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Abstract

Let X be an µ-symmetric irreducible Markov process on I with strong Feller property.
In addition, we assume that X possesses a tightness property. In this paper, we
prove some conditional limiting theorems for the process X. The emphasis is on
conditional ergodic theorem. These results are also discussed in the framework of
one-dimensional diffusions.
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1 Introduction

Let X = (Ω, Xt,Px, T ) be an µ-symmetric irreducible Markov process on a locally
compact separable metric space I, where µ is a positive Radon measure with full support
and T is the lifetime. We denote by B(I) the Borel σ-field. Adjoining an extra point ∂ to
the measurable set (I,B(I)). Set I∂ = I ∪{∂} and B(I∂) = B(I)∪{A∪{∂} : A ∈ B(I)}. As
usual, we denote by Px the law of the process starting from x and by Pπ the law of the
process starting from a distribution π. The corresponding expectations are respectively
denoted by Ex and Eπ. We assume that the process X is a right Markov process on I

with a finite lifetime T := inf{t > 0 : Xt = ∂}, i.e., for all x ∈ I,

Px(T <∞) = 1.

For such a process, one of the fundamental problems is to study its long-term asymptotic
behavior conditional on {T > t}. A closely related topics is quasi-ergodic distribution
(see, e.g., [1]), i.e., a probability distribution m on I satisfying that for any x ∈ I and
A ∈ B(I),

lim
t→∞

Ex

(
1

t

∫ t

0

1A(Xs)ds|T > t

)
= m(A),

where 1A denotes the indicator function of the set A.
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Some conditional limiting theorems for symmetric Markov processes

The quasi-ergodic distribution is substantially different from the following quasi-
limiting distribution ρ0 (see, e.g., [1, 6, 9, 10, 19]), i.e., there exists a probability measure
π on I such that for all A ∈ B(I),

lim
t→∞

Pπ(Xt ∈ A|T > t) = ρ0(A).

Note that, if ρ0 is a quasi-limiting distribution, then ρ0 is a quasi-stationary distribution
(see, e.g., [12]), i.e., a probability distribution ν on I satisfying that for all t ≥ 0 and
A ∈ B(I),

Pν(Xt ∈ A|T > t) = ν(A).

When T = ∞, under some suitable conditions, it is well-known that m coincides with
ρ0. When T <∞, it’s a little surprising that they have this difference. This difference is
worth further study. This paper is a continuation of studying quasi-ergodic distributions
for symmetric Markov processes. Our aim of this work is to study the existence of a
quasi-ergodic distribution and prove some mixing properties for the symmetric Markov
processes.

Recently, the study of quasi-ergodic distributions has received more and more at-
tention. When the absorbing boundary is fixed, the study on quasi-ergodic distribution
in a very general framework can be found in [1, 4, 5, 6, 7, 10, 19]. In these works,
some works need to assume that the process is λ-positive (see, e.g., [1, 6, 7]). Most of
these works assume that the reference measure is a finite measure. If the reference
measure is an infinite measure, it is more difficult to prove that the λ-invariant measure
is a finite measure, which is the basis for the existence of quasi-stationary distributions
and quasi-ergodic distributions. In the present paper, we will consider this case. To
be exact, our main results are true whether the reference measure is finite or infinite.
When the absorbing boundary is moving, the quasi-stationarity and quasi-ergodicity of
discrete-time Markov chains were also studied by Oçafrain [14].

In this work, under suitable assumptions, we prove some mixing properties and
provide a conditional ergodic theorem for the symmetric Markov processes. These results
can give some interpretation of ‘quasi-stationarity’ of the quasi-ergodic distribution m.
These results also exhibit a phase transition due to the limiting distribution changes from
0 < p < 1 to p = 1. Finally, we are committed to studying these results in the framework
of one-dimensional diffusions absorbed at 0.

The content of this paper is organized as follows. In Section 2, we present some
preliminaries that will be needed in the sequel. Our main results and their proofs are
presented in Section 3. In Section 4, we study the case of one-dimensional diffusions
taking values in [0,∞), where 0 is an absorbing regular boundary and +∞ is an entrance
boundary.

