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ABSTRACT. We consider the Calderén—Lozanovskii construction ¢(Xp, X1) in
the context of quasi-Banach lattices, and we provide an extension of a result by
Ovchinnikov concerning the associated interpolation methods ¢¢ and ¢°. Our
approach is based on the interpolation properties of (oo, 1)-regular operators
between quasi-Banach lattices.

1. INTRODUCTION

The aim of this note is to study the interpolation properties of the Calderén—
Lozanovskii construction in the quasi-Banach lattice setting. Let us start by
recalling this construction. Given (Xo, X;) a compatible pair of quasi-Banach
lattices and a function ¢ : R? — Ry which is homogeneous and nondecreas-
ing in each argument, we consider the space ¢(Xy, X;) of those z € Xy + X,
such that |z| < ¢(x, 1) for some zy € Xy and x; € X;. This space becomes a
quasi-Banach lattice when endowed with the quasinorm

2l o0, = Inf{A > 0+ [z < Ap(o, 21), [lwollxy <1, flanllx, < 1}

This space was introduced and studied by Lozanovskii [15] (see also the ref-
erences therein). In particular, considerable work has been done for the case of
©(s,t) = ' for some @ € (0,1), which yields the Calderén product X} X?
(see [4]). The relation between this and the complex interpolation methods has
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been carefully investigated in the literature (see [4], [9], [23], [24]). There is an
obvious interest in extending interpolation results which are valid in the Banach
space, or Banach lattice, setting to the more general context of quasi-Banach
spaces (see, e.g., [5], [6], [8], [16]).

Our interest in this note is to relate the construction ¢(Xy, X;) with two well-
known interpolation functors. In this respect, recall that, given quasinormed
spaces X and Y such that there is a continuous inclusion ¢ : X < Y, the
Gagliardo completion of X in Y is the quasinormed space whose unit ball is the
closure of i(Bx) in Y, where as usual Bx denotes the unit ball of X; note that
when Y is complete, this clearly defines a quasi-Banach space. Let us denote
©°(Xo, X7) the Gagliardo completion of the space ¢(Xo, X7) in Xo + X;. Also,
let ©°(Xy, X1) denote the closure of the intersection Xy N X in o(Xy, X;). We
obviously have the following bounded inclusions:

¢"(Xo, X1) C p(Xo, X1) C ¢°(Xo, X1).

Ovchinnikov [19] (see also [1, Theorem 4.3.11]) proved that ¢° and ¢ are
interpolation functors in the category of Banach lattices of measurable functions.
Earlier attempts to extend these interpolation functors to the category of quasi-
Banach lattices were made by Nilsson [18] and Ovchinnikov [20].

Our main result in this article is the extension of this fact to the category of
quasi-Banach lattices with the K ; property: that is, those spaces X for which
the inequality

‘ Z a; T;

holds for some constant C' > 0 independent of (z;)_; C X (see Section 4 below).
It should be noted that a large class of quasi-Banach lattices, namely, that of
L-convex quasi-Banach lattices, introduced by Kalton in [7], have the K ; prop-
erty (see also [18], in connection with the interpolation of L-convex lattices).

An important ingredient in our proof will be the class of (p, ¢)-regular operators,
that is, those satisfying estimates of the form

(S ) ) < (2 )

This class of operators was introduced by Bukhvalov in [2], where some interpo-
lation results between Banach lattices were obtained. It will be shown in The-
orem 3.1 that (0o, 1)-regular operators have good interpolation properties with
respect to the Calderén—Lozanovskii construction. This fact will allow us to fur-
ther extend the interpolation functors ¢¢ and ¢°.

| max |z;]|| < C’max
1<i<n a;|<1

2. DEFINITIONS AND PRELIMINARIES

Let Ry = {x € R: x > 0}. Recall that a quasi-Banach space (X, ||-||) is a vector
space which is complete for the metric induced by the quasinorm || -] : X — R}
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that satisfies
[z =0 < =0,
Az = [Alll=]],
lz+yll < Clzll + llyl),

where C' > 1 is independent of z,y € X. If, moreover, X is a vector lattice with
|z]| < ||ly|| whenever |z| < |y|, then we say that X is a quasi-Banach lattice.
We will denote by P the set of all functions ¢ : (0,00) x (0, 00) — R, satisfying

©(As, At) = A\p(s,t) for every s,t, A > 0,
©(+,t) is nondecreasing for every t > 0,

©(s,-) is nondecreasing for every s > 0.

We will usually make the normalization ¢(1,1) = 1. Given ¢ € P, let us denote
wo(t) = ¢(t,1) and p;(t) = ¢(1,1t). Note that

pr(t) = tpo(1/t).
It follows that both ¢y and ¢; are quasiconcave functions (i.e., ¢;(t) is nonde-
creasing and ;(t)/t is nonincreasing, for ¢ = 0,1). We will make repeated use of
the fact that every quasiconcave function is equivalent, up to a universal constant,
to a concave function (see [1, Corollary 3.1.4]). For 0 < s < t, we have

t

wi(s) < @i(t) < 5901:(5)»

and thus ¢; is continuous on (0, c0). It follows from the equations

p(s,1) = tpo(s/t) = spa(t/s)
that ¢ is continuous on (0, c0) x (0, 00). Since ¢; is increasing, it has a right limit
©i(07) at 0 and thus has a continuous extension @; to R,. Let us extend ¢ to a
function ¢ on R% by setting

?(5,0) = sp1(07) and @(0,) = tpe(07).
This extension is continuous. Indeed, since @(s,t) = s@i(t/s) for s > 0,t > 0
(resp., @(s,t) = t@o(s/t) for s > 0,t > 0), ¢ is continuous on R% \ {(0,0)};
moreover, from @(s,t) < (s V t)¢(1,1), it follows that ¢ is also continuous at
(0,0). We will from now on denote simply by ¢ the unique continuous extension
of ¢ to R2.

