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Limiting behavior of the Jeffreys power-expected-posterior
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Abstract. Expected-posterior priors (EPPs) have been proved to be ex-
tremely useful for testing hypotheses on the regression coefficients of nor-
mal linear models. One of the advantages of using EPPs is that impropriety
of baseline priors causes no indeterminacy in the computation of Bayes fac-
tors. However, in regression problems, they are based on one or more training
samples, that could influence the resulting posterior distribution. On the other
hand, the power-expected-posterior priors are minimally-informative priors
that reduce the effect of training samples on the EPP approach, by combining
ideas from the power-prior and unit-information-prior methodologies. In this
paper, we prove the consistency of the Bayes factors when using the power-
expected-posterior priors, with the independence Jeftreys as a baseline prior,
for normal linear models, under very mild conditions on the design matrix.

1 Introduction

Pérez and Berger (2002) developed priors for model comparison, through utiliza-
tion of the device of “imaginary training samples” (Good, 2004; Spiegelhalter and
Smith, 1988; Iwaki, 1997). They defined the expected-posterior prior (EPP) as the
posterior distribution of a parameter vector for the model under consideration, av-
eraged over all possible imaginary samples y* coming from a “suitable” predictive
distribution m*(y*). Hence, the EPP for the parameter vector 8¢, of any model
My € M, with M denoting the model space, is

TEPP(9,) = / 2l (B.ly*)m* (") dy*, (1)

where név (0¢]y*) is the posterior of 8, for model M, using a baseline prior nlfv @)
and data y*.

An attractive option for m™* arises from selecting a “reference” or “base” model
My for the training sample and defining m*(y*) = mév (y*) = f(y*|Mp) to be the
prior predictive distribution, evaluated at y*, for the reference model My under
the baseline prior név (p). For the variable-selection problem considered in this
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paper, the constant model (with no predictors) is used as a reference model, fol-
lowing the skeptical-prior approach described by Spiegelhalter, Abrams and Myles
(2004, Section 5.5.2). This selection simplifies computations, and makes the EPP
approach equivalent to the arithmetic intrinsic Bayes factor approach of Berger
and Pericchi (1996).

One of the advantages of using EPPs is that impropriety of baseline priors
causes no indeterminacy in the computation of Bayes factors. With EPPs, we can
use an improper baseline prior név (#,) in (1), since the arbitrary constants can-
cel out in the calculation of any Bayes factor. However, in regression problems,
EPPs are based on one or more training samples, that could influence the resulting
posterior distribution.

To diminish the effect of training samples on the EPP approach and simul-
taneously to produce a minimally-informative prior, Fouskakis, Ntzoufras and
Draper (2015) introduced the power-expected-posterior (PEP) priors, by combin-
ing ideas from the power-prior approach of Ibrahim and Chen (2000) and the unit-
information-prior approach of Kass and Wasserman (1995). As a first step, the
likelihoods involved in the EPP distribution are raised to the power 1/ and then
are density-normalized. This power parameter § is set equal to the size of the train-
ing sample n*, to represent information equal to one data point. Regarding the size
of the training sample, n*, this is set equal to the sample size n; in this way the
selection of a training sample and its effect on the posterior model comparison is
completely avoided.

In what follows, we examine variable-selection problems in Gaussian regression
models. Thus, for any model M,, with parameters 6, = (8,, 062), the likelihood is
specified by

(Y[X¢, By 07, M) ~ No(XeByr o210), 2)

where Y = (Y1, ..., Y,) is a vector containing the (real-valued) responses for all
subjects, Xy is a n x dg design matrix containing the values of the explanatory
variables in its columns, I, is the n x n identity matrix, B, is a vector of length d
summarizing the effects of the covariates in model M, on the response Y and aez is
the error variance. Furthermore, we denote the imaginary/training data set by y*,
their size by n*, and the corresponding imaginary design matrix by X* of size n* x
(p + 1), where p denotes the total number of available covariates. Following the
PEP methodology, we set n* =n and X* = X, where X is the original n x (p + 1)
design matrix.

For any model M, € M, we denote by ngN By, 062|X2‘) the baseline prior for
model parameters §, and 052, with X7 being the imaginary design matrix under
model M,. Then the power-expected-posterior (PEP) prior, nf EP(B,, ‘752|X*’ 3),
takes the following form:

" (Be. o7 X7 6)

N (% | *
mgy (y*1Xg, 8)
=B, o)) [ T

Wf(y*lﬂe, 0132, My; X5, 8)dy*,  (3)
( ’
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where f(y*|By, 07, Me; X5, 8) o< £(y*1By, 07, Me; X3)1/9 is the likelihood, eval-
uated at y*, under model My, raised to the power of 1/§ and density-normalized,
that is,

* 2 Ly 1/8
My X
F(Y*1Bg 0F, My; X5, 8) = A |ﬂza<;g’ . *El) 5
ff(y*IﬂZaUg»M£§Xg) / dy*
N X By 07T
S e 5 XEBe, o 1) /0 dy*
= fn. (V' XEBy, 807 T0); 4)

here fy,(y; m, X) is the density of the d-dimensional normal distribution with
mean g and covariance matrix X, evaluated at y.

