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Almost sure central limit theorem for exceedance point
processes of stationary sequences

Zhongquan Tan
Jiaxing University
Abstract. In this paper, we proved an almost sure central limit theorem for
the exceedance point processes of a stationary sequence which satisfy some
long range dependence conditions. As a by-product, we obtained the almost
sure central limit theorem for the order statistics of the stationary sequence.

The obtained results are also extended to the vector of point processes for
some strong mixing random sequences.

1 Introduction

The almost sure central limit theorem (ASCLT) has been first introduced inde-

pendently by Brosamler (1988) and Schatte (1988) for partial sum, and then it

became an intensively studied subject. In its simplest form the ASCLT states that

if X1, X», ... is ai.i.d. sequence of random variables with mean O and variance 1,
then

1 2": 1

t

t=1

lim
n—oo logn

107128, <x)=d(x)  as.

for any x € R, where S, = >_/_, X;, 11is indicator function and ®(-) stands for the
standard normal distribution function.

Later on, Fahrner and Stadtmiiller (1998) and independently Cheng et al. (1998)
obtained the ASCLT for the maxima M; = maxy<; X\ of independent random vari-
ables. They proved that

n

2. ;l(a,(M, —b)<x)=Gx) as. M

t=1

lim
n—oo 10g n

for any x € R under the conditions that
lim P(a;(M; —b;) <x)=G(x) ?2)
—>00

with real sequences a; > 0, b; € R, ¢ > 1 and a non-degenerate distribution G (x).
One interesting direction is to extend (1) to dependent case. In this field, the
first result was provided by Csaki and Gonchigdanzan (2002). Let X, X3, ... be
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a stationary Gaussian random variable sequence with covariance function r; =
E X1 X;41 satisfying

rlogt(loglogt)! ™€ = 0(1) (3)

for some ¢ > 0 or other conditions related to the convergence rate of the covariance
function. Csédki and Gonchigdanzan (2002) and Chen and Lin (2007) proved that
(1) still holds with some special constants a;, b;. We refer to Peng and Nadara-
jah (2011) for the non-stationary Gaussian case, Tan and Peng (2009) for more
general dependent case and Tan (2013) for stationary Gaussian process. Recently,
Choi (2010) and Tan and Wang (2014) have extended (1) to a stationary and non-
stationary Gaussian random field. Other related results can be found in Tan and
Wang (2012) and Hashorva and Weng (2013).

Another interesting direction is to extend (1) to order statistics. The pioneers in
this field are Stadtmiiller (2002) and Peng and Qi (2003) who studied the ASCLT
for central order statistics of i.i.d. random variables. Especially for some fixed
k € Z7" they showed that

lim
n—o00 logn

N
Z 1a,(M® = b) <x) = G(x) Z (= logG(x)) as. (4)
for any x € R provided that (2) held, where Mt( ) is the kth maximum among
X1, X2,..., X;. For a more general result, we refer to Hormann (2005). Dudz-
inski (2009) extended (4) to some stationary Gaussian sequences provided that the
covariance function of the sequence satisfies some very stronger conditions.

In this paper, we are interested in the similar questions for some stationary se-
quences. We prove the ASCLTs for exceedance point processes of some stationary
sequences. As a by-product, we obtain the ASCLTs for order statistics of the sta-
tionary sequence. The above results are also extended to the vector of point pro-
cesses for strong mixing random sequences. Now, let us introduce the dependence
structure.

Let {X,},>1 be a sequence of stationary random variables with common distri-
bution function F and {u,},>1 be a sequence of constants. For dealing with the
limit properties of exceedance point processes, Hsing et al. (1988) introduced the
following long range dependence condition A(u,). Condition A(uy,) is said to be
satisfied by {X, },>1 if

an; = sup{|P(ANB) — P(A)P(B)|: A € BF(u,),
Bepl  (un),k=12,....,n—1}

is such that o, ; — 0, as n — oo, for some sequence [, = o(n). ,81.] (uy) denotes
the o-field generated by the events {X; <u,},i <s < j. Note that the condition
A(up) is stronger than the distributional mixing condition D (u;) (see Leadbetter
et al., 1983), but weaker than strong mixing.
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Let N, be the exceedance point process on (0, 1] with points (i/n: 1 <i <
n for which X; > u,), that is,

No(B)= > 1(X; > up),
i/neB

for Borel set B on (0, 1], which is a random measure on all Borel sets on (0, 1]. Un-
der the condition A(u,), Hsing et al. (1988) studied the limit of exceedance point
process and showed that any limiting point process for exceedances is necessarily
compound Poisson. More precisely, they proved the following result.

