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Abstract

We prove a Donsker-type theorem for vector processes of functionals of correlated
Wiener integrals. This includes the case of correlated geometric fractional Brownian
motions of arbitrary Hurst parameters in (0, 1) driven by the same Brownian motion.
Starting from a Donsker-type approximation of Wiener integrals of Volterra type by
disturbed binary random walks, the continuous and discrete Wiener chaos represen-
tation in terms of Wick calculus is effective. The main result is the compatibility of
these continuous and discrete stochastic calculi via these multivariate limit theorems.
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1 Introduction

A fractional Brownian motion B¥ = (BH);>, with Hurst parameter H € (0,1)
is a continuous zero mean Gaussian process with covariance function E[B/ BH] =
1/2 (*H + s*H — |t — s|?"), s,¢ > 0. It is the unique Gaussian H-self-similar process
with stationary increments. The process B'/? is a standard Brownian motion, but B
is not a semimartingale for H # 1/2. The corresponding fractional Gaussian noise
(B, — BH),en for H > 1/2 exhibits long-range dependence and is commonly used
in modeling phenomena in economy, finance, physics or neuroscience (see e.g. the
monographs [8] and [21] and the references therein). There is a powerful representation
as a Wiener integral of Volterra type

t
B = I(zy), ::/ 2 (t, )dB;, (1.1)
0

for some kernel zy(t,-) € L?([0,t]), t > 0 and Brownian motion B (cf. [23, 5.2] or
[24, Section 5.1.3]). Exemplary, suppose three fractional Brownian motions with the
Hurst parameters Hy, Hy, H3 € (0,1) driven by the same Brownian motion according to
(1.1). The goal of this article is a Donsker-type approximation of processes with highly
correlated components like

(BtHl,eXp(BtHﬂ,sin(Bfﬂ) (1.2)

>0
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Donsker-type theorems for correlated GFBMs and related processes

The functionals involved can be represented in terms of geometric fractional Brownian
motions exp(B} — 21 /2),~, and reformulations of the Wiener chaos expansion. This
Donsker theorems extend the Fractional Donsker theorem in [28, 25] and the results in
[5] to multivariate functional type Donsker theorems.

More generally, we consider Wiener integrals of Volterra type as in (1.1), denoted by
I(f), and the corresponding stochastic exponentials as

exp <I(f) - ;/000 f2(s)ds) . (1.3)

As a primary result we obtain a Donsker theorem for vector processes of such stochastic
exponentials and related functionals.

In particular, we are interested in approximating sequences which rely on disturbed
random walks converging to the Wiener integrals I(f) as in [28, 25] and an appropriate
discrete stochastic calculus which is justified by these convergence results, cf. [5, 6].

In contrast to related multivariate invariance principles based on discrete chaos as in
[2, 3, 4], we consider elements with an infinite chaos expansion as in (1.3).

We note that the convergence of finite-dimensional distributions is for example a
consequence of a functional limit theorem in [26]. Here the main effort is assigned to the
tightness of such general processes. This is handled by checking a well-known tightness
criterion and some combinatorial reformulations of L?-norms of discrete counterparts of
functionals as (1.3) applied on correlated Volterra-type discrete Wiener integrals.

The article is organized as follows. In Section 2 we give a brief description of the
class of functionals extending the stochastic exponentials in (1.3). Section 3 is devoted
to the analogue in a disturbed random walk setting. In Section 4 we state and prove the
main result. The technical lemmas are postponed to Section 5.

2 Wick-analytic functionals

We suppose a Brownian motion (B;);>¢ on the probability space (2, F, P), where the
o-field F is generated by the Brownian motion and completed by null sets. Therefore
the stochastic calculus is based on the Gaussian Hilbert space {I(f) : f € L?([0,00))} C
L?(Q2), where I(f) = [;° f(s)dB, denotes the Wiener integral. We denote the norm
and inner product on L?([0,0)) by || - | and (-,-). Due to the totality of the stochastic
exponentials

exp (I(f) = I£17/2) , f € L*([0,00)),

in L?(Q), (see e.g. [16, Corollary 3.40]), for every X € L?(Q, F, P) and f € L?([0,1]), the
S-transform of X at f is defined as

(SX)(f) = ElX exp (I(f) - f1*/2)].