2 Preliminaries

Before we state the main results of this paper, let us present some preliminaries. We
define the semigroup and the resolvent by

Ptf(x) = Ex(f(Xt), t < T ), Rβf(x) =

∫ ∞
0

e−βtPtf(x)dt

for all f ∈ Bb(I), where Bb(I) denotes the space of bounded Borel functions on I.
Denote by r(t, x, y) the transition density function of the process X. We assume that the
process X is symmetric with respect to the reference measure µ, i.e., for f, g ∈ Bb(I),
〈Ptf, g〉µ = 〈f, Ptg〉µ, where the inner product

〈f, g〉µ :=

∫
I

f(u)g(u)µ(du).
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Some conditional limiting theorems for symmetric Markov processes

In this paper, we will use the following hypothesis (H).

Definition 2.1. We say that hypothesis (H) holds, if the following three conditions are
all satisfied:

(H1) (Irreducibility) If a Borel set A is Pt-invariant, i.e., for any f ∈ L2(I, µ) ∩ Bb(I)

and t > 0, Pt(1Af)(x) = 1APtf(x) µ-a.e. then A satisfies either µ(A) = 0 or µ(I \A) = 0.

(H2) (Strong Feller property) For each t, Pt(Bb(I)) ⊂ Cb(I), where Cb(I) is the
space of bounded continuous functions on I.

(H3) (Tightness) For any ε > 0, there exists a compact set K such that

sup
x∈I

R11Kc(x) ≤ ε,

where Kc denotes the complement of the compact set K.

The hypothesis (H) implies that for any a > 0, there exists a compact set K such that

sup
x∈I

Ex(eaτKc ) <∞,

where τKc denotes the first exit time from Kc (see [17]).
Let (E ,D(E)) be the Dirichlet form on L2(I, µ) generated by X:

D(E) =

{
u ∈ L2(I, µ) : lim

t→0

1

t
〈u− Ptu, u〉µ <∞

}
,

E(u, v) = lim
t→0

1

t
〈u− Ptu, v〉µ.

Let λ be the bottom of spectrum of the infinitesimal operator of the process X, defined
by

λ = inf{E(u, u) : u ∈ D(E), ‖u‖2 = 1},

where ‖ ·‖2 denotes the L2-norm. Studying the existence of quasi-stationary distributions
and quasi-ergodic distributions, it needs the condition that λ > 0. Under hypothesis (H),
from [15, Corollary 3.8], we know that λ > 0 and for 0 < a < λ, sup

x∈I
Ex(eaT ) <∞.

A function φ0(x) on I is called a ground state of (E ,D(E)), if φ0(x) ∈ D(E), ‖φ0‖2 = 1

and
E(φ0, φ0) = inf{E(u, u) : u ∈ D(E), ‖u‖2 = 1}.

The results of this paper are based on the existence of ground states. On the existence
of the ground state of the Dirichlet form (E ,D(E)), from [8, Lemma 6.4.5], we can get
the following important result.

Proposition 2.2. ([8, Lemma 6.4.5]) Assume that hypothesis (H) holds. Then, there
exists a ground state φ0 of (E ,D(E)) uniquely up to sign and φ0 can be taken to be strictly
positive on I.

Under the conditions that hypothesis (H) holds and φ0 ∈ L1(I, µ) ∩ L∞(I, µ), Miura
proved that for all A ∈ B(I),

lim
t→∞

Px(Xt ∈ A|T > t) = ν(A), µ-a.e.,

where

ν(dy) =
φ0(y)µ(dy)

〈φ0, 1〉µ
. (2.1)

He has also proved that ν is the unique quasi-stationary distribution of the process X
(see [13, Theorem 2.4]). Recently, however, Takeda obtained the following important
results.
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Proposition 2.3. ([16, Lemma 3.4]) Assume that hypothesis (H) holds. Then, the ground
state φ0 ∈ L1(I, µ).