Theorem 1.1. For every t € (0,00), let the constants {u}},>1 be such that
n[l — F(u})] = © as n — oo. Suppose that for each t > 0 the stationary se-
quence { X, },>1 satisfies the condition A(u}) and for some 11 > 0, N, converges
in distribution to a point process N™'. Then N,. converges to a compound Poisson
process N© for all T > 0, with Laplace transform given by

1
Ly (/) =exp| -7 [ [1-s(r@)]at]. )

where 0 € (0,1) and ¢(s) = Zj?ozl e S (j) is the Laplace transform of a prob-
ability distribution w on {1, 2, ...}, 0 and w are independent of t. Note that  is
the limiting distribution of the cluster sizes. We also cited the definition of & from
Hsing et al. (1988).

Definition 1.1. Let {X,},>1 be a stationary sequence satisfying the assump-
tions of Theorem 1.1. Separate {X,},>1 into successive groups (Xi,..., X,,),
(Xs,+1, .-, X2r,), ... of r, consecutive terms (for appropriately chosen r;,). Then
all exceedances of u,, within a group are regarded as forming a cluster. Define the
distribution 7, of cluster sizes on {1, 2,3, ...} by

'n

() =P 1(X;i > up) =

i=1

'n

> 1(Xi > up) >0, j=12,....
i=1

Then
ﬂ(j):nlggonn(j), j=1,2,....

For other related results on point processes of i.i.d. and stationary random se-
quences, we refer to Chapters 2 and 5 of Leadbetter et al. (1983).

In this paper, we will consider the almost sure central limit theorem related
Theorem 1.1. We will give main results in Section 2, and then give their proofs in
Section 3.
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2 Main results

In order to deal with the almost sure limit case, we need to strength the condition
A(up) to slightly stronger case.

Definition 2.1. The sequence {X,},>1 satisfies condition V(u,) for a given se-
quence {u,}>1, if

Bu.i = sup{|P(ANB) — P(A)P(B)|: A € Bf (i) U Bf (un),
Be gl (u) k=1,2,....,n—1}
is such that g, ; — 0, as n — oo, for some sequence [, = o(n).

The condition V(u,) has been introduced by Ferreira (1995) for dealing with
the extremes with a random number of variables from periodic sequences.

Now, we state our main results. As usual, a, < b, means limsup,,_, . |a,/b,| <
+00.

Theorem 2.1. Suppose that the constants {u}},>1 be such that for T € (0, 00),
n[l — F(u})] = t© as n — oo. Assume that for each T > 0 the stationary se-
quence {X,},>1 satisfies the condition V(u}) with B, < (loglogn) =1+ for
some & >0, and for some 11 > 0, N;i' converges in distribution to a point pro-
cess Nt Then forall t > 0,eachr = 1,2, ..., and every Borel subset B of (0, 1]

n

: 1 T _ T
lim oz l:Zl 71(N,. (B)y<r)=P(N"(B)<r) as, (6)

where N' is a compound Poisson process with Laplace transform given by (5).

Applying Theorem 2.1, we can derive the almost sure limit theorem for the

order statistics of dependent sequences. Let M,(lk) be the kth maximum among
X],XQ,...,XH.

Corollary 2.1. Suppose that for each t > O the stationary sequence {X,},>1 sat-
isfies the condition V(u}) with B, < (log logn) =19 for some ¢ > 0 and for
some T > 0, N} converges in distribution to a point process N*. Assume that
a, > 0, b, are constants such that

P(an(MV —b,) <x) = G(x) (7)

for some non-degenerate distribution function G (necessarily of extreme value
type). Then for each k = 1,2, .

lim
n—00 logn

k—1
:G(x)|: +)

j=li=j

Z La; (M* —b;) < x)

®)

k=1
(- logG(x)) *j(l.)i| ..
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where for each j, m*/ is the j-fold convolution of the probability distribution 7
defined in Definition 1.1.

