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NONCOMMUTATIVE HARDY-LORENTZ SPACES
ASSOCIATED WITH SEMIFINITE SUBDIAGONAL ALGEBRAS
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ABSTRACT. Let A be a maximal subdiagonal algebra of semifinite von Neu-
mann algebra M. For 0 < p < oo, we define the noncommutative Hardy—
Lorentz spaces HP*(A), and give some properties of these spaces. We obtain
that the Herglotz maps are bounded linear maps from A2 (M) into AP (M),
and with this result we characterize the dual spaces of HP*(A) for 1 < p < co.
We also present the Hartman—Wintner spectral inclusion theorem of Toeplitz
operators and Pisier’s interpolation theorem for this case.

1. INTRODUCTION

Let T be the unit circle of a complex plane equipped with a normalized Lebesgue
measure dm. We denote by H?(T) the usual Hardy spaces on T, the space of func-
tions on the unit circle which are in LP(T) with respect to the Lebesgue measure
and whose negative Fourier coefficients vanish. These spaces have played an im-
portant role in modern analysis and prediction theory.

In the setting of operator algebraists, a noncommutative version of H, spaces
was given by Arveson. In 1967, Arveson [3] introduced the concept of maximal
subdiagonal algebras A of a von Neumann algebra M, unifying analytic function
spaces and nonself-adjoint operator algebras. In the case that M has a finite
trace, H?(A) may be defined to be the closure of A in the noncommutative
L, space LP(M). Subsequently, Arveson’s pioneering work has been extended to
different cases by several authors. For example, Marsalli and West [18] obtained a
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series of results including a Riesz factorization theorem, a Herglotz transform, and
the dual relations between H?(A) and H9(A), and Bekjan and Xu [6] presented
the more general form of a Riesz and Szego type factorization for these spaces.
Recently, the noncommutative H, spaces have been developed by Blecher, Bekjan,
Labuschagne, Xu, and their coauthors in a series of papers. On the other hand,
it is proved by Ji [13] that a semifinite subdiagonal algebra A is automatically
maximal. This eventually led to the definition of noncommutative Hardy spaces
associated with semifinite subdiagonal algebras by Bekjan [4]. In this setting,
Bekjan [4] obtain that the conjugation and Herglotz maps are bounded linear
maps from LP(M) into LP(M) for 1 < p < oo, the dual relations between HP(A)
and HY(A), and Pisier’s interpolation theorem and so on.

In this article we introduce the noncommutative Hardy-Lorentz spaces associ-
ated with semifinite subdiagonal algebras. If w = 1, the noncommutative Hardy—
Lorentz spaces HP*(.A) correspond to the noncommutative Hardy spaces H?(A).
By adapting the techniques in [4], [19], and [18], we obtain some properties of
these spaces, which include some theorems about Herglotz maps, dual spaces,
and Toeplitz operators, and Pisier’s interpolation theorem for this case.

2. PRELIMINARIES

Let (€2, %, v) be a complete o-finite measure space, and let Lo(Q2) be the space
of all classes of v-measurable functions defined on Q. Let f € Lo(Q2). Recall that
the distribution function of f is defined as

de(s) =v({teQ:|ft)]>s}), s>0,

and its nonincreasing rearrangement is defined as
fr@t) =inf{s > 0:ds(s) <t}, t>0.

It will be sometimes convenient to write L? = L?(0,00),0 < p < oo, and
Lo = Ly(0, 00) for brevity. When w is a nonnegative, locally integrable function
on (0,00) and not identically zero, we say that w is a weight. For a given weight
w, let W(t) = fotw(s) ds < 0o,t > 0. We write W € Ay if W(2t) < CW(t),t > 0,
holds for some constant C' > 0.

Let 0 < p <oo. If (2, 3,v) = (R, X, w(t)dt), we write LP(w) instead of LP(£2).
If the measure dv(t) = w(t)dt, we will write d¥ and f; instead of dy and f*,
respectively.

Let w be a weight function and let 0 < p < co. We write w € B, if there exists
some constant C' such that

0 1 T
/ @dtgo—/ w(t)dt, Vr >0,
r P rP 0

and we write w € B if there exists some constant C' such that

/Or E /Otw(s) ds] dt < c/orw(t) dt. Vr>o0.

See [2], [1], and [7] for more information on these weight functions.
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For f € Ly and 0 < p < o0, let

[ fllar, = (/OOO F () w(t) dt)zl’ < .

We define the Lorentz space AP as the set of all f € Ly such that || f][,» < o0;
that is, A = {f € Lo : f* € LP(w)}. Similarly, we define the Lorentz space A2
as the set of all f € L such that f* € L®(w). If W € Ay, then A = L.

Let 0 < p < co. The space I'? is then defined as the set of all f € Ly such that

ez = ([ 5pat @)’ <o,

where f*™*(t) = %fot f*(s)ds. For any 0 < p < oo, it is well known that AP is
a quasi-Banach space if and only if W (t) € Ay. For 0 < p < oo, we know that
I'? = AP if and only if w € B,. For further results about these spaces, the reader
is referred to [2], [7], [14], and [15].

In what follows, we will keep all previous notation throughout the paper, and w
will always denote a weight function on (0,00) with w ¢ Ly and W € A,.

For 0 < s < 0o, we define the dilation operator Dy on AP by

(D f)(8) :f(é), 0<s<00,0<t< 00,

Define the lower Boyd indices a» and the upper Boyd indices 3,» of AP by

. log s d 3 . log s
ape = lim ———— an po= lim —————.
= I = B e
It follows from [1] that
logt logt
apr = lim —fl and Bar = lim fl ;
7 log WP (t) 20 log W (1)
where W (t) = sup,. %,t > 0. It is clear that 0 < ayr < Byr < 00 and

apre = rope, Byre = 1By, > 0. If AP is a Banach function space, then 1 <
azr < Bap < 00. For further results about Boyd indices of quasi-Banach spaces,
the reader is referred to [1], [8], and [16].

Let M be a semifinite von Neumann algebra acting on a Hilbert space H with
a normal semifinite faithful trace 7. (We refer the reader to [21] and [26] for
noncommutative integration.) We denote by P(M) the complete lattice of all
projections in M. For every x € M, there is a unique polar decomposition z =
u|z|, where || € M* and u is a partial isometry operator. Let r(z) = u*u, and let
[(x) = uu*. We call r(x) and {(z) the right and left supports of z, respectively. If
x is self-adjoint, then r(z) = [(x). This common projection is then said to be the
support of x and denoted by s(z). Let S(M)*T = {x € MT : 7(s(x)) < oo}, and
let S(M) be the linear span of S(M)*. The closed densely defined linear operator
x in ‘H with domain D(z) is said to be affiliated with M if and only if u*zu = x for
all unitary operators u which belong to the commutant M’ of M. If z is affiliated
with M, then we define its distribution function by A\i(x) = 7(e,)(|x])), where
€(t,00)(|2]) is the spectral projection of |x| associated with the interval (t,00). The
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decreasing rearrangement of x is defined by u:(x) = inf{s > 0 : A\s(z) < t}. We
will denote simply by A(x) and p(z) the functions t — M\ (z) and ¢ — (),
respectively. We call x T-measurable if As(x) < oo for some s > 0. The set of all
T-measurable operators will be denoted by Lgo(M). The set Loo(M) is a x-algebra
with the sum and product being the respective closure of the algebraic sum and
product.

