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Abstract

In this paper, we establish an atomic decomposition characterization of weighted weak
Hardy spaces H”'™ on spaces of homogeneous type. As an application, we prove a
interpolation theorem in H2>.
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1 Introduction and main results

The theory of weak Hardy spaces is very important in harmonic analysis since it can sharpen
the endpoint weak type estimate for variant important operators (see, for example, [5]). The
weak Hardy spaces were first studies in [4] as special Hardy-Lorentz spaces which are the
intermediate spaces between two Hardy spaces. Fefferman and Soria [5] established an
atomic decomposition of the weak Hardy space H"*(R"). The atomic decompositions of
the weak Hardy spaces H”® on homogeneous groups were given by Liu in [11]. Ding and
Lan [2] developed the theory of weak Hardy spaces associated to expansive dilations on
R™. The weak Hardy spaces on spaces of homogeneous type was recently studied in [3] and
[17].
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The purpose of this paper is to study the theory of weighted weak Hardy spaces H.™
on space of homogeneous type. More precisely, we will establish atomic decomposition
characterizations of weighted weak Hardy spaces on space of homogeneous type. As an
application, we prove an HP® interpolation theorem. We remark that our theory is so
general that it can be applied to more variant different settings such as Euclidean spaces with
As-weights, Ahlfors n-regular metric measure spaces (see, for example, [9]), Lie groups of
polynomial growth (see, for instance, [16]) and Carnot-Carathéodory spaces with doubling
measure (see [13]).

Before giving the main results, let us recall some definitions and notions first. The
following notion of spaces of homogeneous type was introduced by Coifman and Weiss in

[1].

Definition 1.1. Let (X,d,u) be a quasi-metric space with a regular Borel measure y such
that all balls defined by d have finite and positive measures. The quasi-metric satisfies the
following triangle inequality,

d(x,z2) < 1(d(x,y)+d(y,2)). (1.1)

For any x € X and r > 0, set B(x,r) = {y € X :d(x,y) <r}. (X,d,u) is called a space of
homogeneous type if there exists a constant C > 1 such that for all x € X and r > 0,

U(B(x,2r)) < Cu(B(x,1)). (1.2)

Throughout this paper, we also assume that d has the following regularity property:
ld(x, y) = d(x',y)| < Cd(x, x')’[d(x,y) +d(x' )] (1.3)

where the constant ¢ is called the regularity exponent on X.
It can be shown from (1.2) that there exist constants 1 < C, D < oo such that

u(B(x,sr)) < CsDy(B(x, r)). (1.4)
The least possible value of D in (1.4) is called the dimension of X. In what follows, we use
D to denote the dimension of X. Let M denote the Hardy-Littlewood maximal function on

X.

Definition 1.2. Let w € L}OC(X) be a nonnegative function in X. If there exists a constant
C > 0 such that for every ball B C X,

1 1 _
[m L w(x)du(x)] m fB w(x) 7Tdu(x)
Mw)(x) < Cw(x), ifp=1,

p—1
<C, ifl<p<oo,

then we say w is an A,(X) weight and write w € Ap(X). Define Ac(X) = Uj<p<cco Ap(X).
Let g, = inf{g : w € Ay,(X)} denote the critical index of w.
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For every ball B, denote w(B) = wa(x)du(x). It is well known that if w € A (X), then
there exists a constant C > 1 such that for all x € X and r > 0,

w(B(x,2r)) < Cw(B(x,1)). (1.5)

Denote V(x,y) = u(B(x,d(x,y))), W(x,y) = w(B(x,d(x,y))).
The following approximation to the identity was constructed by Han, Li and Lu in [8].

Definition 1.3. A sequence {S y}rez of operators is said to be an approximation to the iden-
tity if there exists constant C > 0 such that for all k € Z and all x,x’,y,y’ € X, Si(x,y), the
kernel of S satisfy the following conditions:

(i) Si(xy)=0if d(x,y) = C27% and |S x(x,y)| < Cm;

(i) [S1(x.y) =S¥ )| £ C2d(x.X) i

(iii) Property (ii) holds with x and y interchanged;

(V) 1S (6,3) = Sk )] = [SK(¥'13) = Sk 3]l £ C22d(x, Y d v,y =y

V) feSeendu) = [ Se(x,y)du(x) = 1.
We recall the definition of test functions in [8].

Definition 1.4. Let 0 <8,y <4 where ¢ is the regularity exponent on X given in and r > 0.
A function ¢ on X is said to be a test function of type (xg,r,(,7y) if f satisfies the following
conditions:

. 1 7,
(@) lp(0l SCvr<xo>+voc,xo>(r+d(rx,xo)) ;

. dixy) \° Y .
(1) le(x)—eMI < C (r - ;fxfio)) A jv(x,xo) (r — d(’x ’xo)) for all x,y € X with d(x,y) < (r+
d(x, xg))/27.

