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ABSTRACT. In this article, we introduce and study a new sequence of positive
linear operators acting on function spaces defined on a convex compact subset.
Their construction depends on a given Markov operator, a positive real num-
ber, and a sequence of Borel probability measures. By considering special cases
of these parameters for particular convex compact subsets, we obtain the clas-
sical Kantorovich operators defined in the 1-dimensional and multidimensional
setting together with several of their wide-ranging generalizations scattered
in the literature. We investigate the approximation properties of these opera-
tors by also providing several estimates of the rate of convergence. Finally, we
discuss the preservation of Lipschitz-continuity and of convexity.

1. INTRODUCTION

last twenty years have seen a growing interest in, and relevance of, the
study of positive approximation processes on convex compact subsets as more
and more evidence emerges. This has been mainly due to their useful connections
with approximation problems both for functions defined on these domains and for
the solutions of special classes of initial-boundary value differential problems. In
setting, a prominent role is played by Bernstein—Schnabl operators which
are generated by Markov operators. (In our monograph [4] (see also [2]), we
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provide a rather complete overview of the main results in these fields of research,
together with their main applications.)

In this article, we introduce and study a new sequence of positive linear oper-
ators acting on function spaces defined on a convex compact subset K of some
locally convex Hausdorff space. Their construction depends on a given Markov
operator T : C'(K) — C(K), a real number a > 0, and a sequence (p,)n>1 of
Borel probability measures on K. By considering special cases of these parameters
for particular convex compact subsets such as the unit interval or the multidimen-
sional hypercube and simplex, we obtain all the Kantorovich operators defined
on these settings, together with several other wide-ranging generalizations (see
3, [6], 8], [101112], [17], [18]).

Moreover, for a = 0, the new operators turn into Bernstein—-Schnabl operators
and so, by means of the real continuous parameter a > 0, our sequence of oper-
ators represents, indeed, a link between the Bernstein operators (a = 0) and the
Kantorovich operators (¢ = 1) on the classical 1-dimensional and multidimen-
sional domains where they are defined.

This article is mainly devoted to investigating the approximation properties of
the above-mentioned operators in spaces of continuous functions and, for special
settings, in LP-spaces as well. Several estimates of the rate of convergence are
also provided. In the final section, we discuss some conditions under which these
operators preserve Lipschitz-continuity or convexity. In a future paper, we intend
to investigate whether (and for which class of initial-boundary value differen-
tial problems) our operators, like Bernstein—Schnabl operators, can be useful in
approximating the relevant solutions.

2. NOTATION AND PRELIMINARIES

Throughout the article, we will fix a locally convex Hausdorff space X and a
convex compact subset K of X. The symbol X’ will denote the dual space of X,
and the symbol L(K') will stand for the space

LK) :={px | p€ X'} (2.1)

As usual, we will denote by C'(K) the space of all real-valued continuous functions
on K; C(K) is a Banach lattice if endowed with the natural (pointwise) ordering
and the sup-norm || - ||«. Furthermore, we will denote by A(K) the space of all
continuous affine functions on K.

Whenever X is the real Euclidean space R? of dimension d (d > 1), we will
denote by || - || the Euclidean norm on R?. Additionally, we will denote by g
the Borel-Lebesgue measure on K C RY, and we will denote by | K| the measure
of K with respect to \;. Finally, for every ¢ = 1,...,d, pr; will stand for the ¢th
coordinate function on K; that is, pr,(z) := x; for every z = (x1,...,24) € K.

Coming back to an arbitrary convex compact subset K, let Bg be the og-algebra
of all Borel subsets of K, and let M (K) (resp., M;" (K)) be the cone of all regular
Borel measures on K (resp., the cone of all regular Borel probability measures on
K). For every = € K, the symbol ¢, stands for the Dirac measure concentrated
at . If p € M*(K) and 1 < p < +o0, we will denote by LP(K, 1) the space of
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all p-integrable in the pth power functions on K'; moreover, we will denote by
L>*(K, u) the space of all p-essentially bounded measurable functions on K. In
particular, if g = Ay, then we will use the symbols LP(K) and L*(K).

From now on, let 7 : C(K) — C(K) be a Markov operator, that is, a positive
linear operator on C'(K) such that 7'(1) = 1, where the symbol 1 stands for the
function of constant value 1 on K. Furthermore, let (il),cx be the continuous
selection of Borel probability measures on K corresponding to 7' via the Riesz
representation theorem, that is,

[ rait =1 (£ ecim).a e ). (2.2)

In [4, Chapter 3] (see also [2, Chapter 6]), the authors introduced and studied
the so-called Bernstein—Schnabl operators associated with the Markov operator
T and defined, for every f € C(K) and x € K, as follows:

/ / x1+ +xn>dﬂm($1) Cdil(z). (23)

Note that, for every n > 1, B, is a linear positive operator from C(K) into C'(K),
and that B, (1) =1 and hence ||B,|| = 1. Moreover, B; = T.

