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Abstract

In this paper we investigate the global convergence result, boundedness, and periodic-
ity of solutions of the recursive sequence

bxy_;+ Cxp_i

n=0,1,...,

Xn+l = aXp + s
dx,_;+ex,—i

where the parameters a, b, c,d and e are positive real numbers and the initial conditions
X_foy Xft 15 ees X—[5 X—[+1, ---» X—] and xp are positive real numbers.
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1 Introduction

Difference equations appear as natural descriptions of observed evolution phenomena be-
cause most measurements of time evolving variables are discrete and as such these equa-
tions are in their own right important mathematical models. More importantly, difference
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equations also appear in the study of discretization methods for differential equations. Sev-
eral results in the theory of difference equations have been obtained as more or less natural
discrete analogues of corresponding results of differential equations.

The study of rational difference equations of order greater than one is quite challenging
and rewarding because some prototypes for the development of the basic theory of the
global behavior of nonlinear difference equations of order greater than one come from the
results for rational difference equations. However, there have not been any effective general
methods to deal with the global behavior of rational difference equations of order greater
than one so far. Therefore, the study of rational difference equations of order greater than
one is worth further consideration.

Recently there has been a lot of interest in studying the global attractivity, boundedness
character, periodicity and the solution form of nonlinear difference equations. For some
results in this area, for example: Agarwal et al. [2] studied the global stability, periodicity
character and gave the solution form of some special cases of the recursive sequence

Xp+l1 =a+ .
b—cx,—s

Alogeili [3] obtained the form of the solution of the difference equation

Xn—1
Xn+l = -
a— XpXp-1
Elabbasy et al. [6] investigated the global stability character, boundedness and the
periodicity of solutions of the difference equation

axy +Bxp 1 +yXy2
Ax, + Bx,_1+Cx,» '

Xn+l =

In [7] Elabbasy et al. studied the dynamics such that the global stability, periodicity
character and gave the solution of special case of the following recursive sequence

bx,

Xpy] = AXy — ————
cx, —dx,—1

Elabbasy et al. [8] investigated the behavior of the difference equation especially global
stability, boundedness, periodicity character and gave the solution of some special cases of

the difference equation
A Xp—k

B+y Hf'(:o Xn—i .
El-Metwally et al. [15] dealt with the following difference equation

Xn+l =

Yn-Qk+1) TP
Yn+1 = .
Yn—2k+1) T qYn-21

Saleh et al. [30] investigated the difference equation

Yn+1 =A+ n .

Yn—k
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Simsek et al. [32] obtained the solution of the difference equation

Xn-3
1+x,1 '

Xn+l =

Yalcinkaya et al. [36], [39] considered the dynamics of the difference equations

Xp4] = Lk Xp+] = @+ nm
n+l — n+l — .
b+cxl’ XK

Zayed et al. [41]-[42] studied the behavior of the following rational recursive sequences

bx, a+Bx, +yx,—1
ax,— ————, Xy = ——————.
"oexy—dxny " A+ Bx, +Cx,_;

Other related results on rational difference equations can be found in refs. [1-40].
Our goal in this paper is to investigate the global stability character and the periodicity
of solutions of the recursive sequence

bx,_;+cxn_
Xn+l =aXp+ ———

(1.1)

dxy_;+ex,_;’

where the parameters a,b,c,d and e are positive real numbers and the initial conditions
Xefoy Xft1seees Xl X—[41,---,X—1 and xq are positive real numbers.
2 Some Basic Properties and Definitions

Here, we recall some basic definitions and some theorems that we need in the sequel.
Let I be some interval of real numbers and let

F:I" S,

be a continuously differentiable function. Then for every set of initial conditions x_z, X_g+1,....Xo €
1, the difference equation

xn+l :F(xn’xn—l,nuxn—k), n:0515'"5 (21)
has a unique solution {xn};’l":_k.
Definition 2.1. (Equilibrium Point) A point x € [ is called an equilibrium point of Eq.(2.1)
if
That is, x, = x for n > 0, is a solution of Eq.(2.1), or equivalently, X is a fixed point of F.

Definition 2.2. (Periodicity) A sequence {x,} , is said to be periodic with period p if
Xn+p = X, for all n > k.
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Definition 2.3. (Stability) (i) The equilibrium point x of Eq.(2.1) is locally stable if for
every € > 0, there exists § > 0 such that for all x_z,x_¢+1,...,X_1,%9 € [ with

[x—g =X+ |X—fs1 = X| + ... +|x0 —X| < 0,

we have
|x,—x| <e forall n>—k.

