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Abstract

We study a stochastic differential equation in the sense of rough path theory driven by
fractional Brownian rough path with Hurst parameter H (1/3 < H < 1/2) under the
ellipticity assumption at the starting point. In such a case, the law of the solution at a
fixed time has a kernel, i.e., a density function with respect to Lebesgue measure. In
this paper we prove a short time off-diagonal asymptotic expansion of the kernel under
mild additional assumptions. Our main tool is Watanabe’s distributional Malliavin
calculus.
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1 Introduction

For the usual d-dimensional Brownian motion (w;) and sufficiently regular vector
fields V; (0 < i < d) on R™, consider the following stochastic differential equation (SDE)
of Stratonovich type:

d
dy; = Z Vi(ys) o dw + Vo (y)dt with Yo =a € R".

i=1

If the vector fields satisfy the hypoellipticity condition at the starting point a, then the
law of y; has a heat kernel i.e., a density function p:(a,a’) with respect to Lebesgue
measure da’ for any ¢ > 0.

In probability theory, the short time asymptotic (off-diagonal) problem of p;(a, a’) has
extensively been studied and is now a classical topic. See for instance [7, 2, 3, 4, 5,
6, 14, 26, 38, 39, 40, 41, 42, 43, 44, 48, 51, 52, 53, 54, 55, 56] and references therein.
(There are also analytic approaches, of course. But, we do not discuss them in this
paper.) Among many probabilistic methods, Malliavin calculus is known to be quite
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powerful. Bismut [14] was first to prove short time kernel asymptotics via Malliavin
calculus. Among such proofs, we focus on Watanabe’s theory of generalized Wiener
functionals and asymptotic theorems for them [56, 29, 52].

Recently, the theory of “SDE” for fractional Brownian motion (fBm) was developed.
As a result, an analogous asymptotic problem is gathering attention. When Hurst
parameter H is larger than 1/2, the SDE above is in the sense of Young integration.
When 1/4 < H < 1/2, it should be understood as a differential equation in the rough path
sense driven by fractional Brownian rough path. In his previous paper [33], the author
studied both on-diagonal and off-diagonal short time asymptotic expansion of p.(a,a’)
when H > 1/2. The method is Watanabe’s asymptotic theory of generalized Wiener
functionals (i.e., Watanabe distributions) in [56]. In [33] the coefficient vector fields are
assumed to satisfy the ellipticity condition at ¢« and some additional mild conditions are
also assumed. Those conditions are almost parallel to the ones in [56]. Simply put, [33]
is a “fractional version” of [56] in the framework of Young integration.

The aim of this paper is to prove a similar off-diagonal asymptotic expansion when
1/3 < H < 1/2. Although the basic strategy of proof is similar to the case H > 1/2 in
[33], the proof gets much more technically difficult since we work on the rough path
space. We will carry it out by combining various recently proven results for Gaussian
rough paths. A number of paper have been published on Malliavin calculus for Gaussian
rough paths by now. See [1, 10, 12, 13, 15, 16, 17, 18, 20, 27, 28, 30, 34, 35] for instance.
However, this type of short time kernel asymptotics seems new.

The organization of this paper is as follows: In Section 2 we give a precise formulation
of our problem and the statement of our main result (Theorem 2.2). In Section 3 we
prove moment estimates for Taylor expansion of Lyons-It6 map. The expansion in the
deterministic sense is already known, but we need “LP-version” (or “D.,-version”) of
the expansion in this paper. These estimates play a crucial role in the proof of the
main theorem. In Section 4 we present two propositions (Propositions 4.1 and 4.2) on
regularity in the sense of Malliavin calculus of the solution of RDE driven by fractional
Brownian rough path. Thanks to these propositions, we can use Watanabe’s asymptotic
theory in the proof of the main theorem in Section 5, following the argument in [56, 33].
A difference from [56] is that we can work and, in particular, localize around the energy
minimizing path in the domain (not in the range) of Lyons-It6 map since the map is
continuous in rough path theory.

We do not give a heuristic sketch of our argument for brevity. Since formal computa-
tions are basically the same as in the Young case, the reader who wants to know it may
consult the corresponding part of the author’s previous paper [33].

Remark 1.1. The former version of this paper contains detailed proofs of Theorem 3.4,
Proposition 4.1, Proposition 4.2, and Lemma 5.2. It can be found on arXiv preprint server
(arXiv:1403.3181v2).

2 Setting and main results

2.1 Setting

In this subsection, we introduce a stochastic process that will play a main role in
this paper. From now on we denote by w = (w;);>0 = (w}, ..., w{)¢>o the d-dimensional
fractional Brownian motion (fBm) with Hurst parameter H. Throughout this paper we
assume 1/3 < H < 1/2. It is a unique d-dimensional, mean-zero, continuous Gaussian
process with covariance

J

Elwlw]] = -2 (|s* + [t — |t — s[*™),  (s,t>0).

5ij
2
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Note that, for any ¢ > 0, (we)¢>0 and (cHwt)tZO have the same law. This property is
called self-similarity or scale invariance. When H = 1/2, it is the usual Brownian motion.
It is well-known that w admits a canonical rough path lift w, which is called fractional
Brownian rough path.

Let V; : R® =+ R" be C}°, that is, V; is a bounded smooth function with bounded
derivatives of all order (0 < ¢ < d). We consider the following rough differential equation

(RDE);
d

dy; = Z Vi (y¢ ) dw} + Vo(ye)dt with Yo = a € R™. (2.1)
i=1
This RDE is driven by the Young pairing (w, ), where \; = ¢t. The unique solution is
denoted by y = (y',y?) and we set y; := a +y}; as usual. We will sometimes write
yr = ye(a) = yi(a, w) etc. to make explicit the dependence on a and w.
A matrix notation is often convenient. So we set b = Vj and o = [V4, ..., V}], which is
n X d matrix-valued, and often rewrite RDE (2.1) as follows;

dyr = o(y)dwy + b(yy)dt with Yo = a € R™.

2.2 Assumptions

In this subsection we introduce assumptions of the main theorems. First, we assume
the ellipticity of the coefficients of (2.1) at the starting point a € R”.

(A1) The set of vectors {Vi(a), ..., Vi(a)} linearly spans R™.

It is known that, under Assumption (Al), the law of the solution y, has a density
pi(a, a’) with respect to the Lebesgue measure on R" for any ¢ > 0 (see [27]). Hence, for
any Borel subset U C R", P(y,(a) € U) = [, pi(a,ad’)da’.

Let X = HY be the Cameron-Martin space of fBm (w;). Note that any v € H
is continuous and of finite g-variation for some ¢ € [1,2). For v € H, we denote by
Y = ¢9(v) be the solution of the following Young ODE;

d
dg) => Vi(¢))dy,  with  ¢) =a€R" (2.2)
i=1

Set, for a’ # a,

Ki ={yeH|sl(y)=a'}.
We only consider the case where K g’ is not empty. For example, if we assume (A1) for all
a, then this set Kg/ is not empty. From goodness of the rate function in Schilder-

type large deviation for fractional Brownian rough path (see [24]), it follows that
inf{[|[y]l% | v € K&} = min{||7]|l% | v € K¢ }. Now we introduce the following assumption;

(A2) y e K, g’ which minimizes #H-norm exists uniquely.

In what follows, 4 denotes the minimizer in Assumption (A2). We also assume that
| - |13,/2 is not so degenerate at 7 in the following sense.

(A3) At 7, the Hessian of the functional K¢ 3 ~ |v]13,/2 is strictly positive in the
quadratic form sense. More precisely, if (—eg,0) 3 u — f(u) € K2 is a smooth curve in

K¢ such that f(0) = 7 and f'(0) # 0, then (d/du)?|u—o| f(w)||3,/2 > 0.

Later we will give a more analytical condition (A3)’, which is equivalent to (A3) under
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(A2). In [56], Watanabe used (A3)’ in his proof of off-diagonal kernel asymptotics. We
will also use (A3)’. In order to state (A3)’, however, we have to introduce a lot of
notations. So, we presented (A3) here for ease of presentation.

Remark 2.1. Assume (A1). If the end point o’ is sufficiently close to the starting point
a, then (A2) and (A3) are satisfied. (This is shown in the author’s previous paper [33]
when 1/2 < H < 1. The same proof works in our case (1/3 < H < 1/2), too. The key is
the implicit function theorem.)

2.3 Index sets

In this subsection we introduce several index sets for the exponent of the small
parameter ¢ > 0, which will be used in the asymptotic expansion. Unfortunately,
index sets in this paper are not the set of (a constant multiple of) natural numbers
and are rather complicated. (However, all these index sets are discrete subsets of
(Z + H'Z) N[0, 00) with the minimum 0.)

Set

A= {Tll + % | ni,ng € ]N},

where N = {0,1,2,...}. We denote by 0 = k9 < k1 < k3 < --- all the elements of A,
in increasing order. For a while, consider the case 1/3 < H < 1/2. Several smallest
elements are explicitly given as follows;

1

k1i=1, kKo=2, k3= Ky =3, l€5=1-‘rﬁ, ke =4,...

1
E?
As usual, using the scale invariance (i.e., self-similarity) of fBm, we will consider the
scaled version of (2.1). (See the scaled and shifted RDE (4.2) below). From its explicit
form, one can easily guess why A, appears.

We also set

1 1
Ag:{m—1|neA1\{O}}:{0, L —12, E?’}
and

A;:{n—2|neA1\{O,l}}:{0, 2,1,i—172,...}.

1
H H

Next we set

As={a1+as+ - +an|meN;anday,...,am € Aa}.

In the sequel, {0 = vy < 11 < 12 < ---} stands for all the elements of A3 in increasing
order. Similarly,

Ay={a; +as+- - +an|meN; and ay,...,a, € AL}

In the sequel, {0 = pg < p1 < p2 < ---} stands for all the elements of A} in increasing
order. Finally,
A=A+ AN;={v+p|veispeAi}.

We denote by {0 = Ao < A\; < A2 < ---} all the elements of A, in increasing order.
When H = 1/2, all these index sets A;, A’ above are just IN.

2.4 Statement of the main result

Now we state our main theorem, which is basically analogous to the corresponding
one in Watanabe [56]. However, when H # 1/2 and the drift term exists, there are some
differences. First, the exponents of ¢t are not (a constant multiple of) natural numbers.
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Second, cancellation of “odd terms” as in p. 20 and p. 34, [56] does not occur in general.
(These phenomena were already observed in [33] in the Young integration setting i.e.,
the case H > 1/2.)

