvent matrices.
In was shown in [18, Lemma 4] that

a a QOC a a (p(
B [*mg] —B*me] | =0 (). B [*mg] ~B[mg] =0 ().
and from [19, Lemma 14] we know that
E[*mg] =Elmg] . B |*mg| = E[mg].

Therefore,

o | O(SDC/?) O(SDQC> a | O(SDC/2> O(SDQ4> (5.22)
meg —mg| = — | = — ), mg —mg| = — | = — ], (5.
¢ VN VN g e VN VN
where we used that mg = mg and that by definition of () (see the proof of Lemma 5.3)

Q¢ > ¢. With the same argument as in Theorem 5.4 we can thus show that with (-high
probability

|2 2 ~1/2
= —w(l+mg) + +0 (§22%N"12). 5.23
Gii w(l+mea)+ T mg + 0 (pRN-172) 2 (5.23)
Indeed,
Lo (4 o 1pl@0y o (@2Q<N71/2> n kP '
Gii g 1+ a+1mg(a)ﬂ(a)) +0 (@Q(Nfl/g)
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But from the relations (4.2) and (5.22) we have

(a),0) (i(a),0) _ a—1

=mg + (mg —ma) + (“"tmg —mg) + (*"tmg — “Tmg)

40 (7)+o () oo ()
=mg+ 0+ —= |+ — | =mg+ — ],
¢ VN N) TN
and similarly ““mg(“)’i(a)) =mg + O (9 N~1/2).

Repeating the proof of [8, Lemma 6.12] we can show that |1 + m(| is large enough
with respect to the error term of order O (npN -1/ 2). Therefore we rewrite (5.23) as

a—1 (1
mg

1 |27
= — 1 _—
G w(l+me) + 1+mg

L0 (sszgN—Uz)

The entries of the resolvent matrix are bounded by ~!. We end up with the following

equation
|22

-1
Gii = |—w(l+mg) + ] +O(¢2Q<N‘1/2)

Now we can conclude as in [8, Lemma 6.12] that

1+ mg

sup |ma(z,w) —me(z,w)| = O (cszCN*l/z)
wesz,g,Qcﬂ{n:no}

with (-high probability. The result follows using (5.22). O

Now, following [8], we esta~blish a preliminary estimate for A that shows that the
bound (5.8) holds for any z € 3, and w € Sz’&Q(. We shall use Proposition 5.7 with a
decreasing with respect to n function

20 Jw|~1/2
Nn
as \i/

Theorem 5.9. For any ( > 0 and any z € 3,

sup A=0 <<p2Q‘|w|_1/2 (|UJ}V ) )
weSz,é,Qc n

Proof. Following the approach used by Bourgade, Yau and Yin in [8], we prove the
theorem in two steps. Firstly we show that with (-high probability the bound

w2
Az, w) = O | 2@ |w|~1/? (N77> (5.24)

holds for a N~ %-net in SZ} 5,0 for K > 0 big enough. Next, we use the continuity
properties of A to extend the result to the whole set 5 ; 5 .

The first part is a bootstrapping type argument. We fix £ and consider firstly n = O (1),
for which (5.24) holds by Proposition 5.8. Then we show that if we decrease 1 by N %
then the condition (5.8) still holds, and thus we can apply Proposition 5.7 to get a gap in
the range of possible values of A. From the Hoélder continuity of the resolvent entries
obtained in Lemma 4.6 and the fact that n > N2 forw € Sz) 5,0, We deduce that

A(E +v=1n) = AE +V=17)| < CN*Jn — 7|
Then A must stay below the gap if K is big enough and therefore the weak estimate

(5.24) holds for this smaller choice of 7. We continue these iterations as long as £ ++/—1n
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stays in SZ7 5.0¢" By the union bound (5.24) holds with (-high probability of the whole

N~¥._net of SZ’ 5,0¢" A detailed argument for the weak concentration on a dense grid can
be found in Appendix B. O

The important consequence of Theorem 5.9 is that for z € 3, and w € 52’57@ with
¢-high probability all the approximate equations (5.9)-(5.14) hold. We can expand this
set of relations by adding the approximate equations for the individual entries of the
resolvent matrices for the minors.

Corollary 5.10. Let ¢, 7 > 0 and let T, U C {1,...,nN} such that |T| + |U| < p < @?%¢
for some p € IN. Then for any z € 3, and w € Sz,é,@ with (-high probability the following
holds

1

o -
_w(]_ + aflmg)

+0 (ppV), if i(a) €T, (5.25)

ks

—1
O( Q¢ 4 1/2,.3Q¢/2 \I/),
T a+1mG} + O ((pp®c +p /2@ <</)

if i(a) ¢ U, (5.26)
G}(:lr,U) -0 ((p¢Q< +p1/2<p3Q</2)\IJ), if k£l (5.27)

o7 = [ g+

and similarly when changing the réles of G,U and G, T.

