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Oscillations of quenched slowdown asymptotics for

ballistic one-dimensional random walk in a random
environment*
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Abstract

We consider a one dimensional random walk in a random environment (RWRE) with
a positive speed lim,—, o X—n" = vo > 0. Gantert and Zeitouni [9] showed that if the
environment has both positive and negative local drifts then the quenched slowdown
probabilities P, (X, < zn) with z € (0,v,) decay approximately like exp{fnl_l/s}
for a deterministic s > 1. More precisely, they showed that n™” log P, (X, < zn)
converges to 0 or —oo depending on whether v > 1—1/s ory < 1 —1/s. In this paper,
we improve on this by showing that po it/ log P.,(X» < zn) oscillates between 0 and
—oo, almost surely. This had previously been shown only in a very special case of
random environments [7].
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1 Introduction

Let w = {w.} € [0,1]% be a sequence of independent, identically distributed random
variables called an environment, and let a be the distribution of w on the space [0, 1] of
all environments. For a given environment w, we can generate a random path, X,,,n € IN,
with transition probability

P,(Xpi1 =2+ 11X, =2) =w,
P,(Xp1=2—-1X,

x)=1—w,.

The process generated in this way is called a random walk in a random environment
(RWRE). If the path X,, starting at x is generated under one particular environment w,
the corresponding law is called quenched law denoted by P*(-), and its expectation is
denoted by E*[-]. Without conditioning on the environment w, the law of X, starting at «
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is called the annealed law denoted by P%(-) = E,[P*(-)], where E,[] denotes expectation
with respect to the measure o on environments. Expectations under the annealed
measure will be denoted by EZ[-]. For simplicity we write P, (-), Ey[], Pu(-), Ey[-] when
the walk is started at z = 0.

The first mathematical result for RWRE was the limit behaviors of X,, by Solomon in
[18]. Solomon proved that the recurrence or transience of the RWRE is characterized by
the sign of E,[log po], where the random variables p, are defined by p, = (1 — w;)/w,. In
Solomon’s paper, he showed that the RWRE is transient to +oo if F,[log pg] < 0, transient
to —oo if E,[log po] > 0, and recurrent if E, [log po] = 0. Further, he also proved that X,
satisfies a law of large numbers, developing an explicit formula of the speed of RWRE. In
particular, Solomon showed that the limit v, = lim,, )i exists IP,-a.s., and if the walk
is transient to the right (i.e., E,[log pg] < 0) the speed v, is given by

1-Fq, [Po] :
s i o

0 if o [po] > 1.

An extension to Solomon’s work, the limiting distributions of transient RWRE under the
annealed law, was studied by Kesten, Kozlov, and Spitzer. In their paper, a parameter
s > 0, defined by the equation

Ea[pg} =1, s>0,

proved to be a key factor determining both the scaling factor and the limit law of the
random walk. In part,

e If s € (1,2), then under annealed law, % = a stable law of index s.

e If s > 2, then under annealed law with a constant ¢ > 0, X"U;\/%”” = a standard
normal law.

(Here, and throughout the paper, we will use = to denote convergence in distribution.)
Limiting distributions for s € (0, 1] and s = 2 are also shown in [12].

The main results in the present paper concern large deviations of RWRE. A large
deviation principle (LDP) for X,,/n under the quenched measure was first proved by
Greven and den Hollander [10]. Later, Comets, Gantert, and Zeitouni [1] used a different
approach, obtaining a LDP for X,,/n as a byproduct of a LDP for T,,/n, where T,, :=
inf{i > 0 : X; = n} is the hitting time of site n. This approach had the advantage of
giving LDPs under both the quenched and annealed measures. Moreover, the approach
in [1] led to a good qualitative description of the quenched and annealed large deviation
rate functions. Our interest in the present paper concerns certain large deviation
asymptotics when the RWRE is positive speed and with mixed local drifts; that is, v, > 0
and a(wp < 1/2) > 0. In this case, the results in [1] show that both the quenched and
averaged large deviation rate functions vanish on the interval [0, v,]. That is,

1 X, 1 Xn
lim —log P, ( < v> = lim —logP, < < v) =0, ve€][0,vs]
n—oo N n n—oo N n

Thus, in the case of positive speed with mixed local drifts, the probability of the random
walk moving at a positive but slower than typical speed decays sub-exponentially in n.
It was shown in several papers that the precise rate of decay of these large deviation
slowdown probabilities is different under the quenched and annealed measures and that
the sub-exponential rate depends on the specifics of the distribution o on environments
[2, 9, 16]. Our interest in this paper concerns the rate of decay of the quenched
probabilities P,,(X,, < nv) under the following assumptions.
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Assumption 1.1. The distribution « on environments is such that E,[log po] < 0 and
E,[p§] = 1 for some s > 1.

Remark 1.2. It follows from Hélder’s inequality that v — E,[p]] is a convex function.
Moreover, the slope of this function at v = 0 is E,[logpg] < 0 and thus it follows
from Assumption 1.1 that E,[po] < 1 and therefore the RWRE is transient to the right
with positive speed v, > 0. Moreover, since pp < 1 <= wy > 1/2 it follows that
a(wy >1/2) > 0 and a(wy < 1/2) > 0. Since the environment is assumed to be i.i.d. this
implies that «-a.e. environment has sites with local drifts to the right and to the left.

In addition to Assumption 1.1, we will also need the following technical assumptions.

Assumption 1.3. The distribution of log py is non-lattice under « and that E,[p§ log po] <
Q.

Remark 1.4. The conditions in Assumption 1.3 are needed for certain precise tail
asymptotics that we will use throughout the paper. It may be that the main results
of this paper are true without these additional technical assumptions, but this would
require dealing with rougher tail asymptotics throughout the paper. The conditions in
Assumption 1.3 have also been used in many previous papers in one-dimensional RWRE
[121,[8],[141,[5],[131,[41.[3].

The asymptotics of the quenched slowdown probabilities under Assumption 1.1 were

first studied by Gantert and Zeitouni in [9]. In particular, Gantert and Zeitouni proved
that for any v € (0,v,) and any § > 0,

1 X,
lim ——— log P, ( :
n

n—oo pl—1/s+4

< v) =0, «-a.s.

. 1 Xn

nh—{jgc m log Pw (n < U) = —0Q, «-a.s.

One might suspect from this that P, (X,,/n < v) decays on a stretched exponential scale
like exp(—Cn'~1/%) for some deterministic constant C' > 0 depending on v € (0,v).
However, in [9] Gantert and Zeitouni showed that for any v € (0,v,,),

1 Xn

lim sup 17 log P,(— < v) =0, «-a.s., (1.2)
n—oo N~ /s n

and conjectured that the corresponding liminf is equal to —oco. The main result of our

paper complements (1.2) by proving this conjecture.

Theorem 1.5. If Assumptions 1.1 and 1.3 hold, then for any v € (0,v,),

1 X,
liminf ———1log P, | — < v | = —o0, a—a.s. (1.3)
n—00 n1*1/3 n
Together with (1.2), we conclude that nl%/ log P,,(X,,/x < v) fluctuates between 0
and —oo, «-a.s.

Remark 1.6. (i) Theorem 1.5 was proved in a special case by Gantert in [7] in which
a(wy € {p,1}) = 1 for some fixed p < 1/2. In this case, the environment w consists
of scattered “one-way nodes” (i.e., sites x with w, = 1) and all remaining sites have
a fixed drift to the left. We note that the results in [7] also include cases where the
distribution « is such that the environment w = {w, }.¢z is ergodic rather than i.i.d.
In the present paper we restrict ourselves to only i.i.d. environments but remove
the requirement that the support of wy is {p, 1}.

(ii) In the same setting of Theorem 1.5, it was shown in [9] that the corresponding
annealed probabilities decay polynomially fast. In particular,

. 1
lim
n—oo logn

logPo (X, <nv)=1—3s, Yve (0,v,).
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Observe that the decay rate of the annealed case is slower than that of the quenched
case due to the extra randomness available in choosing an environment w from 2.

(iii) The precise sub-exponential quenched and annealed rates of decay of the slowdown
probabilities has also been studied under the assumption that the environment
has “positive or zero drift;” that is, a(wo > 1/2) =1 and o := a(wo = 1/2) € (0,1).
In this case the precise quenched and annealed asymptotics of the slowdown
probabilities were given in [15] an [16], respectively. In particular,

2 2
im U987 100 b (X, < o) = — (1080 <1”>, Yo e (0,v0), (1.4)

n—o00 n 8 Vo

and

1 27(r 1 2 1/3
lim 1/?’log]P@(Xn<nv):—{(7T0ga0)<1—v>} , Yo € (0,vq)-

n—oo N, 32 Vo

In particular, note that the existence of the quenched limit in (1.4) contrasts with
Theorem 1.5 and (1.2).