The operators B,, generalize the classical Bernstein operators on the unit inter-
val, on multidimensional simplices and hypercubes, and they share with them
several preservation properties also investigated in [4] and [2]. If, in addition, we
suppose that the Markov operator T satisfies the following condition

T(h) =h for every h € A(K), (2.4)

or, equivalently (see (2.2)),
/ hdil = h(x) for every h € A(K) and = € K, (2.5)
K

then the sequence (B,,),>1 is an approximation process on C'(K). Namely, for
every f € C(K),

lim B,(f) = f (2.6)

n—o0

uniformly on K.
Finally, for every h,k € A(K) and n > 1, the following useful formulas hold:

Bu(h) =h (2.7)
and
1 1
B, (hk) = ~T(hk) + “—~hk. (2.8)
n n
In particular,
1 -1
Ba(h?) = —~T(h?) + “—n2. (2.9)
n

(For a proof of (2.6)—(2.9), see [4, Theorem 3.2.1] or [5, Theorem 3.2].)
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3. GENERALIZED KANTOROVICH OPERATORS

In this section, we introduce the main object of interest of the article and
we show some examples. Let T': C(K) — C(K) be a Markov operator satisfy-
ing condition (2.4) (or, equivalently, (2.5)). Moreover, fix a > 0 and a sequence
(tn)n>1 of Borel probability measures on K. Then, for every n > 1, we consider
the positive linear operator C,, defined by setting

Ch

(/)
:l;xéd“+”+%+”mﬁwﬂm~wﬂummmwo@n

n—+a

for every x € K and for every f € C(K).

The germ of the idea of the construction of (3.1) goes back to [6], where the first
and third authors considered the particular case of the unit interval. Subsequently,
in [3] a natural generalization of C),’s to the multidimensional setting—that is,
to hypercubes and simplices—was presented, which encompassed, as a particular
case, the multidimensional Kantorovich operators on these frameworks.

Here we develop this idea in full generality, obtaining a new class of positive
linear operators which encompasses not only several well-known approximation
processes in both univariate and multivariate settings, but also new ones in finite-
and infinite-dimensional frameworks as well. Clearly, in the special case a = 0,
the operators C,, correspond to the B,, ones (see (2.3)). Moreover, by introducing
the auxiliary continuous function

L@ = [ (Frs ) dn®) (Feciaek),  (2)

T
n-+a n-+a

for every n > 1, we then have

Cu(f) = Bu(In(f)). (3.3)

Therefore C,,(f) € C(K), and the operator C,, : C(K) — C(K), being linear and
positive, is continuous with norm equal to 1, because C, (1) = 1.

We point out that the operators C,, are well defined on the larger linear space
of all Borel measurable functions f : K — R for which the multiple integral
in (3.1) is absolutely convergent. This space contains, among other things, all
the bounded Borel measurable functions on K as well as a suitable subspace of
Moz1 L ).

Here, we prefer not to provide more information in this regard and have decided
to postpone a more thorough analysis until a subsequent future article. However,
in Section 4 we will discuss the approximation properties of these operators also
in the setting of LP(K)-spaces in the particular cases where K is a simplex or a
hypercube of R¢.

Note that assumption (2.4) is not essential in defining the operators C,,, but as
we will see in the next sections, it will be needed in order to prove that (Cy,),>1
is an approximation process on C(K) and on LP(K). By specifying the Markov
operator T' (i.e., the family of representing measures (fil),cx and the parameter
a > 0, as well as the sequence of measures (u,)n>1), we obtain several classes
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of approximating operators which can be tracked down in different articles. In
particular, when a = 1, for a special class of T" and of the sequence (i, )n>1, We get
the Kantorovich operators on the unit interval, on simplices, and on hypercubes
(see the next examples).

Another interesting case is covered when a is a positive integer. Indeed, given
p € M (K), we may consider the measure ju, € M; (K) defined by

/fdua- / / y1+ )dﬂ(w) - dpa(ya)

( f € C(K)) and hence, for p, := p, for every n > 1, the corresponding operators
n (3.1) reduce to

Cn(f)(x)

:/K.../Kf<:c1+...+xsig1+-..+ya)dﬂf(;cl)...dﬁf(xn)du(yl)...du(ya)
(3.4)

(n>1, fe C(K), xe€K).

When K = |0, 1], for particular T’s and p’s we get the so-called Kantorovich
operators of order a (see [8, Examples (A)] and [12] for a = 2).

We also mention another particular case which, while seemingly simple, is not
devoid of interest. Assume that a > 0, and consider a sequence (b, ),>1 in X such
that b,/a € K for every n > 1. Then, setting j, := €,,/, (n > 1), from (3.1) we

get
/ / :Cl +--4x,+ bn) dﬁg(;pl) .. dﬁf(xn) (3.5)

n—+a

(n>1, feC(K), z€K).
We proceed to show more specific examples.

Ezxamples 3.1.
1. Assume that K = [0, 1], and consider the Markov operator T; : C([0, 1]) —
C([0,1]) defined, for every f € C([0,1]) and 0 < x < 1, by

Ty(f)(x) = (1 —2) f(0) + 2 f(1). (3.6)

Then, the Bernstein—Schnabl operators associated with T are the classical
Bernstein operators

n

B = 3 () - oyt (5)

k=0

(n>1, feC([0,1]), x € [0,1]), and, considering a > 0 and (j,),>1 in M;"([0,1]),
from (3.1) and (3.3) we get

Culh)) = (1) [ ()i @)

n—+a

(n > 1, f € C([0,1]), x € [0,1]). In particular, if all the w,’s are equal to
the Borel-Lebesgue measure A; on [0,1] and a = 1, then formula (3.7) gives
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the classical Kantorovich operators (see [2, Section 5.3.7]). Moreover, as already
remarked, for a = 0 we obtain the Bernstein operators; thus, by means of (3.7), we
obtain a link between these fundamental sequences of approximating operators
in terms of a continuous parameter a € [0,1]. Special cases of operators (3.7)
have been also considered in [6] and [10] and we omit the details for the sake of
brevity.

