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ABSTRACT. In 1985, Coifman, Meyer, and Stein gave the duality of the tent
spaces; that is, (Tg’(RTfl))* = T;I (R for 1 < p,q < oo, and (T4 (RTH))* =
C (R}, (T;(Riﬂ))* = T(;’,O(Rfrl) for 1 < g < oo, where C (R™") denotes
the Carleson measure space on R/, We prove that (C,(R™))* = TL (RH),
which we introduced recently, where C, (R’;*") is the vanishing Carleson mea-
sure space on Rﬁ“. We also give the characterizations of T,° (Rﬁ“) by the
boundedness of the Poisson integral. As application, we give the boundedness
and compactness on LZ(R™) of the paraproduct mp associated with the tent
space T,° (R*"), and we extend partially an interesting result given by Coif-

man, Meyer, and Stein, which establishes a close connection between the tent
spaces T3 (R"™1) (1 < p < 00) and LP(R™), HP(R") and BMO(R™) spaces.

1. INTRODUCTION

In 1985, Coifman, Meyer, and Stein [9] developed a theory of tent spaces.
Because tent spaces are closely related to many important concepts in harmonic
analysis, such as the Carleson measure, square operators, nontangential maximal
function, Hardy space, and BMO space, they have many interesting applications
in harmonic analysis and PDE (see, for example, [2], [8], [20], [23]). Recently,
P. Auscher et al. considered the boundedness of some operators in tent spaces
(see [3]-]9]).

Let us recall the definition of tent spaces given in [9].
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Definition 1.1 (Tent space). For 0 < ¢ < oo and a measurable function f on
R let
qdydt\:
Aq(f)( fl" |f y7 tg-H)qa 0<q<OO,
SUp(, nere) |f(¥: 1),  g¢=00

where in the following, T (7) = {(y,t) € R™™" : |y — 2| < at}, and denote
I'(z) = I'y(x) briefly. For 0 < p < 0o and 0 < ¢ < 0o, the tent space TP(RT™) is
defined by

TPRY) = {f < (1f ey = || Al

For g = 00 and 0 < p < oo, the tent space T2 (R}™) is defined by
TL(RY

= {f € CRY™) < Ifllrz, = | Ax(S)

< oo}

HLP < 0o and ll_l;%Hf_ feHTgo = 0}7

where C(R"") denotes all continuous functions on R and f.(z,t) = f(z,t+e).
For p = oo and 1 < ¢ < oo, the tent space T;° (R’ is defined by

TEREY) = {f : | fllre = SglgMa(f, q) < oo}
with
gdydty
d _
M@0 = (g [IF I =) ad M) = s M(F.Q.0)
where a > 0, and Q = {(z,t) e R 2 € Q,0 <t < {(Q)} is the tent over Q.

It was shown in [9] that T2 (R"™) consists of exactly those f which are contin-
uous in R}, such that A (f) € LP(R™), and for which f(z,t) has nontangential
limits at the boundary almost everywhere. Coifman, Meyer, and Stein also observe
that all tent spaces Té’(RTl) (1 < p,q < o0) are Banach spaces with the norm
|- l|l72. Note that the tent spaces are closely related to the Carleson measure; thus
we need to give the definition of the Carleson measure.

Definition 1.2 (Carleson measure). Suppose that p is a positive measure on
R, For any cube Q C R" and a > 0, let

%, and let N. (1) = sup N (1, Q).
IQl=a

A positive measure p on R is called a Carleson measure written by u €
C (R7H") if there exists a constant C' > 0 such that

Il = supNu(u) < C.
a>0

N (1,Q) =

where ||p]|c is called the Carleson constant of p. It is well known that || - [|c is a
norm and that C (R/') is a Banach space in the norm || - ||c.

Coifman, Meyer, and Stein gave the duality between the tent spaces and Car-
leson measure.
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Theorem A (See [9]). The tent spaces have the following duality:
(1) for 1 < q.p < oo, (TP)* = T7;
(2) for 1 <q<oo, (T))* =T and
(3) (To)" = C(RTH).

The conclusion (1) in Theorem A shows that the tent spaces TP(R}*') are
self-adjoint if 1 < ¢, p < oo. The conclusions (2) and (3) can be seen as the
endpoint cases of the conclusion (1). Obviously, T (R%™) (1 < ¢ < o0) are not
self-adjoint.

In 1985, Wang [29] considered predual spaces of the tent spaces T- (R’). He
introduced the subclass of C (R’)

n+1y __ n+1y . 1: .
VCM (R = {pu € C(RY ).(lll_r}(l)Na(u)_O},

and, using the method in [10], he argued (without proof) that the dual of
VCM (R is the tent space T (R, The examples we give in Remark 2.2
below show, however, that it is impossible for the space VCM (R"™!) to become
a predual of the tent space TL (RH).

In this paper, we introduce a subclass CC(RTI) of the Carleson measure space
C (R7H") (see Section 2.1 for its definition). Then we show that

I-llc

C.(RYM) ™ =Cu(RYH),

where C,(R”™) is the vanishing Carleson measure space, which was introduced
in [14] (see Definition 2.1 below). Then we prove that (C,(R™))* = TL (R7H)
(see Theorem 2.1). An important fact is that, by their definitions, C,(R"™) S
VCM (R'TT) (see also [12]).

Another aim of this paper is to give a characterization of the tent space
TR (1 < ¢ < o0) and its subspace To%(RTH) (see (2.14) for the defi-
nition) by Poisson integral. By Carleson’s famous works ([6], [7]), it is well known
that the Carleson measure space C (R:"!) can be characterized by the bounded-
ness of the Poisson integral from LP(R"; dz) to LP(R"™; du). Recently, in [14] we
proved that the vanishing Carleson measure space C,(R"7") can be characterized
by the compactness of the Poisson integral from LP(R";dx) to LP(R:';dy). In
Section 3, we show simply that T2°(RT™) (1 < ¢ < oo) and that T2 (R}H)
can also be characterized by Poisson integral, which is simply a direct applica-
tion of the characterizations of the Carleson measure and the vanishing Carleson
measure mentioned above.