Given quasi-Banach lattices X, X7, we say that (Xg, X1) is a compatible pair
of quasi-Banach lattices when there exists a (Hausdorff, locally solid) topologi-
cal vector lattice X, along with inclusions j; : X; < X which are continuous,
interval-preserving, lattice homomorphisms for ¢ = 0, 1. In this way, the space

Xo+ Xy ={r e X:x=uzy+x with zg € Xo,21 € X;}
becomes a quasi-Banach lattice, endowed with the quasinorm
]| = it {[Jzollx, + [l21]lx, : 2 =20 + 21},

which contains X, and X; as (nonclosed) ideals.



CALDERON-LOZANOVSKII INTERPOLATION 297

Note that this setting is more general than the one considered in [1] (where X
is the space of measurable functions over some measure space) or in [15] (where
X is a Co(Q)-space, i.e., the space of extended continuous scalar functions with
dense domain over a Stonean compact space ). In particular, X, and X; need
not be order-complete.

Now, given a compatible pair of quasi-Banach lattices (Xo, X;) and a function
© € P, let us consider the Calderén—Lozanovskii space (see [14], [15])

(X0, X1) = {z € Xo + Xi : |z] < @(mg, 1) for some z € X,z € X{ }.

Here, for any pair of positive elements xq,z; in a quasi-Banach lattice, ¢(xq, 1)
is defined in an unambiguous way by means of Krivine’s functional calculus for
continuous positively 1-homogeneous functions on R? (see [13, pp. 40-42], [22]).
Indeed, ¢ may be extended to such a function (e.g., ¢(s,t) = ¢(sV 0,V 0)).
The space ¢(Xy, X1) is a quasi-Banach lattice equipped with the quasinorm

20l p(x0,30) = Inf{A > 0 ¢ |2 < Ap(o, 21), |l2ollxo < L [l l|x, < 1}
Actually, we have

12 + Ylloxo,xy) < max{Co, Cr}([|z]lpxo.x1) + 1¥llo(x0,x1)) 5

where C; is the constant appearing in the triangle inequality corresponding to
X; (i =0,1). Given a function ¢ as above, there is a natural decomposition into
piecewise linear functions due to Brudnyi and Kruglyak [1, Proposition 3.2.5] (see
also [11]). We present next a small modification of this construction which is more
suitable for our purposes.

Lemma 2.1. Let ¢ € P. Given that ¢ > 1, there exist M,N € N U {00},
extended sequences (tx)iY oy, C [0,+00], and (er)__,, C [0,1] satisfying the
following properties.

(1) We have that (tx)N 55, is increasing, 0 < e < min{tey — top_1,

tokts — taria}-
(2) For every s,t € (0,4+00), it holds that

N
t 1
Z gp(l,t2k+1)min<s, ) < 4+ (s, ).
Pyt tokt1 q—1

(3) For allt € [tor, — €k, tant2 + €k,

) t
P(1,6) < (1, tagy) min (1, —— ).
2k+1

The notation here is consistent in the following sense.

o [f M = o0, then limy_, ot =0 = limg_,_ €.
o [f N =00, then limg_,, o tx, = +00, limy_, e = 0.
e [f both M, N are finite, then t_opy =0, toy = 400, e_py = eny = 0.

Proof. We work with the function ¢ (t) = ¢(1,t). Since ¢; is quasiconcave, for
every s,t € R,, we have

p1(t) < maX<1, 2)901(3).
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Thus, we can assume without loss of generality that ¢; is a continuous concave
function on R (see [1, Corollary 3.1.4]).

According to [1, Proposition 3.2.5], for any ¢ € (1,q) there exist M, N €
NU{oo} and an increasing sequence (t;)2Y_,,, C [0, +oc] satisfying the following
properties.

(a) If M, N < oo, then t_op; = 0 and tony = +o00. Otherwise, if M = oo, then
limg .o tx = 0, while if N = oo, then limy_, 1 tx = +00.
(b) For —M < k < N, we have
e1(tor) _ p1(torsr)

— = and ©1(tak+2) = ¢ p1(tas1)-
tog, Lokt1

(c) For every s,t € (0,4+00), it holds that
N

: t qg+1
Z <p1(t2k+1)m1n(s, ) < (s, t).