When a is a positive integer, from (3.4) we obtain

N =3 (1) -
/ / k;+y1+ +y“)d,u(y1)"'dﬂ(ya) (3.8)

(n>1,f e C(0,1),0 <z <1),puc M+([0 1]) being fixed. When p is
the Borel-Lebesgue measure on [0, 1], we obtain the previously mentioned Kan-
torovich operators of order a (see [8, Examples (A)] and [12] for a = 2). Finally,

from (3.5) and with b, < a (n > 1), we get the operators

N =3 (§)eta—ar-ss () 39)

n a
k=0 +

(n>1, f € C([0,1]), z € [0, 1]), which were first considered in [17] for a constant
sequence (by)p>1.

2. Let Q4 := [0,1]¢, d > 1, and consider the Markov operator Sy : C(Qg) —
C(Qq) defined by

1

Sa(f)(x) == Z FOmny -y Oyt (1 — ) Mgl (1 — )R (3.10)

(f € C(Qq), x = (z1,...,74) € Qq), where 0;; stands for the Kronecker symbol.
In this case, the Bernstein-Schnabl operators associated with Sy are the clas-
sical Bernstein operators on ()4 defined by

B@ = ) ﬁ(;f)xh(l—x)hf(%%)

(n>1, feC(Q), = (x1,...,24) € Qq). Then, taking (3.3) into account, the
operators C,, given by (3.1) become

h h
x/ i Lras d+a8d)dun(sl,...,sd) (3.11)
d
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When all the p,’s coincide with the Borel-Lebesgue measure A\; on )y and
a = 1, the operators C),, turn into a generalization of Kantorovich operators
introduced in [18]. (Another special case of (3.11) has been studied in [3].)

3. Denote by K, the canonical simplex in R?, d > 1, that is,

d
Ky := {(xl,...,:cd)GRd‘xiZO(izl,...,d) and inﬁl},
i=1

and consider the canonical Markov operator T : C(K,;) — C(K,) defined by

d d
Tu()@) = (1= 3 0) £(0)+ D wif(en) (3.12)
i=1 i=1
(f € C(Ka), = (x1,...,2q) € Kg), where, foreveryi =1,....d, e; :== (0;j)1<j<d,
with d;; being the Kronecker symbol (see, e.g., [2, Section 6.3.3]).

The Bernstein—Schnabl operators associated with Ty are the classical Bernstein
operators on Ky defined by

BN = 3 " 2l g

...k, —_ .= |
by, ha=0...0 hl. hd(n hl hd>
hi+-+hg<n

(o3a) (.. iy

1=1

(n>1, fe C(Kq), z=(21,...,24) € K4). By once again using (3.3), we obtain

Cu(f)()
n! n—-0 hi
= Z hl!---hd!(n—hl—---—hd)!m’fl”.lﬁd<1_zmi>

hi,....,hq=0,...,n i=1
hi4-+hq<n

></ f(h1+a81 ho + asg ha + asq
K, n+a  n+a T n+a

) dpin (81, - -+, Sd) (3.13)

(n>1, feC(Ky), x=(21,...,14) € Ky).

When all the pu,,’s are equal to the Borel-Lebesgue measure \; on K; and a = 1,
these operators are referred to as the Kantorovich operators on C(K,4) and were
introduced in [18]. Another particular case of (3.13) has been investigated in [3,
Section 3].

For the sake of brevity, we omit details of the operators corresponding to (3.4)
and (3.5) in the setting of C(Qq) and C(K,).

4. APPROXIMATION PROPERTIES IN C(K)

In this section, we present some approximation properties of the sequence
(Cy)n>1 on C(K), showing several estimates of the rate of convergence. In order to
prove that the sequence (C),),>1 is a (positive) approximation process on C'(K),
we need the following preliminary result.
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Lemma 4.1. Let (Cy,),>1 be the sequence of operators defined by (5.1) and asso-
ciated with a Markov operator satisfying (2.4) (or, equivalently, (2.5)). Then, for
every h, k € A(K), we have

On(h):nia/Khdun-H

h (4.1)

n—+a

and

a? na
e — 1l — .
Cy,(hk) (n+a>2/th:dun +(n+a)2/Khdun k

na 2

! mékd"”'h+mi—a)z&(hk) (4.2)

In particular,

a? 2na 2

e o G [ i a0, (4

Proof. By (3.2), if h € A(K), then I,,(h) = ;2-h + 4= [ hdu, - 1, and hence

(4.1) follows by taking (3.3) and (2.7) into account. Analogously, (4.2) is a con-
sequence of the identity

Cn(h?) =

n2

a2
hk hkdu, -1
mrar " ntap /K s

e e g ()

and (2.8). Formula (4.3) is a direct consequence of (4.2). O

I,(hk) =

The following approximation result holds.
Theorem 4.2. Under assumption (2.4), for every f € C(K) we have
lim C,,(f) = f wuniformly on K. (4.4)
n—oo

Proof. First, observe that the space A(K) contains the constant functions and
separates the points of K by the Hahn—Banach theorem. Then, according to |2,
Theorem 4.4.6, Example 3] (see also [4, Theorem 1.2.8]), A(K) U A(K)? is a
Korovkin subset for C'(K). Hence the claim will be proved if we show that, for
every h € A(K),

lim C,(h) =h and lim C,(h*) = h?

n—oo n—00

uniformly on K. All these assertions follow from Lemma 4.1, observing that the
sequences ( [ hdpy,)n>1 and ([, h* dpy,)n>1 are bounded for every h € A(K). O

Now we present some quantitative estimates of the rate of convergence in (4.4)
by means of suitable moduli of continuity in both the finite-dimensional and
infinite-dimensional settings. To this end, we need to recall some useful definitions.
We begin with the finite-dimensional case, that is, K is a convex compact subset
of R% d > 1. Then we can estimate the rate of uniform convergence of the
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sequence (Cy,(f))n>1 to f by means of the first and second moduli of continuity,
respectively, defined as

w(f,8) = sup{|f(x) — fW)| | .y € K, ||z =yl < 6} (4.5)
and

r+y

wr(£,0) = sup{| f(@) — 2/ (5

for any f € C(K) and 6 > 0.

