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Fractional backward stochastic variational inequalities
with non-Lipschitz coefficient

Katarzyna Janczak-Borkowska
University of Technology and Life Sciences

Abstract. We prove the existence and uniqueness of the solution of back-
ward stochastic variational inequalities with respect to fractional Brownian
motion and with non-Lipschitz coefficient. We assume that H > 1/2.

1 Introduction

Nonlinear backward stochastic differential equations (BSDEs for short) were
first introduced by Pardoux and Peng (1990). They assumed that its generator—
function f is a Lipschitz continuous function on space variables. Since it was
found that BSDEs play an important role in many fields such as financial mathe-
matics, stochastic games, optimal control and signal processing, many papers were
devoted to their study (see example Hamadéne and Lepeltier (1995), El Karoui,
Peng and Quenez (1997), Borkowski (2010)). Later, the theory of BSDEs has been
extended on equations with stochastic integral with respect to fractional Brownian
motion, called fractional BSDEs.

Let us now recall that a centered fractional Brownian motion (fBm for short)
with Hurst parameter H € (0, 1) is a process BH = {BtH, t > 0} that satisfies

E(BY B = (2 57 — |t — 5",

The property of its self-similarity (i.e., Bg has the same law as a /! B,H for any
a > 0), makes this process a useful tool in models related to network traffic anal-
ysis, mathematical finance, physics, signal processing and many other fields. Note
that for H = 1/2 we obtain a standard Wiener process, but for H # 1/2, the pro-
cess B is not a semimartingale. Therefore, we cannot use the classical theory of
stochastic calculus to define the fractional stochastic integral. Nevertheless an ef-
ficient stochastic calculus of B has been developed. To our best knowledge, Dai
and Heyde and Lin were the first authors who defined the integral of Stratonovich
type with respect to fBm (see Dai and Heyde (1996), Lin (1995)), but it did not sat-
isfy the natural property E [ Ot fsd BSH = 0. Next, a new type of stochastic integral
with respect to fBm was defined to satisfy the mentioned property. The definition
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introduced in Decreusefond and Ustiinel (1999) is the divergence operator (Sko-
rokhod integral), defined as the adjoint of the derivative operator in the framework
of the Malliavin calculus and the equivalent for H > 1/2 definition introduced in
Duncan, Hu and Pasik-Duncan (2000) is based on the Wick product as the limit of
Riemann sums.

The existence and uniqueness of nonlinear BSDEs and backward stochastic
variational inequalities (BS VI for short) with respect to fBm, H > 1/2 was shown
in Maticiuc and Nie (2015). They assumed in both cases the Lipschitz condition
on the generator f on space variables. Also the Lipschitz function as a generator
was considered in the generalized BSDEs and the generalized BSVI with respect
to fBm in Janczak-Borkowska (2013) and Borkowski and Jariczak-Borkowska
(2016), respectively. By generalized, we mean the equation with additional com-
ponent being an integral with respect to some increasing process. The authors of
Wang and Huang (2009) omitted the Lipschitz condition on variable y in a gener-
ator f and assumed that

|ftxy, 20— ft,x, 2 <o |y =y (1.1)

where p is a continuous, concave and nondecreasing function satisfying some
technical conditions (see assumption (H3)) and proved the existence and unique-
ness of the solution of BSDE with respect to Wiener process. In Aidara and Sow
(2016), the non-Lipschitz assumption (1.1) was considered to show the existence
and uniqueness of the solution to fractional generalized BSDE. In this paper, we
treat a particular type of nonlinear drivers as described in (1.1) and with this as-
sumption we prove the existence and the uniqueness of the solution to fractional
BSVIL

The paper is organized as follows. In Section 2, we recall some definitions and
result about a fractional stochastic integral which will be needed throughout the
paper. In Section 3, we formulate the definition of fractional BSVI and introduce
assumptions on generators. Section 4 contains some a priori estimates and finally
Section 5 is devoted to the proof of the main theorem of the paper based on ap-
proximation of the solution to the fractional BSVI by Picard method.

2 Fractional calculus

Denote ¢ (x) = H(2H — 1)|x|*"=2, x € R and by || denote the Banach space of
measurable functions f : [0, T] — R such that

T T
1= [ [ ow=vlrwllroldedo <oo.