The measure topology in Lgo(M) is the vector space topology defined via the
neighborhood base {V(¢,0) : €,6 > 0}, where

V(e,8) = {z € Loo(M) : T(€(e.00) (|2])) < 6}

and e o) (||) is the spectral projection of |z| associated with the interval (e, c0).
With respect to the measure topology, Lgo(M) is a complete topological x-algebra.
For 0 < p < 00, let

LP(M) = {x € Lop(M) : ||all, == 7 (|z]7)* < oo}

Then (LP(M); || - ||,) is a Banach (or quasi-Banach for p < 1) space. As usual,
we put L>°(M) = M, and denote by || - || (= - ||) the usual operator norm.
Let 2 € Loo(M), and let 0 < p < co. We define

2 llpe = lzllaz o = [[u@)]] s (2.1)

The noncommutative Lorentz space AP (M) is defined as the space of all x €
Lyo(M) such that ||z, < oo.If w =1, then the noncommutative Lorentz space
AP (M) is the usual noncommutative L, space LP(M). It is well known that

lll, = (/OooptPIW()\t(x)) dt);’.

Let 0 < p < oo. The space I'? (M) is defined as the set of all © € Lgy(M) such
that ||2|lre e = [|p(2)]Ire, < 00. For 0 < p < oo, we infer from Theorem 4 of [24]
that AP (M) and I'? (M) are quasi-Banach spaces.

We should introduce the Kéthe dual spaces generalizing the definition that can

be found in [7] in the context of classical Lorentz space AP, 0 < p < oo. We define
the Ko6the dual space of A2(M) by

AL (M) ={x € Loo(M) : ||| s px = sup 7(|zy]) < oo}

lyllp,w<1

If z € AP (M)*, then it is clear that

2/l = sup eyl = sup{|r(zy)| : lyllpe < 1}.

lyllp,w<1
Proposition 2.1.
(1) Let 0 < p < oo. For x € AP (M)*, we have
lllazova = e -

Moreover, (AP)*(M) = AP (M)* is a noncommutative Banach function
space.
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(2) Let {e;}ien be an increasing family of projections in M and 0 < p < oc.
If e; converges to 1 in the strong operator topology, then

llze; — z||pw — 0, lleix — z||pw — 0, Vze AL(M).
(3) Ifwe B,NB: and 1 < p < oo, then
AL(M)" = AL(M)™ = (AL)* (M) = TEL (M),

where W(t) = tTW (t)"%w(t),t > 0, ]lj + é =1.
(4) Let {e;}ien be an increasing family of projections in M and 1 < p < oc.
If e; converges to 1 in the strong operator topology and w € B, N B, then

|ze; — a:Hp%(M) — 0, ||leix — :IZHF%(M) — 0, Vzeli(M),
where w(t) = tTW(t)"%w(t),t > 0, zl) + é —1.

Proof. Since w € B, N B, it follows from Corollary 2.3 and Proposition 2.6 of
[1] that 1 < ape < 5/\5 < o0o. Then Proposition 2.3.3 and Theorem 2.3.4 of [7]
and Theorem 3.7 of [8] mean that A? (M) is an interpolation space for the couple
(LY(M), M). Therefore, by slightly modifying the proof of Proposition 2.4 and
Proposition 2.6 in [11], we can prove (1)—(3) and omit the details.

(4) Since w € B, applying Proposition 1.7 and Corollary 1.12 of [15] gives
Bra < 0o. According to w € B,NBY,, we obtain I'; = (A?)*. Then we see that I'}
is an Banach space and 1 < o . By Theorem 3.2 of [8], there exist 71,79 with 0 <
r < ar: < ﬁrg < 19 < oo such that I' is an interpolation space for the couple
(L™, L"™). It follows that ds(s) < oo holds for every s > 0 and f € I'Z . Therefore,
any sequence (f;) in T2 with f; | 0 satisfying f7*(t) = 1 fo s)ds ] 0, and so
I leFg 1 0. The proof can be done similarly to (2). The detalls are omitted. [

Remark 2.2.

(1) Let 1 < p < oo and w € B,NBL. It follows from Theorem 2.4.9 and Corol-
lary 2.4.23 of [7 ] that (Ap) separate points if and only if (AP)* #£ {0}
if and only if fo ) yp1dt < oo. If fo P* dt < oo, by Proposi-
tion 2.1(3), then we deduce that A2 (M)* separates points. Since we deal
further with dual space (Ap) which separates points, we will assume in
what follows that fo W(t) P* dt < 0.

(2) Let 0 < p < oo. Then S(M) is dense in AZ(M). Indeed, S(M) C
AP (M) is clear. Now let = € AP(M). Then lim; . A\i(z) = 0 and
lim o0 () = 0. We write z,, = wejo,(|z]). It follows from Proposi-
tion 3.2 of [9] that p(z) < oo for all £ > 0. Therefore,

(T — ) = (xe(n,oo)(’xD) < (@) XA (@)) (E) = 0, n— 00
and g (z — x,) < py(x). The dominated convergence theorem shows that

|z = @pllan(ry = 0, n— o0
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Thus M N AZ(M) is dense in AP (M). Let y € A2 (M). We write e, =
€L o) (lyl) and y, = ye,,. According to Lemma 2.5 and Proposition 3.2 of

[9], we obtain y,, € S(M) C M N AP (M),

1 1
pe(y — yn) = ut(ye[o,g(lyl)) < ﬁ/it(e[o,%}ﬂy’)) < - — 0, n— oo,

and p:(y—1yn) = pe(yer) < ue(y). By the dominated convergence theorem,
we deduce that ||y —y,|[ar = 0,7 — oo, and so S(M) is dense in AP (M).

Proposition 2.3. Fort € Ly(M) and x € AP(M), let Li(z) = tx, and let
Ri(z) = at.
(1) The operator L; on AP (M) is bounded if and only if t € M. Moreover,

| Lell = [[2]]-
(2) The operator Ry on AP (M) is bounded if and only if t € M. Moreover,
|22l = [I2]]-

(3) Let R ={R; : t € M}, and let L = {L; : t € M}. Then R and L are
subalgebras of B(AP (M), the algebra of all bounded linear operators on
AP (M).
(4) Fore >0 and 0 < p < 00, we set e. = e oo)(|t|) and A} (e;) = {e.x: x €
AP (M)}. Then A)(e.) is a closed subspace of AP (M).
Proof. (1) If t € M, then it is clear that || L;|| < ||¢||. Conversely, for ¢ € Lgo(M),
we write e, = emoo)(|t]),n = 1,2,.... By Proposition 21 of [26], there exists
no € N such that 7(e,,) < oo, and so 7(e,) < oo for all n > ng. Now, we
suppose that ¢ is an unbounded operator. Then the projection e, has positive
trace for infinitely many n € NT. Without loss of generality we suppose that
0 < 7(e,) < oo for all n € N*. Since 7(e,,) # 0 and ne,, < |t|e,, we have

00 1 00 1
wlenlh = ([ etneaas)ds)” < ([ nltlen) () ds)” = 1 Lieole
0 0
a contradiction. Thus t € M. Moreover, if t € M, then, arguing as before,
Cllewe) (D], < [[Eeec00) (1)

pw =
holds for all 0 < C' < ||t]|. Thus, C' < || L¢|| holds for all C' € (0, ||t||). Hence ||t|| <
|L¢||. This completes the proof. Similarly, (2) holds. (3) and (4) are clear. O]

Proposition 2.4. Let M be a finite von Neumann algebra. Put R = {R; : t €

M}, and put L = {L; : t € M}. Then R and L are subalgebras of B(AP (M))
which are each other’s commutants.