In the general case of a locally convex Hausdorff space X (not necessarily of
finite dimension), we will use the total modulus of continuity which we are going
to define. First, if m > 1, hy,..., hy, € L(K) (see (2.1)) and § > 0, we set

)+ fW)| | #y € K lle — yll: < 20},

H(hi, .. b, 6) = {(m,y) e K x K ] i(hj(x) — hy(y))” < 52}.

Fix a bounded function f : K — R; the modulus of continuity of f with respect
to hq, ..., h,, is defined as

W(fihy,y oo hy,0) = sup{|f(x) —f(y)‘ | (z,y) € H(hy, ..., hm,0)}.

Furthermore, we define the total modulus of continuity of f as

o[y - 1)
=1

myi@m—%}
Jj=1 (46

If X = RY, then there is a simple relationship between Q(f,d) and the (first)
modulus of continuity w(f,d) defined by (4.5); indeed,

w(f;pris. -5 prg, 0) = w(f,9), (4.7)
so that, setting r(K) := max{||z|2 | x € K},

Q(f,6) < w(f,or(K)),

the last inequality being an equality if d = 1.
By using Proposition 1.6.5 in [4] (see also [2, Proposition 5.1.4]), we get the
following result.

Q(f,0) ::inf{w(f;hl,...,hm,é) ‘ m>1, ke, h € L

:inf{w(f;hl,...,hm,l)‘mzl,hl,...,hmeL(

Proposition 4.3. For everyn > 1 and f € C(K),

4a2+1>
n+a /)

[Calf) = f]| < 29(
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Proof. Since C,,(1) = 1 (n > 1), we can apply estimate (1.6.14) in [4, Proposi-

tion 1.6.5] obtaining, for every n > 1, f € C(K), x € K and 0 > 0, and for every
hi,...,hy, € L(K), m>1,

@) = F@)] < (14 55 3 e Cosh) ol fihas o hnsd), (1)

where p(z, Cy, hi) = C,((h; — hj(2)1)?)(z), j = 1,...,m. Therefore,

Colf)(a) — f(@)] < (L+ 7a(0.2))S.0) @
where Q(f,6) is the total modulus of continuity (see (4.6)) and

To(0, ) := sup{z p(z, Cp, hy)(x) ‘ m>1,hy, ..., hy € L(K)
j=1

= 1
2
o [ = 5
j=1
Fix h € L(K). Keeping (4.1), (4.3), and (2.9) in mind, we have

Co((h = h(2)1)%) (2)
= C,(B?)(2) — 2h(2)Co(R) () + h2(x)

2

a? 9 2na n )
" (n+a) /Kh dpiy, + mh(ﬂﬁ)/]{hdﬂwr (n+a)QBn(h )(x)

2a 2n
— h hdp, — ———h? h?
Zb(a) [ = ) + )

a? ) B 2a? ; n 2\ (1
~ G g e G )

a’—n
h2
(n+ a)? (z)
2 2

a 2a
< — h2dn+—
—<n+a>2/K SRR
a2

+ mhz(aj).

Then, using the Cauchy—Schwarz and the Jensen inequalities, we get

T(h*)(x)

+

h(x)/Khdun (nfa>2

m

S Cu((hy = hi(2)1)°) (@)

j=1
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‘ Tz)gm: - 1/2 Z‘/hd,un

2

1/2

oo

2
J

(9 n+a)

[e.9]

Then, for every 6 > 0 and for every hy,...h,, € L(K), m > 1, such that
| Zm h?||ee = 1/62, we have

j=1""]

> Cullhy — @) o)
2a¢> 1 2a? =,
= (n+a)25_2+ (n~|—a)2 <Hz_:hj

2@2 1 Z h2

_(n—l—a)Qﬁ (n+a)?

/2 1/2 n 1
(Z /K h? d#n> + —(TL i a)2 ﬁ

1
oo+ n+a)252

_ 4a’4n 4a® + 1
2+ a)? T (n+a)d?’

From (2), we infer that

CD)e) - 1) = (14 Y

for every § > 0. Then setting § = \/(4a® + 1)/(n + a), we get the claim. O

We proceed to establish some estimates in the finite-dimensional case. First, we
state the following result involving w(f, d). In the rest of this article, e5 : K — R
will denote the function

= |l2ll3 = Zm’?(x) (z € K)

and, for a given x € K, d, : K — R will stand for the function

do(y) = lly —zl2  (y € K).
Proposition 4.4. For every f € C(K),n>1, and x € K,

Cal£)(@) = fl)] < 20( |yt n(T(e2)(@) = o) ). (48)

Moreover,

max(ad(K)% ||T(es) — ez||oo>>, (4.9)

HCn(f>_f||oo§2w<f’ Jita

where §(K) = sup{||z —yll2 | z,y € K}.
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Proof. Considering the coordinate functions pr,, ¢ = 1,...,d, clearly, for every
r e K,
a 2
42 =Y (pr;—pri(x))".
i=1

Therefore, from formula (1) of the proof of Proposition 4.3 and from (4.7) (see
also [2, Proposition 5.1.4 and (5.1.13)]), it follows that, for any n > 1 and § > 0,

ClP)@) — F@)] < (14 5Ou) (@) )l 6).