We denote by G(x1,r,8,y) the set of all test functions of type (x1,r,8,v). If p € G(x1,1,5,7)
we define its norm by [l¢llg(x, -8, =1nf{C : (i) and (ii) hold}. Now fix xy, € X we denote
G(B,y) = G(xo,1,B8,v) and by Go(B,v) the collection of all test functions in G(B,y) with
fx f(x)dx =0. It is easy to check that G(x1,r,8,v) = G(B,y) with equivalent norms for all
x1 € X and r > 0. Furthermore, it is also easy to see that G(8,y) is a Banach space with
respect to the norm in G(B,y).

Let Gy (B,y) be the completion of the space Gy(¥,#) in the norm of G(B,y) when 0 <

B,y <. If feGy (B,v), we then define ”f”é 6 = lfllgpy)- (Gs (B,y)), the distribution
9Py

space, is defined to be the set of all linear functionals L from G (8,y) to C with the property
that there exists C > 0 such that for all f €G,4 (8,7),

IL(HI < Cllflléﬁ(ﬁ’y)-
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We give the definition of non-tangential maximal functions on X. Let {S4} be an approxi-

mation to the identity with regularity exponent ©. For f € (G4(8,v)) with 8,y € (0,%), The
radial maximal operator My is defined by

Mo f(x) = sup|Si(fH(x)].
keZ
The grand maximal function is defined by

£5(x) = sup {I(f,tp)I 0 € GBI lellgirsy < 1 for some r> 0}.

Now we give the definition of weighed weak Hardy spaces H.(X).

Definition 1.5. Let {S;} be an approximation to the identity with regularity exponent .
Let w € Ao(X) with g, < 1+ % and p € (q,,/(1 +9/D), 1], o € (0,00) and B,y € (0,9). The
weighed weak Hardy space H.,™ (X) is defined by

HW(X) ={f € (Go(B.y)) : Mof € L™ (X))
The Hy,™ quasi-norm of f is defined by ||fllgr= ) = IMofllpr=cz)-

The main result of this paper is as follows.

Theorem 1.6. Let w € Aco(X) with g, <1+ % and p € (q,,/(1+9/D),1]. Given f € H™(X),
there exists a sequence of bounded functions { fi}; _ such that

(@) f— X~ fk = 0in the sense of distributions;

(b) each fi may be further decomposed as fi = 3.2, hi.‘ in the sense of distribution, where
each hf.‘ satisfies:

@) hf is supported in a ball Bf.“ with {Bi.< } having bounded overlapping for each k;
.o k _ .
(ii) fo’ h; =0;

(iii) IIhf Iz < C2F and Ziw(Bi.‘) < C127%7 Moreover, C\ is (up to an absolute con-

2

stant) less than ”f”Hfj""(X)‘

Conversely, if f is a distribution satisfying (a) and (b) (i)-(iii), then f € H,"(X) and
Al gre=) < ¢C1 (where c is some absolute constant).

As an application of the atomic decomposition, we prove an interpolation theorem,
which generalizes the result in [2].

Theorem 1.7. Let D/(D+19) <g<p<1<pg<ooandwe A, (X). Suppose that T is a
subadditive operator. If T is bounded both on LL’(X) and on the weighted Hardy space
H!(X), then T is bounded on H?;™ (X).
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Remark 1.8. (i) Let (X,d,u) be a space of homogeneous type only satisfying (1.1) and (1.2)
(in the sense of Coifman and Weiss [1]). In [12], it has been shown that there exists a
quasi-metric d on X, equivalent to d and satisfying (1.3) and

u(B(x,r)) ~ r, for some fixed n, (1.6)

where B(x,r) = {y € X : d(x,y) < r}. In the current paper, we only need (1.3) and a condition
like (1.6) is not required.

(i) As in the unweighted case in [3, 17], both the weighted Hardy spaces H’,(X) and the
weak Hardy spaces H.™(X) can equivalently be defined via Littlewood-Paley functions,
radial maximal functions, non-tangential maximal functions and grand maximal functions.
Details will appear elsewhere.

2  Some lemmas

The following result was independently founded by Stein-Taibleson-Weiss [15] and by
Kalton [10].

Lemma 2.1. Let gy be a sequence of measurable functions and let 0 < r < 1. Assume that
w({lgkl > A}) < C/A" with C independent of k and A. Then, for every numerical sequence

{ck} in " we have
w x:|chgk|>/l £2_r£Z|cklr.
B 1-rar B

The following lemma is the Whitney decomposition theorem on space of homogeneous
type X (see [14, 17]).