When the reference model M is nested in all other models (like in our case) the
EPP (and therefore the PEP prior) for the parameter vector under My is clearly the
same as the baseline prior, that is,

75" (Bo» 06 1X5. 8) = ' (Bo, 0 1X5).

with X being the imaginary design matrix under model M.

The distribution mév (y*|X3, 8) appearing in (3) is the prior predictive distribu-
tion (or the marginal likelihood), evaluated at y*, of model My, using the power
likelihood defined in (4), under the baseline prior név By, 052 1X7), that is,

) (1X5,8) = [ [ e (5 X0 B 80710 )l (B oF1X) dBydo?. (5)

Similarly, the distribution m{)V (y*I1X{, 8) appearing in (3) is the prior predictive
distribution, evaluated at y*, of the reference model My, using the power likelihood
defined in (4) (with £ = 0), under the baseline prior név By, 002 1X5), that is,

) (v*1X5.8) = [ [ v, (s XsBos 031 )7d (Bo. 03 1X5) dBodo. (6)

Here, we use the independence Jeffreys prior (or reference prior) as the baseline
prior distribution. Hence, for any M, € M we have

e
) (Be. o ?IX}) = = )
Y4

where ¢, is an unknown normalizing constant; we refer to the resulting PEP prior
as J-PEP.

It is worth noting that our method works in a totally different fashion than frac-
tional Bayes factors (O’Hagan, 1995). In the latter, a fraction b of the full likeli-
hood is used to “properize” the baseline prior and the remaining fraction (1 — b)
of the full likelihood is used for model comparison. In contrast, with our approach,
the original likelihood is used only once, for simultaneous variable selection and
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posterior inference. Moreover, the fraction of the likelihood (power likelihood)—
used in the expected-posterior expression of our prior distribution—refers solely
to the imaginary data coming from a prior predictive distribution based on the
reference model.

2 The conditional J-PEP prior distribution

In the following, under any model M,, we denote by
Hy=X;(X!/X,) " 'X] andby P,=I,—H,

and the corresponding measures based on Xj by Hj and P}, respectively.
Under (7), the corresponding marginal likelihood, with response data y*, design
matrix X} and likelihood function raised to the power of 1/4, is given by

_ —d o
mév(y*|Xz’8):Cen(dz n)/2|XT*X*| 1/2 ( . e)RSS? (n dz)/Z’

where RSS7 is the residual sum of squares given by RSS; = y*TP?y*. Similarly, in
the rest of the paper we denote by RSS; =y’ P,y.
The J-PEP prior for the parameters of model M, is given by

oh PEP(ﬂz, Oy |Xe, )
=/w”(ﬁe, ol ly*: X5, 8)my (y*[X5. 8) dy*

my) (y* X3, %

= 1B, 0f, My; X5, )N (B, 021X} 220 =
/f(Y|ﬂz 0 Me; X3, 8)m " (By. oy ) N(*IXK,S)

://[/ (f(y* 1By, of, Me; X3, 8) £ (¥*1Bo, 05, Mo; X5, 8)™ (By, 071X}))

0} (5°1X5.8)) " |
x Y (Bo, 03 1X5) dBodag
= [ 7T (B o7 B0 03 Xi. 0) (Bo o3 1X;) dBo dry
with the conditional J-PEP prior given by

J PEP(ﬂZa Oy |BO» 0(), X@, 8)

Iy 05 XeBys 807 1) [ (05 XoBo, 801w )ee/of
e =2 XETXCE 12D (n* — dy) /)RS~ 4012
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= (de—=n*)/2

_ 1/2
0T ((n* — dy)/2)

X7 x|
*—dp)/2 = (8)
x f RSSE™ T2 iy (v XeBy, 802Lu) £, (¥ XeBos 031, dy*,

where EO = (,Bg , 0(2_ do)T and 0 being a vector of zeros of length k. The product
of the two normal densities involved in the integrand is given by

I (¥ XeBy, 50}1,1*)an* (v Xg?o, 5(;021,1*)
= (27()_(”*—&’5)/2[3(002 + Gg)]—(n*—dz)/z
Ty —1/2 )
x X3¢ X5 fu. (v ETIDLETY)

X fNg, (Be: Bo» 8(07 + od)(X;"xH) ™)
with

2 2
o, + o
E=< L 3 20>In* and

doyo;
1 .= 1 1 o? = ol
8002 tho 80(32 B st ag—l—crozﬂo ag o Be

+
S

Note that (9) was obtained using the property
IN,(vs ME, A [, (y; M&s, Ag)
= 2m) " "TPPIA 4+ ATV MT (AL + A TIM|

X fn, (Vi BT 'DLETY) £, (613 0. Ay + A)

172

an

with
Ei=A7'+AS" and D;=A;'ME& +A;'ME,.