Proof. First it is clear that R C L. Conversely, for any y € M, we deduce that

(1) 1 )
[Yllpw = (/0 fu(y)Pw(t) dt)” < lyW (=(1)) .

[

Since M is a finite von Neumann algebra, then [|y||, ., < ||y||W(T(1))% < 00. This
means that M C AP (M). Let T' € B(A?(M)) with TL; = L;T for all L, € L. If
y € M, then we have

T(y) = T(L,1) = L,T(1) = yT(1). (2.2)
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Next we show that T'(1) € M. If T(1) € A?P(M) and T'(1) ¢ M, then the
projection e, = €, m+1)(|T(1)]) has positive trace for infinitely many n € N*.
Wlthout loss of generahty we suppose that 0 < 7(e,) < oo for all n € N*. Let
Yn = Tef U™, where T(1) = U|T(1)] is the polar decomposition of 7'(1). Then

en| T)] = e iy (ITMW|T )] = nen.
By (2.2), we have that

Ol zn
pw —

”T(y”)Hp,w - HynT(l)”p,w ||€ ||

holds for all n € N*. Therefore T is a unbounded operator, a contradiction. Now,
let ug = T'(1). By (2.2), we obtain T(y) = Ry, (y),y € M. By Remark 2.2(2)
and the fact that T, R,, € B(A?(M)), we deduce that T(y) = R,,(y) holds for
all y € AP(M). Thus T' € R; that is, R O L. Therefore, R = £’. Similarly,
R =L. O

Theorem 2.5. Let 0 < p < oo and let t = t* € M. Then L; is compact if and
only if Aj(e.) := {ecx : © € AL(M)} is finite-dimensional for all € > 0, where
€. = 6(5700)(|t‘).

Proof. First we assume that L; : AP (M) — AP (M) is compact, and we consider
the bounded operator i, : A2 (M) — Al(e.) given by i, .z = e.x. Clearly, i, is
continuous, and hence the composition i._ o L; : AP (M) — A7(e.) is a compact
operator. Therefore, i, o L] AP(ey) is a compact operator.

We claim that Ran(ie, o Li[ar(e,)) = Af(ec). Indeed, if y € Ran(ic. o Li|ar(,)),
then there exists z € AP (M) such that y = etx € A(e.); that is, Ran(ze o
Li|ar(e.y) € Aj(ec). Conversely, if y € Af(e.), then there exists z € Ag(M) such
that y = e.x. Let t = u|t| be the polar decomposition of ¢, and let [t| = fooo Adey
be the spectral decomposition of [¢|. We put g(A) = $X(c,00)- It is clear that
g(|t]) € M. Let z = e.g(|t|)u*x. Then e.z = z,

12llpe = [leca(ft)u =], < [lg([tD][ll2]lpw < oo

p,w
Thus
z = e.q(|t))u*z € Al(e.) C AZ(M).

Therefore,

G, 0 Ly(2) = egtegg(\ﬂ)u*a: = egtg(|t\)u*xea

= e.ue.u'r = e.xr =y,

that is, Aj(e:) € Ran(ic. © Ly|sr(.)). Hence the operator ie, o Ly|xr(e.) : Aj(ec) =
A7(e.) is compact and surjective. Then the result follows directly from classical
theory (see II1.1.12 in [10]).

Conversely, suppose that for any n € NT we have that Af(e1) is finite-

dimensional. Set ¢, = e1t, where e = e ([t]). Then Ran(Ltn)n C Al(er).
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Since AP(e1) is finite-dimensional, L;, is a finite rank operator. Moreover,
n

1
| Lix — Ly, v ||pw = H(t - tn)prM = H(l - e%)tprM < EH']:HPWJ‘

Then L;, converges to L; uniformly, which implies that L, is compact. 0

Theorem 2.6. Let t € M, and let M have no minimal projection. Then the
operator Ly : AP (M) — AP (M) has finite-dimensional range if and only if t = 0.

Proof. Suppose that ¢t # 0 and the operator L; : AP (M) — AP (M) has finite-
dimensional range. Then there exists €9 > 0 such that 7(e(,,)(|t])) > 0. Since
M has no minimal projection, then there exists {e,}>°;, C P(M) with
T(€(eo,00)([t])) > 7(e) > 0 such that e,e, = 0 for any m # n. Thus, for
each n € NT, we can define the operator 0 # ¢, = te,, which clearly belongs
to Ran(L;). On the other hand, the sequence {t,} is linearly independent, and
hence dim(Ran(L;)) = 0o, and so t = 0. The converse is trivial. O

Theorem 2.7. Lett = t* € M, and let M have no minimal projection. Then
the operator Ly : AP (M) — AP (M) is compact if and only if t = 0.

Proof. Suppose that L; is compact. According to Theorem 2.5, we obtain that
A7(e1) is finite-dimensional for all n € N*, where e1 = e 1 ) ([t[). Since Aj(e1) =

n

Ran(Lc, ), by Theorem 2.6, we have ex = 0, n € N*. Therefore, ¢ = 0. The

converse is trivial. O

3. NONCOMMUTATIVE HARDY—-LORENTZ SPACES

In this paper, we will assume that D is a von Neumann subalgebra of M such
that the restriction of 7 to D is still semifinite. Let ® be the (unique) normal
faithful conditional expectation of M with respect to D which leaves 7 invariant.
For a subset K of Lyy(M), J(K) will denote the set of all Hilbert-adjoints of
elements of K.

A w* closed subalgebra A of M is called a subdiagonal algebra of M with
respect to @ (or D) if

(1) A+ J(A) is w* dense in M,
(2) @ is multiplicative on A; that is, ®(ab) = ®(a)®(b) for all a,b € A,;
(3) AN J(A) =D.

D is then called the diagonal of A.

We say that A is a maximal subdiagonal algebra in M with respect to ® in
the case that A is not properly contained in any other subalgebra of M which
is subdiagonal with respect to ®. We refer to [18] and [6] for noncommutative
Hardy spaces associated with finite subdiagonal algebras. It is proved by Ji [13]
that a semifinite subdiagonal algebra A is automatically maximal.
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If K is a subset of A2(M) (resp., LP(M)), [K],. (resp., [K],) will denote
the closed linear span of K in AP (M) (resp., L?(M)) (with respect to the w*
topology in the case of p = c0).

Definition 3.1. Let M be a semifinite von Neumann algebra and let 0 < p < oo.
We define noncommutative Hardy—Lorentz spaces by H?*(A) = [ANA2(M)],.
and H™ (A) = [Ao N AL (M)]pe-

For 0 < p < oo, we define
H'™(A) = [ANTL(M)]

& (M)

and

Hy*(A) = [Ag N T2 (M)]

rE (M)
Remark 3.2.
(1) Let M be a finite von Neumann algebra. Then

M=AZ(M)CA(M), 0<p< oo,

and so H"*(A) = [A],., and H*(A) = [Ao]pw-
(2) Let M be a finite von Neumann algebra and let 1 < p < oo. It follows
from [22, Section 3] that

HP(A) = [A], = {z € LP(M) : 7(zy) = 0 for all y € Ay}
and
HE(A) = [Ao), = {z € LP(M) : T(zy) = 0 for all y € A}.