1.1 Notation and background

Before beginning the proof of Theorem 1.5, we introduce some notation that will be
used throughout the remainder of the paper. First, we note that throughout paper, we
will use ¢, ¢, C, C’, ... as generic positive constants whose values are not important and
may differ by one usage to another, and use Cy, C7, Cs, ... as constants constructed for a
specific usage.

Recall that for an environment w = (w;).cz, we have defined p, = % Then, for
any integers ¢ < j we define ’

j j j
Wij:=[Toe Wij:=) Ty Riji=) ik
k=1 k=1 k=1

Wj = ZHk’j’ R2 = ZHz,k
k=i

k<j

(Note that W; and R; are finite for all i € Z with probability one if E,[logpo] < 0.)
We will use these notations frequently in the next sections in order to simplify various
expressions under the quenched law. In particular, note that we can obtain a quenched
expectation of ; = T;1 — T; (the time to cross from ¢ to i + 1) by

E,[n] =1+ 2W,, (1.5)

which is derived from [19, (2.1.7) and (2.1.8)].

Throughout this paper, we will use the method introduced by Sinai of the “potential”
of an environment which allows us to visualize the environment as a sequence of
“valleys”[17]. This technique was originally developed by Sinai to study the limiting
distributions of recurrent RWRE but has also shown to be useful for transient RWRE
[141,[51,[131,[4]. For a fixed environment w, let the potential V' (x) be the function

Sy logp  ifz>1
V(z)=<X0 ifz=0
—Zi_:lmlogpi ife <-1.
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A V(o)
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Figure 1: The locations of ladder points {v; };cz on Z.

The potential V(z) enables us to cut an environment into blocks by “ladder points”,
{vi,i € Z}, defined by

vo =sup{y <0:V(y) < V(k),Vk <y}, (1.6)
and for: > 1,
v =inf{z >v,_1 : V(x) <V(y;—1)}, and v_; =sup{y <v_;+1: V(y) < V(k),Vk < y}.

Equivalently,
vo =sup{y <0:1l;, 1 <1,Vk <y}

and, for: > 1,
vi=inf{e >v,_1 : I, |, ,—1 <1}, and v_; =sup{y <v_;q1 : 1,1 <1,Vk <y}

Figure 1 is an example of the locations of ladder points on Z. Let us denote the length
between consecutive ladder points by

li=viy1—vi, 1€Z,

and the exponential height of the potential between the ladder points by

V(i)=V() Y < j < Vi+1}> 1€ 7.

M; == max{Il,, ; : v; < j < vi41} = max{e
This exponential height has a crucial role in our analysis because our result shows that
the quenched expectation of the crossing times on sections with “big” M; determines
which subsequence to take for Theorem 1.5 to be satisfied. Also, we will show that the
sums of the quenched expectation of crossing times on sections with a “small” M; is
negligible in the limit.

The ladder points of the environment form a convenient structure for studying the
hitting times of the random walk. Since the environment is i.i.d. under the measure
«, it follows that the blocks of the environment between adjacent ladder points B, =
{wz : © € [, v41)} are i.i.d. for ¢ # 0. In particular, {/;},«o and {M;};2¢ are both i.i.d.
sequences of random variables. However, the interval of environment between the
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ladder points on either side of the origin has a different distribution. In particular, under
the measure «, the random variables [y and M, have a different distribution that /; and
M; with 7 # 0. For this reason, it is convenient to at times work with a related measure
on environments () given by

Q) = alu = 0).

The sequence {w, }.cz is no longer i.i.d. under the measure @, but this distribution has
the convenient property that the environment is stationary under shifts of the ladder
points of the environment. More precisely, if 6 is the natural left-shift operator on
environments given by (6w), = w,1, then for any k € Z the environments w and §"*w
have the same distribution under ). Moreover, under the measure () the blocks between
adjacent ladder points B; are i.i.d. for all ¢ € Z with each having the same distribution
as *B; under the original measure « on environments. In particular, this implies that
{li}icz and {M, };c7 are both i.i.d. sequences under the measure Q.

The distribution @ was first introduced in [14], and we will frequently refer to
estimates under the measure () that were proved in this paper. We mention here a few
of these that we will use throughout the remainder of the paper. First of all, under the
measure () the distances [; between ladder points have exponential tails. That is, there
exist constants C,C’ > 0 such that

QU > z) < Ce '™, (1.7)

Secondly, it follows from a result of Iglehart [11, Theorem 1] that there exists a constant
Cp > 0 such that

Q(M; > x) ~Cox™°, asz — 0. (1.8)

(Note that it follows from this asymptotic statement that Q(M; > x) < Cz~* forallz > 0
and some C' > 0. At times we will use this upper bound rather than the asymptotics in
(1.8).) One of the main ideas that will be used throughout the paper is that the expected
time for the random walk to cross between adjacent ladder points £/ [T,, ] is roughly
comparable to the exponential height of the potential M; between the ladder points.
Thus, we expect that E,[T,,] also has polynomial tails similar to (1.8). Indeed, it was

shown in [14] that
QELT,,]>x)~ Kyz™®, Vx>0, (1.9)

for some K, > 0.

We conclude the introduction with an overview of the proof of Theorem 1.5. As in
[9], we will study the slowdown probabilities through the hitting times of the random
walk. That is, we will prove Theorem 1.5 by proving that lim inf,, ., n~ '/ log P, (T}, >
un) = —oo for all u > 1/v,. We will first show that this limit holds for Q-a.e. environment
w and then from this deduce that the limit also holds almost surely under the original
measure « on environments. The proof of the quenched slowdown asymptotics for the
hitting times is structured as follows. In Section 2, we give an explicit upper bound
of the quenched moment generating function of the hitting times with a one way node
placed on a site to the left of the starting point. This explicit form shows that the sums of
quenched expected time between ladder locations control the quenched subexponential
tail of hitting times. In Section 3, we will show the sums of the quenched expected
crossing time between ladder locations with “small” M; are negligible in the limit under
a measure . Finally, in Section 4 we will prove the needed quenched asymptotics of
slowdown probabilities for hitting times to complete the proof of Theorem 1.5.
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2 The moment generating function of hitting times with an added
reflection point

In this section, we show an upper bound of the quenched moment generating function
of hitting time with a reflection point. We say a site = is a reflection point if w, = 1.
Under our assumptions, if a(wg = 1) = 0 (that is, there are no reflection points in the
environment) then for a-a.e. environment w the moment generating function E, [e*™] =
oo for all A > 0 [1]. However, if we place a reflection point to the left of the starting point
of the random walk then the moment generating function is finite for small enough A > 0
and we will give an upper bound for this modified moment generating function. For
any environment w and any m € Z, let w(m) be the environment w modified by adding a
reflection point at m. That is,

w(m)y = {wx T #m

1 T =m.

The main result in this section is the following lemma which gives an upper bound on
quenched moment generating functions of hitting times with a reflection point added to
the left of the starting point.

Lemma 2.1. Let m < n. If )\ is small enough such that

e~ — sinh()\) (Em [Toi1] — (n+1— m)) >0 2.1)

w(m)

where sinh(\) = ex_;d, then forallm < k < n,

e — sinh()\) (ng(m) [T] — (k — m))
e~ — sinh(}) (Em(m) D] — (k+1— m)) '

w

(2.2)

Ew(m) [e/\Tk] < 6)\

Remark 2.2. Since £, ) [Tn41] — (n+1—-m) = > e (Eu(n[mk] — 1) is non-decreasing

in n, if A > 0 is such that (2.1) holds then it follows that e=* — sinh()\)(Egl(m) [Te+1] — (B +

1 —m)) > 0 for all m < k < n, and this is the condition that will be used in the proof
below to obtain the upper bound (2.2).

