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ABSTRACT. We introduce the concept of Riesz-dual sequences for g-frames.
In this paper we show that, for any sequence of operators, we can construct
a corresponding sequence of operators with a kind of duality relation between
them. This construction is used to prove duality principles in g-frame theory,
which can be regarded as general versions of several well-known duality prin-
ciples for frames. We also derive a simple characterization of a g-Riesz basic
sequence as a g-R-dual sequence of a g-frame in the tight case.

1. INTRODUCTION AND PRELIMINARIES

Throughout this paper H and K are separable Hilbert spaces, and I denotes
the countable (or finite) index set. Note that {V;}ic; and {W,};er are sequences
of closed subspaces of I and that B(#,V;) denotes the collection of all bounded

linear operators from H into V;.

Definition 1.1. A family A = {A; € B(H,V;) : i € I} is a generalized frame or
simply a g-frame for H with respect to {V;}ics if there exist constants 0 < C' <
D < oo such that

CIFIP < D INFIP < DIfIP, VfeH. (1.1)

i€l
The constants C' and D are called g-frame bounds. If only the right-hand inequal-
ity of (1.1) is required, we call it a g-Bessel sequence. We call {A;};er a C-tight
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g-frame if C' = D, and we call it a Parseval g-frame if C = D = 1. We denote
the representation space associated with a g-Bessel sequence {A;};c; as follows:

(3ev), = {{oker |gievivieTand 3 llgl? <o} (12)
iel ¢ iel
The analysis operator for a g-Bessel sequence A = {A;};¢; is defined as follows:

oK (Ye) . Taf ={Afler VfEH, (13)

el

and its adjoint operator, which is given by

T (Yoevi), = H  Tillghe) = D Ald (1.4)
iel iel
is called the analysis operator of A. By composing Ty and Ty we obtain the
g-frame operator

SyiH—H,  Saf=TiInf =) ANf VfeH, (1.5)

il

which is a positive, self-adjoint, and invertible operator, and Cly < Sy < DIy.
The canonical dual g-frame for {A;};cs is defined by {KZ}ZE 1, where //iz = NSy,
which is also a g-frame for ‘H with respect to {V;};c;r with % and % as its lower
and upper g-frame bounds, respectively. Also we have

F=Y MAf=S"RKAf, VfeH

el i€l

(For more details about the theory of generalized frames, we refer the reader to
the articles [14], [18],and [19]. For details about its applications, see [9] and [12];
for fusion frames, see [3].) Since almost all applications require a finite model for
their numerical treatment, we restrict ourselves to a finite-dimensional space in
the following examples.

Example 1.2. Let H =CV, and let V; = Vo = --- = Vy = CV*!. Define

1 0 ... O] 01 ... 0
1 0 ... 0 01 0

A = 00 ... 0 ’ Ay = 01 0 ’ ’
0 0 0, 00 ...0
[0 0 17
0 0 1

Ay= (00 1]
0 0 1]
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Thus the set A = {A;}Y, is a g-frame for CV with respect to CN ™! with g-frame
bounds A = 2 and B = N +1. To see this explicitly, note that, for any f = {2},
in CV, we have

N
SIS =211 + 3zl + -+ (N + D]
=1

From this, we have

N
217 < ISP < (N + DI
=1

Example 1.3. Let H = CV*! and let V; = Vo = --- = Viyy1 = CV. Define
-1 0 ... 0 00 ... 1 0
1 0 ... 0 00 ... 1 0
A= . . s ce Av=|. . R I
1 0 ... 0 00 ... =10
and
0 0 . 0 1
0 0 . 01
Aver= |, .
0 0 . 01

Thus the set {A;}Y is a N-tight g-frame for C¥*! with respect to CV. To see
this explicitly, note that, for any f = {z}X1' € CN*!, we have

N+1

S IAFIE = N1 + 2l + -+ Jaaa?) = NI
=1

Duality principles in Gabor theory such as the Ron—Shen duality principle
[16] and the Wexler—Raz biorthogonality relations [20] play a fundamental role
in analyzing Gabor systems. Casazza, Kutyniok, and Lammers introduced the
concept of a Riesz-dual sequence (“R-dual sequence”) in [4] and further considered
it in [5]. In [4] Casazza et al. introduced a general approach to derive duality
principles in abstract frame theory. For each sequence in a separable Hilbert
space they defined an R-dual sequence dependent only on two orthonormal bases.
They characterized exact properties of the first sequence in terms of the R-dual
sequence, which yields duality relations for the frame setting.