In the last section, we give some applications of tent spaces T (Ri“) and
T ;Z(RZH). To be precise, we define a paraproduct 7wp associated with F &
T ;O(Ri“), and we establish the boundedness and compactness of 7p on LI(R™)
for 1 < ¢ < 2. Note that in [9], the authors established a connection between tent
spaces T (R (1 < p < 00) and LP(R™), HP(R") and BMO(R") spaces. In this
section, we discuss the connection between TP(RTH) (1 < ¢ < 2,1 < p < o0)
and LP(R™), H?(R™), and we thereby partially extend the interesting result in [9]
mentioned above.



844 Y. DING and T. MEI

In this paper, C' will denote a positive constant that may change its value on
each statement without special instruction.

2. PREDUAL OF TENT SPACE TL (R")

In our recent paper [14], we introduced a subclass of C (R7™!), the vanishing
Carleson measure space C,(R"), and we gave a characterization of C,(R"™") by
the compactness of Poisson integral (see [14, Corollary 2.2]).

Definition 2.1 (vanishing Carleson measure). A positive measure 1 on R is
said to be a vanishing Carleson measure if u € C(R7H), and it satisfies

(1) limg o Na(p) = 0;

(2) limg—y0o No(p) = 0; and

(3) limjz»oo N (1, @ 4+ x) = 0, for any cube Q C R".

The set of all vanishing Carleson measures on R:"! is denoted by C,(R":).

In this section we will prove that the vanishing Carleson measure space
C,(R’™) is just the predual of the tent space T..

Theorem 2.1. The dual space of C, (R is the tent space TL (R, that is,
(C,)* = TL. More precisely, the pairing (f,du) = [onir f(z,t) du(x,t) realizes
+

R
the duality of C,(R"™) with TL (R,

Remark 2.2. Here we give three examples to show that each condition in Defi-
nition 2.1 is not removable for the desired duality result in Theorem 2.1.
Suppose that k& € Z* and that E;, = I, x J;,, where I}, and J}, are some intervals
in R and (0, 00), respectively. Choose ¢), € C°(R%) supported in Ej with 0 <
v < 1, which has nontangential limits at the boundary almost everywhere.
(i) Set Ex = [0, 7] x (0, 1), and set { f} trez+ = {3kpn trez+. Note that

2
k
[ osw sl <5 [ s fatn|d <
R |z—y|<t 3 —% lz—y|<t

hence {fl}rez+ C Bi(T%(R2)), the closed unit ball of the dual space T (R?)
of C,(R%). Since the closed unit ball of a dual space is weak* compact by the
Banach-Alaoglu theorem (see [22]), then there exists a weak™* convergent subse-
quence of {f{}rez+, which is denoted still by {f}}. In fact, {f!}rez+ converges
to zero in weak*-topology. It is easy to see that, for any p € C,(R%),

[, enaneof< (o] < (01)

—M([O’ ] —0 ask — oo, (2.1)

310,
since y satisfies the condition (i) in Definition 2.1. Obviously, if u € C(R2), but
i does not satisfy the condition (i), then the convergence in (2.1) does not hold
for any subsequence of { f} }rez+-

I =

=



TENT SPACES AT ENDPOINTS 845

(i) Set Ej, = [0,k] x (0,k), and set {fZ}rez+ = {35k hez+. Noting that

1 2k
/ sup ‘flg(t7y)’ dr < 3k sup |§0k(y,t)| dr <1,
R [z—y|<t —k |z—yl<t

we see that {2} rez+ C Bi(TL(R%)) also. Thus for any u € C,(R2),

fé(z,t) d,u(x,t)‘ < 3%“([0’ k] x (0,k)) = % —0 ask — o0, (2.2)

‘ 2
R+

since p satisfies the condition (ii) in Definition 2.1. If, however, p € C(R%), but
w does not satisfy the condition (ii), then the convergence in (2.2) does not hold
for any subsequence of {7 }rez+-

(ili) Set Ey, = [k — 1,k +1] x (0,2), and set {f2}rez+ = {§¢r }rez+. Then

1 k+3
/ sup | fo(y,t)| de < g/k sup |on(y,t)] de < 1,
R

lz—y|<t -3 |z—y|<t

which shows that {f?}rez+ C Bi(T(R2)). Note that

—

p(k —1,k+ 1])

pllh =1 k1% (0,2)) = Gy

e, t) du(a, )] < % (2.3)

’ Ri
Using the similar discussion above, it is easy to see that, for any u € C(R?)
which does not satisfy the condition (iii), the right-hand side of (2.3) does not go
to zero as k — oo. This leads to a contradiction.

To prove Theorem 2.1, we need some elementary properties of C, (R’}fl) and
TL (R, which are given in Sections 2.1 and 2.2, respectively.

2.1. A dense subset of C,(R%"!). In this section, we introduce a subclass
C.(R7™) of C(R’), and we prove that C.(R’7™) is a dense subset of C,(R}™)
in the norm || - ||c. We begin with two lemmas; since the first one is obvious, we
omit its proof.

Lemma 2.3.

(1) limg_yo Ny (1) = 0 <= lim,_, sup|g|<q N (1, Q) =0;

(2) limg 00 N (@) = 0 <= limg 0 SUP g5 N (12, Q) = 0;

(3) limpy oo N (11, Q + 7) = 0 <= limgy 00 SUP|, 5, N (11, Q + ) = 0, where
Q@ s any cube in R".

Lemma 2.4. C,(R"™") is a Banach space equipped with the norm || - ||c .

Proof. If we suppose that {u;} is a Cauchy sequence in C,(R%™), then {u}
is also the Cauchy sequence in C(R"™) since C,(R™) < C(R%™). Applying
the completeness of C(R"™), there exists a measure y € C(R™') such that

| — prllc — 0 as k — oo. It remains to show that u € C,(R).
For any a > 0, note that

No (1) < Ng(pur) + N — ) < Na(p) + |l = pellc -
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Thus for both cases, s = 0 and s = 0o, we have

lim N, () < || — pellc = 0 as k — oc.
a—S

We also notice that for any cube ) in R™,
N (1, Q) <N (g, Q) + N (10— pug; @) <N (g, Q) + [| o — preflc-

Hence
|1|1m N (1, Q+2x) <|pp—prl]lc =0 ask — co.
T|—0o0
That is, p € C,, and C,(R"™) is a Banach space. O

Now we introduce a subclass of C (R’™") as follows.