If C,(d?)(x) = 0, then, letting 6 — 0%, we get C,,(f)(z) = f(x) and, in this case,
(4.8) is obviously satisfied. If C,,(d?)(z) > 0, then for § := \/C,,(d2)(x), we obtain

|Ca(f)(@) = f(2)] < 2w(f, /Co(d2)(2))-

On the other hand, by applying Lemma 4.1 to each pr,, i =1,...,d, we have

2
2 a 2 n
— (T —
Culd)(@) = s [ i+ s (T(ea) @) = eafa).
and hence (4.8) holds. Clearly, (4.9) follows from (4.8). O

In the next result, we show a further estimate of the rate of convergence in
(4.4) by means of wy(f,d). To that end, according to [7], we set

)\n,oo = Oﬁr?gd}ichn((pZ) - SpiHoo’ (410)

where the functions ¢; are defined by

d
o =1, Qi = pry (2 =1,..., d) and Pd+1 = ZPT?- (4-11)
=1

Then we have the following result.

Proposition 4.5. For every f € C(K) andn > 1,

[0 = Al < € (ol +e (£ 25)),

where the constants C' and M do not depend on f.

Proof. Since every convex bounded set has the cone property (see [1, p. 66]), from
[7, Theorem 2’| we infer that, for every f € C'(K) and n > 1,

1Cu(f) = fll. < C(Anoll flloo + walf, AV2)),

where A, « is defined by (4.10) and the constant C' does not depend on f. In order
to estimate A, -, note that, for every n > 1, C,,(1) = 1 and, for i = 1,...,d and
x=(x1,...,24) € K, taking (4.1) into account,

Cotprte) )] = | [ pridn

n-+a
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hence
2ar(K)

n—+a

|1Cu(ei) =il <
where r(K) := max{||z||s | x € K}.

Y

On the other hand, by virtue of (4.3) and (2.9), for every n > 1, i =1,...

and r = (z1,...,249) € K we get

1
Color?)(w) = pri(e) = sz (o [ v a, -+ 2ma( [ v )

+ n(T(prf)(a:) — xf) —a(2n+ a)x?).
Therefore,

|Cn(90d+1)($) — 90d+1(x)}

< Z!Cn(prf)(w) — pri(z)]

d
< ;{G%(K)Q + 2adnr(K)* + HZ’T(W’?)@) - xf}

(n+a)?
+a(2n + a)r(K)z}
1 d
- ) :
S hta? { (2a(n + a) + 2adn +n)r(K)* +n ; T(pm)(w)}
d
- {7 73]
2
= %{%(” +a) + 2adn + 2n}.
Consequently,
2a + 2ad + 2
HCn((derl) - SOdJrlHOO < H—MT(K)Z
and, if we set M := max{2ar(K), (2a + 2ad + 2)r(K)*}, we get
7 n+a

this completes the proof.

5. APPROXIMATION PROPERTIES IN LP-SPACES

603

In this section, we investigate particular subclasses of the operators C,,, n > 1,
which are well defined in LP(K)-spaces, 1 < p < +oo. This analysis will be
carried out in the special cases where K is the d-dimensional unit hypercube (in

particular, the unit interval) and the d-dimensional simplex.

In order to estimate the rate of convergence, we recall here the definition of
some moduli of smoothness. Let K be a convex compact subset of R¢, d > 1,
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having nonempty interior. If f : K — R is a Borel measurable bounded function
and if 6 > 0, then we define the (multivariate) averaged modulus of smoothness
of the first order for f and step ¢ in LP-norm, 1 < p < 400, as

o = [lw(f, 50|, (5.1)
where, for every x € K,
w(f,z;0) ==sup{|f(t+h)— ft)| |t,t+h e K |t -] <5/2,
|t +h — x|y < 5/2}.

Furthermore, if f € LP(K), 1 < p < 400, and § > 0, then the (multivariate)
modulus of smoothness for f of order k and step 0 in LP-norm is defined by

1/p

ol £8)i= swp ([ [agr)ar)”
0<|h|<é

where, for x € K,

A F(z) = {Z, o1 fla +1h) if x + hk € K,

otherwise

(see [16, Section 1.3], [13], [14]).

We now restrict ourselves to considering the d-dimensional unit hypercube
Qq = [0,1]4, d > 1. For every n > 1, h = (hy,...,hq) € {0,...,n}% and
x=(x1,...,24) € Qq, We set

Py :ﬁ<) (1) "y

=1
then
P,n>0 and Z P,p=1 on Qq. (5.2)

Further,

/Qd Pyn(x)de = ﬁ (Z) /01 2l (1 — )" da; = " i e (5.3)

=1

Moreover, for any given a > 0, we set

Qnala) = ﬁ[ b bt a] C Qg

n+a n+a

in particular,

Consider the operators C,,, n > 1, defined by (3.11) with all the measures p,
equal to the Borel-Lebesgue measure on (4. In this case, the operators C,, are
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well defined on L'(Q,) as well and the operator S, satisfies (2.4). Furthermore,
if fe L'(Qq) and x € Qg, then

@ =3 Pt [ (D) du (5.4

n—+a

+a
0= > Pa(E) [ s 69
If d =1, formulas (5.4) and (5.5) turn into

oo [ (52

2

—~
=
=
S~—
Il
|M:
VRS
> 3

and, if @ > 0, then

N =3 (7)ata oy () [ s

h:() n+a

Theorem 5.1. Assume that a > 0. If f € LP(Qq), 1 < p < +o0, then
Proof. Since C(Qq) is dense in LP(Q4) with respect to the LP-norm ||-||,,, and since,

on account of Theorem 4.2, lim,, ., C,,(f) = f in LP(Q,) for every f € C(Qy),
it is enough to show that the sequence (C),),>1 is equibounded from LP(Q,) into