The S-transform (S-)(+) is a continuous and injective function on L?(Q, F, P) (see e.g.
[16, Chapter 16] for more details). As an example, for f,g € L?([0,1]), we have
(S exp (I(f) = If1?/2))(9) = exp ({f, g)). In particular the characterization of random
variables via the S-transform can be used to introduce the Skorokhod integral, an exten-
sion of the It6 integral to nonadapted integrands (cf. e.g. [16, Section 16.4]). For more
information on the S-transform and Skorokhod integral we refer to [16], [18] or [24].
Similarly, the S-transform can be used to define the Skorokhod integral with respect to
fractional Brownian motion, see e.g. [21]. We recall that for the Hermite polynomials

2 k 2
k(o — (_ Nk 7\ d -
he(z) = (—a)" exp (2a> gk OXP < 50, )
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and every k € NN, the k-th Wiener chaos H* is the L*-completion of {h{ . (I(f)) :

f € L*([0,1])} in L?(Q) and these subspaces are orthogonal and fulfill L?(Q2, F, P) =
691«20 H'*, Thus, for the projections

e LA(Q) — HF,

for every random variable X € L?(Q)), we denote the Wiener chaos decomposition as

X = iﬂ-k<X)-
k=0

We refer to [16, 15] for further details and a reformulation in terms of multiple Wiener
integrals.

The S-transform is closely related to a product imitating uncorrelated random vari-
ables as E[X ¢ Y] = E[X]E[Y], which is implicitly contained in the Skorokhod integral
and a fundamental tool in stochastic analysis. Due to the injectivity of the S-transform,
the Wick product can be introduced via

Vg e L*([0,1]) : S(X oY)(g9) = (SX)(9)(SY)(9)

on a dense subset in L?(Q) x L?(f)). For more details on Wick product we refer to
[16, 15, 18]. For example, for a Wiener Integral I(f), Hermite polynomials play the role
of monomials in standard calculus as

I(f)* = hffpy= (1(£)).-

Therefore the stochastic exponential is also knows as Wick exponential:

o0

exp (1) = I171P/2) = exp® (1)) = 3 1 1) @

k=0

The Wick exponential exp®(I(f);):>0 is the unique solution of the Doléans-Dade equation
}/;f = f(t))/;detv YO = 17

(cf. [19, Section 8.7]). Following [15, 10], we denote the Wiener chaos decomposition
in terms of Wick products as the Wick-analytic representation. In particular, for fixed

fi,---, fx € L?([0,00)), g : RE — R and a square integrable left hand side, there exist
ai,,...1« € Rly,...,lx >0, such that
gI(f1)s- I(f) = Y an . I(f)" o o I(fi). (2.2)
Loy lie 20

This is a reformulation of the the Wiener chaos decomposition in terms of generalized
Hermite polynomials, see e.g. [12, 1].

Definition 2.1. We define the class of Wick-analytic functionals as

F¢ = kz_oal,kf(fﬂOk O OkZ_OaK,kI(fK)Ok, riréa%sglg v/ Ela k] = C < o0. (2.3)

k

Remark 2.2. These Wick analytic functionals are very close to the finite chaos elements:
All moments are finite and all (finite) Wick products of Wick-analytic functionals exist
in LP(Q2) for all p € IN (see Proposition 9 in [22]). Moreover, the analytic representa-
tion G(I(f1),...,I1(fx)) = F° for fixed f1,..., fx € L*([0,00)) fulfills G € C*(RE,R)
(see Proposition 10 in [22]). One advantage of the Wick-analytic reformulation is the
characterization of Skorokhod integrands which allow exact simulation [22, Theorem 17].
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3 Discrete stochastic calculus

As a discrete counterpart of B we consider, for every n € IN, a random walk approxi-

mation
|nt

J

1
Bl = — Tot>0
t \/ﬁi:1€za -

on some probability space (Q,,, F,., P,), where £, &7, ... is a sequence of i.i.d. random
variables with P, ({] = £1) = 1/2 (i.e. a Rademacher sequence). The counterpart of the
Gaussian Hilbert space is {I"(f"): f € L2(IN)} C L?*(f,), where

) = % S e
1=1

is the discrete Wiener integral and L2(N) := {f" : N = R: 13> (f"(i))? < o0}. As a
counterpart, due to the discrete analogue of the Doléans-Dade equation

vr v (14 Sere) g =1,

the discrete Wick exponential is given by

exp (1) = [ (1+ Jzrmaer)

i=1

(cf. [6]). A representation in terms of Hermite polynomials is not possible anymore, but
there exists a discrete Hermite recursion formula for discrete Wick products of discrete
Wiener integrals, cf. [26, Lemma 3.2].

Remark 3.1. Analogously to the continuous setting, a discrete S-transform with similar
properties can be defined via

(S"X™)(f") = BIX™ exp®™ (I"(f"))]

and used to introduce discrete Malliavin operators, in particular a discrete Skorokhod
integral (see [7]).