CC(RT“l) = { i € C : there exists a compact set K in Rﬁ“ such that for any pu
— measurable set £ in R, u(E) = p(ENK)}.

We claim that C.(R”™) is dense in C,(R™) in the norm || - [|c.
Lemma 2.5. C.(R':") is dense in C,(R:™) in the norm || - ||c (R™). That is,
Cc(Ri_i_l)”HC _ CU(RZL——i—l)

Proof. We first prove that C. C C,. In fact, for any u € C,, there exists a compact
set K C R such that for any p-measurable set £ C R u(E) = u(ENK).
For a > 0 and any cube @) C R™ with |Q| = a, then we have the following facts:

(i) If a is small enough, then Q N K = (; thus M|§c§2| = “(?C;‘K) 0.

(ii) If @ is large enough, such that Q N K # (), then ﬁ < a 'u(K); thus
N, (1) < a'p(K) and lim, o N4(p) = 0.

(iii) If || — oo, then Q+z N K = {; thus u(m) = 0, and
im0 (%'rz) = 0. Hence C, C C,, and C, c e C C, by Lemma 2.4.

Below we verify C, C C_CH'HC. Let By = {(y,t) € R : |y| < k1 <t <k}
for k € N. For u € C,, denote pu(E) = u(E N Ey,) for any p-measurable set F in
Rﬁ“. It is then easy to see that u, € C.; thus to finish the proof of Lemma 2.5
it only remains to show that

lim [} — ullc = 0. (2.4)
k—o0
Let
Fl = {(y,t) € RTI it > k;}
F,fz{(y,t)eRTl- <t< - }

F={wnery  ly >k <t <k}
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Then it is easy to see that R = E, U F} U FZ U F} for any k € N and that, for
any cube ) in R" with center ¢ and sidelength ¢(Q),

(=) Q) _ mQ@NEY)  pQNEY)  p@QNE)

= =. Il + .[2 + Ig.
Q| Q| Q| Q)
Thus to get (2.4) we need only show that
lim sup I; =0, fori=1,2,3. (2.5)

k—o00 QcRn

Case i = 1. If £(Q) < k/2, then Q N F} = 0, and we have Sup|g<(kyn 11 = 0. If
0(Q) > k/2, then |Q| > (£)" — oo as k — oo. Thus limy_,« Sup| > (k) 11 = 0 by

w € C, and Lemma 2.3. Hence (2.5) holds for i = 1.
Casei=2.1f {(Q) < 7 2 since pu € C, and applying Lemma 2.3, we have

sup I, < sup LQ)%O as k — o0o. (2.6)
H(QR)<2 |Q|

If £(Q) > %, applying a Besicovitch covering lemma (see [19, p. 39]), then there
exists a sequence of cubes {Q);} and ¢, only depending on the dimension n such
that:

(i) Q) € (3, 3):
(i) @ c U; @y; and
(iii) >, xq; (%) < ¢y, for each x € R™

Then it is easy to see that (Q N F2) C UQJ Thus by (2.6) we have

WQ) 10 n@) #Q)
hEd o Z\@r Polal S e Y MR

k

From this we see that (2.5) holds for i = 2.
Case i = 3. Obviously we need only consider the limit of SUD (340 I3 as
k — oo. By p € C, and Lemma 2.3, we have
sup I3 < sup I3+ sup I3

QNEF3#0 lzq|=k lzql<k
Lu@Q)>k—|2gl

< sup I3+ sup I3+ sup I3

lzg|>k lzq|<k/2 k/2<|zg|<k
FUQ)>k—lzgl LuQ)>k—|2g]
< sup I3+ sup I3+ sup I3
lzg|>k LQ)>k k/2<|zq|<k
<2 sup MQ)%— sup M%O as k — oo.

wolzk2 1@l @k Q)

Thus (2.5) still holds in this case. We therefore show that u € C_C”'HC and we
complete the proof of Lemma 2.5. O
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2.2. Some facts on the tent space T (R""). In this subsection, we give some
facts on the tent space T.L (R:"!), which will be used in the proof of Theorem 2.1.

Lemma 2.6. The norm of TL(R™™') can be characterized via C.(R"); more
[fllzs, = sup
_MECe

precisely,
/ f(y,t) du(y. )‘
Tullc <1

Proof. Since (TL(R%))* = C (R, and C.(R}™) ¢ C(R%™), we have

RO A

nECe
HuHC<1 lullc <1

1 fllre = sup ‘/ fy,t)du(y,t) > sup

It remains to prove that for any € > 0, there exists py € C.(R:™) with [|uoflc < 1
such that

£y 1) dpo(y, )] > 11 llry, — e

‘ Rn+1

In fact, from (2.7), there exists a measure u € C (R'M!) with [|ullc < 1 such that

€

[ D duy )] = flm, - 5
Ri+1

vergent theorem, it is easy to see that

Ry <k, L<t<k}- Using the Lebesgue dominated con-

[ 1000 = o) dutw )| -0 as k= .

Thus there exists kg > 0, such that

P01 = X 1)) iy, )| <

DO ™

‘ +1
Y
Hence

PN 00 duly )| = i, — e
Ry

If we denote dug := Xk, dit, then it is easy to see thatuy € CC(RTA) and that
|to]lc < 1. Hence we prove Lemma 2.6. O

In [9], Coifman, Meyer, and Stein gave the atom decomposition of the tent
space T with 1 < ¢ < co. A function a on R} is said to be a T atom if:

(i) @ is supported in Q (for some cube @ C R™); and
(ii) ”aHLq(R’ﬁl;@) <1QI™M.