Theorem 2.2. Assume a # o’ and (A1)-(A3). Then, we have the following asymptotic
expansion as t \, 0;

{ao + OzAlt)‘lH + Oé)\2t)‘2H + e }

p(t,a,a") ~ GXP(* M”)

2t2H th
for certain real constants oy, (j = 0,1,2,...). Here, {0 = A\ < A\; < Ay < ---} are all the
elements of A4 in increasing order. Moreover, « is positive.

Remark 2.3. (i) In theory, the constants in the asymptotic expansion in Theorem
2.2 (and in the on-diagonal case in Theorem 4.4 below) are computable. But, actual
computation is quite cumbersome and we do not carry it out in this paper. We just
mention here that the first constants ag in Theorem 2.2 and ¢y in Theorem 4.4 are
non-zero.

(ii) It might be interesting to consider the case 1/4 < H < 1/3. In that case, since the
third level rough path theory is needed, calculations may become much harder.

(iii) Our assumptions (A1)-(A3) are quite similar to the corresponding ones in [56].
Therefore, if we set H = 1/2 in Theorem 2.2 above recovers most of (but not all of) the
main result in Watanabe [56]. Hence, our result could also be regarded as a rough path
proof of [56]. (In this case, however, the index set in Theorem 2.2 is not A, = IN, but is
actually 2IN, due to cancellation of the odd terms.) Compared to the main theorem in
[56], Theorem 2.2 with H = 1/2 does not include the following two cases;

(a): In this paper the ellipticity assumption (A1) is assumed. In [56], however, something
like “step 2-hypoellipticity” case was also studied. (We simply did not try this case.)
(b): In this paper the coefficient vector fields are of C}°. However, the condition on
vector fields in [56] is as follows: “Forallm =1,2,...and 0 < i < d, |V™V;|| is bounded.”
(V; itself is allowed to have linear growth.) Since Bailleul [8] recently solved RDEs with
such coefficients, it might be possible to extend our theorem to include such a case by
just combining existing methods.

(iv) In a very recent survey [11], many results on various kinds of short time asymptotic
problems for RDEs (or Young ODE) driven by fBm are reviewed. For instance, Varadhan'’s
estimate, which is short time asymptotics of log p(t, a, a’), was shown in [12] under the
uniform ellipticity condition on the coefficient vector fields when H > 1/4.

3 Moment estimate for Taylor expansion of Lyons-It6 map

Let p € [2,3) be the roughness constant and let ¢ € [1,2) be such that 1/p+1/¢ > 1.
We denote by GQP(]Rd) the geometric rough path space with p-variation topology. In
this paper, the time interval is always [0, 1]. For the definition and basic properties of
geometric rough paths, see Lyons and Qian [47], or Lyons, Caruana, and Lévy [46].

Assume that o : R" — Mat(n,d) and b : [0,1] x R™ — Mat(n,e) are Cg°. For e € [0,1],
x € GQ,(RY) and h € CI"*"([0,1],R¢), we consider the following RDE driven by the
Young pairing (ex,h) € GQ,(R¥*+e);

dy; = o(y; )edxs + b(e, y5 )dhy with y5=a € R". (3.1)

It was shown in Inahama [31] (or Inahama-Kawabi [36]) that the first level path of
the solution admits a Taylor-like expansion in the deterministic sense as € ™\, 0. Roughly
speaking, the aim of this section is to prove that the expansion holds still true in L"-sense
for any r € [1,00), when x is the natural lift of fBm with H € (1/3,1/2] or a similar
Gaussian process.
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We remark that the following RDE is a special case of (3.1) above:
dy; = o(y5)(edxy + dky) + b(e,y5)dN,  with ¢S =a € R™ (3.2)

Here, o and x are as above, b: [0,1] x R* = R", \, = t, k € CZ"*"([0,1], R?). We can
easily check this by setting e = d+1, h = (k, \), and b = [o]b] (an n x (d+ 1) block matrix).
This type of RDE appears when we make a Young translation of a given RDE driven by a
scaled Gaussian rough path.

3.1 Some notations

In this paper we work in Lyons’ original framework of rough path theory. We borrow
most of notations and terminologies from [47, 46]. Before we start detailed discussions,
however, we need to set some additional notations.

We denote by x = (x*,x?) a generic element in GQ,(R%) and we write z; := x{, as
usual. Conversely, for x € C§"*"([0, 1], R) with « € [1,2), we denote the natural lift of
x (i.e., the smooth rough path lying above x) by the corresponding boldface letter x.

Note that, for z € C§""([0,1],R?%) and y € C§"*"([0,1],R®), (x,y) € GQ,(RI*T*)
stands for the natural lift of (z,y), not for the pair (x,y) € GQ,(R?%) x GQ,(R¢). In a
similar way, for x € GQ,(R%) and h € C{~"*"(R®) with 1/p+ 1/g > 1, (x,h) € GQ,(R¥*+*)
stands for the Young pairing. These notations may be somewhat misleading. But, they
make many operations intuitively clear and easy to understand when we treat rough
paths over a direct sum of many vector spaces.

For a control function w in the sense of p. 16, [47], we write @ := w(0,1). For any
x € GQ,(RY),

2
wr(5,6) = 1Moy + 1105 (O<s<t<l) (3.3)

defines a control function. Here, the norm on the right hand side denoted the p/j-
variation (j = 1,2) restricted on the subinterval [s,¢]. (This control function is equiva-
lent to the one defined by Carnot-Carathéodory metric.) Similarly, we set wy(s,t) :=
||)\||Z_m,,7[s,t] for A € C{"""([0,1], R®).

For a > 0 and x € GQ,(RY), set 7o(«) = 0 and
Tiv1(a) = inf{t € (1;(a), 1] | wx(mi(@),t) > a} Al (i=1,2,...)
Define
Ny(x) =sup{i e N| 7;(ar) < 1}. (3.4)

Superadditivity of wy yields aN,(x) < wx. This quantity (3.4) was first studied by Cass,
Litterer, and Lyons [19].
For brevity we will often write V = R4, V = Re, and W = R”™ in this section.

3.2 ODEs for ordinary Taylor terms

Ordinary terms in the Taylor expansion are known to satisfy a very simple ODE. In
this section we recall them, following [31], etc. We will first calculate in 1-variational
setting (i.e., the Riemann-Stieltjes sense). After that we will continuously extend these
objects to the rough path setting.

The ODE that corresponds to (3.1) is the following;

dy; = o(y; )edxs + b(e, yi )dhy with  y5 = a. (3.5)

Here, (2,h) € C37"""([0,1], R%*¢). By setting ¢ = 0, we can easily see that the Oth term
¢° = ¢%(h) satisfies the following ODE;

de? = b(0, ¢?)dh, with @) = a. (3.6)
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ODEs for ¢! and ¢? are given as follows;
dt — Vb0, ¢0)(0F, dhe) = o(@))day + 0.b(0,¢0)dh,  with ¢ =0,  (3.7)

and
1
doy — Vb(0,0))(67, dhe) = Vo (r)(dr, dui) + 5V?b(0,67) (61, b1, dha)
FO.VH(0,60)(0), dh) + 5020, 6)dh,  with ¢} =0. (3.8)

ODEs for ¢* = ¢*(x,h) (k = 2,3,4,...) are given as follows. A heuristic explanation
for how to derive these ODEs was given in [31]. We write 0.b for the partial derivative in
¢ and Vb for the (partial) gradient in y for fixed ¢.

dgt — Vb(0,67) (6%, dhe) = dAF +dBy  with  ¢g =0, (3.9)

where

k—1
1. : i
dAf[x,h, @, 8T =0 YT Va0 (dy - 0y s day) (3.10)

j=lig4-tij=k—1""

and

k
- 1 j i1 ij
dBfle " T = DT 3T VIO 0 dhe)
J=2 i1+ +ij=k 7’
k—1 k—m 1 e . . y
+ZZ Z m]j]aEVb(Oa¢t)< t?"'7¢t7dht>

m=1 j=1 i1+--+ij=k—m

1
+E6§b(07 #)dh,. (3.11)
Note that in the definition of A*, the summation is taken over all positive iy, ... ,1; such

that 4; +--- +4; = k — 1. A similar remark goes for the summations in the definition of
Bk, (As usual we set Af = BF =0.)

Let us recall that we can obtain ¢* by the variation of constants formula since the
right hand side of (3.7)-(3.9) is known. Set K; = Ky[h] = [, Vb(0,¢?)(-,dh;) and consider
the following Mat(n,n)-valued ODE;

dM, = (dK;)- M, with M, = Id,. (3.12)

It is easy to see that Mt_1 exists and satisfies a similar ODE. Using this, we can easily
check that ¢* has the following expression;

t t
d),’f:Mt/ M;ldzfzzf—Mt/ dMm;t. zk. (3.13)
0 0

Here, Zt’“ (with Zé“ = 0) is a shorthand for the right hand side of (3.7)-(3.9). Finally, we
set
rEtl =yt — (¢ et 4+ EMeh). (3.14)

It is obvious that for each ¢ € [0,1] and k € IN
(,h) = (2,97, 0% @8 BT (3.15)

is continuous from CZ 79" ([0,1],V @ V) to C*=v97([0,1],V @& V @ WP +3). It is known that
this map extends to a continuous map with respect to the rough path topology in the
following sense (after the initial values are suitably adjusted, precisely speaking. Note
that y§5 = a = ¢9.)
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Proposition 3.1. Let 2 <p < 3 and 1 < q < 2 such that 1/p+ 1/q > 1. Then, for each
€ €[0,1] and k € IN, the map (3.15) naturally extends to the following locally Lipschitz
continuous map;

GQ(V) x CF"" (V) 3 (x,h) = (x,h,y%, ¢, ", 2lH) € GO, (V& V& W),

Proof. This was already shown in [31] for arbitrary p > 2. Here, we only give a sketch of
proof for later use.