Pt b1/ — ¢ =1

Note that (b) yields that, for t € [tox, tor + 2], one has

. t
01(t) < ¢ o1 (taps) mm(l7 —) )
Lok+1

Now, for any ¢ € (0, % — 1), using the continuity of ¢; we can find a sequence
(ék) with lim|k|_>+oo Ek = 0,

0 < g < min{top — top—1, tokts — tarta},
and such that

. t
e1(t) < (1 +¢e)qd o1 (tar+1) rmn(l, —>
Lokt1

for all t € [tor, —¢€k, tors2+€k]. These sequences satisfy the required properties. [

Throughout, we will be using the usual local representation of a quasi-Banach
lattice via C'(€2)-spaces (see [22]). That is, given a positive element in a quasi-
Banach lattice e € X, the (nonclosed) ideal generated by e is isomorphic to
a space C(Q) for a certain compact Hausdorff space €2, and we can consider
an injective lattice homomorphism J : C(2) — X such that J(1g) = e and
J(BC(Q)) = [—6, 6].

Let us briefly recall the formal meaning of an interpolation functor between
quasi-Banach lattices. We use the terminology of category theory as in [1, Sec-
tion 2.3]. Let QBL denote the category of quasi-Banach lattices and bounded

—

linear operators between them, and let QBL denote the category of compatible

_>
pairs X = (Xp, X;) of quasi-Banach lattices and linear operators between them,
where a linear operator

— —
T: XY
is a bounded linear mapping 7' : Xy + X; — Yy + Y] satisfying T'|x, : Xo — Yo
and T|x, : X; — Y; (both being bounded, too).
—

A functor F' : OBL — QBL is called an interpolation functor if
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— —
(i) for every X = (Xo, X1), we have bounded inclusions XoNX; — F(X) —
Xo + Xi;
— — — —
(ii) for every T': X — Y, the operator F(T) = T|F(}) F(X) = F(Y) is
bounded.

— —
In particular, this implies that F/(X) is an interpolation space for every X.

3. INTERPOLATION OF (00, 1)-REGULAR OPERATORS

Given quasi-Banach lattices E, F, and 1 < p,q < oo, a linear operator T :
E — F is called (p, q)-regular if there is a constant K > 0 such that for every
{z;}, C E, we have

H@mv); SKH(iigamq)‘E |

Similarly, 7" will be called (p, 0o)-regular (resp., (0o, q)-regular) when

IS e <] s o [V < (S
=1 =1 =1 =1

We will denote by p,4(T") the smallest KX > 0 for which the above inequalities
hold for arbitrary elements in E.

The class of (p, ¢)-regular operators was introduced in [2] (see also [3], [12]), and
has obvious connections with convexity and concavity (see [13, Section 1.d]). It is
clear that a (p, ¢)-regular operator T is always bounded and that ||T']] < p, (7).
Also, if T is (p, q)-regular, then it is (p/, ¢')-regular for every p’ > p and ¢’ < ¢,
and moreover p, (1) < p,,(T). In particular, among these, the largest class is
that of (0o, 1)-regular operators, which satisfies

i=1 i=1

If F is Dedekind-complete and T': E — F' is a regular operator (i.e., T' can be
written as a difference of two positive operators), then it is (p, p)-regular for every
1 <p < oo, and p,,(T) < |||T]]]. In the converse direction, if F' is complemented
by a positive projection in its bidual, then every (1, 1)-regular operator 7' : £ — F
is regular (see [12, p. 307]).

In Section 4, we will consider spaces in which every linear operator is (p, q)-
regular. In particular, an application of Grothendieck’s inequality yields that
every bounded linear operator between Banach lattices, or even L-convex quasi-
Banach lattices, is (2,2)-regular. We state now our main result concerning the
interpolation of (oo, 1)-regular operators with respect to the functor ¢°.

(resp.,

Theorem 3.1. Let (Xo, X1) and (Yo, Y:) be compatible pairs of quasi-Banach
lattices, and let T : Xo + X1 — Yo + Y1 be a bounded operator such that T|x, :
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X; — Y, is (o0, 1)-regular for i = 0,1. Then, for ¢ € P, we have that T :
©°(Xo, X1) = ¢°(Yo, Y1) is (00, 1)-reqular with

pOO,l(T QOC(X07X1)> < CmaX{pOO,l(T|X0)7 :000,1<T|X1)}
for some C' > 0 which depends only on Xy, X1, Yy, Y1, and .

Before giving our proof, we need some preliminaries.

Lemma 3.2. Let (X, X;) and (Yo, Y1) be interpolation couples of quasi-Banach
lattices, and let T : Xo+X1 — Yo+Y1 be a bounded operator such that T'|x, : X; —
Y; is (oo, 1)-regular for i = 0,1. Then T : Xo+ X7 — Yo + Y7 is (o0, 1)-regular
with

Poo1(T) < 2max{ po1(Tx,)s oo (T]x,) }-

Proof. Let us consider (z;); C Xo+ X; such that || Y7 2|l xo+x, < 1. Hence,
there exist positive u € Xy, v € X; with ||ul|x, + [|v]lx, <1 and

n
Z |zi] <u+w.
i=1

Using the Riesz decomposition property (see [17, Theorem 1.1.1.viii]), we can
write z; = w;+wv; for e = 1,...,n, with > | |u;| < 2u, D7 |v;| < 2v. Now, since
T|x, is (00, 1)-regular for j = 0,1, we have

|V | < paea(Tl) | 3 bl | < 20 (Tl xo:
i=1 Yo i=1 Xo
n n
| Vi, < peaTle)|| X lud| < 20Tl
i=1 =1