Definition 1.4. Let {e;}ic; and {h;}ic; be orthonormal bases for a separable
Hilbert space H, and let f = {f;}:cr be any sequence in ‘H for which

ST|(fie) <00 Vjel

iel
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Then the R-dual sequence of {f;}ic; with respect to {e;}icr and {h;};cs as the
sequence {wjf }er is given by

= (fiedhi, Vi€l (1.6)

el
There exists a symmetric relation between the sequences {w]f Yier and {fi}ier
which is as follows:

jeI
In particular, this shows that {f;}ic; is the R-dual sequence for {w]f }ier with

respect to {h; }ier and {e; }ier. (We refer the reader to the articles [7], [8], [13], [17],
and [21] for an introduction to the theory and applications of R-dual sequences.)

The structure of this paper is as follows. In the rest of this section we will briefly
review the necessary parts from g-bases, g-orthonormal bases, and g-Riesz bases
(for more information, see [1], [2], [6], [1( ] and [11]). Then we define the general-
ized R-dual sequence (“g-R-dual sequence”) from a g-Bessel sequence with respect
to a pair of g-orthonormal bases as a generalization of an R-dual sequence. We
characterize the extent to which the g-R-dual sequence depends upon the cho-
sen g-orthonormal bases. In Section 2, we obtain the g-frame conditions for a
sequence of operators and its g-R-dual sequence. In Section 3, we characterize
those pairs of g-frames and their g-R-dual sequences which are equivalent (uni-
tarily equivalent). Finally, Section 4 deals with duality properties for g-frames
by g-R-dual sequences; in it, we study properties of dual g-frames and canonical
dual g-frames.

Definition 1.5. Let {Z; € B(H,W;) | i € I} be a sequence of operators. Then
(i) {Zi}ier is a g-complete set for H with respect to {W;}iesr if H =
- Span{Ef(Wi)}iell;l | or 3 with W .
1) {=; }ier 1s a g-orthonormal system for ‘H with respect to ibierif 2,2% =
g (gijjivjffor gfz’, jel ' pect to {IWiher 1225
(iii) a g-complete and g-orthonormal system {Z;};c; is called a g-orthonormal
basis for H with respect to {W, }ies.

The following well-known characterization of g-orthonormal bases is sometimes
more useful (see [2]).

Lemma 1.6. Let = = {Z;};c; be a g-orthonormal system for H with respect to
{W;}ier. Then the following conditions are equivalent:

(i) Zis a g orthonormal basis for H with respect to {W;}icr,

( Z'LGI ; = [H7

i)
(iif) [ £1]* = Zlez IE:fI? Vf € H,
() if Z;f =0 for alli € I, then f =0.

Let = = {Z;}ier be a g-orthonormal basis for H with respect to {W;}ies. If
f = > .c1Efgi, then the coordinate representation of f € H relative to the
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g-orthonormal basis Z is [f]z = {g; }ics. In this case {g;}icr € (3,c; ®Wi)e2, and
L= NF1=lle

Let = = {E; }ier and = = {Z]},e; be g-orthonormal bases for H with respect
to {W,}ier and {V;}ier, respectively. The transition matrix from = to =’ is the
matrix B = [By;] whose (i, j)-entry is B;; = Z;=5 for all i,j € I. Then we have
B[flz = [f]z/, where [f]z is the coordinate representatlon of an arbitrary vector

f € H in the basis = and similarly for Z'. The transition matrix from =’ to = is
B~' = B*. Thus, if B* = [B}j], then B}; = (Bj;)* = Z,Z} for all i,j € I.

Example 1.7. Let {e;}jen be an orthonormal basis for #, and let {W,};en be a
sequence of subspaces of H defined by

W; = Span{egj_l +eg;} and
H]f <f €251 + 62]>(62] 1+ €2j) V] € N.

A direct calculation shows that ||Z;]| = 1 and that =;=Z5g; = 049 for all 1 <
i,j7 < n and that g; € W;. Since (e; — ez, ezj_1 + €g;) = 0 for all j € N, then
H # Span{Z;(W;)};es. Thus {E;};en is a g-orthonormal system for H with
respect to {W,};er, but it is not a g-orthonormal basis for #.

Ezample 1.8. Let N € N,H = CN¥*!, and let {e;}1_}' be the standard orthonor-
mal basis of H. Define

N+1 N+1
_ = N-i—l _
W; = Span{ g ek}, and E; ({c ) = g €l
k=1
kit o

Then Z3(A Zifﬁl er) = VN)ej for all 1 < j < N + 1. This shows that

Spam{Ej-(V[/j)}].\prl = Span{ej}év:ﬁl =H and that EiZ; = 0y

7=1
Hence {Z;};en is a g-orthonormal basis for H with respect to {W;}774!
Ezxample 1.9. Let H = C?V, and let W; = Wy = --- = Wy = C2. Define
- 10 ... 00 - |00 ... 10
T lo 1 ... 0 0] “NTl000 ... 0 1