Proposition 2.4. ([17, Theorem 5.4]) Assume that hypothesis (H) holds. Then, the
ground state φ0 has a bounded continuous version.

From the above results, we can see that, under hypothesis (H), φ0 ∈ L1(I, µ)∩L∞(I, µ).
Only under hypothesis (H), Takeda also showed that ν is the unique quasi-stationary
distribution of the process X (see [16, Theorem 3.1]). Inspired by [13] and [16], in this
paper, we study quasi-ergodic distributions for the process X, which is substantially
different from the above limit distribution.

3 Main results

We will present our main results and their proofs in this section. Note that, our
main results are true whether the reference measure is finite or infinite. The following
theorem is one of our main results. Under the assumptions that the reference measure
is a finite measure and the semigroup {Pt}t≥0 is ultracontractive, that is, for any t > 0,
there exists a constant ct > 0 such that

r(t, x, y) ≤ ct <∞ for x, y ∈ I,

such a form of theorem has been given in [19, Theorem 3.2]. Compared with [19], we
don’t need harsh constraints and our approach only uses elementary probability tools
and can be easily applied to many other settings.

Theorem 3.1. Assume that hypothesis (H) holds. Then, for any bounded and measurable
functions f, g on I and 0 < p < q < 1, we have

(i) lim
t→∞

Ex[f(Xpt)g(Xt)|T > t] =
∫
I
f(y)m(dy)

∫
I
g(y)ν(dy), µ-a.e.,

(ii) lim
t→∞

Ex[f(Xpt)g(Xqt)|T > t] =
∫
I
f(y)m(dy)

∫
I
g(y)m(dy), µ-a.e.,

(iii) lim
t→∞

Ex

(
1
t

∫ t
0
f(Xs)ds|T > t

)
=
∫
I
f(y)m(dy), µ-a.e.,

where

m(dy) = φ20(y)µ(dy)

and ν is as in (2.1).

Proof. (i) Our results depend on the existence of the ground state φ0. Thanks to Proposi-
tion 2.2, we know that the ground state φ0 of the Dirichlet form (E ,D(E)) exists. Thus, we
have

∫
I
φ20(y)µ(dy) = 1. Then, m is a probability measure on I. Besides, from Proposition

2.3 and Proposition 2.4, we know that the ground state φ0 ∈ L1(I, µ) ∩ L∞(I, µ).

Next, we first assume that f and g are nonnegative and bounded. According to [13]
and [16], we have

lim
t→∞

eλtPtg(x)

φ0(x)
=

∫
I

g(y)φ0(y)µ(dy), µ-a.e. (3.1)

For fixed u, we set

hu(x) = inf{eλrPrg(x)/φ0(x) : r ≥ u}.
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For each u, when (1− p)t ≥ u, by the Markov property, we obtain

Ex[f(Xpt)g(Xt)|T > t] =
Ex [f(Xpt)g(Xt), T > t]

Px(T > t)

=
eλptEx

[
f(Xpt)1{T>pt} · eλ(1−p)tEXpt

(
g(X(1−p)t)1{T>(1−p)t}

)]
eλtPx(T > t)

=
eλptEx

[
f(Xpt)1{T>pt} · eλ(1−p)tP(1−p)t (g(Xpt))

]
eλtPx(T > t)

≥
eλptEx

[
f(Xpt)hu(Xpt)φ0(Xpt)1{T>pt}

]
eλtPx(T > t)

=
eλptPpt(fhuφ0)(x)

eλtPt1(x)
.

For all r ≥ u, by the definition of hu(x), we get

|f(x)hu(x)φ0(x)| ≤ |f(x)eλrPrg(x)| ≤ eλr‖f‖∞‖g‖∞.

Therefore, the function fhuφ0 is bounded and measurable. Thus, by (3.1), we obtain

lim inf
t→∞

Ex[f(Xpt)g(Xt)|T > t] ≥ lim
t→∞

eλptPpt(fhuφ0)(x)

eλtPt1(x)

=

∫
I
f(y)hu(y)m(dy)

〈φ0, 1〉µ
.