These, together with

\ Tz <\ 1Tw| + \/ |Tv
=1 =1 =1

yield
Tz <2 o1 (T oot (Tlx,) b
Hz\:/ll il Youv, = max{ poo,1 (T x0 ) oot (T]x1) }
This finishes the proof. O

Lemma 3.3. There is a constant v > 0 such that, given (Xo,X1), (Yo, Y1),
T: Xo+ X1 = Yo+ Y] as in Theorem 3.1, ¢ € P with lim;_,g+ p1(t) = 0 =
limy 4 o0 ‘Plt(t), and (x;)!, C Xo+ X1 such that Y\ |z;| < @(ug,uw1), where
w; € X; with |luil|x, <1 fori=0,1, there exist sequences (2" )men for 1 <i<n
satisfying:

() |a7] < || for everym €N, 1< i <n,

(i) Vi, |z — 2 < (uo V wi)ay, for certain a,, € Ry with a,,, — 0,

m—ro0

(1i1) sup,, | Vioy 1T [lovo.v1) < v max{poo 1 (Txo)s poo1(T]x1)}-
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Proof. By Lemma 2.1, for any ¢ > 1 there exist M, N € NU {oco}, an increasing
sequence ()Y 5., C [0, 400], and (e4)Y__,, such that, for every s,t € (0, +00),

we have
N

: t +1
Z <P1(t2k+1)m1n<57 ) < a p(s,t), (3.1)
Nt tokt1 q—1
and for ¢ € [tor, — &g, togro + k),
. t
e1(t) < a1 (tapsn) min (1, —— ). (3.2)
tok+1

Let us consider the ideal generated by ug V u; in X + X;. As usual, we can
consider a compact Hausdorff space 2 and a lattice homomorphism J : C'(2) —
Xo + X such that J(Beq)) = [—uo V u1,up V ug]. Since

n
|| < Z |zi| < p(ug, ur) < up Vo,

i=1

there exist (fi)i,,ho,h1 € B such that J(f;)) = z;,J(ho) = up, and
J(hl) = Uz.
Let m € N, and for |k| < m, let us consider the sets

Up = {w € Q: (tog — e)ho(w) < hi(w) < (tapra + ex)ho(w)}
and
Vi =Q\ {w € Q:tonho(w) < hi(w) < tapsaho(w)}.
Clearly, these are open subsets of () satisfying
Q=V,u | J U
|k|<m

Therefore, we can consider a continuous partition of unity associated to this open
covering, that is, (¢y)k<m, and &, positive elements in C(£2) such that for each
|k| < m, 1y is supported within Uy, &, is supported in V,,,, and for every w € Q
we have

> (W) + Gnlw) = 1.

k|<m

Let us consider

=" fah € C(Q).

[k|<m

And denote 2" = J(f™), y¥ = J(fibr) for |k| < m. These obviously satisfy
Yk, |27 < |2, for every 1 < i <n, m € N and |k| <m, and

m k
Ty = E Yi -
k|<m

We claim that the sequences (z]") satisfy properties (ii) and (iii).
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In order to prove (ii), given m € N, let us consider the sets

W = {w €N:hw) < <t72m + %n)ho(w)},

W2m = {w e <t2m+2 — 87712+1)h0(W) < h1<W)},
W?:n = {w e t_gmh()(u.}) < hl(W) < t2m+2h0(W)}.

Since hy and hy cannot vanish simultaneously (because hy V hy = 1), for every
m € N these open sets W™ are such that U?:1 W™ = Q. Let (U]")i=1,2,3 denote
a continuous partition of unity associated to these sets, that is, ¥ € C(Q2) with
each ¥]" being positive and supported in W;", and for every w € 2 and every
m e N,

3

> 0 w) =1.

=1
Note that for 1 <17 < mn,

|(fi = F) )| = | fim(w)| =

Y

3

fien (D07 ) (@)
=1

and since &, is supported in V,, C Q\ Wi*, we have

For w € ), we have
| fim 07 (w)| < (ho, ha)&mDT! (w) (3.3)
(ho(w), (t_Qm + %)ho(@)

= ho(w)¢1 (t_gm + %n)

Similarly, we have
| fim V5 (w)] < @(ho, h1)&mt (W) (3.4)
< Sﬁ(%, hl(w)>

lomt+2 — =5

o1 (tamya — 5

t _ &mi1
2m+2 2

= hl ((JJ)

Therefore, setting

Em
2

5m+1)

) n e1(tamsa — =%

t _ Em+1 Y
2m+2 T T

Um = @1 <t72m +
and putting together the estimates (3.3) and (3.4), we get
|z, — 2| < (uo V uyp)ay,.