First, (x,h) is just Young pairing of x and h. Since (y,¢°) is a unique solu-
tion of an RDE driven by (x,h), we obtain (x,h,y®, ¢°). Next, assume that we have
(x,h,y%,¢°,...,¢"!). Then, Ay + B; on the right hand side of (3.9) can be inter-
preted as a rough path integral, we obtain (x, h,y®, ¢°,..., ¢" 1, A, + B;). For M, :=
Idy, g pgwer+1 © M, we can use a rough path version of variation of constant method
to obtain (x,h,y*,¢°,...,¢"*). (Observe (3.13) above.) Finally, since 7**! is a linear

g
combination of y¢, ¢, ..., ¢*, we obtain (x, h,y<, ¢°, ..., ¢* rktl). o

By the following proposition, this expansion can be called a Taylor(-like) expansion of
Lyons-I1t6 map.
Proposition 3.2. Keep the same notations and assumptions as in Proposition 3.1 above.
Then, the following (i) and (ii) hold.
(i) Foranyanyp >0andk =1,2,..., there exists a positive constants C = C(p, k) which
satisfies that
1" lp—var < C(1 +w /7).

for any x € GQ,(V) and any h € CZ~"*"([0,1], V) with ||h||;—var < p-. o
(ii) For any p1,ps >0 and k = 1,2,..., there exists a positive constants C' = C(p1, p2, k),
which is independent of € and satisfies that

HEET) p—var < Cle + e /P)H

for any x € GQ,(V) with Tx"/? = ewx'/? < p, and any h € CI™"*"([0,1],V) with
1Pllg—var < p2.

Proof. This was already shown in [31] for arbitrary p > 2. In that paper, estimates not
only for the first level path, but also for the higher level paths are given. O

Remark 3.3. In a very recent preprint [9], Bailleul gave a simplified proof of Propositions
3.1 and 3.2 for any p > 2 in the framework of Gubinelli’s controlled path theory.

3.3 Main results in this section

In this subsection we state the main result of this section, that is, moment esti-
mates for Taylor expansion of Lyons-It6 map. We will prove this theorem rigorously in
subsequent subsections. Note that 7, may depend on k, x, h, p, g, but not on ¢.

Theorem 3.4.let 2 < p < 3 and 1 < q < 2 such that 1/p+ 1/q > 1 and let h €

Cd="""([0,1],R®). Assume that x is a GQ,(R?)-valued random variable which satisfies

that (a) wx = wx(O, 1) S ﬂl§r<ooL7‘ and (b) eXp(Na(X)) S ﬂ1ST<OOL7‘ for any o > 0.
Then, for any x, h, and k € N, there exist control functions 1, = 0 x,n, such that the

following (i)- (iii) hold:

(i) n, are non-decreasing in k, i.e., N x,n(5,t) < Nit1,x,1(s,t) for all k,x, h, (s,t).

(i) M x,h € Mi<r<ool” for all k, h.

(iii) Foralle € (0,1, k€ N, h, x, and 0 < s <t <t, j = 1,2, we have

’(Xa ha ye’ ¢07 RS ¢ka 87(k+1)r§+1)£,t| S nk,X,h(S? t)j/p
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In particular, for all k € IN and h, ||(¢")!||p—var € M<r<ool” and ||(tAT )|,y =

O(e**1) in L" forany 1 < r < oo.

Remark 3.5. (1) Examples of Gaussian processes whose rough path lifts satisfy the
integrability assumptions

wx(0,1) € M<recol” and  exp(Nu(x)) € Ni<rcocl” (Vo> 0)

can be found in Friz and Oberhauser [22] (a Fernique-type theorem) and Cass, Litterer,
and Lyons [19] (Integrability of N,). FBm with Hurst parameter H € (1/4,1/2] is a
typical example.

(2) The estimate above is actually uniform in A when it varies in a bounded subset in
g-variation space. (But, the uniform version is not needed in this paper.)

3.4 Proof of Theorem 3.4 for k =0

The rest of this section is devoted to showing Theorem 3.4. Without loss of generality
we may assume that the initial value a = 0. In this proof ci, ca, ... stands for unimpor-
tant positive constants, which is independent of ¢ € (0, 1] and x, but may depend on
P,q,0,b, ||h]lg—var, €tc. We say that a geometric p-rough path x is controlled by a control
function w if [x/ ,| < w(s,t)’/? forany s < tand j = 1,2.

The expansion of the It6 map in the deterministic case is already given in [31, 36]
by mathematical induction. We will closely look at it and check the integrability holds
or not. In this subsection, we will obtain the moment estimates of rl. Surprisingly, for
those who understand the proof for the deterministic sense, the most difficult part is this
initial step of the induction. However, that problem is somewhat similar to the moment
estimates of Jacobian process driven by Gaussian rough paths, which was solved by Cass,
Litterer, and Lyons [19]. In the sequel we will check that their method also applies to
this kind of problem as they conjectured in [19].

Now we prove Theorem 3.4 for k = 0. Set wy(s,t) = ||A||?

q—var,
wx(s,t) +wp(s,t). Then, the Young pairing (x,h) € GQ,(V @ V) is controlled by ¢ (1 +
wxﬁ)c?wx,h, that is,

(s,) and wx,h(8,t) =

|, 0)? | < {er(1 4+ @m) 2wen(s, 0)}7

for all 7 and (s,t).

Next we consider (y©, ¢°) which is a solution of a W¥?-valued RDE driven by (x, h).
Since the Clgp I+1_horm of the coefficients of the RDE is bounded in e, (x,h,y*, ¢%) €
GQ,(V &V & W?) is controlled by c3(1 + Txr)“wy.h-

It is easy to see from (3.5) and (3.6) that r;t satisfies the following equation in the
1-variational setting;

1 1
gdr;t = o(y)dz, + g{b(g, y) — b(0, #2) Ydhy with !, =0. (3.16)

The first term on the right hand side can be interpreted as a rough path integration
of a CZEPJH one-form along (x,h,y®, ¢°). Hence, (x,h,y®, ¢°, [ o(y®)dx) is controlled by
¢5(1 4+ Wxon)®wx i, namely,

|(x,h,y€,¢0,/U(ys)dx)i’t| <{es(1 +W)C6wx,h(s,t)}i/p (3.17)

for all ¢ and (s, t). With (3.17) in hand we have only to obtain a nice estimate of ¢g-variation
norm of the second term on the right hand side of (3.16).

Let us estimate the first level path of rl, that is the difference of the first level
paths of y¢ and ¢°. y° and ¢° are the solutions of the RDEs (whose coefficient are the

EJP 21 (2016), paper 34. http://www.imstat.org/ejp/
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X (d + e)-matrix [0, b(e, -)] and [0, b(0, - )], resp.) driven by (ex,h) and (0,h), resp. A
useful estimate of difference of two solutions of RDEs can be found in Theorem 10.26, pp.
233-236, [25]. (0 denotes a rough path such that x/ = 0 for j = 1,2.) There are positive
constants cz, cg such that CIEP]-norrn of [o,b(g, - )] and [0, b(e, - )] —[o, b(0, - )] are dominated
by c7 and cse, respectively. Set w’ = cowx (s, t). If we take cg sufficiently large, we have
ll(ex,h)||,—r < 1 forall e € [0,1] (see Chapter 8, [25] the definition and || - ||,—.- and
details) and (ex, h) satisfies the assumption (iii), Theorem 10.26, [25]. Note also that
|(ex, h)iﬁt — (0, h)it| < ecio(1 +W'(S,T))w'(s,t)7/? for any S, T, s,t with S < s <t <T.

Then, (a trivial modification of) Theorem 10.26, [25] implies that, on any subinterval
[S,T] C [0,1], there exist positive constant c;2, c13 such that

(% )ae = (%)as|
< caner|(y9)o.s — (9)0s] + cse +ecro(1+ W' (8, 1)) o' (5,1) /P exp(er26w (5,T))
< e[|y — (0)n.s] + (14 wen (S, 7)) Jwsn(s, )P exp(erzwnn (S, T)) (3.18)

forany S <s<t<T.

Let 7; = 7;(«) be as in the definition of N, (x) in (3.4). We choose « > 0 so small
that ci3(1 + 2a)“3(22)/? < 1 holds. Consider each subinterval I; := [r;,_1,7;] (i =
1,2,...,Ny(x)). Let {r;_1 = a(()i) < agi) << a?_ = 7,} be a partition of I; such that

wh(aﬁl,o;i)) =aforl <j<K;—-1and wh(og() 1,0&?) < a. It is easy to see that

K;—1<wp(riz1,m)/a. Let {0 =tg <t1 <---<ty=1} beall a}i)'s in increasing order.
The total number J of the subintervals is now at most

X)+1 Na(x)+1 - 7_) || H
Z Kis 2 | 4 L)) o 414 e
On each subinterval I, := [ti—1,ti], wx,n(ti—1,t;) < 2. Hence we have from (3.18) that

|(y5)§,t - (¢0);,t| < U(ya)}),ti,l - (¢o)(1J,ti,1| + 5} eXP(CISWx,h(tiflati))

forany t;,_1 < s <t <t;. By mathematical induction, we have

i—1
|(y€)0 - (¢)0)0 £ 1| < ¢ H{l + eXp(Cli’)UJx,h(tkfhtk))}
k=1
i—1
< 2 'exp(cis Z w,h (te—1, %))
k=1

Putting this back into (3.18), we have on each interval fi,

i—1

)% = (608 < e{ers2 ™ exp(ers D wn(te-1,t)) + (20) 77}
k=1
Xewse,n (3, 1)'/P exp(ersw,n (ti-1, ti))
J
< ecupexp(Jlog2+ ci3 Z wieh (tk—1, tr) )wse (5, 1) /P
k=1
< ecigexp [(Na(x) +14+ % ”q ") log 2
(o) + 1) + Vg sar e (5, 1)/
< 5015exp(chNa(x))wx,h(s,t)l/p.
EJP 21 (2016), paper 34. http://www.imstat.org/ejp/
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Here, the positive constants ¢; (14 < ¢ < 16) depend on «, too. Since there are J
subintervals, we have on the whole interval that

|r)Ls = (@°)1,] < J'VPecis exp(eisNa(x))ws,n (s, t)/P
< ecpr(Na(x) + 1)1_1/p exp(c16Nu (X)) ws.n (5, )P
< ecig exp(c1sNa (X)) wx, 1 (8, t)l/p (3.19)

for any 0 < s < t < 1. This is the most difficult part in this subsection. For brevity
we set a control function & by & (s,t)/? = cigexp(cigNo(X))wxn(s,t)'/?. Obviously,
&1 € Nicreool” by assumption.

We see from (3.17) and (3.19) that

[{b(e,57) — b0, 60)} — {b(e, 52) — b(0, &)}

< Vbl l(y)Le = (@)Lal + (210-Fblloe + 21920l 157 — 60 ) ()2,

< [Ibllocti (5,77 + (10-Vlloc + 201V ) {ea (1 + Tem) P (s, )} 7]
_\P 1/p

< 20 VP V)RE (s, ) + (110-Vblloo + 2 V2bllocEa ) es(1+ Tm)Pwrn(s,t)]

We denote the right hand side by €& (s, t)l/ P, Then, & is a control function such that
§2 € McrcooLl”.