Lemma 2.7 (See [9]). Suppose that f € T, (1 < q < 00). Then f =32 N,
where each a; is a T, atom, \; € C, and Y72, |\i| < C|f||zy, where the constant
C' is independent of {\;} and f.
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Notice that in the atom decomposition given above, the relationship of the
support set of each atom is not clear. In [29], Wang gave a more delicate atom
decomposition of T.L (R).

Lemma 2.8 (See [29]). For every fized k € Z, there is a sequence {Qjx}; of cubes

in R™ which satisfies

<1> |onok|:/8k7/8:3n7 fOT anyj:]‘727";

2) U2 Qi =R,

3) 5o X@u (7)) < B for any x € R"; and

4) for each f € T (R, we have f =37, 3272 Ajwagr, where agy, is the
TL(R™) atom supported in Qi, and >ker 2ot 1Nkl < Clfllzy, and
the constant C' is independent of the sequence {\;i} and f.

In order to prove Theorem 2.1, we also need the following lemma which is given
by Coifman and Weiss in [10].

Lemma 2.9 (See [10]). If we suppose that N, > 0, j,k = 1,2,... satisfies
Z;; Njiw < 1 for each k = 1,2,..., then there exists an increasing sequence of

natural numbers, ky < ko < --- < k; < --- such that limy_,o Aji, = \; for each j,
and Z]Oil A< 1.

The following result plays a key role in the proof of Theorem 2.1.

Lemma 2.10. Suppose that {fi}ien C T (RT) with || fil| 72 < D, where D > 0
is independent of | = 1,2,.... Then there ezists a function f € TL(R") and a
subsequence { fi.}s such that

lim B fi.(y, t) du(y, t) =

S—00 n
R+

Proof. Applying Lemma 2.8, fi = >, ;> % Ajran e with D2y 7> 027 [Agi] <
C|lfillzy , where C'is independent of { Az} and f;. For any fixed k € Z and j € N,
by Lemma 2.9, there exist subsequences {\;, jx}s and Ajx such that

@) duly 1) for any p e C(RLT). (28)

n
RY

Bim A il = [Ael,  and Y Y Il <Clfillry, <CD.

keZ j=1

Notice that all a;j; are TQO(RTI) atoms supported in ij with Qji satisfying
(1), (2), (3) in Lemma 2.8. From the proof of Lemma 2.8, it is easy to see that
the cube sequence {Q;x} is independent of [5. As to (j, k) fixed,

s, jkll ooty < Q™ = B7F < o0 (2.9)
(Q]lm t )

holds uniformly with the bound independent of [,. Hence there exist a subse-
quence, which still is denoted by {ai, jr}s, and a function ay € L=(Qj1; L%)

such that for g € LY(Qj; dydty

: dy dt
fm [ gy, 9y, ) == = / aji(y. )9(y. 1)
Qjk

S—00 ij t

dy dt

g (2.10)
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Thus, by (2.10), it is easy to see that

dy dt
jkll oo (@ ey = sup (Y, gy, ) ——
(Q]kv t ) t
H9||L1(Q~, (dy de) ST Qg
dydt
= sup lim ‘ ar, (Y, )g(y, t)——
Hg”Ll(Q dy dt <1970 Qi
< sup |ij|_ HgHL1(A] ;dy dty
H9||L1(ij;w)§1 t
< Q.

Hence aj; is a TL(RT™) atom. If we let f = >, > iy Ajkajk, then f €
TL (R%). Below we prove that f satisfies (2.8).

Assume that € C.(R’™) and that there exists a compact set K C R’ such
that for any p-measurable set £ C R u(E) = p(E N K), and then

L filyst) dudy,t) /Rn+1< >+, +Z> Z/\ls gkl k (Y, 1) dp(y,t)

Rn
+ —N<k<N k<—-N k>N j=1

= I[l+[]2+[[3

Since K is a compact set in R’t!, then there is a ¢y > 0 such that K C {(,t) €
R%™ ¢ > ¢5}. We now make N large enough so that ﬁ_% < 1.
Estimate of I1I,. Note that ¢(Q) = ﬁ% < ﬁ’% < tg for all j € N. Thus

(U Uan)nx-o.
k<—N j=1

Hence II, = 0.
FEstimate of II3. By (2.9), it is easy to see that

)< )0 D> il il o g, ey ()

k>N j=1

< Cxlllle DY I el 1@l

k>N j=1

< CDCk||pul|lcB™ =0 as N = cc.

FEstimate of II,. Notice that, for any k € [—N, N] fixed, the set {j € N :
QN K # 0} is a finite set; that is, there exists an integer m > 0 such that

]]1 = /Rn ) Z Z)\ls kAl gk y7 )d/“'[/<y7 )

~N<Ek<N j=1

= Z Z)‘lsdk/ i1 als,jk(yvt) d:u(y7t>

~N<k<N j=1
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Notice that tdu € L'(Qj; 4dt): then from (2.10), notice that

sll{go I, = Z Z )\]k / ajk Y ) dﬂ(y, t)?

—N<k<N j=1
hence
i i 2= i 55 S0 [t
—N<k<N j=1
= ]\}1_1;20 /]Rn_"_1 Z Z)\jka]k % dﬂ(:ga )
—N<k<N j=1
= f(y,t) duly, t).
R+
We thus complete the proof of Lemma 2.10. O

2.3. Proof of Theorem 2.1. The proof of Theorem 2.1 needs to use a general
result in functional analysis. Let us give the definition of the total set, which can
be found in [16, p. 58].

Definition 2.2 (total set). A set W of maps which map a vector space X into
another vector space Y is called a total set if x = 0 is the only vector for which
¢(x) =0 for all p € W.

Lemma 2.11 ([16, p. 439]). Let X be a locally convex linear topological space,
and let W be a linear subspace of X*. Then W 1is X-dense in X* if and only if
W is a total set of functionals on X.