Subsequently, Bekjan and Xu [6, Proposition 3.3] have shown that
Hi(A) = HP(A) N LY(M) and H{(A) = HJ(A) N LI(M), where 0 <
p<gq< oo

(3) Let 0 < p < g < oo. Since M is a finite von Neumann algebra, then
AL(M) C AP (M),

(4) f w = 1, then HP*(A) = H?(A) = [ANL?(M)], and H*(A) = HJ(A) =
[Ao N LP(M)],.

Proposition 3.3. Let 0 < p < oo, and let w € B, for some 1 < q < oo. Then
there exists some constant C' > 0 such that ||®(z)|,w < C|lz|pw holds for all

xr € ANAP(M). Consequently, ® extends to a bounded projection from HE(A)
onto AP (D). The extension will still be denoted by ®.

Proof. First we assume that 7(1) < oo. Without loss of generality, we assume
that M has no minimal projections. Let N be any commutative von Neumann
subalgebra of M containing the spectral projection of |®(x)|. Combining the fact
that ||®(z)|,. < ||z]l-,0 < r < oo (see Proposition 3.1 of [4]) with N C D, we
deduce

/0 115 (@ ()" ds = sup{7((e|®(z)]e)"); e € P(M), 7(e) < t}
< sup{7((|®(2)e])");e € P(D),7(e) <t}
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= sup{7((|®(ze)|)");e € P(D),7(e) < t}

< sup{7(|ze|");e € P(D),7(e) < t}

S/Otus(l‘)rd&
/ ds</0t,u5(x)Tds. (3.1)

Let r > 0 with ¢ :== 2 > 1. By Theorem 1.7 of [2], we have

/OOOG/O ps ()" ds)" () dtgc/oooﬂt(ff)pCU(t) dt. (3.2)

where C' > 0 is a constant. Thus

ol < ([ (3 wteras) w )’ < Clel

If M has minimal projections, then we replace M by M ® L*[0,1] and A
by A® L*>*[0,1]. Then A® L*[0,1] is a finite subdiagonal subalgebra of M &®
L>[0, 1] with respect to ®1 (see Lemma 3.1 of [5]). By the trivial fact p,(z®1) =
ut(z) and the argument of above, we have ||®(x)|,. < C||z||pw, where C > 0 is
a constant.

In the general case when 7 is semifinite, we can choose an increasing family
of {e;}ies of T-finite projections in D such that e; — 1 strongly, where 1 is the
identity of M (see Theorem 2.5.6 in [23]). It follows that e;ze; — x strongly.
Therefore, by normality of ®, we obtain that ®(e;xe;) — ®(z). On the other
hand, by the argument of above,

|®(e;we;) — B(ejaey)||

that is,

< Cllexe; — ejxejllpw, 1,7 €1,

pw —

where C' > 0 is a constant. From Proposition 2.1 we obtain |le;ze; — x|, — 0,
and hence || ®(e;xe;) — ©(2)||pw — 0. This implies that

|®(2) < lim”(I)(eixei)Hp’w < Clim |le;ze;]|pw = Clim ||z,

I, <
where C' > 0 is a constant. O

Let e be a projection in D. We write M, = eMe, A, = eAe, D, = eDe, and let
®.(z) be the restriction of ¢ to M.. From Lemma 3.1 of [4], we have (A.)y = eAge
and A, is a subdiagonal algebra of M, with respect to ®. and with diagonal D,.

Since M is semifinite, we can choose an increasing family of {e; };,c; of T-finite
projections in D such that e; — 1 strongly, where 1 is the identity of M (see
Theorem 2.5.6 in [23]). Throughout the family {e;};,c; will be used to indicate
this net.

Proposition 3.4. Let 0 < p < oo, and let e be a projection in D with T(e) < oo.
Then

(1) AL (M) = eAl(M)e,

(2) Hy"(Ae) = eHy"(Ae, HP(Ac) = eHP“(A)e.
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Proof. (1) Notice that the set M, is the reduction of M by e. The trace 7.
on M, is defined by 7.(-) = 7(e - €). We denote the decreasing rearrangement
of v € Lp(M,) as uf(x). Let © € Lo(M.) C Lg(M), and let N be any
von Neumann subalgebra of M, containing the spectral projections of |z|. Since
x € Loo(M.), we have s(|z|) < e and z(1 —e) = 0. According to Remark 2.3.1 of
[9], we obtain

i (z) = inf{||zE| : E € P(N),7(e — E) < t}
and
pi(z) = inf{||zE|| : E € P(N),7(1 — E) < t}.
If E € P(N) with 7(e — E) < t, then there exists F + (1 — e) such that ||zF|| =
|z(E+ (1 —e¢))|| and 7(1 — (E+ (1 —¢))) = 7(e — E) <t. On the other hand, if
E € P(N) with 7(1 — E) < t, then we have 7(e — E) < 7(1 — E) < t. Therefore,
pe(x) = g (2),0 < t < 7(e) and pu(x) = pi(x) = 0,4 > 7(e).
Let 2z € AP (M.). Then there exists {z,}22; C M, such that
|zn — 2|[aAp M) — 0, 71— o0.
By the argument above, we have x,, = ex,e, x = exe and
pi(wn — @) = pu(wn —2) =0, t>7(e)

and

pe(x —x,) = pi(x —xz,), 0<t<r(e).

Therefore,

00 1
Jon = clagion = (| pulern = 2P(t) dt)”
0

1

= </O°° wi (zn, — x)Pw(t) dt>;

:Hl‘n_xHAﬁ(Me)_)Oa n — oQ.

Hence © = exe € eAP(M)e. Conversely, if z € AP(M), then there exists
{z, )52 © M such that ||z, — 2[[xp v — 0,n — 0o. Thus |[ex,e —exel|yr ) —
0,n — oo. This implies that exe € AP (M,).

(2) Since Ac N AP (M.) = eAeneAP (M)e C eHP*(A)e, we have e HP*(A)e 2
HP(A.). Conversely, if z € HP“(A), then there exists {z,}>°; C A such that
xn, — x in norm in HP¥(A). This tells us that ex,e — exe in norm in H”“(A,).
Thus exe € H?*(A.). The proof of the other containment is similar. O

Proposition 3.5. Let 0 < p < co. Then HP(A) is the || - ||pw-closure of |, Ae,
in AP (M), and HF(A) is the || - ||pw-closure of ;c;(Ae,)o in AL (M).

Proof. Given € > 0 and x € H?*(A), then there exists a € AN AP (M) such that
|z —al|,w < €. By Proposition 2.1(2), we have ||ae; —al|,., — 0, [[e;a —a|pw — 0;
thus, ||e;ae; — allpw — 0 and e;ae; € A.,. Therefore, there exists iy such that

|eiyaei, — al|pw < €. It follows that ||e;,ae;, — x||pw < 2. We may similarly prove
the result about HJ“(A). O
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Theorem 3.6. Letw € B, N B:,,1 <p < oo. Then
HP?(A) = {z € AL(M) : T(zy) = 0,Vy € Ay NTL(M)},
HE(A) = {z € Ab(M) : 7(zy) = 0,Vy € ANTL(M)},
where w(t) = tTW(t)"w(t),t > 0 and % + é =1.
Proof. We only prove the case HP*(A), the other case being similar. Since w €

B, N BZ,, then Corollary 2.3 and Proposition 2.6 of [1] imply that 1 < ayr <
Bar, < 0o. From Proposition 3.1 of [11], we obtain

HP(e;Ae;) = {x € NP (e;Me;) : T(zy) =0,y € eiAoei}, 1€ 1.