A direct calculation shows that ||Zk|| = 1 and that Z;Z; = dg for any 1 < k, ¢ <
N. We also have

le:kaz Z(\zQH!QHszP)=!\sz, vf={xu}d e C*

k=1

Thus = = {Z;}, is a g-orthonormal basis for C*V with respect to C2. Similarly,
the sequence ¥ = {U; }IV  defined by

01 ...00 00 ...01
@1_[1 0 ... 0 o]’ ‘I’N_{ ]
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is also a g-orthonormal basis for C?" with respect to C? and the matrix
A 0

e 01
B = [\Pl:‘j]NXN = ) where A = |:1 O:| )

0 A

is the transition matrix from = to ¥. Hence, for any f € C?V, we have B[f]z =

[le-

Definition 1.10. A sequence I' = {I'; € B(H,W;) | j € 1} is called a g-Riesz basis
for H with respect to {W;},er if {I';};er is a g-complete set for H with respect
to {W;};jer and there exist constants 0 < A < B < oo such that

2
AN gl < [ rse] < B ol (1.8)
Jjel JjeI J€el

for all sequences {g;}jer € (3 ;c; ®Wj)e. We define the g-Riesz basis bounds
for {I';};er to be the largest number A and the smallest number B such that
this inequality (1.8) holds. If {T';} ;e is a g-Riesz basis only for Span{I';(W;)}jer,
then we call it is a g-Riesz basic sequence for H with respect to {W;},er.

The following result is a characterization of g-Riesz bases for H (for a proof of
this standard result, see, e.g., [1, Theorem 3.17]).

Lemma 1.11. Let {Z;};er be a g-orthonormal basis for H with respect to
{W;};er. Then the following hold.
(i) Here I' ={I'; € B(H,W;)|j € I} is a g-Riesz basis for H with respect to
{W;}jer if and only if there ezists a bounded bijective operator U : H — H
such that I'; = =Z;U* for all j € 1.
(ii) Assume that Span{T;(W;)}jer = H and that || 32, Tigsll> = 25, llgi 117
for all sequences {g;}jer € (D_;c;®Wj)ee. Then {Uj}jer is a g-
orthonormal basis for H with respect to {W}ier.

Ezample 1.12. Let H = C?*, and let W; = Wy = - -- = W, = C2. Define
10 ... 00 00 ... 2n—1 O
Fl_[o 2 ... 0 0]’ oo =0 0 0 )

If g; = (221, 22;) € C?, then we have || Y7 I'fg||* = 2127:11 i%|2|%. Thus {T';}",
is a g-Riesz basis for C?>"* with respect to C? with g-Riesz bounds 1 and 4n?.
Moreover, we can write {I';}", = {Z;U*},, where U is a bounded bijective
operator defined by

1 0 . 0

0 2 . 0
U: . . . )

00 ... 2n

and = = {Z;}}_, is the g-orthonormal basis defined in Example 1.9.
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A g-R-dual sequence is a natural generalization of an R-dual sequence which
provides a powerful tool in the analysis of duality relations in general g-frame
theory. In the following, we define the generalized Riesz-dual sequence from a
sequence of operators.

Definition 1.13. Let = = {E;};c; and ¥ = {V,},c; be g-orthonormal bases for H
with respect to {W,}ier and {V; }iey, respectively. Let A ={A; - H — V| i€ I}
be such that the series ), , Afg; is convergent for all {g/}ic; € (D ,c; ®Vi)ee.
Define
It — W, M=% A0, Vel (1.9)
iel
Then {I‘f} jer is the g-R-dual sequence for the sequence A with respect to (=, ¥).

The hypothesis that the series ) .., Ajg; is convergent for all {gi}icr €

(D ier ®Vi)e is always fulfilled if the sequence A = {A;}cr is a g-Bessel sequence
with respect to {V}ier.

Example 1.14. Let H = C*¥ and {=;}¥,, {¥;} ¥, be the g-orthonormal bases for
H with respect to C? as defined in Example 1.9. Define

11 ...00 00 ..11
Al_{o 1 ... 0 0}’ AN_[O 0 ... 0 1]'

Then A = {A;}Y, is a g-Bessel sequence for H with respect to C? with g-Bessel
bound B = 3. The g-R-dual sequence for the sequence A with respect to (=, V)
is defined as follows:

A o1 o000 A_foo o001
Fl_[1 1 ... 0 0]’ FN_{O 0 ... 1 1]’

which is also a g-Bessel sequence for H with respect to C? with g-Bessel bound
B =3.

Now we need an algorithm to invert the process and to calculate {A;};c; from
the sequence {I'}};e;.

