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Abstract

In this paper, we investigate some new existence and uniqueness results for nonlinear
fractional differential equations with four-point nonlocal integral boundary conditions
by applying fixed point theorems.
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1 Introduction

Fractional differential equations can be extensively applied to various disciplines such as
physics, mechanics, chemistry and engineering, see [16, 18, 19, 20]. Recently, bound-
ary value problems for fractional differential equations have been addressed by several re-
searchers. Some recent work on boundary value problems of fractional order can be found
in[1,2,3,4,8,9, 10, 14] and the references therein.
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Very recently, in [7] Ahmad and Ntouyas studied the boundary value problem for non-
linear fractional differential equations of order g € (1,2] with four-point integral boundary
condition

‘Dix(t) = f(t,x(r), O<t<l, 1<g<2
‘ n (1.1)
x(0) =« x(s)ds, x(1)=,8f x(s)ds, 0<én<l
0 0

where “D? denote the Caputo fractional derivative of order ¢, f : [0,1]XR — R and @,f € R.
It is an important consideration as the integral boundary conditions are quite important in
the mathematical modeling of applied problems. For a detailed description of the integral
boundary conditions, we refer the reader to the papers [5], [6], [11] and references therein.

Existence and uniqueness results for the boundary value problem (1.1) was proved in
[7], by using Banach’s and Krasnoselskii’s fixed point theorems or Leray-Schauder degree
theory.

In this paper we supplement and extend the results proved in [7], by proving some new
existence and uniqueness results for the boundary value problem (1.1), by using different
fixed point theorems. Thus, in Theorem 3.1 we prove an existence and uniqueness result
by using a fixed point theorem of Boyd and Wong [12] for nonlinear contractions, while in
Theorem 4.1 we prove the existence of a unique positive solution by using a fixed point the-
orem on partially order sets due to Harjani and Sadarangani [15]. Finally some extensions
to a boundary value problem with first-order dependence derivative are given in Theorem
5.2 by using Leray-Schauder nonlinear alternative.

2 Preliminaries
For the reader’s convenience, let us recall some basic definitions and preliminary results of

fractional calculus and fixed point theory.

Definition 2.1. For a continuous function g : [0, c0) — R, the Caputo derivative of fractional
order ¢ is defined as

1
['(n—q)

where [¢] denotes the integer part of the real number ¢.

‘Dig(t) =

!
f (t—95)"" 9 1g™W(s)ds, n—1<g<nn=[q]+]1,
0

Definition 2.2. The Riemann-Liouville fractional integral of order g is defined as

(" g
q =
Ig(t) T(q)‘[o (t—s)l“lds’ qg>0,

provided the integral exists.

Lemma 2.3. ([16]) For g > 0, the general solution of the fractional differential equation
¢Dix(t) = 0 is given by
n—1

X(t)=C0+C1t+02t2+...+cn_1t R

where c;€R, i=0,1,2,...,n—1(n=[q]+1).
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In view of Lemma 2.3, it follows that

19°DIx(t) = x() + co+ 1t + cat* + ...+ cpq 7, 2.1

forsomec; eR, i=0,1,2,...,n—1 (n=[g]+1).
The following lemma was proved in [7].

Lemma 2.4. Let g:[0,1] — R be a given continuous function. Then a unique solution of
the boundary value problem

‘Dix(t)=g®), O0<t<l1, 1<g<2,

i (2.2)
x(0) = afx(s)ds, x(1) =,8f x(s)ds, 0<é&,n<1,
0 0

is given by
W0 = o [ (-5 g(s)ds
+%(2‘f”2+<ﬂn—1>r) f: ( | S(s—m)‘f—‘g(mMm)ds 23)
+%(0‘7§2+(1 —fa/)t)fon(j:(s—m)q_lg(m)dm)ds
—ﬁ(?ﬂl—&v)t) fo 1<1—s>‘f‘1g<s>ds,
where

1
y = 3l(@é= DB’ =2) = a*(Bn -] #0.
For more details on fractional calculus we refer to [16, 18, 20].

Now we present some results from fixed point theory. Firstly we recall Boyd and
Wong’s lemma.

Definition 2.5. Let E be a Banach space and let F' : E — E be a mapping. F' is said to be a
nonlinear contraction if there exists a continuous nondecrasing function ¥ : R* — R* such
that ¥(0) = 0 and W(¢) < £ for all £ > 0 with the property:

|[Fx—Fyll <¥(lx-yl), VYx,yeE.

Lemma 2.6. (Boyd and Wong)[12]. Let E be a Banach space and let F : E — E be a
nonlinear contraction. Then F has a unique fixed point in E.

Next we state a known result from ordered sets.