In the following corollary, we impose a local dependence condition D’ (u,,) from
Leadbetter et al. (1983), which is to limit the possibility of clustering of more than
one exceedance in a small interval and to obtain a simple Poisson limit for an
exceedance point process formed by exceedances of high levels.

Corollary 2.2. Suppose that the assumptions of Corollary 2.1 are satisfied. In
addition, assume that condition D' (u,,) holds with u, = a, Iy + by, that is,

[n/1]
limsupnz P(X1>up, Xj>uy,)—0 asl — oo. )]
n—o0 ]:1

Then foreachk=1,2,...,

. 1 X1 k)
s bo logn ; lTl(ai(Mi B bi) = x)

10)
(= 10g G(X))’

—G()Z

Especially, for i.i.d. case, we have the following result.

Corollary 2.3. Suppose that {X,}n>1 is an i.i.d. random sequence and that the
constants {u},},>1 be such that for v € (0,00), n[1 — F(u})] - © as n — oo.
Then for all t >0, eachr =1,2,...,and for every Borel subset B of (0, 1]

1 &1 . .
ni)ngog By -1(Nf(B)<r)=P(N*(B)<r) as., (11)
and foreachk=1,2, ...,
k—1 7/
lim Z 1(M (k) <ul)=e )y — a.s., (12)
n—00 logn i Jj!

where N© is a Poisson process with parameter t.
Next, we deal with the almost sure limit theorem for vector of point processes.

Theorem 2.2. Suppose that {X,},>1 is a strong mixing random sequence with
mixing rate a(n) < (loglog n)~ 49 and satisfies condition D'(u,') and that the
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constants up' > --- > u¥ be such that n[1 — F(un )] — t; as n — 00, where 0 <
71 <1 <---<71 <00. Then, fork) >0, ...,k > 0 and for every Borel subset B

of (0,1]

lim
n—o00 logn

Z I(N/"(B)=ki, N*(B) =ki +ka, ...,

NI (By=ki +ky+---+k) (13)

k
Tll (2 — Tl)k2 (tr — Tr—l)kr 1,
e .. e a.s.

"kl k! !

As a corollary, we obtain the following result which is an extension of the main
result of Peng et al. (2009).

Corollary 2.4. Suppose that {X,}n>1 is a strong mixing random sequence with
mixing rate a(n) < (loglogn)*(lﬁ) and satisfies condition D'(u,(x;)) with
Uy (x;) = an_]x,- +b,,i=1,2,...,r and a, > 0, b, are constants such that (7)
holds. Let x1 > xo > -+ > x,. Then, for 1 <k <r,

1 X1
(D ) AR .
nll)ngolognzl ~1(a; (M; b)§x1,...,a,(M,- bi) < x)
| H(x1,x2, ..., x¢1), X1 > X > 00> Xp)
o {0, otherwise, a5 (14)
where H(x1,x,...,x;) is defined by the marginal distribution as H;j(x) =

log G J
G(X)Zk 1 (= Ogj'(x)) )

We end this section with several examples which illustrate our main results.

Example 2.1. The m-dependent stationary random sequences satisfy the condi-
tion V(u,) with B, ; = 0 for / > m. Thus, Theorem 2.1 holds for m-dependent
stationary random sequences.

Example 2.2. The strong mixing condition implies the condition V(u,). Thus,
Theorem 2.1 holds for strong mixing random sequences with mixing rate o (n) <
(loglogn)~ 1+,

(1) The first example is from Matuta (1999).

Let {X,},>1 be a sequence of square-integrable associated random variables.
Let u(n) denote the coefficient

u(m)=sup > Cov(X;, X, n e NU{0J.
keN ji|j—kl=n
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If u(n) = O(n="), for some A > 1, then {Xn}n>1 is strongly mixing with a(n) =
O(Yl_)\—H).