In (11), Mis an x p matrix of rank p (p <n), &, and &, are vectors of length p
and A and A; are positive definite matrices of dimension n x n. Expression (11)
can be easily obtained using the identity:

(y —MEDTAT (y = ME)) + (y — ME»)T AT (v — M&y)
=y Ey —2y" (A7 'ME, + A7 'ME,) + £
+MTATME, + &7 +MT AL ME,
=[c’y-c 'p]"[c"y - C D]
+ & —ED M A+ A)TIME, — &),
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with C being a n x n lower triangular matrix (the Cholesky decomposition) with
nonzero elements in the diagonal such that E; = CCT .
Replacing (9) in (8), we obtain

J PEP(ﬁK’ Oy |ﬂ()v 00, XZ’ 6)

—(d¢—n*)/2
;T a0
02T ((n* —dy)/2)

x [8(o + o))" TR T x| (12)
Xan*(ﬁz;Bo’ (02 +o) (X" X))
« /(y*Tsz*)(n*—de)/Zan* (y*;E_lD, E_l)dy*,

with E and D given in (10).
We set

zZ = El/Z(y* _ E—ID) — gl/Z(y* _ X*F),

where ¢ = (5 ‘3+U°

9y and T = (¢68)~ 2 2+ zﬁo + 2+ 2}913) Therefore we have
y'=¢" 1/ZZ-i-X*F,dy =" /zdzand

(Y ET'D,ETY) Ayt = fy . (2 045, L) dz
—n*/2

since the term ¢ , coming from the Jacobian of the transformation, cancels out
with the determinant of the variance, that is |[E|'/2 = " /2. Moreover,

Yy Pyt = (¢ 22+ X0 Pi(c 1?2+ X3T)
= 2Pz + 7V 2T PEXGT
+ X3P 22+ TTXETPEXIT
= g“_lzTP}‘z (13)

since X;}‘TPZ‘ =P;X; =0.
Returning back to (12), we obtain

7 " (Be, of 1Bo, 0 X} )
—t—dyy2| a1 —de - 2 2\—(nF—dp)/2
=202 o2r ()| fotod + o)

Xan*(ﬂbﬁo» 8(of +od)(X;TX}) ")

X é-*(n*fdl)/Q /(ZTPzZ)(n*_dZ)/Zan* (Z; 0,+, In*)dZ
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o —dp 2 [ (M —de ! (*—dy) /2 g (n*—dy) /2
=2 M= [8(o6 +07)] 8

« (Ug)(n*—de)/z(62)(71*—011)/2—1( to ) (n*—dyg)/2
X fu,e (Be: Bo. 8(0f +03) (X" X5) ™)
E[(ZTP?Z)(H**dz)/Q]

-1
_ 2_("*—11@)/2[1'*(”* ; df)} (02)" 402

)"0 o o)

X an* (ﬁf’ EO’ (o( +00)(X ) )2(” —dy)/2
D" —dp/2+ " —do)/2)
T((n* —dy)/2)

k)

since

n L t+r/2)

El( K] =2

where & > 0, K is a n x n symmetric and idempotent matrix of rank r, x ~
N, (0,, 1,,) and, therefore, xI Kx ~ sz.
Thus, (14) becomes

J-PEP 2 2
Ty (ﬁe,gng»Uo;Xz,(S)

_ I'(n* —dyp) (r*—de) /2 2\ =dp)/2-1 (| AN
== 5(05)” (07) +—
L ((n* —dy)/2) 0§

X fng, (Be: Bo 8(o7 + ) (X" X) 7).