Proof. Clearly, it is enough to prove the statement of the lemma when m = 0. Therefore,
for convenience of notation, let g(k) = E,,()[e*™] for k > 0. We need to show that

Y .
» e " =sinh(A)(Ey o) [T] — k)
) < & S ) (BTl - (b 1) PO Sk =™ 23

whenever ) is small enough so that
e — sinh(\)(B(0)[Tpt1] —n — 1) > 0. (2.4)

For n =k = 0, g(0) = e* because a reflection point to the right is placed at a site 0. Thus,
(2.3) clearly holds when n = 0 and so we need only to consider n > 1. Forany 1 < k < n,
let us decompose 7, into a series of crossing times from k — 1 to k before reaching &k + 1.
Let N be a number of times a walk steps from k to k — 1 before stepping from k to k + 1.
Then, N is a geometric random variable with a success probability of w; and

N
=N+1+ Z 7,51)1 in distribution,
=1
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where T,E,i_)l is an independent copy of 7 for each i. Therefore, we have that

> N @
g(k) = ZEw(O) [BA(N+1+Zi:1 DIV = n} P(N = n)

n=0

= > A g(k = 1)™(1 - wi)"wi
n=0

=wee? Y ((1—wp)etg(k —1))".

n=0
Here, we claim the following statement and postpone its proof until the end that (2.4) is
a sufficient condition for
(1—wp)erglk—1) <1, 1<k<n. (2.5)
Then with a sufficiently small A\, we obtain a representation of the moment generating
function introduced in terms of continued fraction or
A

o Wge
1= (1 —wp)erg(k—1)’

g(k) 1<k<n. (2.6)

Using (2.6), we will give a proof of (2.3) by induction in £. If £ = 1, then

(1) _ wleA _ w1e)‘ _ 1
I =1- (1—wi)erg(0)  1—(1—w)e2r e+ per —pre
1
e —sinh(A\)(E ) [T2] - 2)

where the last equality is obtained by noting that (1.5) implies E,«)[T2] = 2 + 2p1.
Suppose that the inequality in (2.3) holds for g(k — 1). Then
_ wre _ 1
S l—(I—wp)erg(k—1) e+ pre=> — prg(k — 1)
1
_ _ e=>—sinh(A) (Ey (o) [Th—1]—(k—1))
e + pre A pke)\ ( e*’\—sinh()\)((g‘w(:) [Tx]—k) )

e — Sinh()\)(Ew(o) [Tk] — k‘)

g(k)

<

@+ pre (e = Sh (N By [Tl k) — pre (e — s () (BT ] — (= 1))
e N — sinh(A\) (Ey(0)[Tk] — k)

(5 ) (e — Suh (N (B [T4] — F)) — pre® (e — sinb (0 (Boo) o] — (F ~ 1))

2 e = sinh(A\) (Buo) [Th] — &)

=T+ po)(e > = sinh(N) (B [T — k) — pi(e? — sinb(N) (o) Thi] — (k — 1))’
(2.7)

A

The proof of (2.2) will then be complete if we can show the denominator in (2.7) is equal
to the denominator in (2.3). To this end, note that (1.5) implies that

k—1 3
Eoo[Tk] =k+2) > 1 ;. (2.8)

j=11i=1
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Therefore, the denominator in (2.7) is equal to

k—1 j k=2 j
(1+pr) [ e — 2sinh()) Z ZHW — pr | € = 2sinh(A Z ZH
j=1i=1 Jj=1li=1
k-1 j j J
:e_k_pk(e)\_e—/\)—QSinh Z ”-l—kaZHJ kaZH’J
Jj=1i=1 Jj=1i=1 j=1i=1
i k—1
= ¢ — 2sinh()) pk—&—ZZH” +Zn,k
j=11i=1
kK J
:67>‘72Sinh ZZH
Jj=11i=1
= e — sinh(\) (B (o) [Tht1] — (k + 1)) (2.9)

Finally, it remains to prove that (2.4) implies (2.5). The proof uses a mathematical
induction in k£ which is very similar to the proof of (2.3). If £k = 1, (2.4) and Remark 2.2
implies

e N> sinh(\)(Ey(0)[T2] — 2) = (e —e Mp1.

Since p; = (1 — w;)/w; and g(0) = ¢*, this is equivalent to
1> e —w) =erg(0)(1 —wy).

This verifies (2.5) for £k = 1. Suppose now that (2.5) holds up to £ — 1 < n. Then, the
above proof shows that the inequality (2.3) holds for g(k — 1). Therefore,

1—erg(k—1)(1 —wp)
= sinh(N)(Ey)[Th-1] — (k= 1))
67)‘ — Sinh(/\)(Ew(O) [Tk] — k)

e — sinh(\) (Ey o) [Tk] — k) — €} (1 — wy) (e — sinh(A) (Ey0)[Th-1] — (k — 1))
67)‘ — Slnh(A) (Ew(O) [Tk] — k)

e = s (B3] — 4) — (1 =) (e — sinh(3)(BuoToi] — (£ = 1))

- e~ — Sinh(A)(Ew(O) [Tk} — /{)

(14 pi)(e= — sith(\)(EooTi] — K)) — pele* — sinh(N) (B [Te ] — (k — 1))
€7>‘ — Sinh()\)(Ew(O) [Tk] — k’)

e — sinh(N)(Ey) [T+1] — (k +1))

e~ — Slnh(>\) (Ew(O) [Tk} — k) ’

e
>1—eM1—wp)ed

v

Wk

:wk

where the last equality comes from (2.9). Since E,, [log pg] < 0 implies wy, > 0 and Remark
2.2 implies
e —sinh(A\) (B () [Thy1] — (k + 1))
e~ — Sinh()\)(Ew(o) [Tk] - ]ﬂ)

>0,
we get that 1 > e*g(k — 1)(1 — wy). O
As a corollary of Lemma 2.1 we obtain the following upper bound for the quenched

moment generating function of the time to cross an interval with a reflection point at
some point to the left of X|.
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Corollary 2.3. Suppose m < kg < ki for any m, kg, k1 € Z. If A > 0 is sufficiently small
enough such that

e~ —sinh(A)EZ, [Tk,] > 0, (2.10)

w

then,

sinh(\)E™ [Ty,
Eko A E o T ) (2.11)

ATy <
w(m) [6 1} < exp (6_)‘ — sinh()\)E"" [Tkl]

w(m)
Proof. First of all, if A > 0 is small enough so that (2.10) holds then Remark 2.2 implies

that
e — sinh()) (Em [Tip1] — (i +1— m)) >0, forall ko <i < ky — 1.

w(m)

By Lemma 2.1 and using the fact that the sequence {7;}x,<i<k,—1 is independent under
Pw(m)r we have

ky—1 ki—1
B[] = Byl =00 ") = [ Bumle™]

i=ko

. kﬁl . ¢ — sinh()\) (Eﬁm) ] — (z — m))
imh e —sinh() (B, [Tia] = (41— m)
e — sinh(\) (Ef}(m) [Te,] — (ko — m))
e~ = sinh(\) (L, [Th] = (s —m))
sinh(\) (B2, [Ty = (k1 — ko))

e~* —sinh(\) (EZL(W) [Tk,] — (k1 — m))

— Ak1—ko)

— Mki—ko) | 4

Since 1 + x < e” for any x € R we can conclude that

sinh()) (Eo’j‘zm) (T3] — (k1 — ko))
e=* — sinh()\) (Eu’jl(m) (T3] — (k1 — m))

sinh()) (Ejjfgm) [Th] — (k1 — ko))
e=* — sinh()) (Eg'(m) (T3] — (k1 — m))
A(ky — ko) + sinh()) (Ejj‘gm) (T3] — (k1 — ko))

e=> — sinh(\) (Egy() T3] — (k1 — m))

( sinh(N) ELt, [T )
Sexp | — .
(&

A — sinh()\)EZJ”(m) [Tk, ]

ek(kl—ko) 1+

< exp [ Ak — ko) +

< exp

where in the second inequality we used that the denominator inside the exponent is
at most e~ < 1, and in the last inequality we used that A < sinh(\) for A > 0. This
completes the proof of the corollary. O

3 Bounds for quenched expected crossing times

From the results of the previous section, we see that the quenched expected crossing
times are key to obtaining bounds on the quenched moment generating functions of
hitting times. In particular, it will be necessary to obtain control on how small A > 0 must
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be for the bounds given by Corollary 2.3 to be valid. In order to consider this problem
in more general setting, let us define a sequence a,, = n* for some n; > 0, and study
E,[T,,, ] under the measure (. First, we decompose E,[T}, | to the series of crossing
time between consecutive ladder locations such that

Va, -1

E, [T, 1= Y Ey[T,..].
1=0

For simplicity, we will introduce some notation.