From the definition of hu(x), we can see that

hu(x) ↑ 〈φ0, 1〉µ
∫
I

g(y)ν(dy), as u→∞.

Then, letting u→∞, by the monotone convergence theorem, we obtain

lim inf
t→∞

Ex[f(Xpt)g(Xt)|T > t] ≥
∫
I

f(y)m(dy) ·
∫
I

g(y)ν(dy). (3.2)

Conversely, since f and g are bounded, we can repeat the argument, replacing
f(Xpt)g(Xt) by

(‖f‖∞ − f(Xpt))(‖g‖∞ + g(Xt)) and (‖f‖∞ + f(Xpt))(‖g‖∞ − g(Xt)),

which gives

2‖f‖∞‖g‖∞ − lim sup
t→∞

Ex[2f(Xpt)g(Xt)|T > t]

≥ lim inf
t→∞

Ex[(‖f‖∞ − f(Xpt))(‖g‖∞ + g(Xt))|T > t]

+ lim inf
t→∞

Ex[(‖f‖∞ + f(Xpt))(‖g‖∞ − g(Xt))|T > t]

≥ 2‖f‖∞‖g‖∞ − 2

∫
I

f(y)m(dy) ·
∫
I

g(y)ν(dy).

So, we have

lim sup
t→∞

Ex[f(Xpt)g(Xt)|T > t] ≤
∫
I

f(y)m(dy) ·
∫
I

g(y)ν(dy). (3.3)

For nonnegative and bounded functions f and g, by (3.2) and (3.3), we have

lim
t→∞

Ex[f(Xpt)g(Xt)|T > t] =

∫
I

f(y)m(dy) ·
∫
I

g(y)ν(dy). (3.4)
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We can extend (3.4) to arbitrary bounded f and g by subtraction. So (i) holds.
(ii) For each u, when (1− q)t ≥ u and (q − p)t ≥ u, by the Markov property, we obtain

Ex[f(Xpt)g(Xqt)|T > t] =
Ex[f(Xpt)g(Xqt), T > t]

Px(T > t)

=
Ex
[
f(Xpt)g(Xqt)1{T>qt}PXqt(T > (1− q)t)

]
Px(T > t)

≥
eλ(q−1)tEx

[
f(Xpt)g(Xqt)1{T>qt}h

′
u(Xqt)φ0(Xqt)

]
Px(T > t)

=
eλ(q−1)tEx

[
f(Xpt)ρ(Xqt)1{T>qt}

]
Px(T > t)

=
eλptEx

[
f(Xpt)1{T>pt} · eλ(q−p)tEXpt

(
ρ(X(q−p)t)1{T>(q−p)t}

)]
eλtPx(T > t)

=
eλptEx

[
f(Xpt)1{T>pt} · eλ(q−p)tP(q−p)t (ρ(Xpt))

]
eλtPx(T > t)

≥
eλptEx

[
f(Xpt)h

′′
u(Xpt)φ0(Xpt)1{T>pt}

]
eλtPx(T > t)

=
eλptPpt(fh

′′
uφ0)(x)

eλtPt1(x)
,

where ρ(x) = g(x)h′u(x)φ0(x), and

h′u(x) = inf{eλrPr1(x)/φ0(x) : r ≥ u}, h′′u(x) = inf{eλrPrρ(x)/φ0(x) : r ≥ u}.

For all r ≥ u, by the definition of h′u(x) and h′′u(x), we get

|f(x)h′′u(x)φ0(x)| ≤ |f(x)eλrPrρ(x)| ≤ e2λr‖f‖∞‖g‖∞.

Therefore, the function fh′′uφ0 is bounded and measurable. Moreover, as seen from the
proof of (i), we have

h′′u(x) ↑ 〈φ0, 1〉µ
∫
I

g(y)m(dy), as u→∞.