(i1) The equilibrium point x of Eq.(2.1) is locally asymptotically stable if X is locally stable
solution of Eq.(2.1) and there exists y > 0, such that for all x_z,x_¢+1,....,X_1, Xo € I with

[X_g = X| + | X—pg1 = X + ...+ |x0 — %] <,

we have
lim x, =X.

n—oo

(ii1) The equilibrium point x of Eq.(2.1) is global attractor if for all x_g, x_g41,...,X-1, X0 €
I, we have
lim x, =X.

n—oo
(iv) The equilibrium point x of Eq.(2.1) is globally asymptotically stable if x is locally
stable, and X is also a global attractor of Eq.(2.1).

(v) The equilibrium point x of Eq.(2.1) is unstable if x is not locally stable.
The linearized equation of Eq.(2.1) about the equilibrium x is the linear difference equa-

tion
k

3 OF(X,X,....,x)
Yn+l = Z Tn_iyn—i~ (2.2)
i=0
Theorem A [26] Assume that p; €R,i=1,2,...and ke€{0,1,2,...}. Then
k
Dlpil<1, 2.3)
i=1

is a sufficient condition for the asymptotic stability of the difference equation
Yokt P1Yntk-1+ ot pryn =0, n=0,1,...
Consider the following equation
Xn+1 = 8(Xns Xp—1,Xp-2). 2.4

The following two theorems will be useful for the proof of our results in this paper.
Theorem B [27] Let [a,] be an interval of real numbers and assume that

g: [a.) = [a,8],

is a continuous function satisfying the following properties :
(a) g(x,y,z) is non-decreasing in x and y in [e, 8] for each z € [@, 5], and is non-increasing
in z € [a,B] for each x and y in [@,S];
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(b) If m,M) € [a,B] X [a,B] is a solution of the system
M=gM,M,m) and m=g(m,m,M),

then
m=M.
Then Eq.(2.4) has a unique equilibrium x € [@, 5] and every solution of Eq.(2.4) converges
to Xx.
Theorem C [27] Let [«,] be an interval of real numbers and assume that

g: (a8 — [a,8],

is a continuous function satisfying the following properties :

(a) g(x,y,z) is non-decreasing in x and z in [, ] for each y € [@, 5], and is non-increasing
iny € [a,B] for each x and z in [a,S];

(b) If n,M) € [a,B] X [a,B] is a solution of the system

M=gM,m,M) and m=g(m,M,m),

then

m=M.
Then Eq.(2.4) has a unique equilibrium x € [@, 5] and every solution of Eq.(2.4) converges
to Xx.

The paper proceeds as follows. In Section 3 we show that the equilibrium point of
Eq.(1.1) is locally asymptotically stable when 2|(be —dc)| < (d + e)(b + ¢). In Section 4 we
prove that the solution is bounded when a < 1 and the solution of Eq.(1.1) is unbounded
if a > 1. In Section 5 we prove that the there exists a period two solution of Eq.(1.1). In
Section 6 we prove that the equilibrium point of Eq.(1.1) is global attractor. Finally, we
give numerical examples of some special cases of Eq. (1.1) and draw it by using Matlab.

3 Local Stability of the Equilibrium Point of Eq.(1.1)

This section deals with study the local stability character of the equilibrium point of Eq.(1.1).

Theorem 3.1. Assume that
2|(be—dc)| < (d+e)(b+c).
Then the positive equilibrium point of Eq.(1.1) is locally asymptotically stable.

Proof. Eq.(1.1) has equilibrium point and is given by

If a < 1, then the only positive equilibrium point of Eq.(1.1) is given by

b+c
(1-a)d+e)

X =
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Let £ : (0,00)> — (0, 0) be a continuous function defined by

bv+cw
9 b = . 3.1
f(u,v,w) au+dv+ew 3.1
Therefore it follows that
of w,v,w)
—_— — a’
ou
of w,v,w)  (be—dc)w
Ov T (dv+ew)?’
of w,v,w)  (dc—be)u
ow T (dv+ew)?’
Then we see that
af (x,x,x)
— K. = a=-ay,
ou
of(x,x,x)  (be—dc) (be—dc)(1—a) a
v T d+elx  d+eb+o) 7
df(x,x,x)  (dc—be) (dc—be)(l1—a) 4
ow T d+elx  (d+e)b+o)
Then the linearized equation of Eq.(1.1) about X is
Yn+1 + @Yy + a1y +aoyn—k = 0, (3.2)
whose characteristic equation is
Ay 2 g A ag = 0. (3.3)

It follows by Theorem A that, Eq.(3.2) is asymptotically stable if all roots of Eq.(3.3) lie in
the open disc |4] < 1 that is if

las| +lai| +laol < 1.