B = E [T,

Vit1

|, iez.

Under the measure Q, recall that vy = 0 and that #”:w has a same distribution for any
i € Z. As a result, {f;}icz is stationary under @). Next, we determine i.i.d components in
¢ which mainly contribute to the size of each ;. It turns out that 3; is roughly comparable
to M;. Suppose b, = n" for some 7; > n2 > 0. The main goal of this section is to show
that the size of 3; with M; < b, is small enough that the sums of such ;’s is unlikely
to play a large role in the size of F, [Tl,an]. Therefore, the large deviation events are
primarily dependent on the §; for indices i with M; > b,. The following Proposition is
the main result of this section.

Proposition 3.1. Let a,, = n™ and b, = n" for some n; > 1y > 0. Let Assumption 1.1
and 1.3 hold. Then, for any ¢ > 0 there exist constants C, C’ such that

an—1
Q (Z (ﬁiI{Migb"} — EQ[ﬁO]) > ane) < C«/ane—C(logn)2. (31)

=0

The remainder of this section is devoted to the proof of Proposition 3.1. First of all,
let ¢, := |(logn)?| and define ﬁi(c") to be a quenched expected crossing time from v; to
v;+1 with a reflection point located at v;_ (., _1). That is,

Bl = g (T,...]-

W(Vi—(ep—-1))

The strategy of proof for (3.1) is first to show that the sums of differences of ﬁiI{ M;<bn}
and Bi(c”)l{ M, <b,} are negligible in the limit, and then prove the inequality of (3.1) with
B; replaced by ﬂi(c"). More precisely, we have

an,—1
Q (Z (Bl <o,y — EqlBol) > ane>

=0

an—1 an—1
=Q (Z (Bi = BN g <b,y > ;“n> +Q <Z (B s, b,y — EqlBo)) > ;an> :

i=0 1=0
(3.2)

and we will show that each term in (3.2) is bounded above by Cane*C/(lognV. The
following lemma does this for the first term of (3.2).

Lemma 3.2. For any ¢ > 0, there exist C, C' > 0 such that

an—1
“ € - ogn
Q (Z (Bi — 62( ”))I{Migb"} > 2an> < Cape C(logn)?

=0

EJP 21 (2016), paper 16. http://www.imstat.org/ejp/
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Proof. Using (1.5), we may write

l/,;+171
Bi = Z (1+2W75)
J=v;
V7j+1—1
=Li+2 Y Wy ;+2W, 1Ry, 1. (3.3)
Jj=vi
Similarly, applying (1.5) with a reflection at w,, (en—1) (so that p,, en-1) = 0) gives
I/i+171
ﬂi(cn) =1 +2 Z in,j + 2RV1‘7V1‘+1*1WV717(%71)’Vz'*l' (3.4)
J=vi

Then by (3.3) and (3.4), we get

Bi - ﬂi(cn) = 2(1 + WVrif(c,,Lfn*1)wa(cnf1)»Vz‘*lRVi,l’H—l*l

Hence,

Q ( (8= 87 ) Tizny > 2>

i=0
an,—1 ¢
= Q (Z (1 + W”if(Cnfl)*l)HVi—(cn—1)1Vi*1RVi7Vi+1*II{Mi§bn} > an4>
i=0
Since II;, ;, < M; for any iy, i3 such that v; <143 <iy <y —1,

Vig1—1

Ry, v -1, <0,y = Z Iy, kX <o,y < Mg <p,y < libn.

k:l/i
Also, from (1.7) and Lemma 2.2 in [14] there exist ¢, ¢/ > 0 such that
Qlo > z) <ce ®®, and Q1 + W_y > z) < ce . (3.5)

Applying (3.5) and Chebyshev Inequality,

an—1
€
Q (Z (1 + WVif(cn—1)_1)Huif(cn—l)7’/i_1RVi7V'i+1_lI{Mi§bn} > an4>
=0

<Q@EFie0,a,—1]:1 > (logn)?) +Q (3i € [—cn + 1,an — cp) : 1+ W,,—1 > (logn)?)

an—1
€an,
I1,. viel >
+@Q <Z i—(en—1):Vi—1 4(logn)4bn>

=0

4(logn)*b

< 2ca, e~ (losm)2 4 " Eo[Moy,—1]" "t < Cane~C0°5™)” for some C,C" >0,

€
where the second to last inequality comes from the fact that Eg[II,, , ,,—1] = Eg[Ily ., —1]
(since blocks between ladder points are i.i.d. under @), and the last inequality follows
from Eq[lp,, 1] < 1, by(logn)* < a,, and ¢, = |(logn)?]. O

Regarding the second term of (3.2), we will begin by decomposing 61-(0”) in a way that
will help us to get control the dependence in the sequence. Recall the decomposition of
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61@”) in (3.4). Observe that the first two terms are i.i.d as sequences indexed by ¢, and
the last term is stationary in ¢ but dependent under measure (). Since (1.5) implies that

11171

EqlBo) = Eqllo] +2Eq | Y Wo; | +2EQ[W_1Ro., 1],
=0

we can bound the second term of (3.2) by three different probabilities such that

an—1
Q (Z (ﬁi(cn)l{]\/fifbn} - EQ[ﬁOD > ;an>

=0
anp—1 .
< l; — Eollo]) > an~
Q(;( ollo]) a6>
anp—1 Vit1—1 -1 .
+Q Z Z Wo. ilim,<v,y — Eq Z Wil | > T30n
=0 J=vi Jj=vo

an,—1
€
+Q (; {Wui,(%,1),ViflRui,ui+1711{M,;§bn} — EgW_1Ro,, 1]} > an12> .

The proof of Proposition 3.1 then follows easily from the following three lemmas.
Lemma 3.3. For any ¢ > 0, there exists c(¢) > 0 such that

Q (ai_:l(li — Eqll]) > ane> =0 (e—C(S)an) .
i=0

Lemma 3.4. For any ¢ > 0, there exists C, C' > 0 such that

an—1vit1—1 vi—1
Q Z Z Ww,jI{Mi<bn} —Eq Z Wooi| > ane | < Cane_C/(logn)2~ (3.6)
i=0 j=v; Jj=vo

Lemma 3.5. For any ¢ > 0, there exists constants C, C' > 0 such that

an,—1
—C’(logn)?
Q <Z {W’/i—(cn71)7Vi_1RVi7V'i+1_lI{Mi§bn} - EQ[W—lRO,Vl—l]} > an6> < Cane ' (logn)

i=0
(3.7)

The proof of Lemma 3.3 is a standard result in large deviation theory since the [; are
i.i.d. with exponential tails. We will therefore only give the proofs of Lemmas 3.4 and 3.5.
Although the summands in (3.6) are i.i.d, we cannot use the standard large deviation
techniques involving exponential moments to obtain a bound like in Lemma 3.3 because
the exponential moment is infinite as Z;;*l}i_l W,,; > M; and Q(M; > z) ~ C"/x® for
1 < s. Instead, we adapt a technique of Nagaev and Fuk used on estimating for large
deviation probability of sums of heavy tailed independent random variables [6]. Let X
be a random variable on arbitrary probability space 2 and let A be a measurable subset
of Q0. If X <y, we claim that for any h > 0,

W —1—h
B[ —1-nx] < " E[x?. (3.8)
Y
It is easy to verify (3.8) by the fact that (e* — 1 — hax)/x? is non-decreasing in z. Secondly,
we state the following lemma which follows easily from the tail asymptotics (1.8) for M;

under the measure Q.
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Lemma 3.6. Let Assumptions 1.1 and 1.3 hold.
1. If s < 2, then Eq[MgTy, <) ~ §222%7% asz — oc.
2. If s =2, then Eq[M3Iy, <] ~ 2Cologz as x — oc.
3. If s > 2, then Eg[M¢?] < oo.
Now we are ready to give the proof of Lemma 3.4.
Proof of Lemma 3.4. For the simplicity, let us first introduce a notation.

vi—1

W=Eq [ Y Wy,

Jj=vo
Also, define a positive function ((i,n) such that

vip1—1

C(in) == > Wi Tt <byniti<(logn)?}-

J=vi

Since Hihiz < Mi for any il,ig such that v; < 11 <19 < Vit1 — 1,

Vig1—1 viti—1 g vig1i—1 g vit1—1
SRIITEES I SUNP Sl SUYRSE SRRTRSES
J=vi j=vi k=v; j=vi k=v; J=vi