Thus, the proof of (ii) then follows from the same arguments as in the proof of (i).
(iii) By (i) or (ii) and the dominated convergence theorem, we get

lim
t→∞

Ex

(
1

t

∫ t

0

f(Xs)ds|T > t

)
= lim

t→∞
Ex

(∫ 1

0

f(Xpt)dp|T > t

)
= lim

t→∞

∫ 1

0

Ex(f(Xpt)|T > t)dp

=

∫
I

f(y)m(dy).

Hence, there exists a quasi-ergodic distribution for the process X.

Remark 3.2. Suppose the assumptions of Theorem 3.1 hold and the semigroup {Pt}t≥0
is ultracontractive. Then,“µ-a.e. x” in Theorem 3.1 can be strengthened to “all x”. In
fact, based on [16, Corollary 2.1], using the same method as in [13, Theorem 2.4], it
can prove that for all x ∈ I, the equality (3.1) holds. And then, the conclusion can be
established.
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As an interesting application of Theorem 3.1, we obtain the following conditional
functional weak laws of large numbers. Under an admittedly more restricted setting,
such a form of result has appeared in [19, Theorem 3.6]. However, compared with [19],
we don’t need harsh constraints.

Proposition 3.3. Assume that hypothesis (H) holds. Then, for any bounded and mea-
surable function f on I and any ε > 0, we have

lim
t→∞

Px

(∣∣∣∣1t
∫ t

0

f(Xs)ds−
∫
I

f(y)m(dy)

∣∣∣∣ ≥ ε|T > t

)
= 0, µ-a.e.

Proof. First note that for any bounded and measurable function f on I, we have

lim
t→∞

Ex

[(
1

t

∫ t

0

f(Xs)ds

)2

|T > t

]

= lim
t→∞

Ex

[(∫ 1

0

f(Xpt)dp

)2

|T > t

]

= lim
t→∞

Ex

[∫ 1

0

f(Xpt)dp

∫ 1

0

f(Xqt)dq|T > t

]
= lim

t→∞

∫ 1

0

∫ 1

0

Ex[f(Xpt)f(Xqt)|T > t]dpdq

= lim
t→∞

(∫ 1

0

∫ q

0

Ex[f(Xpt)f(Xqt)|T > t]dpdq +

∫ 1

0

∫ p

0

Ex[f(Xpt)f(Xqt)|T > t]dqdp

)
=

(∫
I

f(y)m(dy)

)2

.

Let h(x) = f(x)−
∫
I
f(y)m(dy). So, by Markov inequality, we have

lim
t→∞

Px

(∣∣∣∣1t
∫ t

0

f(Xs)ds−
∫
I

f(y)m(dy)

∣∣∣∣ ≥ ε|T > t

)

≤ lim
t→∞

Ex

[∣∣∣ 1t ∫ t0 f(Xs)ds−
∫
I
f(y)m(dy)

∣∣∣2 |T > t

]
ε2

= lim
t→∞

Ex

[(
1
t

∫ t
0
h(Xs)ds

)2
|T > t

]
ε2

=

(∫
I
h(y)m(dy)

)2
ε2

= 0.

This completes the proof of the proposition.

Next, we remark that if the semigroup {Pt}t≥0 is intrinsically ultracontractive, then
for any probability measure π on I, Theorem 3.1 is still holds. The semigroup {Pt}t≥0
is said to be intrinsically ultracontractive, if for any t > 0, there exist two constants
αt, ct > 0 such that

αtφ0(x)φ0(y) ≤ r(t, x, y) ≤ ctφ0(x)φ0(y) for x, y ∈ I. (3.5)

Before we give the result, let’s first prove the following result.
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Proposition 3.4. Assume that hypothesis (H) holds. If the semigroup {Pt}t≥0 is intrinsi-
cally ultracontractive, then there exist a probability measure ν on I and two constants
C, γ > 0 such that, for all initial distribution π on I,

‖Pπ(Xt ∈ ·|T > t)− ν(·)‖TV ≤ Ce−γt, ∀t ≥ 0, (3.6)

where ‖ · ‖TV is the total variation norm.