Let x € {z € A2(M) : 7(zy) = 0,Vy € AgNTL(M)}. For any y € Ay NTL(M),
we have e;ye; € (Ae,)o € AgNTL(M), and so 7(e;ye;x) = T(e;ye;xe;) = 0. Thus
e;xe; € HPY(A,,) = e;HP¥(A)e; for all i € I. By Proposition 2.1(2) and (4),
we have [[e;ze; — x|, — 0 and [[e;ye; — yllpra (ag) — 0. Therefore, x € HP*(A).
Conversely, let z € H?“(A), and let y € Ay NT'L(M). Then there exists {x,} C
AN AP (M) such that z,, — = in AP (M). Hence

7(yr) = lim 7(ya,) = lim (2 (yz,))
= lim 7(®(y)®(z,)) = 0.

n—oo

This implies the desired result. 0

Let Ag and A; be two quasi-Banach spaces. Then their sum is defined by
Ao+ Ay ={xo+ 21 : 1, € A, k = 0,1} with the quasinorm

]l g+a, = inf{[lzollag + 21]la, : 2= 20 + 21,21 € Aj ;i = 0,1}

It is easy to check that Ay + A; is again a quasi-Banach space (and a Banach
space if Ay and A; are). For all x € Ag + Ay and for all £ > 0, we let

Kt(fE;Ao,Al) = inf{”l’(]HAO -+ tH.ﬁL’l”Al X=X+ T1,T; € AZ,Z = O, 1}

Proposition 3.7. There is a constant C > 0 such that, for all v € H'(A) + A
and all t > 0,

Ky(z; H'(A), A) < CKy(x; L' (M), M).
Proof. By Proposition 6.1 of [4], there exists a constant C' > 0 such that
Ki(z; H'(A), A) < K (z; H'(A,), Ac,)
< OKy(w; L' (Me,), Me,),

where C is independent of e;. On the other hand, for all € > 0, there exist
ry € LY (M), 29 € M such that x = z; + 5 and

1l ag) +tlz2]] < Kz, LY (M), M) +e.
Since e;re; € LY(M,,) + M., and e;x1e; € LY(M,,), e;x0e; € M,,, then
Ki(z; H'(A), A) < Ky(z; L' (M.,), M.,) < lesziei| nom + tlleizae].
This implies that K,(z; H'(A), A) < Ky(z; L*(M), M). O
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Proposition 3.8. Letw € B,N B 1 <p < oo, and let 1 <r < apr. Then
(H'(A) +A) NAL(M) = H(A),
(Hg(A) + Ao) N AL(M) = HF(A).
Proof. We only verify the first equation, the other case being similar. Let x €
HP(A) C AP (M). By Proposition 3.1 of [11], we have
e;xe; € HPY(A.,) = H'(A.;,) NAP(M,,), i€l

Thus e;ze; € H (Ae,) + A., and e;xe; € AP (M.,,). By Proposition 2.1, we have
|z — e;xe;]|pw — 0. Since w € B, N B, it follows from Corollary 2.3 and Propo-
sition 2.6 of [1] that 1 < ayr < Byr < co0. Therefore, Theorem 3.7 of [8] means
that A? (M) is an interpolation space for the couple (L"(M), M), 1 <1 < ape.
By Lemma 6.5(iii) of [4] and Proposition 3.7, there exist two constants C, C; > 0
such that

|z — e;xe;]

Thus z € (H"(A) +.A) N A2 (M). Conversely, if z € (H"(A) +.A) N AP (M), then
Proposition 3.1 of [11] means that

€;Te; € (HT('Aei) + ‘Aei) N AZ(MGZ) = HT<A€i) N AZ(MGZ) = pr('Aei)'

Hr(A)+A < Con — EXC|| L (M)+M < Cocle - €i$€¢’|p,w — 0.

Therefore, e;xe; € HP*(A). It follows that = € HPY(A). O
Remark 3.9.

(1) Let M be a finite von Neumann algebra, and let w € B,NB%,1 < p < oo.
Then

HP“(A) = {m e NP(M) :7(zy) =0,Vy € Ao},
HE“(A) = {z € AB(M) : 7(zy) = 0,Vy € A}.
Moreover, if w € B, N B, and 1 <1 < ayp, then
H"(A) N AL (M) = HP2(A),
Hy(A) N AL (M) = Hy (A).
(2) Let w=1,1 < p < co. Then
HP(A) = {z € LP(M) : 7(zy) = 0,Vy € Ay N LI(M)},
HY(A) = {z € LP(M) : (xy) = 0,Vy € AN LYM)}.
Moreover, if 1 < r < p, then
(H"(A) +A) N LP(M) = H?(A),
(Hg(A) +.A) N LP(M) = Hf(A).

Lemma 3.10. Let 0 < p, po, p1 < 00 with %} = pi + p% and w € Buing1,py- Then

AP (M) = AP (M) APH(M) and AP (M) AP (./\31) is a quasi-Banach space with

the quasinorm

zllo = inf{||zollpo.wll@1llpyw : @ = zow1, 25 € AP (M), i = 0,1},
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where AP(M) © AP*(M = {z : = = xox1,1; € APi(M),i = 0,1}). Moreover,

|- |lpw @s equivalent to || - ||o.

Proof. Since p; > p, it follows from Corollary 2.3 of [1] that w € B,,,i = 0, 1.
Therefore, by Theorem 2 of [15], we have A%(M) is S-convex and AZi(M) is
Bi-convex, i = 0, 1. Therefore, by slightly modifying the proof of Lemma 2.1 and
Theorem 2.5 in [5], we can prove that (AP (M)O AP (M), ||-]l0) is a quasi-Banach
space. For x € AP (M), we write x = u|z| = u|z|ro |z|71. Thus u|z|ro € APY(M),
jz[7r € AZH(M), and [lulz[#o [ ol |27 [|py w < [[#[lpo. This implies that ||z[lo <
|z||pw and A2 (M) C APO(M) ® APH(M). Since w € B,, then A? (M) =T (M).
For y € AP(M) and z € AP' (M), there exist two constants Cy, C; > 0 such that

1

o2l < CO(/OOOG /Ot ps(y2) ds>pw(t) dt);
= CO(/OOO G /Ot s (y) s (2) d8>pw(t) dt)’l’

< CyCy ( /O oo(m(y) 1e(2)) w(t) dt>i

p 1

=Gl [ ety dr)”
0
< CoCi [yl ol

This completes the proof. OJ

Proposition 3.11. Let M be a finite von Neumann algebra, 0 < p, po, p1 < 00
with é = pio + pil and w € Buing1py- Then for x € HP“(A) and € > 0 there exist
xg € H?(A) and 1 € HP*(A) such that x = xoz1 and ||2ol|pyw|®1][p 0w <
|zllo + € < ||z||pw + €. Consequently,

HQ:HO = inf{H‘%OHpmexl”pl,w CT = Tox1, X € Hw,pi('A)ai = 07 1}7
and || - ||pw s equivalent to || - ||o-

Proof. The proof can be done similarly to Theorem 4.8 in [5] by using Lemma 3.10.
The details are omitted. OJ

4. THE CONJUGATION AND HERGLOTZ MAP

Let u € Re(ANAP(M)). Then u = Rex for some x € AN AP (M). We write
a=2z—3P(x—2"),and so a € ANAL(M),u = Rea, ®(Ima) = 0. Therefore,
there exists u = Ima € Re(A N AP (M)) such that a = u +u € AN AE(M)
and ®(u) = ®(Ima) = 0. By a similar discussion as [4], we have that such an
element of Re(ANAP(M)) is unique. Thus we can define & = Im a, where a € M
is the unique element of M with a = Rea and ®(Ima) = 0. It is obvious that
~ :x — T is a real linear. We shall call u the conjugate of w.