For &, n € |H| we put

t t
<s,n>t=/0 fo 1 — VEWN (V) dudv
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and ||& ||t2 = (£, &);. Note that, for any ¢ € [0, T'], (£, n); is a Hilbert scalar product.
Let H be the completion of the space of step function in || under this scalar
product. The elements of H may be distributions (see Pipiras and Taqqu (2000)).
Moreover, it is known that L2([0, T]) c LY# (0, T) c |H| C H (see, e.g., Nualart
(2006)).

Let (§,), be a sequence in ‘H such that (§;, ;)7 = d;; and by Pr denote the set
of elementary random variables of the form

T T
F(w) = f(/o g(tydBl, ... /0 Ek(t)dBtH),

where f is a polynomial function of k variables. The Malliavin derivative operator
DH of an element F € Py is defined as follows:

DFF = Z (/ £1(t)dBY ...,/OTgk(t)dBﬁ)g,-(s), se[0,T].

The divergence operator D = (D )sefo,7] 1s closable from L*(Q, F, P) to
L2(Q, F, P: H). By D1 > denote the Banach space being a completion of Pr with
the following norm: ||F||%’2 = E|F|* + E||DHF||2T. Now we introduce another
derivative

T
DA F =/ ¢(t —s)DIF ds.
0

For a deeper discussion about the stochastic integral, we refer the reader to
Duncan, Hu and Pasik-Duncan (2000), Hu (2005) and Nualart (2006). Here we
will formulate only some theorems needed throughout the paper.

Theorem 2.1. We denote by ]L}f the space of all stochastic processes F :
(2, F,P) — H such that

T T 2
E<||F||2T+/O /O IDAF,| dsdt><oo.

IfF e L;}Z, then the stochastic integral denoted by fOT Fid BSH exists in L>(2, F).
Moreover, E(fOT F, dBSH) =0and

T 2 T T
E(/ FsdBj’) =E(||F||2T+j / Dth]DtHFsdsdt).
0 0 0

The above theorem can be found in Duncan, Hu and Pasik-Duncan (2000),
Theorem 3.7 for an integral fOT FydB! defined by the limit of Riemann sums
involving Wick products, and in Hu (2005), Proposition 6.25 for an integral de-
fined by Definition 6.11 in Hu (2005). Note that these two integrals coincide (see
Hu (2005), Proposition 6.12).
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Theorem 2.2 (Theorem 4.5 in Duncan, Hu and Pasik-Duncan (2000)). Let F €
L}f. Assume that there is « > 1 — H such that E|F, — Fy|*> < Clu — v|**, where
lu —v| <6 for some § > 0 and

lim E|DH(F, — F)[* =0.

0<u,v<t,lu—v|—0

Set

t t
X,:Xo—l—f Gsds+/ F,dBf,  tel0,T],
0 0

where Xq is a constant and E fOT |Gslds < oo. Let f be continuously differen-
tiable with respect to t and twice continuously differentiable with respect to x and
that these derivatives are bounded. Moreover, assume that E fOT IID)SH X Filds <

oo and (3f/3x(s, Xs) Fy)sefo.r) € L. Then

1o 1o
f@, X)) = f(, X())—l-/0 a—JSc(s,Xs)ds—l—/O %(S,Xs)Gsds

tof u o [0S 0
+/O (5. X FyaB] +/0 G XODIX,Fds,  1e[0,T]

Theorem 2.3 (Theorem 10.3 in Hu (2005)). Let T € (0,00) and let fi(s),
12(5), g1(s), g2(s) be in Dy > and E(fOT(lﬁ(s)l + |gi(s)|) ds) < oco. Assume that
ID>,H fr(s) and ]D)fl g2(s) are continuously differentiable with respect to (s,t) €
[0, T] x [0, T'] for almost all w € 2. Suppose that

T T s T T )
E/ / D fo(5)|" ds dt < oo, E/ / IDF g2(5)|" ds dt < oo,
0 0 0 0

Denote

F(z>=/0’ fl(s)ds+/0t fr)dBf,  1€[0,T]
and

G(t):/(;t gl(s)ds—i-/(;t @)dBE,  te[0,T].
Then

t t
FOGW = [ FOaie)ds+ [ Fs)ga)dB!
t t
+ [ 6w hwds+ [ 66 s as!
0 0

t t
+ [ DI PR ds+ [ DIGE L) ds.
0 0
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3 BSVI with respect to fBm

Assume that

(Hy) o :]0, T] — Ris adeterministic continuous differentiable function such that
o(t)#0, forall t € [0, T]and n, = no + fj o(s)dB!, t € [0, T], where ng
is a given constant.