The discrete Wick product is introduced via
exp® (I"(f")) on exp® (I"(g")) = exp® (I"(f" + g")), (3.1)

where I"(f™) and I"™(g™) are two, possibly correlated, discrete Wiener integrals. Then,
(3.1) extends bilinearly to a dense subset of L?(Q,,, Fy,, Py) x L?(Q,,, F,, P,,) and is equiv-
alent to the characterization in terms of the canonical basis

=5 =[] & ACN,|A] < oo}
i€A
as introduced in [14] via
2% on 2% = E%0uslans=0- (3.2)
For example, we have the simple discrete Wiener chaos expansion
1 ) —n
In(fn)O"N = N! Z (H \/ﬁfn(l)> =4, (3.3)
ACIN,|A|=N \i€A

(cf. [26, Example 3.1]).
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Remark 3.2. In contrast to the continuous setting, the discrete Wick product does not
fulfill

(S™(X™on YT))(f™) = (S"X™)(f")(S"Y™)(f")
in general, as illustrated by X" = I"(¢") and Y" = I"(h") for g", h™ € L?(IN). Moreover,
the discrete Wick product has zero divisors, but the continuous Wick product is free of
zero divisors even in more general spaces (cf. [13]).

For more information on the discrete calculus we refer to [6, 11] or the monographs
[27, 29]. In particular, the discrete counterpart of (2.1) is true for all f* € L2(IN) as

= L,
eXp In fn Z k,* fn on
k=0

Definition 3.3. We define the class of discrete Wick-analytic functionals as (n € IN fixed)

For o= E ay 1" (1) 1ok o o E ag 1" ( , maxsup {/klla?, | = C < oco.
P i<K >0

4 The main result

We denote a function f(¢,s); >0 with f(¢,-) € L?([0,00)) for all ¢ and f(t,s) = 0 for
t < s as an integrand of Volterra type. Analogously, the discrete integrand of Volterra
type is given by f"(l,i); ;ew such that f*(l,-) € L2(IN) for all [ € N with f"(l,i) = 0 for
<.

We specified the conditions on the continuous and discrete integrands for a Donsker
theorem for Volterra type Wiener integrals in Theorem 3 of [25]. This can be reformulated
for the weak convergence

(Lo TR S (L), I (fim))

as the following variant of the multivariate central limit theorem:

Proposition 4.1. Suppose the constants a« > 0 and L > 0, the Volterra integrands
fi,--, fm, and f*, ..., f satisfy for all j,j’ € {1,...,m} and s,t,t1,...,tp € [0,1], k € NN,
the following conditions of infinite smallness, convergence of the variance and tightness:

1

WA 2, U (bl D1 =0 @
lim lifn(LntJ i) fi(Ins], /f (t,u) f (s, u)du (4.2)

n—oo N ] J ! J i’

1 t @
VneN : E; (f7(lnt) i) — f7(ns),1)” < L % - LZSJ 4.3)
Then, for every I € R™ (with inner product (-,-)),
I (0, (e £ S T, (froe s fin)))

in the Skorokhod space D([0,1],R) as n tends to infinity. We notice that the normalizing
term 1/+/n is implicitly contained in the discrete Wiener integral.

Remark 4.2. Our main result is that this weak convergence is compatible with the con-
tinuous and discrete Wick-analytic functionals. This is not trivial due to the differences
of the calculi and the different correlations of discrete and continuous Wiener integrals.
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Remark 4.3. In the following we restrict ourselves on the time horizon [0,1]. The
proof on [0, 7] for some T' > 1 is analogous. Due to the tightness in Proposition 4.1
and the Kolmogorov-Chentsov theorem, we obtain the Holder-continuity of the paths
of the Gaussian processes I(f;). Then, due to Remark 2.2, the limit processes in the
following main theorem 4.4 have continuous paths as well. Hence, by [20], it is possible
to conclude the tightness and weak convergence in the Skorokhod space D([0, ), R).

We denote the abbreviations for the continuous (discrete) Wick-analytic functionals
involved

o0
n n nk O(n) Oin
;= Zajvk(l(fj))Ok’ Fim o= Za (" (f7")° FA(,t) = (O(n))jEAFj( ’

(from Definitions 2.1 and 3.3). To simplify the notations, we assume

C = sup {’\‘/k!|a;.‘,k, (/k!|aj’k|} < oo, Vj: ILm aly = ajk. (4.4)
k,neN,j=1,....m n—00
In the following we use a total order on the power set P({1,...,m}) = {A;,..., Aom}

to define vectors I' € RP({1~™}) (with inner product (-,+)) and the vector processes
(F<><n> o™ )

At oo Agm ot
Theorem 4.4. Suppose the Volterra integrands fi,..., fm, and f*,..., f satisfy the

assumptions (4.1)-(4.3) in Proposition 4.1 and the Wick-analytic functionals satisfy
Condition (4.4). Then, for every vector of constants I' € RP{L.m})

d
(T (Fsin Fi ) >tem SO (R Fln ) oy

in the Skorokhod space D([0,1],R) as n tends to infinity.