Proof. The main method of the proof is similar to that in [2, Theorem 5.1]. The ap-
proach is to use the following condition, which is actually equivalent to the exponential
convergence (3.6) (see [3, Theorem 2.1])

Condition (A) There exists a probability measure ν1 on I such that

(A1) there exist t0, c1 > 0 such that, for all x ∈ I,

Px(Xt0 ∈ ·|T > t0) ≥ c1ν1(·);

(A2) there exists c2 > 0 such that, for all x ∈ I and t ≥ 0,

Pν1(T > t) ≥ c2Px(T > t).

If the semigroup {Pt}t≥0 is intrinsically ultracontractive, then for all x ∈ I, by (3.5),
we have

αt
ct
ν(·) ≤ Px(Xt0 ∈ ·|T > t0) ≤ ct

αt
ν(·), (3.7)

where ν is as in (2.1). Hence, (A1) holds with c1 = αt

ct
and ν1 = ν.

If t ≤ t0, from (3.5), we have Pπ(T > t) ≥ Pπ(T > t0) ≥ αtπ(φ0)〈φ0, 1〉µ, where
π(φ0) :=

∫
I
φ0(y)π(dy). We can adjust the value of ct‖φ0‖∞ such that for any x ∈ I,

Pπ(T > t) ≥ αtπ(φ0)〈φ0, 1〉µ

≥ αtπ(φ0)

ct‖φ0‖∞

≥ αtπ(φ0)

ct‖φ0‖∞
Px(T > t).

If t ≥ t0, from (3.5), we get

Pπ(Xt0 ∈ ·) ≥ αtπ(φ0)ν(·)〈φ0, 1〉µ

≥ φ0(x)

‖φ0‖∞
αtπ(φ0)ν(·)〈φ0, 1〉µ

≥ αtπ(φ0)

ct‖φ0‖∞
Px(Xt0 ∈ ·).

Thus, by the Markov property, we obtain

Pπ(T > t) = Eπ(PXt0
(T > t− t0))

≥ αtπ(φ0)

ct‖φ0‖∞
Ex(PXt0

(T > t− t0))

=
αtπ(φ0)

ct‖φ0‖∞
Px(T > t).

Therefore, for all x ∈ I and t ≥ 0, Pπ(T > t) ≥ αtπ(φ0)
ct‖φ0‖∞Px(T > t). Thus, taking π = ν1 = ν,

this entails (A2) for c2 = αtπ(φ0)
ct‖φ0‖∞ . This completes the proof of the proposition.
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As seen from the proof of Theorem 3.1, the proof only uses the fact that the equality
(3.1) holds and φ0 ∈ L1(I, µ)∩L∞(I, µ). If the semigroup {Pt}t≥0 is intrinsically ultracon-
tractive, we know from Proposition 3.4 or [16, Lemma 3.7] that for any initial distribution
π on I,

lim
t→∞

∫
I
eλtPtg(x)π(dx)

〈φ0, 1〉π
=

∫
I

g(y)φ0(y)µ(dy). (3.8)

That is to say, for any initial distribution π on I, the equality (3.1) holds. Thus, due to
the reason mentioned above, by using a similar argument as in the proof of Theorem
3.1, we have the following result. We point out that Theorem 3.5 complements results of
[19] for the reference measure being a finite measure and the semigroup {Pt}t≥0 being
ultracontractive.

Theorem 3.5. Assume that hypothesis (H) holds. If the semigroup {Pt}t≥0 is intrinsically
ultracontractive, then for any bounded and measurable functions f, g on I, any probability
measure π on I and 0 < p < q < 1, we have

(i) lim
t→∞

Eπ[f(Xpt)g(Xt)|T > t] =
∫
I
f(y)m(dy)

∫
I
g(y)ν(dy),

(ii) lim
t→∞

Eπ[f(Xpt)g(Xqt)|T > t] =
∫
I
f(y)m(dy)

∫
I
g(y)m(dy),

(iii) lim
t→∞

Eπ

(
1
t

∫ t
0
f(Xs)ds|T > t

)
=
∫
I
f(y)m(dy),

where m and ν are as in Theorem 3.1.