The hypotheses on ¢; clearly yield that a,, — 0 as m — oo, so this proves (ii).
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Finally, to prove (iii), note that by inequality (3.2), for every |k| < m and

w € 2 we have

D | fiton(w)| < Je(holw), ha(w)) e (w)]

) < ho(w)(pl (t2k+2 + 5k)'¢k(w)
< g1 (tas1) ho(w) (W),

and similarly

Lok+1

> lfitte)] < 22 g )

Therefore, the functions

B=3 i Z|fﬂ/}k SN . me

Jk{<m i Pt
satisty F]" < qh; for j =0, 1.
Now, let us consider
1
Gy’ = max {— Tyr }
O ki<mi1<i<n Sol(t2k+1)‘ |

in Yy + 1. Since T'|x, : Xo — Yp is (o0, 1)-regular, we have

1
1G5 lIve = H|k|<m 1<i<n 4,01(t2k+1)’ a Y

‘MZ z; vl

< Poo,1 T|X0

1(tokt1) Xo

< Poo1(T|x0) [l quol| xo
< quO,l(T’X0>7

while for
t
Gy = max {2’“—“)|Tyf|}

kl<N,1<i<n g (togi1

a similar argument yields

IGTllvi < 4poca(Tx,)-

Now, by equation (3.1), we have

m k
max |T'z}"| < lrgfg}; Z Ty;|

1<i<n
|k|<m

: m 1 m
< E ©1 (tQk—s—l) min (Go 7—t2k 1G1 )
+

|k|<m
q + 1
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From this inequality and the fact that ||G7'|ly, < pooi1(T|x,) for j = 0,1, it
follows that

m glg+1)
H lfgfg‘; T ||| (Yo,v1) = q_—lmaX{poo,1(T|X0),poo,1(T|X1)}-
This finishes the proof of (iii). O

Remark 3.4. Optimizing the estimate obtained in the previous proof for ¢ > 1,
we could take vy =3+ 2V/2.

Proof of Theorem 5.1. Let R = max{peo1(T|x,), Poo1(T]x,)}. First, we claim
that there is K > 0 such that, given (z;)", C Xo + X1,

b
1=1

Indeed, as before, let ¢1(t) = ¢(1,t). Without loss of generality, we can assume
that ¢ is a concave function (see [1, Corollary 3.1.4]). Note that if lim; ,o+ ¢1(¢) =
0 = limy_, Solt(t) , then the conclusion follows directly from Lemma 3.3. Otherwise,
let us consider

< KR. (3.5)

©°(Yo,Y1)

<1, then H \/ |T;|
i=1

©(X0,X1)

¢1(s) = lim ¢1(t) V s lim 210)

and m =@ — ¢1. (3.6)
t—0t t—r00
Note that, as ¢ is clearly convex, it follows that 7, is a concave function which
. " . . 0= m(t)
moreover is positive and satisfies lim;_o+ 71(f) = 0 = lim_,o ™.
Now, if we consider ¢(s,t) = sp1(£) and n(s, t) = s (%), it follows that

d(Xo, X1) + n(Xo, X1) = (X0, X1) (3.7)
with equivalent norms (with a constant not greater than 2).
Take (2:)i_; € @(Xo, X1) such that || 37, 23]l p(xo,x,) < 1; hence, 37, |a| <
o(ug, uq) for some u; € X; with |lu;]|x, < 1 for i = 0,1. According to (3.7) and
using the Riesz decomposition property, we can write x; = v; + w;, where

n n

Z |vil < ¢@(ug,u1) and Z lwi| < n(ug, u1).

i=1 i=1
On the one hand, note that ¢(Xy, X;) coincides, up to a c-equivalent norm, with
Xo, X1, or Xy + X; for some ¢ > 0. Hence, by Lemma 3.2, we have that

Vi
i=1

On the other hand, by Lemma 3.3, there exist a constant v and sequences (W) en
for 1 < ¢ < n such that

< 2Re. (3.8)

#(Yo,Y1)

Sup H \/ | Tw;

and for every i = 1,...,n and some (a,)men With a,, — 0,
m—00

<R (3.9)

n(Yo,Y1)

|w!™ — w;| < (ug V u1)ap,. (3.10)
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Note, in particular, that (3.10) implies that

fg%);‘|vi+wr_mi||Xo+X1 — 0

and also that

— 0.
Yo+Y; m—o0

H \/ 17w + Twp| = \/ [Tz,
=1 i=1

Then, putting together (3.8) and (3.9), we have

< |Vire || V1w
(Yo, Y1) l\:/l‘ ‘ #(Yo,Y1) 1:\/1‘ ’ n(Yo,Y1)

<(2+7)R. (3.11)

|\ 7+ T
=1

This proves claim (3.5).

Using the fact that T : Xg+X; — Yy+Y is bounded, the following density argu-
ment will finish the proof. Given (z;)-; C Xo+ X1 with || Y77 @]l pe(xo.x0) < 1,
we can find (2™)neny C Xo + X7 such that

0.

n
sup [|2™ || p(x0,x1) < 1 and Ha:m — Z | ;]
i=1

_>
m Xo+X1

Without loss of generality, we can write 2™ = > |z7"| for some (z]"),,en such

that >0 2" < >0 |@| and ||z — x| x,+x, — O for every i = 1,...,n. By
claim (3.5), it follows that for every m € N, (Ta™)", C ¢°(Yp, Y1) with

T <AR. 3.12
IVt <o (3.12)

Now, since T": Xo+ X; — Y+ Y] is bounded, we have that for every i = 1,...,n,
|Txl — Txillyy+v; — 0, and in particular we have that

H \:/1 Tz — \:/1 Trf| o0, (3.13)
This shows that
V7l 5,597
and finishes the proof. O