Remark 4.5. (i) According to the Cramér-Wold device and [17, Theorem 16.16], the
assertion is equivalent to the weak convergence of the vector processes

On O q o o
(P:41 EEEE FA2M)t)tE[O,1] — (FA17t7 . ,FA2m7t)te[0,1] .

(ii) The assumptions (4.1)-(4.3) for the kernel (1.1) of the fractional Brownian motion
with H € (0,1) are checked in [25] ((4.2) for the kernels follows as [25, Remark 3 (ii)]).
In this case itis L = 1 and o = 2H. Similarly to the Wick exponential (2.1), there is the
representation

sin® Z Qk 1) 1(f))* %Y = exp(||f[1?/2) sin(1(f))

k:l

(cf. p. 107 in [15]). As an example, for arbitrary H;, Hy, Hs € (0, 1), the process with
correlated components

(exp®(B™ + B2), (B 4 BM3)°10 sin®(B™ + B3)),
is the weak limit of the sequence of processes
(expo" (Bn,H1 + Bn,HQ), (Bn,H1 + Bn,Hg)onlo’ SiHO" (Bn,Hl + Bn,Hg))7

where B"" .= I"(2%(|nt],-))¢0 is a disturbed random walk (discrete Wiener integral of

Volterra type) in a fractional Donsker theorem and 2% (|nt],i) := [ Zz/ nl) 21 ([nt] /1, 5)ds

is the discrete Volterra type integrand (see [25, Theorem 4]) The exponentlals involved
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are geometric fractional Brownian motion and discrete geometric fractional Brownian
motion, cf. [5]. Similarly, thanks to the continuous mapping theorem, we conclude that
the sequence of processes

(B;“H1 , exp(—tzH2 /2) eXp°”(Bf’H2), exp(—t2H3/2) sinO"(Bf’H3)>
>0

converges weakly to the process (1.2) as n tends to infinity.

The proof of Theorem 4.4 relies on the following estimate. The technical proof is
postponed to Section 5.

Lemma 4.6. Suppose the Volterra integrands fi,..., fm, and f7',..., f! satisfy (4.1)-
(4.3) in Proposition 4.1 and the Wick-analytic functionals satisfy Condition (4.4). Then,
forall K € N and A C {1,...,m} there exists a constant ¢ = ¢(K, C, L, |A|) such that

Ko

|nt] B [ns|

n n

2K
¥s,te0,1]: E {(ng; - F3) } <c (4.5)

Moreover we make use of the following variant of a well-known tightness criterion
Theorem 15.6 in [9]. See e.g. Remark 1 in [25] for the connection.

Lemma 4.7. Suppose X,,, n € IN, are processes with paths in the Skorokhod space
D([0,1],R) and X is a process with paths in C([0,1],R). We suppose furthermore the
following conditions:

1. The sequence X,, converges weakly in finite-dimensions to X, i.e.
n n d
th,...,tk S [0,1] : (th,...,th) — (th,...,th).

2. There exist constants > 1 and K, L > 0 such that for all s <t in [0,1], n € I,

B

M B [ns|

n n

E[1x; - x1¢] <L

Then X™ converges weakly to X in the Skorokhod space D([0,1],R).

Proof of Theorem 4.4. In [26, Theorem 4.1] we derived a Wick functional limit theorem
which gives the convergence of the finite-dimensional distributions. Suppose s,t € [0, 1]
and ' = (ya,,...,Vaym ) € RPULmD)  Thanks to the Hélder inequality and Lemma 4.6,
we obtain

2K
(. (P P~ (Pt i)

2K
“E|{ Y a(Fn-En)
AC{L,...,;m}
2K—1 %
_2K 2K t @
< X a > E [(FZ’:;—FX:;) } <o)
AC{L,...,;m} 0£AC{L,....m}

for some constant L = L(K,C, L,T") > 0. Thus, for every o > 0 we find some K € IN with
Ka > 1 and it suffices to apply the tightness criterion in Lemma 4.7. O
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5 Proof of Lemma 4.6

Firstly we note some expansion formulae and an inequality. We denote by U the
disjoint union.