Lemma 4.1. Lete € D, and let w € Bi, NB,,1 < p < 00. If u € Re(ANAZ(M)),
then eue = eue.
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Proof. Let u € Re(A N AP(M)). For v = Re(z), x € AN A?(M), we have
eue = Re(exe), exe € A.NAP(M.). Then eue € Re(A.NAP(M,)). On the other
hand, for a =z — 3 ®(z — %),

eae = exe — e%tb(x —a")e = exe — %@(exe —ex’e), ® (Im(eae)) = 0.
Thus eue = Im(eae) = eIm(a)e = eue. O
Proposition 4.2. Let 1 < p,q < oo with % + i =1andw € B,NB.,. Then

[Re(ANALM))], = [M* N AZM)] | = AL(M)™.

D,

Moreover,

[Re(ANTEM))]pa ppy = (M OTEM)] 1 1) = TEM)™,

rl(m

where w(t) = tTW(t)"w(t),t > 0.

re (M)

Proof. First we assume that 7 is finite. The second equality is apparent, and hence
we concern ourselves only with the first. Since Re(ANAZ(M)) C M5 N AP (M),
we have

[Re(AN AL(M))],, € [M™ N AZ(M))

pw’
Similarly,

[Re(ANTE(M))] M AT (M)]

v S [ I (M)°

Conversely, suppose that € M**. (a) From Proposition 5.3 of [18], we obtain
z € [Re(A)],, 1 <p < 0. Since 1 < p < oo and w € B N B,, then Corollary 2.3
and Proposition 2.6 of [1] imply that 1 < ayr < Syr < 00, and so there exist
ri,re > 0 with 1 <1 < app < By < 1y < 00. It follows from Theorem 3.7 of
[8] that AP (M) is an interpolation space for the couple (L™ (M), L™(M)). Thus
L (M) D AP (M) D L™ (M). This implies that = € [Re(A)],, C [Re(A)]p.-

(b) By (a) and Proposition 2.1, we have AP (M) C L'(M) and AP (M)* =
AP (M)* =TL(M). A similar discussion to the proof of Proposition 5.3 in [1§]
shows that = € [Re(A)]rs ().

Now let 7 be semifinite. Since 7(e;) < 0o, we have

[Re Ac]pw = M Tpw = ALIM,)™ = el (M)™e;

and

[Re Ae,Jre () = [ME]

€i

Jrs vy = TH(M. )™ = €8 (M),

This implies the desired result. OJ
We say a Lorentz space A], has an order continuous norm if for every net

(f;) in Al such that f; | 0 we have ||fi|l; 4 0. Let 0 < r < oo. It follows

from Proposition 2.3.3 and Theorem 2.3.4 of [7] that the norm on A, is order

continuous. Thus Theorem 3.2 of [8] implies that A’ is an interpolation space for
the couple (L?, L?), whence 0 < p < apr, < Bar < ¢ < 00, and so

LP(M)N LYM) — AL (M) = LYM) + L,(M),
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where “—” denotes a continuous embedding. If in addition p > 1, then, by
Theorem 3.2 and Theorem 3.7 of [8], we have that A (M) is an interpolation
space for the couple (LP(M), L1(M)).

Let 1 < p < 00, and let w € B, N B,. From Corollary 2.3 and Proposition 2.6
of [1], we obtain 1 < ayp < Byr < 00, and so there exist r1, 75 > 0 such that

1 <r <ayy < Bar <1y < o00.

According to Theorem 3.2 and Theorem 3.7 of [8], we obtain that AP (M) is an
interpolation space for the couple (L™ (M), L™(M)), and so A (M) C L™ (M) +
L™ (M). Then, by Lemma 4.3 of [4], ~ : AL (M)** — AP (M)** is well defined.
Now consider the standard complexification =~ of ~. Since =~ is bounded on
L'i(M), i = 1,2 (cf. [4]), we can conclude that = : A2 (M) — AP (M) is well
defined, and it is a bounded linear operator.

By restriction we get that =~ : AP (M)** — AP (M)** is bounded. We define the
Herglotz map H : Re(A) N AP (M) — AN AP (M) by H(z) = x + ix. It is clear
that H is a bounded real linear operator. From the above discussion, we obtain
the following result.

Theorem 4.3. Let 1 < p < oo, and let w € B, N B,. The real linear maps

~:Re(ANAL(M)) = Re(ANAZ(M)),

H :Re(ANAL(M)) = AN AL(M)
extend to real linear maps

~ AP (M) — AP (M), H: AP(M)* — HP*(A).
If v € AL(M)**, then H(z) =  +ix € H?*(A) and ®(z) = 0. Both ~ and H
are bounded.
Corollary 4.4. Let 1 < p < 00, and let w € B, N B,. Then
Re H"(A) = [Re(ANAL(M))], = AL(M)™

Proof. The second equality has already been established. Let x € HP*(A). Take
{zn} € ANAP2 (M) such that ||z, —z|[,w — 0,n — oo. Then || Rex, —Re x|, ., —
0,n — oo. Thus Re H”*(A) C [Re(AN AP (M))],.. Conversely, we only need to
show that Re H?“(A) is closed. Let {z,,} C HP*(A) with || Rez,, — y|[,0 — 0,
n — oo. By continuity of adjunction, we have y € AP (M)**. From Theorem 4.3,
we see that ||H(Rez,) — H(y)||pw — 0,n — oo and H(Rex,), H(y) € H?*(A).
This implies that y = Re(y + iy) = Re H(y) € Re H?*(A). O

Proposition 4.5. Let v € HY(M), and let w € B, N B,,1 < p < co. Then
) Rez = (1 — @)(Ima),

(1

(2 Imx——( — ®)(Rex),
(3) T =—i(l = ®)(x),
(
(

)
)

4) T = ( - ®)(@),
)

W=

*

5) o =7 =i(l — ®)(a*).

8
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Proof. The proof is similar to the proof of Lemma 4.4 in [4]. O
Proposition 4.6. Let w € B5_ N B,, and let 1 < q,p < oo with % + é = 1. Then

T(Ty) = —7(2y), =€ A(M),y€TLM),
where w(t) = tTW (t)"9w(t),t > 0.