LP(Qq).
Fix, indeed, f € LP(Qq), n > 1, and = € Q4. By recalling that the function |¢|?
(t € R) is convex and that

p p
’/ g(u)dU‘ < [ |9w)]|"du
Qg Qg

for every g € LP(Qq), setting M := supn>1(—a&tr“1))d on account of (5.2) we get
h + au
c, P < P, ‘
Clh @) < e / 1Sy
he .....
n+a
= Z Pn,h(l’)( ) / ()" dv.
he{0,...,n}d a Qn,n(a)

P n+a \¢ »
Jeeres 8 (GEg) ,  Here

he{0,...,n}d

that is, ||C.(f)|l, < MY?| f|l,, and so the result follows. O
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We now present some estimates of the rate of convergence in Theorem 5.1.

Proposition 5.2. For every Borel measurable bounded function f on Qg, 1 <

p<-+o0c andn > 1,
La| B+ a?
HCn(f)—pr§07<f; \/m)

(see (5.1)), where the positive constant C' does not depend on f.

Proof. Let f be a Borel measurable bounded function on )4, and let p > 1. For
a fixed © € Qq, set V,(y) : =y — x for every y € Q4. By virtue of [14, Remark,
p. 285], defining M := sup{C,((pr; o ¥,)?)(z) | i = 1,...,d,x € Qq}, we have
that there exists a constant C' such that

[Ca(f) = £, < Cr(f; VM),

provided M < 1.

Therefore, in order to obtain the desired result it is enough to estimate M. Since
foreveryn >1,i=1,...,dand x € Qg, we have (pr;oV,)? = pr? —2z;pr, +x;1,
then

Cu((pry 0 Wa)*) (2) = Cu(pri) (@) — 22:C(pry) () + 27 Co (1) ().
One has C,,(1)(z) = 1 and, from Lemma 4.1,

Cn(pri)(z) =

a
i
2(n+a) n+a

Moreover, since B, (pr}) = fa; + 227 (see (2.9) and (3.10)), we have

2
9 B a nfa+1l)  nmn-1) ,
Cn(prz)(x> - 3(7’l+ a)z + (TL+ a)zxz + (’I’L"— 0,)2 xi‘
Then
2 2 2
c o) _a-n , n—a i a
((prz o V:) )(:1:) (n+a)2xl (n+ a)? 3(n+a)
n —a’ a?
= " z(—-z)+—
(n+a)2x( x)+3(n+a)2
n — a? n a? B 3n + a?
T 4(n+a)?  3(n+a)?  12(n+a)?
Therefore, M < 3”*“ < 1 and the result follows. O

12(nta)?

Now we present some estimates of the approximation error ||C,(f) — fl|, by
applying the results contained in [7]. To this end, for every n > 1 and p € [1, +00],
we have to estimate the quantity A, , defined by

Anp = max HC i) — i ) (5.6)

0<i<d+1
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where the functions ¢; are defined by (4.11). Note that ||C},(1) — 1|, = 0. For

every i = 1,...,d, by virtue of Lemma 4.1 we get
a 1
(pry)(@) —priz) = —— (5=
therefore,
a 1 P 1/p
H (plrz) p’r”LHp n+a /Qd 5 x X
1
1 P 1/p
n+al\fy 12
a a

2t a)pt D = dnta)

Moreover,

||Cn(90d+1) - SOd—i-al

“wrarls

< ;2 (/Q (% +n(a+1)d + (n + 2na + a2)d>pda:>1/p
d

d 2
(% +n(a+1)+ (n+2na—|—a2)>

p da:) 1/p

24 d d
%—I—n(ajtl);xi—(n+2na+a2);x?

|
E)

+
&
N

”iaG§+W+”+ﬂﬁ4F)s@@iii

IN

n—+a

3d(a +1)?
n+a

Consider the Sobolev space W2 (K) of all functions f € L°°(K) such that, for
every |k| < 2, D*f exists (in the Sobolev sense) and D¥f € L*(K), endowed
with the norm || f{|2,00 := maxg<a || D* f| Lo (x)-

Ap <

n,p —

(5.7)

Proposition 5.3. If f € W2 (Qq), then, for every 1 <p < +o00 andn > 1,
. 1

o) = F@Il, < Cllflaocnp < Cllf oo, (58)
where the constants C and C' do not depend on f. Furthermore, if f € LY(Qq),
then, for everyn > 1,

< Ouallflh + waraa (£ NGT))
3d(a +1)?

n——l—aHf”l + wd+2,1<f, (
with C' not depending on f.

3d(a + 1)2> 1/(d+2)>>,

SO( n+a

(5.9)
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Proof. Keeping (5.6) and (5.7) in mind, estimate (5.8) follows from Theorem 1 in
[7]; moreover, formula (5.9) is a consequence of [7, Theorem 2| and (5.7). O

To obtain a result similar to Theorem 5.1 for the d-dimensional simplex Ky, d >
1, we will adapt the proof for ()4 by making the necessary modifications. As usual,
for every n > 1 and h = (hy,...,hg) € {0,...,n}? we set |h| = hy+ -+ hy. For
every n > 1, h = (hy,...,hq) € {0,...,n}% |h| <nand x = (z1,...,14) € Ky,
we set

p* ( ) n! h1 ha <1 i >"‘Zg—1 hi
nh Bl hal(n—hy — - — hg)l ! ! p—
Then

he{0,...,n}e |h|<n
and, on account of [9, Section 976],

i} _oonl 1 1
/KdP"’h(gc)dx_ mrd] A Dn2)(ntd) (Dl

Moreover, for any a > 0, we set

h
K, ;:{ eRd’ L < g foreachi=1,...,dand
n(a) (a1 zq) T a < x; for each 1 an

d ] d
;$i§ n+a<a+;hi>};

in particular,

Kopla) C Ky and  Ky= | Kuala).