(14)

3 The J-PEP Bayes factor
The Bayes factor of any model M, (£ # 0) versus the reference model My, under

the J-PEP prior approach, is given by

I fn, (v XeBy, o2 PR (B, 0 2|Xzf, 8)dB,do}
f I, (y; XoBy, (7021,,)7'[0 (ﬁO, )dﬁO dao

with the denominator given by

B FJ -PEP _

- p
m) (y1Xo) = cor @2 X Xo| 72T ( . 0>RSS (ndo) 2
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Using (14), the numerator is given by
my P (y1Xe, X5, 6)

- ///f I, (v: XeBy, Uezln)”g_PEP(ﬂe’ o€2|ﬂ0, a5 X, 9)

x 10 (Bo. 03 1X5) dBy dof dBydog

= //// %Cefzvn(y; X¢By.o71y)

X fNq, (Be: Bo. 8(07 +03) (X" X}) ") By do? dBydag,
with

N . (n*—dy) F(}’l* —d )
Cr = (o2) W =d0/2( 2\ —d@>/2—1<1 L % ) D s
¢ =(09) (07) o2 T (1" —dy)/2) (15)

Integrating out 8,, we obtain
my PP (y1Xe, X5, 8) = f/ ;—szcz[an (v; X¢Bo. %))]dBydo; dog,
with
%, =021, + 8(cf + o) Xe (X3 X%) T'XT .
The above expression was obtained using the following formula:
[ i ME L AD fx, 13 82, A3) 8y = i, (v: MEs, A1+ MAIMT),

with M being a n x p matrix of rank p (p <n), &; and &, being vectors of length
p and A1 and A3 being positive definite matrices of dimensions n x n and p X p,
respectively.

Moreover,

co =
my TEP (yIXe, X5, 8 =/f pCe[an(% X¢Bo. ;)] dBoda} dog
0
co
= /// ;Ce[an (y: XoBo. ;)] dBodo; dog
B

1
X exp{—EyTAzy” doe2 dao2,

where

r—1

— 3 XX =, Xo] X 2
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since

[ v ME L A = )P R MT A M
1 _
x exp{—EyT[Al_l —AT'MMTATM) 1MTA1_1]y}

with M being a n x p matrix of rank p (p <n), &, being a vector of length p and
A1 being a positive definite matrix of dimension n X n.
Substituting expression (15), we obtain

my PEP (y|X¢, X3, 8)

_ [ [ €0 2 -tnr—d/2 2y —dnrf2-1 (| ap\ " T —dy)
- 2 (GO) (Gﬁ ) + 2 r * _ 2
p = (" =do)/2)

(- ~1/2 —ly —1/2 1
x|:(2n) (=do) 2| 51712 x5 7 X /exp{—EyTAgy}]daezdog

T (n* — dy)
T((n* —dp)/2)*

2\ (n*—dp)/2—1 2\ —(n*—dp)
_ O o}
x//(aoz) 2(—‘2) (1+—f2) (16)
O'O O'O

-1/2 —ly, =172 1
x [y /\X({Zé Xo /exp{—EyTAgy}dazzdaoz.

= co(27r)~(—d0)/2

‘We now set

2
_ /2.2 d &= arct 9¢
r=,/oy +o; and ¢ = arctan o2

0

for r € [0, +00) and ¢ € [0, 7 /2]. The inverse transformations are given by

ag =r? cos? ¢ and 052 =r?sin® 1) a7
while the Jacobian is
8602 8602 3(r? cos? o) (3r? cos? o)
or Ao or ¢
J(r, ) = = : ;
r:9) BGZZ 8032 0 (r2 sin? ®) (8r2 sin? ®)
or Lo} ar ¢
|2 cos’¢ —2r2cos¢sing
| 2rsinf¢p  2r’singcos¢

= 4r3 sin¢ cos ¢(COSZ ¢ + sin’ ¢) = 4r3 sin ¢ cos ¢. (18)
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Then the matrix ¥, becomes equal to
—1
%) = o7l +8(07 +06)Xe (X} X)) T X]
= r2sin gL, + r26X, (X;TXE) ' XT

=r’B(¢) (19)
with B(¢) being a n x n matrix given by
B(¢) = sin® g1, 4 86X, (X3 x%) 7'xT (20)
while Ay can be rewritten as
Ay =%, — 2 XX 2, %o XD w7
=r 2B~ (¢) —r 2B (@)Xo[Xgr 2B (9)Xo] ' X{r 2B ()
=r?[B7'(¢) — B~ (@) XoA™ ()X B~ (9)]
with
A@@) =X§ B~ (#)Xo 1)
being a dy x dp matrix. Moreover, we have that
y Asy=r""D(9) (22)
with
D(¢) =y [B~'(¢) — B~ (9)XoA" ®)X{ B (®)]y (23)

being a scalar. Finally, the first three terms in the integrand of (16) can be written

as

2 (n*fdg)/Zfl 2\ —(n*—dy)

n—2(9 Oy

(03)*(%) (1+%)
0 0

) *_dy)/2—1
= (r? cos? ¢)_2< o >(” v
cosZ ¢

(r2 cos? ¢+ 2 sin? ¢)_(”*_d‘)
r2cos? ¢

) *_dy)/2—1
= (r? cos? ¢)_2( o >(” v
cosZ ¢

. *_ J—
=r~*(sing cos )" ~%2,

(cos® )

n*—dy

(24)
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Using the transformation (17) and the corresponding Jacobian given by (18), as
well as expressions (19), (22) and (24), the marginal likelihood (16) now becomes
my P (X, X7, )
I'(n* —dyp)
L ((n* —dp)/2)?