Lemma 2.7. [15]. Let (E,<) be a partially ordered set and suppose that there exists a
metric d in E such that (E,d) is a complete metric space. Assume that E satisfies the
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following condition: if (x,) is a nondecreasing sequence in E such that x,, — x then x, < x,
foralln. Let F : E — E be a nondecreasing mapping such that

d(Fx,Fy)<d(x,y)—-Y(d(x,y)), forx=>y

where ¥ : RT™ — R* is continuous and nondecreasing function such that ¥ is positive in
(0,00), ¥(0) =0 and ‘flim Y(&) = oo. If there exists xg € E with xg < F(xg), then F has a fixed

point.
If we consider the following condition
(x) for x,y € E there exists & € E which is comparable to x and y
then we have the following lemma ([15]).
Theorem 2.8. Adding condition (%) to the hypotheses of Lemma 2.7, one obtain uniqueness
of the fixed point of F.
3 Existence of sign changing solution

Theorem 3.1. Assume that

1f(t, %) = f(£,y)] < h(r)i 1€(0,1), x,yeR,

+lx =y’
where h: (0,1) » R* and H* < oo with
o= _ el
H = Q) f (1= )T h(s)ds
o - B’ TR
+7F(q)( ;6= 1)) f ( fo (s—m) h(m)dm)ds
2 S
+| = 18 (af +(1 a/é-‘)) Tl(f (s—m)q_lh(m)dm)ds
YI'(q) o \Js
1 aé‘-‘z 1 .
' qu)(T“l‘“f))‘ [ a=srthss

Then the boundary value problem (1.1) has a unique solution.

Proof. In view of Lemma 2.4 we define the operator F : C([0,1],R) — C([0,1],R) by

Fx(t) = %q)f(t—s)q_lf(s,x(s))ds

@ - B TN )
+71"(q)( 2 +(Bn—- Dt)f:(f) (s=m)?™" f(m,x(m))dm |ds

L ( fz+(1—§a)t) [ "( | (s—m)ft! fm x(m))dm)ds
' (q) o \Jo '
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2
—ﬁ(af +(1- §a)t) f (1= 5)" £(s, x(5))ds,

where |
y =t~ D(Br* —2)—a&*(Bn—1)] # 0.

Let Ey = C([0,1],R) with norm ||u|| = SUPye[0,1] |u(?)|. Let the continuous nondecrasing
function ¥ : R* — R* satisfying ¥(0) = 0 and W(¢) < ¢ for all ¢ > 0 defined by

_ H¢
VO =g Y20
Let x,y € E. Then
(5. x(5) ~ fs. 35D <
so that
\Fx(t)— Fy(0)|
. f(t_s)q_lh(s) LOECE
@ Js H + [x(5) — ()]
a (2-pn? ~ f‘ fS o |lx(m) — y(m)| )
+yr<q>( y 1)) 0 ( o T e =y )
B (a& g |x(m) = y(m)|
* mq)( + “g))f (f (s =m)” h(m)H*+|x(m>—y<m>|dm)ds
I (ad )' f )=o)l
+(1- 1-9 h(s) ———————
+yr<q>( Ha=ad) O S e -6
< Y-y,

Then ||Fx— Fy|| <¥(||x—yl||) and F is a nonlinear contraction and it has a unique fixed point
in E, by Lemma 2.6. O

4 Existence of positive solution

Theorem 4.1. Assume that f : (0,1) XxR* — R* satisfies the following condition:

y

(H) 0< f(t,x)— f(ty)<h(t) =5 , 1€(0,1), x,yeR" x>y.

Moreover we assume that aé < 1 and fn < 1. Then the boundary value problem (1.1) has a
unique nonnegative solution.

Proof. Consider the space E, = C([0,1],R") equipped with a partial order given by
x,yeEy) : x <y x(t) < y(¢t), fort €[0,1]
with the classic metric given by

d(x,y) = trer[lgﬁf] |x(2) = y(D)].
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Note that, for x,y € E», E; satisfies condition (x) (see [17]).
The operator F is nondecreasing, since for x >y we have F(x) > F(y) because 0 <

ft,x) = f(t.y).

Furthermore, for x >y we have:

d(Fx,Fy) = max |Fx(t)— Fy(?)|
1€[0,1]

1 ([ . x(5) = y(s)
- _ 91 N S S
: ,Eg&’f][r(q)fo(’ S SO He "
_a (2=pP f S el x(m) — y(m) )
(2 oD [ ([ oo an)as
B (aé " 1 x(m) — y(m)
+—yr(q)(7+(l—a§))‘f0‘ (L (s—m)? h(m)H*+x(m)—y(m)dm)ds
1 (aé? ! 1 x(s) = y(s)
+ )T(Q)(T-’-(l_ag))‘ﬁ (I—S)q h(S)mdS]
M:”x_ ||—[||)C— ||_M
H +x— Y M =yl |
We put
_, H¢
) =6