(be—dc)(1-a) N (dc—be)(1-a)

|al +

d+ob+o | | drebro |-
and so

(be—dc)(1-a)

—(d+e)(b+c) <(1-a), a<l,
or

2|be—dc| < (d+e)(b+c).

The proof is complete. O
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4 Existence of Bounded and Unbounded Solutions of Eq.(1.1)

Here we study the boundedness nature of solutions of Eq.(1.1).
Theorem 4.1. Every solution of Eq.(1.1) is bounded if a < 1.

Proof. Let {x,};, _, be a solution of Eq.(1.1). It follows from Eq.(1.1) that

bxp_1+ CcXp_i bxy—; CXp—k
+—=ax, + + .
dx,_;+ex,_i dx,_jtex,_ dx,_j+ex,—i

Xn+l = AXy

Then
bx,—; = cXp
+ —_—

b ¢
Xpt1 S ax, + =ax,,+g+— forall n>1.

Xn-1  €Xp—k e

By using a comparison, we can write the right hand side as follows

b c
yn+1 :ayn+_+_,
d e

then
yn = a’*yg + constant,

and this equation is locally asymptotically stable because a < 1, and converges to the equi-

_y . _  be+cd
librium pointy = ————.
de(1-a)
Therefore,
limsu < be +cd
X, < —— .
el = de(1—a)
Thus the solution is bounded. O

Theorem 4.2. Every solution of Eq.(1.1) is unbounded ifa > 1.
Proof. Let{x,};, _, be a solution of Eq.(1.1). Then from Eq.(1.1) we see that

bxp_1+ CXp_i
Xpel = aXy + ———"2 > gx, forall n>1.
dx,_;+ex,_;

We see that the right hand side can write as follows
Yne1 =@yn = yn=d"yo,

and this equation is unstable because a > 1, and lim y, = co. Then by using ratio test {xn};’l"__ "
b =

—00

is unbounded from above. O

5 Existence of Periodic Solutions

In this section we study the existence of periodic solutions of Eq.(1.1). The following the-
orem states the necessary and sufficient conditions that this equation has periodic solutions
of prime period two.
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Theorem 5.1. Eq.(1.1) has positive prime period two solutions if and only if
@O b-c)d—-e)1+a)+4(bae+cd)>0,d>e, b>candl-odd, k—even.
(i) (c=b)e—d)(1+a)+4(acd +be) >0, e >d, c>b and k—odd, | — even.

Proof. We prove that when [—odd, k—even and when [—even, k—odd is similar and will be
omitted.
First suppose that there exists a prime period two solution

s Psqd,D545 -

of Eq.(1.1). We will prove that Condition (i) holds.
We see from Eq.(1.1) when [—odd, k—even that

p:aq+bp+cq
dp+eq’
and b
q+cp
=ap+ .
a=ap dg+ep
Then
dp2+epq=adpq+aeq2+bp+cq, 5.1)
and
dq® +epq = adpq + aep® +bq +cp. 5.2)

Subtracting (5.1) from (5.2) gives
d(p* ~¢*) = ~ae(p* = ¢*) + (b~ )P~ ).

Since p # g, it follows that

_ (D=0
p+q_(d+ae)‘ (5.3)
Again, adding (5.1) and (5.2) yields
d(p* +¢*) +2epq = 2adpq +ae(p* + ¢*) + (b +c)(p + ),
(d—ae)(p* +¢*) +2(e—ad)pg = (b+c)(p+q). (5.4)

It follows by (5.3), (5.4) and the relation
2, 2 _ 2
p +q =(p+q)°—2pq forall p,qeRr,

that 2 Db
ae+c —-c
2(e—d)(1+a)pqg = dtac?

Thus ® Db
ae+c —C
Pa= it aeye—d(1+a) (5-5)
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Now it is clear from Eq.(5.3) and Eq.(5.5) that p and ¢ are the two distinct roots of the
quadratic equation

tz_((b—c) )t+( (bae +cd)(b-c) ) 0
(d+ae) (d+ae)(e—d)(1+a) ’
2 g (bae+cd)(b—c)
(d+ae)t”—(b C)t+((d+ae)(e—d)(l +a)) 0, (5.6)

and so 4 Do)

o Abae+cd)(b-c

R P Y I

or

4(bae+ cd)(b—c) 0.
(d-e)1+a)
(b-c)d-e)1+a)+4(bae+cd) > 0.