Proof of Theorem 2.1. Note that (TL(R"™))* = C(R?*!) D C,(R%™) (see the
conclusion (3) in Theorem A), so TL C (C,)*.
On the other hand, if there exists a 1 € C, (R such that

f(y,t)du(y,t) =0 forall fe To (R, (2.11)

Rn+1

then by (T1)* = C(R™), we see that

fy,t)du(y,t)| = 0.

n+1
R+

lullc = sup
1l <1

Thus p = 0. In particular, since C,(R7*") is a Banach space, then it is obvious
that y is the only measure in C,(R’™") such that (2.11) holds. Thus T (R’) is
a total set on C,(R"™) by Definition 2.2. Clearly, C,(R"™) is a locally convex
linear topological space by Lemma 2.4. Applying Lemma 2.11, TL (R"*) is weak*
dense in (C,)*. Hence, for any ¢ € (C,)*, there exists a sequence of functions
{fx} € TL(R"™) such that

((n) = lim (i, ) = lim [ fily #)du(y,t) - for all p € Cy(RY).

Rn
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From this we see that, for each fixed p € C,(R’),
sup| [ fily,t) dpu(y,1)] < o, (2.12)
kLR

The uniform boundedness principle (Banach—Steinhaus theorem) and (2.12) imply
that
s%p‘ L fest) du(y,t)‘ < Cliulle  for any p € Co(RY™);
RY
thus, by Lemma 2.6, we get || fi|[r < C where C is independent of k. Now,
applying Lemma 2.10, we can obtain a subsequence { f, }; and an f € T, (R")
such that

lim i (ys t) dp(y, t) = fly,t)du(y,t)  for any p € C(RIH);
) R+
hence
()= | fly.t)dp(y,t) for any p € C(RY™). (2.13)
Rn 1

+
Finally, by the density of C.(R?™) in C,(R’™") (i.e., Lemma 2.5), we can check
(2.13), which still holds for all 4 € C,(R*") and which shows that the linear

functional ¢ on C,(R"™) can be represented by a function f in T (R"™). We
therefore prove that (C,)* C TL, and we complete the proof of Theorem 2.1. [

Remark 2.12. Using the idea of proving Theorem 2.1, we also can consider
a predual of the tent space T}(R}") (1 < ¢ < o). Similar to the definition

of the vanishing Carleson measure, we can introduce a subclass of T;"(R?fl)
(1 < ¢ < 00), the vanishing tent space T;?)(Riﬂ) (1 < ¢ < 00), which is defined
by

Too (R = {f € Tg° + lim Mo (£, q) = 0, lim M,(f,q) =0,
and for any cube Q C R", ‘ llim M(f,Q+x,q) = O}, (2.14)
T|—00

where M, (f,q) and M (f,Q+z,q) are defined in Definition 1.1. This is completely
similar to the proof of Theorem 2.1; thus we can obtain (7%,)* = T (1 < ¢ < 00).

3. CHARACTERIZATIONS OF TENT SPACE T °(R'7™") AND ITS SUBSPACE
n+1
Ton(RET)

In this section, we give the characterizations of tent space T;"(Riﬂ) and sub-
space T;?}(Ri“), respectively. Let us first recall the characterizations of the Car-
leson measure space C (R’™) via the boundedness of the Poisson integral. For
fe LP(R") (1 <p<o0),the Poisson integral of f is defined by u(z,t) := pyx f(x)

ntl
(t > 0), where p,(x) = s with ¢, = % is the Poisson kernel on
R

Cr—t
n (|x\2+t2)("+1)/
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Theorem B (see [6], [7]). The following are equivalent:
(1) u € CRY);
(2) the Poisson integral is bounded from LP(R™;dx) to LP(R"™':du) for all
1 <p<oo;and
(3) the Poisson integral is bounded from LP(R™;dx) to LP(R"™;du) for some
1 <p<oo.

The following Theorem C is an extension of Theorem B. Suppose that the
function ¢ on R™ satisfies

lo(z)] < C(1+ |x|)_n_6 for some C, 6 > 0 and that all z € R". (3.1)

The convolution operator associated with ¢ is denoted by

L.(f):f—=wxf, (3.2)
where ¢, (z) =t "p(z/t) for t > 0.
Theorem C (see [18, p. 177]). Suppose that ¢ satisfies (3.1).

(1) If the measure p on R is a Carleson measure, then for every 1 <
p < 0o, the operator L, defined in (5.2) is bounded from LP(R™;dz) to
LP (R dpr) with the norm || Lgl| o) oogan) < Copllild”
2) If p >0 and o(z)dr > 0 yet, and a measure p is defined on R
lz|<1 +

such that the operator L, is bounded from LP(R"™;dx) to LP(R'™;du)
for some 1 < p < oo, then p is a Carleson measure, and ||plc <

o 1 () Loy
Remark 3.1. Theorem C still holds if the condition (3.1) assumed on ¢ is
replaced by ¢ € L' N L™ with ¢(x) := esssupy, <, [0(y)] (see [17]).

3.1. A characterization of the tent space T ;"(RTI). Applying Theorem C,
we can show simply that the tent space Tp°(R7™) can be characterized via the

boundedness of the operator L.
Theorem 3.2. Suppose that ¢ satisfies (3.1) and that 1 < q < occ.

(1) If g € T;O(Ri“), then for every 1 < p < oo, the operator L is bounded
from qL”(R”;daz) to LP(RT: ]g(y,t)]q@) with the norm ||L,| <
Clglh..

(2) If o > 0 and f‘m|<1 o(x)dr > 0 yet, and g is defined on R such that
the operator L, is bounded from LP(R™;dx) to LP(R':M; |g(y;t)|q@) for
some 1 < p < oo, then g € T>°(RT™), and [gllree < CfILyl|7.

Proof. (1) For any g € T>°(RT™), let duv(y, t) = |g(y, £)]7%% then v is a Carleson
measure on R’ by the definition of T (RT1). Applying the conclusion (1) of

Theorem C, the operator L, is bounded from LP(R";dz) to LP(R'™';dv) =
LP(RY; gy, 0)922) for all 1 < p < 00, and [[Lll < CopllWl¥? = Copllgllie.
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(2) If dv(y,t) = |g(y.t )]qdy % then v is a positive measure on R and the
condition of the conclusion (2) in Theorem 3.2 implies that the operator L,
is bounded from LP(R™;dx) to LP(R"™';dv) for some 1 < p < oco. Hence v
is a Carleson measure on R’ by Theorem ((2). Consequently, there exists a
constant C' > 0 such that for any cube @) in R",

/‘ dydt <c
|Q| el
which shows that g € T°(R%™) and that ||g]lr= = [[v]l¢* < C[L, 7. O

Remark 3.3. Theorem 3.2 still holds if the condition (3.1) assumed on ¢ is
replaced by ¢ € L' N L™ with ¢(x) := esssupy, <, [0 (y)]-

The following corollary is a direct result of Theorem 3.2.