(2) The second example is for stationary Gaussian sequence, which can be found
in Doukhan (1994).

Assume that {X,},>1 is a stationary Gaussian sequence such that r(n) =
EXoX, = O(n~179) with some ¢ > 0 and the spectral of {X,},>1 is bounded
below, then {X,},>1 is a strong mixing random sequences with mixing rate
a(n) = O(n~¢). Thus, the assertion of Theorem 2.1 holds.

The following example is from Hsing et al. (1988).

Example 2.3. Let X, = max{Y,,, Y,+1}, where {Y,},>1 is an i.i.d. random se-
quence. Then foreach k =1, 2, .
1 &1

lim > o=

1(a; (MY — b)) <
M1 Togn 2 (ai( ) <x)

i

15
[k—11/2 (15)

— G(x)|: Z M} a.s.,

where a,,, b,, are as in (7).

3 Proofs

Before proving the main results, we state a lemma which will be used in the proofs
of our main results.

Lemma 3.1. Let (§)72, be a sequence of uniformly bounded random variables,
that is, there exists some M € (0, 00) such that |&x| < M a.s. for all k € N. If

"1
Var Z—Sk « log? n(loglogn)~1+8)
k:lk

for some ¢ > 0, then

nll)ﬁgo E Z (6x — E&r) = a.s.
Proof. See Lemma 3.1 of Csaki and Gonchigdanzan (2002). ]

Proof of Theorem 2.1. Let n; = 1(N/(B) <r) — P(Nf(B) < r). Notice that
()2, is a sequence of bounded random variables with Var(n;) < 1. We first show
that

Y -ni=0  as. (16)
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Using Lemma 3.1, we only need to show that

"1
Var(Z lfﬂ,') < 10g2 n(loglogn)—(1+s)‘ 17

i=1

g "\
Var( Tm) = E( Tm)
. l ! l
i=1 i=1

Now, we have

i=1 I<i<j<n ij
=:Lp1+2Ln2
Clearly,
1, Al
Ly = i—zEn,- =, i_2:0(1)

In the following part, we will use the following notation. Let Z denote the set of
all integers. For any Borel set B on (0, 1] and any positive integer #, let

iB={xi:xeB,xieZ} and xé:max{x:xeB,xieZ}e(O, 1].
For the set i B, let
ig/[:max{x:xeiB}.
Letlzljlzy be suchthatljlzy §logj£” andljlzy 1 oo as j}g‘” — 0. Forig’—l—ljg +
1<j}9”,let
. . M
Q={x.xeB,]x>ljg4+lB},
consequently,
jB\jQ:{x:xejB,xfljg—l—ig/[}.
Now, for ig/’ +lj§4 +1< jg’l,we have

|E(min;)| = |Cov(1(N] (B) <r), I(N}(B) <r))|

cov(l(z (X > uf) fr)’ 1( 2 X =) = r))‘

keiB kejB

< Cov(l( (X >uf) < r),

keiB
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(2 10 =up) <) -1 2 100=u) <r))

kejB kejQ
+COV( (Zle>u <r) (Zle>u ))‘
kei B kGJQ
< E’l( Z 1(Xk > uj) §r> - 1< Z 1(Xg > uj) gr)
kejB kejO ’
+ Cov(l(Z 1(Xk > uf) < r), 1( Z 1(Xg > uj) < r))‘
keiB kejO
=T+ 7.

Since { X, },>1 satisfies the condition V (u,) with 8, ; < (loglog n)~ 118 for some
g > 0, we have

T < (loglogj)_(1+‘9).

For the first term, we have

r= i X 100w =r) -1 T 106w <)

kejB kejQ

=P(Z I(Xk>u;)§’”>_P(Z l(Xk>u§)§r)

kejO kejB

§P( > (X > uf )>0)

kejB\jQ

< Y PXi>u)
kejB\jQ

< (@ + 1) (1 - F()
M
ig +1m

= ——Lj(1 - F(u})).

J
It follows from the fact B C (0, 1] that

ig/lfi and ljéwflogj.