Note that, since ||o']|? = HQH — 1) [§ f§ lu — v|* =20 (u)o (v) du dv, we have
d t
E(nauf) =2HQ2H — 1)[ It —ul* 26 (u)o (1) du =20 ()6 (t) > 0,
0

where 6 (t) = [ ¢ (t — u)o (u) du.
We will consider the following fractional backward stochastic variational in-
equality with non-Lipschitz coefficient:

{deLf(t,m, Y, Zi)dt — Z,dB" € dp(Y) dt, A1)

Yr =&.
We suppose that

(Hy) & = h(nt) for some function 4 with bounded derivative and such that
E|£]? < oo.

(H3) f:10,T] x R xR x R— R is a continuous function such that there exists
positive constant L > 1 and forall t € [0, T], x,x’, y,y,z,7 € R,

|f(t7x’ y,Z) - f(f7x/,y/72/)|2 S,O(I,

and

y =¥+ L =Ptz =2 )

T 2
/ 1£(2,0,0,0)*dr < oo,
0

where p : [0, T] x RT — R™T satisfies:

(a) for fixed ¢t € [0, T], p(t, -) is a continuous, concave and nondecreas-
ing function such that p(z,0) =0
(b) the ordinary differential equation

V() =—p(t.v@),  v(T)=0 (3.2)

has a unique solution v(¢) =0, ¢t € [0, T']
(c) there exists two continuous functions a, b : [0, T] — R™ such that

p(t,v) <a(t) +b(t)-v, /(;T(a(t)-l—b(t))dt < 00.

(Hs) ¢ : R — (—o00, o0] is a proper, convex and lower semi-continuous function
and satisfies ¢(y) > ¢(0) = 0.
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We will denote
dpM ={JeR;3-(—y)+9() <9),YveR}],
Domg = {y € R; ¢(y) < o0}, Dom(d¢) = {y € R; d¢(y) # 2},
(v.9) €d¢p <« yeDom(dgp), Y €dp(y).

Remark 3.1. d¢ is maximal in this sense that
G-y —uw)=0,  (y,9),(u, )€ dg.

Let us mention here, that Mao (1995) considered a generator f satisfying the
following non-Lipschitz assumption: there exists L > 0 and for all ¢ € [0, T],
v,y €R?, 7,7/ e RT¥M,

[fy = f@y ) <plly =y ) +Llz=2
where p : RT™ — R™ is a concave and nondecreasing function such that p(0) =0,
p(u)>0,u>0and fy % = 0o. With the help of Bihari’s inequality (see Bihari
(1956)) he proved the existence and uniqueness of the solution to BSDE (with
respect to a Wiener process) under this assumption. Moreover, he introduced some
examples of non-Lipschitz functions satisfying the above condition and noted that
his condition includes also Lipschitz continuity. Wang and Wang (2003) showed
the existence and uniqueness of the solution to BSDE under the assumption (H3)
with additional condition on p—continuity in both variables ¢ and u. With the
help of Bihari’s inequality their also proved that their result includes that of Mao.
Obviously our assumption, (H3) includes both results and we have the following.

2

’

Remark 3.2.

1. If f(t,x,y,2) =y -t~ Y* 4+ L(x +z), then assumption (H3) is satisfied with
pot,u)=2u- =12,
2. If f(t,x,y,2) = t‘l/zk(|y|) + L(x + z), then assumption (H3) is satisfied

with p(t,u) = @ where

K(u):{

—ulnu, 0<uc<g,
—8In8 + k' (8—)(u —8), u >4,
for some § € (0, 1) small enough.

Now consider the set

d
Vio.r1 = {Y =y, n:ye C;(ﬁ([o, T]x R) and a—if is bounded}.