Corollary 3.4. The following are equivalent:
(1) g € TERY) (1< g < 00);
(2) the Poisson integral is bounded from LP(R™; dx) to LP(R%; |g(y, t)|144%)
forall 1 < p < ooy and
(3) the Poisson integral is bounded from LP(R";dx) to LP(R7H; [g(y, t)[744%)
for some 1 < p < .

3.2. A characterization of the vanishing tent space T ;Z(RZ“). The char-

acterization of T;Z(Ri“) (1 < g < 00) defined in (2.14) which will be given below
is closely related to the characterization of the vanishing Carleson measure space
C,(R™). The latter has been given by the authors in [14] recently.

Theorem D ([14, Theorem 2.1]). Suppose that ¢ satisfies (3.1).
(1) If the measure p on Ry is a vanishing Carleson measure, then for every
1 < p < oo, the operator L, is compact from LP(R"; dxz) to LP(R™; dp).
(2) If o >0 and f|x\§1 o(x)dz > 0 yet, and a measure i is defined on R
such that the operator L, is compact from LP(R™;dz) to LP(R"™; dp) for

some 1 < p < oo, then p is a vanishing Carleson measure.

Corollary E ([14, Corollary 2.2]). The following are equivalent:
(1) 4 € Cu(RI);
(2) the Poisson integral is compact from LP(R™;dz) to LP(R:du) for all
1 <p<oo;and
(3) the Poisson integral is compact from LP(R™;dz) to LP(R}'; du) for some
1<p<oo.

By Theorem D), it is easy to obtain the characterization of the vanishing tent

space T, (R7%H).

Theorem 3.5. Suppose that ¢ satisfies (3.1) and that 1 < q < oc.
1) If g € T2(R™™), then for every 1 < p < oo, the operator L, is compact
qu\"+ 14
from LP(R™; dx) to LP(RE; |g(y, )" %%).
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(2) If ¢ > 0 with fol o(x)dx > 0 yet, and g is defined on R such that
the operator L, is compact from LP(R™; dx) to LP(R™; [g(y,)|79%%) for
some 1 < p < oo, then g € Too (R,

Proof. (1) For any g € T25(RH), let du(y,t) = |g(y,t )|qdydt, and it is easy to
check that v € C,(R}™). Applying the conclusion (1) of Theorem D, L, is a
compact operator from LP(R"; dx) to LP(RT™;dv) = LP(RY™ |g(y, t)|7LL) for
all 1 < p < o0.

(2) Ifdv(y,t) = |g(y,t )]qdy 4 'then v is a positive measure on R"™, and the con-
dition of Theorem 3.5(2) shows that the operator L, is compact from LP(R"™; dx)
to LP(R'; dv) for some 1 < p < oo. Thus, by the conclusion (2) of Theorem D,
the measure v € C,(R}™") € C(R}*). Hence it is obvious that g € T.°(RT™). In
particular, since v satisfies (1)~(3) in the Definition 2.1, then g € T23(RTH). O

Remark 3.6. Theorem 3.5 still holds if the condition (3.1) assumed on ¢ is
replaced by ¢ € L' N L™ with ¢(x) := esssupy, <, [0 (y)]-

The following consequence of Theorem 3.5 is obvious.

Corollary 3.7. The following are equivalent:
(1) g € TRE) (1< g < o0);
(2) Poisson integral is compact from LP(R™;dx) to LP(R™H: |g(y, t)]q@) for
all 1 < p < oo; and
(3) Poisson integral is compact from LP(R™;dx) to LP(R*H: |g(y, t)]q@) for
some 1 < p < 0.

4. APPLICATIONS

In the last part of this paper, we first introduce a paraproduct mp associated
with the tent spaces T;O(RT}FH) (1 < ¢ < ), and we then give the bounded-
ness and compactness of mp with smooth kernel and rough kernel, respectively.
We shall also extend partially an interesting result in [9], which gives the rela-
tion between the tent spaces T5(R%™) (1 < p < o) and LP(R"), HP(R") and
BMO(R™) spaces.

4.1. Boundedness and compactness of paraproducts with smooth ker-
nel. Let us begin by giving the definition of a general Littlewood—Paley
g-function, which plays an important role in the study of paraproducts.

Definition 4.1 (The general Littlewood—Paley g-function). Suppose that 1 <
g < oo and that n € S (R™) (the Schwartz class on R™), which satisfies

/n n(x)dx = 0. (4.1)

For f € LP(R™) (1 < p < o0), the general Littlewood-Paley g-function g, , is

defined by 1
maHa) = ([ I )"
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It is well known that if ¢ = 2, then g, o is just the classical Littlewood-Paley
g-function, which is a bounded operator on LP(R") for 1 < p < oo (see, for
example, [28, p. 159] or [18, p. 356]). For 2 < ¢ < oo, the following conclusion is
obvious:

Lemma 4.1. For 2 < q < 00, ¢4 5 a bounded operator on LP(R") for
1 <p<oo.

In fact, it is clear that for 2 < ¢ < o0,

Ina(F)(@) < Capa( f)(@) M f(2)"T

where M is the classical Hardy—Littlewood maximal operator defined by

M f(x) —sup— |f(y)| dy.

r>0 T Jje—y|<r

Thus for any fixed 1 < p < oo, Holder’s inequality, the L” (1 < p < co)-bounded-
ness of g, 2, and M (see [27]) imply that

1 2 q=2
([ lmah@l'da)” < Clana(DITIMILT < Clfll 42
Now we introduce a paraproduct associated with the tent space.