Proof. We use a similar argument as in the proof of Corollary 1 in [18], that relies on the
Schur complement formula, Theorem 5.9 and lemmas 5.1, 5.2, 5.3 and 4.3. O

5.3 Strong concentration

In this section we finish the proof of Theorem 2.6. Note that due to Theorem 5.9
the initial bound for A (5.8) holds on the set Sz’ 5,0¢ with (-high probability, and thus on
this set Theorem 5.4 and Proposition 5.7 hold. Recall, that in the proof of Theorem 5.9
we used the stability of the system of approximate equations (5.13)-(5.14) to obtain the
following estimates for A depending on the error term in the self-consistent equations:
suppose that the error terms in (5.13)-(5.14) are bounded by \i/, which is a deterministic
function strictly decreasing in n near the points w = A\ ; suppose that A < U for some
n = O (1); then with ¢-high probability for any w € Sz,&@c

(i) ifw is far enough from A\, then A < U,
(ii) if w is in the neighbourhood of A, then A < (¥)'/2,

Therefore, improving the bound of the error terms in (5.13)-(5.14) will lead us to a
better estimate of A. Following the idea from [8], we can use Theorem 5.9 to obtain the
system of second order self-consistent equation

|2

— =14 a1 = @ 4
wYmg + Mg w(l + a+im,) + a

1 ER 5

— =14 atl = 4
wamg + mG w(l T aflmg) + as

where &, := O <<p4Q< U2 |me| =t + eWm 4 &52)> and

N
1 i(a i(a),i(a
g(gl) — Nz [(a—lmg _ a—lm(g( )M)) n <a+1mG _ a+1mg( )4( )))} 7
i=1

g2 — |:aZi " “Zf(“)]

2=
S

=1
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and similarly for &,. In the next two lemmas we show that for w € S, s Ose the error

terms £\ and £\% are of order O (¢9Q8c(\IJ[A])2|mC|71), where

~ [Tmm, + A 1

and A is some deterministic estimate for A satisfying A < alm,|. The arguments in the
lemmas 5.11 and 5.12 are similar to the proof of Lemma 13 in [18] and Lemma 7.3 in
[8] respectively, therefore we provide here only a sketch proof, indicating the ideas that
were used, but omitting the technical details.

Lemma 5.11. With (-high probability for any w € Sz,&,@<

ig;w + &M =0 ("9 u?m,| 7).

a=1

Proof. Firstly, we use Lemma 4.5 to rewrite a&” or 51(11) in a form that is easy to bound
using the estimates for the entries of the resolvent matrix obtained in Corollary 5.10.
For example,

a+1mG7 “ng(a)’i(a)) _ (a+1mG7 a+1mg(a),®))+(a+1mg(a),®) _ “ng(a)’i(a))), (5.28)
and
N N a,a+1 a+l,a
a+1 at1, (i(a)0) _ 1 a+1~(i(a),0)  a+1 1 TGy Gy,
meg — M =N kz_:l Grx - Gy = N kz—l aHGkk

By Corollary 5.10 all the off-diagonal entries of G are bounded by »?%?<¥, and for any
j €J1,nNK G;; ~ m.. Therefore we deduce that

. \1/2
“mg — aﬂmg(a)’m =0 (‘P4QC |m |)

with (-high probability.
To bound the second term in (5.28), we rewrite it using Lemma 4.5 as

[(Gu(a),z‘(a))y;(a))(yl.(a)Gu(a),i(a))}
1+ Yi(a) GU@-i(@)y,

k(a+1),k(a+1)

N

i(a i(a),i(a 1
(L-i-lm(c;( ).0) a+1m(C:( ),i(a)) — N Z -
k=1 i(a)

Proceeding as in the proof of Lemma 13 in [18] and using the estimates of Corollary 5.10,
we can show that this term is bounded by ¢*@<W¥2|m,|~!. All the other estimates follow
using a similar argument. O

Lemma 5.12. Let ¢ > 0. Suppose that forany w € S, 5 5
A<A< alme|

with probability at least 1 — e PN, where ¢ < py < ¢*¢. Then with probability at least

_ . pn(og N)~2 )
1 _ e—pn(log for any w € Szﬁ,Qsc

S el 1 £ = 0 (e (@A)

a=1
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Proof. The main tool in the proof of this lemma is the Abstract decoupling lemma
(Theorem 4.11). We consider this lemma in the following setting: let 7 = J1,nNK,
Z; = {i(a)},i € J1, NK, Q; = Ey, ,,, and consider the random variables S; = (v “G};)~".
Then “Z, = Q;5; and it will be enough to show that the conditions (4.12)-(4.14) in
the hypothesis of the Abstract decoupling lemma hold with X = @ W[A]|m.|~ and
y = |mc‘