By ]}[Ig 77 denote the completion of the set of processes from Vjo,7) with the fol-
lowing norm

T T
nm@:E/zw”mszE/zw”WQme.
0 0
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Definition 3.3. A solution to a fractional backward stochastic variational in-
equality (3.1) associated with data (§, f) is a triple of processes (Y, Z,U) =
(Y:, Zt, Ut)iejo, 1 satisfying

T T T
Yt=§+/ f(s, ns,Ys,Zs)ds—f stBsH—/ U, ds, tel0,T] (3.3)
t t t

and such that

(Y;, Uy) € 09, tel0, T] and Y € 1}[1()<ZT], Z,U e f}[I({,T]-

4 A priori estimates

Proposition 4.1. Let (Y;, Z;, U;) be a solution of (3.3). Then

@) DY, =287,0<r<T.
(i1) There exists a constant M > 0 such that

(1)

<2 < ML 0<t<T.
M o)~ - =

t2H—1

Q>

Proof. (i) Since ¥ € V[ ;1. ¥ = y(-.n) where v € C;; (10, T1 x R). Applying
Itd’s formula and putting ¥ (T, nT) = & we have

T T
Wt ) — & =—/t w/f;,(s,ns)ds—/t (s, no)o(s)dBY

1 T
- 5 /; 1'0)/(//\6 (s, ns)0(5)6(s) ds
r 1
:—/t <¢’;(S, 77s)+§1//;/x(s, ns)o'(s)(}(s)) ds

T
- f . (s, ny)o(s)dBY.

Comparing the above equation with (3.3), we deduce that Z;, = (¢, n;)o (t) and
therefore

H T H T

D/ Y,zfo (1 —v)D! l/f(t,m)dvzllf;(t,nr)/o (1 —v)o (W) dv
o)

o(t)

(ii) The proof is analogous to the proof of Proposition 25 in Maticiuc and Nie
(2015). O

=oOYy(t,m) = Z.
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Proposition 4.2. Let (Y;, Z,, U;) be a solution of (3.3). Then there exists a con-
stant C depending on L, H, T, M such that

T
E|Y,)? + E/ s?H=1 7z 2 ds
t

T T
<CE(16P+ [ (0P +176.0.0.0P)ds+ [ pls. 1P ds ).
t t
Proof. By the It6 formula,
2 2 T T H
YE= P42 [ Yofson Ve zods =2 [ ¥z, dB!
t t
T T
—2] YsUsds—2/ DAy 7 ds.
t t
Since (Y, U) € d¢, Y;U; > 0 and by Proposition 4.1(i), we can write
T &5(s
2 [ 20z, pas
t ols) (4.1)
T T )
<BP+2 [ YofGon ¥ zyds—2 [ vzaBl.
t t

By assumption (H3) and using the inequality 2ab < a® /e + eb*> we have

2y (1.0, y.2) <2yl p(t. IyP) + L2 0P + L2|z 2
+2yl| f(z,0,0,0)|

<2|yly/p(t, Iy|?) +2LIylIn| + 2LIy|lz|
+2|yl| f(2,0,0,0)]

1
<Ly + 3o, V%) + L2y > + In)?

2 s2H—1

T N R 2+ |f(,0,0,0)?
2H—11Y My Ty bRl

Therefore, using also Proposition 4.1(ii), from (4.1), we have

1 T
E|Y,|* + ME/ s?H=117 > ds
t
2

5 re o, LM
< E|| +Ef 2L% +
t

SZH—_I—f—1>|YS|2dS

T /1
*Eff <ﬁp(s,|Ys|2)+|ns|2+!f(s,O,O,O)!2>ds-
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Denote
2 2 d 2 2
po= PE(IER+ [ (ol +1£(:.0,0.00P)ds),
t

then by the above

1 T 1 T
EWP 4 E [ 582Pds < 2 (w £ [ plo ¥R ds)

5 4.2)

Y )
+E [ <2L +ﬁ+1)|ys| ds.
t N

Now by Gronwall’s lemma, we get
1 T T L’M
E|Y,)? < ﬁ<,ut + E/z p(s, |YS|2) ds) X exp(/l <2L2 + 2T + 1) ds)
1 T
- ﬁ(’” + E/t o(s, |Ys|2)ds>

2
X exp((ZL2 +1I)(T —1) +

M (12721 t22H)>.

2—-2H
Choose « such that (72720 — ¢272H) < 2=2H (T _¢) and let B satisfy:
L’M
QL2+ 1)T — 1)+ ———a* (T — 1) = B(T —1).
QL+ )T =0+ 5 (T =)= pT —1)

Then by the above, we have
1 T
EIP = 28T (£ [ p(o. %) ds ). (43)
t
Moreover putting (4.3) to (4.2), we get