Remark 3.5. The proof given here is heavily motivated by the one in [1, The-
orem 4.3.11] and follows a similar approach. Actually, under the assumptions
of Theorem 3.1, the proof of [I, Theorem 4.3.11] essentially shows that T :
©°(Xo, X1) = ¢°(Yp, Y1) is bounded as long as (Xo, X) and (Yp, Y;) are interpo-
lation couples of Banach lattices of measurable functions on a certain measure
space. However, the one given here is more general since the lattices we deal with
do not necessarily consist of functions over a measure space.
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4. QUASI-BANACH LATTICES WITH THE K, , PROPERTY

An application of Grothendieck’s inequality due to Krivine [10] (see also [13,
Theorem 1.f.14]) yields that for any Banach lattices E, F', every bounded linear
operator T': E — F'is (2,2)-regular with pso(T) < K¢||T||, where K¢ denotes
Grothendieck’s constant. This fact was later extended by Kalton [7] to L-convex
quasi-Banach lattices. Recall that a quasi-Banach lattice F is L-convex whenever
its order intervals are uniformly locally convex, that is, whenever there exists
0 <e < 1sothatifue Fy with [Jul| =1and 0 < x; < u (fori =1,...,n)
satisfy

1

then

max [lal] > e.
1<i<n

In particular, every Banach lattice is L-convex, and so is a quasi-Banach lattice
which is for an equivalent quasinorm the p-concavification of a Banach lattice. In
fact, every L-convex quasi-Banach lattice is of this kind by [7, Theorem 2.2], so
that L-convex quasi-Banach lattices are exactly Nilsson’s quasi-Banach lattices
of type C (see [18, Definition 1.7]). These include classical spaces like L,, A(W,p),
and L, . for 0 < p < oo. On the other hand, examples of non-L-convex quasi-
Banach lattices are the L,(¢)-spaces (0 < p < oco) with respect to pathological
submeasures ¢ (see [7], [25]). Motivated by these facts, we introduce the following.

Definition 4.1. A quasi-Banach lattice F' has the K, property with constant
C > 0 if, for every quasi-Banach lattice F, every bounded linear operator T :
E — Fis (p, q)-regular with p, (1) < C||T|.

By [7, Theorem 3.3|, every L-convex quasi-Banach lattice has the K55 prop-
erty. As far as we know, it is still unknown whether the converse holds. However,
L-convex quasi-Banach lattices constitute a large collection of spaces for which
our results hold. In particular, this includes every quasi-Banach lattice £ such
that (., is not lattice finitely representable in E. Also, if F'is an L-convex quasi-
Banach lattice and F is a quasi-Banach lattice which is linearly homeomorphic
to a subspace of F', then F is L-convex.

Note that if a quasi-Banach lattice has the K, , property for some p, ¢, then it
has the K ; property. Let us summarize this in the following chain of implications
for a quasi-Banach lattice E:

locally convex = L-convex = K3 property = K, 1 property.

We will focus now on the K ; property for a quasi-Banach lattice, which is the
weakest among the above properties.

Proposition 4.2. For a quasi-Banach lattice E, the following are equivalent.

(1) E has the Ko property with constant C'.
(2) Ewvery operator T : lo, — E is (00, 1)-reqular with pe1(T) < C||T|.
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(3) For every (x;)!-, C E, we have

n
|| max \MH < (' max H E ;T;
1<i<n jaif <t Il =

1=

Proof. The implication (1) = (2) is trivial. Suppose that (2) holds. Then given
(x;))l~, C E,let T : {o, — E be the operator defined by

T(al) = Z a;x;
i=1
for (a;)2, € lo. Let e; € £ denote the sequence having 1 in the ¢th position and 0
elsewhere. By hypothesis, the operator 7" is (oo, 1)-regular with p 1 (7)) < C||T,
which in particular yields

= (' max
la;|<1

1<i<n 1<i<n

| max [a][| = || max |Tei|| < OHTHH S el S ai,
i=1 i=1
Therefore, (3) holds.
For the implication (3) = (1), if F' is a quasi-Banach lattice and T': F' — E is
bounded, then

| max |Tz;||| < C max
1<i<n jai|<1

i CliTIi

<) Y1
=1

Hence, po1(T) < C|T|. O]

A modification of [7, Example 3.5] provides an example of a quasi-Banach
lattice without the K ; property.

Ezample 4.3. For each n € N, let 2, be the unit sphere in (7 ; that is, 2, =
{v € R" : max;<;<, |v;| = 1}. Let A,, denote the algebra of all subsets of ,,. For

u € R™\ {0}, let
B, = {v e, : Zuivi =+ 0}.
i=1
Let us consider the normalized submeasure defined, for A € A,,, by
1,
bn(A) = Emf{#s AC LEJSBU}.

Given 0 < p < 1, consider the quasi-Banach lattice L,(€2,, A, ¢,) which is the
completion of the simple A,-measurable functions f : €2, — R, with respect to
the quasinorm

1= ([ a1 63y )"
0
Now, for 1 < ¢ < n, let f; : Q, — R be given by f;(v) = v;. It is clear that
maxi<;<p |fi(v)| = 1 for every v € §2,; thus,

| max [f]|| =1.

1<i<n p
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On the other hand, for a € R™ with |a;| < 1, we have

n
‘ Z aifi
i=1

< nxs,-

Therefore, we have

_1
<n'r.
p

Hiilaifi

Taking E to be the (-product of the spaces L,(2,, A,, ¢,,) for n € N, by Propo-
sition 4.2, we see that I cannot have the K, ; property.