Theorem 1.15. Let = = {=Z;}ier and ¥ = {V,; }ier be g-orthonormal bases for
H with respect to {W;}icr and {V;}icr, respectively. Let {A;}ier be a g-Bessel
sequence for H with respect to {V;}ier. Then, for alli € I,

Ai =) Wy(T))E;. (1.10)
jel
In particular, this shows that {A;};c; is the g-R-dual sequence for {Fj-\}jg with
respect to (U, Z).
Proof. The definition of {Fé\}je ; implies that, for every i,j € I,

W) = 0 (Y EAT) = Y WA

kel kel

—k —k
= E 5ikAk:'j = Ai:j~

kel
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Thus ¥;(T'})* = A;E5. Now, by Lemma 1.6, we have

Ai:Ai[H:Ai( ~*~>_ZA_*H S wryE

jel jeI JjeI O]

In the following, we will characterize the extent to which the g-R-dual sequence
of a g-Bessel sequence depends upon the chosen g-orthonormal bases.

Definition 1.16. Let = = {=;},e; be a g-orthonormal basis for H with respect
to {W;}jer, and let A = {A;};c; be a g-Bessel sequence for H with respect to
{Vi}ier- Then the matrix A = [A;;] whose (7, j)-entry is Aj; = A= for all i, j € [
is called the analysis matriz for A with respect to =. A direct calculation shows

that, for every f € H, we have A[f]z = T\ f, and A*A = Sj.

The following result is a generalization of [4, Proposition 3| to g-frames con-
cerning the dependence of the g-R-dual sequence {Ff}je ; in choosing the g-
orthonormal bases = = {Z;}ic; and ¥ = {; };¢;.

Theorem 1.17. Let = = {Z;}jer, E' = {El}jer and ¥ = {¢i}icr, V' = {4} }ier
be g-orthonormal bases for H with respect to {W;},er and {V;i}ier, and let A =
{A;}icr be a g-Bessel sequence for H with respect {V;}icr. Denote the analysis
matrix for A with respect to = by A and the g-R-dual sequences of A with respect
to (2,) and (', V') by {T4}jes, {T}jes, respectively. Then the following con-
ditions are equivalent:

(i) A =T forall j 1,

(ii) sz cmd C' are the transition matrices from = to = and ¥ to V', respec-

tively, then AB* = C'A.
Proof. Let B = [By], and let C' = [Cj;]. By the definition of {T'}};es, {T"}}jes
for every i,j € I, we have ¥;(T4)* = A,Z% and W)(T'})* = A;E. Since

AB Yy =Y Ay, = > AEEE) = M (D EiE) =)

kel kel kel
o =k Ty (TYAN*
= A = WY

and
= Cadry =) WUINE; =) WU
kel kel kel
= (3w ) () = wrsy,
kel
and from this the claim follows immediately. O

Corollary 1.18. In addition to the hypothesis of Theorem 1.17, if A = {A;}ier is
a g-frame for H with respect to {V;}ier with g-frame operator Sy and {T'}};er =
{F;-A}jej, then A*C*AS'B* = I, where I is the identity matrix.

Proof. Let A = {A;};cr be a g-frame for H with respect to {V;};c;. Definition 1.16
implies that S;'A*A = I. Thus, if I‘? = F;-A for all j € I, then by Theorem 1.17,
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AB* = CA. This implies that B* = S;'A*CA; however, B has to be unitary,
which yields A*C*AS,'B* = I. OJ

2. EXISTENCE OF G-FRAME BOUNDS

In this section, we characterize all sequences with lower g-frame bounds, and
we obtain the g-frame conditions for a sequence of operators and its g-R-dual
sequence. Recall that a family {A;},c; is a g-frame sequence with respect to
{Vi}ier if it is a g-frame for Span{A*(V;)}ie; with respect to {Vi}ic;. The next
result gives a characterization of g-frame sequences which keeps the information
about the g-frame bounds.

Proposition 2.1. Let A = {A; € B(H,V;) : i € I}. Then the following conditions
are equivalent:
(1) A = {A;}ier is a g-frame sequence with respect to {V;}ier with g-frame
bounds A and B,
(ii) the synthesis operator Ty is well defined on (3_,.; ®Vi)e such that

Allg' 2 < ITxgII* < Bllg'll72, V9" € (kerz;)™.

Proof. We note that, if f € Span{A;(V;)},, then ||A;f||* = (f,A7Aif) = 0 for
all 7 € I. This implies that the upper g-frame sequence condition with bound B is
equivalent to the right-hand inequality in (ii). We therefore assume that {A;}es
is a g-Bessel sequence for H with respect to {V; };cs, and we prove the equivalence
of the lower g-frame sequence condition with the left-hand inequality in (ii). First,
assume that {A; };es satisfies the lower g-frame sequence condition with bound A.
Then Ry is closed because Ry, is closed. Hence (kerT;{)L =Rz, = Rr,; that is,
(kerpe )™ = {Tnf : f € H}. Now, for any f € H we have