[b-c)?+

Therefore inequalities (i) holds.

Second suppose that inequalities (i) is true. We will show that Eq.(1.1) has a prime
period two solution.

Assume that

_b-c+(

P= 5 d+ae)
and

_b-c—{

1= 2d+ae)

_ o 4(bae + cd)(b—c)
where ¢ = \/[b c] e—dd+a)

We see from inequalities (i) that

b-c)d-e)1+a)+4(bae+cd)>0,b>c, d>e,

which equivalents to
4(bae+ cd)(b-c)

(e—d)(1+a)
Therefore p and ¢q are distinct real numbers.
Set

(b- c)2 >

X_p=¢q,x_1=pand xg =q.

‘We wish to show that
x1=x_1=p and xp=xp=gq.

It follows from Eq.(1.1) that

(b—c+§)+ (b—c—g“)
bp+cq (b—c—g“) 2(d +ae) ¢ 2(d + ae)
x| =aq+ =a + )

dp +eq 2(d + ae) d(b—c+§)+e(b—c—§)
2(d +ae) 2(d +ae)
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Dividing the denominator and numerator by 2(d + ae) gives
ab—ac—al N bb—c+{)+c(b—c—-0)
2(d +ae) dibb—c+l)+eb—-c-0)
ab—ac—al N b-o)[(b+c)+<]
2(d+ae) (d+e)b-c)+(d-e)
Multiplying the denominator and numerator of the right side by (d +e)(b—c) — (d —e){ gives

ab—ac—a§+ b=-o)[b+c)+L][(d+e)b—c)—(d—e)]
2(d+ae)  [(d+e)b-c)+(d—e)][(d+e)b—c)—(d-e)]

ab—ac—al

2(d+ae)

X1

X1

(b-0){(d+e)(b* —c*)+{[(d+e)(b-c)—(d—e)b+0)] - (d—e)?]

+
(d+e)(b—cP —(d—ePy

ab—ac—al
2(d + ae)

(b-0){d+e) (b2~ )+ 24(eb— cd) — (d — &) (b c]? — Hacredb-o)))

_ A(bae +cd)(b— c))
(e—d)(1+a)

(d+e)2(b—c)?—(d—e)? ([b—c]2

ab—ac—al
2(d +ae)

(b=){(d+e)(b*—?) +2(eb—cd) - (d - &) (b—c)* - H2eiedb=0)}
+

_A(bae +cd)(b - c))
(e—d)(1+a)

d+e?(b—c)*—(d—e)? ([b—c]2

2(bae + cd)
ab—ac—aé’ (b—c){2(b—c) dc+eb—w +2§(8b-€d)}
2(d +ae) (e—d)(bae +cd)
4(b -0c) [ed(b —-c)+ T

Multiplying the denominator and numerator of the right side by (1 +a) we obtain

ab—ac—al N (b-c)[(dc+eb)(1+a)—2(bae+cd)]+{(1+a)(eb—cd)
2(d +ae) 2[ed(b—-c)(1+a)+(e—d)(bae+cd)]
ab—ac—al N (b-c)eb—dc)(1—a)+ (1 +a)(eb—cd)
2(d +ae) 2[ed(b—-c)(1+a)+(e—d)(bae+cd)]

X1

ab—ac—al (eb—dc){(b—c)(1-a)+{(1+a)}

dd+ae) 2(eb—cd)(d +ae)
3 ab—ac—a§+(b—c)(l—a)+§(1+a)
 2(d+ae) 2(d +ae)

ab—ac—al+b-o)(l-a)+{(1+a) b-c+{ _
2(d + ae) "~ 2(d +ae) - P
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Similarly as before one can easily show that
X2 =q.
Then it follows by induction that
Xxop=¢q and x4 =p forall n>-1.
Thus Eq.(1.1) has the prime period two solution

[y 2N By /N7 P

where p and q are the distinct roots of the quadratic equation (5.6) and the proof is complete.
]

6 Global Attractivity of the Equilibrium Point of Eq.(1.1)
In this section we investigate the global asymptotic stability of Eq.(1.1).
b
Lemma 6.1. For any values of the quotient y and S, the function f(u,v,w) defined by
e
Eq.(3.1) has the monotonicity behavior in its two arguments.