Since the constants {u]},>1 satisfy that n[1 — F(u})] — 7 for r € (0, 00), as n —
oo, we have that n[1 — F(u},)] is bounded. Thus,

i +logj
T <<7.gj-
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Now, for L, 2, let C denote some constant, we have

Emin;)
Lyp= Y ——

I<i<j<n 1
_ Z (;]1'77])_’_ Z M
I<i<j=<n,ig M4l M+1<j1g / 1§i<j§n,ig”+lj£/1+12jgl !
i +log j 1
< > ; j + (loglog j)i+e
1§i<j§n,ig’+le+1<j£4
B
1

+ > =

Lsi<jsnigl+1+12j§
B

< Z i(i+1.0gj)+ Z

l<i<j<n '/ J l<i<j<n

+ > 1

1<i<j<n, log(]B )H1>(j—i
J(loglogj)”’“‘" .

<<z +z“’g’z z
+ > ll

I<i<j<n,(og j)+1=(j—i)x]™"

log j "1 / 1
<<logn+2(ojgj) py o el D5 -

1+
o i1 J(oglog N7 = j g

1 1
ij (loglog j)!+¢

)MJ

J

Z—.

n
1
1 1 1 _
«lognlogn °g”,.§ joglog )1+

+ logn

< (log n)z(log log n)~(+e),

Thus, we have obtained (17). Note that Theorem 1.1 implies

n

. 1 T T
Jim ogn ; ?P(Ni (B)y<r)=P(N"(B)<r) as.,

and then the assertion of Theorem 2.1 follows from (16) and (18).

(18)
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Proof of Corollary 2.1. Let t(x) = —log G'/%(x), where 6 is defined in Theo-
rem 1.1. From the proof of Theorem 6.1 of Hsing (1988), we have

k—1k—1
P(NTO) <k —1) = 9r(x)|: JrX:Z:(QT(X)) *J()}
j=li=j Jt

Now, using Theorem 2.1, we have

1 X1 (k)
S Mt (m® — ) <)
n%wlognizll

n

1
S 1M <ur®)
n—oclogn i

n

1
Z T1(]\]1.("«'(15)) <k-— 1)
n—=oologn i

PINT®D) <k —1)  as.

—0‘[(x)|: kX%ka (QT(X)) T )}

j=li=j

This completes the proof of Corollary 2.1. O

Proof of Corollary 2.2. Note that condition V(u,) implies Condition D (u,), by
Theorem 5.2.1 of Leadbetter et al. (1983), we have with 7(x) = —log G (x)

P(NC®) <k —1) = G(x )Z —IOgG(X))J

The remaining part of the proof is the same as that of Corollary 2.1. U

Proof of Corollary 2.3. Since the independence of {X,},>1 implies that {X,},>1
satisfies Conditions D(u,) and D’(u,), by Theorem 5.2.1 of Leadbetter et al.
(1983), we have

k=1 _j
PIN® <k-1)=e7 Y
j=0 7"
The remaining part of the proof is the same as that of Corollary 2.1. O

Proof of Theorem 2.2. Let s1 =k, so =k1 +ko,....s5, =ki +kpy + --- +
ke and & = L(NJ'(B) = 51, N7(B) = s1....,N7"(B) = 5,) — P(N['(B) =
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S1, Nir2 (B) =s2,.. NT’ (B) = s,). Notice that (§;)7°, is a sequence of bounded
random variables Wlth Var(é,) < 1. We first show that

Y &=0  as. (19)

Using Lemma 3.1, we only need to show that

Var(Z g,) < log? n(loglogn)~(1+9). (20)
i=1

Now, we have

2
"1 1
i)l
i=1 i=1
EE} E(&i§))
-y y K
i=1 ! I<i<j<n L

=:Ty1+2T;2.
Clearly,

"1 1
=) E& < 2—2 =0(1).
i=1 i=1

In the following part, we will use the notation introduced in the proof of The-
orem 2.1. Let N;"(Q) = Y ke 1(Xk > u") for m =1,2,...,r. Note that for

ié/[+lj§4+1<j§/[, we have

|E(&£))| = |Cov(1(N'(B) =s1,..., N7 (B) =s,),
1(N]'(B) =s51..... NI (B) =5))|

< |Cov(1(N'(B) =51.,...,N"(B) =s,),
I(NT'(B)=s51.....NJ (B)=s,)