Lemma 2.2. Let Q be an open proper subset of X and let d(x) = inf{d(x,y) : y & Q}. Let
r(x) = d(x)/30. Then there exist a positive number L depending on 7,n, but independent of
Q, and a sequence {xi} such that if we denote r(xy) by r, then

(i) B(xy,ri/4) are pairwise disjoint;

(ii) UrB(xg,ry) = €

(iii) for every given k, B(xy,15r;) C Q;

(iv) for every given k, x € B(xy, 15ry) implies that 15r; < d(x) < 45ry,
(v) for every given k, there exists a y ¢ Q such that d(xg,yr) < 45ry;

(vi) {B(xg, l?a‘z'zrk)}]‘;":1 have bounded overlap, that is, for every given k, the number of
balls B(x;, 137%r;) whose intersections with the ball B(xx, 13t%r) are non-empty is at
most L.

The following lemma is the partition of unity on space of homogeneous type X (see
[17, Lemma 2.3]).

Lemma 2.3. Let Q be an open subset of X with finite measure. Consider the sequence {x}i
and {ri}x given in Lemma 2.2. Then there exist non-negative functions {¢y} satisfying:
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(i) for any given k, 0 < ¢ < 1, supp ¢x C B(xg,2ry) and Y or = X0,

(ii) for any given k and x € B(xy,ry), pr(x) = 1/C, where C is a positive constant inde-
pendent of Q;

(iii) there exists a positive constant C independent of Q such that for all k and all ¢ € (0, 1],
lokllg oo, re,9) < CU(B(Xk, 7).

In this case, we say that {y}x are “bump functions” associated with { By }x.
The following lemma can be proved as in the classical case, see [14, 7].

Lemma 2.4. Suppose w € Ax(X) and q > q,,. Then there exists 0 < § < oo such that for all
balls B and all measurable subsets A of B,

() =a5 ()
IBI] ~ w(B) “\IBI)
3 Proof of Theorems 1.6

For k € Z, we set Q = {x € X : f*(x) > 2¥}. Then for any k € Z, Q is a proper open

subset of X with w(Q) < C27PIIf Il ) < 00. Let {B}}Z, = {B(x¥, %)}, be the Whitney

decomposition of €, and let goi.‘ be the “bump functions” associated to Bi.‘ in the sense of
Lemmas 2.2 and 2.3. For each k € Z, define dy(x) = inf{d(x,y) : y ¢ Q}. Denote mf‘ =

w fx fgof.‘. We decompose f as

f= [f(x)m;(x) + > it (x)) + ) (f00-mbgh (),
i=1 i=1
where and in what follows, we use A€ to denote the complement of the set A in X. Denote
gk(x) = (f(x)m; @+ mfsof(x)].
i=1

Clearly,
|Fxa: ()] < Cf* (xas(x) < C2*. 3.1
By (v) in Lemma 2.2, there exist yi € € such that

Imf| < Cf*(y) < C2%. (3.2)
Thus |gr(x)] < C 2% for all x € X. Therefore, we have the uniform convergence
klim gr(x)=0. 3.3)
On the other hand, noticing that u(y) = 0(27%P) - 0, as k — oo, we obtain

]}Lrgogk(x) = f(x), a.e.. (3.4
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By (3.3) and (3.4), we can write f = 3\}°  gk+1 — 8k = 2pe_oo Ji» a.€.. One can check
= > [ =mbg = > (f —ml ek
— =
+Z Z(f mk+1 5(‘10/](+1 (f mk+l)¢k+l],

where all the series converges in (G} (8,7)) and karl kl 2 f fgof.‘golj‘.“. Let gf = (f -

mf'()‘pi _ijl(f_ k+l)(pk k+1 and 7k+] — Zi:l(f_ k+l)‘pk k+1 (f_m];+l)‘10];+l' Denote
Ef = B(xf?, 13T2rf.‘), where 7 is the constant appearing in the trlangle inequality (1.1). Then
by Lemma 2.2 (vi), we know that, for each k € Z, {Ef},- has bounded overlap. Clearly,
suppﬂ" C B(x 2rk) C Ek Now we claim that for each j € Z, there exists an i € Z such
that suppy C Bk Indeed, B(x’“rl 2r"+1) C Q1 Cu=Upe 1B(x rk) Thus there exists
Bk, k) = B(x rh )such that B(xk rk)ﬁB(xk” 2r’<+1) # 0. Then for any x € B(x{*!,2r4*")
and any y € B(xk rk) N B(xk+1 2rk+1) by Lemma 2.2 (iv) and di+1(y) < dr(y),

d(x, x}) < T[dCe, X5+ d (ST y) + d(y, )] < T1(4/15)di(y) + 1] < 137775

k +1 +1 Rk . . . ~k _ Ak
Therefore suppy; € B(x’; ,2r’l‘. ) € By, which verifies the claim. Denote ¥} =} so that
supp7 - Bk
Next, by (3.1), (3.2) and noticing that {Bk“} have bounded overlap, we have

