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Abstract

The proof of the second convergence of Theorem 2.1 provided in the original paper
relies on properties of the so called Q-process, which is not, in general, defined on
the whole state space. Hence the inequality is only proved for some restricted sets of
functions and measures. This weakness can be easily repaired and we provide here a
proof of the inequality that applies in full generality.
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In Theorem 2.1 of [2], we claim that, under Assumption (G), there exist two constants
C ′ > 0 and β ∈ (0, 1) such that, for all measurable functions f : E → R satisfying |f | ≤ ψ1

and all positive measures µ on E such that µ(ψ1) < +∞,∣∣θ−n0 µPnf − µ(η)νP (f)
∣∣ ≤ C ′βnµ(ψ1).

The proof provided in [2] is incomplete since it is based on properties of the so
called Q-process, which is not, in general, defined on the whole state space E. The
consequence is that the above inequality is only proved for functions f that vanish when
η vanishes and for probability measures µ such that µ({x ∈ E, η(x) = 0}) = 0.

We provide here a proof of the inequality that applies to all functions f : E → R

satisfying |f | ≤ ψ1 and all positive measures µ on E such that µ(ψ1) < +∞, as claimed
in the original result.

Proof. Recall that the semi-group (Qn)n∈Z+
, defined by

Qn(f) =
Pn(f ψ1)

(θ1 + c2)nψ1
, ∀n ≥ 0, ‖f‖∞ ≤ 1,

satisfies conditions (E1-E4) of [1] with ϕ1 = 1 and ϕ2 = ψ2/ψ1, using θ1/(θ1 + c2) in place
of θ1, θ2/(θ1 + c2) in place of θ2 and c1/(θ1 + c2)

n1 in place of c1. In particular, according
to Theorem 2.1 in [1], there exist constants C > 0, α ∈ (0, 1) and a probability measure
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νQSD on E such that, for all bounded measurable functions g : E → R and all probability
measures υ such that υ(ϕ2) > 0,∣∣∣∣υQng

υQn1
− νQSD(g)

∣∣∣∣ ≤ Cαn ‖g‖∞
υ(ϕ2)

.

Multiplying both sides of the inequality by υQn1 and applying the obtained inequality to
υ = (δx + νQSD)/2, one obtains, for all x ∈ E (recall that νQSD(ϕ2) > 0),

|Qng(x)+νQSDQng − νQSD(g)(Qn1(x) + νQSDQn1)| ≤ 2Cαn ‖g‖∞(Qn1(x) + νQSDQn1)
ϕ2(x) + νQSD(ϕ2)

.

But νQSD being a quasi-stationary distribution for Q, we have νQSDQng = θnQνQSD(g) for
some θQ ∈ (0, 1], thus

|Qng(x)− νQSD(g)Qn1(x)| ≤ 2Cαn ‖g‖∞(Qn1(x) + νQSDQn1)
νQSD(ϕ2)

.

Theorem 2.5 of [1] for Qn states that there exists a function ηQ ∈ L∞ such that

|θ−nQ Qn1(x)− ηQ(x)| ≤ C ′′α′n,

for some constants α′ ∈ (0, 1) and C ′′ ≥ 0. We deduce that

∣∣∣θ−nQ Qng(x)− νQSD(g)θ−nQ Qn1(x)
∣∣∣ ≤ 2Cαn

‖g‖∞(θ−nQ Qn1(x) + θ−nQ νQSDQn1)

νQSD(ϕ2)

≤ 2Cαn ‖g‖∞(C ′′ + C ′′‖ηQ‖∞ + 1)

νQSD(ϕ2)
,

and hence that∣∣∣θ−nQ Qng(x)− νQSD(g)ηQ(x)
∣∣∣ ≤ 2Cαn ‖g‖∞(C ′′ + C ′′‖ηQ‖∞ + 1)

νQSD(ϕ2)
+ νQSD(g)C ′′α′

n
.

Multiplying both sides by ψ1(x), setting f = gψ1 and integrating with respect to µ(dx)
ends the proof.
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