Definition 4.2 (Paraproduct). For a fixed F € T;O(RTFI) (1 < g < ), we
define a paraproduct 7 by

rr(f)(z) = / T (F * o) OF(0) (@)

where ¢ satisfies (3.1) and where n € S (R") satisfies (4.1).

dt

=, (4.3)

We can obtain the L? (1 < ¢ < 2) boundedness of the paraproduct mg(f) if
F e TR

Theorem 4.2. Denote ¢(x) := esssupy, <, [¢(y)]. If € L'(R™) N L>*(R"), and
F e TR (1< q <2), then wp defined in (4.5) is a bounded operator on
LY(R™).

Proof. Applying Remark 3.3 and g € T:°(R’ '), we know that

q qdl’d %
([ =@ =) < il

For any h € L7 (R") with ||h||,+ < 1, by (4.2) we have
[ wr(n) @iz da]

= [ [ s e eo0re@hoF

L | s eo@peons e

dx‘
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< ([l a8 ([l ol rear SE)

< Cllgag (W[ N F lzpe.f 1| s
< CIF|zpe[[ | 2s, (44)

where in the following, 7(z) = n(—x). We thus complete the proof of Theorem 4.2.
O

Below we show that 7, is a compact operator on L? if F' € Tlﬁ(RTl) (I1<qg<
2).

Theorem 4.3. Denote ¢(x) := esssupj, <y, (). If ¢ € L' N L>, and F €
Tes (R (1< q <2), then wp is a compact operator on L4(R™).

Proof. Since F € T2, (R, applying Remark 3.6, the operator L, is a compact
operator from LP(R";dx) to LP(R}™ | F(x,1)[7954) for all 1 < p < oo. Hence,
for any sequence {fx} in LP(R™) which converges weakly to zero, we have

dx dt
klim {fk*gpt(x)mF(x,th rar _
—00 R:L_+1 t

0. (4.5)

Notice that LI(R™) (1 < g < 2) is a reflexive space. When combining that with
the fact in [25, p. 113, exe. 18] to prove that 7 is a compact operator on LI(R™),
it suffices to verify that, for any sequence { fx} in L9(R™) which converges weakly

to zero, {mp(fr)} converges to zero in L? norm. Equivalently, we need only show
that

lim sup ‘/n mr(fr)(z)h(x) dz| = 0. (4.6)

k=00 |Ip| <1

In fact, for any h € LY (R") with ||h|, < 1, by (4.4) with f instead by f, and by
applying (4.2), we get

| mrt)lano) daf

sup
7]l <1

_ rda dtN 7 drdty;
< sup ([ Iem@ SR ([ 5 ea) | Fan )
([Pl <1 MR t R+ t

d:vdt)é
. )

Hence (4.6) holds from the above estimate and from (4.5). We therefore finish
the proof of Theorem 4.3. 0

<o(f, e e@llreol

4.2. Boundedness and compactness of paraproducts with rough kernel.
From the proofs of Theorem 4.2 and Theorem 4.3, it can be seen that the L9
boundedness of ¢, , (2 < ¢ < 00) plays a very important role. Now we point out
that, after removing the smoothness condition assumed on 7 in Definition 4.2, we
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still may get the L? (1 < ¢ < 2) boundedness and compactness of 7 by using
some known results.
Suppose that the function © on R" \ {0} satisfies the following conditions:
(A) Q(A\z) = Q(x), for any A > 0 and z € R"\{0};
( ) Jonos Q') do(2’) = 0; and
(C) Jon-r [92(a")] do(a') < 0.
Let n(z) = Q(2)]|z[* " xqz1<13(2); then, for 1 < ¢ < oo, the general Littlewood-
Paley g-function g, , is defined by
a dt \s
i)

s o= ([Irenol E) = ([ me sy

Note that g, is just the Marcinkiewicz integral go, which was first introduced
by Stein [26]. It is easy to check that, for 2 < ¢ < oo,

ol f)(x) < Cgal(f) () Mo f(z)T, (4.7)

where Mg denotes the rough maximal operator defined by

Mo f(z) = sup — 1z — )||F()] dy.

r>0 T Jiz—y|<r

Thus the LP boundedness of Mg and the Marcinkiewicz integral gq imply the
L? boundedness of g, , by (4.7). Now let us recall some known results on the L?
boundedness of Mg and gq.

Theorem F (see [28]). If we suppose that Q satisfies the conditions (A) and (C),
then Mg is bounded on LP for 1 < p < oo.
Theorem G. Suppose that ) satisfies the conditions (A) and (B).

(1) If Q € Lip,(S"™1) (0 < a < 1), then gq is bounded on LP for 1 < p < 2
(see [26]) ;
(2) If Q € HY(S™™Y), then gq is bounded on LP for 1 < p < oo(see [15]);
(3) If Q € Llog™ L)2(S™Y), then g is bounded on LP for 1 < p < oo,
where H'(S"™') denotes the Hardy space on S"™' (see [1]). The definition and
some facts on H*(S"™') can be found in [11], [21] and [2/].

Remark 4.4. Notice the following well-known containing relation between some
function spaces on S" !

LS CL"(S" ) (1 <r<oo) € Llogh L(S™Y) ¢ HY(S™ ) € L}Y(S™ ).
Moreover, the spaces H(S"™) and L(log™ L)2(S™1) do not contain each other.
Thus, applying Theorem F and Theorem G, we get

Lemma 4.5. Suppose that n(x) = Qz)|z|" " X{u<1y () with Q satisfying the
conditions (A) and (B). Then for 2 < q < 00, gpgq S a bounded operator on
LP(R™) for 1 < p < oo if € HY(S™) or Q € L(log" L)z (S*?).
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Thus, by Lemma 4.5 and by using the same methods for proving Theorem 4.2
and Theorem 4.3, we can obtain the L¢(R™) boundedness and compactness of the
rough paraproduct 7p for 1 < ¢ < 2.