Proof. Let z,y € Re(A). Since e;ze;, e;ye; € Re(A,,), it follows from Lemma 5.1
of [18] and Lemma 4.1 that

T(eirey ) = T(eiveeye;) = —7(exeeye;) = —1(Tezye;) (4.1)
for all i € I. Note that [Re A, ], = Re HP“(A,,) and [Re A, Jr» = Re H'(A.,).
It is clear that e;ze;ye; € LY(M,,) for e;ze; € AP (M,,), eye; € TL(M,,). From
the continuity of ~ and the L'(M,,)-continuity of 7, we infer that the equation
(4.1) holds for = € Re H?*(A),y € Re H'%(A). Then the result now follows by
breaking x and y into their real and imaginary parts and applying the result
already established in the obvious manner on the four pairwise products; that is,
T(e;vey ) = —7(Teye;) holds for z € AP (M),y € T'L(M). Take limits to obtain
the desired result. 0J

Using the same method of Theorem 6.2 in [18], we obtain the following result.
Theorem 4.7. Let 1 <p < oo, w € B NB,. Then
AP (M) = HE“(A) @ A2(D) @ J(HJ (A)).
The relevant projections are x + [z+iz—®(z)]; v = ®(2); 2 — tx—iT—®(z)).
Proposition 4.8. Let 1 < p < oo, let % + % =1, and let w € B, N B,. If
w(t) =W (t)"w(t),t > 0, then
(1) the real linear maps
~:Re(ANTL(M)) = Re(ANTL(M)),
H:Re(ANTL(M)) = ANTL(M)
extend to real linear maps
~:TLM)* S TLM)™,  H:TL(M)* — HS(A).

If v € TL(M)*, then H(z) = x +i7 € H'(A) and ®(T) = 0. Both ~
and H are bounded

(2) TEM) = H “aTLi(D) e J(H, Q) The relevant projections are x
%[x +iz — ®(z)]; 2 = O(2); x> Lz — iz — O(2)].

Proof. Let ¢ > 1, and let %—i— ; = L. The fact AL(M)* = I';(M) (Proposi-
tion 2.1) and Proposition 4.6 imply that the adjoint of =~ : AL (M) — AP (M) is
—~ : TL(M) — T'L(M). Therefore, (1) follows immediately from Theorem 4.3.
A similar discussion to the proof of Theorem 4.7 shows that

¢

T4(M) = Ho® & T4(D) & J(Hy®). 0
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Corollary 4.9. Let 1 < p < oo, let % + % =1, and let w € B, N B,. Then
HPY(A)* = Hrg(/\/l)

with equivalent quasinorms, where w(t) = t*W (t)"9w(t),t > 0.

Proof. Proposition 4.8 shows that F(%(M)/Hgg (A) = J(H"5(A)) as vector spaces.
By Theorem 4.7, we deduce that HOF “(\A) is the annihilator of H?*(A) in 'L (M).
This implies that H?~(A)* = H"%(M) with equivalent quasinorms. O

5. INTERPOLATION

Let us recall the definitions of the K, functionals which are fundamental in
the real interpolation method. Let Ay, A; be a compatible couple of Banach (or
quasi-Banach) spaces. This just means that Ay, A; are continuously included into
a larger topological vector space so that we can consider unambiguously the sets
Ao+ Ay and AgN A;. For all x € Ag + A; and for all £ > 0, we let

Ki(z; Ao, Ar) = inf{||zo|| 4y + tl|z1]| 4, : @ = o + 21,2 € A0 = 0,1},

Recall that the real interpolation space (Ao, A1)g,, is defined as the space of all
x € Ag + A; such that ||z|ly, < oo, where

> dty »
lello = (/0 (Ko, Ao, 40)" )"

Let U, (f) = (J;7t77| f(t)[Pw(t) dt)7,0 < p < co. The real interpolation space
(Ao, A1)y, is defined as the space of all x € Ay + A; such that U, ,(K;(z, Ao,
Ay)) < 0. Let Ag = L'(M), Ay = M. By Corollary 2.3 of [21] (or the discussion
following Theorem 4.4 of [9]), we have

Fap (Rl LTM), M)) = </0°O £y (L (M), M) (1) dt>;

00 1 t P %
~(| G [ mwras)eteyar)” = lalsise,
Therefore, I'?,(M) = (LY(M), M)w,, .

Proposition 5.1. Let 0 < p < o0, let w be a weighted function, and let x €
Lo(M). Then there exists a constant C' > 0 such that

Ki(p(x); AP, AY) < Ki(2; AL (M), M) < CKy(pu(z); AD, AY).

Proof. For v € AP (M) + M, we write © = x¢ + x1, where g € AP (M), 2, € M.
It follows that p(z) < py—o(xo) + pe(z1). Letting € — 0, we have py(x) < pe(zo)+
[l¢(1) || age, £ > 0. Thus

Kt(M(I)aAanZO) S ||/’Lt<x0)HAg +tH,ut(x1>HA30
= [|zollaz vy + tllz1 oo,
and so

K, (x; AP

w

(M), M) > K (u(x); A?, AY).
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(t?). We write

Conversely, if 0 < x € Loy(M) and t > 0, then we take a = (u(z))
|). Therefore,

xo = (z — a)e(a7oo)(|x|) and z; =1 — 19 = xe[07a}(|a¢|) + ae(a,oo)(|a:

p(x0)5(s) = (n(@)5(s) — a) x(0.n)(5)
and p(z1) < a. Since t — p(z) is decreasing, we obtain that

/0 " ds < /0 ()" ()" ds.

Hence there exist two constants Cy, C; > 0 such that
Ky (2 AL (M), M) < [lzollana) + 2o
< H,u(xo)znp +ta
1

= ( / (1) (s) - a)pds);' +( / " )’

< Go( / (e ds)

3=

S CoCth(M(iL'),AZ,AZO) O
Corollary 5.2. Let 0 <0 < 1, let 0 < ¢ < 00, and let % = 11.%9. Then

(AL(M), M), = AZS(M).
Proof. 1t follows immediately from Theorem 2.6.2 and Theorem 2.6.5 of [7] and
Proposition 5.1. O]
Proposition 5.3. Let 0 < py < p < p; < 00, let w € B, and let % = 1p—709 + pil.
Then

1 1
(LM, M)y (LHM), M)y ), = (AD (M), AZ (M),

= ALM) = (L' (M), M)

Proof. By Corollary 2.3 of [1] and w € B, we have w € B, and w € B,. Thus
IPi(M) = APi(M),i=0,1, and T? (M) = AP (M). Therefore,

(LHM), M), = AB(M), i=0,L.

Then the result follows from Theorem 2.6.5 of [7] and Proposition 5.1. O

Vo

Uy,

Proposition 5.4. Let 0 < py < p1 < 00, and let w € B,,. There is a constant
C' > 0 such that, for all x € H*(A) + H*(A) and all t > 0,

Ky (s H™9(A), H(A)) < OK, (w3 A (M), AL (M)).
Proof. By Proposition 3.7 and Proposition 3.8, we have
(H'(A),A), =H""A), i=0,1.

\IIW»P

From the proof of Proposition 5.3, we obtain
(L'M), M), =AB(M), i=0,1
Then the result follows from Theorem 2.2 of [12]. O
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Proposition 5.5. Let 0 < py < p < p1 < 00, and let w € By,. Then, for

0<9<1,%:p%+1p;19, we have

(HP“(A), le’w(A))ep = HP“(A).
Proof. Tt follows immediately from Proposition 5.4 and Proposition 3.8. OJ

6. TOEPLITZ OPERATORS

Let w € B, NB,,1 < p < oo. For t € M, the (left) Toeplitz operator with
symbol ¢ is defined as

T : HP“(A) — HP*(A) : h — P(th),
where P is the projection from AP (M) onto H?*(A). Then T;(h) = (P o L;)(h),
h € HP*(A). By Theorem 4.7, we obtain that P is bounded. This implies that

T, is bounded. Similarly, the (left) Toeplitz operator with symbol ¢ on H'&(A) is
defined as

T, : HS(A) — HS(A) : h — Py(th),
where P, is the projection from T'4 (M) onto H'4(A) and
o(t) =t"W () w(t), t>0.