B8] = I(f = mf)gk — Z(f i ekt

<|fefxas |+Imligh + Z mf gk k! < C2*,
j=1
Similarly, |37’J‘.| < C2*. Obviously, fX,Bf-‘(x)dx =0= fx'ﬂ‘(x)dx. Define h* = gk + 5%, then
=22 hi.‘ and the convergence in (gg(ﬁ, v))’ can be verified as in [2].
Finally, since f € H.™ and {Bf.‘} have the bounded overlap, by (1.2),

D 0B S Y w(B) £ (@) S 2 e

i=1 i=1

which verifies (iii) of (b). Thus we finish the construction of the atomic decomposition.
For the converse, we fix a > 0, and choose kg so that 2k < o < 2K+l Write

ko—1
f= Z fk+ka—F1+F2
k=ko
Now since
ko—1 ko—1

My(FN® < D Mo(fix) <C )" 25 < Caa,
k=—00 k=—c0
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and w({x € X : Mo(F1)(x) > C3a}) =0, we have
w({x e X: Mo(f)(x) > (C3 + a}) < w({x e X: My(F2)(x) > a}).

Set Ay, = U,‘:":ko Uis1 3TB§C, where 3TB;‘ denotes the ball centered at xf.‘ with radius 3rf.‘. By
(1.2), w(Ag,) < Co(37)P27%0 < C/aP. Therefore it suffices to verify

I=w({x ¢ A, : Mo(F2)(x) > a}) < C/a’. 3.5)

Note that for x ¢ 37BY and y € B, d(x,y) > Ld(x,x}) - d(y,x¥) > 2d(y, x}). Hence by the
cancellation condition of 4,

f [S j(x,y) =S j(x, xf)]hé‘(y)dy‘

HBHO DT pBHe
VOundey)? = (B, d(x, x6)))d(x, 1K)

Mo(h)(x) =sup
J

<C2

By (1.4),

d(x, ¥
H(B(E, d(x,24) < (%) H(BY).

i

Then by Lemma 2.4, for g € (¢u,, p(1 + %))

kyl+2 ky(1+5)/
Mo(h)(x) <2* H(B;) "D ( WB)TT :
l TV T W, 1B/
> >

Now applying lemma 2.1 with g; = W(x,xf.‘)_(“%)/q, r=[(1+ %)/q]‘l, and ¢;; = 2F-

w(Bi.‘)(“%)/q, we obtain
1 kr, o pk 1 —k(p—7)
ISJZZZ w(Bi)SJZ2 :
k>ko i k>ko

Now since p > r, the last series converges and bounded by C0$2‘k0(1"’) = C/a?, where C
is independent of a. This proves (3.5) and hence Theorem 1.6 follows. O

4 Proof of Theorem 1.7

For every f € H,(X) and 1 > 0, we need to prove that

w(x € X (T)" @) > ) S CAPIS e -

Pick ko € Z such that 2% < 1 < 2%0*1 By the atomic decomposition of HY*(X), write f
as f = Z]]z():—oo fe+ Z,‘:":koﬂ Jfx = F1 + F». Noticing that pg > 1, we have

ko ko 1/po
11l <€ ) Willyoen <€ ) Zk(zw(Bf))
i

k:—OO k:—oo

ko
< C||f||Z/I{J£(X) Z 2/((1—[7/170) < C||f||1]?]/,f£(x)2ko(l—p/p0).
= ©
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This together with the L2’ (X) boundedness of grand maximal operator and T yields

w({xe X (TF)"(x)> A} <API(TFy)* “LPO(X) < CA™P||TF, HLPO(X)
<C1r pOIIFIHLpO(X) cA pOHf”H"""(X)ZkO(pU p)
S ”IIfIIHpm(X)

Thus, to finish the proof of Theorem 1.7, it suffices to show that

w({x €X:(TF)"(x) > ) < CAPIfIY 4.1

HD®(X)"

It is easy to see that for some constant C, C‘12‘kw(Bi.‘)‘1/ th.‘ is an " atom (see [1]).
Then f; € H!(X) and

el o) < szk%usk) < CHOPIf e

Since T is bounded on H (X),

w({x eX:(Tf)" () > ) < CANTfilll, . < CAIfill]

HEX) — HL,)

Consequently,
w(tx € X : [T/l fillys )| (0> ) < Ce.
Noting that (T F»)*(x) < Z,‘f’:kOH(Tfk)*(x). Then applying Lemma 2.1, we obtain

w{x e X (TFy)"(x) > A))

1 (o]
<w(lxeX: Z I fellpga ey (T il il g )1 () > ) 1—"7 ; 1fellfo

k=ko+1

CIIfII o
Hy X) k(g—p) ko(g—p)
< T E 2 <C2 (il

k=ko

[ <CAPIAIL

H)®(X) H)O(X)’

which verifies (4.1). This completes the proof of Theorem 1.7. O
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