Suppose n, K € NN, aj,b;,¢;,al” 0’ € Rand 4,4, D C {1,...,n} forall i, j € N. We
make use of the shorthand notatlons for products as

ap = H aj, afz) = H a;i).
jEA JEA
The following formula is clear by expansion:

H ( s a(2) o+ ag»K)) = Z afqll) afﬁ{) (5.1)

jeb Uiz, xAi=D

Via the expansion [[;c 4 a;i — [[;cabi = D ;calai — b;) erA,lc<iai er&k% b; and the
Cauchy-Schwarz inequality, we observe

<H Q; — H b1> S |A| Z(al — bi)Q H G;? H b? (52)

i€A icA icA k€A k<i  kEAk>i
The generalized Cauchy-Schwarz inequality follows easily by induction:

1/2
n

n K
Sl <] Z ()2 . (5.3)
j=1

i=1 \j=1

Proposition 5.1.

Z Z as—ba)? cD\A < 2exp Z(a?—&—b?—&-c?) Z(aj—bj)z. (5.4)
j=1

DC{1,....n} ACD =1
Proof. Firstly, thanks to (5.1) we observe
oo =JJa+0). (5.5)
AC{1,...,n} i=1
The inequality
> (aa—ba) (H 1+a§+b$)> > (ai = b)? (5.6)
ACA{1,...,n} =1 i=1

is clearly true for n = 1 and then proved by induction: W.l.o.g. let a?,; < b2,,. Due
to (api1aa — bn+1bA)2 <242, (aa —ba)? + 204 (ant1 — bpy1)?, (5.5) and the induction
hypothesis, we obtain

ST (aa-ba)?= 3 (a4 —ba)? + > (a4 —ba)?

AC{1,...,n+1} n+1¢AC{1,...,n+1} n+1€AC{1,...,n+1}
n
<(1+ 2ai+1) Z (a4 —ba)®+2 H(l + b?)(an+1 —bnta1)?
AC{1,...,n} i=1

n+1 n+1

<2 (H (1+a7 + b?)) > (ai = bi).
i=1 i=1
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Via interchanging sums, for functions P, @ on P({1,...,n}), we have
Y. PARMD\A)= > PAQRMB= Y = PAQB). 67
DC{1,...,n}, A,Be{l,...,n} AC{1,...,n},
ACD ANB=0 BC{1,..,n}\A

Hence, via (5.7), (5.5) and (5.6),

Yoo D (aa—bachia= Y, (aa=ba)® D

DC{1,....,n} ACD AC{1,...,n} BC{1,...,n}\A
< Y (aa-w)?JJa+d) <2 JIa+) QA +al+07) | D (ai—bi)
AC{1,...,n} j=1 j=1 i=1
Thanks to (1 + z) < exp(x) we conclude (5.4). O

Proof of Lemma 4.6. Due to (3.2), we only have nonvanishing discrete Wick products on
disjoint sets as

Eh, on o S, = E . (5.8)

To simplify the products to common factors we define for shorthand

n 1 n n n
£ = ﬁfi (Inu), ), £y 4= ] s

lcA

Thus, via (3.3) and (5.8), the discrete Wiener chaos expansion of the discrete Wick
product of Wick-analytic functionals is given by

Fir, = (On)ieca Z |Blla g\t 5EB
BC{1,...,n}

S Y Y ke () =
DC{1,..., n}UieABi:D €A i€EA

Since the set {Z%, A C {1,...,n}} is orthonormal, we conclude the L?-norm

2

efm)]- > [ <H|Bz-ua;e&>(nfﬁu,3i)

DC{1,...,n} U'gABi:D €A €A

Analogously, for all integers K > 1, the orthogonality yields

K
E {(F;i:; —Fp) }
2K
SRR RN 1| B SN0 (CTENRI01 G | Y ) B

Dy,...,Dag C{1,...,n} j=1 U‘eABi:DJ' €A i€EA i€A
D1 #0,...,Dax #0,
DlADQA"-ADQK:@

where the condition D;ADyA --- ADyi = ) gives exactly those terms in the expansion
2K

of (FZ’; - FZ’,Z) with nonzero expectation. The sums involved in (5.9) require a
subtle reformulation. An application of standard inequalities is not obvious since (5.9)
is far beyond the multiplicative form as in a Cauchy-Schwarz inequality (5.3). The
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reformulation of the sums is the content of Step 1 below. Then, the final upper bound
inequality will be proved in Step 2.

Step 1 : Suppose a multiset of pairs in the first sum in (5.9), i.e. a family of nonempty
sets Dy,..., Do C {1,...,n} such that D1 ADyA --- ADyk = () (and therefore n large
enough, e.g. n > 2K). Such a chosen family can be coded by intersection sets as follows:
Let the index set

Fo={{j, jup:1<i<...<ju<2K,1<I< K}

and the disjoint family of sets Uy; 2y, Ug1 3y, - -, U1 ,2,... 253 € {1,...,n} via

Us=(\D; & D= |J Uy
Jjef fEF jEF

Every intersection set Uy is covered by an even number of sets D; which illustrates the
condition D1 ADsA --- ADsg = 0.