1 T
—E / 217212 ds (4.4)
t
< ﬁ(ﬂt‘f‘E/ p(S,lel )ds)
1

T 2 LZM 1 T T 2
+E/ (ZL +s2H——1+1)ﬁeﬂ( _S)(MS—FE/ p(u, Y] )du)ds
t s

1 T
< ﬁ@ + E/ p(s. |Ys|2)ds)
5 4.5)

L pa—n ! 2 Y2y LM
—|—ﬁe i+ E t ,0(14,|Yu| )du ] 2L _{—SZH—I—F1 ds

< ﬁ<uz+E/t o(s, |Ysl )dS)
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L sa—n ! 2
+ 3¢ BT —0)|\ u+E t p(u, |Yy|") du

= i(1 +PTDg(T — t))(,ut + E/T o(s, 1Ys1%) ds).
L2 p ’ S

Now (4.5) together with (4.3) completes the proof. ]

5 Picard method

We will consider Picard method for (3.3). Without loss of generality assume that
Y0 = 0 and define a sequence (Y7, ZP,UP), pe N as

T
sz=§+/t fs,ns, Y271, ZP) ds
G.D

T T
H
—/t ZP dB; —/t Ut ds, te[0,T].

It is known that there exists a unique solution for (5.1). Indeed, since f is Lipschitz
with respect to n and z” and constant with respect to y? it follows by Theorem 3.3
in Borkowski and Janczak-Borkowska (2016) with A = 0. Moreover, (Y?,U?) e

ap.

Proposition 5.1. There exists I' > 0 and 0 < T| < T not depending on & such that
forp=1,

E|Yt”|2§I‘, T, <t<T.
Proof. Arguing similarly as in the proof of Proposition 4.2 we have

P2 1 T2H—l 2 1 T
B Pk [z Pas < 5w+ [ oG

v ds )

r L*M
2 2
+E/t (2L + 3m-1 +1>|Y;’| ds,

where u; is as in the proof of Proposition 4.2. By Gronwall’s lemma, we get

p|2 1 T —1)2
B/ = o (w4 E [ oo v27 ) as)

2

M (T2—2H_t2—2H)) (5.2)

x exp((2L2+ DT =0+5——

1 T
< ﬁexp(ﬂ(T — t))(,ut + E/t p(s, }Ysp_l}z)ds>,
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where B is the same as in the proof of Proposition 4.2. Put T} = max{T — lnﬂL2 ,0}.

Then for ¢ € [T}, T] we have #exp(ﬁ(T — 1)) < 1. Indeed, if ST < InL? then
T, =0 and

1 1 1 2

2 exp(B(T — 1)) < ﬁexp(ﬁT) <73 exp(InL”) =1

and if BT > InL?thenT; =T — ,6_1 InL? and forr € [Tq, T1,
1 1 — 1
2 exp(B(T —1)) < 2 exp(B(T —T1)) = 2 exp(InL?) =1.
Therefore by (5.2) and from the concavity of p for ¢t € [Ty, T], we can write
T —
E|Y,”|25ut+/ p(s, ElYP~" ) ds,  telTy, Tl (5.3)
t

Let

1 T
—F:,uo+/ a(s)ds
2 0

T T
= LzE(lfl2 +/(; (Ins)* +1£ (s, 0,0, 0)|)ds) —i—/o a(s)ds < oo.
Choose fl such that

T A
pot [ pG.Dyds<T. relfiT)
t
One can do that since by assumption (H3)(c),
T T
o —i—/ o(s,T)ds < o —i—/ (a(s) +b(s)T)ds
t t
1 T
< §F+Ff b(s)ds < oo.
t
And it is enough to take T satisfying fTTl b(s)ds =1/2.

Now let Tj = max{Tj, fl}. Then for ¢ € [T1, T] the equation (5.3) is satisfied
and in particular,

2 r 2 r
EWP <t [ oo EYOP)ds <o+ [ pls.Tyds <,
t t
2 r 2 r
EWP <+ [ ol EIY/P)ds <o+ [ psTds <T.
t t

T T
EWP <t [ oo EY2P)ds <o+ [ pls.Tyds <T.
t t
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Therefore by induction,
ElYP] < ,u;—i—/Tp(s, ElYP~')ds < ,uo—i-/tTp(s, Mds<T, tell,T]
which finishes thte proof. 0
Proposition 5.2. Ler (Y?, ZP, UP) satisfies (5.1). Then
i) E|Y,-vI[+ E/tTSZH_l}Zs” — 79|*ds

< %eﬁ(T_’) v/j,o(s, E|lvr~! - Yf_lfz) ds,
(i) E/tTSZH_1|USP|2ds

<CE(1* o)