4 One-dimensional diffusions

This section is devoted to study the case of one-dimensional diffusions taking values
in [0,∞), where 0 is an absorbing regular boundary and +∞ is an entrance boundary.

Let Y = (Yt, t ≥ 0) be a one-dimensional drifted Brownian motion in [0,∞) such that
0 is an absorbing boundary. More formally, Y is defined as the solution of the stochastic
differential equation

dYt = dBt − q(Yt)dt, Y0 = y > 0, (4.1)

where (Bt, t ≥ 0) is a standard one-dimensional Brownian motion and q(x) ∈ C1[0,∞).
Define Q(y) :=

∫ y
0

2q(x)dx. In this section, we will use the following hypothesis.

Hypothesis (B).
∫∞
0
eQ(y)

(∫∞
y
e−Q(z)dz

)
dy <∞.

According to [18], we know that if hypothesis (B) holds, then 0 is an absorbing regular
boundary and +∞ is an entrance boundary. And, for all x ∈ (0,∞), we have

Px(T <∞) = 1,

where T = inf{t > 0 : Yt = 0}. Define

µ(dy) := e−Q(y)dy. (4.2)

Notice that µ is the speed measure of the process Y . From [18], we know that if
hypothesis (B) holds, then µ(0,∞) <∞.

It is well known (see, e.g., [8]) that the one-dimensional diffusion process Y is
symmetric with respect to µ and satisfies (H1) and (H2). When studying quasi-stationary
distributions and quasi-ergodic distributions of one-dimensional diffusion processes, it
is often necessary to classify the boundary: regular boundary, exit boundary, entrance
boundary and natural boundary. Following [11, Chapter 5], we know that:
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(a) If +∞ is a regular or exit boundary, then lim
x→+∞

R11(x) = 0.

(b) If +∞ is an entrance boundary, then lim
r→+∞

sup
x∈(0,∞)

R11(r,∞)(x) = 0.

(c) If +∞ is a natural boundary, then lim
x→+∞

R11(r,∞)(x) = 1 and thus

sup
x∈(0,∞)

R11(r,∞)(x) = 1.

Therefore, (H3) is satisfied if and only if no natural boundaries are present. Hence, under
hypothesis (B), the process Y satisfies hypothesis (H) and then Theorem 3.1 holds.

We remark that if hypothesis (B) holds, then for all x ∈ (0,∞), the equality (3.1) holds
(see [18]). Hence, if hypothesis (B) holds, then for the process Y , “µ-a.e. x” in Theorem
3.1 can be strengthened to “all x”.

Note that, if hypothesis (B) is satisfied, then we know from the proof of [18, Theorem
4.3] that for any bounded and measurable function g on (0,∞), and any initial distribution
π on (0,∞),

lim
t→∞

∫∞
0
eλtPtg(x)π(dx)∫∞
0
φ0(x)π(dx)

=

∫ ∞
0

g(y)φ0(y)µ(dy).

This means that for any initial distribution π on (0,∞), the equality (3.1) holds and then

ν(dy) =
φ0(y)µ(dy)∫∞

0
φ0(z)µ(dz)

(4.3)

is the unique quasi-stationary distribution of the process Y . Due to the same reason
mentioned in Section 3, by using a similar argument as in the proof of Theorem 3.1, we
have the following result.

Theorem 4.1. Assume that hypothesis (B) holds. Then, for any bounded and measurable
functions f, g on (0,∞), any probability measure π on (0,∞) and 0 < p < q < 1, we have

(i) lim
t→∞

Eπ[f(Ypt)g(Yt)|T > t] =
∫∞
0
f(y)m(dy)

∫∞
0
g(y)ν(dy),

(ii) lim
t→∞

Eπ[f(Ypt)g(Yqt)|T > t] =
∫∞
0
f(y)m(dy)

∫∞
0
g(y)m(dy),

(iii) lim
t→∞

Eπ

(
1
t

∫ t
0
f(Ys)ds|T > t

)
=
∫∞
0
f(y)m(dy),

where
m(dy) = φ20(y)µ(dy)

and ν is as in (4.3).
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