From a basic property of Young integration and the above estimate, we have
1
€

JRUC R

<cio(1+& + )" {€a(s, t) + wnls, )9 (3.20)

In particular, the Young integral on the left hand side above is of finite ¢g-variation.
From (3.16), (3.17), (3.20) and a basic property of Young pairing, we have

|(x,b,y", 6% e 'xl)! | < &(s,0)'/7

for some control function &3 such that &3 € Ny, L". This & can be written as a simple
combination of control functions which appear on the right hand sides on (3.17) and
(3.20) and is independent of . Thus, we have shown Theorem 3.4 for k =0

3.5 Proof of Theorem 3.4 for general k£ > 1

In this subsection we prove Theorem 3.4 for k, assuming that it holds for the cases
up to £ — 1. In the proof of the deterministic case in [31, 36], it is explained how to
obtain an estimate of r**!, which can be expressed as a rough path integral along
(x,h,y%,¢%, ..., ¢ ).

Our strategy is quite simple. We carefully look at the proof in [31, 36] once again
and make sure that every operation is “of at most polynomial order.” Therefore, for
those who already know the proof for the deterministic case, this subsection is not very
difficult. Since the full proof is quite lengthy, we only give a sketch of proof here.

Let us calculate rf“. From (3.5)-(3.9), we have

k
dritt = b0, 69)(rE i dhy) = [o(f)edm — > <'dal]
=1

k
+|b(e, ¥ )dhy — b(0, ¢)dhy — Vb0, §2)(yE — ¢Y, dhy) — Zelqu
=1

= dIft'+dJfT, withrEP =0, (3.21)

EJP 21 (2016), paper 34. http://www.imstat.org/ejp/
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Here, I**! and J**! stand for sums of the integrals with respect to = and h, respectively.
Observe the right hand side of (3.21). There are only z, h,y%,¢",...,#*! (and no ¢*).
See (3.10) and (3.11). Therefore, the right hand side can be regarded as a rough path
integral along (x,h,y®, ¢°, ..., 9" 1 e7*rF). As a result we obtain

(X, h7 yf:‘7 ¢07 ceey ¢k—175_kr§71k+1 + Jk+1> c GQP(V @ ]} ® W®k+3).

We will prove that the rough path above is controlled by a nice control function with
moments of all order. Note that J**! is a path of finite ¢-variation and hence the above
rough path is a Young translation of (x, h,...,e~*r? I¥+1) by Jk+1,

From Taylor expansion and the way the rough path integral is defined, we can see
that the above rough path satisfies essentially the same estimate as in Theorem 3.4, (iii)
as follows.

Lemma 3.6. Keep the same notations and assumptions as in Theorem 3.4. Assume that
Theorem 3.4 holds for the cases 1,2,...,k — 1. Then, there exists a control function
5 == gx,h such that nk—l,x,h<57t) S gx,h(svt)/ 5 € m1§r<ooLT; and

|(x, h,y, ¢°, ... @t e7Fpk o= (D (kT 4 Jk+1))z_t| < Exn(s, )P (3.22)

forall0 < s<t<1andj=1,2. (Note that ¢ may not depend on ¢.)

Let M be as in (3.12). Then, M and M ~! are deterministic, depends only on h, and
are of finite g-variation. We see from (3.21) that at least formally

t t

P = My [ MNIE T = (I ) < M [ (g )
0 0

Note that the last expression takes the form of Young translation.

To be more precise, set M, := Idy, ¢ pgyyer+= © My and apply (a rough path version of)
variation of constant method as in (3.13) to the rough path in (3.22) in Lemma 3.6 above.
Then, we obtain (x,h,y®,¢°%, ..., ¢" 1 e7Frk e=(k+1rh+1) We can easily see that this
rough path satisfies the same inequality as in (3.22) (if £ is suitably replaced).

Note that ¢* = e~ FrkF — ¢{e=(k+1)pk+11 By applying a simple linear map to the above
rough path, we can obtain (x,h,y,¢°,...,¢*" 1, ¢ e~ (k+1rh+1)  Since the operator
norm of this e-dependent linear map is bounded in ¢, this rough path also satisfies the
same inequality as in (3.22) (if € is suitably replaced by another control function, which
we call 7y, x ). This is the sketch of proof of Theorem 3.4.

3.6 Remark for fractional order case

In this subsection we consider the case where the coefficients of RDEs are of fractional
order in € and present analogous results to Proposition 3.1, Proposition 3.2, and Theorem
3.4. The contents of this subsection will be used in later sections.

In this subsection we assume that 1/3 < 1/p < H < 1/2. Let 0 : R™ — Mat(n, d) and
b:R"™ — R" be C¢°. Let x € GQ,(R?) and h € C¢"*"(R?) with 1/p+ 1/g > 1 and we set
At = t. We consider the following RDE driven by the Young pairing (ex, h, A);

dgi = o(F5)(ede, + dhy) + €/ Hb(5g) dt
o (5)edzy + [o(G5)dhe + eV Hb(g5)dN]  with  §5=a € R". (3.23)

This is a variant of RDE (3.2). Strictly speaking, unless H = 1/2 the results in previous
subsections cannot be used for RDE (3.23). With minor modifications, however, similar
results hold in this case, too. We will explain it below. (Proofs are essentially the same
and will be omitted).

EJP 21 (2016), paper 34. http://www.imstat.org/ejp/
Page 12/29


http://dx.doi.org/10.1214/16-EJP4144
http://www.imstat.org/ejp/

Short time asymptotics for rough differential equation

Let us fix some notations for fractional order expansions. For
n
A= {TLl + ﬁ | ni,Ng € ]N},

let 0 = kg < K1 < ko < --- be all elements of A; in increasing order. More concretely,
leading terms are as follows if H € (1/3,1/2);

1 1 2
4,24 —, 5N =,...). (3.24)

Ry, K1, K2, ... +
0, 1, 2, s Ly 4y g F[7 F[7

H "
If H=1/2,then A; = IN.
Instead of (3.14) the Taylor expansion of Lyons-Itd map takes the following form;

PR =g — (@) TP 4 R ). (3.25)

In this case, ¢"* is the term of “order x;” and is explicitly given in essentially the same
way as in (3.9), (3.10), and (3.11). For the reader’s convenience, we will give explicit
formal expressions of ¢+ for k = 0,1,2,3 when 1/3 < H < 1/2.

d¢? = o(¢?)dhy  with  ¢) =a, (3.26)
dof —Vo(¢)) (i dh) = o(¢))dr, with ¢ =0, (3.27)
doi — Vo () (7, dhs) = Vo(69)(dy, day)

+%v2a(¢$)<¢§,¢g,dht> with  ¢2 =0, (3.28)

do ™ = Vo()) e dh) = b(ed)dt with g =0, (3.29)

Proposition 3.1 holds still true with a slight modification. Namely, if 1/p+ 1/¢ > 1,
the map

GO, (V) x CI7((0,1],V) 5 (x, h)
= (AT Q0 @M ¢ ) € G, (VP & R @ WD),

is locally Lipschitz continuous for any k.

The deterministic estimates for terms in the expansion (Proposition 3.2) can easily be
modified as follows (This proposition was already used in [32]);
Proposition 3.7. Assume 1/3 < 1/p < H < 1/2 and 1/p+ 1/q > 1. Consider RDE (3.23)
and keep the same notations as above. Then, the following (i) and (ii) hold.
(i) Foranyp > 0andk =1,2,..., there exists a positive constants C = C(p, k) which
satisfies that

(") [ p—var < C(1 +wc/P)" .

for any x € GQ,(V) and h € C{™"*"([0,1],V) with ||h|| g—var < p-

(ii) Foranypi,p2 >0andk =1,2,..., there exists a positive constants C= C'(pl, p2, k),
which is independent of ¢ and satisfies that

||(r§k+1)1”p*var < é<5 + Ewixl/p)ywr1

for any x € GQ,(V) with @x'/? = cwx'/P < p; and any h € CZ"*"([0,1],V) with
17l g—var < p2-

The moment estimates for terms in the expansion (Theorem 3.4) can be modified in
the following way. This can be shown in essentially the same way as in Theorem 3.4.
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Theorem 3.8. We consider RDE (3.23). Assume 1/3 < 1/p< H <1/2and1/p+1/q¢>1

and let h € C{7"""([0,1],V). Assume that x be a GQ,(V)-valued random variable such

that (i) @Wx = wx(0,1) € Ni<y<ool” and (ii) exp(Ny (%)) € Mi<r<ool” for any a > 0.
Then, for any x, h and k € IN, there exist control functions ny, = 1y x,n, such that the

following (i)- (iii) hold:

(i) nx, are non-decreasing in k, i.e., N x,n(5,t) < Nky1,x,1(s,t) for all k,x, h, (s,t).

(ii) M x,h € Mi<r<ooLl” for all k, h.

(iii) Foralle € (0,1, k€ N, h,x, and 0 <s<t<1,j=1,2, we have

‘ (X, h, yf’ d)O, O, .., ¢Kk75—ﬁk+lr:k+l)';t‘ < nk,x,h(37 t)j/p.

In particular, for all k € IN and h, ||(¢"*)!||p—var € Ni<r<ool” and [[(x2*™ ) p—par =

O(g™+1)in L" for any 1 <r < oo.

Remark 3.9. (i) This section (Section 3) may look a little bit lengthy. But, we will only
use Proposition 3.7 and Theorem 3.8 in later sections.

(ii) The author guesses that the results in this section naturally extends to the case of
[p] > 3. But, computation may be hard and it has not been confirmed yet.

4 Malliavin Calculus for solution of RDE driven by fBM

In this section we study the solution of a (scaled) RDE driven by fractional Brownian
motion with H € (1/3,1/2] via Malliavin calculus. It was already done by Hairer and
Pillai [27] (and Cass, Hairer, Litterer, and Tindel [18]). In this section we basically follow
their arguments, but in our case we need to check dependency on the small parameter
e € (0,1].