As a result, we have a following bound of ¢(i,n).
¢(i,n) < (logn)* M;Iias,<p,y < (logn)*b,. (3.9

Replacing the notations in the problem by ((i,n) and W the notation above, the problem
is simplified to

anp—1 [vit1—1

Q Z Z Wo, ilinm, <oy — W | > ane

1=0 Jj=v;
an,—1

<Q3Fi€0,a,—1]:1 > (logn)?) +Q (Z C(i,n) > an(e+ W)) . (3.10)
=0

By (3.5) and the stationarity of /; under Q, the first term is bounded by cane—c (og n)?
for some c, ¢’ > 0. So, it remains to prove a similar upper bound for the second term
of (3.10). Recall that ((i,n) are i.i.d. sequences in ¢ under the measure Q. Then by
Chebyshev Inequality, for any A > 0

an—1

Q <Z Cin) > an(e+ W>> < Bg[eA T climean(Wko
=0

— 67)\0.71(6+W)EQ[6)\C(0,7L)]"an-l. (311)

Note that Eg[¢(0,n)] < W, and ¢(0,7n) < (logn)*b,. Then using (3.8) and (3.9),

Eo [emov”)} =1+ AEg[C(0,n)] + Eo [e)‘C(O’") —1- (0, n)}
eAlogn)tbn 1 _ A(logn)*b,,

2
ST+AW + ((log n)*b,)? Fleom
eM(log n)4b, _ 1 — Xlogn 4bn
STEAW + 7 0BT o0y 0420,
EJP 21 (2016), paper 16. http://www.imstat.org/ejp/
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With a choice of A = m, we get
w 2
AC(0,n 2
W >
< exp <(10gn)%n t2 b [MoI{Mo<bn}]> :

Applying Lemma 3.6, we obtain that there exists some constant C' > 0 such that

exp ﬁ—&-g) ifl1<s<2
exp ﬁ+%) if 2 < s.

Combining (3.11) and (3.12) we get that there exists a constant ¢ > 0 such that

S cxexp | an %—m)) ifl<s<?2
Q <Z ¢(i,m) > an(eJrW)) <<cxexplan CL‘?” — (log'rEL)4bn>) ifs=2

i=0 )

‘ cxexp|an b%_m)> if 2 < s.

Note that all three cases are bounded above by ce © o m) %o for some ¢, ¢/ > 0 for n
large enough. Hence, the second term of (3.10) is bounded above by the right-hand side
of (3.6) for large n. O

In preparation for the proof of Lemma 3.5, we introduce the following notation.

Wln:W

) Vie(en—1),v;—1

and R; := Ry viii—1,
and define
1/)(27”) = RiI{Mz:Sbmliﬁ(l‘)g”)2}Wi’"I{VVi,n<(IOE”)2}'

Note that (i + ¢,,n) is independent of 1 (i,n) under the measure Q. Also, since R =
P T L, g < LM,

IC:IJi
¢(Zvn) S (logn)4MiI{]\/Ii<b,,L} S (log n)4bn- (313)
Finally, we give the proof of Lemma 3.5.

Proof of Lemma 3.5. For the simplification to notation, denote W’ := Eg[W_;] and
R := E[Ry,,-1]. Note that Ry ,,_1 and W_; are independent because Ry ,,_1 € {w, :
0<z<w —1} while W_; € {w; : < —1}, so we get

EQ[W_1Ro,-1] = Eq[W_1]Eq[Ro,—1] = W'R.
With new notations described above, the problem is simplified to
an—1 ~ ~
Q < Y {Wi,nRi - W’R} > ane> <QFiel0,an—1]:1 > (logn)?)
i=0

an—1
+Q(Ji€0,a, — 1] : W,,—1 > (logn)?) + Q (Z (¢(i,n) — W'R) > ane> . (3.19)

=0
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By (3.5), the first and second terms of (3.14) are bounded by QCane*C/(k’g n)? for some

constant ¢, ¢’ > 0. Hence, it is enough to show that there exist some constants C,C’ > 0,
such that

an—1
Q (Z P(i,n) > an(e+ W’R)> < Caye= ¢ togn)’ (3.15)
=0

A proof of (3.15) begins with grouping {¢(i,7)}{o<i<a, -1} into ¢, = [(log n)?| smaller
sums as follows. In particular, since

an—1 cn—1 [lan/cn]
Dovin) <Y | D Wrican) ],
i=0 j=0 i=0

then the third term of (3.14) is bounded above by

cp—1 lan/cn]
Q Z Z Y(j+icn,n) | > an(c+W'R)

=0 i=0

cn—1 Lan/('w

<> Q Z W(j +icn,n) > (e+WR)
j=0

I_an/an
=@ S Wlican) > e+ WR) |, (3.16)
where the last equality follows by the stationarity of ¢ (i, n) under ). Notice terms in

the sum inside the probability in (3.16) are i.i.d. under Q. Hence, applying Chebyshev
Inequality to (3.16), for any A > 0

Lan/an
Q Z P(icy,n (e +W'R) | <Eq {ez}ig/w W(“W*”)} e~

oo (e W' R)

= Eq |:e>\111(0,n)
Note that E[1(0,n)] < W’R and recall that ¢(0,n) < (logn)*b,,. Therefore, using (3.8)
Eq [0 = 14 XEq [15(0,n)) + Eq [O™ —1 - \y(0,n)]

eMogm)*bn _ 1 _ X(logn)4b,

Lan/CnJ +1 an ’
} e e (A W'R) (3 97)

2

<1+ \W'R+ (g n),)2 E [¢(0,n)?]
)\(10g71/)4bn — 1 — )\ 1 4bn

<14+ \W'R+ ¢ 7 (log ) E [M(?I{Mo<bn}} )

where in the last line we used the first inequality in (3.13). With a choice of

_ 1
A= (logn)%b,?
we get

W'R 2
A RO 2
o [ ] <1+ fogy, * g Wbt
W'R 2
§ exp ((logn)% + E [MOI{M0<b }]>

and thus, applying Lemma 3.6, there exists a constant C' > 0 such that

exp (h)gVTﬁb"+b%) ifl<s<?2
Bq [O] < S exp (foiafty- + S ) i s =2 (3.18)
exp % + %) if2 <s.
EJP 21 (2016), paper 16. http://www.imstat.org/ejp/

Page 16/27


http://dx.doi.org/10.1214/16-EJP4529
http://www.imstat.org/ejp/

Oscillations of quenched slowdown asymptotics

Combining (3.16), (3.17) and (3.18), there exist constants ¢, C > 0 such that, for large n,

s
n

an—1 Cn
Q (Z (¥(i,n) — W'R) > ane> << cXe, Xexp % Clboig" — (logrel)“b")) ifs=2

=0

CXCnXGXI)M bg_m>) ifl<s<?2

an (C _ e
cn \ b2 (log n)4b,

C X ¢p X exp if2 <s.

’

Note that all three cases are bounded above by ¢ x cne © oo Cios M7, < Cane_cl(log n)? for
some ¢, ¢/, C, C' > 0 with n large enough, which completes the proof of (3.15). O

4 The quenched subexponential tail of hitting time large devia-
tions
The main goal of this section is to prove the following.
Proposition 4.1. Under the same assumptions as Theorem 1.5, for any u € (%7 00),
1
liminf ———-log P,(Ty, > uv,) = —o0, o-a.s. (4.1)
n—oo Mt /s
Before giving the proof of Proposition 4.1, we will first show how it can be used to
complete the proof of Theorem 1.5.
Proof of Theorem 1.5. Let v < v’ < v,, then
Po(Xn < nv) < Py(Thy > n) + P (T, < 00). (4.2)

First, we will show that Proposition 4.1 implies that
1
liminf ———log P, (Tpy > n) = —00, a-a.s. (4.3)
n—oo nlfl/s
To this end, let 1 and p’ be such that v/ < p < ' < v, and let ¢; = Since

lim, 00 2> = Eg[v1], a-a.s., it follows that

K
Eq[n]”

. v c1n
lim -t
n— o0 n

= ClEQ[I/l] = Wu.