5. INTERPOLATION FUNCTORS

A direct consequence of Theorem 3.1 yields that the functor ¢ is an interpo-
lation functor in the category of quasi-Banach lattices with the K ; property.

Corollary 5.1. If (Xo, X1) and (Yo,Y1) are compatible pairs of quasi-Banach
lattices such that Yy and Y, have the K1 property, then for every T : (Xo, X1) —
(Yo, Y1) and every function ¢ € P, we have that T : ¢°(Xo, X1) = ¢°(Yo, Y1).

Proof. Let (Xo, X1), (Yo, Y1) be compatible couples of quasi-Banach lattices such
that Yy, and Y; have the K. ; property. Let T' : Xy + X; — Yy +Y; be an
operator which is bounded as an operator T'|x, : Xo — Yy and T'|x, : X; — Yi.
It follows that the T'|x,’s are (0o, 1)-regular for i = 0,1, so Theorem 3.1 yields
that 7' : ¢°(Xo, X1) = ¢°(Yo, Y1) is (oo, 1)-regular; in particular, it is bounded,
and moreover

T ] ge(x0,x0) | € oot (Tloe(x0,x1)) < max{ poo1 (T xo)s poo,i (T]x,) }
< CmaX{||T|X0H7 ||T|X1 H}’

where C' > 0 depends only on the K, ; constants of Y; and Y;. O

Recall that given (Xp, X1), we can also consider ¢"(Xy, X;) the closure of
the intersection Xy N X7 in ¢(Xp, X1). Our aim is to show that this is also an
interpolation functor. We will need to address some technicalities first.

Definition 5.2. A function ¢ € P is called doubly bounded provided there exists
C' > 0 such that ¢;(t) < C for i =0, 1.

Lemma 5.3. A function ¢ € P is doubly bounded if and only if o(s,t) ~
min(s, t).
Proof. Suppose that there is C' > 0 such that, for every t € R,, we have
wo(t), p1(t) < C. In this case, we get that

o(s,t) =sp1(t/s) < Cs,

(s, t) =tpe(s/t) < Ct.
Hence, it follows that ¢(s,t) < C'min(s,t). Since for ¢ € P we have the trivial

estimate ¢(s,t) > ¢(1,1) min(s,t), the conclusion follows. The converse implica-
tion is clear. O
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Lemma 5.4. Let (X, Xy) be an interpolation couple of quasi-Banach lattices,
and let ¢ € P. If v is not doubly bounded, and p1(t) — 0 ast — 0, then there
is C,x > 0, depending only on ¢ and the quasinorm constants of Xo, X1, such
that for every positive x € Xo N Xy with ||z||,xe,x,) < 1 there exist positive
f,9€ XonN Xy with || flx,, lgllx, < Cyp and x = p(f,g).

Proof. By symmetry of the argument, we can suppose without loss of generality
that lim; o @o(t) = oo. Hence, for every § > 0, there is N > 0 such that
¢o(5) = 3, or in other words, ¢(N,§) > 1.

Assume that z € (Xo N X7)* with ||z]|,xx) < 1, and let u € X, v € X
with |lu|lx, <1, ||v]|x, <1, and

r < o(u,v).

Let Cx, be the quasinorm constant of X, for j = 0,1, let 6 > 0 be small enough
so that [[oVéz| x, < Cx,,andlet N > 0 be such that ¢(N,d) > 1. Let ' = uANz
and v" = v V dz. Note that v’ € XoN Xy, ||v/]|x, < 1, and V' € Xy, ||[V']|x, < Ck;-
Moreover,

o(u',v") = @(u,v") AN p(Nz,v'") > p(u,v) A p(Nz,0x) =z Ap(N,d)z > x.

We distinguish two cases.

Case (a): If we also have that lim; . ¢1(t) = 00, then we can proceed in a
similar way as before exchanging the roles of the variables in . Let 0 < & < N be
small enough so that ||u'V ez||x, < Cx,, and let M > 0 such that ¢(e, M) > 1.
Then, take u” = v’ V ex and v = v A Mx which also satisfy u”,v" € XoN X,
with ||u”]|x, < Cx,, [|[V"||x, < Cx,, and & < @(u”,v”). Moreover,

p(u"v") < p(Nz, Mx,) < (N, M)z.

Let Jo(x) be the (nonclosed) ideal generated by x, which can be considered as a
C'(92)-space for some compact Hausdorff space €. Thus, we can consider the func-
tions u”, v",§ € C(£) as corresponding, respectively, to u”,v” and y = e(u”v").
Recall that in this correspondence, x is represented by = 1g, so

y >z =1lq.
Thus, i € C(Q) with ||§|| <1.Set f= "7” and g = %, which clearly correspond
to elements f, g € Jy(x) such that

p(f,9) ==
This identity follows from the fact that

. o Y
o(f,9) = w(%, L) _ ) _1p-s

Moreover, we have
f<u" < Nuz, g <v' < Mz

Hence, f,g € XoN X1, with || f||x, < ||[v"]|x, < Cx, and [|g]|x, < ||[v"]|x, < Cx,-
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Case (b): If, on the contrary, ¢; is bounded, then set C, = sup,.,¢1(s) < 00
so that

t
w(&t)=:8¢1<—) < Cs.
s
Since x = ¢(v/,v"), we have x < C v’ and
=gz, z) < p(Cut, ).
On the other hand, x = (v, v") < p(Cyu/,v") (assuming without loss of gener-
ality that C, > 1). Thus,
z < p(Cou',x AV').
Then, we can take v’ = C,u’ and v = x A v'. Then u”,v” belong to Jy(x),
the (nonclosed) ideal generated by z, which corresponds to the space C(£2), and
satisfy

lu"llxo < Cpy IV [lx, < Cx,y-
Hence, as before, we may find f < «” and g <" with x = ¢(f, g). O
This fact will allow us to show that ¢° is an interpolation functor in the category

of quasi-Banach lattices with the K, ; property. More precisely, we have the
following.