T fllle = [(TXTnf, £ = [(Saf, 1) < I1SaFIPI1F)2
1 1
[SaF12 Y A1 = < ISaFIPITaS 1

el

<

o |

This implies that

AITaf I < ISP = [ITRT]

as desired. For the other implication, assume that the left-hand inequality in (ii) is
satisfied. We prove that Ry is closed. Let {f,}oe; C Ry, and let lim,, o0 fr, = f
for some f € H. There exists a sequence {g}, }22, C (kery: )" such that Txg,, = fa.
Now (ii) implies that {g/,}> ; is a Cauchy sequence. Therefore {g/ }°°, converges
to some g’ € (3_,c; ©Vi)e, which by continuity of T} satisfies Txg' = f. Thus Ry
is closed. If we let (T7%)" denote the pseudoinverse of T, then we have T3 (T%)1T; =
T}, and the operator (T)'T; is the orthogonal projection onto (kers;)*, and
the operator Tx(T%)" is the orthogonal projection onto Rer;. Thus, for any ¢’ €
(> icr ®Vi)e2, the inequality (ii) implies that

A|@otTig||° < T @t tid | = 1Txd |1
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Since ker(pxi = R%X’ then ||(T7)]|2 < A~'; however, T} Ty is the orthogonal
projection onto

RT;{ = (ker(TD*)L = (ker(TA*)T)L = RTA*,
and thus, for all f € Span{A;(V;)}icr = Rr;, we obtain
1 1
111 = ITXTAFIP < ZITaf 1P = 5 > IIAfI
i€l

This shows that A = {A;}ic; satisfies in the lower g-frame sequence condition
with bound A as desired. O

The next result shows a basic connection between a sequence of operators and
its g-R-dual sequence.

Theorem 2.2. Let A = {A;}ic; be a g-Bessel sequence for H with respect {V; }ier.
Then for every {g;}jer € (32, ®Wie, {9i}tier € (Qoic; OVi)ee satisfying f =
Zjef =59, and h = Zie[ U¥gl, we have
2
ISyl = mase wmd || a
el el i€l
Proof. 1t is easy to check that

[Serof =[S (Sam) of = [Swas
JE€ JE€ S i€
= (WAL I WA = 3D AL WA )

2
= lIrnl.
jel

:

iel jeI iel jel
=YY L 0N ) =Y A
iel jeI iel
Similarly, the second claim follows from Theorem 1.15. 0

Corollary 2.3. If we let A = {A;}icr be a g-Bessel sequence for H with respect
{‘/i}ieb then
|T5a ([f12) ]| = NTaflles (| TR( ) || = [Tea fllee
for every f € H.
Proof. This follows immediately from Theorem 2.2. 0

There exists an interesting relation between the synthesis operator of A =
{Ai}ier and the span of {(I'})*(W;)} e, which will turn out to be very useful in
the sequel.

Theorem 2.4. Let A = {A;}icr be a g-Bessel sequence for H with respect to
{Vi}ier with g-R-dual sequence {F;‘}jel with respect to (=, V). Then the following
statements hold.

() f & Span{ (DY) (W) }yer)* if and only if [f]s € ker T,

(ii) f € (Span{A;(V))}jer)t if and only if [f]z € ker T},
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Proof. Let f € H. First, for each j € J and g; € W}, we observe that
(£ 08 g5) = DU WiAZs5) = (3 MW Z505) = (Ti(1Fe), Zig5)-
ieJ icJ
Since = = {Z},es is a g-orthonormal basis for H with respect to {W;},c;, then
(Tx([flw),=595) = 0 for all j € I, and g; € Wj if and only if T{([f]w) = 0. Thus
f € (Span{(I'})*(W;)}jer) " is equivalent to [f]y € ker Ty. Similarly, the second

claim follows from Theorem 1.15. |

Corollary 2.5. Let A = {A;}ier be a g-Bessel sequence for H with respect to
{Vitier with g-R-dual sequence {T'}};cr with respect to (2, ). Then

dim(Span{(F;\)*(I/Vj)}jd)l = dimker T}, and
dim (Span{AZ(V;) }jEI) * = dimker T{s.
Proof. This follows immediately from the Theorem 2.4. O

The next result shows a kind of equilibrium between a sequence of operators and
its R-dual sequence. It can be viewed as a general version of [4, Proposition 13].

Corollary 2.6. The following conditions are equivalent.

(i) A = {A;}ier is a g-frame sequence with respect to {V;}ie; with g-frame
bounds A, B.

(ii) ;{fé\gje[ is a g-frame sequence with respect to {W;};er with g-frame bounds

(iii) {F?}je[ is a g-Riesz basic sequence with respect to {W,};er with g-frame
bounds A, B.