That is, VLCT”J € (v, ) for all n sufficiently large (depending on w). Thus, for a-a.e.
environment and all n large enough we have that

n 1
Pw(Tnv/ > TL) < PW(T’/Lclnj > n) = Pw (T'/LCNLJ > VLJVLCNIJ) < Pw (TI’LCNLJ > 'u,VI_clnj) 3
cin

and since 1/u’ > 1/v, it follows from Proposition 4.1 that (4.3) holds. Regarding the
second term on the right of (4.2), it was shown in [8, Lemma 3.3] that there is some
constant C' > 0 such that P, [T}, < o] < exp(Cm) for any m < 0. Therefore, we have a
following upper bound with a choice of small ¢ > 0 such that

Po (P2 (T < 00) > e") < e PR (T < 0)
= e Po(Thv—v) < 0) < eceln(v—o"),

Since v < v/, if € > 0 is chosen sufficiently small then the upper bound given above is
exponentially decreasing in n and so the Borel-Cantelli Lemma implies that P]J“’/ (Tho <
o0) is almost surely eventually less than e~'" for some constant C’ > 0 for all n large.
In particular, this implies that

. 1 /

nl;rrgo =i log P1Y (T, < 00) = —00, «-a.s.,
which concludes our proof. O
EJP 21 (2016), paper 16. http://www.imstat.org/ejp/
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To prove Proposition 4.1 let us first define a new measure & on environments by
a(w € -) = a(f*w € -). That is, « is the distribution of the environment shifted so that
the ladder point vy < 0 is at the origin. Compare this with the distribution ) which is
obtained instead by conditioning vy to be at the origin. We show next that & is in fact
absolutely continuous with respect to Q).

Lemma 4.2. & is absolutely continuous with respect to ().

Proof. First of all, note that
{vo=—k}={Il; 1 <1lforj < —k,I_;; >1for —k<j<—1}.
Therefore, for any event A € o({w,},z € Z),
a(w e A)

=> a(w =—k)a(0Fw e Al = —k)
oo
= Za(yo = k(@ Fwe A| I g1 <1lforj< —k,I_p; >1for —k<j<-1)

=> a(vy=—k)a(we Ay < 1forj<0,Ty; >1for0<j<k-1)

_ia(’/ __k)a(weA,Ho,;-ZlforOgjgk_l‘Hjﬁl<1forj<0)
- 0= a(Mo; > 1for0<j<k—1|I,_; <1forj < 0)

_ °°(W Qe v >k
*Z (0* k) Q(V1>k‘) .

Therefore, if Q(w € A) = 0 then &(w € A) = 0 also. That is, & is absolutely continuous

with respect to Q. O
Remark 4.3. In fact, the above proof shows that §3(w) = =1, where rj, =
a(vo=—k)
Q(r>k) *

We now show how the measure & is helpful for proving Proposition 4.1. Since vy < 0
for any environment w, we have

P,(T,, > uvy,) < P°(T,, > uvy,),

and thus to prove Proposition (4.1) it will be enough to show that the conclusion holds
with @ in place of . That is, we need to show that

- 1
lggloréf =i log P, (T,, > uv,) =—o00,  G&-as.

However, since Lemma 4.2 shows that & is absolutely continuous with respect to (), the
above limit will follow if we can show the same almost sure limit under the measure Q.
That is, we have reduced the proof of Proposition 4.1 to the following.

Proposition 4.4. Under the same assumptions as Theorem 1.5, for any u € (%, 00),
. 1
liminf ——— log P, (T}, > uv,) = —o0, Q-a.s. (4.4)
n—oo nl—1/s "

The remainder of the paper is devoted to the proof of Proposition 4.4. We will follow
the approach of [9] by dividing the environment into large blocks and then analyzing
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the crossing times of these large blocks. The main improvement we make is that we
obtain better estimates on the quenched moment generating functions of these crossing
times using the results from Section 2. To decompose the environment into blocks, fix
an integer m > s, let us define subsequence nj such that

k
ng =m"™ fork >0,

and aj, = n,lc/ */D for some fixed D > 1, which will later allow to be arbitrarily large. The
blocks of the environment will be the intervals between ladder locations v;,, and v(; 1),
for j € Z. To simplify notation, let us denote the ladder locations at the edges of the
blocks by

v(j, k) == Vjay, JEZ, k> 1.

The path of the random walk X,, on Z naturally defines a birth-death chain by
observing how the random walk moves from one v(j, k) to either v(j — 1, k) or v(j + 1, k).
To be precise, let {t;};>0 be the sequence of times when the random walk reaches a
ladder point v(j, k) different from the last such ladder point visited. That is, t{c = 0 and

t; = inf {TL >tiq: X, € {V(j, k)}jeZ and X, 75 Xti—l} , 1> 1.

We then obtain a birth-death process {Z;};>0 on Z by letting X, = v(Z;, k). If we let
©; =t; — t;_1, then it follows that

Ny,
Tunk S Z @ia
i=1

where Ny, = inf{i > 1: Z; > ny/ax} is the time needed for the induced birth-death
process to move at least ny/ax to the right. If we also define Ny, = inf{i >1: |Z;] >
ng/ax} to be the time for the birth-death process to exit (—ny/ax, ni/ai) then it follows
for any fixed L that

N
Py(Ty, > uvy,) < Py(Ni # Np)+Po(Ni > L, Ny = Ni)+P, Z@,» > uvy,, Ny < L

i=1

(4.5)

We will show below that the environment is such that for k large enough the induced
birth-death process has a very strong drift to the right so that by choosing L large
enough we can make the first two probabilities on the right above very small. The last
probability on the right is the key term, and we will obtain control on this by obtaining
certain uniform upper bounds on the time it takes a random walk started at v(j, k) to
reach either v(j — 1,k) or v(j + 1, k).

The following result shows that the first term in (4.5) has an exponential tail.
Lemma 4.5. There exist § > 0 such that for )-a.e. environment w there is an integer
K (w) < oo such that

Pw(Nk #* Nk) < 6_5nk, Vk > K(w)

Proof. The event

(N, # Ny} C{T,_, <oo}C{T_,, <oo}.

n

Therefore,

Q (Pw(Nk £ Np) > 6_6”’“) < Q (Py(Tp, < 00) > e70™) < & gy [Py(Tp, < 00)].
(4.6)
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Since a(vg =0) > 0 and Q(-) = a(-|vyp = 0), we have

Eo [Py(Tn, <0)1y=0] _ Pa(T_n, <o) e~ One
O[(l/() = 0) - Ck(l/() = 0) - O[(l/() = 0),

Eq [Po(T-p, < o0)] = (4.7)

where the last inequality holds by Lemma 3.3 in [8]. Finally, if 6 > 0 is chosen sufficiently
small then (4.6) is summable in k£ and so the Borel-Cantelli Lemma completes the
proof. O

In order to determine the decay rate of the second and third term in (4.5), we first
define a set

Tne = [—1n/ak, n/ag] N Z = {— M’;J - mJ 1., B:J }

Clearly, if N, = Nk then the birth-death process Z; € J,,, when ¢; < T,,nk. So, we only
need to observe paths of the birth-death process {Z;};>¢ restricted to J,, and analyze its
associated probability. The following lemma gives a uniform upper bound (for all £ large
enough) on the probability that the birth-death process steps to the left before time Ny

Lemma 4.6. There exist &' > 0 such that

Q <J%1}X PLOR(T, 1y < Tygpan) > e ZO) =0. (4.8)
Nk

Proof. First, note that

¢ (J%?X PLYUNT, vy < Toggan) > e_‘s/“"’)
N

<> Q (Pz(j’k) (Toi—1.6) < To(i1,k) > 675’%)
jeTn,

n _sa
< 3;:@ (Pw(Tu(—l,k) <Tyap) >e? ’“)
< 3%@ (PM(T,% < 0) > 6_5/“’“)

k

<3 g [Pu(Toa, < o0)) ™,
k

where the second inequality holds because | J,,, | < 3nj/ar and @ is stationary under shifts
of the ladder points of the environment, and the third inequality holds by {7} (_1,x) <
T,am} €S {1y, < oo} C{T_q, < oo}. Finally, it follows from (4.7) that the last line
is bounded above by C’ Z—:e‘(c“;’)“k. Since this is summable in % for sufficiently small
0’ > 0, the Borel-Cantelli Lemma finishes the proof of (4.8). O

Let {S;}i>0 be a simple random walk with
P(Sit1=8;+1]S) =1—P(Sip1 = S — 1|S;) = 1 — e~