/‘”/2 foo r=4(sin¢ cos ¢p)" ~de=2
X
o Jo [r2B(g)|V/2|r—2XE B=1(¢)Xo|!/2

— 60(27.[)—("—!10)/2

X exp{ —%r_ZD(qS) }4r3 sin¢ cos ¢ dr d¢

. g1
=4c0(2n)—("—do)/2 /”/2 (sing cos ) ~

0 |B(@)'2XIB~1(¢)Xo|'/?
(25)

X /OOO p o= exp{—%r2D(¢)} drdg.

Wenowsetw=1/r (& r= wland dr = (—l)w‘2 dw), resulting in
my PEP (yXe, X5, 6)
C'(n* —dy)
L'((n* —dyp)/2)?

7/2 (sing cos ) ~de=l poo 1, L
X/O |B(¢)|1/2|A(¢)|1/2f0 w4 exp{—iw D((;b)}w dwd¢

= 4co(2r) ~ (1= d0)/2

I(n* — dp)
L((n* —dy)/2)?

/ﬂ/2 (sing cos ¢p)" ~de—1
o |B@I/2A@)|'/2D(¢)

— 4Co(2n)_(n_d0)/2

00 2
n—dy—2__ W o w
X /0 w9 D) exp{ 2D }dw d¢

C'(n* —dy)
C((n* —de)/2)?

/2 (singcosgy” ATl poo 1
:D
X/O B[\ 21A) [ 2D() Jo “ fr(w; D(9)™")dwdée

C'(n* —dyp)
L ((n* —dy)/2)?

= 4co(2m)~ )2

— 4C0(277)_(n_d0)/2

7/2 (sing cos )" 4! —dy—2 —1
E n—do—2. n
* -/0 |B(¢)|'/2|A(¢)|V/2D(¢p) r(w s D(¢)"")do,
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where fr(w;s?) is the density function of the Rayleigh distribution with scale
parameter s2 (which here is equalto D(¢)~ 1y and variance s2(4 — ) /2. Moreover,
by Er(w*; s%) we denote the corresponding kth moment about zero which is given
by s¥25/2I°(1 4 k/2). Therefore, we have:

my PEP (X, X}, )
C'(n* —dy)

L ((n* —dy)/2)?

x / 7/2 (sing cos ¢)" 4120 0D2L (1 + (n — do — 2)/2)
0 |B(#)|1/2| A(¢)|1/2[ D(g)]1+(n—do=2)/2

= 460(27-[)7(’1*‘10)/2

de

= dco(2m)~ )2 L™ —de) 2(n—do)/2—11—-.<”l_—d()>
I'((n* — dz)/Z)z 2
7/ (sin ¢ cos )" 41 )
fo |B(@)|1/2|A(¢)|1/2[ D ()] =do)/2 ¢
—(n—dg)2 L (" —d))T ((n — dp)/2)
[((n* —dy)/2)?
/2 (sin ¢ cos )" 41
<, B@)[121A@] D@07 1

=2com

Hence, the Bayes factor of model M, (€ # 0) versus the reference model My,
under the J-PEP prior approach, is given by

ppi-pep _ 2007 "R — dpT (1 — do)/2))/ (T ((n* — dp)/2)*))
£0 cojt(do—n)/Z|X(7)"X0|—1/2F((n _ do)/Z)RSSa(n_dO)/z

/2 (sing cos )" ~d—1
/0 |B(#)|1/2|A(@)|V/2[D ()] =d0)/2 d¢
['(n* —dy)
L((n* —de)/2)?

/2 (sin ¢ cos ¢)n*fdlfl J
X/O |B(¢)|1/2|A(¢)|1/2[D(¢p)]n—do)/2 ¢-

—dpy)/2
IXZ X[/ 2RSSy
(26)