To keep our argument concise, we do not explain much about Malliavin calculus here.
The reader should refer to well-known textbooks such as Nualart [49] and Shigekawa
[50]. In this paper we use Watanabe distribution theory and asymptotic theorems for
them, which can be found in [56] or Section V-9, [29]. (The results in [56, 29] are
formulated on the classical Wiener space, but they are still true on an abstract Wiener
space.) One thing different from is [56, 29] that the index sets of asymptotic expansions
may not be N = {0,1,2,...} in this paper. So, we need to slightly modify these asymptotic
theorems. However, we skip details here since a summary was already given in the
author’s previous work [33].

In this paper, we use the following notations. D stands for the H-derivative. Sobolev
space of the integral index r € (1, 00) and the differential index s € R is denoted by D, ;.
As in [56, 29], we set Do = N?21 Nicrcoo Dy, D_oo = U2 Ui<r<oo Dr,—i. Moreover,
we also use f)oO = N2y Uicrcoo Dy and ]5_00 = U2, Nicr<oo Dy - in Watanabe
distribution theory. The Sobolev space of vector-valued Wiener functionals is denoted by
D, s(K), etc., where K is a real separable Hilbert space.

Let 1/3 < H < 1/2 and choose p so that 1/3 < 1/p < H. The d-dimensional fBm
(w¢)o<i<1 with Hurst parameter H admits a natural rough path lift w as a random rough
path that takes values in GQP(]Rd). We denote by H = H" the Cameron-Martin space
associated with d-dimensional fBm with H € (1/3,1/2]. Throughout this section v € H is
arbitrary, but fixed. By Friz-Victoir [23], there is a continuous embedding

HI — wl/e2([0,1], RY) — €I~ ([0,1], RY) (4.1)

for any ¢ € ((H +1/2)71,2). (In a recent paper [21], the above embedding is shown to
still hold for ¢ = (H + 1/2)~!.) The Banach space in the middle is the fractional Sobolev
(i.e., Besov) space with the differential index 1/¢ and the integral index 2. Note that if
p and ¢ are sufficiently close to 1/H and (H + 1/2)~!, respectively, then 1/p+1/q > 1,
which makes Young integration/translation/paring possible.
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Let us make a remark on Holder regularity of the above RDE. It is well-known that
w is actually an a-Ho6lder geometric rough path a.s., where we set o := 1/p. At first,
it is not so obvious whether 7., (ew) is an a-Hélder geometric rough path, even though
HH <y C’g_hld(]Rd). It was shown to be true in Friz and Victoir [23] and Exercise 9.37, p.
211, [25]. Using (4.1) with 1/¢ = a + 1/2, they showed that

const. x ([|x*|la—nta + |7/,

const. X ([x*|l2a—nia + 1% [la—nwall¥l2 + 17115

17 (%) | = hid

17 (%)?[|2a—htd

IN A

for any v € H and x € GQ(R?). These imply that the driving signal (7., (ew),e!/# )\) of
RDE (4.2) is actually a a-Holder geometric rough path a.s. Consequently, so is y°.

As before o : R™ — Mat(n,d) and b : R* — R" be C;*°. For notational convenience,
we will sometimes denote by V; : R — R the ith column vector field of o (1 <i < d),
ie., o=[Vi; -+ ;Vy]. In a similar way we will write Vj = b.

We consider the following RDE for ¢ € (0,1] and a € R™;

diji = o) (edw; + dy;) + eV Hb(gF)dt  with g5 =a € R™. (4.2)

We write §; = a + (y°);,, and study this process. When v = 0, we write y° = y°. When
v=0and ¢ =1, we write y* = y. If ® denotes the Lyons-Itd0 map that corresponds to
[0,0] and a, then §° = ®((7, (ew),e'/# )\)). Here, (i) 7,(cw) denotes the Young translation
of ew by v and (ii) (7,(ew),e'/")\) denotes the Young pairing of 7., (¢w) and the one-
dimensional path ¢/# )\, = ¢!/H¢. Using V;’s we can rewrite RDE (4.2) as follows:

d
dj; = Y Vi) (edw) +dyl) + /T Vy(g5)dt  with §i=a€cR".  (4.3)
i=1

Note that (y§)o<t<1 and (y.1/=,)o<t<1 have the same law. (See Inahama [32] for a proof).
In Hairer and Pillai [27], they proved the following: (i) ¥+ € Do (R™) for any ¢t > 0,
i.e., D™y, exists and in Ny<,<ool” for any m = 0,1,2,.... (ii) Under Hormander’s
hypoellipticity condition on vector fields {V1,...,Vy, Vi } at the starting point a, Malliavin
covariance matrix of y; is non-degenerate in the sense of Malliavin for any ¢ > 0, i.e.,

. . —1
det [ {(Dy;”, Dy ya}ijma| € Micrcael

where yt(i) denoted the ith component of y;.

It is almost obvious that y{ also satisfies (i) and (ii) above for each fixed €. In this
paper, however, we need to check dependency on ¢ € (0, 1] as it varies. The precise
statements are given in the following two propositions. We will prove them later by
slightly modifying the proofs in [27, 18, 35].

Proposition 4.1. Assume o and b are C;° and let v € H be arbitrary but fixed. Then, for
anym =0,1,2,... and r € (1, 00), there exists a positive constant ¢ = ¢, such that

E[HDmﬁlleg{@m] YT < ce™.

Proof. In [35] the author proved D, -property of solutions of RDEs driven by Gaussian
rough path w including fBm with H > 1/4. The proof is so flexible that we can replace
w by 7,(ew) = ew + 7. If we keep track of e-dependency in that argument, then we
can easily see that D™g¢ is O(¢™) as € N\, 0 for any m € IN. In that proof, the uniform
estimate of Jacobian process and its inverse plays a crucial role. O
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Proposition 4.2. In addition to the assumption of Proposition 4.1, we assume the
ellipticity assumption (A1). Then, (¥ — a)/c is uniformly non-degenerate in the sense of
Malliavin, that is,

ge,(i) _a ga
sup E[det[{(D( ! ),D( !
€

0<e<1

:(4)

— a)>H}lgtj:1]_T:| <00

5
for any r € (1,00).

Proof. Note that the special case “y = 0 and b = 0 and uniformly elliptic coefficients”
was already shown in [10, 12], etc. Since this proposition can be shown in a similar way,
we omit the proof. (However, we note that uniform non-degeneracy of (g5 — a)/e for the
shifted RDE becomes quite complicated under a Hormander-type condition instead of
(Al1).) O

Consider the asymptotic expansion of ¢° as in (3.25). We have already seen that
this expansion holds true both in the deterministic sense and the L"-sense. Moreover,
evaluated at time ¢ = 1, it also holds true in D,-sense.

Proposition 4.3. We keep the same assumptions as in Proposition 4.1. Then, we have
the following asymptotic expansion as € ~\, 0:

Ui~ ) e 4 e 4 in Do (R™).

This means that for each k, (i) ¢7* € Do (R™) and (ii) D, s-norm ofr:fl“ is O(e"*+1) for
anyr € (1,00) and s > 0.

Proof. By the way it is constructed, ¢}* is an element of inhomogeneous Wiener chaos of
order at most [k;]. Hence, ¢* € D, (R") and DlF+l+1¢% = 0. Next we estimate Sobolev
norms of the remainder terms. We see from the stronger form of Meyer’s equivalence
that, for any integer s > ;] + 1 and any r € (1,00), there exists C = C, ; such that

IrZ5 ... < CUrEE ™ e + 1D 2y ler) = C(lIrZs™

L+ [1D*55 L)

holds. By Theorem 3.8 and Proposition 4.1, the right hand side is O(g"#+1) + O(&*) =
O(e"*+1). Thus, we have the desired estimate for such (r, s). Since D, s-norm is increas-
ing in s, the proof is done. O

Now we state and prove on-diagonal short time asymptotics of p:(a,a) = E[d,(y:)].
Compared to the off-diagonal case, this is not so difficult. From Propositions 4.2, and 4.3,
and Watanabe’s asymptotic theory for generalized Wiener functionals (i.e., Watanabe
distributions), we can obtain the following theorem.

Theorem 4.4. Assume the ellipticity assumption (A1). Then, the diagonal of the kernel
p(t,a,a) admits the following asymptotics as t \, 0;

1
p(t,a, a) ~ W(CQ + Cl,ltylH + cl,2t”2H + .. )

for certain real constants cy,cy,,Cy,,.... Here, {0 = vy < vy < vy < ---} are all the
elements of A3 in increasing order. Moreover, ¢ is positive.

Proof. In this proof, v = 0. From the scaling property, we see that
f(a) —a . i(a) —a
(/1. a0,0) = ElB(y7(a)] = Elao (%)) = s, (A=)

By Proposition 4.2, (y5(a) — a)/e is uniformly non-degenerate. It admits asymptotic
expansion in D, (R") as in Proposition 4.3 with the index set for the exponents being
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As. Then, by (a slight generalization of) Theorem 9.4, p. 387, Ikeda and Watanabe [29],
the following asymptotic expansion holds in D_,, as ¢ \, 0;

6()(9%(@) —a

- )~ G0+ by, + 2Dy, + - as e \,0.

Formally, this is a composition of Taylor expansion of dy( - ) and the asymptotic expansion
of (y5(a) — a)/e. Hence, the new index set is IN(A3) = A3. By taking the generalized
expectation and setting ¢,, = E[¢,, ], we have

p(e/ a,a) ~ e (co+ e +epe™+---)  ase\0.

Putting € = t¥, we prove the asymptotic expansion. It is straight forward to see that

d
co = Edo(Y  Vi(a)w])] = (2m)~"/*{det(o(a)o(a)*)} "1/ >0,
j=1
which completes the proof. O

5 Off-diagonal short time asymptotics

In this section, following Watanabe [56], we prove the short time asymptotics of
kernel function p;(a,a’) when a # o’ and 1/3 < H < 1/2. Unlike in [56], we can localize
around the energy minimizing path in the geometric rough path space in this paper,
since Lyons-It6 map is continuous in this setting. (The case H > 1/2 was done in [33].
The result in this section can be regarded as a rough path version of that in [33].)

5.1 Localization around energy minimizing path

Let GQf,m(le) be the geometric rough path space with («, m)-Besov norm for a €
(1/3,1/2] and m > 1 with & — 1/m > 1/3. Explicitly, the norms are given by

Il // L P dt)i/m (i=1,2)
x = = .
ia,m/i—B * 0<sctcl |t — S|1+ma S 1 y

We have the following continuous embeddings
GO (R") — GQf . (RY) — GO (RY) — GQ,(RY) (5.1)

ifl1/3<1l/p=a<d —1/m<a’ < <1/2(see Appendix A2, Friz and Victoir [25]).