Now consider the operators C,,, n > 1, defined by (3.13), where each p, is the
normalized Borel-Lebesgue measure d!\; on Ky. Also, in this case the operators
C,, are well defined on L'(K,) and the operator (3.12) satisfies (2.4). Moreover,
for every f € L'(Ky) and z € Ky,

Cine) = Y aru@ [ (A
n}d Kq

n—+a
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Therefore, if 1 < p < 400 and a > 0, then

/Kd}0n<f)(x>pdr<he{2w /KdP::h )dxd'<nza)d/&,h(a)mv)‘pd”
<anf 7”;:“1 /}f )P do,

n+a

and hence, setting M := sup,>, d'( ))d, we get

(NI, < 321111,

By the same reasoning as in the proof of Theorem 5.1, we infer the following.

Theorem 5.4. If a > 0, then, for every f € LP(Ky), 1 < p < 400, we have
limy, 00 Cr(f) = f in LP(Ky).

For Theorem 5.4, we will also furnish some estimates of the rate of convergence
by applying the results contained in [7]. In order to do this, we first evaluate \,,,
for each n > 1 and 1 < p < +oo (see (5.6)). First of all (see [9, Section 976]), we
recall that, for every k € N,

S T(k+1) 1 1
/defd‘”_ Thtdkitd Grdktd—1)-(+1) (5.10)

As in the case of a hypercube, ||C,,(1) — 1|, = 0. For every i = 1,...,d, by virtue
of Lemma 4.1 and (5.10) for £ = 0, 1, we get that, for every = = (z1,...,24) € Ky,

a
n+a’

a 1
|Cn<p7"z‘)(x) _pri($)| T nialdri x| <

and therefore,

a
Cu(pr;) —pril| < —————.
H (prl> pTsz = (n—i—a)(d')VP
Moreover, from (2.9) and (3.12) it follows that B, (pr?) = “2pr? + Lpr,.
Thus, from Lemma 4.1 and (5.10), for k = 2, for every x = (z1,...,24) € Kg,
we get

241 2 2nad! 1
Co(pr?) () = — Z
(p’l”»(l’) (n+a)2 (d_|_2)l - (n—i—a>2 (d—i-l)'x

ThraEnt T T

2a?
" (nta)2(d+2)(d+1)
n(2a+d+1) . n(n—l)x2
m+a)2d+1)" (n+a)?2™
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and hence (see (4.11))

|Co(@as1)(x) = par(z)|

B 1 2a2d n(2a +d+1) 2 2

_(n+a)2x)(d+2)(d+1)+ (d+ 1) ;”si_<”+2"a+a);x"
1 2a2d n(2a+d+ 1) 2

S(n+a)2<(d+2)(d+1)+ d+ 1) +n+2na+a).

Thus

HCn(SOdH) - 90d+1||p
1 2a*d n(2a+d+1)
= (n+a)2(d!)1/P((d+2)(d+ RERCESY
2a*> +2d(a+1) + (d+1)(a + 1)* . 3d+3 (a+1)?
(n+a)(d)/r(d+1) — (dHYr(d+1) n+a

—|—n+2na—|—a2>

Accordingly,

3(a+1)?
(d)Vr(n+a)
As a consequence, we get the following result.

>\n,p S

Proposition 5.5. If f € W2 (K,), then, for everyn > 1,

~ 1
HCn(f) - pr < C||f||2,oo/\n,p < C||f||2,oo—a

n+a
where the constants C' and C' do not depend on f. Moreover, if f € L'(Ky), then,
for every 1 <p < 400 andn > 1,

ICa(F) = F@, < COnallfll +waraa (£ M45))

< C(zf(an——:lzjuful - wd+271(f’ (Zl(?n——:—lc);)l/(dw)))

with C' not depending on f.

6. PRESERVATION PROPERTIES

In this section, we will investigate some shape- and regularity-preserving prop-
erties of the C,’s by proving that, under suitable assumptions, they preserve
convexity and Lipschitz-continuity. (Relation (3.3) yields that some of the preser-
vation properties of the B,’s (see (2.3)) are naturally shared by the C,,’s.)

First of all, we investigate the behavior of the sequence (C,,),>1 on Lipschitz-
continuous functions and, to this end, we recall some basic definitions. Here we
assume that K is metrizable, and we denote by p the metric on K which induces
its topology. The p-modulus of continuity of a given f € C(K) with respect to
0 > 0 is then defined by

wp(f,0) = sup{|f(x) = f(W)| | 2,y € K, p(x,y) < 0},
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Furthermore, for any M > 0 and 0 < o < 1, we denote by
Lip(M, ) == {f € C(K) | |f(z) = f(y)| < Mp(z,y)* for every z,y € K }

the space of all Holder continuous functions with exponent o and constant M.
In particular, Lip(M, 1) is the space of all Lipschitz continuous functions with
constant M. Assume that

w,(f,t0) < (1 +t)w,(f,9)
for every f € C(K), d,t > 0. From now on, we suppose that there exists ¢ > 1
such that
T(Lip(1,1)) C Lip(c, 1), (6.1)
or, equivalently,
T(Lip(M, 1)) C Lip(cM, 1),
for every M > 0.