Under the J-PEP approach, we set (X}‘TXZ‘) = (Xng), n* =n and § = n, and
thus

B(¢) = sin” ¢l + 8X,(X{ X¢) ™' X{
= sin® 1, + SHy.
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Moreover,
(@) = [sin” @I, + H,| = T[IﬁTxg(x[ Xe) XZ}
sin” ¢ sin“ ¢
L S B Xg([(XTXg)_l]_l—l——S XTX4>_1XTI_1}
singLl” " sin®¢ ¢ sin® ¢ ¢ ton
1 T ) sin?
=— In_.2 1_¢;Hg:|
sin“ ¢ L sin“ ¢ & + sin” ¢
1 7 8
= L, ———  H
sin2pl " S+siné Z]
1 ) (L, — H,l+ 1 sin® ¢
N sin2¢8+sin2d) 8 ¢ sin2¢>8+sin2¢ "
= ) P, + ! I 27
T sin2g(d +sintp) | S+4sinig "
and |B(¢)| = |sm ¢l, +6Hy| = (sm ), + Hg| = (sm @)1, + o2 ¢
XI'X)(XIX¢) ™! resulting in
d d d
|B(¢)|=(sin2¢)"<l+ 2¢>) = (sin® ¢)" (8 + sin? ¢)“*
Sin
T p—1 _ ) T _ — 1
Also y" BT @)y = ooiarey Un — Hedy + 5 +Sm ¢y Y = 5ras <
A(p) =X B~ ()X L x [I ’ 4 }X
0 0= ln¢0 8+sin2¢£ 0
1
= ——|XI'x ——XTHX}
sin2¢|: 0720 8 + sin® ¢ 0720
1 )
= X' Xg— ——XI'X }
sin2¢|: 020 8+sin2¢ 020
1
=——X{X
5+sin2g 00

since Hy is idempotent and Xg H, = Xg for any model My nested in M,. This
comes from the blockwise formula where for any X, = [Xo, X¢\0] we have

Hy=Ho+ Hi,—Hy)xpo <
X Hy = xE Ho + X[ Hp, Xev



312 D. Fouskakis and I. Ntzoufras

=X{ + XoTPOXE\o{[PoXe\o]TPoXe\o}_l[PoXe\o]T

1
= X§ + (x§ — x§ Ho)X0\0{[PoX 01" PoXp\0} [PoXey0l” = X§ .

Therefore, |A(¢)] = (8 + sin® )~ |X{Xo| and XoA™"(¢)Xo = (8 + sin® ¢) Ho.
From (23), we obtain that

D)=y B N (¢)y —y' B L (¢)XoA T (®)XT B @)y
1 5 T
5+ sin’ ¢ (sinzqﬁRSSZ Ty y)
—y" BN ()[(5 + sin* ¢)Hp] B~ (p)y
_ 1 8 T\ 2 T
. sin? ¢ (sinzqﬁl%mlZ Ty y) (5 sin” )y

e il
sin’ ¢ " 8 +sin® ¢ ¢

1 8
x H I, -——H
O|:sin2¢(" §+sin’¢ E)}y

- ( O RSS,+ T)
S +sin’¢ \sin’¢ eryy
8 + sin® ¢ b b
- fyT (In - %ZH()HO (In - %ZHZ)Y
sin” ¢ 8 4+ sin” ¢ 8 4+ sin” ¢
N ( O RS, + T)
B 8 +sin® ¢ \sin’ ¢ ey
8 + sin?
- T(byT (Ho — ———H¢Ho — ————HoH,
sin” ¢ 8 4+ sin”“ ¢ 8 + sin” ¢
2
+ | HHH)
[8+sin2¢] RO )Y
(HoH¢=Hy) 1 T S+sing[ sin’¢ 7
= .2<.2RSSe+yy)— 7 [ .2} Hoy
8 + sin“ ¢ \sin” ¢ sin"¢ L&+ sin“¢
1 )
= RSS¢+y'y—y'H )
8+sin2¢<sin2¢ Ty YTy oy

1 )
= RSSy + RSS )
8 +sin® ¢ (sin2 0] ‘ 0
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By substituting the above equations in (26), we obtain

1/2

- I'(n —dy) _
J-PEP T (n—dyp) /2
BFyy " = 2 X0 Xo| "“RSSy

O TN —dp/2)?

o /”/2 (sin ¢ cos )" 41
0 |B@)|V2|A(@)|/2[D(¢)]n—do)/2

['(n —dy) T
P — 22 0 %)

/2
[ (cmpenser-tt i oo
0

n —(n—dp)/2
X RSS¢ + RSS ) )
(sin2 ¢ ¢ 0

d¢

I/ZRSS(()n—dO)/Z

/((sin2 ¢)(n7dz)/2(n + sin? (p)dé/z(n + sin? ¢)*d0/2|XgXO|1/2) de
I'(n —dy)
L((n —dp)/2)?

/2
< [ (Gingeos = -+ sin g) 2
0

_ RSS —(n—do)/2
x (sin’ ¢) (n=do)/2 (n R—SSE + sin? ¢> )

/((sin2 ¢)(i’l—dz)/2(n + sin2 ¢)dz/2(n + sin2 ¢)—d0/2) do
_Tn—d)
[((n —dp)/2)?
x / 712 (sin )"0~ (cos )" (n + sin® ) "~/
0 (n(RSS¢/RSSo) + sin® ¢p) (=d0)/2

(28)

do.