Condition (4.13) can be verified using the uniform subexponential decay condition
for the entries of the matrix X, and condition (4.14) holds by the assumption of the
lemma. Therefore, we need to show that decomposition (4.12) holds for any subset
A CJ1, NKwith |A| < py. It was shown in [8] that the existence of such decomposition
can be deduced from the following set of estimates holding with (-high probability for
any w € 52757Q8<:

(Z) A< g07Q86|w|*1/27 U< @*Q8c|w|fl/2,
12\ 1/4
(1) max |Gy — medyj| < 2@sc|w|~Y/? M
+L J il > Nf,7 ,
(139) foranyi# jand U, T CJl(a), N(a)X: |T|+|U|<pn
|(1 B EYi(a))yr(a)g(i(a)T’m)Yi(a)| + |(1 - Eyi(a))y;k(a)g(i(a)j(a)ﬂl‘,(b)yj(a)| < ¢3Q8< \II’

|(1 o Eyi(a))yg(l((l‘)l))G(i(a),i(a)U)(yl((lt(l‘)l)))ﬂ < (,03Q8< \1;7

N

O L R DM EC i 2
(iv) foranyiand T C Jl(a),N(a)k: |T|<pn
QUL ———

w(l+ a“mg(a)T’@))

Recall that by construction Q; > 10Q; and Q¢ > ¢. Now (i) and (ii) follow from Theo-
rem 5.9, (iii) follows from Lemma 5.3 and (iv) was proven in Corollary5.10. Therefore,
we can repeat the argument used by Bourgade, Yau and Yin in the proof of the strong es-
timates of the Stieltjes transform of one non-Hermitian matrix to find the decomposition
(4.12) in our setting. See [8, Section 7.2] for the detailed proof. O

We can now finish the proof of Theorem 2.6. Consider first the case when w is far
enough from A.. From Theorem 5.9 we know that the initial bound

A < alm.| =: Ay

holds, therefore we can take

= [Imm. + |m. 1

Suppose that |w — A+| > M 1. Then from propositions 5.7 and 5.8 and lemmas 5.11 and
5.12 we get that

Imm,. + |m.]| 1 1
A < ( + < P —
Imc|Nn (Nn)? Nn

In the case |w — A+| < M ~! the iteration procedure used by Bourgade, Yau and Yin in
[8] is applicable in our setting. Note that in this case |m.| ~ 1 and Imm, ~ |w — A+ |'/2.
The idea is that if, for example, M?/2x*@<(U[Ag])? < |w — x| < M1, then

9Qs¢ A A

%) (Imm, + Ap) 90 1 Ao

ALC <C 8l - -] .
=Y T Nplw —ag 2 =7 Nu T Nulw =12
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But
@QQSC AO C@QQSC A v N < O 9Q8C/2 ﬁ’
Nnlw — Ax|/2 = Nn ©99s¢/2\/Tmm,. + Ag Nn
and thus
A<C S09Qsci +¢9Q84/2 & =: [~\1 < /~\0
< Nn Nn <

with probability at least 1 — e~#" (¢ M)~ Note that (log N)~! factor in the exponent
appears due to (4.14). If we repeat the above procedure with the error term U[Ag], we
shall get again a better estimate

1 A
A<C <P9QS<N777 + s/ Niiy

that holds with probability 1 — e=#°(°e M)~ It was shown in [8, Section 7.1] that if we
iterate K := loglog N/ log 2 times, we shall obtain that

A 9
509@8(/2 A7K - © Qs¢

Nn = Nn

with probability at least 1 — e -¢"* Note that a similar argument applies in the regime
when |w — As| < M3/20998¢(U[A,]) for some k € {0,1,..., K}. Therefore, we deduce

that (2.11) holds for all w € 5’215@8(.

A Proof of Proposition 5.5
First of all, we can easily verify that if / — I';I'7 is invertible, then

I T\ ! (I-1,07)"' -0y -1TTy)!
I T -0, 001 (I -T7r)~!

_<—§1T I )(U F(l)mil (1—r?r?>1)’

where in the last equality we used that
I'Tr, =007 = Circulant(g? + g2, —g192,0,...,0, —g192).

Therefore,
I = TaT) Yo < 07 oo < 20 T)lso | (2 = TiTF) o (A1)

Since g; ~ g2 ~ 1, we get that all the non-zero entries of the matrix I' are of order 1.
Thus, we deduce that ||[I'~!||o ~ [|(I = T1I'7)7!||. Note that

I— FlFlT = Circulant(1 — g% — g%,glgg, 0,...,0,9102).

The following lemma allows us to calculate directly the eigenvalues of I — I';T'Y and the
entries of (I — T, T'7)~!