LN[(Q) =s1,..., N[ (Q) =5,))|
+ [Cov(1(N'(B) = s1,..., N[ (B) =s,),
LN Q) =s1,..., N[ (Q) =)
E1(N]'(B)=51,..., Nj"(B) =)
LN (@) =s1,..., N (Q) =s5,)|
+ |Cov(1(N' (B) =s1,..., N (B) =s,),

IA
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1(N](Q)=s51.....NT(Q) =s))|
=:Ri+ Ry.
Using the strong mixing of {X,},>1, we have
Ry « (loglogj)_(1+£).
For the first term, we have
Ri=P(N/"(Q)=s1,..., N (Q)=s,) = P(N]'(B) =5s1,..., N] (B) =5,)

r

< Y [P(N"(Q) = sw) — P(NF"(B) = )]

m=1
r
< P( Z 1(X > u;’") > O)
m=1 ke jB\jQ
r
< Z P(Xy > uf’”)
m=1kejB\jQ
,
< (Y 1) Y (1 - F™)
m=1
M
ig +1m .
=—— 3 j(1—F(u)
J m=1

Since the constants {u," }n>1 satisfy that n[1 — Fuy)] — 1, for 7, € (0, 00), as
n — 0o, we have that n[1 — F(u;")] is bounded uniformly form =1,2,...,r.
Thus, for some constant C

M M
Ip +lj1/3v1 < Ip +lj1/3v1‘
J J
Now, similarly to the proof of Theorem 2.1, we conclude that
T2 < (logn)?(loglogn) =179,

Thus, we have obtained (20). Note that strong mixing implies condition D, (u)
from Leadbetter et al. (1983). So by Theorem 5.6.1 of Leadbetter et al. (1983), we
have

Ri<Cr

n
. 1 7] _ 1% _ Tr —
nhlgologn?:l:?P(Nf (B)=s1, N*(B)=s1,..., N7 (B) =s,)

k
_ 0 (- n° (@ —no) T as 21
ki! ky! ky! o

and then the assertion of Theorem 2.2 follows from (19) and (21). [l
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Proof of Corollary 2.4. Corollary 2.4 is a special case of Theorem 2.2. O

Acknowledgments

Research supported by National Science Foundation of China (No. 11326175),
Natural Science Foundation of Zhejiang Province of China (No. LQ14A010012)
and Research Start-up Foundation of Jiaxing University (No. 70512021).

References

Brosamler, G. A. (1988). An almost everywhere central limit theorem. Mathematical Proceedings of
the Cambridge Philosophical Society 104, 561-574. MR0957261

Chen, S. and Lin, Z. (2007). Almost sure limit theorems for a stationary normal sequence. Applied
Mathematics Letters 20, 316-322. MR2292566

Cheng, S., Peng, L. and Qi, Y. (1998). Almost sure convergence in extreme value theoy. Mathema-
tische Nachrichten 190, 43-50. MR1611675

Choi, H. (2010). Almost sure limit theorem for stationary Gaussian random fields. Journal of the
Korean Statistical Society 39, 449-454. MR2780216

Csdki, E. and Gonchigdanzan, K. (2002). Almost sure limit theorem for the maximum of stationary
Gaussian sequences. Statististic and Probability Letters 58, 195-203. MR1914918

Doukhan, E. (1994). Mixing: Properties and Examples. New York: Springer. MR1312160

Dudzinski, M. (2009). The almost sure central limit theorems for certain order statistics of some
stationary Gaussian sequences. Annales Universitatis Mariae Curie-Sktodowska. Sectio A: Math-
ematica 63, 63-81. MR2588098

Fahrner, 1. and Stadtmiiller, U. (1998). On almost sure max-limit theorems. Statististic and Proba-
bility Letters 37, 229-236. MR1614934

Ferreira, H. (1995). Extremes of a random number of variables from periodic sequences. Journal of
Statistical Planning and Inference 45, 133-141. MR1342090