Next, we introduce a measure. Let u = u! be the law of the fractional Brownian
motion with Hurst parameter H € (1/3,1/2]. This is a probability measure on W = H,
which is the closure of # = H in CJ7"*"([0,1],RY). Then, the triple (W, H, u1) is an
abstract Wiener space.

For any § € (1/3, H), fBm (w,) admits a natural lift a.s. via dyadic piecewise linear
approximation and the lift w is a random variable taking values in GQf (R?). Note
that the lift of Cameron-Martin space H is contained in GQ? (]Rd). Moreover, as € \ 0,
Schilder-type large deviation holds for the laws of ew, which will be denoted by v. = v,
(See Friz and Victoir [24]). Because of Besov-Holder embedding mentioned above, these
properties also hold with respect to (o, m)-Besov topology if o’ < H. As usual, the good
rate function 7 is given as follows: Z(x) = ||hl|3,/2 if x is the lift of some h € H and
Z(x) = oo if otherwise.

Let us clarify the conditions on various indices here. From now on, these will be
assumed unless otherwise stated. First, for given H € (1/3,1/2], we choose p :=1/a €
(1/H,3) and g € ((H +1/2)7',2) so that 1/p+1/¢q > 1 holds. Then, we choose o’ € (o, H)
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and m € N such that (o/ —a)V(H —a’) > 1/(4m) and consider GQF, ,  (R?). (Heuristically,
m is a very large integer.) '

Since m is an integer, w + ||w* —hi||f;’?i; Ji_p is Do in the sense of Malliavin calculus
for + = 1,2, where h is a fixed element. Actually, it is an element of an inhomogeneous
Wiener chaos. Due to this fact, the localization is allowed even in the framework of
Watanabe distribution theory. This is the reason why we use this Besov-type norm on the
geometric rough path space.

The Young translation 7, works on GQ7%, , (R?) for any v € H. The proof is just a
slight modification of the Holder case.

Lemma 5.1. Let H, o', m be as above. Then, for any v € H, the Young translation ., is a
continuos map from GQF, ,, (R?) to itself.

Proof. Generally, we have the following basic result for Young integrals. Let p’, ¢’ > 0
with 1/p’ + 1/¢’ > 1. Then, there is a constant C' > 0 which depends only on p’, ¢’ such
that

t
/ (xu - xs) Y dyu < OHx”p’fvar;[&t] ' ||y||q’7var;[s,t]'

for any [s, ¢] C [0.1].
Now we prove the lemma. We have

T’y(x)i,t = Xi,t + 73',1%
t t
T’y(x)g,t = xi,t + ')’3,:& + / Xi,u ® dryy + / 'Y;,u ® dxy, (5.2)
S S
Here, the second, the third, and the fourth terms on the right hand side of (5.2) are

Young integrals. As usual we set z; = x}]_’t. By Besov-Holder embedding theorem, x is
o/ —1/(4m) Holder continuous. Moreover, there is a constant ¢ such that

1 1_1 1 1
<l -9 (eH, <H4g).

1
||'Y||q7var;[s’t] < clvllwr/az - (t —s)s

(See p. 211, [25]. The constant ¢ > 0 may vary from line to line.) Therefore, ~>
is of finite 2(1/g — 1/2) Holder norm. The third and the fourth terms are of finite
(1/g—1/2) + (¢/ —1/(4m)) Holder norm. Since H — o’ < 1/(4m) and we may choose ¢
so that 1/¢ — 1/2 can be arbitrarily close to H, these three terms are actually of finite
(2a/ + ) Holder norm for some § > 0 and hence are of finite (2¢/, 2m) Besov norm. Thus,
we have shown that 7, maps GQf ,,, (R?) to itself.

We can show continuity of 7, by estimating the difference |7, (x),, — (%) | for
1 = 1,2 in essentially the same way. So, we omit details. O

For v € H C C¢7""([0,1],R%), let ¢° = ¢°(v) be a unique solution of (3.26) in the
g-variational Young sense, which starts at a € R". Set, for a # d/,

K¢ ={yeH|¢(y) =d}.

This is a closed set in H. We only consider the case that K g’ is not empty. For example,
if (A1) is satisfied for any a, then K g’ is not empty for any o/. From the Schilder-type
large deviation theory, we see that inf{||y|+ | v € K¢} = min{|y|l» | v € K&'}.

We continue to assume (A1). Moreover, we assume (A2) in addition. In the sequel, ¥
denotes the minimizer in Assumption (A2) and we use the results of the previous section
for this 4.
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Note that (i) the mapping v € H < CZ ""([0,1],R%) — ¢9(y) € R" is Fréchet
differentiable and (ii) its Jacobian is a surjective linear mapping from H to R" at any ~,
because there exists a positive constant ¢ = ¢(y) such that

(DY (), DA ()w- )z -1, (5.3)
1<i,j<n
This can be shown in the same way as in the proof of non-degeneracy of y; under
ellipticity assumption. (Actually, it is easier since ~ is non-random and fixed here.)

Therefore, by the Lagrange multiplier method, there exists 7 = (7y,...,7,) € R"

uniquely such that the map

1 !
HxR" 3 (v,0) = 5l = 60(0) — d)re € R (5.4)

attains an extremum at (¥, 7). By differentiating in the direction of k£ € H, we have

(3, k)2 = (7, D) (3))rr = (7, ()1 /0 1 J@); o (8Y(9))dke ) .- (5.5)

Here, J (7)*! are of finite g-variation and J (%) satisfies the following ODE in Young sense;
dJ; = Vo(¢f(7))(Je,d%)  with Jo = 1d,.

Since the integral on the right hand side is of (5.5) Young integral, (7, - )% naturally
extends to a continuous linear functional on C}~"*"([0, 1], R%).

Next, set . = v ® 6.1/u,, Where X is a one-dimensional path defined by \; = ¢
and ® stands for the product of probability measures. This measure is supported on
G5 4, (R?) x R()\). The Young pairing map GQF, ,,,(RY) x R(\) = GQF, ,, (RT) is
continuous. The law of 7. induced by this map is the law of (5w,51/ ), the Young
pairing of ew and /7 \.

Define Z(x;1) = ||h||%,/2 if x is the lift of some h € # and I; = 0 and define Z(w, 1) =
if otherwise. Here, [ is a one-dimensional path. We can easily show that {7.}.~¢ also
satisfies a large deviation principle as € N\, 0 with a good rate function 7. We will use this
in Lemma 5.2 below to show that we may localize on a neighborhood of the minimizer %
in order to obtain the asymptotic expansion.

Now we introduce a cut-off function. Let ¢ : R — [0, 1] be a smooth function such
that ¢(u) = 1if Ju| < 1/2 and ¢ (u) = 0 if |[u| > 1. For each 7 > 0 and £ > 0, we set

2
1 indm/
Xn(&,w) = HID(W”T—W(EW) ||mf,/42m/i73)~
=1

Here, 7_5 is the Young translation by —%. It is a continuous map from Gﬂg (R%) to itself.
So, the right hand side is defined for almost all w € W. Shifting by 7/¢, we have

4m i
Xn(e; w—|— Hw( 4m za'/4m/i—B>‘

This is a D,-functional. Moreover, from Taylor expansion for v, the following asymptotics
holds; for any > 0 and any M € NN,

X,,(a,w—&—g) =1+ 0(M)  inDy ase \,0. (5.6)

am/i

Since [[w'[;" 4myi—p is an element of an inhomogeneous Wiener chaos of order 4m,

so is its Cameron-Martin shift \|T,:Y(sw)i||?27/zfm/i73. For any r € (0,00), L"-norm of this

Wiener functional is bounded in €. Hence, so is its D,. ;-norm for any r, k.
The following lemma states that only rough paths sufficiently close to the lift of the
minimizer 4 contribute to the asymptotics.
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Lemma 5.2. Assume (A1) and (A2). Then, for any n > 0, there exists ¢ = ¢, > 0 such
that

0 < B[(1— xy(ew)) -8 (5)] = O(exp{~ILE)  agen 0

Proof. The proof of this lemma is a bit lengthy and quite similar to the proof for the
corresponding lemma in [33] or [56], except that we work on the geometric rough path
space. So, we only give a sketch of proof here.

Set g(u) = u V 0 for v € R. Then, in the sense of distributional derivative, ¢” = d¢.
Take a bounded continuous function C' : R® — R such that C(uq,...,u,) = g(us —
at)glus —ah) -+ glu, — al) if ju — a'| < 2. Take 1’ > 0 arbitrarily small.

Then, we have

0 < B[~ xylew) 0] = [0~y (R 0]

lyi —a'?

=B {1~ xy(e w)h (5 ) @0F - 0i0)wD)] 6.7)

The idea is that by using the integration by parts formula for generalized expectations
as in [56, 29], we reduce the problem to the upper bound of the large deviation principle
for {¥:}.>0. (The reason is as follows. Thanks to the formula, we can remove the partial
differentiations in (97 - - - 92C)(y5) at a certain price. Then, we have only to treat C(y5)
which is just a bounded function.) O

5.2 Integrability lemmas

In this subsection, we prove a few lemmas for integrability of Wiener functionals of
exponential type which will be used in the proof of the short time asymptotic expansion.
Throughout this subsection we assume (A2). Let &4 be as in (A2) and let ¢"i and

rT =4 (5 =0,1,2,...) be as in (3.25) with v = 7. First we consider
T?3 T‘g‘*‘ _i ~c 0 1 22\ __ _K3—2 1K3 Ka—2 L kKa
2~ 2 - g(y — ¢ —c¢ —€¢)—E P+ ¢ O 4
€ € €

Recall that k3 = 1/H if H € (1/3,1/2) and k3 = 3 if H = 1/2. When evaluated at time
t = 1, this quantity has a kind of exponential integrability in the following sense. (Now
that 7 is fixed, 72*(x), ¢?(x), etc. are function of x alone. We will often write r2*, ¢?, etc.
for simplicity.)

Lemma 5.3. Assume (A2). For any M > 0, there exists n > 0 such that

sup E[exp(M(D,r?j)/eQ)IUn (ew)] < 0.
0<e<1

1/i

Here, we set U, = ﬂi:172{||xi||m; am)i-B < n} as before.

Proof. Let wx be as in (3.3). Note that U; is bounded with respect to p-variation norm.
So we may use Proposition 3.2 to see that, for some positive constants ¢y, cs,

12 llp-var < e1(e+ 0P < eale + 1) Naram—5 + 1X) 5 2mp)™ (X € TY).