The inner sum in (5.9) is reformulated by a map: Every set of partitions is generated
by a unique surjective map

G:(Gl,.. GQK) (Dl,...,DQK)—)AZK (510)

as UieABi =D;= U Ur & (Bi)ica = (G;'(i))ica-
FEF jEf
For shorthand, we denote by ), the sum over all disjoint families {Uy, f € F} with
nonempty Ufef,jef Uy =D;jforall j=1,...,2K. The new inner sum over all surjective
maps (5.10) is abbreviated via ZG. This reformulations of the first sum in (5.9) will
yield a new sum which makes a multiplicative form of the summands (as in (5.3)) visible.
Hence, the right hand side in (5.9) equals

2K
ZH Z H |G )|)(Hfir,lt,G7._1(i) o Hst,Gj_l(i)>

U j=1 \Gy:U cr o, Ur—A i€A €A icA
2K
_ —1(;
=> > 1Id11 (Z)\!GZ\G;1<@\>(H £~ 11 £ 1)) (5.11)
U G j=licA icA icA

Step 2 : Thanks to this multiplicative form in (5.11) we conclude via the generalized
Cauchy-Schwarz inequality in (5.3) and the condition (4.4),

ZZH H‘G i)|'a;’ ek 1(1)‘)(HflntG O Hf:s,c;l(i))

U G j=1i€A icA icA
- o\ 1/2
= ZZH (|G ,|G (:)|) (H i6,G HfZ,Ls,Gjl(i)>
j=1 U G i€A €A
- 1 o\ 1/2
IG5 ()] gn _ IG5 (@) gn
<] ZZ (Hc e | KSRl ey ()> : (5.12)
j=1 i€A icA
Finally, we define the shorthand elements
al(”ai) — sz " b(” i — qunq " aE: 1) . . H (n,i) b(" 1) H b(" i)
lcA leA
ECP 22 (2017), paper 55. http://www.imstat.org/ecp/
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Applying (5.2) on the summands in the right hand side of (5.12) and interchanging the
(nonnegative) sum, we obtain

2
>y (I T o [T o)

icA icA
(n i) \2 (n,3) 2 (n,3) 2
<|A|ZZZ b)) 11 l(acjfl(k)) [T o2, 613
€A U G keAk<i keAk>i

Thanks to (5.1) and

n,t n,k n,k n,i n,s
o™= | 3 a™PRr+ 3T PR 0= T ™,

keAk<t ke A k>t leA

for every i € A,

Z H | (nk | H |b(n k)|

UkGA\{i}Ek:D keA,k<i k€A k>i
I (e ) <
JED \k<i k>i

and therefore

n,1) n,t n,k n,k n,t n,t n,t
DORRCHAE SRS | [EVARIEY | 1 S S GV N U RIS

UkeAEk:E k<i k>1 @#FQE
(5.14)

For every fixed set £ C {1,...,n} every partition into Ufef Us = E has less than 22X
elements. Hence, we have
Z 1 < 22KIBl
User Us=E

Similarly, for a fixed partition Ufe]—' Uy = F and every j = 1,...,2K, the number of
surjective maps G in (5.10) is less than |A|‘E‘ and therefore

Zl < |APKIEL
G

Thus, by these upper bounds and (5.14), the inner sums ;> in (5.13) are handled
simultanously to

(n,i) (n,i) 2 (n,i) 2 (n,3) 2
Z Z(an_l(i) - bGj_l(i)) H (ac;.—l(k)) H (bG]._l(k))
U G

keAk<i keA,k>i
n,s K k k
D DN CE U LD DI CY SR S S | BVt I B
0#AEC{1,...,n} UkeAEk:E keAk<i kEeAk>1
< 3T @APEIEL ST (@t - b)) (el
EC{1,...,n} 0£FCE

An application of Proposition 5.1, the conditions (4.1)-(4.3) and s, t € [0, 1] now yield

ST @ApIE N @Y — b (el)?