Since this random walk steps to the right with very high probability, it is unlikely that
the random walk takes too long to travel |nj/aj ]| steps to the right. In particular, if we

fix d >0andlet L, = ﬁ then it was shown in [9, Lemma 9] that

Qg

for some §; > 0. It follows from Lemma 4.6 that the probability of jumping to left under
S; dominates the probability of jumping to left under Z; when Z; = j € J,,,. As a result,
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if the process Z; stays within J,,, then the random walk S; will take longer than the
process Z; to reach |ny/a|. That is, for k sufficiently large (depending on w),

P,(Ny > Ly, Ny = Np) < P (inf {z >0:8; = Kﬂ } > Lk) < e oimk, (4.9)
k
In order to estimate the decaying rate of the last term in (4.5), we first find an explicit
upper bound of the exponential moment of ©;. Recall that, each O, is a crossing time
from v(Z;_1,k) to either v(Z;_; — 1,k) or v(Z;_1 + 1, k) that the walk visits first. Then,
each ©; is less than the crossing time from v(Z;_1, k) to v(Z;—1 + 1, k) with a reflection
at v(Z;—1 — 1,k) for Z,_, € Z. Therefore, we have for A > 0 that

B, [Ohzaem | = N7 P(Ziy = ) x BLE ) [T00 0] 4+ P(Zi £ )

J€Jn,,
v(4;k) AT (g1,
< Jnax EYe) ) [Trorn] . (4.10)

By Corollary 2.3 with m = v(j — 1, k), ko = v(j,k) and k1 = v(j + 1, k), the right side of
inequality in (4.10) has an upper bound in an explicit form. That is, with A > 0 sufficiently
small enough such that

-

v(j—1,k) e
jlgif Ew(ll(] Ly LoG+1m)] < Snh N (4.11)
we have
‘ sinh N(E"UR) 1))
:E']V’(k,,)_l k) [e)‘TV(J'+1,k)] S exp w(”(]( 1, ’f)]i) y(]+ k)
T ~* —sinh A( :(z/] 1k))[ l/(j-i-l,k)])

for each j € J,, . Therefore, we get

h V(]lc )
Ew[GAQiI{Zi—le‘]"k}] < max exp o )\( wlnli- 1k))[ V(Jﬂ’k)b

FETn,, e~? —sinh )\(Ezgj(jlj)’k))[Ty(j+17k)])

(4.12)

Note that the requirement that A\ > 0 is small enough so that (4.11) is satisfied is
needed for (4.12) to ensure that certain moment generating functions are finite. Since
e*/\/sinh)\ — oo as A — 07, (4.11) is always satisfied for some small A > 0. However,
we will later want to apply the upper bound (4.12) with a deterministic choice of
A=), = Don,;l/S with some fixed Dy > 0, and in this case the bound (4.11) may not
necessarily be satisfied. However, we will prove a following claim and show that with this
choice of \; there is an environment dependent subsequence of n; where the condition
(4.11) is met. For any fixed constant ¢; > 0, we will show that

Q <Jrél?x BT Toam] < 2(EqlBo] + €1)a i.o) =1. (4.13)

1/s
Recall that the sequence a;, = n,’*/D for some D > 1. Since L ;k ~ 3= = "5, it follows

from (4.13) that if the constants D, Dy and ¢; are chosen so that D > 2(Eq|[Bo] + €1)Do
then

' 2(Eq[Bol +€1) 1ys e M
| , _
oax Byt Tvoeimn] < =5 S Simbog

infinitely often.

Therefore, it is enough to prove (4.13) to show that there is almost surely a subsequence
of n, for which (4.11) holds when A = A\ = Don,, /S.
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~ To simplify notation, for any integers i, j such that i € [(j — 1)a, (j + 1)ax — 1] let
Bl = EZi(V(j_l k) Tv.i.] be the quenched expected crossing time from v; to v, with a
reflection added at v(j — 1, k). Then, we can restate (4.13) as

(j+Dar—1
o 2(EQlBol te1) 17s .
Q Juax (‘E 1) B§<#nk io| =1. (4.14)
1=—1)ak

A strategy for proving (4.14) is to classify the sums of ﬂf into two groups by the size of
M; and determine an upper bound of the sums of each group separately. For a fixed
e > 0 we will refer to {i : M; >n""9/*} and {i : M; <n!'~9/*} as “big hills” and “small
hills,” respectively. Then, we begin by a lemma showing the upper bound of a group of ﬂf
corresponding to small hills using Proposition 3.1. An upper bound of ﬂf corresponding
to big hills requires a more careful estimation because 55 with the biggest hill dominates
all of the other Bf ’s. The first step is to prove that 5{ corresponding to big hills are
typically located outside of a small group of ladder blocks. Then, we show that at most
one big hill is typically observed at each ladder block. Finally, we estimate a uniform
bound of ﬂf corresponding to big hills observed from each ladder block.

The following lemma shows that the maximums of sums of centered expected crossing
time with a small hill, {M; < n,(clff)/ °1, are negligible in the limit.

Lemma 4.7. Let us define J;,, = J,, U{—|nx/axr] — 1}. Then, for any ¢; > 0,

(+1)ak—1 .
j 1 .
Q JI?%X E (BZJI{M13<n§91_E)/S} — EQ[ﬁo}) > Eak 1.0. | =0.
" i=(j)a -

Proof. Since 3/ < j; for any j € J),. and i € [(j)ag, (j + 1)ar — 1], it suffices to prove

(j+1)ar—1 ]
1 .
Q rél%x Z (ﬁiI{Migngj—F)/s} — EQ[ﬁoD > Eak i.0. | =0.
TR = ()
Recall that f;,7 € Z is stationary under (). Hence,
(j+1)ar—1 c
1
Q Jlél%x Z (ﬁiI{MtSni}f@/s} — EQ[ﬁo]) > 5ak

"R i=()ak

ap—1
3ng & €1
<@ <Z (B py, <p 077y — Eqlfo]) > 2%)

=0
’ 2
< Cnpe ¢ 02™)”  for some C, C’ > 0,

where the last equality comes from Proposition 3.1. Then, the conclusion follows by the
Borel-Cantelli Lemma. O

Next, a following lemma shows that the maximum ﬁf with big hill always occurs in
J € Jn, \ {—1,0,1} for k large enough.

Lemma 4.8. If0 < e < 1—1/s, then

J J ; _
max 1 1—e)/s max 21 1—a/sy  t.o. | =0.
@ FETn,, bi {M;>ni! =) 7 JE€Tn, \{—1,0,1} & {M>n{l79/%)
i€[(i—Dag,(j+1)ar—1] i€[(j—1a,(j+1)ar—1]
EJP 21 (2016), paper 16. http://www.imstat.org/ejp/
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Proof. We have the following inclusion,

J J
max 4 I (1—e)/s max 'T (1—e)/s
3€ Ty R €T \{—1,0.1} Pilinon=rey

i€[(G—1)ak,(j+1)ar—1] i€l(i—1)a,(G+1)ar—1]

_ J j
= max T ey > max T —o)/s
je{-1,0,1} Bilirgsn=o/y jE€Tn, \{~1,0,1} Bl g snt=75y
€li—Dar,(GH+1)ar—1] i€[(j—Dak,(j+1)ay—1]
(1—€)/s
C max M; >n .
{—Zak§i§2ak—1 ’ k }

That is, in order for the two maximums to not be equal there must be at least one large
hill corresponding to some i € [—2ayg, 2a;, — 1]. Moreover, for large ny,

_ (1-e)/s\ _ (1—e¢)/sy _ Gk ) _ 1
Q (2ak<mii)§ak1Ml > ny > = (4ak)Q(M0 > ny, )*O < 1—e> =0 <n1—5—1/5> ’

ny H

where the second to last equality comes from the tail asymptotics of M in (1.8) and the
last equality comes from the definition of a;. Then, the conclusion of the lemma follows
from the Borel-Cantelli Lemma. O

A following lemma shows that for ny large enough each interval [(i —1)ay, (i +1)ag — 1]
with i € J,, contains at most one big hill.

Lemma 4.9. If0 < ¢ < 51, then

Q(Hj € J,, such that §{i € [(j — V)ag, (j + Dag — 1] : M; > n{179/*} > 2
for infinitely many k) =0.
Proof. Since {M,};cz is i.i.d. under Q,
Q (Hj € Jy, such that #{i € [(j — )ay, (j + Dag — 1] : M; > n' =9/} > 2)

< 32EQ(8i € 0,20 — 1] : M > ! 97"} > 2).
k

For simplicity, let us denote N := #{i € [0, 2a; — 1] : M; > n,(vlfe)/s}. Then, N is a binomial
random variable with parameter n = 2a; and p = Q(My > n,(:*e)/ *). Using the inequality

(1—-np)<(1—-p"forn>0and0<p<1,
QIN>2)=1-(1-p)" —np(l=p)"! <n(n—1)p* < (np)*.