Then @ : R* — R* is continuous, nondecrasing, positive on (0, o), ®(0) = 0 and glim O¢) =
00,

Therefore for x > y we have
d(Fx7 F)’) < d(%)’) - q)(d(xay))
Next we prove that if @& < 1 and S < 1 then Fx > 0,Vx € E5. Indeed, we remark that

DD (Y oo <.
I'(¢) 0

because 1 < g < 2, which means that (Fx)(¢) is a concave function and it satisfy

(Fx)"(1) =

CDIFX)E) = f(t,x(), O<t<l, 1<q<?2

(Fx)(0)=af(Fx)(s)ds, (Fx)(1)=ﬂfn(Fx)(s)ds, 0<én<l.
0 0

To prove that Fx > 0,Vx € E, it is sufficient, by concavity, to prove that (Fx)(0) > 0 and
(Fx)(1) > 0.

e Assume that (Fx)(0) = min{(Fx)(0),(Fx)(1)}. By concavity of Fx we know that
(Fx)(t) = (Fx)(0), forte][0,1].

We have (Fx)(0) > a/fof(Fx)(O) ds which implies that (1 —a&)(Fx)(0) >0 or (Fx)(0) >
0.
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o Assume that (Fx)(1) = min{(Fx)(0), (Fx)(1)}. By concavity of Fx we know that
(Fx)(t) = (Fx)(1), forte][0,1].

We have (Fx)(1) Z,Bfon(Fx)(l)ds which implies that (1 —8n)(Fx)(1) =0 or (Fx)(1) >
0.

Therefore Fx > 0,Vx € E;. In particular O < F0, where 0 denotes the zero function.
Consequently the boundary value problem (1.1) has a unique nonnegative solution, by
Lemma 2.7. O

5 Some extensions

In this section we study the existence of solutions to the following boundary value problem
with first-order dependence derivative

‘Dix(t) = f(t,x@),x' (@), O0<t<l, 1<g<2
1 5.1
x(O)zafx(s)ds, x(l):ﬁf x(s)ds, 0<én<l
0 0

where a,8,1,£ are as in problem (1.1) and f : [0,1] x R? — R is continuous and satisfying

H) |f@x,p)| <hi(Olxl+ha(D)lyl+h3(t), te][0,1], x,yeRand h;: [0,1] > R*,i=1,2,3
are continuous functions.

To prove the main result of this section, we will apply the following Leray-Schauder
nonlinear alternative [13].

Theorem 5.1. Let X be a Banach space, Q0 C X bounded and open, 0 € Q, and F : Q- X
be a completely continuous operator. Then, either there exists u € 0Q and A > 1 such that
Fu = Au or F has a fixed point in Q.

For convenience, let us put

1 ! _ .
H = Fq)fu—s)q Yhi(s)ds, i=1,2,3.

H? = ol 2= ﬁ” ‘(fs(s—m)q—lh,-(m)dm)ds,i:1,2,3.
lyIT'(q) 0 \Jo

H3 _ |:8| iz_,_(l j‘(‘fvY a1y, ) .

;o= af) (s—m)?  h;(m)dm|ds,i=1,2,3.
[¥IT(g) 0o \Jo

4 N 1 g-1 ]

H = m —+(1—a/§)f(1—s) hi(s)ds, i=1,2,3.

H = F()f(l—s)q 2hi(s)ds, i=1,2,3.

HS = lal Wn—llf(f(s—m)q_lhi(m)dm)ds,i:1,2,3.
lyIT'(q) o \Jo
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H = ] |1—aflfn(fs(s—m)q_lh,-(m)dm)ds,i:1,2,3.
Iylf(q)
H = - fl—qlh ds, i=1,2,3.
; |qu)l a@él | (1=9)T"hi(s)ds, i

Our main result in this section is:

Theorem 5.2. Under the above hypotheses, the BVP (5.1) has at least one solution, pro-
vided

8
Z(H{+H;)<1 and H><oo for i=1,273.

Proof. In view of Lemma 2.4 we define the operator F : C!([0,1],R) —» C!([0,1],R) by

Fix(t) = o f (1= ) f(s, x(s), X' (5))ds

L@ ( B’ +(,8'7—1)t) f ( f (s = m)yT™ Fm, x(m), ¥’ (m)) dm) s
g\ 2 o s

L (—52 +(1- fa)t) fn (fs(s— ! ’ )
m)?" f(m, x(m), x"(m))dm|ds
'@ o \Jo

2 1
_L((ﬁm ga/)t)f (1= )77 f(s,x(5), %' (s))ds,
0

where .
y=5laé- D(Bn* -2) - ag*(Bn— 1] £ 0.

From the continuity of the nonlinear function f, it is easy to prove that the operator F is
completely continuous.