Theorem 4.6. Suppose that the paraproduct g is defined by (4.3), where
(1) Fe TR (1< q<2);
(2) n(x) = Q@) |z]" "X 1<y (x) with Q satisfying the conditions (A) and (B);
and
(3) ¢ satisfies (3.1) (or ¢ € L' N L> with ¢(x) := esssupy, <y [0 (y)])-

If Q € H(S™Y) or Q € L(logt L)2(S™Y), then wp is a bounded operator on
L9(R™).
Theorem 4.7. Suppose that the paraproduct g is defined by (4.3), where

(1) F e TR (1< g <2);

(2) n(z) = Qz)|z|" " x{z1<13 (x) with Q satisfying the conditions (A) and (B);

and
(3) @ satisfies (5.1) and ¢ € L' VL™ with ¢(x) := esssupj, <, l9(y)]-

If Q € HYS™Y) or Q € L(log* L)2(S"™Y), then mr is a compact operator on
L9(R").

4.3. The map from tent spaces to L? and Hardy space. In [9], the authors
established a close connection between the tent space T35 (R’:"') and LP(R"), the
Hardy space HP(R"™) and BMO(R") space. Suppose that the function ® satisfies
the following conditions:
(i) supp(®) C {z € R" : |z| < 1};
(ii) there exists a constant B > 0, such that |®(z)| < B, |®(z + h) — ®(x)| <
B(|h|/|z|)¢ for some € > 0;
(iii) [ ®(x)dx = 0; and
(iiiy) [27®(x)dx =0, for all |y| < N.

The operator Ilg is defined by

a(F)) = [ (P02 (0)F. (45)

where ®,(z) = t"®(x/t).

Theorem H ([9, p. 328)). If ® satisfies (i), (i), (iii), then the linear operator
[lg defined in (/.8) can be extended to a bounded operator:
(1) from TR to LP(R™), if 1 < p < oo;
(2) from T3(R) to HY(R™); and
(3) from Tg° (R to BMO(R™).
(4) If (iiiy) is satisfied with N > n[l/p — 1] ([x] indicates the integer part
of ¥), then Ilg can be extended to a bounded operator from Ty (R to
HP(R™) for 0 <p < 1.

Remark 4.8. In [9], the authors pointed out that Theorem H still holds if the
conditions (i) and (ii) assumed on ® are replaced by the following condition:
(1') there exists a constant B > 0, such that |®(z)|+|V®(z)| < B(1+|z|) ™.
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Below we show that the conclusions (1), (2), and (4) of Theorem H still hold
if replacing the space T3 (R*) by TP(RTH) (1 < ¢ < 2).

Theorem 4.9. If © satisfies (i)-(iii) (or (7), (iii)), and 1 < q < 2, then the
operator Il can be extended to a bounded operator:
(1) from T;(R’fl) to LP(R™), if 1 < p < oo; and
(2) from T;(RTFI) to HY(R™).
(3) If (iiin) is satisfied with N > n[l/p — 1] ([x] indicates the integer part
of ), then Ilg can be extended to a bounded operator from Tg(RTFl) to
HP(R™) for0 <p < 1.

The key to verifying Theorem 4.9 is to apply the LP boundedness of the fol-
lowing general area integral operator, which is defined for 1 < ¢ < oo by

Saglf)(1) = (/F( 1t 2,(y)| ") for amy f e 17 (1< p < o).

It is easy to see that Sgo(f) is the classical square function. Thus Sg 2 is bounded
on LP(R™) for 1 < p < oo. For 2 < ¢ < o0, it is easy to check that

Soq(f)(x) < CSaa(f)(x)i M f(z)'T .

For any 1 < p < oo, as with (4.2), using Holder’s inequality with the indexes

2
and -, we have
q—2

([ Ssat @ )" < CllsaaDIIMALT <CUfL (@9)

Proof of Theorem J.9. First we consider the conclusion (a). For any h € L” (R")
with ||h]|,, <1, for 1 < ¢ < 2, applying an estimate [9, (5.1)] and (4.9), we have

‘/n s (F)(2)h(x) da?‘ = /RTI(F(.,t) * CI)t) (x)h(x)dl’tdt‘

_ ’/Ri“ F(z,t)(h * (j,t)(x)dxtdt’

<C [ A Ay B)(e) da

< C||Flzp || S5 4 (h)
S OHFHT;a

p/

where ®(z) = ®(—z). Thus we show the conclusion (a). Using the conclusion
(a) and the idea of proving the conclusion (b) of Theorem H, we may get Theo-
rem 4.9(b). The proof of (¢) is similar. Thus we finish the proof of Theorem 4.9.

Remark 4.10. We wonder whether the operator Sg , is the bounded Hardy space
H'(R™) to L'(R") when ¢ > 2. Thus it is also not clear whether the operator
Il can be extended to a bounded operator from T;O(Rﬁlfl) to BMO(R") for
1<qg<?2.
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Remark 4.11. Notice that, for any FF € TH(R7) (1 < p < o0) (or F €
T3(R*™)) and any h € LY (R") (or h € BMO(R"™)), by Theorem H we see that

oo > <H<I>(F),h> = / (F(',t) " q)t)(x)h(x)dl'dt

+1 t
RY

- /]R"+1 F(z,t)(h = ci>t)<x)da: dt

= /V]Rn+1 F(z,t) Lé(h)(x) didt- (4.10)

Thus (4.10) and Theorem A show that the adjoint operator of Il is L in some
sense; the latter is defined in (3.2). In other words, the operator L3 maps L?' (R™)
to TV (R (or maps BMO to Ts°(R})). Morever, it is easy to verify that the

operator L g is actually a bounded operator from L¥ (R") to T% , (R™™) and from
BMO(R™) to Tg°(RMH).
If @ satisfies (i)—(iii) (or (i'), (iii)), and h € BMO(R™), define the paraproduct
7 as follows:
e ~ dt
m(f)(x) = o ((F  20) () (@u s 1)()) (@) =,
where ¢ and 7 are as Definition 4.2. The L? boundedness and L? compactness of
the paraproduct 7 were studied in [15] and [14], respectively.
Obviously, the paraproduct defined in (4.11) is only a particular case of the

paraproduct 7p defined in (4.3) with F := (&, * h)(z) = Lg(h) € T5°(R™H).
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