T
+/ S2H71(,0(S,
t

Proof. (i) Using theorems 2.2 and 2.3, we have

Y2 R+ 122+ Ins? + | £(5,0,0,0)%) ds)_

T
vP =P =2 [0 = V(o ¥ 20 = S Y 20 ds

T
2 (v - vi)(z! - 20)aB!
- (5.4)
2 [ vy - yowr - vfas
t

T
— 2/ D (vP —vd)(zP — z9)ds.
t

Analogously as in the proof of Proposition 4.1 one can show
5 (1
DAy -¥)) =S5 ~2l).  0si=T,
o

Moreover,
2057 =) (f (s, P71 2P) = f(s.m y17 1, 29))

<20y = y1|(/pls, [y~ =y ) + L|z? — 29))

1 _ _
§L2}y"—y‘1!2+ﬁp(s, yPh—yam1P)
L2M 5 SZH—I 5
+s2H—_1|yp—yq| +—}Zp—Zq| .

M
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Therefore integrating (5.4)

IS S L Yo 2

ElY/ —Y/| +—E/ s* Nzl — Z9| 7 ds

+2E/ 2H=l(yp _ya)(UF — UY)ds
(5.5)
—12

_LZE/ Yp ! qu l|)ds
2

—I—E/ (L2 ey 1>\YSP—YS‘1] ds.

Note that since (Y?, UP) € d¢ and (Y4, U?) € 3¢, we have E ftT(Ysp —YhHwt -
Ul )ds > 0 and using Gronwall’s lemma

M (T22H _ t2—2H)}
2—2H

1
BV~ ¥ < Jyexp| L3 — 1)+

T
xE/ p(s
t

< ! B(T—1) r Elyr—1 Yq—12 d
_ﬁe ] IO(S’ |s — Iy })S,

I _ya1)ds (5.6)

where f is as before. Putting (5.6) into (5.5) we get the result.
(i1) Since (Ytp, U,p) € d¢ for any t € [0, T'] by definition of d¢p(y), we have
Urp(Ysp - er) + (P(er) = w(Ysp)'
Assume that T > s > r > T} and multiply the above inequality by s2#~1.
P17 (v?) = 2 (vp) + 21U (v - v
= 21 (v0) 421 Up (v — 1)),

Take s =tir 1 VT, r=t;vT,where 1 =tg<tj<thh<---<t,=T and tj41 —
t; = 1/n. Summing up over i and passing to the limit as n — oo, we deduce

T
T2H=14(vE) = 2H=14(v?) +/t s*H=lyrayp, tell,T]
and

T
tZH—l(p(YtP) < T2H—1¢(Y;7) _/[ S2H—1Usp vy
2H—1 T 2H—1 1
=T ‘w@+fs U f(sins Y2, ZP) s (57)
t

T T
—/t szH—lUS”Zdef—/t s2H=1yrype ds.
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Since

u- f(s.n.y.2) < lul(yp(s. y12) + L2zl + L2 0P + | £(5,0,0,0)])

1 2 2
< Slul + (s, [yP?) + L2[zI* + L2 0> + | £(5,0,0,0)”

[\)

from (5.7) we get
T
EtZH_lgo(Y,p)+E/t s up P ds
2H-1 1 r 2H-1 2
<ET <p($)+—E/ s \ur|"ds
+E/ 2H=V(p(s, Y2 %) + L2| 2P| + L2n, 2 + | £(5.0,0,0)[*) ds

and therefore

—112
Y =)

T T
E/t sS2H=NuP)ds §2ET2H_1¢(S)+2E/t s2H=1(p(s,

+ LY 2P+ L2 s> + | £(5,0,0,0)[%) ds

which implies the result. U
Theorem 5.3. There exists a unique solution of (3.3).

Proof. We repeat here the arguments from the proof of Theorem 3.9 in Aidara

and Sow (2016) to show that (Y?, Z?) is a Cauchy sequence in the Banach space
V[lT/ZT X D[%,T]' Indeed, define the sequence {t,(?)},en as follows:

T T
w0 = [ peDds w0 = [ pls. ) ds

Fort € [T}, T] we have
T
= Md r
70(1) /t p(s,I)ds <T,
(z)—/T (5, 70(5)) d </T (s.T) ds = 1o(r)
71 =) o(s, To(s s_t o(s, s =10(1),

T T
(1) :/ p(s, t1(s))ds < / p(s, to(s))ds =11 (1)
t t
and by induction, for all n € N, 7,,(¢) satisfies

O<t1() =@ =---=711(1) <7o() <T.