Lemma A.1. Suppose we have a circulant matrix C = Circulant(cy, ¢y, ..., c,—1) and let
[;(C),1 < j < n be eigenvalues of C. Then

(i) 1;(C) = S5 cpe®mV=Tik/n G =1, n;
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(ii) ([4, p. 91]) if C is invertible, then C~! is a circulant matrix with coefficients
e 1
=N eikVETm/n A2
nZZk(C)e , j=1....n (A.2)

Therefore, to study the behaviour of | ~!|| it is enough to study the eigenvalues of

I— FlF{. Indeed, since I — I‘lFf is circulant, using (A.2) we get that

I-TH Y

and together with (A.1) we obtain a bound on ||F‘1 |loo- Note, that by formula (A.2), for
1<j<n

(I =TiT) =1 — g7 — g3 + giga(e/V 127/ 4 el (nm V= T2m/my
=1-g7— g3+ g1g22Re eV 127/, (A.3)

Case 1. We shall show that /,,(I — T'1T7) behaves as |w — A1 |'/? when w is close to \..
This will also imply that all the other eigenvalues [, (I — I I'F), j # n, are bounded away
from zero for w in the neighborhood of A, since by (A.3)

[;(I = T4T7) — 1,(I = T4I'T)| = 2|g1g2(cos(27mj/n) — 1)| ~ 1.

Note that I,(I — 1 TT) =1 - g2 — g2 +2g192 = (1 — (g1 — g2))(1 + (g1 — g2)). From the
formulas (4.8) we have that if w = A\, then

1 |2
1— — =1- - =0. A4
@0 =1~ (5~ ) = (a0
Again using (4.8) we can see that if w is in the neighbourhood of )\, then
1 1 26844/ w — A
2 = 2 - = 2 = +O(|w_)‘i|)a
wm2(w)  Axzm2(Ax)  meAL)Azm2(Ay)
1 1 204/ w — A
2 2 = = 2+O(|w_)‘i|)7
w(l —I—mc(w)) )\i(l —&-mc()\i)) (1 —&-mc()\i)))\i(l —&-mc()\i))

where

8(£1 + )3
+a(+3 +a)d’

Now it is enough to show that the coefficient near /w — A1 does not vanish. Using the
exact formula for m.(A1) we have that

2|2 1 (a=x3p
(T+me(A2))?  mi(As)  F8(ax1)3

Therefore we need to show that

B+ =

(F8|2> — (a£1)%) (A.5)

(a£3)

is bounded away from zero. This follows easily from the fact that we consider the case
1+ 7 < 2| < 77! and the equality

(a+1)%£8]212 = /1+8212(\/1+ 8|22 £ 1)(\/1 + 8]22 + 3). (A.6)
This concludes the proof of (5.19).

Remark A.2. If we take |z| = 1 + 7 then the coefficient near /w — A+ is bounded away
from zero, while the coefficient near \/w — A_ is of order O (1) as 7 — 0.
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Case 2. The proof is similar to the Case 1 with 1 < a < 3 and the coefficient near
A/ W — A_A,_
(a+3) 3 2
———|(a+1 8 >C.
Safa g @+ 1 + 81212
Case 3. Suppose that |z| <1 — 7. Then using (4.7) we get an approximation of g; and
go for |w| <7

L _ 1 VoI =212V
vy ey i ) Ay 7 B G
N o 1 VTRV

wl+me) —(1=[z)?  (1-]zP)*
Thenfor1 <j<n
2 2
! |2 |22
L(I-TTT) =1- — 25
A=) (wmg(w)) (w(l +mc(w))2) T wmwyw (1t me(w))?
—4+ 2w; +5]2]2 — 4]z + |2[° 2v/—1

(1= |2]7)? VG e (U 20l = el 2020 + Ow),

= |zf*

where we denoted Re ¢/V~127/" by w; € [-1,1]. Since |z| < 1 — 7, we have

—4 + 2w, < —4 4+ 2w; + 522 — 4|z|* + |2|°
Zah (i~ 2P

§—2—|—2wj—7'2—7'3

If |z|* > 1/3, then we can find 7 > 0 small enough such that for any 1 < j < n and
w] <7

2v/—1 X
Ty (L 2 = el 2ulal) < 24 20— 7 =

so that |l;(I — I''T'7T)| is bounded away from zero.
If |2|? < 1/3, then

Vw

1—2[22 — |2]* + 2wj|2|* > 0,

and this implies that

2\/j1 2 4 4
Thus
2w — 4+ 522 —4)z[* + 2| 2y/wv—1
2 J 2 4 4 2
‘z| (1,|Z|2)4 + (1*|Z|2)6(1_2|z| —|Z‘ +2wj‘z| ) ~ |Z| + |’LU|,

which concludes the proof of Case 3.

Case 4. Suppose firstly that |z| < & for some & > 0.

LI —T Ty =1-— 1 A s, i
AT TN T wm2) T (T A me)2)

wm2w(1 + m,)?