Let X = Cl([O, 11,R) with ||x|| = ||x]lo + [|x|lo and [|x]lo = SUPye(0.1] |x(?)|. We have

|[F1x(1)l
1 1
< L f (1= ) (s)a(s) + ha()l' (5)] + h(s)) ds
I'(¢) Jo
lal [2-p7°
rg| 2 T
Xf(fs(s—m)q‘] {hl(m)lx(m)l+hz(m)IX’(m)I+h3(m)}dm)ds
A +(1 —af)f (f {hl(m)IX(m)I+hz(m)IX’(m)I+h3(m)}dm)ds
W@ | 2 0
1 a§2 1
+(1- afé")f(l—S)q {h(x()] + ha($)|X ()| + h3(s)} ds
IVIF(q)

[Z H{]IIXII0+[Z H§}||x'||o+ZH§.
j:] jzl j:1
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Then

IF1xllo <

4
Z(H{ + HJ)

J=1

4 .
Il + > HS.
=

Also by Leibnitz’s formula we obtain

(F1x)(t) = F( ) f (t— )72 f(5,x(5), X (5))dss
——(Bn-1) f ( f (s—m)?™" f(m, x(m)x(m))dm)
)’F(CI)
P e f ( f (s—m)"" f(m, x(m)x(m))dm) s
r()
1
yr( e f (1= 5)7 £(5, x(5), %' () ds,
and then
(F1x) (1)
-1 1
< q—f(1—S)q‘z{hl(S)lx(S)I+hz(S)|x’(S)|+h3(S)}ds
r(q)
F( )LBU— | f ( (s —m)" 1{m<m>|x(m>|+h2<m>|x<m)|+ha<m)}dm)ds
B g f ( f (5= m)®™" (g (m)le(m)| + ha(m)|’ (m)] + hs(m)) dm)ds
[yIT'(q) 0o \Jo
1 1
+—|1—a§|f (1= )T Ry ($)|x(s)] + ha($)|X ()] + h3(s)} ds
[yIl'(q) 0
8 8 8
< [ZH{]nxuw[ZH; 'l + ) H.
Jj=5 Jj=5 Jj=5
Then
ICF 1Y llo < | D (HY + H) I+ Y H.
Jj=5 Jj=5

From [|Fy x|l = [|F1xllo +[I(F1x)’llo we have

8 8
1F vl < | > CHY + H) |1l + > HY
= j=1
Define g
J
E] H3 8 .
————, if Y H]{#0
m=3 1=y +H)
j=1
8 .
1 if Y H]=0
j=1
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and
Q={xeX= Cl([O, 11,R) : ||x]| < m}.

Let x€ 9Q and A > 1 with Fix = Ax. We have

8 8
Am = Allx|| = [|1F1x]] < Z(H{+H§) llxll+ > H;
j=1 J=1
so that
8 . . 1 8 .
I<d < Y (H{+H)+— > H]
= =
8 . . 8 .
Y (H{+H;), if ¥ Hj=0,
B j=1 j=1
- 8 .
1, if Y Hj#0
j=1
< 1,

a contradiction. Thus F has a fixed point in Q which is a solution in C 1(10,1],R) of the
boundary value problem (5.1). O

6 Examples

Example 6.1. Consider the following four-point integral fractional boundary value problem

1 . lx(0)|
(1-0Y2 H* +|x(1)|

1/4 3/4
x(0) = f x(s)ds, x(1)= f x(s)ds.
0 0

‘D32x(t) = +1, O0<t<l,

6.1

301 3 | Ix(0)| 35
Here g = >, = —.n=>.a.f =1 and f(t,x) = : 1. Clearly y = 2>
ereq=5.8=pn=pap=land [0 =G e T el Y=g

40 |
and H* = ——. With h(f) = ———— we have:
V7 TENLE
H||x| =yl
lft.x)—f@Eyl = h@)
X =y (H"+ [DH" + )
H|x—
< h(D)—— lx—yl
(H*)=+ H*(|x| +[yD
lx =yl
< h(t)—————.
= MOF e

Thus, by Theorem 3.1, the boundary value problem (6.1) has a unique solution.
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Example 6.2. Consider the following boundary value problem

1 x(7)
(1-012 H*+x(t)

1/4 3/4
x(O):f x(s)ds, x(l):f x(s)ds.
0 0

By Theorem 4.1, the boundary value problem (6.2) has a unique nonnegative solution.

‘D32 x(r) = +1, O0<t<l,

(6.2)

Example 6.3. Consider the following boundary value problem

D32 x(f) = h(t)[\/%+x’(t)+ 1], 0<r<1,

1/4 3/4 (6.3)
x(0) = af x(s)ds, x(1) =ﬂf x(s)ds.
0 0

8 . )
With A(t) and @, € R such that } (H{ + Hé) < 1, by Theorem 5.2, the boundary value
j=1

problem (6.3) has at least one solution.
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