494 K. Jaficzak-Borkowska

Therefore the sequence t,(¢) is uniformly bounded. Moreover, for all n € N and
n,nell, T, n<n,

=< <00

19}
/ p(s,IM)ds
!

1

19}
IWOD—TMQN=L[ p(5, Tur (5)) ds
1

and we deduce that sup, |7,(t1) — Tu(t2)| = 0 as #1 — t — 0. That means that
the sequence t,(¢) is equicontinuous family of functions and by the Arzela—Ascoli
theorem we can choose a subsequence of 7,,(¢) which is convergent. Its limit denote
by 7(¢) and it satisfies

T
(1) =/ p(s, T(s))ds.
t
By assumption (H3) (3.2), we have t(¢) =0 for ¢ € [0, T].
Now, by (5.6) in the proof of Proposition 5.2 and by Proposition 5.1 for ¢ €
[T1, T1,

1 T
EW M =¥ = e [ oG, Eyy ¥ ds
T
< [ p6s.Dyds = w000,
t
1 T
E}Ytp—’_z - Y12|2 = ﬁeﬂ(T_Z)/,‘ 'O(s’ E‘YSP—H - Ysl‘z) ds
T
§/t p(s, t0(s))ds = 11(1),
1 T
Ely/P -y < ﬁeﬁ(”)/t p(s. E|YP2 — Y2V ds

T
5/ p(s, T1(s)) ds = 1a(t)
t

and by induction,

1 T
E[) ™" =y = 5T [ ple Byt v Py ds

T
5/ P8, Tm—2(s)) ds = Ty_1(1).
t
In particular,

sup E|Y,p+m — Y,m|2 < sup Tp_1(t) =1m_1(T1) =0 as m — 00,
Ty <t<T Ty <t<T

which together with Proposition 5.2(i) implies that (Y”, ZP) is a Cauchy sequence.

and therefore there exists a pair of processes (Y, Z) € f/[lT/]z’T] X f/gl ) being a limit
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of (YP,ZP), thatis

T 2 T 2
lim E(/ Y/ -1 dt+/ =z — 7, dt>=0.
Ty Ty

p—>00

Now, note that from Proposition 5.2(ii) it follows that there exist a subsequence
pn — 00 and process U such that UP* — U weakly in V[I({,T] and from the Fatou
lemma

T
E/ s?H-Nu )2 ds < C.
0

Since for any ¢ € [T, T],

T T
im (=¥ +&+ [ poon e z0)as— [ o as)
t t

p—>0

T T
=—n+s+/fumpnlaw—/ Uy ds
t t

=o(t)  inL*(Q,F,P)
and ZP17, 1] converges to Z1iz, 71 in L>(Q, F, P, H), we have
T T
lim | zPdBY =| Zz,dBY  innl*Q,F, P).
p—>00 Tl T1
Moreover since U/ € dp(Y/), forall u € f/[]g’” we have
U - (ur = Y7) +o(Y]) < oup).
Therefore, we can deduce that
Ur-(ur = Y1) + o(Ys) < @(ur),

which means that (Y;, U;) € dp, t € [T}, T].

Uniqueness. Assume that (Y, Z, U) and (Y’, Z’, U’) are two solutions of (3.3).
Then computing similarly as in the proof of Propositions 4.2 and 5.2 for ¢ € [T1, T']
we have

2 T 2
E|Y, ~ Y| 5/ p(s, E|Ys — V! ]P) ds.
t

From the comparison theorem of ODE, we know that E|Y; — ¥/ 1> < r(t), where
r(t) is the maximum left shift solution of

V' (t) = —p(t,v), v(T)=0.
From (3.2), it follows that r(¢) = 0 for t € [T}, T]. Hence, E|Y; — Yt/|2 = 0. More-
over, since

T ono 2 C pr-n T /2
Eft s 2, = 20 ds < e /tp(s,Ele—Ys})dS»

then also Z, = Z; and in a consequence also U, = U, int € [T, T].
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Note that 7 does not depend on £. Hence, one can deduce by iteration the exis-
tence and uniqueness on [7>, T1] replacing T by T; and T} by 7> and therefore the
existence and uniqueness on the whole interval [0, 7']. That completes the proof. [
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