Proof. (i) < (ii) Proposition 2.1 and Theorem 2.4 conclude that A = {A;}ics is a
g-frame sequence with respect to {V; };e; with g-frame bounds A, B if and only if

2 . 2 2
Al < TR < B[]
for all f € Span{(I'})*(W;)};er. Now, Corollary 2.3 implies that
AFI* < I Tea flle < BILIP
(i) < (iil) This equivalence follows immediately from Theorem 2.2. O

The dimension condition in Corollary 2.5 will play a crucial role for the g-R-dual
sequence. Using Corollary 2.5 we can derive a simple characterization of an g-Riesz
basic sequence being a g-R-dual sequence of a g-frame in the tight case.

Theorem 2.7. Let A = {A;}ic; be a A-tight g-frames for H with respect to
{Vitier, and let {I';} ;e be an A-tight g-Riesz basic sequence in H with respect to
{W;}ier. Then {T';};er is a g-R-dual sequence of {A\;}ier with respect to (2, V) if
and only if

dim(Span{F;(VVj)} t= dim ker T5. (2.1)

jet)
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Proof. The necessity of the condition in (2.1) follows from Corollary 2.5. Now
assume that (2.1) holds. Then, according to Lemma 1.11, the sequence {\/LZFJ' Yier

is a g-orthonormal system for H with respect to {W;},e;. Suppose that = =
{E;}jer and ¥ = {V¥,},c; are g-orthonormal bases for H with respect to {W,};e;
and {V;}ies, respectively. Consider the g-R-dual {O;},c;r of A = {A;}ier with
respect to (E,¥) (ie., ©; = > .., E;A;V¥,,j € I). By Corollary 2.6, {©,};¢s is
an A-tight g-Riesz basic sequence with respect to {W,};er; hence {\/Lz@j}jel is
also a g-orthonormal system for H with respect to {W;},e;. By Corollary 2.5 and
21)

dim (Span{©;(W;)}. )" = dimker Ty = dim (Span{I;(W))},.,) " (22)

jel
In case (Span{©%(W;)}jer)™ = (Span{I;(W;)};er)" = {0}, the g-orthonormality
of the sequences {\/LZ@,-},-e ; and {\/LZF,},E ; implies that there exists unitary oper-
ator

U:H—>H, bij:@jU*, Vjel.

In case (Span{©;(W;)}jer)™ # {0}, if we let {®;};c; and {Q;}e; be g
orthonormal bases for

(Span{€;(W;)},.,)"  and  (Span{I;(W))} )"

respectively, with respect to {W,};er, then (2.2) implies that there exists unitary
operator

U:H—-H, byf‘j:@jU*, Qj:q)jU* Vjel.
In both cases, we have
=00 = (SN0 =Y SAwU, viel,
iel iel

which shows that {I'; } ;s is a g-R-dual sequence of {A; },c; with respect to {Z,}er
and {q]zU*}zEI O

3. CHARACTERIZATIONS OF EQUIVALENCE BY THE G-R-DUAL SEQUENCE

In this section we characterize those pairs of g-frames which are equivalent
(unitarily equivalent) by their g-R-dual sequences.

Definition 3.1. Two sequences {T'; € B(H,W;) | j € I} and {T"; € B(H,W;) |
J € I} are regarded as unitarily equivalent in # with respect to {W;},c; if there
is a unitary T': H — H such that TT% = T"7 for all j € I. We will say that they

are equivalent if there is a bounded linear invertible operator T : H — H such
that TT; = I'}" for all j € I.

The following result is about different types of equivalence of g-frames, which
is taken from [15, Proposition 4.2]. This result will then be employed in several
proofs thereafter.
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Proposition 3.2. Let A = {A;}ic; and N = {A}ic; be Parseval g-frames for H,
and Ho with respect to {V;}icr, respectively. Then A is unitarily equivalent to A’
if and only if the analysis operators Tx and Ty, have the same range. Likewise,
two g-frames with respect to {V;}ier are equivalent if and only if their analysis
operators have the same range.

Theorem 3.3. Let {A;}icr and {AL}ier be g-frames for H with respect to {V; }ier.
Then
(1) {A;}ier is equivalent to {AL}ier in H with respect to {V;}ier if and only if
Span{(Fé‘)*(Wj)} = Span{( FA/ (W; )}
(i) {A;}ier is unitarily equivalent to {Al}ier in H with respect to {V;}ier if
and only if Spa = Spar,

(iii) {T4}jer is unitarily equivalent to {T'Y'}jer in H with respect to {W;}jer
if and only if Sy = Sy

jel’

Proof. (i) By Proposition 3.2, {A; }ie; and {AL};c; are equivalent in H with respect
to {Vi}ier if and only if Ry, = Rr,,; hence ker T = ker T}y,. Now the claim follows
from Theorem 2.4.

(i) Using Propositions 2.1 and 3.2, {A; };e; is unitarily equivalent to {A}};c; if

and only if
2
HZ Ag| = HZ Ag;
el el
By Theorem 2.2, this is in turn equivalent to

(Seaf, £y =D TP =D _ITF fIP = (Sea f. f)

2
. V{gitier € (ker T3)*.