0£EC{1,...,n} 0AFCE

ECP 22 (2017), paper 55. http://www.imstat.org/ecp/
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<2exp [ 24D Y (a7 + b0 + (el 2) | (214)*F Y (@) — bi)?
j=1 j=1

n

=2exp | (2JADFC2 YD (F7 1+ 182,17 | (21ADPKC? Y (8 — £ )

i€A j=1 j=1
. t @
< exp (22K+1|A‘3K02L(ta + Sa)) (2|AD2K+102L Ln J o LnSJ
n n

<exp (22K 3| APPRC2L) Int] _ % (5.15)

Plugging (5.11)-(5.15) into (5.9), we conclude
2K [nt] |ns] Ko
B((Fo - F) | <e| s -
{ At A,s Sc " n

for the constant ¢ := exp (K22K+3|APRC2L). O

References

[1] F. Avram and M. Taqqu, Noncentral limit theorems and Appell polynomials. Ann. Probab. 15
(2), 767-775, (1987). MR-0885142

[2] Bai, S. and Tagqu, M. Multivariate limit theorems in the context of long-range dependence.
J. Time Series Anal. 34 (6), 717-743, (2013). MR-3127215

[3] Bai, S. and Tagqu, M. Generalized Hermite processes, discrete chaos and limit theorems.
Stochastic Process. Appl. 124 (4), 1710-1739 (2014). MR-3163219

[4] Bai, S. and Tagqu, M. Convergence of long-memory discrete kth order Volterra processes.
Stochastic Process. Appl. 125 (5), 2026-2053 (2015). MR-3315622

[5] Bender, C. and Parczewski, P. Approximating a geometric fractional Brownian motion and
related processes via discrete Wick calculus. Bernoulli 16 (2), 389-417, (2010). MR-2668907

[6] Bender, C. and Parczewski, P. On the Connection between Discrete and Continuous Wick
Calculus with an Application to the Fractional Black-Scholes Model. In: Cohen et al. (Eds.),
Stochastic Processes, Filtering, Control and Their Applications, World Scientific (2012).
MR-2985431

[7]1 Bender, C. and Parczewski, P. Discretizing Malliavin calculus. To appear in Stochastic Process.
Appl. (2017).

[8] Biagini, F. and Hu, Y. and Qksendal, B. and Zhang, T.Stochastic Calculus for Fractional
Brownian Motion and Applications. London: Springer (2008). MR-2387368

[9] Billingsley, P. Convergence of Probability Measures. New York-London-Sydney-Toronto: John
Wiley and Sons, Inc. (1968). MR-0233396

[10] Buckdahn, R. and Nualart, D. Linear stochastic differential equations and Wick products.
Probab. Theory Related Fields 99 (4), 501-526 (1994). MR-1288068

[11] Gzyl, H. An exposé on discrete Wiener chaos expansions. Bol. Asoc. Mat. Venez. 13 (1), 3-27,
(2006). MR-2267626

[12] Giraitis, L. and Surgailis, D. Multivariate Appell polynomials and the central limit theorem.
In: E.Eberlein et al. Dependence in probability and statistics (Oberwolfach, 1985), Progr.
Probab. Statist. Birkhduser Boston, Boston, MA, 21-71 (1986). MR-0899984

[13] Hasebe, T. and Ojima, I. and Saigo, H. No zero divisor for Wick product in (S)*. Infin. Dimens.
Anal. Quantum Probab. Relat. Top. 11 (2), 307-311, (2008). MR-2426720

[14] Holden, H. and Lindstrgm, T. and Jksendal, B. and Ubge, ]J. Discrete Wick calculus and
stochastic functional equations. Potential Anal. 1 (3), 291-306, (1992). MR-1245232

ECP 22 (2017), paper 55. http://www.imstat.org/ecp/
Page 12/13


http://www.ams.org/mathscinet-getitem?mr=0885142
http://www.ams.org/mathscinet-getitem?mr=3127215
http://www.ams.org/mathscinet-getitem?mr=3163219
http://www.ams.org/mathscinet-getitem?mr=3315622
http://www.ams.org/mathscinet-getitem?mr=2668907
http://www.ams.org/mathscinet-getitem?mr=2985431
http://www.ams.org/mathscinet-getitem?mr=2387368
http://www.ams.org/mathscinet-getitem?mr=0233396
http://www.ams.org/mathscinet-getitem?mr=1288068
http://www.ams.org/mathscinet-getitem?mr=2267626
http://www.ams.org/mathscinet-getitem?mr=0899984
http://www.ams.org/mathscinet-getitem?mr=2426720
http://www.ams.org/mathscinet-getitem?mr=1245232
http://dx.doi.org/10.1214/17-ECP91
http://www.imstat.org/ecp/

Donsker-type theorems for correlated GFBMs and related processes

[15] Holden H. and @ksendal, B. and Ubge, J. and Zhang, T. Stochastic Partial Differential Equa-
tions. A Modeling, White Noise Functional Approach. Second Edition. New York: Springer
(2010). MR-2571742

[16] Janson, S. Gaussian Hilbert Spaces. Cambridge: Cambridge University Press (1997). MR-
1474726

[17] Kallenberg, O. Foundations of modern probability. Second edition. Probability and its Applica-
tions. New York: Springer (2002). MR-1876169