For large n, we can write

(n + sin? ¢)(n—dz)/2 _ (n + sin? ¢)n/2(n + sin? ¢)—d¢/2

in2 n/2
2 _
= n"/2<1 + %) (n 4 sin® ¢) /2

)
%n"/z(n—{—sinzd))_d"/zexp(sm ¢>

2
sin’ ¢
~ p—d0/? exp(—2 )
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Similarly,
( RSS, e 2¢)(n—do)/2
n sSin
RSSo
[ RSS; ]<”d0>/2 (1 N 1/2sin” ¢ (RSSo/RSS¢) >"/ 2
= |\n——-
RSSo n/2

( sin? ¢ (RSS /RSSg)>_d0/2
x 1+
n

[ RSS@]("_dO)/z (1 5 RSSO)
~(n—:- expl =sin“¢p—— ).
RSSo

2 RSS,
Moreover, for large z we have

1 1
logI'(z) ~ (Z — 5) logz —z+ 510g(27r).
Hence,
logI'(n — dy)

1 1
R (n —dp — 5) log(n —dg) — (n —dp) + 3 log(2m),

n—dp
logT
Og( 2 )
n—dp—1 n—dy n—dyg 1
~ 1 — —log(2
( 2 >°g( 2 ) ( 2 >+2°g(”)’

—d
log '(n — dy) —210g1"(n . ‘3)

1 1
R (n —dp — 5) log(n —dg) — (n —dy) + 3 log(2m)

—dg—1 —d
()5
2 2

+2<”_d‘) 2 ogam)
2 g 0BT

&

1
log(n — dp) — Elog(Zn) 4+ (n—dy—1)log2

P

N = N =

log(n) + nlog2.
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From the above, we obtain that

log BF/PEP

1 1
~ > log(n —dy) — 3 log(2m) + (n — dy)log2

+1 /Om Ging)' b~ cosgy 4 In P exp(Gin® /D)

[n(RSS¢/RSS0)]1"—40)/2 exp((1/2) sin® ¢ (RSSo/RSS¢))

og(n —dp) — llog(271) + (n —dp)log?2

l\)l'—‘

n—dgl n—dol log? n—do1 RSS,
ogn — ognlog?2 — og ——
g gnlog ) gRSSo

+1o / 7/2 (sing)" ! (cos ¢)" %~ exp((sin” ¢)/2)
&Jo exp((1/2) sin” ¢ (RSSo/RSS¢))

+

de

1 1 d¢ — do
~ 3 log(n — dg) — 3 log(2m) + (n — dy)log2 — logn

n —dp RSS
— log ——
2 RSSy
+log [ "I ingy ! cosg)' ! exp(Gin’ /2
g 0 exp((1/2) sin 2 (RSSo/RSSy))

dy — dy n RSS,
logn — — log

d¢

1
’%Elogn+nlog2— (29)

since the integral

/‘ 7/2 (sin )"0~ 1(COS¢)” =1 exp((sin® $)/2)
0 exp((1/2) sin ¢(RSSO/RSSg))

n/2 RSS
5/ exp(Sln ¢[1— 0})d¢
0 2 RSS,

when n > dp + 1 and n > dy + 1. The latter integral has a finite value for all n
according to Casella et al. (2009, p. 1216). Hence, the integral involved in the
BF Z)PEP has also a finite value for all n.

If we compare any two models M, and M} (both of them different than the
reference model) we have that

d¢

-2 logBFJ PEP ~n log

RSS
SS‘ + (dy — dy)logn = BIC, — BICx.  (30)
k

Therefore, the J-PEP approach has the same asymptotic behavior as the BIC-
based variable-selection procedure. The following lemma is a direct result of (30)
and of Theorem 4 of Casella et al. (2009).
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Lemma 1. Let My, € M be a normal regression model of type (2) such that
- Xr (I — Xe(X{ Xo) ' XD Xy
lim

n—oo n

is a positive semidefinite matrix,

with Xt being the design matrix of the true data generating regression model
Mt # M;. Then the variable selection procedure based on J-PEP Bayes factor is
consistent since BF Z]}P EP 5 0asn— oo.

4 Simulation study

In this section, we perform a simulation comparison that studies the behavior of the
proposed method as the sample size increases. We compare the performance of our
method with that of the “most established” Bayesian variable selection techniques:
the g-prior (Zellner, 1976), the hyper-g prior (Liang et al., 2008), the Zellner and
Siow (1980) prior and the BIC (Schwarz, 1978). All competing methods were
implemented using the BAS package in R; we set g = n in the g-prior to corre-
spond to the unit information prior (Kass and Wasserman, 1995) and o = 3 in the
hyper-g prior as recommended by Liang et al. (2008). For the implementation of
our approach, we used the second Monte Carlo scheme presented in Section 3 of
Fouskakis, Ntzoufras and Draper (2015).