(In this paragraph we used Besov-Holder-variation embedding theorem on geometric
rough path spaces. See Proposition A.9, p. 578, [25] for instance.) Hence, if ex € U,, for
0 <n <1, then

HTEJr”pfvar 1 211/2 2 Kg—2
2 s el tlxlaam—p + %0 2m-p)" (e + 20)" (5.8)
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Recall that Fernique’s theorem holds for fractional Brownian rough path w with
respect to S-Holder topology and hence with respect to (o, 4m)-Besov topology. It states
that for some p > 0 we have

E[exp(p(l + HW1||O/ 4m—-B + HW2||20/ 2m— 3)2)} < .

(See Friz and Oberhauser [22] for a proof.)
For given M, take 0 < n < 1 so that M|¥|cy(3n)"*~2 < p. Then, we have

sup E[exp(M (7, €1>/5 My, (ew)] < oco.

0<e<n

Note that, if ew € U,, and < ¢ < 1, then [|r?T|,_yqr/c? is bounded. (The bound may
depend on 7.) This completes the proof. O

Next we consider

1
_ _€ :g(gffqbofeqﬁl):€¢2+€"371¢)”3+
Lemma 5.4. Assume (A2). For any M > 0, there exists 7 > 0 such that

sup E[exp(MHrQH UaT/EQ)IUn(EW)] < 00.
0<e<1
Proof. We can prove the lemma in the same way as in Lemma 5.3 above. So we only
give a sketch of proof.
In this case we have the following inequality instead of (5.8):
HT? ||p—11ar

1/2
5 < (L [ o s + %2507 o p)(e+20)%  (ex € Uy).

The rest is similar. So we omit details. O

From now on we assume (A1) and (A2). In addition, we introduce the following
assumption;

(A3)’ Elexp((7,¢3(w))) | ¢1 = 0] < 00

Note that ¢k (w) = Jr fo J7 o (¢9)dw,. Here ¢? = ¢0(3), J; = J(7):. Note that the
right hand side is Young integral and, consequently, is continuous in w € W. We regard
its jth component gblj € W* C H* as an element of H by Riesz isometry, we write
17 € H C W. We have an orthogonal decomposition # = ker ¢! @ (ker ¢1)*. We denote
by 7 the orthogonal projection from 7 onto ker ¢1. Note that (ker 1)~ is an n-dimensional

linear subspace spanned by {%%’1, .. .,ﬁgb}’”}. Since dim(ker ¢1)* < oo, the abstract
Wiener space splits into two; W = ker ¢; o @ (ker ¢})*. The projection 7 naturally
extends to the one from W onto ker ¢ "pﬂm, which is again denoted by the same

symbol. There exist Gaussian measures ;; and p» such that (ker gbl” o =ver Jker ¢1, pq)
and ((ker 1)+, (ker 1)+, uo) are abstract Wiener spaces. Naturally, 11 = ., po = T pt
and p = p1 X pe (the product measure). One may think yu; is the definition of the
conditional measure P[-| ¢{ = 0] in (A3)’ above.

Therefore, (A3)’ is equivalent to the following;

Elexp((7, ¢7(mw)))] < o0. (5.9)
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Precisely, nw := L(mw) = limy, oo £((7w)(m)). Here, £ stands for the rough path lift
map. Now we will see that 7w is well-defined and has nice properties.

Note that ¢! (k) = D;¢9(5) and recall (5.3), (5.5). Hence, {¢;"!,...,¢;"} are of rank
n in H*. Let C be the positive symmetric matrix in (5.3) and set K = (K;;) = c1,
M = (M;;) = C~'/2, which are again positive symmetric. Then we have

ro— = 3 3 M 3 Ml —w- 3 Kool 610)

J=1 I'=1 I'=1 ILlI'=1

This projection also works in g-variational setting. Note that the second term on the
right hand side is H-valued. Therefore, the lift of 7w is actually a Young translation of w
by S, 1 K¢y (w) - 61", It also holds that 7w = lim,, o £[m(w(m))].

For k, k' € C§~"""([0,1],R%), we set

1
Ak = S /0 T Vo (@) (61 (K), dke) + Vo (97)(@1 (k), dkp)}

1. [t _
L R A ORTION Y (5.11)
0
and A(k, k') = (v, A(zk,7k')). Here, J = J(5) and ¢° = ¢°(7) for brevity. Then, A is a
symmetric bounded bilinear mapping form on H x H. Notice that

1
Ak, k) = 3 (k) — %5“/2 : jl/ J1(¢?)dt, (5.12)
0

where §7:1/2 = 1 if H = 1/2 and §"1/2 = 0 if otherwise. Therefore, A(k,k) = ¢2(k) +
(const).

Now we will see that (i) A is actually Hilbert-Schmidt and (ii) ¢2(7w) € C3 & Co
whose Cy-component corresponds to A, that is, ¢2(rw) = E j(w) + (const). Here, C;
denotes the jth homogeneous Wiener chaos of order j and =3 denotes the element in Co
which unitarily corresponds to a symmetric Hilbert-Schmidt bilinear form B.

For m € NN, set A,,(k,k') = (o, A((zk)(m), (xk’)(m))). The corresponding bounded
self-adjoint operator on # is denoted by A,,. This bilinear form extends to a bounded
bilinear form on WW x W. Hence, by Goodman'’s theorem (see Theorem 4.6, p. 83, [37]),
it is of trace class (and consequently Hilbert-Schmidt). A,, (w, w) = Z A, (w)+ Trace(A,,).
As a result, ¢?((rw)(m)) = E4,, (w) + sm, where the constant s,, may depend on m.

By a straight forward rough path calculation as in Section 5, Inahama [32], we can
prove that ¢?((7mw)(m)) converges to ¢?(mw) in L?(;1). (In Inahama [32], the convergence
3 (w(m)) — ¢3(w) as m — oo is shown. We can modify that proof, since the effect of the
projection m appears as Young translation as we have already seen.) Hence, both = 4
and s,, converge in Cy and Cy, respectively. By the unitary correspondence, there exists
a symmetric Hilbert-Schmidt bilinear form B such that A,, — B as m — oo in Hilbert-
Schmidt norm. From a basic property of Young integral, we see that A, (k, k') — A(k, k')
as m — oo for each fixed k, k' € H. Thus we have shown (i) and (ii) above.

Exponentially integrability of quadratic Wiener functionals is well-known. (5.9) is
equivalent to E[exp(Z 4)] < oo, which in turn is equivalent to sup Spec(A) < 1/2. Since the
inequality is strict, there exists p > 1 such that sup Spec(pA) < 1/2, which is equivalent to
]E[exp(pé )] < co. Summing it up, we have seen that (A3)’ is equivalent to the following;

Elexp(p(7, ¢3(mw)))] < 0o for some p > 1. (5.13)

Let us check here that (A3) and (A3)’ are equivalent under (A1), (A2).
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Proposition 5.5. Under (A1) and (A2), the two conditions (A3) and (A3)’ are equiva-
lent.

Proof. As is explained above, (A3)’ is equivalent to sup Spec(A i) < 1/2. Keep in mind that
the only accumulation point of Spec(A) is 0, since A is Hilbert-Schmidt. Let (—e0,20)
u— f(u) € K* be a smooth curve in K¢ such that f(0) = 5 and f’(0) # 0 as in (A3).
Then, a straight forward calculation shows that

u)l|2 2
& M _da u:O(Hf(;”H — (7, 8%(f.) —a’))

d2

du? lu=0 2 T du?

=11/ 0)13 + (f"(0),3)2 — (7, DS} (H)(f"(0))) — (7, D*$}(3){f'(0), £ (0)))

= £ (03, — (7, D>} (3) (= f'(0),7f'(0)))

= [l (0)]13, — 2{w, %(x f'(0), 7 f(0))), (5.14)
where we used (5.4)—(5.5) and the fact that f/(0) is tangent to the submanifold K g/. Since

17(0) can be any non-zero vector h such that 7h = h, we see from (5.14) that (A3) is
equivalent to

! !/ 1
(7,9 f1(0), mf(0))) < S IIRl1% (h e HA{0}),
which in turn is equivalent to sup Spec(4) < 1/2. O

The following is a key technical lemma. Roughly speaking, it states that restricted on
a sufficiently small subset, exp((7,72)/e?) € Ui<g<oo L9 uniformly in e.
Lemma 5.6. Assume (A1), (A2) and (A3). Then, there exists p; > 1 and n > 0 such that

OiuglE[eXp(m( 2100/ o, (eW) L[y | ej<pyy] < 00

for any n; > 0.

Proof. By Lemma 5.3 and the relation r{ _/e* = ¢7 + r? /€%, it is sufficient to show that

Osu1<)1 E [eXP(Pl (D, ¢%>)IU7, (EW)I{\T; 1/5|§mﬂ < 0. (5.15)
<e< s

Then, from (5.10) and (5.12) we have
G3(w) = lim_ ¢(w(m)) = lim A(w(m),w(m)) - (const)
= ¢ (mw +QZ¢1J w) K - Alw,  ¢)? >

73’

+ ) 7 (W) (w) Ky K - Aldy? i) =0 Zy+ Zy + Zs. (5.16)
7,37 kK

Note that A(w,?¢}7") and A(*¢!7" #¢>*") are well-defined as Young integrals.