Since for max{\_,0} + 7 < F < A, — 7 the imaginary part of m. is of order 1, there
exists ¢ > 0 such that

>c

~ Twm2p|
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Therefore, if we take € so small that

2 |Z|2 1
— 2w < /2
2 Wl +m)2)? T wmzw(l + my)? <¢f

then we get that |;(1 — ', T'7)| > ¢/2
Consider now the cases

(i) é<|z|<1—-7,7<E<AX;—7andn=0,or
(i) 1+7<z| <7 LA +7<E<) —7andn=0

Suppose that in these cases |det(I —T'1I'7)| > ¢ for some ¢ > 0. Since |det(I —';I'7)|is a

continuous function of z and w, using the continuous dependence on n we can find € > 0

such that |det(I —T';TT)| > c¢/2onthesets (< |z| <1 -7, 7<E<) —7,0<n<e¢}

and {1+7<|z2| <7 LA +7<E<), —7,0<n<c¢}. Thus, it is enough to show that

under the conditions (i) or (ii) the eigenvalues [;(I — I'1I'7),1 < j < n do not vanish.
We start with some simplifications. Firstly, from (2.5) we have that

Mc

14+ me.

g2 = g1+ 1.

Thus, we can rewrite the formulas for the eigenvalues of I — FlFlT as follows

2
B -TiIT)=1-g2 —1-2"" gy — ("} g2+ 2u;0 | — gy +1
5( 117) 91 1+mcgl 1+ m. g1 T 2wim 1+m091+

2
me M Me
= — +2 — 2w; 1
8 (91 1—|—mc+(1—|—mc> 81 wj(l—i—mcgl—i_ ))

Recall that g; ~ 1. This means that jth eigenvalue of I —I'1T'{ is equal to zero if and only

if
2
me me me
1 -2 2 —2w =20 A.7
91( +<1+mc> w1+mc>+ T w (A.7)

for w = w;. We are going to show that under conditions (¢) or (i¢) equation (A.7) has no
solution for w € [—1, 1]. Using again the equation (2.5) we have

2
Me Me Me
1 -2 2 -2
91< +<1+mc) w1+mc>+ 1+ m, w

_ i 1 n 1 1 _ 2w I Me ~ow
mewme  l+mew(l+me) wme(l+m) 1+ me
:1(—1—m+ il >+ ! (1+m +1>1
me T w(l+me) 1+ me. T wme ) |22
2w M

— 2w

— 2
wme(1 4+ m) + 1+ me

1 1 1 1 2
— (P W) - — 2 2w
wme(1 +me) 2| Me || 1+ me

1 1 ey Ly 1 2 1,
— z — 2w - — — — + — — 2w
wme  w(l+m) |2|2 me l14+me |22

Define

1 1
dy = |Z‘2-i-7—2(1.)7 ds :

BE TREtio
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Then (A.7) is equivalent to
2

1 1
dy = —
< ) ! T)lc—|—1—|—772C

WM
We now take imaginary part of the above equation. Note, that we consider the case
Imm, Imm, 2Imm,.

n=0,w=EFE.
_ dy =
Elme|>  E[1+m|? 11+ me|?
If £ € (max{0,A_}, Ay), then Imm, > 0. Thus we can divide by Im m,. and obtain

1

—d
w(l+me) 2

(A.8)

Imm,

[me|?

1 1 di — 1 2 (A.9)
Elmc>  Bl+m>) " " [me2 T [T+ me]? '
Consider now the real part of (A.8)
1 1 1
Rem, — dy — ————d
o <E|mc2 E1+mc|2> ' EL+m
1 2 2
=R —d
emc<|m6|2+ 1+mc|2>+|1+mc|2 2
Together with (A.9) we obtain
1 2
— dy = —d A.10
El+mf? "~ T4+m2 (A-10)
(A.9) and (A.10) give us
1 1
d ~+ do (A.11)

Elmc ™ fme
Therefore, we have rewritten equation (A.7) as a system (A.10)-(A.11). Together with
the real and imaginary parts of (2.5) we obtain the following system of equations

I 2

(a)
b)
)
d)

Note that d; > 0 and E > 0, so that

(
(
(

we can rewrite the above system as

()
b)
)
d)

c

(
(
(

E)=d,
dy —|—2E) =dy

£l
E|1+m |2

||
=1+ gsep

+me|?

E|m Elm (dr —
B
2Rem, +1=
1
Elm? =

from (a) and (b) we get d2 > 0 and d; — E > 0. Thus
E|mc|2 E
E|ll+m.|? =

2Rem.+1 =

d—F
da
di+2F
do
Es
E|1+m |2

N E

1
Elm? El+mo?

If we take the difference of equations (') and (a') we get 2Rem,. + 1 on the left-hand
side, and applying (¢) gives the following equation

(e)

Replacing either (a) or

£l

R

E|ll+m.2

3
da

(b) by (e) we obtain two systems

2

EJP 22 (2017), paper 22.