For instance, the Markov operators 17, Sy, and Ty of parts 1, 2, and 3 of
Examples 3.1 satisfy condition (6.1) with ¢ = 1, by considering on [0, 1] the usual
metric and on )y and K, the [;-metric, that is, the metric generated by the
l1-norm (see [4, p. 124]). Under condition (6.1) it has been shown that (see [4,
Theorem 3.3.1])

B,(f) € Lip(cM, 1) (6.2)
for every f € Lip(M,1) and n > 1. Furthermore (see [4, Corollary 3.3.2]), for
every f € C(K),d >0and n > 1,

wWo(Ba(f),6) < (1+ c)wp(f.9) (6.3)
and
B, (Lip(M, a)) C Lip(c*M, «) (6.4)

for every M > 0 and a €]0,1]. Then, taking (6.2) into account, after noting
that I,,(f) € Lip(M, o) whenever f € Lip(M, «) (see (3.2)), we easily deduce the
following proposition.

Proposition 6.1. Assume that condition (0.1) is satisfied. Then, for every f €
Lip(M,1) and n > 1, C,(f) € Lip(cM, 1).

Moreover, we see how (6.3) and (6.4) yield the following result, since w, (1, (f), §)

wp(f7 5)

Proposition 6.2. Assume that condition (0.1) is satisfied. Then, for every f €
C(K),0>0andn >1,

wp(Cn(f):0) < (14 c)wp(f,9)
and
C,(Lip(M, a)) C Lip(c*M, )
for every M >0 and 0 < a < 1. In particular, if T(Lip(1,1)) C Lip(1,1), then
Wy (Cn(f),8) < 2w,(f,0)

and

IA
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C,(Lip(M, a)) C Lip(M, a)
for every M >0 and 0 < a < 1.

Below we state some further properties of the operators C,, for special functions
f € C(K). To this end, we need some additional concepts. We first recall that,
if T is an arbitrary Markov operator on C(K), then a function f € C(K) is said
to be T-convez if

fea <T(f.a) forevery ze€ K and a € [0, 1],

where f,, is defined by f,.(z) := flaz + (1 — a)z2) (x € K). If K = [0,1] and
T, denotes the operator (3.6), then a function f € C([0,1]) is Tj-convex if and
only if it is convex. For K = Qg and T' = S, (see (3.10)), a function f € C(Q,)
is Sg-convex if and only if f is convex with respect to each variable. Finally, for
K =Ky and T =Ty (see (3.12)), a function f € C(K,) is Ty-convex if and only
if it is axially convex, that is, it is convex on each segment parallel to a segment
joining two extreme points of K, (see [4, Section 3.5] for more details).

In general, each convex function f € C(K) is T-convex. Moreover, T-axially
convex functions are T-convex as well (see [4, Definition 3.5.1 and remarks on
p. 148]). In [4, Theorem 3.5.2] it has been shown that, if (B,,),>1 is the sequence
of Bernstein—Schnabl operators associated with T and if T satisfies hypothesis
(2.4) (or (2.5)), then

FE<B(f)<T(f), n=1

whenever f € C(K) is T-convex. As a consequence, we have the following result.

Proposition 6.3. Under hypothesis (2./) (or (2.5)), if f € C(K) is T-conver,
then, for anyn > 1,

Cu(f) < Cu(T(f)).

In particular, if f is T-convex and each I,,(f) is T-convex, then, for everyn > 1,

Li(f) < Calf) < T(La(f))-

Apart from the case of the interval [0, 1] and the classical Bernstein operators,
in general, Bernstein—Schnabl operators do not preserve convexity. A simple coun-
terexample is given by the function f := |pr; — pry| defined on the 2-dimensional
simplex Ky (see [15, p. 468]). Hence, in general, the C,,’s do not preserve convex-
ity either. But it is possible to determine sufficient conditions in order that the
B,’s (and, hence, the C,’s) preserve convexity.

For a given f € C(K), we set

Fs)=1(57) (stek)

and

MFiaa) = [[ Fsndite)ait)
= [ Fsodis dio
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2 [ Fendatis)ait
K2
s+t

= B+ BaP) =2 |7 (5) dis) dif

for every x,y € K.

Theorem 6.4. Suppose that T' satisfies the following assumptions:
(c1) T maps continuous convex functions into (continuous) conver functions,
(co) A(f;z,y) > 0 for every convez function f € C(K) and for everyx,y € K.
Then each C,, maps continuous convex functions into (continuous) convex func-
tions.

Proof. According to [4, Theorem 3.4.3], under assumptions (¢;) and (c2), each
Bernstein—Schnabl operator B,, maps continuous convex functions into (continu-
ous) convex functions. Therefore, the result follows from (3.3) taking into account
that each I,(f) is convex, provided that f € C'(K) is convex. O

Remark 6.5. In [4, Remark 3.4.4 and Examples 3.4.5-3.4.11] there are several
examples of settings where conditions (¢;) and (c2) are satisfied. This is the case,
in particular, when K = [0, 1] and 7" = T} (see (3.6)). Therefore, all the operators
defined by (3.7), (3.8), and (3.9) preserve the convexity.

Finally, we point out that if K = Ky, d > 1, then the Bernstein operators
on C(K,), that is, the Bernstein—-Schnabl operators associated with the Markov
operator (3.12), preserve the axial convexity (see [2, Theorem 6.3.2], [4, Theo-
rem 3.5.9]). On the other hand, if f € C(K,) is axially convex, then I,(f) is
axially convex too for every n > 1. Therefore, on account of (3.3), we conclude
with the following.

Corollary 6.6. Considering the canonical simplex K; of R, d > 1, then the
operators C,, defined by (3.13) map continuous azxially convex functions on Ky
into (continuous) azially conver functions.
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