Jel jer
for all f € H and ¢} = U, f(i € I). It follows that Spa = Spa, as required.
(iii) The proof follows immediately from (ii) and Theorem 1.15. O

Corollary 3.4. Let {A;}icr be a g-frame for H with respect to {V;}icr. Then let
Span{(T2)" (W)}, = Span{ (T) (W)} .

where {Ki}ig is the canonical dual g-frame of {A;}ier.

Proof. Since {]\\Z}ZE 1 is equivalent to {A;};er, this claim follows from Theorem 3.3.
O

To have a better understanding of the different types of equivalence of the
g-R-dual sequences, we prove the following characterization result.

Theorem 3.5. Let = = {Ej}j€[7 = { }]6[ and ¥V = {¢z}z€[7 U = {w;}zej be
g-orthonormal bases for H with respect {W Yier and {Vi}tier, and let A = {A;}ier
be a g-Bessel sequence for H with respect to {V;}ier. Denote the analysis matriz
for A with respect to = by A and the g-R-dual sequences of A with respect (=, V)
and (Z',9') by {T}jes, {T }jes, respectively. If T = {T)}jer and TV = {T } e
are g-frames for H with respect to {W;};er, then the following statements hold.
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(i) {T}}jer is equivalent to {T'}}jer in M with respect to {W;}jer if and only
if ker(A) = ker(AB*).

(ii) {F?}je[ is unitarily equivalent to {F;'A}jej in H with respect to {W;}jer,
if and only if

A*A = (AB*)"(ABY).

Moreover, if A = {A;}ier is a g-frame for H with respect {V;}ier with
g-frame operator Sy, then the above is equivalent to Sy = BSxyB*.

Proof. (i) Let g = {g;}jer € (3_;c; ®Wj)e2 be arbitrary. First we observe that

Sy g = 3D wrMEr g = Y S wia(DEEE) )

jer kel jel kel jel il

=SSN wraEEErg =Y Y v ALBg,

kel jel el kel jel el
=S w (Y4B g ) = 3 wr(AB ).
kel jel kel
This implies that
AB'g=0 & Y () =0
J€el

Next we have

DMy =YY WiAErg =) ) WAy

jeI kel jeI kel jeI
= Ui(Agh
kel
hence
Ag=0 & Y (I')g =0
jel

Now {I'}};er is equivalent to {I'*};c; if and only if there exists a bounded linear
invertible operator T : ‘H — H such that T(Zjel(l“é\)*gj) = Zjef(I‘;A)*gj for all
{9i}jer € O c; ®Wj)ee. From this the claim follows immediately.

(ii) First, we prove that [A*A]l; = I}MTH)* and that [(AB*)*(AB*)); =
T/A(T/M)*. To see this, we have

A FA <Z HZA*\DO <Z WA ~*>
_225%%/\* == = ALALES

kel mel kel

_ZA # A = [AT Al

kel
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Then we obtain

AR = (; T’-A*\If’) (Z N AmE;*>

mel
=33 G EAAGE = S (MER) (MED)
kel mel kel
kel nel
- (E AknB:zJ (Z Akme%D
kel nel mel
=) (AB")j(AB )y = [(AB")"(AB")] ..
kel

Now let A*A = (AB*)*(AB*). Define the operator T" as follows:

T span{(T) (W)}, » . T(Xg) = 3y,
jeJ jed
for all finite sequences {g; : g; € W;}jes. If we let fi, fo € Span{(ré‘\)*(m/j)}jel
as f1 = Zjejl(F?)*glj and we let fo = ZjEJQ(F?)*gzj, then we have

(TfTh) = (3 (TR 130 > (TR 9o )

jeN keJa
= Z Z<F;¢A(F;A>*91j792k>
jeJ1 keda
= <Z(F§'\)*91j: Z(Fﬁ)*92k>
jE kEJ;
= <f17 f2>

Thus the g-completeness of T for H with respect to {W;};c; implies that T" has
an extension isometry on H and that 7" is surjective. This makes sense because
if f € Span{(I"})*(W;)},es, then we can write

F=3 g =T(3or) )

jedJ jeJ

for some finite sequence {g; : g; € W,};je;s. Since I is g-complete for H with
respect to {W, }ies, then by the continuity of T' it follows that 7" is surjective on
H and that T(T'})* = (I')* for all j € I. This shows that I is unitarily equivalent
to I'" in ‘H with respect to {W;},e;. The converse implication is obvious. Finally,
if A ={A;}ies is a g-frame for H with respect {V;}ics, then we have A*A = S,.
Thus

Sy = A*A = (AB*)*(AB*) = BA*AB* = BS,\B". O
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4. DUALITY PROPERTIES OF THE G-R-DUAL SEQUENCE

In this section we characterize all properties of a g-Bessel sequence in terms of
properties of their g-R-dual sequence. We will study properties of dual g-frames
and canonical dual g-frames. This is a general version of the duality principle for
g-frames which follows from the duality relations in [4].