Proof. The proof follows by some computations and it will be omitted. O

Theorem 6.2. The equilibrium point X is a global attractor of Eq.(1.1) if one of the follow-
ing statements holds
(1) be >dc and c>b. (6.1)

2)be <dc and c < b. (6.2)

Proof. Let a and 8 be a real numbers and assume that g : [e,8]° — [@,8] be a function
defined by

g(u,v,w) = au+ bv+cw
T dv+ew’
Then

og(u,v,w)
Ou - @

ogu,v,w)  (be—doyw
Ov T (dv+ew)?’

og(w,v,w)  (dc—beu
ow T (dv+ew)?’

We consider the two cases:-

Case (1) Assume that (6.1) is true, then we can easily see that the function g(u,v,w)
increasing in u,v and decreasing in w.

Suppose that (m, M) is a solution of the system M = g(M, M,m) and m = g(m,m, M).Then
from Eq.(1.1), we see that

bM +cm bm+cM
M=aM+———, m=am+——
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or

bM +cm bm+cM
M(l—d): m, m(l—a)z _—,

then
d(1—a)M* +e(1 —a)Mm = bM +cm, d(1 —a)ym*+e(1—a)Mm = bm +cM.
Subtracting this two equations we obtain
M —-m){d(1 —a)(M +m) +(c—-b)} =0,
under the conditions ¢ > b, a < 1, we see that
M =m.

It follows by Theorem B that x is a global attractor of Eq.(1.1) and then the proof is com-
plete.

Case (2) Assume that (6.2) is true, let @and S8 be a real numbers and assume that g :
bv+cw .
, then we can easily see
. . . . . . + ew
that the function g(u,v,w) increasing in u,w and decreasing in v.

[@,B]® — [a,B] be a function defined by g(u,v,w) = au +

Suppose that (m, M) is a solution of the system M = g(M,m, M) and m = g(m, M,m).Then
from Eq.(1.1), we see that

bm+cM bM+cm
M =aM + ——— = e
“ +dm+eM’ " am+dM+em’
or
M )_bm+cM (1 )_bM+cm
“ dm+eM’ mimd dM +em’
then

d(1 —a)Mm+e(1 —a)M* = bm+cM, d(1-a)ymM +e(1—aym* = bM +cm.
Subtracting we obtain
M-m){e(l-a)YM+m)+(b-c)} =0,
under the conditions b > ¢, a < 1, we see that
M =m.

It follows by Theorem C that x is a global attractor of Eq.(1.1) and then the proof is com-
plete. O
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x(n)

25

(n+1)= ax(n)+(bx(n-I)+cx(n-k))/(dx(n-I)+ex(n-k))

plot of x
T

plot of x(n+1)= ax(n)+(bx(n-I)+cx(n-k))/(dx(n-I)+ex(n-k))

Figure 1.

x10*

plot of x(n+1)= ax(n)+(bx(n-I)+cx(n-k))/(dx(n-I)+ex(n-k))

Figure 2.

25

40

Figure 3.
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plot of x(n+1)= ax(n)+(bx(n-I)+cx(n-k))/(dx(n-I)+ex(n-k))
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plot of x(n+1)= ax(n)+(bx(n-I)+cx(n-k))/(dx(n-I)+ex(n-k))
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Figure 5.

7 Numerical Examples

For confirming the results of this paper, we consider numerical examples which represent
different types of solutions to Eq. (1.1).

Example 1. We assume [ =3, k=4, x4 =2, x3=8, x2=5, x_1 =11, x0=7, a=
04,5=15,¢c=02,d=03, e=0.6. See Fig. 1.

Example 2. See Fig. 2,since /=3, k=4, x4 =4, x.3=13, x2,=9, x_1 =15, xo=2,a=
09,b=5,c=2,d=3,e=1.

Example 3. We consider [ =2, k=3, x.3=2,x,=8,x_1 =5, xg=11,a=2,b=5,c=
2,d =3, e=6. See Fig. 3.

Example 4. See Fig. 4,since =1, k=2, x =2, x.1=8, x=5,a=07,b=5, c=
2,d=3,e=6.

Example 5. Fig. 5. shows the solutions when /=1, k=2, a=038,56=0.5, c=0.2,d=
5,e=06,x10=q, x_1=p, X0=¢q

o 4(bae+cd)(b c)
b= C+\/[b VT a+a)

Since p.q = 2d+ ae)
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