Exponential integrability of the first term Z; on the right hand side of (5.16) is given

in (5.13). So, we estimate the second term Z,. Since e¢j(w) = r2,(w) — rl,(w) and

|A(w, #6177 )| S [|w]lp-var, we have

r? 1(w)

. -/ 1
|¢)i’j(w)¢4<’U),ﬁ¢%’] >| < Cl{ Ts,lsw) ’}Hw”P*”ar
s,l(w)

€

dr? (w)2 ||lw|?_ rk
S Cl{ 5,1( )’ + ” ||p/2var} e

€ 4c

[

for any ¢’ > 0.
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Set ¢y = 2¢1n? sup; ; |Kj ;| and let M > 0. Then, by Hélder’s inequality,

1/3
E[eMlZﬂIUn(5W)I{|T;,1/E‘Sm}] < Elexp(3Mcac?|r2, /e?) Iy, (ew)] /

K [AM e} r /(43 [ 8M ezt w0l var] 13,

For any M > 0 and 7; > 0, the third factor is integrable. If ¢’ is chosen sufficiently large,
then the second factor is also integrable by Fernique’s theorem. By Lemma 5.4, there
exists 7 > 0 such that sup, of the first factor is finite and, hence,

sup E[eM‘Zz‘IU" (EW)I{‘T; 1/6|Sm}} < 00. (5.17)
0<e<1 :
Since ¢} (w)pr " (w) = e {r2 (w)! —rl (W) }¢1"(w), we can deal with Z5 in the
same way. For any M > 0 and 7; > 0, there exists n > 0 such that

sup E[eM‘Zs‘IUn(aw)I{‘T%E/E|§mﬂ < 00. (5.18)
0<e<1 ’

Letp>1beasin(5.13). Setp1 =(1+p)/2>1,s=2p/(1+p)>1,and 1/s+1/s' = 1.
Then, from Holder’s inequality and (5.13), (5.16)-(5.18), we can easily see that

E [exp(p1 (7, ¢3)) I, (EW)I{\r;E/dgm}]

2
< Blexp(p(, 6 om))]"* [ B2 1% 1y, (ew) Iy jeramy] '™
i=1

From this, (5.15) is immediate. This completes the proof. O

5.3 Proof of off-diagonal short time asymptotics

In this subsection we prove Theorem 2.2, namely, off-diagonal short time asymptotics
of the density of the solution (y;) = (y:(a)) of RDE (2.1) driven by fractional Brownian
rough path w with 1/3 < H < 1/2 under Assumptions (A1)-(A3).

First, let us calculate the kernel p(¢,a,a’). Take > 0 as in Lemma 5.6. Then, we see

p(gl/H’av al) = E[(sa’ (yi)]
=E[d0 (4] xn (e, w)] + E[6ar (¥7){1 — xp(e,w)}] = I + L.

As we have shown in Lemma 5.2, the second term I> on the right hand side does not
contribute to the asymptotic expansion. So, we have only to calculate the first term /5.
By Cameron-Martin formula,

1 = Blep(- 00— L5 0)su @+ ]
2e2 g’ GRAILIANRE g’
Recall that (¥, w) = (7, #1(w)) for all w. Hence, we have

2 1
L= eXp(_%)E[eXP(—g@’ 01))dur (@ + 26} + 12 )xy (e w + )]

2¢2
- (- ”’YHH)E[ XP(_1<17 $1))00(p1 + e 2 )xn(e, w + )]
en 2e2 e\’ e,1)Xn\&; -
_ i _”’_YH’%-[ E[ (<— 2 >/ 2)5 (¢1_|_ —-1,2 ) ( _'_j)]
= exp o2 exp((V,7¢1)/€7)00(P1 + € 1z 1)xnle, w 5
1 w&) g —d
= — EF ]
o o= JEIFE ) (F )],
EJP 21 (2016), paper 34. http://www.imstat.org/ejp/

Page 24/29


http://dx.doi.org/10.1214/16-EJP4144
http://www.imstat.org/ejp/

Short time asymptotics for rough differential equation

where

F(e,w) = exp(e™ (7,12 1)) xy (e, w + Z)i/)(%

7€ /
Yyi—a

2) (5.19)

3

for any positive constant 7;,. Here, 1 is the cut-off function introduced in Subsection 5.1.
It is easy to see that (i) x,(e,w + 7/¢) and its derivatives vanish outside {w | ew € U, }
and (i) ¥ (ny?|(55 — a’)/€|2) and its derivatives vanish outside {|r}, /e[ < m1}. Hence,
by Lemma 5.6, F(s,w) € Do, and F(e,w) = O(1) with respect to that topology. Since
do((g7 — a’)/e) admits an asymptotic expansion in D_, the problem reduces to whether
F(e,w) admits an asymptotic expansion in D.

Lemma 5.7. Assume (A1)-(A3). For any M € IN, we have

~E !
Yy1—a

E[F(e.w)o(AY)] = B[, w)i (6} /m P)oo ()] + 0(eM)

9 3

ase \(0.

Proof. By using Taylor expansion for v, we see that, for given M, there exist m € IN and
Gj(e,w) € Dy (1 < j < m) such that

w(%

€ !
Yyi—a

3

2) =¢(!ﬁ|2) +§:¢(j)(ffﬁ’2)Gj(€7w)+0(6M) (5.20)
j=1

in Do as ¢ N\, 0. G,(e,w) = O(1), but its explicit form is not important. Note that
D9 (|o1/m )T (1) = 0if j > 1 and supp(T) C {a € R | |a| < n1/2}.

By Proposition 4.2 and Watanabe’s asymptotic theory in [56, 291, §o((y5 —a’)/e) admits
an asymptotic expansion in D_.. as follows. As before, we set =<y <vy<---}
to be all the elements of A3 in increasing order. For given M, let [ € IN be the smallest
integer such that M < v;1;. Then, for some ¢, € D_. (1 <j <1), it holds that

So((75 — a')/e) = So(d1) + V1@, + -+ "D, + O("+1) (5.21)
in D_., as ¢ \, 0. Here, ®,; is a finite linear combination of terms of the form
9"80(41) x {a polynomial of the components of ¢}’ ’s},

where § stands for a multi-index. Hence, ¥V (|¢}/m|?)®,, vanish for all j, j'.
Now, using (5.20) and (5.21), we prove the lemma.

E[F (e, w)do((75 — a')/e)]

= B[F(e,w)u( % i 2)50((gi —a)/e)]

= BE[F(e, w)¢(|o1/m|*)do (55 — a')/e)]
Bl (Yo (126 )5 — ) /23] + OM)
= E[F(e,w)y (|61 /m[*)do((§ — a')/e)]
S () ﬁ 2 . 1 vy M
+E[F(€,w)(zw (\m| )Gj(e,w))(éo((bl)—k-“—k&? ,,)] + 0(EM)
= E[F(e,w)y(|61/m[*)do((# — ') /)] + O(eM).

Thus, we have shown the lemma. O
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Set A, ={k—2|rke A \{0,1}}. If H #1/2,then A, ={0 < H'-2<1<.--}.
Next we set Ay = {a1 + a2+ -+ ay | m €N, and ay,...,a, € AL}, In the following
lemma, {0 =& < & < & < ---} stands for all the elements of A in increasing order.

Note that the following lemma does not claim Fj (s, w) = O(g*+1), but it claims
Frei1(e,w)T(p1) = O(ef++1) if T € S’(R™) is for example of the form 9°4j.

Lemma 5.8. Assume (A1)-(A3) and let F(s,w) € D, as in (5.19). Then, for every
k=1,2,3,...

Fe,w)p(l¢

exp((

1(w)/m?)
&1 (W) e(|61(w) /m[*)?{1 + % Ke, (w) + - -+ + % Ke, (w)} + Frpa (e, w),

where Fj,, (¢, w) € Do, satisfies that
Frp1(e,w)T (o)) = O(e5++1) inD_, ase N0

for any T' € S'(R™) with supp(T) C {a € R" | |a] < n1/2}. Moreover, K¢, € D (j =
1,2,...) are determined by the following formal expansion (k3 = H~' if H # 1/2);

ZM—Z AR O R R RS

m=0 m= O

=1+e"Ke +¥Ke, + -+
Proof. Let p; > 1 be as in Lemma 5.6. First we show that, for any n; > 0,

E[exp(p1(7, 1)) I ot 1<m)] < o0 (5.22)

We can choose a subsequence {¢;} such that, as k — oo, g, \, 0 and R,*" /e, — ¢! a.s.
To prove (5.22), we apply Fatou’s lemma to (5.15) with 7; replaced by 27;.
00 > l%crgng[exp(p1<ﬂ, o)) 1Iu, (Ekw)l{lrikJ/Ele?m}]

> Blexp(p1(7, 67)) iminf Iy /ey 1<20y] = Blexp (o1 (7, 61) Lot <y ]-

From (5.22), it is easy to check that exp((7, gb%)) U(|pt/mi)?) €
Now we expand exp((7,72,)/e?) = exp((7, ¢7)) exp((, r[; 1>/€ ) ine. Set Q41 : R — R
by

2

l 1 1_0[
Qry1(u) = (1—|—u+§+ —i—%) zul“/o %eeudG (u € R).

We will prove that, for sufficiently large [ € IN, as € \, 0,
— 2 . ~ . ~
P Qui (7,753 /e w + D16} /m]?) = O(=+1) in Dec. (5.23)
Note that x, (e, w + z) = O(1) in Dy, as € Y\, 0 by (5.6). By Proposition 4.3, r /5 =

O(e"72) in Dy. So, if I +1 > &q1/(k3 — 2), then ((7,rf3)/e?) ! = O(afkﬂ) in D,
Therefore, in order to verify (5.23), it is sufficient to show that, as ¢ \, 0,

1
/(1—9)le<9»¢?+9’” VA - (e, w + ) U(|lot/m)?) = O(1) in De.. (5.24)
0

To verify the integrability of this Wiener functional, note that e/* < 1+4¢* forall u € R and

0<6<1. Th2is imelies that the first factor on the left hand side of (5.24) is dominated by
=5 -

e(?:#1) 4 {"r21)/e" From Lemma 5.6 and (5.22), we see that the left hand side of (5.24)
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is O(1) inany L" (1 < r < o0). In the same way, the Malliavin derivatives of the left hand
side of (5.24) are O(1) in any L".
It is easy to see that, as € \ 0,

zl: {7, r3)/e*}*

x =1+e%Ke, + -+ % Ke, +O(%+1) in Doy (5.25)

k=0
From this and (5.6), we see that
F(e,w)¢ (|1 (w)/m?)
1
= ep((7, 63 (w) v} ) /m e (5|

€ !
Yyi—a

. ‘2){1 + 8 Ke, (w) + -+ % Ke, (w)}

+ O(¢%+1) in Do..
Using (5.20), we finish the proof. O

Proof of the main theorem (Theorem 2.2). Now we prove our main theorem in this paper.
We set

A4:A3+Ag:{y+§|l/EAg,é.EAé}.

We denote by {0 = Ay < A\ < A2 < ---} all the elements of A4 in increasing order.
It is no mystery why this index set appears in the short time expansion of the kernel
because, very formally speaking, the problem reduces to finding asymptotic behavior of
Elexp((7,72,)/€?) - do(rl 1 /¢)], as we have seen. Now, by (5.19), Lemma 5.7 Lemma 5.8,
and (5.21), we can easily prove the asymptotic expansion in Theorem 2.2. It is easy to
see that ay = E[e™#1)§(¢1)] > 0. O
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