We consider 100 simulated data-sets of sample sizes n = 30, 50, 100, 500, 1000
and p = 10 covariates generated from a standardized normal distribution, while
the response is generated from

Y; ~N(0.3X;3 4+ 0.5Xi4 + X;5,2.5%)  fori=1,...,n. (31)

Figure 1 depicts the between-samples distribution of the posterior probability of
the true model for the Bayesian variable selection techniques under comparison.
It is clear that for small sample sizes all competitive methods fail to provide high
posterior evidence in favor of the true model. As the sample size gets larger, all
methods increase their posterior support toward the true model, with the proposed
J-PEP method to perform slightly better than the Zellner’s g-prior and the BIC.
This is sensible since these three methods are converging to the same Bayes factors
as n grows but with J-PEP constantly supporting more parsimonious models. On
the other hand, the hyper-g prior gives the lowest support toward the true model
due to its hierarchical structure which increases the posterior uncertainty on the
model space. Practically, the hyper-g prior needs larger sample size than the rest of
the methods, in order to fully a-posteriori support the true generating mechanism.

Looking now at the posterior inclusion probabilities of each covariate in Fig-
ure 2, we observe that all methods successfully identify X5 (with true effect equal
to one) as an important component of the model, even for small sample sizes, with
the exception of the Zellner’s g-prior. Furthermore, the between-samples variabil-
ity of the posterior inclusion probabilities reduces as the sample size increases. Re-
turning back to the Zellner’s g-prior, it fails to a-posteriori support Xs for n = 30
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Figure 1 Boxplots (per 100 simulated datasets of different sample sizes) of the posterior probability
of the true model for different variable selection methods.

and n = 50. Generally, the g-prior demonstrates much larger between-sample vari-
ability than the rest of the methods and it seems to be unable to identify the true
effects for small sample sizes in this simulation study.

Similar is the picture for the posterior inclusion probabilities of the other two
covariates with nonzero effects, X3 and X4, but with slower rates of convergence
toward to one. For the latter covariate (with true effect equal to 0.5), we observe
large between-samples uncertainty concerning the importance of this effect for
n < 100 under all methods. For n > 500, all methods successfully identify the
importance of this covariate with small between-samples variability. In general,
the hyper-g method supports this covariate with the highest inclusion probabilities
while the J-PEP with the lowest inclusion probabilities. This is due to the char-
acteristics of the two methods, with the first supporting more complicated models
while the latter more parsimonious ones. We reach to similar conclusions for co-
variate X3 (with true effect equal to 0.3) but with the addition that the Zellner’s
g-prior does not spot the effect of this covariate as important, even for samples of
size n = 500. Moreover, we need to increase the sample size to n = 1000, for all
methods, in order to obtain high posterior inclusion probabilities with relatively
low between-samples variability.

Reasonably, the between-samples distribution of the posterior inclusion proba-
bilities is similar for all covariates with zero true effects. It is noticeable that all
methods, except the hyper-g prior, identify, really fast, that these covariates should
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Figure 2 Boxplots (per 100 simulated datasets of different sample sizes) of posterior inclusion

probabilities for each covariate under the different variable selection methods.
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have low posterior inclusion probabilities with the between-samples variability
considerably to decrease as n gets larger. On the other hand, the posterior inclusion
probabilities under the hyper-g prior setup are systematically higher (close to 0.5)
than the corresponding ones under the other competing methods. This increases
the posterior uncertainty on the model space and results to lower probabilities of
identifying the true model as the maximum a-posteriori model. It is also noticeable
that these posterior inclusion probabilities, under the hyper-g prior setup, both in
terms of median values and in terms of between-samples variability, seem to con-
verge very slowly toward zero as n gets larger.

To sum up, in this simulation study the J-PEP prior methodology identifies the
true model structure with (slightly) higher posterior probability than the rest of
the methods. It provides posterior inclusion probabilities close to zero for nonim-
portant effects (even for small sample sizes) and high inclusion probabilities for
the important effects (although these are smaller than the ones obtained under the
competing methods for small sample sizes).

5 Discussion

Under the power-expected-posterior prior (PEP) approach, ideas from the power-
prior and unit-information-prior methodologies are combined. As a result, the PEP
priors are minimally-informative and the effect of training samples is reduced.
When using the independence Jeffreys as a baseline prior for normal linear models,
we prove that the J-PEP approach has the same asymptotic behavior as the BIC-
based variable-selection procedure. Therefore, under very mild conditions on the
design matrix, it is a consistent variable selection technique.
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