(e) E|1+mc|2 = 3 (e) % = %

(a> W T di-E °F and (b) EllJrlmcl2 = d1+22E )
(c) 2Remc+1_m (¢) 2Remc+1:m
(@) e = 1+ pism (@) e =1+ Py
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Equations (e), (a) and (d) imply that d; and d, satisfy the equation

ds 3
== 41
h—E dy
while (e) and (b) give
3 ds

|z]2dy  dy +2E°
From the definition of d; and d, we have that d; = dy + |2|*> — 1. We end up with a
following system
do = 3(1-|z|>+E)
2+|z|2—F (A.12)
43 — Zedz + 7z (1 [2]> = 2B) =0

We are now going to fix z that satisfies condition (¢) or (i:), and we will consider d5 as
a function of E. We will show that for any F satisfying condition (i) or (i) and for any
w € [—1,1] this system does not have a solution equal to |z| 72 + 1 — 2w.

Case 1: 1 + 7 < |2| < 771, We fix 2. Define following functions

0= (o2 (S a0 ke m) )

9
E)i=—3+-—"——.
(B) 3+2+|z|2—E

First of all, note that f; is decreasing and

1.2
fr (1;') =0, folP=1)=0,

and thus the graphs of f; and f> do not intersect in the right upper quarter-plane. We
now show that at the point of intersection of f1+ and f, the value of the functions is
strictly larger than 3 + |z| 2.

Let E; and F, be the point on R, such that f;"(E;) = fo(E2) = 3 + |2|72. Then

1 1 922
E, = 2?2 — _ (3~ = Ey=2>+2—- 2L
=1 8|22 < 3) S 622 + 1

If|2|] > 1+ 7 then 2 — 6‘92“%‘11 > 0, therefore F; < E>. We deduce that at the point of the
intersection the value of the functions is strictly larger than 3 + |Z\’2 > dy. As a result,
we conclude that the system (A.12) has no solution.

The graph below shows how the functions fli are situated with respect to the function
fa.

Case 2: 7 < |z| <1 — 7. We fix z and we define fi(F) and f,(F) as above. As in the

Case 1, we start with the zeroes of the functions f; and f>

2
f;(1 1 )o, Sl — 1) =0

2

The graphs of these functions intersect in the upper half-plane, but f; (0) < f2(0), thus
we deduce that the coordinate of the intersection is in R_. We now need to show that
at the point of the intersection of the functions ff’ and f5 the value of these function is
strictly larger than 3 + |z| 2.

Again, define the level point £, and E5 such that f1+(E1) = fo(BEs) = 3+ |2|72, and
note that F; < Es. This completes the proof in the Case 2. The graph below shows the
functions f1jE and fs.
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_/

\ 2+ E

Figure 2: Position of the graphs of the functions fli and f, with respect to each other for

|z| > 1.

B Proof of the weak concentration on a N ¥-net

Here we show that with (-high probability (5.24) holds on a grid that is dense enough
to allow the continuity argument of Theorem 5.9. Let K > 0 and let > 0 such that
E++=-1(n—-N"K)e S..50.- As we fix z and E, we can introduce a simplified notation

A(n) .= A(z, E + +/—1n). Suppose firstly that we are not in the neighbourhood of Ay and

that "
~1/2
_ 2Q¢ il
Am) =0 (sa (") ) |
Then
A(p—N"H)< LA (I“me(n) — me(n)] + | “mg(n) — me(n)])
+ e (|"ma(n) = "maln = N~F)|+ | “mg(a) = “mg(n— N"F)))

+Hme(n) — me(n — N~%))
—1/2\ 1/2

< 2Q¢ wl

_O<<p (Nn

+N K sup max
weSz,S,QC a€Z/nZ

0mg
on

0 “mg
on

). (B.1)

_ 1/2 1/2 1/4
|w| 1/2 _ |w|_1/2 # / - ‘mc‘ # /
Nn jw|=1/2Nn - [me| N7

. ome
on

Note that
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_/

3+¢

fo
2+ 22 F

Figure 3: Position of the graphs of the functions fli and f, with respect to each other for

|z| < 1.

From the definition of 52’57(3( (see (2.12)) we have that on this set n > N2, According

to Lemma 4.6 if we take K > 0 big enough then there exists Ny € IN such that for all
(B.2)

N > N,
Al — N7F) < alme(n—N~F)|.