[18] Kuo, H.-H. White Noise Distribution Theory. Probability and Stochastics Series. Boca Raton,
FL: CRC Press (1996). MR-1387829

[19] Kuo, H.-H. Introduction to Stochastic Integration. Springer, New York (2006). MR-2180429

[20] Lindvall, T. Weak convergence of probability measures and random functions in the function
space D[0, c0). J. Appl. Probability 10, 109-121, (1973). MR-0362429

[21] Mishura, Y. Stochastic Calculus for Fractional Brownian Motion and Related Processes.
Lecture Notes in Mathematics 1929. Berlin: Springer (2008). MR-2378138

[22] Neuenkirch, A. and Parczewski, P. Optimal approximation of Skorokhod integrals. To appear
in J Theor. Probab. (2016).

[23] Norros, I. and Valkeila, E. and Virtamo, J. An elementary approach to a Girsanov formula
and other analytical results on fractional Brownian motions. Bernoulli 5 (4), 571-587, (1999).
MR-1704556

[24] Nualart, D. The Malliavin Calculus and Related Topics. Second Edition. New York: Springer
(2006). MR-2200233

[25] Parczewski, P. A Fractional Donsker theorem. Stoch. Anal. Apl. 32 (2), 328-347, (2014).
MR-3177074

[26] Parczewski, P. A Wick functional limit theorem. Probab. Math. Statist. 34 (1), (2014). MR-
3226005

[27] Privault, N. Stochastic Analysis in Discrete and Continuous Settings. Lecture Notes in
Mathematics 1982. Berlin: Springer (2009). MR-2531026

[28] Sottinen, T. Fractional Brownian motion, random walks and binary market models. Finance
and Stochastics. 5, 343-355 (2001). MR-1849425

[29] Szulga, J. Introduction to random chaos. Chapman & Hall, London, (1998). MR-1681553

ECP 22 (2017), paper 55. http://www.imstat.org/ecp/
Page 13/13


http://www.ams.org/mathscinet-getitem?mr=2571742
http://www.ams.org/mathscinet-getitem?mr=1474726
http://www.ams.org/mathscinet-getitem?mr=1474726
http://www.ams.org/mathscinet-getitem?mr=1876169
http://www.ams.org/mathscinet-getitem?mr=1387829
http://www.ams.org/mathscinet-getitem?mr=2180429
http://www.ams.org/mathscinet-getitem?mr=0362429
http://www.ams.org/mathscinet-getitem?mr=2378138
http://www.ams.org/mathscinet-getitem?mr=1704556
http://www.ams.org/mathscinet-getitem?mr=2200233
http://www.ams.org/mathscinet-getitem?mr=3177074
http://www.ams.org/mathscinet-getitem?mr=3226005
http://www.ams.org/mathscinet-getitem?mr=3226005
http://www.ams.org/mathscinet-getitem?mr=2531026
http://www.ams.org/mathscinet-getitem?mr=1849425
http://www.ams.org/mathscinet-getitem?mr=1681553
http://dx.doi.org/10.1214/17-ECP91
http://www.imstat.org/ecp/

Electronic Journal of Probability
Electronic Communications in Probability

e Very high standards

e Free for authors, free for readers
e Quick publication (no backlog)
e Secure publication (LOCKSS!)
Easy interface (EJMS?)

Non profit, sponsored by IMS3, BS* | ProjectEuclid®

Purely electronic

Donate to the IMS open access fund® (click here to donate!)

Submit your best articles to EJP-ECP

Choose EJP-ECP over for-profit journals

'LOCKSS: Lots of Copies Keep Stuff Safe http://www.lockss.org/

2EJMS: Electronic Journal Management System http://www.vtex.1lt/en/ejms.html
3IMS: Institute of Mathematical Statistics http://www.imstat.org/

4BS: Bernoulli Society http://www.bernoulli-society.org/

5Project Euclid: https://projecteuclid.org/

6IMS Open Access Fund: http://www.imstat.org/publications/open.htm


http://en.wikipedia.org/wiki/LOCKSS
http://www.vtex.lt/en/ejms.html
http://en.wikipedia.org/wiki/Institute_of_Mathematical_Statistics
http://en.wikipedia.org/wiki/Bernoulli_Society
https://projecteuclid.org/
https://secure.imstat.org/secure/orders/donations.asp
http://www.lockss.org/
http://www.vtex.lt/en/ejms.html
http://www.imstat.org/
http://www.bernoulli-society.org/
https://projecteuclid.org/
http://www.imstat.org/publications/open.htm

	Introduction
	Wick-analytic functionals
	Discrete stochastic calculus
	The main result
	Proof of Lemma 4.6
	References