The next result gives an explicit form for g-R-dual sequences of the canonical
dual g-frame.

Theorem 4.1. Let {A;}icr and {Q;}icr be g-frames for H with respect to {V;}ier.
Then {Q}ier is a dual g-frame of {A;}ier if and only if g-R-dual sequences
{T2}jer and {T'$}jer are g-biorthogonal; that is,

M I g, =T8N gy = 0ig5, Vi,j€ 1,95 € Wi

Proof. Let {;}ier be a dual g-frame of {A;},c;. By definition of {F?}jel and
{F;\}jela for every ¢,j € I and g; € VVJ we have

LHT$) g = EiAZ‘I’k< EjQ*m‘I’m> g =Y EMUTQ,Elg
kel mel kel mel
=) EAUEg = El(Z AZQkE;QJ‘) = Zi5j9; = 03395
kel kel
The converse implication follows from Theorem 1.15. 0

Corollary 4.2. Let A = {A;};c; be a g-frame for H with respect to {V;}ier with
canonical dual g-frame denoted by {A;}ic;r. Then the g-R-dual sequences {F;\}je]

and {F?}jg are g-biorthogonal, that is,
I} gy = TMNI) g5 = 04

foralli,5 € I and g; € W;. Thus {F?}je] is the dual g-Riesz basic sequence of
{T2}jer-

The next result is a characterization of tight g-frames in terms of their g-R-dual
sequences.

Corollary 4.3. We have that {A;}icr is an A-tight g-frame for H with respect
to {V;}ier if and only if g-R-dual sequence {\/LZF?}]H is a g-orthonormal system
for H with respect to {W;};er. Thus the sequence {A;}ier is a Parseval g-frame
if and only if its g-R-dual sequence is an orthonormal system.

Proof. This follows immediately from the Lemma 1.11, Corollary 2.6, and Theo-
rem 4.2. Il

Theorem 4.4. Let {A;}icr and {Q;}icr be g-frames for H with respect to {V;}icr.
Then {Q;}ier is a dual g-frame of {A\;}icr if and only if there exists a g-Bessel
sequence {O;}er for (Span{(I'})*(W;)}jer)™ with respect to {W;}jer such that
F? :F;\%—@j forall j € 1.
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Proof. Suppose that {€;};c; is a dual g-frame of {A;}ic;. By Theorem 4.1, we
have

(T3 =T "gi, (7)) = (g (T3 = T)(IT)"g5)
= (g, T} g5) = (9, TNT)"g5)
= (9i,0ij95) = (9i> 0i9;) = 0
for all 7,5 € I and g; € W;,g9; € W;. Thus Definition 1.13 implies that ©; =
?—Tlisa gA-Bessel sequence for (Span{(I'})*(W;)};er)* with respect to {W; }jes
and F? = F;‘ + ©;. Now for the opposite implication, suppose that there exists
a g-Bessel sequence {O;};¢r for (Span{(T'})*(W;)}jer)™ with respect to {W;}jer
such that F? = I‘? + ©, for all j € I. By Theorem 1.15, we have
=N+ 0(0,)'E; foralliel
jel

Hence, for each f € H, we have

Saf=Y A (Kz- +y \Ifi@;-‘Ej)f

iel iel Jjel

— Z NN f + Z Z NU,OE; f

el el jel

=+ ) ANVOE S

jel i€l
Since ©7Z; f € (Span{(T'})*(W;)}jer)* for all j € I. Theorem 2.4 implies that
> NTOEf=0.
i€l
This proves that {Q;};es is a dual g-frame of {A;}ic;. O

Among the dual g-frames the canonical dual g-frame is distinguished by the
following properties.

Theorem 4.5. Let A = {A;}ier be a g-frame for H with respect to {V;}ie; with

canonical dual g-frame denoted by {A;}icr, and let {Q;}ier be a dual g-frame of
{Ai}ie[. Then

A Q .
T3 < 15| forallj €l

with equality if and only if {Q;}er = {/A\j}jg.

Proof. By Theorem 4.4, {€2;};¢r is a dual g-frame of {A;};¢s if and only if F? =
F.;-\—i_@j, where (Fj\)*g € Span{(F?)*(I/Vj)}jeI, and ©%g € (Span{(F;‘)*(I/Vj)}jg)l
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for all j € I,g € Wj; hence

1T = )| = sup [5) o]

llgll=1

— sup [T + sup [©50]°
lgll=1 lgll=1

A * 2 *
= [|@})[]" + o511
= [IT511” + 16;1* > T3

with equality if and only if {Q;},c; = {//ij}jg. O
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