Moreover, from the boundedness of |m.|~' ~ |w|'/? and the fact that

0 _ _
it = 0 ()

an

we obtain that

1/2
N-K E +=1(n — N~K)[-1/2\'/? 1
7K) <o e (I +V-1(n A )| ) — ] . ®3
[me(n — N=K)| N(n— N—F) me(n — N—K)
By (B.2) we see that Proposition 5.7 can be applied to A(n — N*K), and by (B.3) we see

B+ V(- N—K>|—1/2>“2> |

M= =0 (prc ( N(n— N-K)

A(n —

that

Suppose now that we are close to A+ and that we have

() =0 (so2@< ('“’_,'Vn/) M) |
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Note that in this case |w| ~ 1. Therefore, as in (B.1) we have that

Alnp—N"%)y<o <¢2Q< (Nln) 1/4>

8(1
+N~ K sup ( max (‘ ille
weS, 5.6, WEZ/n7Z on

<alme(n - N~F)|

0 “mg
on

. ome
on
for N sufficiently large. Again, by Proposition 5.7 and continuity of A we get that

—,  N—K\|—1/2\ /4
A(n—NK):0<¢2Q‘(|E+QZN]YK))| > )

We showed, therefore, that if (5.24) holds for F + \/—7177 S SZ’ 5,0¢ with (-high probability,
then with (-high probability (5.24) holds for E + /—1(n — N~¥) with the same constant
in O(), aslongas E ++/~1(n - N~%) € S_;5 and K > 0 is big enough. Define an
N-E-net Oy (K) := {kN~X + /1IN~ X |k,l € Z} C C. From Proposition 5.8 we know
that (5.24) holds for any w € S, 5 5 N {n = £}. Starting fromw € S, ; 5 N O(K) which
are close to {n = ¢}, we can step by step decrease the imaginary part of w and show
that for any w € S, 5 5 N O(K) the bound (5.24) holds with ¢(-high probability. The total
number of such points is of order N, therefore using the union bound we can deduce
that with (-high probability

1721 1/4
weS, 5 5. NO(K) Nn

2,6,Q¢

References

[1] Oskari Ajanki, Laszlo Erdés, and Torben Kriiger, Quadratic vector equations on complex
upper half-plane, 2015, arXiv:1506.05095.

[2] Oskari Ajanki, Laszlo Erdés, and Torben Kriiger, Universality for general Wigner-type matri-
ces, 2015, arXiv:1506.05098.

[3] Gernot Akemann and Zdzislaw Burda, Universal microscopic correlation functions for prod-
ucts of independent Ginibre matrices, J. Phys. A 45 (2012), no. 46, 465201, 18.

[4] R. Aldrovandi, Special matrices of mathematical physics, World Scientific Publishing Co.,
Inc., River Edge, NJ, 2001, Stochastic, circulant and Bell matrices. MR-1859347

[5]1 J. Alt, L. Erdés, and T. Kriiger, Local inhomogeneous circular law, 2016, arXiv:1612.07776.

[6] Zhidong Bai and Jack W. Silverstein, Spectral analysis of large dimensional random matrices,
second ed., Springer Series in Statistics, Springer, New York, 2010.

[7] Charles Bordenave and Alice Guionnet, Localization and delocalization of eigenvectors for
heavy-tailed random matrices, Probability Theory and Related Fields 157 (2013), no. 3-4,
885-953.

[8] Paul Bourgade, Horng-Tzer Yau, and Jun Yin, Local circular law for random matrices, Probab.
Theory Related Fields 159 (2014), no. 3-4, 545-595.

[9] Paul Bourgade, Horng-Tzer Yau, and Jun Yin, The local circular law II: the edge case, Probab.
Theory Related Fields 159 (2014), no. 3-4, 619-660. MR-3230004

[10] Z. Burda, R. A. Janik, and B. Waclaw, Spectrum of the product of independent random
Gaussian matrices, Phys. Rev. E (3) 81 (2010), no. 4, 041132, 12.

[11] Laszl6 Erdds, Antti Knowles, and Horng-Tzer Yau, Averaging fluctuations in resolvents of
random band matrices, Ann. Henri Poincaré 14 (2013), no. 8, 1837-1926. MR-3119922

EJP 22 (2017), paper 22. http://www.imstat.org/ejp/
Page 34/35


http://arXiv.org/abs/1506.05095
http://arXiv.org/abs/1506.05098
http://www.ams.org/mathscinet-getitem?mr=1859347
http://arXiv.org/abs/1612.07776
http://www.ams.org/mathscinet-getitem?mr=3230004
http://www.ams.org/mathscinet-getitem?mr=3119922
http://dx.doi.org/10.1214/17-EJP38
http://www.imstat.org/ejp/

Local law for the product of independent non-Hermitian random matrices

[12] Laszl6 Erdds, Antti Knowles, Horng-Tzer Yau, and Jun Yin, The local semicircle law for a
general class of random matrices, Electron. J. Probab. 18 (2013), no. 59, 58. MR-3068390

[13] L&szl6 Erdés, Horng-Tzer Yau, and Jun Yin, Universality for generalized Wigner matrices
with Bernoulli distribution, ]J. Comb. 2 (2011), no. 1, 15-81. MR-2847916

[14] Jean Ginibre, Statistical ensembles of complex, quaternion, and real matrices, J. Mathematical
Phys. 6 (1965), 440-449.