Hashorva, E. and Weng, Z. (2013). Limit laws for extremes of dependent stationary Gaussian arrays.
Statististic and Probability Letters 83, 320-330. MR2998759

Hormann, S. (2005). A note on the almost sure convergence of central order statistics. Probability
and Mathematical Statistics 25, 317-329. MR2282530

Hsing, T., Hiisler, J. and Leadbetter, M. R. (1988). On the exceedance point process for a stationary
sequence. Probability Theory and Related Fields 78, 97-112. MR0940870

Leadbetter, M. R., Lindgren, G. and Rootzén, H. (1983). Extremes and Related Properties of Random
Sequences and Processes. New York: Springer. MR0691492

Matula, P. (1999). A note on mixing properties of certain associated processes. Acta Mathematica
Hungarica 82, 107-112. MR1658582

Peng, L. and Qi, Y. (2003). Almost sure convergence of the distributional limit theorem for order
statistics. Probability and Mathematical Statistics 23, 217-228. MR2072770

Peng, Z., Li, J. and Nadarajah, S. (2009). Almost sure convergence of extreme order statistics. Elec-
tronic Journal of Statistics 3, 546-556. MR2519532

Peng, Z. and Nadarajah, S. (2011). Almost sure limit theorem for Gaussian squences. Theory of
Probability and Its Applications 55, 361-367.

Schatte, P. (1988). On strong versions of the central limit theorem. Mathematische Nachrichten 137,
249-256. MR0968997

Stadtmiiller, U. (2002). Almost sure versions of distributional limit theorems for certain order statis-
tics. Statististic and Probability Letters 58, 413—-426. MR1923464


http://www.ams.org/mathscinet-getitem?mr=0957261
http://www.ams.org/mathscinet-getitem?mr=2292566
http://www.ams.org/mathscinet-getitem?mr=1611675
http://www.ams.org/mathscinet-getitem?mr=2780216
http://www.ams.org/mathscinet-getitem?mr=1914918
http://www.ams.org/mathscinet-getitem?mr=1312160
http://www.ams.org/mathscinet-getitem?mr=2588098
http://www.ams.org/mathscinet-getitem?mr=1614934
http://www.ams.org/mathscinet-getitem?mr=1342090
http://www.ams.org/mathscinet-getitem?mr=2998759
http://www.ams.org/mathscinet-getitem?mr=2282530
http://www.ams.org/mathscinet-getitem?mr=0940870
http://www.ams.org/mathscinet-getitem?mr=0691492
http://www.ams.org/mathscinet-getitem?mr=1658582
http://www.ams.org/mathscinet-getitem?mr=2072770
http://www.ams.org/mathscinet-getitem?mr=2519532
http://www.ams.org/mathscinet-getitem?mr=0968997
http://www.ams.org/mathscinet-getitem?mr=1923464

Almost sure central limit theorem for point processes 731

Tan, Z. (2013). An almost sure limit theorem for the maxima of smooth stationary Gaussian pro-
cesses. Statistics and Probability Letters 83, 2135-2141. MR3079057

Tan, Z. and Peng, Z. (2009). Almost sure convergence for non-stationary random sequences. Statis-
tistic and Probability Letters 79, 857-863. MR2509474

Tan, Z. and Wang, Y. (2012). Some asymptotic results on extremes of incomplete samples. Extremes
15, 319-332. MR2969062

Tan, Z. and Wang, Y. (2014). Almost sure asymptotics for extremes of non-stationary Gaussian ran-
dom fields. Chinese Annals of Mathematics, Series B 35, 125-138. MR3160785

College of Mathematics, Physics
and Information Engineering

Jiaxing University

Jiaxing 314001

P.R. China

E-mail: tzq728@163.com


http://www.ams.org/mathscinet-getitem?mr=3079057
http://www.ams.org/mathscinet-getitem?mr=2509474
http://www.ams.org/mathscinet-getitem?mr=2969062
http://www.ams.org/mathscinet-getitem?mr=3160785
mailto:tzq728@163.com

	Introduction
	Main results
	Proofs
	Acknowledgments
	References
	Author's Addresses