Theorem 5.5. Let (X, X1) and (Yo, Y1) be compatible pairs of quasi-Banach lat-
tices, and let T' : Xo+ X1 — Yo+Y1 be such that T'|x, : X; — Yj is (o0, 1)-reqular
for 5 = 0,1. Then for every function ¢ € P, we have that T : ©°(Xy, X1) —
WYy, Y1) is (oo, 1)-reqular with

poot (T]po(x0,x1)) < Cmaxy poc1(T]xp)s oot (T]x,) }
for some C' > 0 depending only on Xy, X1, Yy, Y1, and ¢.
Proof. If ¢ is doubly bounded, by Lemma 5.3, then it follows that ¢°(X,, X;) =

XoNX; (with an equivalent norm). Therefore, in this case the conclusion follows.
Note that we can consider a decomposition as the one given in (3.6):

e1(t)

and m =1 — o1 (5~1)

As before, note that ¢; is convex, so 7 is concave. Thus, taking ¢(s,t) = so1(%)
and n(s,t) = sni (%), it holds that

¢1(s) = lim ¢ (t) V Stlg?o

t—0t

©=¢+n, (5.2)

where ¢(s,t) ~ max(s, t) and lim_o 71 (t) = 0 = limy_s 22
Let (z;)%~, C XoN X; be positive with || Y77 |@;|||(x0,x1) < 1. Since Tx; €
Yy NY; for every 1 < i < n, it will be enough to show that

| max [Taill] . 1) < vmax{poo(Tx,), poo (T]x) § (5.3)

1<i<n
for a certain constant v > 0 independent of T" and (z;)!" .

Note that >_7" | |z;| < ¢(ug,u1) with u; € X; and ||u; x, < 1. Using the Riesz
decomposition property and (5.2), we can write x; = f; + ¢; with 0 < f;, ¢; < x;
in Xo N X3 such that f; < ¢(ug,uq) and g; < n(ug, uy).
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On the one hand, since ¢(Xy, X;) coincides, up to an equivalent norm, with
Xo, X1, or Xo+ X, using Lemma 3.2, it follows that

|| 1121?%}( |Tfi’H¢(y0,y1) < Y0 max{poo,l(T|X0)vpoo,l(T|X1)} (54)

for a certain constant 7y. On the other hand, since we can assume that ¢, and
hence 7, is not doubly bounded, by Lemma 5.4 there exist C, % > 0 and vo, v1 €
Xo N Xy with [Jvj|x; < C, 5 such that

Z |gl| = 77(”077)1)-
=1

Hence, Lemma 3.3 applied to (g;)%;, vo, and v; provides for 1 < i < n sequences
(97)men in Xo + X; such that, for m € N, we have

max |g; — g;"| < (vo V v1)am

for certain a,, € R, with a,, — 0, and

m—r 00

SUPH max 79 vy < 7 max{ poo1 (Tlx), poon (T]x) -

Hence, since vg,v; € Xo N Xy, for every 1 < ¢ < n, it holds that ¢g* — ¢; in
Xo N Xj. In particular, it also holds that T'¢/* — T'g; in Yy N Y7, which yields

|| 1123%}; ‘Tgl‘ HTI(Y07Y1) < ’Ymax{pOO,l(T‘Xo)v p00,1<T|X1)}' (55)
Since T'x; = T'f; + T'g;, this finishes the proof. O

The above result immediately yields the following.

Corollary 5.6. If (Xo,X1) and (Yo,Y1) are compatible pairs of quasi-Banach
lattices such that Yy and Yy have the K1 property, then for every T : (Xo, X1) —
(Yo, Y1) and every function ¢ € P, we have T : ¢°(Xo, X1) — ©°(Yy, Y1).

Remark 5.7. If Xy and X are quasi-Banach lattices of measurable functions over
a measure space and if for some constant M > 0 and vectors (z;)l~, C Xj it
holds that

n

where r; denotes the ith Rademacher function, and the function ¢ € P satisfies
the condition that ¢(s,t) - 0as s — 0 or ¢t — 0, and p(s,t) — o0 as s — 0
or t — oo, then [18, Theorem 2.1] asserts that ©°(Xy, X) coincides with the
(-)o-method introduced by Peetre in [21]. Note that by Proposition 4.2, condition
(5.6) implies the K. ; property of X;. Hence, under these somewhat stronger
assumptions, the interpolation result of Theorem 5.6 also follows from this fact.

, (5.6)

H max |; < M max

1<i<n ‘HX]' te[0,1] X;

Remark 5.8. We do not know whether the K, ; property in Corollaries 5.1 and 5.6
is actually necessary.
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