From Proposition 4.8, we get that the projection P, is bounded. Thus T} is
bounded. Our basic references for Toeplitz operators on H?(.A) in this context
are [19] and [17].
Proposition 6.1. Let w € B, N B, and let 1 < p < 00, % + % = 1. Then
(1) PP=P and P > 0;
(2) ifz € AL(M),y € TL(M), then (Pz,y) = (x, Py), where (z,y) := 7(zy*)
is the duality between AP (M) and I'L(M).

Proof. (1) Let x € AP(M). It follows from Theorem 4.3 that there exist x; €
H?(A),xo € J(H(A)) such that + = 2y + x5. Then (Pz,z) = (z1,21) +
(z1,79) = T(z127) > 0; that is, P > 0. P2 = P is clear.

(2) Let z € A2(M),y € T (M). By Theorem 4.3, there exist

r1 € HP(A), zy € J(HEY(A)), y1 € H'S(A), Yy € J(H§ @ (A))

such that 2 = 1 + o9, y = y1 + yo. For 25 € J(HY(A)) and y; € H'S(A), it is
clear that there exist zo € H{™(A) and {y1,} € ANTL(M) such that zo = 2z}
and y1,, — 31 in H'%(A). Thus, by Theorem 3.6, we have

(2, Y10) = (23, Y1) = (Y1n, 23) = T(Y1n22) = 0.
This implies that (z9,y;) = 0. Similarly, (z1,y2) = 0. Therefore, we obtain
(Pz,y) = (z1, 41 + y2) = (x1,41) + (21,92) = (21, 41)
and
(z, Pry) = (21 + 22, y1) = (21, 41) + (T2, 1) = (21, 11);
that is, (Pz,y) = (z, P1y). O
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Remark 6.2. Let w € B, N B, and let 1 < p < oo.
(1) Given t € M, it is clear that

ITxlpe = |PE)]| < IPIIt2llpws = € HP(A).

pw =

(2) Given t € M, then T} = T}«. Indeed, let w(t) = tTW (t)"w(t), let t > 0,
and let 110 + % — 1. For x € H”*(A),y € H"(A), by Proposition 6.1, we
have

According to Proposition 6.1 and the fact P(z) = =, we obtain

(tz,y) = 7(tey™) = T(2y™t) = (x,t"y)

= (P(.I'),t*y) = (%Pl(t*y)) = (xaﬂ*y)a
which implies that (73)* = Ty
(3) If s,t € Mandt € Aor s* € A, then we have T,T; = Ty. Indeed, let

x € H?*(A),y € H"(A). Then

(T.Tyx,y) = (PLyPLyx,y) = (PLe, (Ly)" Pry)

= (P(tx),Ls*y) = (P(t:v),s*y).

Ift € A, then

(P(tx), s*y) = (tx,s"y) = (stx,y) = (Tyz,y).
On the other hand, if s* € A, then

(P(tz), s*y) = (tz, Pi(s*y)) = (tz, sy) = (Tuz,y).
In either case we have (TiTix,y) = (Tyux,y), as required.

Lemma 6.3. Let M be a finite von Neumann algebra. Then M~ := {x € M :
z=t € M} s dense in A2L(M), 0 < p < oo.

Proof. Tt is clear that A?(M) = [M],,. We only need to show that M
dense in M under the natural norm on AP (M). For every x € M and ¢ > 0,
let = u|z| be the polar decomposition of z. Here u is a partial isometry that
can be extended to a unitary in the finite von Neumann algebra M (see [25], V
Proposition 1.38). We will consistently write u for this extension. Put

() = {’5’ it > ||1||m

o LS s

1
) it > s
g(t) = {||1||W i1 < c
= TMiho

and

= —t, ift<

lpw ||1||p w

0, if t > oo
h(t) = IIM
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Set y = uf(|z]). Then y~! = g(|x|)u*. This implies that y € M~1. By the Borel
function calculus, we have 0 < h(|z]) < and so ||h(|z|)|lpw < €. Thus

_£&
1l

lz = yllb ., = [Julz| = uf ()]},

7(1)

- / e (|ule] — wf (j2])|)Pelt) di
7(1)

- / we(|lel — £ (lel)|)Pw(t) de

= [[n(l=Dl7, <= 0

For € B(A?(M)), we will denote the spectral radius and spectrum of the
operator = by r(z) and o(x), respectively.

Theorem 6.4 (Hartman-Wintner spectral inclusion). Let w € Bi N B,, 1
p < oo. If M is a semifinite von Neumann algebra and t € M, then o(t)
o(Ly) Co(Ty), and r(t) = r(Ly) < r(T;).

Proof. Note that o(L;) C o(T}) is equivalent to p(T3) C p(L¢). Since Ly — A1 =
L, 1, we have T, — A1 = T;_,;. To prove the second inclusion, we only need to
show that if T; is bounded below, then so is L;. Suppose that there exists some
constant C' > 0 such that ||Tix|,. > C||z|y. for all 2 € HP(A). Let € > 0, and
let 0 # x € AP(M). We write x; = e;ze; € AP(M,,). Let P be the projection
from AP (M) onto HP¥(A) and § = ——=—— where the constant C is taken

[t

TPIICy

from the triangle inequality in Lorentz spaces A?. By Lemma 6.3, there exists
y; € M_! such that [|z; — yi|pew < m. Applying Proposition 1.2 of [20] to y;,
we can find a unitary u; € M., h; € A, such that y; = h;u;. Moreover,

<

w(yi) = w(yivi)? = wlyay;)? = plhivui hi)2 = p(hihy)? = p(h),
and so
Cllyillpw = Cllhillpw < | Tehillpw
< |[[P[[thillpw = IP[Ithivillpw = [Pty pe-
Thus

Chl|Leillpe = Chlltaillpew > 1tyillpew — Cul|t(x; — yz‘)HW

C
> orll¥illpe — (20
[P It

C
> Zillpw — CillTi — ¥illpw) — II2]|0
= HPHCI<|| ||p, 1|| Y ||p, ) || ||
C
Z |£EZ 7(,_,—5 — |t|5
i il = 8) = il
C

HxinM —&

IPlc
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which implies that ||Liz;||pw > |zi||pw. Therefore,

L > —C
IIPIIC2

Cill Lzl = 1 Laillpw — CLlIPIIEH 2 = lpe

C
> ———zillpw — Cil| Pl || 2s —
> ”PHCIQHIE [ PNz — ][0
> O (el = Cillzs = ) = CoIPIEz: — 2
= fejes ’ ’
C C
— szl = (o + ClPII) 2 = 2l
|PICF ™ | Pl|C? ?
By Proposition 2.1, we have ||z; — z||,, — 0. Therefore, ||Lix]|p > ﬁ“ x| p -

Hence, if T; is invertible, then L, is invertible; that is, o(L;) C o(7}). Similarly,
it follows from the fact ||t|] = ||L|| that ¢ € M~ if and only if L, € £7'. This
implies that A € p(t) if and only if L, is invertible, and hence p(t) = p(Ly).
Then the first equality holds. OJ
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