[15] Friedrich Go6tze and Alexander Tikhomirov, The circular law for random matrices, Ann.
Probab. 38 (2010), no. 4, 1444-1491.

[16] Roger A. Horn and Johnson Charles R., Matrix analysis, second ed., Cambridge University
Press, Cambridge, 2013.

[17] Colin McDiarmid, On the method of bounded differences, Surveys in Combinatorics, 1989
(Norwich, 1989), London Math. Soc. Lecture Note Ser., no. 141, Cambridge University Press,
1989, pp. 148-188.

[18] Yuriy Nemish, No outliers in the spectrum of the product of independent non-hermitian
random matrices with independent entries, Journal of Theoretical Probability (2016), 1-43,
do0i:10.16007/510959-016-0708- 2.

[19] Sean O’'Rourke and Alexander Soshnikov, Products of independent non-hermitian random
matrices, Electron. J. Probab. 16 (2011), no. 81, 2219-2245.

[20] Leonid Pastur and Mariya Shcherbina, Eigenvalue distribution of large random matrices,
Mathematical Surveys and Monographs, vol. 171, American Mathematical Society, Provi-
dence, RI, 2011. MR-2808038

[21] Natesh S. Pillai and Jun Yin, Universality of covariance matrices, Ann. Appl. Probab. 24
(2014), no. 3, 935-1001.

[22] Edward B. Saff and Vilmos Totik, Logarithmic potentials with external fields, Grundlehren
der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences],
vol. 316, Springer-Verlag, Berlin, 1997, Appendix B by Thomas Bloom. MR-1485778

[23] Terence Tao and Van Vu, Random matrices: universality of ESDs and the circular law,
Ann. Probab. 38 (2010), no. 5, 2023-2065, With an appendix by Manjunath Krishnapur.
MR-2722794

[24] Terence Tao and Van Vu, Random matrices: Universality of local spectral statistics of non-
Hermitian matrices, Ann. Probab. 43 (2015), no. 2, 782-874. MR-3306005

[25] Jun Yin, The local circular law III: general case, Probab. Theory Related Fields 160 (2014),
no. 3-4, 679-732. MR-3278919

Acknowledgments. I would like to thank my PhD advisors Mireille Capitaine and Michel
Ledoux for introducing the problem to me, fruitful discussions and careful reading of the
manuscript. I'm also grateful to the anonymous referee for numerous valuable remarks.

EJP 22 (2017), paper 22. http://www.imstat.org/ejp/
Page 35/35


http://www.ams.org/mathscinet-getitem?mr=3068390
http://www.ams.org/mathscinet-getitem?mr=2847916
10.1007/s10959-016-0708-2
http://www.ams.org/mathscinet-getitem?mr=2808038
http://www.ams.org/mathscinet-getitem?mr=1485778
http://www.ams.org/mathscinet-getitem?mr=2722794
http://www.ams.org/mathscinet-getitem?mr=3306005
http://www.ams.org/mathscinet-getitem?mr=3278919
http://dx.doi.org/10.1214/17-EJP38
http://www.imstat.org/ejp/

Electronic Journal of Probability
Electronic Communications in Probability

e Very high standards

e Free for authors, free for readers
e Quick publication (no backlog)
e Secure publication (LOCKSS!)
Easy interface (EJMS?)

Non profit, sponsored by IMS3, BS* | ProjectEuclid®

Purely electronic

Donate to the IMS open access fund® (click here to donate!)

Submit your best articles to EJP-ECP

Choose EJP-ECP over for-profit journals

'LOCKSS: Lots of Copies Keep Stuff Safe http://www.lockss.org/

2EJMS: Electronic Journal Management System http://www.vtex.1lt/en/ejms.html
3IMS: Institute of Mathematical Statistics http://www.imstat.org/

4BS: Bernoulli Society http://www.bernoulli-society.org/

5Project Euclid: https://projecteuclid.org/

6IMS Open Access Fund: http://www.imstat.org/publications/open.htm


http://en.wikipedia.org/wiki/LOCKSS
http://www.vtex.lt/en/ejms.html
http://en.wikipedia.org/wiki/Institute_of_Mathematical_Statistics
http://en.wikipedia.org/wiki/Bernoulli_Society
https://projecteuclid.org/
https://secure.imstat.org/secure/orders/donations.asp
http://www.lockss.org/
http://www.vtex.lt/en/ejms.html
http://www.imstat.org/
http://www.bernoulli-society.org/
https://projecteuclid.org/
http://www.imstat.org/publications/open.htm

	Introduction
	Reduction to the Stieltjes transform concentration
	Notations and definitions
	Tools and methods
	Linear algebra
	Properties of mc
	McDiarmid's concentration inequality
	Abstract decoupling lemma

	Concentration of the Stieltjes transform
	System of ``self-consistent equations''
	Weak concentration
	Strong concentration

	Proof of Proposition 5.5
	Proof of the weak concentration on a N-K-net
	References