Recall that a; = ny/*/D with some fixed constant D > 1 and Q(M, > n\'~9/%) < Cne=!
for some constant C' > 0. Then, we have

2 2 '
3nkp(N22)§3nk< ?af) < 1_16; 5, for some ¢ > 0.
Q. Qe nk nk s—2€

Since 1 — 1/s — 2¢ > 0 by our assumption, the conclusion follows from the Borel-Cantelli
Lemma. O

Finally, we show that for some subsequence of n; the sums of 5;’ corresponding to
big hills are bounded above by ¢’ n,lc/ ® for any € > 0.

EJP 21 (2016), paper 16. http://www.imstat.org/ejp/
Page 23/27


http://dx.doi.org/10.1214/16-EJP4529
http://www.imstat.org/ejp/

Oscillations of quenched slowdown asymptotics

Corollary 4.10. Suppose 0 < € < -1

- Then, for any ¢ > 0,
(j+Daxr—1 _
Q | max Z BT atysna-arsy < e’n,lc/b io. | =1.

i=(j—1)ax

Proof. First, we prove that,

My oy <€l o <10 a9
N ]

i€[(j—Dar,(j+1)ar—1]

Since ng = m™" for some m > s and ap = n,lc/S/D we have that ny_1 < a; for all k&
large enough. Therefore, [V_n, ,,Vn._,] C [V—ay,Va,] = [V(=1,k),v(1,k)] and due to
the reflections used in the definition of ﬁg the event inside the probability in (4.15) is
independent of the environment in the interval [v_,, ,,vn,_,]. Therefore, the events
inside (4.15) are an independent sequence for k large enough and so to prove (4.15) by
the second Borel-Cantelli Lemma it is enough to show that

oo

J 1o 1/s |
ZQ jeJn,fl\l?}Lo,l} BgI{MiMS%)/S} < €Ny = oo (4.16)
F=1 \iel(i-Dar, (i+Dar—1]

To prove (4.16), note that

J 1 1/s
jeJnﬁl?ﬁ,o,l} B; Lptsn(i-orsy < €y
i€[(j—1ar,(j+1)ar—1]
j 1/s
2@ jeg Bl agsni-arey < ¢my!
i€[(j—1Dak,(j+1)ar—1]
g
> — < —
B Q j%lc%’i (2nk)1/‘9 2
i€[(j—1Dak,(j+1)ar—1]
Bi ¢
> —_— < = . 4.17
>Q (iE[—g}jﬁ(k—l] (2np) /s 2 ( )

It was shown in [13, Proposition 5.1] that { #, —n <1 < n} converges weakly to a
nonhomogeneous Poisson point process with intensity measure vz ~*~'dz for some v > 0.
Hence, the probabilities in (4.17) are uniformly bounded away from 0 for all £ and thus
(4.16) follows.
By Lemma 4.8 and 4.9, we have, for k large enough,
J _ J
jEJ,,Lkn\l{ai(l,O,l} /Bz I{M11>n§91_6)/5} = Jlél%i ﬂi I{JV1¢>7L§:_F)/S}
i€[(j—1)ar,(j+1)ar—1] i€[(j—1)ax,(j+1)ar—1]
(j+1)ar—1 ]
— J
1=(j—1)ag

Hence, the conclusion of the Corollary follows from (4.15) and (4.18). O

We are now ready to give the proof of the main result of this section.
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711/
Proof of Proposition 4.1. Recall that ap = % = ali=sy = 1D6nk '/* for some
fixed § > 0. And, choose A\ = )\, = =% for any fixed Dy > 0. Taking L = L;, in (4.5),
Ny,
Py(T,,, > uvy,) < Pu(Ni # Np)+Po(Ne > Ly, N = Np)+Py | Y 0i>ung, Ny < Ly
i=1

We have proved in Lemma 4.5 and (4.9) that the first two terms on the right side decay
exponentially for ()-a.e. environment w. Consequently,

1 ) . )
lim log {Pw(Nk £ Ni) + Po(Nj, > Ly, Ny, = Nk.)} = . (4.19)
n—oo nl 1/

Regarding the third term, for each i < Nj, the distribution of the crossing time ©; is
determined by the location Z,_; € J,, . Also, since N < Ly,

Nk Lk
Z@i > uvy,, Ny < L | <P, (Z Oiliz, e, > w/nk>

i=1 i=1

Ly,
Hekk@il{zile]"k}‘| ef}\kuunk’ (420)

where the second inequality comes from Chebyshev’s inequality. Now, we claim that

P j€dn, wwi=Lkb)

L L
He“@'ﬂ{zile-'nk}] < (max BN [eAle’(Hlv’“)]) , forany L>1. (4.21)
=1

To see this, let 8, := o(X, :n < Z;Zl 0)) be the o-field generated by the walk up until
the i-th step of the induced birth-death process on the blocks. Then,

I L
MO, RYACH ¥99
E, He k {Z;_1€n;} =F, |E, He k {Zi—le-}nk}‘ﬁL—l
i =1
ALO. I, PYACIA
H MOz _sen v | [e kOL {ZL71€~]nk}|®L71:|
=1
< max EYWF) e AkTu(Hl,k)] x E

= o w(v(j—1,k))

L—-1
H ekk@il{zi—le‘]nk} ,

i=1
where the last inequality comes from (4.10), and then (4.21) follows by induction. Apply-
ing (4.21) with L = Ly, we have

Ny

1 5
lim inf —— T log Py [ Y0 > uvy,, Ny < Ly

1=1
1 ) o
< hkm inf ———— —=i/s log (mjax EW(V(J 1 k))[e)‘kTvuﬂ,k)]) e AUVn,,
—00 1 S
k

. Lk v(j,k) AT, ) Akuyn,

= hgglorclf =175 <1og m;tx Ew(y(] L k))[ RhvGrim] ) — 1_1/;
Ny, T
. v(j,k)

< liminf _ Lk ma i )\k(EW(V(J ! k))[Tu(j+1’k)]) - )\kuynk (4.22)
— L 1-1/s 1/ 1,k 1-1/s :

hvoo Y T e — sinh A ( wﬁiu 1)k))[ v(G+1,k)]) ny Y
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where the first inequality comes from (4.20) and (4.21), and the last inequality comes
L, there is a K (w)

such that for all k > K(w),

(j4+1)ar—1
; E +€e1/2 1/s
jrélJaX Z ﬁgI{Mi<n§€1*€)/s} < MTL}C/ . (4.23)
N 2:(‘7)0‘1(: -

On the other hand, by Corollary 4.10 with ¢ = ¢;/D, we can find an environment
dependent subsequence of n; defined as ny/ such that

(J+1)a, —1 e
1/s
o Z BT ysni-arey <l (4.24)
" (G—1)ay:

Then, by a choice of D > 2(Eq[Bo] + €1)Do, (4.13) is satisfied for some subsequence &'.
Therefore, we can conclude that (4.22) is bounded above by

I Ly sinh()y,) Zelfoltsarz,, /s et v,
1m _
k—o0 ni s =i _ QSlnh(/\k)M k/ nllc_l/s
Do(Eq[fo] + 3€1/2)
- — DouEq[v1], -a.s., (4.25)
(1 =0)(1 = 2Do(Eq[Bo] + €1)/C) oubiQ] Q
where in the last equality we used that A\, = DO”:/S' Ly = 1D5 ni 1/5 2nd the fact that

vn/n — Eglih], Q-a.s. In summary, we have shown that for any Dy, ¢1,¢ > 0 and for all
sufficiently large D < oo that

Dy(Eq[Bo] + 3e1/2)

1
liminf ———log B, (T}, > uvy,) < —DouEqg[i], Q-as..

n—oo pl=1/s ~ (1=8)(1 = 2Do(Eq[fo] + €1)/D)
By first taking D — oo and then letting ¢;,§ — 0, we can thus conclude that
1 Eq[6o]
hnrgloréf /s log P,(T,, > uvy,) < DoEqg[vi] (EQ ] —u, Q-a.s., (4.26)

for any Dy < oo. Finally, since

it follows that the term in parenthesis in (4.26) is negative for u > 1/v,, and thus the
right side of (4.26) can be made smaller than any negative number by choosing D,
sufficiently large. O
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